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.. the animated gif’s are from Dr. Damel A. Russell,
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PHY2014F

What to do 1n this course:

1. Read the relevant sections in the textbook ... the course
notes will guide you.

2. Do all homework and problem sets.
3. Get help early ... from AB, the course tutor Gary Tupper, ...

4. Asin PHY1004W, there are no shortcuts ... put effort in to
understand things ...



Problem-solving and homework

Each week you will be given a take-home problem set to
complete and hand in for marks ...

In addition to this, you need to work through the following
problems in French, in you own time, at home. You will not be
asked to hand these in for marks. Get help from you friends, the
course tutor, lecturer, ... Do not take shortcuts.

Mastering these problems 1s a fundamental aspect of this course.

The problems associated with Part 1 are:

1-8, 1-11, 1-12, 2-1, 3-1, 3-2, 3-3, 3-4, 3-5, 3-6, 3-8, 3-9, 3-11, 3-14,
3-15, 4-3, 4-4, 4-5, 4-7, 4-10, 4-11, 4-12, 4-13, 4-14, 4-15, 4-16, 4-17

You might find these tougher: 3-7, 3-10, 3-16, 3-17, 3-18, 4-8, 4-9
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Some useful (?) trigopnometric identities

sin® A+cos” A=1 sin(77/2— A) = cos 4
sin(—4)=—sin 4
cos(—A) =cos 4

(-4)=—tan 4

A B):sinAcosBicosAsinB
cos(AiB):cosAcosBisinAsinB
_|_
4 B)= tan A+ tan B
lF¥tan Atan B

sin(2A) =2sin Acos A

cos(24)=cos* A—sin® 4=1-2sin" 4
2tan A

1—tan” 4

tan(24) =



More useful (?) trigonometric identities

(A — R
sinA+sinB=2sin(A+Bjcos A-B

(A+B) .

SIn| —
. 2 ) U 2 )
(A+B) (A—B]

sinA—sin B =2cos

cos A+cosB =2cos COS

. 2 ) 2
cos A— cosB——2sm(A jsm(Asz
sinAsinB:%_COS(A—B)—COS(A+B)_
cos Acos B =1| cos(A4—B)+cos(A4+B)

sinAcosB:%_sin( +sin A—B)}
(



Oscillatory Phenomena

... observed in many physical systems ...
from the very small...(e.g. dipole resonance in nucler)
... to the very large (earthquake waves, stars,...)

Mechanical systems ...

... to electrical systems ...

... from violin strings ...
... to lasers ...

All periodic phenomena can be represented as the sum of

sine and cosine functions: x(f) = Z(an cos nwt + b, sin nwt)

... useful to study the simple harmonic oscillator ... 7



Consider the function x(¢) = Acos(wt + @)

A4

wl =27 where T : period (s)
o : angular frequency (rad s!)

1
some books f==

where f: frequency (Hz
ey —— =7 f: frequency (Hz)

A . Amplitude
¢ : phase angle, initial phase or phase constant



Mass-spring oscillator
k

unstretched Hooke’s Law:
? X Restoring force,

Frestore l_f . I_i — —k AY(

external restore
> x where AX=X-X,

€«
compessed AX ! -

—

—

and k 1s the “spring constant”

Frestore Fexternal
%ﬁ o
" Start with the dp _

extended _ —>
X, ' AX

net

momentum principle: dt

>
I

For horizontal forces on the mass: dp, = —kx

dt
Ldmv) i(mﬂj:_kx
dt dt\ dt
dzx_ k

——X 9

dt’



Mass-spring oscillator ...2

2 _ ... a second order differential equation
dx(t) _—k . . .
77 = - x(#) ... we know that if we displace a mass-spring
system from its rest position and then release it,
it will perform SHM ...

Guess a trial solution: x(¢) = Acos(wt + @)

2
then d ;C =—Aw’” cos(wt + @)
dt
. . ) k
and substitute into our DE; —A4®” cos(wt + ¢) = —A—cos(wt + @)
m
.. which is true provided o° = *
m

Therefore our solution is x(¢) = Acos(wt + ¢) where w = \/E
mlO



Mass-spring oscillator ...3

We will write a particular value of @ as @, , as the natural
angular frequency of the oscillator — the frequency that it “wants”
to oscillate at.

k
Mass-spring system: @, =,/— and T =2x \/%

m

System parameters: m, k —— @,

Initial conditions: —> A, ¢

(Note that o, 1s independent of A)

11



Simple harmonic oscillator

x(t) = Acos(w,t + @)

v(t) = dx(tt) —Aw, sin(w,t + @)
2
a(t) = d x(t) a’v(t) = —Aw,” cos(w,t + @)
dt’ dt
. acceleration = — (constant) . (displacement)

= —Aw; cos(wyt + P)

= Aw; cos(wyt + ¢+ )

Phase difference between acceleration and displacement 1s 77

T

Phase difference between vand x (and v & a )1is 5

French
page 5

12



x(t) = Acos(w,t + @)

TRATR

P e

(1) = — Aday, sin(@t + @)

1
i

N

/

BN

]

a(t) = —Aw,’ cos(w,t + I¢)

13



Simple harmonic oscillator

Att=0, write x = x, and v = v,,.

Thenatt=0: ~
x, = Acos(¢)
Vv, = —w,AsIn(¢)
~

@

>

tan @ = —

Vo

Wy Xy

2
Land x4+ ("—0] = A% cos*(¢) + A’ sin’(¢) = A

14



Mass-spring oscillator: an energy approach

<

| —_ Suppose that the mass
.’.'.0. has a speed v when it

> has displacement x
' X )

Kinetic energy of mass = +mv’
Potential energy of spring = I Fdx =jkx'dx' =1 kx?
0 0

There are no dissipative mechanisms in our model (no friction).
... the total energy of the mass-spring system is conserved.

2 2
1mv” ++kx” = constant

15



Mass-spring oscillator: an energy approach ...

. 2 2
For our mass-spring system: 3mVv" +3kx” = constant

%(%mvz +%kx2) =0
dv dx

Somv—+hkx—=0
dt dt

... as before

16



Mass-spring oscillator: an energy approach ...3 Ezchz

For the mass-spring system: x = A4cos(@, + @)

Potential energy = 1hx’ =1kA’ cos’(w,t + @)
ke.= Imv’ =Lim[-Aw,sin(wj+ @) =Lt mA’w; sin’(w,t + P)

Total energy =p.e. + ke
= LkA® cos’ (wt + @) + L mA’w; sin* (w,t + P)

=1kA® (=imo)A)  (LEocA)

. 2 2 2
We can now write:  shx" +5mv" =3 kA

k
LY = i\/;(/lz -x)  or w(x)=za A -
(useful) "’



Energy of the mass-spring simple harmonic oscillator

x = Acos(w,t + @)

l

|

SLETS

5 o

|

kA’ @, sin®(wyt + @) —

R

LkA*

*.

total energy =

/\ ok A
p.e.=1kA’ cos®(w t + @) —

|

18



Mass suspended from a light spring

equilibrium
unstretched displaced
L) I Equilibrium: Ak(L-L,)=mg
o o N N Displaced:
_______ A R < Force on mass due to spring:
___________________ _1_x =k(L—L,)+kx =mg + kx
(upwards)

Net force on mass: mg —(mg +kx) =—kx (downwards)
- d’x
SomM—— =
dt
(Same equation as for horizontal case)

—kx

19



CEOCRIREL
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French The pendulum: general case
page 51

frictionless
pivot

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

Static

equilibrium: Displaced:

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

centre of mass

In displaced position, centre of massis L —Lcos@ above the
equilibrium position.

o> o 0>
Recall cos@ =1— o + a7 —... For small angles, cosé ~ 1—7

. . . 92
Gravitational potential energy = mgL(1—cosf) = mgL; 21




The pendulum: general case ...2

Gravitational potential energy = Lmgl g

Kinetic energy = </ (ﬁjz
gy 2 i
2
o[ do | 5
Total energy = 5/ = +5mgLO” = constant
2 do
.'.]d9d9+mgL9ﬁ:o ... true for all —
dt dt’ dt dt
2
g d (29 = _mgL 0=-w,0 where @, = mgl
dt 1 7

Equation of SHM

22



The pendulum: general case ...3

Sometimes we need the moment of 1nertia about an axis parallel to
the axis through the centre of mass (which might be easier to
calculate).

Then by the parallel axis theorem: =1, +ml’
... where [ 1s the moment of inertia a distance L from the centre

of mass, under the condition that the two axes of rotation are
parallel.

L
Then for the pendulum: o, = et >
I, +mL
write: [, =mk’ ... where k is the “radius of gyration”
k> + L
Then @, = \/ 2gL > and T =2«
k™+ L gL 23



Simple harmonic systems

In general, to “show SHM” ... d>9

2
) _ — — )’ 9
.. get an equation of motion of the form: IR
Also useful to c0n51der conservation of energy:
=3 (*) + (#)x’ (E = Emv2 + mgh)
I

/2# 1 2
m

Look at French pages 45-59  * Elasticity and Young’s modulus

very carefully: . Iljlo?lig objects
* Pendulums

» Water in a U-tube
* Torsional oscillations
* The spring of air

24



The simple pendulum

[ =ml?

L | Qi :F"::::"».,I
imgl _ |g L (I
@y = > Al T=2r |—
m mL L g “‘“auuum““‘

The oscillating hoop

s pivot
radius a, mass m

25



mass m The oscillating rod

«— pivot I md?
12

mgL g
@, = 2 2 2
Lmd* +ml* \d*/12L+L

The wooden cvlinder bouncing (vertically) in water

+ml?
— COIM

< radius a, mass m
T ... can show that ...
P [ ma:—(ﬂazpwg)x
— Vv P g
get ... @y = |7

l 26



French

Elasticity

page 45
P stress _ :
( () strain — constant for small stretching
<€ >
L F/A
F Write / =Y
<« (> x/L
< > Y: Young’s modulus
L + X . . .
= constant for a particular material
_— Elastic oscillations
Here F 1s restoring force in wire
AYx
Hence ma=—-———
F L
AY
and @, =,[——

mlL 7



Ball bearing bouncing (vertically) in a cylinder of air

ball radius a, mass m, density p,

If pressure change in flask 1s adiabatic:

PV’ = constant where 7 ==L
CV

% 0, = /3717/Pa
4p,V

Water sloshing in a U-tube

U-tube radius a

Water volume V :
... use conservation

of energy ...

/2 grna’
M @ = 1% 28



Water sloshing in a rectanqular pan

... tough ?

... use conservation of energy ...
3gh
W, = ‘/ 7

Rocking solid hemisphere

2L

radius a, mass m ... tough ?

... use conservation of energy ...

- [B2
0 26a

29



11;;;1;6;10 Oscillations involving massive springs

stretched

2
Total kinetic energy of spring = M (dx j

! A
I s*ds = %(@

21\ dt 0 6

. 1 >
Total energy of mass-spring system = 5 m(ﬁj 4 gt M ( dx

k
m+M/3

(x depends on
distance s from

fixed end)



French

Complex numbers

page 10
Consider a vector OP of v p
length » which rotates with r/
angular velocity o wt |
The point P has coordinates O .

X =rcoswt y =rsin ot

We see that the x coordinate of P, or the projection of OP
onto the x-axis, executes SHM

N
-

Can also introduce the unit vectors 1 and j

and write F = ix + Jy

31



Complex numbers ...2

: , . z=a+jb
Modify our notationto z=x+ jy :
z : :
... where x means a displacement b
in the x-direction and jy means a a

displacement 1n the y-direction

We can also think of j as a rotation through % anticlockwise

jb
| p | b

Hence j2=-

Imaginary

... really talking about . z=a+jb

vectors 1n the complex z ib
number plane:

p Real

32




Complex numbers ...3

2 3
From Taylor’s theorem: e' =1+x+ ;' + );' +...
2 - )3 4
therefore ej9:1+j6’—9 _ 1 +9 +...
20 31 4!
92 94 . . N3
and cosfd=1-—+—+... and jsmH:jQ—]H +...
21 4] 31
Hence | e’ =cos@+ jsiné Euler relation
Imaginary

Then z=a+jb :‘Z‘eje |
where ‘Z‘=W b=zsinf
tané’:%




SPANFANY
G e

/9 P




Complex numbers ...4

For our rotating vectors:

Imaginary
z=x+y W%
= Acoswt + jAsin wt wt y
. X Real
= A(cosat + jsinat)
= Ae’”

Now write:  Ae’'*? = Acos(wt + @) + jAsin(wt + @)

... and remember that the physical quantity x (e.g. a
displacement) is the real part of z :

1.e. x =Re|Z]

35



French SHM using complex numbers

page 14 5
dx
” +wyx=0
. . d’z
Using z=x+jy  becomes e wz=0
!
Try 7 = Aej(a)f+¢)

LAY e + @ 4e P =0

Aej(wl‘+¢)

Therefore z = is the most general solution

A and ¢ are determined from the initial conditions.

Take real part of z:
x =Re[z] = Acos(w,t+ @)

36



SHM using complex numbers

x = Acos(w,t +¢) 7 = Ae’(@*P)
x = Re|z]

dx dz -

— =—Aw, sm(w,t + — = jwAde’'"? = jpz
s
dt dt

2 2
d'x =—Aw,” cos(w,t + P) d’z = (jco)z Ao/ @ — _ 52

dt’

2 2
dt dt

dt’

37



d>x(¢)

Solving + @, x(t) =0
dt’
Let x = Be”
dx d*x
Then &2 = Bpe”  and — Bp2e”
dt r dt’ P e

Substituting into DE:  Bp’e” + Bwye” =0
This holds true for all ¢ if and only if p° =-@_ or p=+jm,
. x=Be'™ +Be’™

How to get B, and B, ? .. need to know the initial conditions

. dx . . . B
.. but consider v=—= jw,Be’™ — ja,B,e’™"
g 38



d’x(1)

Solving
dt’

+w;x(t)=0 continued

dx -
v=—= jw,Be’"
i J Oy D,

— Jayt

o jwoBze

Att=0, v(0)=joB, - jo,B,
Choose v(0)=0

Since v must be real, then B =B, =B

i.e. x=Be/™ + Be /™

=2Bcosw,t

S.x=Acosw,t

[... with a little more effort we could have got
the more general solution x = 4cos (a)ot + ¢) ]



Example: 3-phase current

bJ

Large scale electrical power transmission makes use of “3 phases’

1 long transmission line

~
Y\
I
\/
=
X
X

The three voltages are 120° out of phase with each other
V, =V, cos(wt)
V, =V, cos(wt +27/3)
V, =V, cos(wt +47/3)

40



3-phase current ...2 V.=V,
V2 :Voej(a)l‘+272'/3)

Use complex numbers:
. Jj(wt+4r/3)
Vi=Ve

wt=r/3
0 :

| j(a}t+4;z/3)
qu




3-phase current ...3

The currents are givenby: [, =V,/R, I, =V,/R, I,=V,/R,

Consider important case where R =R =R, =R

Then ]1 = &ef“’f ]2 — &ef(wfﬂﬂﬁ) I = &ej(a)t+47r/3)

R R SR

Return current /=7 + 17, + I, = %eﬂ“ {1 4 /2B 4 ej4fr/3}

“— g

S

=0

j27/3

Jjaz/3 L :
Why i1s this useful ? ... and cost-saving?

42




A short diversion ... A.C.

Consider the heating effect of alternating current 1n a resistor.
At any instant P=VI =I’R

For I=1,cosmt , P=1I Rcos’ wt

Then the average power heating: P =1 JRcos® wt

. I \ 7\ /\ cos ot
VAR

\WAVAVAVAN -

43

cos’ @t =

N |—




AC. ..2

Then the average power heating: P = J2Rcos” wt

2
1, I
=—I'R=| -~ | R
2" (ﬁj

... a direct current of magnitude |/ / J2 would have the
same heating power as an alternating current of amplitude /,, .
o / J2 is known as the “effective” value of the current, or
the root mean square value.

With respect to the 50 Hz a.c. mains in South Africa:

... the r.m.s. voltage 1s quoted as 220 volts

Hence y, /\/2 =220
Vv, =22042 =311 volts "



.. back to three phase power ...

AC. ..3

What 1s the maximum voltage V,=V,e™

between two of the lines?

.. e.g. whatis(V, - V,)

2V,

maximum

V — Vej(a)l‘+27r/3)
2 0
) . Jj(wt+4r7/3)
' Vi=Ve

/\ .y gty /\V1 -V,
\ /

AN/ >><
K




AC. ..

(V1 =V, )maximum in three phase power ?

. Jot Jj(wt+27/3)
V=V, =V Ve

=V,e’ {1 —ejz”/3}

27

=Ve'” 1+——j—

“ 122

1 V3

:Ve]a)t 1+__ . V-
=V0ej“”\/§ej¢

S =12) i = (22082)3

maximum

( (\ 1

=V,e’” <1—cos— — jsinz—ﬂ} N _e/ V3
\§ 3 ¢ .
‘ i \/g} 1_6]27r/3

_ Jjot
Vi=V,e

. Jj(wt+27/3)
V,=VF,e

‘1 _ 23|

= 539 volts

46



Oscillations in electric circuits

Resistor R

WWW- - =R Pl

Capacitor C

‘H, \AV\:Q WzéQ—
C C

Inductor L
Y dl

- Wi e

do
where [ ="%
Ccre ;



Charging a capacitor through a resistor

b R
Suppose the capacitor is S /\/\/\/\/
uncharged at ¢t = 0. +0
At some time >0, a S il O\
current / 1s established and =0
a charge QO builds up on
the capacitor.
Energy equation for this circuit: AV, 4, =€ —RI —% =0
or &= RI +g = R 40 + O
C dt C

Differential equation

Solution: QO(f) = C&‘(

4
I—e A€

) .



Charging a capacitor through resistor ...2

(), t
eCT o) = Ce{l—e RC}
063 EC" ..........
RC = time constant
() t ! dO(1)
I(t) =
&/R (¢) 7 , ,
0.63 E/R- :ie_ﬁ :ie—;
, R R
14 (t) T !
e V. =(e-V,)=(¢—IR)
/ > -
Vo(?) t
o Ve=(s-V,)




Discharging a capacitor through resistor

R
Suppose the capacitor has 4 SVAVLVLY
charge Q,att=0. +0
At some time ¢ > 0, a current ——C
is established as the charge =Y
drains off the capacitor.
Energy equation for this circutt: AV o =RI+ 9 =0
round tr1 C
or (= RI+g = RdQ+Q
C dt C
d 1
Write I—Q=—— dt giving 1nQ:—Lt+K
0 RC RC \
or 0= Qe KNG



Discharging a capacitor through resistor ...2

(1) P
Q(t) — Qoe i
RC = time constant
t
1) = 920
t dt
O O
RC RC
VC = — = %6_;
C C
[ . ——R=-2
/ RC
0, -
=—=¢ 51




52



Establishing a current in an inductor

1
Suppose the current in the N /\/\/\/\/

circuit 1s zero at ¢t = 0.
At some time > 0, a ——

current / is established. L
. L dl
Energy equation for this circuit: AV, iy, =&~ RI — LE =0
ﬂ + £ ] — ﬁ
of dr \ L L

Differential equation

R
E ——t
Solution:  1(?) = —{l—e L ]
R 53



Establishing a current in an inductor ...2

IOF

R
R T I(f)= ﬁ(l—e z J
0.63 &/R eeeeeeees R
R/L = time constant
ar T !
at g/, X
di(ty & %
0.63 &/L - a 7 = 7 e
Vi(9) T !
gw\ V,=(e-V;)=(¢-IR)
= 6‘8_;
Vo(?) t
| Ve=(e-V,)
/ ) g(l_e_;) ]
t




Vi(?)

Decreasing current in an inductor

I(t) = Cg[l—eitj

R/L = time constant

R
d[(t) _ _Ee—zt
dt L
R
y =4O _
dt
V.,=IR=¢e *

55



Oscillations in an LC circuit

0| |+0 Capacitor fully charged at ¢t = 0.
| | )i At ¢t > 0, charge on capacitor
L Y decreases, giving current in the
_\QQQQQQQ/ direction shown. o e
v, =[a], .
Lo d (_de
C dt dt\ dt
d’Q 1 d’ k
Hence: = : r__ &
7 1C Q ... compare with . X

Solution of the form Q(¢) = Q, cos(w,t + @)

where % = IC 56



Oscillations in an LC circult: an energy approach

2
Energy stored in capacitor: E = %%
Energy stored in inductor: E =1LI’

Q2
%?+%L]2 = constant
2
P gQ +1LI? | =0
dt\ - C
Q4O Al ;49
0 d(de:
C dt\ dt
d’Q 1




- +i

T SN

[+ + +

=

"'_""H:_Q ] M -0 =]
E. | 117 |
— : ¢ |_ , — -

Im\L 4 : Tf !

U, E U, U, E
Ii/m
— — —{_-A‘_‘\——
+Q T -0
+— - -
+ EIIL__
L

-




Mechanical

displacement x

velocity v

mass m

spring constant k&
W, = ,|—

m

potential energy: 1 kx’

. . 2
kinetic energy: + mv

Electrical

charge O
current |

inductance L
1 1
capacitance C

1

Electric energy
stored 1n capacitor:

Magnetic energy

stored 1n inductor: 2

R4
> C

LI*

59



French Damped oscillations
page 62

We have thus far neglected all dissipative mechanisms

... our oscillations can continue oscillating with the
same amplitude forever ...

Various physical damping mechanisms will contribute towards
the damping...

friction between mass and table
““alr resistance”
internal friction in spring

... model these by introducing a damping force which is
proportional to the velocity of the oscillator ...

60



In mechanical systems, we draw in a “dashpot” ... a device
similar to a shock absorber in a car ...
— |
% liquid b I
seal piston with small holes dashpot
b: damping
coefficient
In these systems, the damping force R =—bV
. deals with many damping mechanism — but not all .

..talk about ...

“viscous damping” = mechanical systems

“resistive damping” = electrical systems

61



Damped mass-spring system

For horizontal forces on the mass: ;g = —kx—bv

2
dt dt
-
2 k
d'x  dx ) @, = | —
or —+y—+w, x=0 where < m
dt dt b
y=—
~ m
29 < 29 . . . 1
y : “damping constant” unit: s’ - “life time” = —
/4



Damped oscillator equation

d’x dx 5
dl‘z + 7/5 + (()O x=0
Let x = Be”
d 2
Then ?); = Bpe”  and Z’; = Bp’e”

Substituting into DE:  Bp’e” + yBpe” +w,”Be” =0

Thus p’+yp+w,’ =0

P :%{—)/i\/yz —4@02}

2
or p=—gi\/%—a)02

63



Damped oscillator equation ...2

2
:_1+\/7__wz
P >\ 2 0

We can distinguish three cases:

2

i) o, > % Oscillatory behaviour
2
(i) o, = % Critical damping

2

(i) @, <77 Overdamping

64



Case (1): w,” >

\/72/4—0) ? :\/—(a)02 —7/2/4)

Put o’=w, 7//4
:__+J

The solution will be:

_Z_ja)l ¢ N4 . .
+Bze( i) =e 2l‘{Ble]“’lt +B,e J“’lt}
e

.. leading to  x(¢) = Ae 2 cos(wt+ @)

This is an oscillatory solution Acos(wt+¢) multiplied by
a damping factor e7/* .

As y — 0 we approach our undamped oscillator. 65






Case (ii): @,

4

The two roots coincide: p =—
The solution will be x(¢) = (4 + Bt)e *

The condition 6002 =y’ / 4 is referred to as the
“critical damping” condition.

If w,<y*/4 asystem released from rest will oscillate.

/4

2

As 7 1s increased the oscillations decay more rapidly, until

at @, =y’ / 4 oscillation no longer occurs.

[... many practical applications ...]

67



= say

The solution will be x(¢) = Ble(_%”)t +B, e(‘g‘”)’

2

The condition @,” < 7? is referred to as overdamping

... a slower approach to the rest position 1s observed.
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Oscillatory

Critical
damping

Overdamping
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Oscillatory

Critical
damping

Overdamping !
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. a)o
Convenient to define a parameter O =—
Y

(: quality factor or the “Q of the oscillator”

: damping time
... gives a measure of

period

2 2
Notice that ... a)2:a)02—7—=a)02 1-— y > =wo’| 1—
4

Sofor O>1 (light damping) : @, ~ o,

1 1
e.g. for O=10 ®, = O, 1——20)0(1__)

Note also @, <@, -2 Damping increases the period of
the oscillator, as one may intuitively expect.
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Damped oscillator: summary

d’x + ﬁ +w’x=0
a’ @

r
has the general solution x(¢) = Ae 2 cos(wt + @)

The differential equation

where o, = \/a)o2 —y* /4

... the two constants 4 and ¢
must be determined by some
initial conditions

A subtle point:

A = the initial amplitude

... A 1s not the amplitude ... it 1s a constant related to the
initial amplitude by (initial amplitude) = Acos¢ 73



Energy of a damped oscillator

For a lightly damped oscillator, the amplitude is slowly varying ...
Total energy of the undamped oscillator: E =1 kA4’

2
n
For the lightly damped oscillator: E = %k[Ae 2 )

=LkA’e™
E(¢)
L E(t)=E,e”
E /e
O/ Then
P:_d_E:)/Eoe_ﬂ _= }/E




x(t) = Ae_%t cos(wt + @)

.........................

displacement
o

energy

75



Energy of a damped oscillator ...2
Now write:
@,

/4

Oscillator energy

E
= = a)o— = Q)
Q P

0 . . .
Power dissipation

_ 27 Oscillator energy

T Power dissipation

Oscillator energy

SQ=2r ——
Energy dissipation per cycle

T

Number of oscillator 1 ( 1 j o 0
y2r 2rx

cycles in one lifetime = ;

.. €.g. a oscillator having O = 10 performs 1.6 cycles in one lifetime

.. which may be regarded as quite significant damping ...
76
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French
page 78

Forced oscillations and resonance

We now look at
oscillators which are
subject to an externally
applied force F(¢)= F,coswt

k

F(?)
b m

—>
X

... F(¢) 1s a periodic force with driving frequency w

ZF:C — max

S Fycoswt —kx —bv =ma

d’*x
dt*

AL
th 0

F
‘x=—2coswt
m

w,’=k/m
<

y=b/m

78



Forced oscillations In a mass-spring system

Equation of moti d2x+7/dx+a}2x Focosa)t
uation orf motion: - -
1 ar> T dr m

Two parts observed to the motion of the system:

Transient response: while the system continues to oscillate at its

natural frequency @, ... which dies out with the characteristic
1/y decay time.

Steady state response: at times >> 1/y the response has the same
frequency @ as the applied force

Observe also that there might be a phase difference (usually
a lag) between the response and the driving force

For F(t)=F,coswt

write x(t) = Acos(wt —0) 79



Forced oscillations in a mass-spring system...2
Using complex numbers: F(¢)=Fe’” and x(¢)= A /(@9

dx . (wt=0) dzx 2
Then —=jwAe’ and —=-w"Ae
dt dt

j(t—0)

Substituting into our differential equation of motion:
F

~0’ 4’ + y(jw)Ae’ " + @] Ae’ ") =L/
m
Divide by e’ ... since this holds for all 7 :
2 . 2 s F,
(o + jyo+w))Ae " =—
m
2 2 : F, Iz
or {(a)o - )+]7/a)}A =—=¢
m
F :
=—2(cosS + jsind) 80

m



Forced oscillations in a mass-spring system...3

F,
{(a)o ) )+]7/(0}A— (cos5+]s1n5)
m
-
F
(0] —w*)A=-"LcosS
Equating the real and imaginary parts: < " "
wyA=-—8ind
0, - m
Then tand =—; / .
(a)o - )

2 2
F :
and (—Oj cos” O + (ij sin” o = A° (a)g —w’) + A2w27/2

m m
2
F F./m
Az{(wg—w2)2+w272}=(—o) or  A(®)=—— 02/2 —
m \/(a)o -0 ) +@y

81



Forced oscillations in a mass-spring system...summary

Steady state solution of X+ yx +@,’x = —Lcos ot

m
1S  x(t) = A(w)cos(wt — J)

Fy/m

\/(a)(f —’) + o'y’

where  A(w) =

wy

and tanod(w)=
(@} - @)

82



Resonance

Note (for now) that 4(w) has a maximum at a frequency o,
slightly less than @, ... see later ...

At low frequencies, ® < o,
Fy/m F/m __Fjm_F,

A(w) = R
\/(a)(f—a)z)2+a)27/2 \/w§+a)272 @, k

The amplitude is approximately F, /k which is the amplitude for a
steady force ... the oscillator behaviour 1s determined essentially by
the spring (or the capacitor) ... 1.e. the oscillator 1s “spring limited”

]
And tand(w)= ;07/ N a)}; =_
(a)o —°) @ Q @,

Le. tano <1l ... ¢S 1ssmall

... the response 1s almost in phase with the driving force.
83



Resonance ...2

At high frequencies, o> o,

o Em ___ REm__ Fm
(0))— 2 2\2 2 2~ 4 2 2~ 4 2 2 2
\/(a)o—a)) +wy \/a) +wy \/a) +o’ o} /O

£y

- 2

mao

... the oscillator 1s “inertia limited”

1 1
And tand(@)=—F ~-ZL LD D
(wy — @) @ @ Qw Qo
1.e. tano 1s small and negative ... 6 >«

... the response 1s 7 out of phase with the driving force.
84



Resonance ...3

In the resonance region ,w = @,

F,/m m F, K
Alw) = 2 02/2 > 2 Oé 2 b Q_
\/(a)o—a)) +@’y’  Jwly a)my Wy

.. the oscillator amplitude 1s strongly dependent on the damping
constant b ... it 1s “resistance limited”

And tano(w)= 2(07/2 — 0w as o,
(a)o_a))
ie. 52
2

T
.. the response lags the driving force by 5

85



b, /m
Alw,) = o/ Resonance ...4

. . 2 25\2 . . .
Close to resonance, it is the (@, —®")” term which gives the rapid
variation with frequency ... as we move away from @, we see

that we will get 1
B A(w)=—=A(m,)

J2

F,/m F,/m

\/(603 _a)z)z +(0027/ \/— \/ 0 7

(@] —@*)=*wy

when:

C(o, + o) o, -o0)=to,y
S 20, (0, —w) =to,y

: /4

.. (Q)O — (()) — iz

When A(a)):LA(a)) then w=am +%

\/E 0 0—2 86



(1ignoring distinction
between @, and @, )

87
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I}j;egl;célg Resonance ...5
4

At o=, +§ and =, —5 the oscillator amplitude
is decreased by 1/ J2 of its maximum (resonance) value.

These two frequencies are known as the “half power frequencies”™

... and 7 1s known as the ‘“‘resonance width”

a,
0= can be understood to be
Y

resonance frequency

width of resonance curve at half power points

... as the damping term decreases, 1.e. as Q increases, the

resonance curve gets “sharper”
88



x(1) |

A(w)

e 2

|

e s g
!/ ‘ slow decay

i

V V|

W |

Narrow resonance
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x(1)

A(w)

, rapid decay
ZFTT7Y7Y7T7T7T7Tﬁt?T:q;.=-—-—_———————
ot

—

|

' broiad re

501Nance
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A(w)

Free vibration

Forced vibration

Resonance width =

Q

lifetime x

resonance width =1

/4
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Distinction between e, and @,

A(w) = 2 E)z/n; 2 2
\/(wo_a)) Ty

Zizﬁ(—%)((w —0* )Y + @’y )%{Z(a) —o”)( 2(0)+2a)7/2}
Thus Z—f):o for (a)z—a)z)2a):a))/2

2 2
1
or wzza)oz—%za)oz(l— 4 2):0)02(1—

where o, 1s the frequency at which A(w) 1s a maximum.

c.g. for Q = @, = 0996(00 92

b




Distinction between wyand @, ... 2

What is the maximum value of A(®w) ?

|
— Into A(w) = Fom

Substitute o, = o, \/ -
(] — ) + 0’y

and find 4 =A(w )= \/le‘i;Z)Qz

A@) where A(0) = F, / ma, = F, [k = the static displacement
0,

Alw,) f===========~~- Note that for O >5

Amax ~ QA (O)

A(0)=F, [k
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Phase
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e

A

|
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:*l
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French Transients
page 92

Consider a mass-spring system which is at rest at # =0 when a
driving force 1s turned on.

. . d’ .
Equation of motion: m y ;C +kx=F,coswt  (no damping)

[

d’x , K

or > ‘|'C()O X =——COS wt
dt m
F,/m
Then x= 20/ —COS Wt

(mo —w )

But what are the adjustable constants of integration?

Fy/m

(0 — ")
95

... when the force 1s switched on, then x jumps from 0 to



Transients ...2

d’x F .
Say that ~+m,’x=—Lcoswt has solution x,
dt m
d’x .
and =~ +w,"x=0 has solution x,
dt
. . d’x F
Then x, + x, 1s also a solution to 1 +w,"x =—2cos wt
[ m

The complete solution of the forced-motion equation is

t)=B t C t wh C Fy/m
- ere =
x(1) cos(w,t + )+ Ccosawt W (@ )
Initial conditions:

x=0 atr=0: O=Bcosf+C p=0or x
dx o , >
?:O att=0: 0=-w,Bsin =-C

[ »

96



Transients ...3

Then x(¢) = C(coswt —coswyt)

Since coswf ~1-—

then x~-— :
(wo_a)) 2

F,/m (0] —o®)t 1

as expected

97



Transients ...4

If damping 1s present then:

7 where:
x(t) = Be ?* cos(w i+ f3)+ Acos(wt — &) 2
2 Y
“ — VAN ~ J W, = \/a)o _T
transient term  steady state term
2 25\2 2.2
\/(a)o -0 ) +oy
off resonance: | tan & () = wy
(0 —")

at resonance;:

98




A damped oscillator
... free oscillations at natural frequency o,

F A driving force F' with o < @,

W :

|( 27]w )l

The resulting displacement of the oscillator

< > >
Transient ¢ <5/y Steady state ¢ >5/y »




A damped oscillator
— free oscillations at natural frequency o,

< | ’
27/ w,
A driving force F' with @ > @,

AN AR GARAARAADAIAL,
HHHHHHIHHHHHHHH /

—f

27/w  The resulting displacement of the oscillator

VOO ot L
411 L L

<€ >
Transient ¢<5/y Steady state £25/7 o




A damped oscillator
— free oscillations at natural frequency o,

2 / Q) A driving force F with o = @,

INAALAL
MWMHWM%% f

The resulting displacement of the oscillator

J
x ,“l.”nmwm’mmmm‘,
T

Transient beats Steady state




An oscillator driven at resonance
.. driving frequency o = natural frequency w,

F
| 4
| |
switch off I
sw1tch on-F
X

(T
M-

Inltlal transient  Steady state “Switch off” transient

,Hll
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French The power absorbed by a driven oscillator
page 96

We now consider the power required to keep an oscillator
vibrating with constant amplitude.

F(t)=F,coswt and  x(t)= A(w)cos(wt—0)
S (t) =—wA(w)sin(wt —0)
Power P = Fv =-wA(w)F, cos wt sin(wt —5)
=—-wA(w)F, cos wt {sin @t COS O —COS Wt Sin 5}

= F,wA(w)cos® wtsin 8 — F,wA(w) cos wt sin ot cos §

1 .
Now cos” ot = 5 and coswtsinwt =0

Therefore P = 1 F,wA(w)sino

103



The power absorbed by a driven oscillator ...2

/A(a)) = Fo/m
\/(a)g ~w’) + @y’
_ wy
_1 ' tan o =
P=ZFwA(®w)sino < (@ — )
SINO = oy
_ \/(a)g—a)z)+a)27/2
}_’:%Foa) Fyjm el
V(@ ~0) + 0’7 (@] ~0") + 0y
2 2
2m (o, —@°) +@’y’
B F2 - P 1 N -1
Can show that P(w)=—" I e +—+¢ 104
260 [\ o @, 0




The power absorbed by a driven oscillator ...3
Fyjm
\/(wj —0’)Y + o’y

A(w) drops to 1/ J2 of its maximum value at @ = w,*y/2

oty |
2m (o) —@°) +@’y’

A(w) = ~ and P(w) =

... SO I_D(a)) will drop to 1/2 its maximum value at these frequencies

I_J(a))

P(w,) - N ¥ : “Full Width at
Half Maximum™
(FWHM)

105



An alternative form for A(w) for high O oscillators
close to resonance ... E, /m

M) =
(@) \/(wg_a)z)z +a)27/2

(@ —@°)" = (@, +©) (0, - @)

~(2w,)’(w, —®)* near resonance

Near resonance, @~ @, .. A(w)= > FO/mz 2 2
\/40)0 (0, —o) +w,y
F
CA(w) = o/

20, \/(a)o —0) +y7 /4

106



., (F/m)

4o {(w, - o) +7 [4]
- Flo’ 1

8may (o, —w)* +y* /4

...this form 1s encountered in various branches of physics
... €.g. the Breit-Wigner formula in nuclear physics

1
(E,—E) +1?/4

lineshape o (E =ho)

107



French Optical resonance
page 105

Atoms behave like sharply tuned oscillators in the processes
of emitting and absorbing light.

Example: Fraunhofer lines 1in the absorption spectrum of the sun
... wWhich are the result of resonant absorption processes

... Doppler
broadening of the et |
spectral lines is about / 1 Hhh"‘h
100 times greater
than any effect due to
the true lifetime of
the radiating atom!

intensity

5850 5900 5950 6000
wavelength (A) 108



French

page 108 Nuclear resonance

Nuclear cross sections o(£) display resonances at certain
energies, which depend on the particular reaction and incident
energy L,...

well-described by the equation

B Fp.y)

[
Many of these resonances can be |
|
|
i

o(E }
o () =—%0),
4(EO—E) =
- +1 E | r
I : FWHM =

864 ) 870 " 880
Proton energy, keV

109



French

page 109 Nuclear magnetic resonance

Atomic nuclei are limited to only a few discrete orientations when
placed in a magnetic field.

... protons have only two orientations and can be caused to flip
from one state to the other, in a magnetic field, by injecting
clectromagnetic radiation of just the right frequency

... for protons in a magnetic field of 5000 G, the resonance
frequency is about 21 MHz ... can observe a voltage which varies
(resonantly) as a function of frequency and can be described by

Vs
4(B,-B)
(AB)’

V(B) =

+1

... “nuclear magnetic resonance”
Nobel Prize in physics (1952): F. Bloch and E.M. Purcell 1o



A.C.: A resistive circuit

1y

Voeja)t = VR
IR =V ,e™ Im
. _ VRO jor Jjot
1= ¢ T loe “Phasor””:

Current in phase with voltage

111



s = .VL = VO e/’ =2 d — (= ))e’
joL  joL wL
7 Eej(wt—ﬁﬂ) ]_e_]”/z
wL

Current lags voltage by 7/2

wt

Re



A.C.: A capacitive circuit

Jjot
Vo

@ 4
|
C
I/Oeja)t:VC

Q=CV.=CV,e'"

I = a9 _ JjCV,e'

dt j=e"”

] _ dQ — (()CVI)eJ(wH”/Z)

dt

Current leads voltage by 7/2

Im




A resistive circuit

An Inductive circuit

A capacitive circuit

114



A.C.: LRC circuit French
7 Vocosawt page 102

Vicosawt =V, +V, +V,

d O dQ+ Q =V, coswt
dt dt C
,_do
d’l dl 1 dV dt
— 4+ — ]__

dt’ dt C dt

.. I will be of the form e’

. 1
Therefore write ( ja))2 LI+ joRI +E[ = joV

115

1
Rearrange: (R-I—](()L-I——]] V
joC



R+ja)L+L 1=V LRC circuit ...2
joC

... call R+ja)L+L the Impedance Z
joC

... which 1s the a.c. analogue of resistance.

Write Z :R+ja)L—L

wC
Circuit element Impendence
resistance R
inductance JjoL
J

capacitance - Hé
p wC



LRC circuit ...3

. Zl Z2
Write V =1/ Zzzl_|_Z2
Zl
1 1 1
=—+
- Z Z Z,
Z2
Impedance is complex:
... can use
Z=R+j| w L—L Kirchhoff’s Rules,
oC Thenevin’s theorem, etc.
or 7= ‘Z ‘ejé

wL—-1/oC)
R 117

where ‘Z‘:\/R2+(a)L—1/a)C)2 and tan5:(



LRC circuit ...4

V [ B V B I/Oeja)t
1 o8 Z R+ j(oL-1/aC)
I/Oeja)t

\/R2 +(oL-1/aC)" &”

Vo i1
\/R2 +(wL —l/a)C)2

v
\/R (L - l/a)C)

...and the physical current 1s

cos(a)t—é)

0
+(wL-1/aC)
and lags the applied voltage by o . 118

The current has amplitude \/R2



LRC circuit ...5

At high frequencies the impedance of the inductance 1s
dominant, the phase lag is positive,
1.e. the current lags the voltage. 119



LRC circuit ...6

At low frequencies the impedance of the capacitance 1s
dominant, the phase lag is negative,
1.e. the current leads the voltage.

120



LRC circuit ...7

The amplitude and phase lag depend on frequency.

...as (wL-1/wC)— 0 the current amplitude is a maximum.

For wl = L . W= L
wC LC
... 1.e. the amplitude 1s a maximum when the applied frequency

@ 1s equal to the natural frequency of the (undamped) oscillator.

At resonance @] = L the circuit behaves like a
pure resistance. oC

]:&cosa)t 0=0
R

121
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—yWWW\- Oscillations in an LRC circuit
—— ... an enerqy approach

Power dissipated in resistor = rate of decrease of stored energy

2
Pr=-2 {%Q +%L12}

dt C
(gt
dt dt C dt
(d—QJ +Qd—Q+LdeQ 0 ;d—Q
T\ dt C dt dt dt’ Cdt

~ | =

, / 1
dtQ 7/?Q-|—Q)§Q:O with @, = E and y =



R

k WWWW\-
b1 1 —C Vocosa)t<>
L
— _\QQQQQ.QQ/_
X
d’x dx ., K Ld2Q+RdQ+ 1 =V, coswt
Sty e x=—teoswl 2 ” CQ 0
_b _k _X 1
7/—% w, = — Y T w, = IC
Hence
x(t) = A(w)cos(wt — ) x(t) =A(w)cos(wt —0)
here
F,/m W
T R
\/(a)o_a) )ty \/(a)g—a)z)2+a)2y2
tan 5 (@) = ——2 tan §() = ——

(wo o wz)

(] —a?) ™



L RC resonance ... CIl laboratory experiment

||

||

A
()

> V, cos wt

Given C (=0.0914 uF)
... find L and R from resonance curve

Frequency (kHz)

125



	Slide Number 1
	Slide Number 2
	Slide Number 3
	Slide Number 4
	Slide Number 5
	Slide Number 6
	Slide Number 7
	Slide Number 8
	Slide Number 9
	Slide Number 10
	Slide Number 11
	Slide Number 12
	Slide Number 13
	Slide Number 14
	Slide Number 15
	Slide Number 16
	Slide Number 17
	Slide Number 18
	Slide Number 19
	Slide Number 20
	Slide Number 21
	Slide Number 22
	Slide Number 23
	Slide Number 24
	Slide Number 25
	Slide Number 26
	Slide Number 27
	Slide Number 28
	Slide Number 29
	Slide Number 30
	Slide Number 31
	Slide Number 32
	Slide Number 33
	Slide Number 34
	Slide Number 35
	Slide Number 36
	Slide Number 37
	Slide Number 38
	Slide Number 39
	Slide Number 40
	Slide Number 41
	Slide Number 42
	Slide Number 43
	Slide Number 44
	Slide Number 45
	Slide Number 46
	Slide Number 47
	Slide Number 48
	Slide Number 49
	Slide Number 50
	Slide Number 51
	Slide Number 52
	Slide Number 53
	Slide Number 54
	Slide Number 55
	Slide Number 56
	Slide Number 57
	Slide Number 58
	Slide Number 59
	Slide Number 60
	Slide Number 61
	Slide Number 62
	Slide Number 63
	Slide Number 64
	Slide Number 65
	Slide Number 66
	Slide Number 67
	Slide Number 68
	Slide Number 69
	Slide Number 70
	Slide Number 71
	Slide Number 72
	Slide Number 73
	Slide Number 74
	Slide Number 75
	Slide Number 76
	Slide Number 77
	Slide Number 78
	Slide Number 79
	Slide Number 80
	Slide Number 81
	Slide Number 82
	Slide Number 83
	Slide Number 84
	Slide Number 85
	Slide Number 86
	Slide Number 87
	Slide Number 88
	Slide Number 89
	Slide Number 90
	Slide Number 91
	Slide Number 92
	Slide Number 93
	Slide Number 94
	Slide Number 95
	Slide Number 96
	Slide Number 97
	Slide Number 98
	Slide Number 99
	Slide Number 100
	Slide Number 101
	Slide Number 102
	Slide Number 103
	Slide Number 104
	Slide Number 105
	Slide Number 106
	Slide Number 107
	Slide Number 108
	Slide Number 109
	Slide Number 110
	Slide Number 111
	Slide Number 112
	Slide Number 113
	Slide Number 114
	Slide Number 115
	Slide Number 116
	Slide Number 117
	Slide Number 118
	Slide Number 119
	Slide Number 120
	Slide Number 121
	Slide Number 122
	Slide Number 123
	Slide Number 124
	Slide Number 125

