Application Of Derivative




Tangent & Normal




Equationof a tangent at P (xy,)

_dy
dx

Y—Y (K_Xl)

X1:¥1

(X;,¥;)




Equationof a normal at (X, y,)
]

(X —X,




dy . .
If = exists However insome case d_y
dx—ilrﬁrl dK
fails to exist but still a tangent cabhe drawn
e.g. cast of vertica tangen. Also (x,, y,) mus

lie onthe tangent, normal line as well as thre
curve

y =X




2
3—x

Q. Alineis drawntouchingthe curve y =

Findthe line If its slope/gradient is.2




Q. Findthe tangent andormal for /3 + y2/3 = 2
at (1, 1)




Q. Findtangent tox = a sirft andy = a cost at
t =T172.




Vertical Tangent :

Concept .y = f(x) has a vertical tangent at the poin
X =X, If

[ f(x,+h)-1(x,)

h—0 h

= o0 or — o0 but not both




Q. Whichof the following cases the functiof(x)

has a vertical tangent at=O0.
|

(i) f(x)=x3




() f(x) =sgnx




(i) f(x)= e




(iv) f(x)=|x]|




0if x<0

W) 1= e (50




If a curve passes throudine origin, thenthe
equationof the tangent at the origican be
directly written by equatingto zerothe lowest
degree terms appearing the equationof the

CUrIVE.




Q. X2 + y?2 + 2gx + 2fy = 0 Find equation of
tangent at origin




Q. X+y3-3xy+3xy?+x2—-y?=0
Find equationof tangent at origin




Q. Findequationof tangent at originto x3 + y? —
3xy = 0.




Some Common Parametric
Coordinates On A Curve




Q. Forvx +y=+a take x=aco40 &y = sin'o.




Q. fory?
= x93
V2 = X3, take x=t? andy = t3




Q. y=
V¢ = 4ax(at, 2at)




Q. Xy=c?




Q. for
\2 = X3
X3, take x=t?andy =t3




Note:

The tangent at P meetirige curve agaiat Q.

tE! .tE TE: TE

dy| y,-vy,

dx|, X, —X,

U
|
I

mDP

Conside the example y? = x3 find

mDQ

Take P, t3)




Q. Findthe equationof a tangent andhormal at

1

x = 0 if they exist onthe curvey = x3(1—cosx)




Q. Equationof the normal tothe curve X = 4y
which passes througfi, 2).




Q. Normal tothe curve ¥ = 4y which passes
through(4, —1).




Q. Findthe equatiorof tangent andhormal tothe

X —2 1f x <1 .
curvef(x)=| , atx=11f it

x“"—x—1 1fx21

exists.




Q. A curve In the plane Is definedby the
parametric equations X et + 2et andy = et
+ €. An equationfor the line tangent tdhe
curve at the pointtin 2is
(A) 5x—-6y=7 (B) 5x-3y=7
(C) 1x—-7y=8 (D) 3x—2y=3




. 1 2X
Q. Tangenttahe curvey =sin" — at x = /3
X




Q. Findthe equatiorof the tangent tahe curve

y = be® atthe point where the curve cross
the y-axis




Q. Prove that all points onthe curve

y* = 4&(}{ +asin Ej
a

alt which the tangen is paralle to the x-axis lie
ona parabola




Q. Tangents are drawifrom the origin to the
curve y = sin X. Prove that their point of
contacts lie orthe curve Xy? = x? —y?,




Q. Showthat the portionof the tangent tothe
curve x= a cosB andy = a sirf0 intercepted
betweerthe coordinate axes Is constant




Q. Ify=e*andy = kx?toucheachother, findk.




Angle of Intersection
of two Curves :




Definition : The angle of intersectioaf two curves
at a point P Is defineas the angle betwedhe two
tangents tdhe curve at their point of intersection




Q. Ifthe curves are orthogonal then

)
dx dx

everywher where evel they intersec.




Q. Findthe acute angle betwedme curves
() y=sinXx&Yy =CO0S X




Q. If Bisthe angle betweepn= x?andby = 7 —x3
at (a, a), Fin.




Q. Findthe angle betweethe curve 2y = x3 and
y? = 32X




Q. Find the condition for the two concentric
ellipses ax? + b,y? = 1 andax?+ b,y? = 1 to
Intersect orthogonally




Rate Measure




Q. Ifthe side of arequilateral triangle increases

the rate of NE) cm/sec andrea increase at th
rate 12cny¥/sec therthe side of the equilatere
triangle s




Q. An aeroplane is flyinghorizontallyat a height

of 2 km with a velocityof 15km/hr. Find the

3
rate at whichit is recedingfrom a fixed point

on the grounc which It passe ovel 2 minute:
aga




Q. The height h of a right circular cone is 2tn
andis decreasin@t the rate of 4 ciisec At the
same time, the radius r Is 18m and Is
iIncreasingat the rate of 2 cm/seé&ind the rate
of chang: of the volume in cm3/sec.




Q. If tangent at point P for curvex = 2t — t° &
y =t + t? passes throughrt Q (1, 1) find
possible ceordinate of P




Q. Find shortest distance bMne y = x — 2 &
parabola y= x? + 3x + 2.




Q. Find Point on3x? — 4y? = 72 nearest tdine
3Xx+2y+1=0.




Length of Tangent, Normal,
SubtangentAnd Subnormal :




Q. Find everything for hyperbola xy= 4 at Pt
(2, 2)




Q. Showthat for the curve by = (x + a)® the
square of the subtangent varies as
subnormal




Q. Show that at any point on the hyperbola
Xy = ¢4, the subtangent varies as the absci
and the subnormal varies as the cube of t
ordinate of the point of contact




Approximation And Differentials




Q. Use differential tapproximate




Q. V101




1

Q. (25)°




Monotonocity




Functions are saitb be monotonic if theyare either
Increasingor decreasingn their entire domaire.g.
f(x) = e ; f(X) =Inx & f(x) =2x + 3 are some of the
examples of functions whichre increasingvhereas
f(x) = —x; f(x) = e* anc f(x) = cot? (x) are some of
the examples of the functions whieine decreasing




0.

Functions whichare increasingas well as
decreasingn their domainare saidto be non
monotonic e.g. f(xXF sinx ; f(x) =ax* + bx + ¢

anc f(x) = | x |, howeve in the interva | 0, =
2

3

f(x) = sinx will be saidto be increasing




Monotonocity of A Function
At A Point

A function Is said to be monotonic increasingt

f(a+h)<f(a)
x = aIf f(x) satisfies f(a—h) >f(a)| forasmall
positive h

O] a—hx=aa+h




And monotonic decreasingt x= a If and
f(a+h)<f(a)

f(a—h)>1f(a)

O] a—hx=aa+h




Q. It should be noted that we can talk of
monotonocityof f(x) at x = a onlyif x = a lies
In the domainof f, without anyconsideration
of continuityor differentiabilityof f(x) at x = a.




fig. -1 fig. -2

0 X =a 0O X =a
Increasing decreasing
atx =a atx —a
fig. -3 fig. — 4
0 X =a 0 X =a
increasing Increasing

arx —=a atx =a




Monotonocity In An Interval




Non Decreasing/Non Increasing




Point of Inflection

() Tangent crosses the curve
(i) f"xX)=0
(i) f'(x)Isextremun




If X, X, 0 domainof f andif
() X; > X, =« f(xy) > f(x,), f Is strictly
Increasing
(i) x, > %X, =« f(x;) = f(x,), f Is non
decreasin.




Note :

If f Is Increasingthen nothing definite canbe said
about the functionf '(x) w.r.t. Its Increasingor
decreasin behaviou.




lllustrations

Q. Discuss monotonic behaviour of the functi
f(x) = x°. e




Q. f(X)=x+In(1-4x)




Q. f(x)=

nx




Q. f(xX)=3cogx +10cosx + 6¢cosx —3in|[0, 11
Also find maximum and minimum value of
function




Q. f(x)=ax—sinx
Find range of a If f(X) IS monotonic




Q. Ifthe functionf(x) = (a+ 2)x° —3a¥ + 9ax—1
IS always decreasing x [ R, find'd.




Q. Prove that f(x)F % X9 —X0+2x3—-3x?+ 6x—-1

IS always increasing




Q. Provethaf(x)= I% (> 0) Is always an
» £

iIncreasingunctionof Xx.




Q. The set of integral value(s) ob’ for which
f(x)=sin2x—-8(b+ 2)cos x(4 b+ 16b + 6) X
IS monotonic decreasinpr [ x LI R andhas
no critical point, Is
(A) {-10,-9,2,3} (B) {-7,-8,-1,0}
(C) {-8,1,5, 6}
(D) {-100 —200, 100, 20¢




Q. Consider the functign
f(x) =x3—9x?+ 15x + 6 for 1< x <6 and
‘min.f(t) for1<t<x1<x<6

K -
g(x) _x—18 forx>6

thenwhich of the followinghold(s) good?
(A) d(x) Is differentiable at x 1

(B) g(x) Is discontinuous at x 6

(C) dg(x)Is continuous anderivable at x= 5
(D) g(x)Is monotonicin (1, 5)




Q. Findgreatest anthe least values of the functic
f(x) = e“-4x+3jn [-5, 5]




Q. y=j(35int+4mst)dt n
ST

4

St o4m

4 3




f . | 5% T
Q. y=f(6c05u—251nu)du in ﬂ, d
ST

3 4

3




. 3
Q. f(x)=cos 3x—15co0s x+ 81in : , ;




|
Q. Use the functiorf(x) =x* (x > 0) to ascertair
whetherT® or €tis greater




Q. Findminimumof xX (x > 0)




Q. Find the image of interval-1, 3] under the
mappingspecifiedby the function
f(x) = 4x3 — 12X




5, (B =D +b-D)

: 0<x<1
(b* +3b+2) h

Q. Letf(x)=

2x -3 J<Sx<3
Find all possiblt rea values of b suct that f(x)
has the smallest value atxx1.




Establishing Inequalities




Q. Provethat 2 six +tanx = 3x for (0< x < g )




Q. Findthe set of values of x for which

In(1+ Xx) >
1+x




Q. Provethefn(XHJ : >0 In
X X +1

(0, =1) U (0, )




Q. Findthe smallest positive constant A sutiiat
In x < Ax? for all x > 0.




Rolle’'s & Mean Value Theorem




Let f(x) be a function of x subject to the following

conditions :

()  f(x) Is a continuous functiorof X In the closec
iInterva of a< x < h.

() f ' (x) exists for everypoint inthe opennterval
a<x<bh.

(i) f(a) =f(b).
Thenthere exists at least one point=xc such
thala<c<bwheref' (c)=0.




f(a)hesennes o

0

fis not continuous in [a, b]
and Rolles theorem failing

f(a)

f(a)Zf(b)

fis not derivable in open (a, b)




Q. \Verify Rolle’s Theorenfor
f(x) = x(x + 3)e*2in [-3, 0]
Also find ¢ of Rolle’s Theorem




sin X .

in|0, |

Q. f(x)=

X

C




Q. f(X)=x3-3x2+2x+5iIn][0, 2]




Q. f(x)=1—x23in[1,1]




Q. f(x)=|x]in[-1, 1]




Q. Letn0O N. If the value of ¢ prescribenh Rolle’s
theoremfor the functionf(x) = 2x(x — 3)" on
[0, 3] Is 3/4 them Is equal to
(A) 1 (B) 3
(C) S (D) 7




Q. Show that betweenany two roots of the
equatione‘cosx= 1 there exists at least one rc
of eXsinx—-1=0.




T
Xxsmn— forx>0

X
Q. Consider the functiof{x) =+

L0 forx =0
ther the numbe of points in (O, 1) where the

derivative f' (X) vanishesis
(A) O G)!
(C) 2 (D) Infinite




LMVT THEOREM
(Lagrange’s Mean
Value Theorem




b f(b)

c, f(c)

a. f(a)




Let f(x) be a function of x subject to the
following conditions :
()  f(x) Is a continuous functiorof X In the closec
iInterval of a< x < b.
() f'(x) exists for every point in the oper interva
a<Xx<b.
(i) f(a) #f(b).
Thenthere exists at least opoint X = ¢ such
f(b)—f(a)
b—a
Geometrically, the slope of the secant |
joining the curve at x a & x = b Is equal tahe

slope of the tangent line drawto the curve
at X =_C.

that a< c < b where f' (c) =




Note the following:
Rolles theorems a special case of LMVT




Q. y=Ix*+mx+ninla, b]findcof LM.V.T.




Q. Findcof LMVT
f(x)=vx—1 in [1,3]




Q. f(x)=——on[l,4]
X +2




Q. UsingLMVT prove thaficos a—cos i < [a—Dbj




Q. Finda point onthe curve f (x)=vx—=2 in [2, 3]
whenthe tangent is parallel tthe chordjoining
the endpoints




Q. If a< Db, showthat a real numbelc can be
foundin (a, b) suchthat 3& =& + ab+ b?




Q. Use LMVTto prove that tarx > x for X




0.

If f(X) Is continuous on0, 2], differentiable or
(0, 2), f(0) = 2, f(2) = 8, andf ' (x) < 3 for all x
in (0, 2), thenf(1) has the value equal to

(A) 3 (B) 5 (C) 10

(D) Thereis notenougl informatior




Q. If f(x) and g(x) are continuous ota, b] and
derivable in(a, b) thenshowthat
f(a) f(b) fa) f'(c)

=(b—a) where a<c<Db
g(a) g(b) g(a) g'(c)




x> +1

Q. Prove that the eqguatic =5 has no root

in [0, 2]

,}

X~ +1




Q. Number of roots of the functioiix) = 3
(x+1)

—-3X + SInX IS
(A) O (B) 1
(O (D) morethar 2




MAXIMA AND MINIMA

A function f(x) Is saidto have a maximunat X = a

If f(a)is greater thanevery other value assume

by f (X) In the immediat« neighbourhoo of x = a.
Symbolically

f(a)>f(a+h)
t(a)>ft(a—h)

for a sufficiently smal positive h.

— X = a glves maxima




Ol ah x=a ah _ bh x=b bh

Xx—| Xx=2




Similarly, a functionf (x) is saidto have a minimum
value at x = b if f (b) Is least thapveryother value
assumedy f (x) In the immediate neighbourhoat

X = b. Symbolicallyif
f(b)< f(b+h)_
t(b)<t(b—h)
gives minima for a sufficienthgmall positive h.

— X=Db




()  the maximum& minimum values of a functior
are alsoknown as local/relative maxima ©
local/relative minima as these are the grea
& least values of the functiorelative tosome
neighbourhoo of the pointin questiol.

(i) the term 'extremum or (extremal) or ‘turning

value' 1s usedbothfor maximumor a minimum
value.

(i) a maximun (minimum’ value of a functior

may not be the greatest (least) valuearfinite
interval.




(iv) a function can have several maximum

(V)

minimumvalues & a minimunvalue mayeven
be greater thaa maximumvalue.

maximun & minimumn values of a continuou
function occur alternately& between two
consecutive maximumvalues there Is
minimumvalue & vice versa.

¢




Use Of Second Order Derivative
In Ascertaining
The Maxima Or Minima

dy d?y
at local maxima, —=0 and —2< 0
dx dx




L dy d’y
at local minima, —=0and —5 >0
dX dX




Hence If

(a) f(a)is a maximunvalue of the functiorf then
f'(a)=0 &f"(a) <O.

(b) f(b)Is a minimumvalue of the functior, If f'
(b)=0& f" (b)>0.




However, If f"(c)= 0 thenthe test falls. Irthis case
f can still have a maxima or minima or point c
inflection (neither maxima nor minima). lthis case

revert backto the first order derivative checkor
ascertainin the maxime or minime.




Q. Provethat:
For a givenslant height volume of conical tent
is maximumif © = tarry2
O Is semi vertical Angle




A wire of length20 cm Is cut intotwo pieces.
One piece convertenhto a circle andthe other
Into a square. Where the wire Is b@ cut from
so that the suntotal of the areas of twplane
figures<is (a) minimun (b) maximun.




Q. A point P Is givenon the circumference of
circle of radiusr. Chord QR Is parallel tothe

tangent at P. Determine the maximypuossible
area of the triangle PQR




Q. Findthe coordinates of the point P ¢ime curve

x2 2
. | 3 = 1 in the F'quadrant sdhat the area

of the triangle formec by the tangen at
P andthe coordinate axes Is minimum

B




Q. Findthe equatiorof a line through(1, 8) cutting
the positive semi axes at A aiif
() the area oAOAB Is minimum
(1) 1ts Intercept betweerthe coordinate axe
IS minimulrr.
() sum of its intercept onthe coordinate
axes Is minimum




Q. Findthe altitude of the right circular cylinder
maximum volume that canbe inscribedin a
givenright circular cone of height 'h'.




Q. Findthe altitude of the right cone of maximu
volume that canbe inscribedin a sphere o
radius R.




A straight linel passes througtine points (3, 0)
and(0, 4). The point Alies on the parabola
y = 2x — X2. Findthe distance p frompoint A to
the straight line andhdicate the coordinates c
the point A (X,, Y,) on the paraboli for which

the distance fronthe parabola tdhe straight
line Is the least.




Useful Formulae Of

Mensuration To Remember

Volume of a cuboid: |bh.
Surface area of a cubowd?2 (Ib + bh + hl).
Volume of a prisn¥ area of the base x height.

R

Lateral surface of a prism perimeter of the
bast x heigh.

5. Total surface of a prisma lateral surfacet+ 2

area of the base
(Note that lateral surfaces of a prisare all

rectangles).




10.
11
12.
13.

Volume of a pyramld:— (area of the basey
(height).

Curvedsurface of a pyramld: (perimeter of
the base x slan heigh.

(Note that slant surfaces of a pyramare
triangles).

Volume of a cones Ttr#h.

Curved surface of a cylinder 2 1trh.

Total surfactof acylinder=2 nirh + 2 nir2.
Volume of a sphere 1113,

Surface area of a sphered nr2

Area of a circular sector - r2q whenq Is In
radians.




Significance Of The Sign Of
2nd Order Derivative And
Points Of Inflection




The signof the 29 order derivative determines th
concavityof the curve. Suclpoints suchas C & E on
the graphwhere the concavityf the curve change:
are calledhe points of inflection

2
(1) d—}; >0 = concave upwards
dx

(II) —. <0 = concave downwards




At the point of inflectionwe find that

d*y d*y
—> =0 & —5 changes sign
dx? dx?




2
Inflection points camlsooccur if < " —2 fails to exist.

For example, consider the gramrf the function

definedas,

- x> for x e (—»0,1)

F(x) =

- 2—x?  for x e(l,0)




3xX-(x+1) Yy e|O

Q. Provethat sinx+2x > T
T 2




Different Graphs of The Cubic

y=ax+bxt+cx+d




Q. If the cubic y= x3 + px + g has 3 distinct rea
roots therprove that 4p+ 27¢¢ < 0.




Q. Foracubic ;
ax
f(X) = Eu (a+ 2)x°+(a-1) x+2. (a> 0)

Find the value of 'a' for which it h
(1) + ve point of maximum

(2) —ve point of minimum

(3) + ve point of minimum

(4) —ve point of maximum

(5) -ve point of inflectiol

(6) + ve point of inflection




Q. Let p(x) be a polynomial of degree 4 havi
extremumat x=1, 2

x—0

and Lim[1+ p(}z‘)] =2
X

Thenthe value of p(2) Is




Q. The maximunvalue of the function
f(x) = 2x3 — 15x? + 36x —48 onthe set

A=1{x|x?+20<9x | IS




x| for 0<|x|<2
0.1 Letf(x)= [1 o

Thenatx =0, 'f' has:
(A) a local maximur(B) no local maximur
(C) a local minimum(D) no extremum.

[JEE 2000 Screening, 1 out of 3




Q.2 Find the area of the right anglettiangle of
least area that cambe drawn so as to
circumscribe a rectangle of sides 'a’ dndthe
right angle of the triangle coincidingyith one

of the angle: of the rectangl..
|[REE 2001 Mains, 5 out of 10C




Q.3 (a) Letf(x)=(1+b?)x?+ 2bx+ 1 and let
m(b) be the minimum value of f(x). As b

varies, the range
of m (b) Is 1
(™) [0, 1] (B) [op 5

(C)

| (D) (O, 1]_

1
27




ORC

(b) The maximunvalue of (cos,) - (CO%x ,).
......... (coxn,), under the restrictions

TT
O S 0(1,, (Xzﬁ ............... O( SE
and cot o, - cot a,.......... cota =11s
(A) (C) : (D) 1
211 2 2[‘1

[JEE 2001 Screening,+ 1 out of 35




Q.4

If a;,, & ,....... , @ are positive real number
whose product Is a fixednumber e, the
minimumvalue of g+a,+a;+....+a, +23a, 1S
(A) n(2e)r (B) (n+1)e
(C) 2neln (D) (n+1)(2e)ln

[JEE 2002 Screening




Q.5 (a) Find a point onthe curve X + 2y° = 6
whose distance frorthe line x+y =7, IS
minimum.




Q.5 (b) For acircle ¥ + y? = r?, find the value of
'r’ for which the area enclosethy the
tangents drawrirom the point P(6, 8) to
the circle andthe chordof contact Is
maximurn.

[JEE 2003, Mains, £2 out of 60]




Q.6 Letf(X)=x3+bxe+cx+d, O<b?<c.
Then f
(A) Is bounded
(B) has a local maxima
(C) has a local minin
(D) Is strictly increasing [JEE 2004 (Scr.




Q.7 If P(X) be a polynomial of degree 3 satisfyir
P1) = 10, P(1)= -6 andP(x) has maximunat
= -1 andP'(x) has minima at » 1. Find the
distanc: betweel the local maximun anc local
minimumof the curve.
[JEE 2005 (Mains), 4 out of 6(




Q.8 (a) If f (x) Is cubic polynomial whichhas local
maximumat x=—-1. If f(2) =18 (1) =-1
andf '(x) has local maxima at x O, then

(A) the distanci betweel (-1, 2) anc (a. f (a)),
where x= a is the point of local minim2+'s -

(B) f (X) is increasingor x e (1, 2+/5]

(C) f (X) has local minima at x 1

(D) the value of f(OF5




Q.8 (b) o 0<x<l]
f(X)=12-¢"" 1<x<2
X—€e 2<XxZ3

andg (X) = :.‘f(’[)dt ,x e |1, 3]

theng(x) has

(A) local maxima at x1+In2 and local
minimg al X = €

(B) local maxima at x= 1 and local minima at x 2

(C) nolocal maxima

(D) nolocal minima [JEE2006 5 marks each]




Q.8 (c) If f (X) Is twice differentiable functiornsuch
that f(a)y0, f(b)=2, f(c)= -1, f(d)=2, f(e)}=0,
where a< b < ¢c < d < e, thenfind the
minimun numbe of zero: of

g(x) = (f'(x))” +f(x)£"(x) in the interval [a, e].
[JEE 2006, 6]




Q.9 (a) The total number of local maxima a
local minima of the function

(2+x). —3<x<-1.

f(X) =<5/
) ixz/" o —l<x<?2 >

(A) O (B) 1 (C) 2 (D)3




Q.9 (b)Comprehension
Consider the functiofi: (— o, ) — (—00,00)

definedby
2

| — ]

f(X)=X2 T , O<ax<?2
X" +ax+1

() Which of the following Is true?
(A) 2+apf"(1)+(2-apf"(-1)=0
B) 2-ayf"(1)-(2+apf"(-1)=0
©frOf-1)=2-a
D) M) (-1)=-(2+3a)




Q.9 (i) Whichof the followingis true?
(A) f(X)Is decreasingn (-1, 1) andhas
a local minimumat x=1
(B) f(x)Isincreasingon (-1, 1) andhas
alocalmaximunmaix =1
(C) f(X)IsIncreasingon (-1, 1) but has
neither a local maximunand nor a
local minimumat x= 1.
(D) f (X)Is decreasinon (-1, 1) but has
neither a local maximunand nor a
local minimumat x= 1.




