
Complex Numbers
General Introduction :
Complete development of the number systemcanbe
summarisedassummarisedas
N ⊂⊂⊂⊂ W ⊂⊂⊂⊂ I ⊂⊂⊂⊂ Q ⊂⊂⊂⊂ R ⊂⊂⊂⊂ Z
Everycomplexnumber z canbe writtenas z= x + i y
where x, y∈∈∈∈ R andi = . x is calledthe real part
of z andy is the imaginarypart of complex.



Note :
only if atleast one of either a or b is

nonnegative.
(If aandb arepositiverealsthen ](If aandb arepositiverealsthen ]



Complex Plane



z = a + ib

Purely real Purely imaginary imaginary
If b = 0 if a = 0 if b ≠≠≠≠ 0

Hence0 + 0i is both a purely real aswell aspurelyHence0 + 0i is both a purely real aswell aspurely
imaginarybut not imaginary.



(i) The symbol i combines itself andwith real
number as per the rule of algebra together with
i2 = – 1 ; i3 = –i ; i4 = 1, i2005 = i, ; i2006 = –1.

Note :

i2 = – 1 ; i3 = –i ; i4 = 1, i2005 = i, ; i2006 = –1.
Infact i4n = 1, n ∈∈∈∈ I note that (1+ i + i2 + … +
i2006= i)]



(ii) Every real number canalso be treatedas
complex with its imaginarypart zero. Hence
there is one-one imappingbetweenthe set of
complexnumbers andthe set of points are the
complexplane.complexplane.



Addition, substractionandmultiplicationof complex
numbers are carriedout like in ordinary algebra
usingi2 = –1, i3 = –i etc. treatingi asapolynomial.

Algebra of Complex

usingi2 = –1, i3 = –i etc. treatingi asapolynomial.



Differences betweenalgebra of complexandalgebra
of real number are.
(i) Inequality in complexnumbers are never talked.

If a + i b > c + id has tobe meaningful⇒⇒⇒⇒ b = d =
0. Equalitieshowever in complex numbersare0. Equalitieshowever in complex numbersare
meaningful. Twocomplexnumbers z1 andz2 are
saidto be equal if
Re z1 = Re z2 andIm (z1) = Im (z2)
(i.e. they occupythe sameposition on complex(i.e. they occupythe sameposition on complex
plane)



(ii) In real number systemif
a2 + b2 = 0 ⇒⇒⇒⇒ a = 0 = b but if z1 and z2 are
complexnumbers then
z1

2 + z2
2 = 0 does not implyz1 = z2 = 0

e.g. z = 1 + i andz = 1 – i.
1 2 1 2

e.g. z1 = 1 + i andz2 = 1 – i.
However if the product of twocomplex
numbers is zerothenat least one of themmust
be zero, same as incase of real numbers.



(iii) In case x is real then

| x | = but incase of complex.

| z | altogetherhasadifferentmeaning.| z | altogetherhasadifferentmeaning.



Conjugate
If z = a + ib thenits conjugate complexis obtainedby
changingthe signof its imaginarypart anddenoted
by i.e. = a– ib.by i.e. = a– ib.



Note that :
(i) z + = 2Re z
(ii) z – = 2i Im z
(iii) z = a2 + b2(iii) z = a2 + b2

(iv) If z lies in Ist quadrant then lies in 4th quadrant
and–z in the 2nd quad.



If z, z1, z2 ∈∈∈∈ C then;

(a)



Modulus :
If z = x + iy then| z | =
Note that| z | ≥≥≥≥ 0.



Note :
All complex number havingthe same modulus lie on
a circle withcentre as originandr = | z |.



(b) | z | ≥≥≥≥ 0; | z | ≥≥≥≥ Re (z); | z | ≥≥≥≥ Im (z) ; | z | = | |

= | –z| ; z = | z |2 ; if | | = 1 then

| z z | = | z | . | z | ; z ≠≠≠≠ 0,| z1z2 | = | z1 | . | z2 | ; z2 ≠≠≠≠ 0,

| zn | = | z |n ;



Argument :
If OP makes anangleθ with real axis thenθ is called
one of the argument of z.



Note :
By specifyingthe modulus andargument, a complex
number is completelydefined. However for the
complexnumber0 + 0i the argumentis not definedcomplexnumber0 + 0i the argumentis not defined
and this is the only complex number which is
completely defined by talking in terms of its
modulus.



Amplitude
(Principal Value of Argument)

The unique value ofθθθθ suchthat –ππππ < θθθθ ≤≤≤≤ ππππ is called
principal valueof argument. Unlessotherwisestated,principal valueof argument. Unlessotherwisestated,
ampz refers tothe principal value of argument.



Q. Among the complexnumber z whichsatisfy
| z – 25 i | = 15, find the one havingthe least
+ve argument.



Q. in + in+1 + in+2 + in+3 = ? n ∈∈∈∈ N



Q. If = 1 – 3i, Find (x, y).



Q. If z = (x, y) ∈∈∈∈ C thenfind z, satisfyingz2 (1, 1)
= (–1, 7).



Q. If z2 + 2(1 + 2i) z – (11 + 2i) = 0. find z in the
form of a+ ib.



Q. If f(x) = x4 – 4x3 + 4x2 + 8x + 44, find f(3 + 2i).



Q. If Arg z = and| z + 3 – i | = 4, find z.



Q. If | z – i | = 1 andArg z = , find z ?



Q. If z = , find | z | andampz.



Q. Compute (a)



Q.



Q. Findthe least positive n∈∈∈∈ N if



Representation of a complex in 
different forms

(i) Cartesian form / Algebric form :

z = x + iy ; Here | z | =

Note : 
Generally this form is used in locus problems or
while solvingequations.while solvingequations.



Find locus of point incomplexplane

Q. Re



Q. Find the set of points onthe complexplane for
whichz2 + z + 1 is real andpositive.



Q. Showthat the locus of the point P(ωωωω) denoting

the complexnumber z + onthe complexplane

is a standardellipse where| z | = 2.



Polar form
(ii) Trigonometric form / Polar form :

z = x + iy = r(cosθ θ θ θ + i sin θθθθ) = r CiSθθθθ where    
| z | = r ; amp z = θθθθ| z | = r ; amp z = θθθθ



Note :
(CiS αααα) (CiSββββ) = CiS (α α α α + ββββ)
(CiS αααα) (CiS(–ββββ) = CiS (α α α α – ββββ)

αααα αααα= (CiSαααα)–1 = CiS (–αααα)



Q. If z = 1 + find r andampz.



Q. Find| z | & amp (z) if z =



Exponential form :
eix = cosx+ i sinx
z = reiθθθθ is the exponential representation.



Note : 

(a)

are known as Eulers identities.

(b) cosix= = cos hxis always positive

real ∀∀∀∀ x ∈∈∈∈ R andis ≥≥≥≥ 1. note that f(x)= cosix.



Q. |z1 + z2|2 + |z1 – z2|2 = 2 [|z1|2 + |z2|2] Give proof
andits geometrical interpretation.



Triangle Inequality 
|| z1 | – |z2 || ≤≤≤≤ | z1 + z2 | ≤≤≤≤ | z1 | + | z2 |



Note : 
(1) amp (z1. z2) = amp z1 + amp z2 + 2kππππ, k ∈∈∈∈ I

(2) amp = amp z – amp z + 2kππππ, k ∈∈∈∈ I(2) amp = amp z1 – amp z2 + 2kππππ, k ∈∈∈∈ I

(3) amp(zn) = n amp(z) + 2kππππ.
where proper value of k must be chosenso that
RHSlies in (–π,π,π,π, ππππ]....RHSlies in (–π,π,π,π, ππππ]....



Q. Showthat ampz + ampof (– ) = ππππ



Q. Thenamp(z) is :

(A) –π////3 (B) 5π/π/π/π/6
(C) –2π/π/π/π/3 (D) 5π/π/π/π/12(C) –2π/π/π/π/3 (D) 5π/π/π/π/12



Q. Let z be a complexnumber

∈∈∈∈ R thenprove that| z | = 1.



Q. Let z1, z2, z3, … zn are the complexnumbers
suchthat |z1| = |z2| = … = |zn | = 1.

If thenprove that

(i) z is a real number (ii) | z | ≤≤≤≤ n2



Q. Findthe greatest andleast values of| z | if z

satisfies



Q. Findz satisfyingsimultaneously

and



nth Roots of Unity :
Complexcube roots of unity



Vectorial Representation 
of A Complex

Every complexnumber canbe consideredas if it is
the position vector of that point. If the point Pthe position vector of that point. If the point P
represents the complexnumber z then,



Geometrical meaning of eiθθθθ

What does z1 z2 “ means” (Rotation)



Q. Sectionformula, centroid, incentre, orthocentre
and circumcentre for a triangle whose vertices
are z1, z2, z3.



Examples on Vectorial Representation 
& Rotation Of A Vector

Q. If z1, z2, z3 are the vertices of anisosceles
traingleright angledat z2 thenprovethattraingleright angledat z2 thenprovethat



Q. If z1, z2, z3 are the vertices of anequilateral
triangle thenprove that

andif z0 is its circumcentrethenandif z0 is its circumcentrethen



Q. If zr(r = 1, 2, …..6) are the vertices of a regular

hexagonthen where z0 is the

circumcentre.



Q. Prove that the triangle whose vertices are the
points z1, z2, z3 on the Argand plane is an
equilateral triangle if andonly if



Q. Let z1 andz2 be roots of the equationz2 + pz + q
= 0, where the coefficients p andq may be
complexnumbers. Let A andB represent z1 and
z2 in the complexplane. If ∠∠∠∠AOB = α ≠≠≠≠ 0 and
OA = OB, where O is the origin, prove that

2
OA = OB, where O is the origin, prove that
p2 = 4q cos2222α/α/α/α/2....



Q. On the Argand plane z1, z2 and z3 are
respectivelythe vertices of anisosceles triangle
ABC with AC = BC andequal angles areθ. If
z4 is the incentre of the triangle thenprove that
(z – z ) (z – z ) = (1 + secθθθθ) (z – z )2

4
(z2 – z1) (z3 – z1) = (1 + secθθθθ) (z4 – z1)2



Q. Interpret locus of z
| z – (1 + 2i) | = 3



Q. | z – 1 | = | z – i |



Q. | z – 4i | + | z + 4i | = 10



Q. | z – 1 | + | z + 1 | = 1



Q. 1≤≤≤≤ | z – 1 | < 3



Q. 0≤≤≤≤ Arg Z ≤≤≤≤



Q. Re (z2) = 0



Q. True or False:
If z1, z2, z3, z4 in order are the vertices of the
square takenin order then

(i) is purelyimaginary(i) is purelyimaginary

(ii) is purely real

(iii) is purely imaginary

(iv)



Q. Let z1, z2, z3 are the vertices of a triangle with
origin as the circumcentre. If z is the
orthocentre thenz = z1 + z2 + z3. (T/F)



Q. If z1, z2, z3 are the vertices of a triangle such
that |z1 – 1| = |z2 – 1| = |z3 – 1| andz1 + z2 + z3 =
3 then the triangle is anequilateral triangle.
(T/F)



Q. If the area of the triangle formedby z, iz and
z + iz is 8 sq. units thenfind | z |.



Q. If z1, z2, z3 are the vertices of anequilateral
triangle with circumcentre at (1– 2i). Find z2
andz3 if z1 = 1 + i



Demoivre’sTheorem : (D M T)
Statement :
cos nθθθθ + i sin nθθθθ is the value or one of the values of
(cos θθθθ + i sin θθθθ)n ∀∀∀∀ n ∈∈∈∈ Q. One Value if n is an(cos θθθθ + i sin θθθθ)n ∀∀∀∀ n ∈∈∈∈ Q. One Value if n is an
integer, one of the values if n is rational whichis not
aninteger. The theoremis veryuseful indetermining
the roots of anycomplexquantity.



Basic steps todetermine the roots of a complex
number
(a) Write the complexnumber whose roots are to

be determinedin polar form.
(b) Add 2mππππ to theargument(b) Add 2mππππ to theargument
(c) Apply D M T
(d) Put m= 0, 1, 2, 3, …. (n – 1) to get all the n

roots. You canalsoput m= 1, 2, 3, …. N

Application of DMTApplication of DMT
to determine nth roots of unity



Q. Findz if



Q. Findz if



Q. Findthe roots of the equation
z5 + z4 + z3 + z2 + z + 1 = 0



Q. z4 – z3 + z2 – z + 1 = 0



Q. Find the number of roots of the equation
z10 – z5 – 992= 0 with real part–ve.



Q. Prove that tan–1

[Hint : Let z= 5 + i ]



Q. The following factorisation should be
remembered:
(i) x2 + x + 1 = (x – ωωωω) (x – ωωωω2)



Q. If the area of the triangle inthe Arganddiagram,
formed by Z, ωωωωZ and Z + ωωωωZ where ωωωω is the
usual complexcube root of unityis 16 square
units, then| Z | is
(A) 16 (B) 4(A) 16 (B) 4
(C) 8 (D) 3



Q. If (a + w)–1 + (b + w)–1 + (c + w)–1 + (d + w)–1 =
2 w–1 and(a + w2)–1 + (b + w2)–1 + (c + w2)–1 +
(d + w2)–1 = 2 w–2 where w is the complexcube
root of unitythenshowthat:
(i) ΣΣΣΣ abc= 2 & (ii) ΣΣΣΣ a= 2 Π a(i) ΣΣΣΣ abc= 2 & (ii) ΣΣΣΣ a= 2 Π a
Hence showthat (a+ 1)–1 + (b + 1)–1 + (c + 1)–1

+ (d + 1)–1 = 2, a, b, c, d, ∈∈∈∈ R.



nth Roots of Unity :
If 1, α1, α2, α3, ……. αn –1, are the n, nth root of unity
then:
Theyarein G.P. with commonratioTheyarein G.P. with commonratio

ei(2ππππ/n) = cos



Q. Showthat if p is
not anintegral multiple of n



Q. Showthat 1P + (αααα1)P + (αααα2)P + …. + (ααααn–1)P = n
if p is anintegral multiple of n



Q. (1– αααα1) (1 – αααα2) …. (1 – ααααn – 1) = n



Q. (1 + αααα1) (1 + αααα2) …. (1 + αn – 1) = 0 if n is even
and1 if n is odd.



Q. 1. αααα1 . αααα2 . αααα3 ………ααααn – 1 = 1 or –1 according
as n is oddor even.



Q. (w – αααα1) (w – αααα2) ….. (w – ααααn – 1)



Q. Sumof all the n, nth roots always vanishes.



Q.

(A) 1 (B) –1
(C) i (D) –i(C) i (D) –i



Q. If cos(αααα – ββββ) + cos (ββββ – γγγγ) + cos(γγγγ – αααα) = –3/2
thenprove that:
(a) ΣΣΣΣ cos 2αααα = 0 = Σ sin 2 αααα
(b) ΣΣΣΣ sin (αααα + ββββ) = 0= Σ cos (αααα + ββββ)
(c) ΣΣΣΣ sin2αααα = ΣΣΣΣ cos2 αααα = 3/2(c) ΣΣΣΣ sin2αααα = ΣΣΣΣ cos2 αααα = 3/2
(d) ΣΣΣΣ sin3αααα = 3 sin(αααα + ββββ + γγγγ)
(e) ΣΣΣΣ cos 3αααα = 3 cos (αααα + ββββ + γγγγ)
(f) cos3 (θθθθ + αααα) + cos3 (θθθθ + ββββ) + cos3 (θθθθ + γγγγ)

= 3 cos(θθθθ + αααα) . cos(θθθθ + ββββ) . cos(θθθθ + γγγγ)= 3 cos(θθθθ + αααα) . cos(θθθθ + ββββ) . cos(θθθθ + γγγγ)
whereθθθθ ∈∈∈∈ R.



Q. Prove that all roots of the equation

are collinear onthe complexplane & lie on
x = –1/2.



Q. If zr , r = 1, 2, 3, ……… 2m, m ∈∈∈∈ N are the
roots of the equation
Z2m + Z2m–1 + Z2m–2 + ….. + Z + 1 = 0 then

provethatprovethat



Complex numbers 
and binomial coefficients

(i) C0 + C5 + C8 + …..(i) C0 + C5 + C8 + …..
(ii) C1 + C5 + C9 + …..
(iii) C 2 + C6 + C10 + …..
(iv) C3 + C7 + C11 + …..
(v) C0 + C3 + C6 + C9 + …..



Straight lines & Circles 
on Complex Plane

(i) Equationof a line passingthroughz1 & z2 on(i) Equationof a line passingthroughz1 & z2 on
argandplane.
z = z1 + λλλλ(z2 – z1) (see vector equationof line)

(ii) Circle | z – z0 | = r



Q. Findthe area boundedby the curves Argz =

Arg & Arg (z – 2 – 2 ) = ππππ on the

complexplane.complexplane.



Q. Find all the points inthe complexplane which
satisfythe equations
log5 (| z | + 3) – log | | z | –1 | = 1 and

arg(z – 1 – i) =arg(z – 1 – i) =



Parametric Equation Of A Line

z = z1 + λλλλ (z2 – z1)
whereλλλλ ∈∈∈∈ R which is thesameasequationnumberwhereλλλλ ∈∈∈∈ R which is thesameasequationnumber

3 i.e. is purelyreal.



Reflection Points For A Line 
(Image of a point in a line)

Useconceptof straightline. Write z = x + iyUseconceptof straightline. Write z = x + iy



Equation of a circle described 
on the line joining z1 & z2

as diameter as diameter 
Note that the equation

Arg (z + i) –Arg (z – i) =
Does not represent a complete circle but onlya semi
circle describedon the line segment joining(0, 1) &
(0, –1) as diameter. (in Ist and4th quadrant)



General locii on complex plane
(a) | z – z1 | + | z – z2 | = constant (constant>

| z1 – z2 | ) is an ellipse with its two foci at
z1 andz2z1 andz2

(b) | z – z1 | – | z – z2 | = constant (constant<
| z1 – z2 | ) is a hyperbola withits foci as
z1 andz2.

(c) | z – z1 |2 + | z – z2 |2 = | z1 – z2 |2 represent locus
of acircle with z andz asits diameterof acircle with z1 andz2 asits diameter

(d) (z – )2 + 8 a (z+ ) = 0 represent a standard
equationof parabola

(e) | z – z1 | + | z – z2 | = | z1 – z2 | represent a line
segment.


