Complex Numbers

General Introduction :

Complete development of the number systesn be
summarise as

NOwWOIOQUOROZ

Everycomplexnumber z caibbe writtenas z=x + 1y
where X, yl1 R and =J—1. x is calledthe real part
of z andy Is the imaginarypart of complex




Note:

Ja+/b =ab only if atleast one of either a or b i
nonnegative
(If a anc b are positive reals ther v—a+—b = —yab ]




Complex Plane




z=a+1b
| | |
Purely real Purely imaginary imaginary
fb=0 fa=0 ifb#0
Hence O + Oi Is botl a purely rea as< well as purely

Imaginarybut not imaginary




Note :

()  The symbol | combines itself anwith real

number as per the rule of algebra together w
c==1;i3=—=;i14=1,120% =1, ; j?00¢ =1,

Infact *" =1, n O | note that (1+1 + i+ ... +
2006 = )]




() Every real number canalso be treatedas
complexwith its imaginary part zero Hence
there Is one-one imappingetweenthe set of

complexnumbers andhe set of points are th
comple» plane.




Algebra of Complex
Addition, substractiomndmultiplicationof complex
numbers are carriedut like In ordinary algebra
usincis=-1, i3 =- etc. treatin¢i a< a polynomia.




Differences betweenlgebra of complexandalgebra

of real number are

(1) Inequality In complexnumbers are never talkec
Ifa+1b>c+id has tobe meaningful=b=d=
0. Equalities howeve In comple> number. are
meaningful. Twocomplexnumbers zandz, are
saidto be equal if
Re z = Re z andim (z,) =Im (z,)
(1.e. they occupy the same positior on comple»
plane)




(i) In real number systenf
& +b=0=>a=0=Dbbutif z andz, are
complexnumbers then
2, + 2,2 = 0 does not implyz, = z, = 0
eg.z;,=1+1ancz,=1-1.
However Iif the product of twocomplex
numbers is zerthenat least one of themmust
be zero, same as ogase of real numbers




(i) In case xIs real then

x1f x>0

| X | = , but incase of complex
—x1tx <0

| z | altogethe has a different meanint.




Conjugate
If z = a+ Ib thenits conjugate compleds obtainedoy

changingthe signof its imaginarypart anddenotec
byziez=a-Ib.




Note that :

() z+Z =2Rez

(i) z—-z=2Ilmz

(i) zZ=a%+b?

(iv) If z lies in Istquadrant theiz lies in 4" quadran
and—z in the 29 quad







Modulus :
If z=x+1y then| z]| :\/XE +y°
Note that] z | = O.




Note :

All complex number havinghe same modulus lie ¢
a circle withcentre as origimandr =| z |.




b) 1z|=0;|z[zRe(z);|z]|2Im(z);[z]|=]|Z]

_ e _ 1
=|=z|;zz=|z|?;if |Z |=1therz =—
L
V4 V4
|22, |= 12, | . |12, |; | =—. 2, #0,
Z, Z,

[ 2" =1z ]";




Argument :

If OP makes arangle0 with real axis ther® is called
one of the argument of z




Note :

By specifyingthe modulus andrgument, a comple
number Is completelydefined However for the
comple> numbe 0 + 01 the argumer Is not definec
and this Is the only complex number which is
completely defined by talking in terms of Its

modulus




Amplitude
(Principal Value of Argument)

The unique value 06 suchthat—t< 0 < mis called
principa value of argumer. Unles: otherwis¢ stateq,
ampz refers tathe principal value of argument




Q. Among the complexnumber z whichsatisfy
| z— 251 | =15, find the one havinghe leas
+ve argument
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N




o (=D +(y -3
1+1

Q. =1-3I, Find (X, y).




Q. Ifz=(x,y) O C thenfind z, satisfyingz? (1, 1)
= (-1, 7).




Q. Ifz2+2(1+2)z—-(11+ 2i) =0. find z in the
form of a+ 1b.




Q. Iff(X) =x*—=4x3+ 4x% + 8x + 44, find f(3 + 2i).




Q. IfArg zzg and|z +3—i | =4, find z.




T

Q. If|z-I \zlandArgz:E ,findz?




JO +40i +J9 —40i
VO +£40i — 9 —40i

Q. Ifz=

,find | z | andampz.




Q. Compute (a\/I\J 2




Q. J-25+3v-4+24J-9




1+1)
Q. Findthe least positive il N If (l_lj =1




Representation of a complex In

different forms
() Cartesian form / Algebric form :

Zz=x+1y ; Here| z| :,/x""" +y :Z=x—-1y0= —
X

Note :
Generally this form is usedin locus problems o
while solvinc equation.




Find locus of point incomplexplane

| |
Q. RE[;] = E




Q. Findthe set of points omthe complexplane for
whichz? + z + 1 is real andoositive




Q. Showthat the locus of the point B) denoting

1
the complexnumber z + orthe complexplane
Z

IS a standarellipse whergd z | = 2.




Polar form
() Trigonometric form / Polar form :

z=X+1y =r(cosO +isinB) =r CiSO where
|z|=r;amp z=0




Note :
(CiSa) (CiSB) = CiS(a + B)
(CiSa) (CiS(-B) = CiS (a — B)

= (CiSa)1=CiS (-a)

(CiS)a




6m . . Om _
Q. Ifz=1 +008? +181n? find r andampz.




1+i\/§

T .. T
COS— +1sin —
R R

Q. Find|z|&amp(z)ifz=
2{




Exponential form :
eX = cosx+ i Sinx
z = re? is the exponential representation




Note :

e™ +e ™ . e —e ™
(&) cosx = and sin X = _
2 21
are known as Eulers identities
e™ +e

(b) cosIx= > = cos hxis always positive

real ] x O R andis = 1. note that f(x)= cosix




Q. |zy + ] + [z, — z,]* = 2 [|z)]* + |2,]*] Give proof
andits geometrical interpretation




Triangle Inequality

1zi] =1z ls 121+ 2, [ <]z, | + |2,




Note :
(1) amp (z.z,) =amp z + amp z + 2k, k [ |

(2) amy [iJ —amp iy —amp i, + 2kn, k U |
V4

5

(3) amp(z") =namp(z) + 2kt
where proper value of k must be chosthat
RHS liesin (-, 7.




Q. Showthat ampz + ampof (-z) =1t




_ (V342D (i)
Q. 7 (1-1)° +(2\/§—2i)3
(A) —T73 (B) 56
(C) —21/3 (D) 512

Thenamp(z) Is:




Q. Letzbe acomplerumber
l+z+27°

R thenprove that z | = 1.

l—z+7°




Q. Let z, z, z,, ... z, are the complexaumbers

suchthat|z,| = [z,| = ... =]z, | = 1.
If z= [Z z, J(Z iJ then prove that
k=1 k=1 Zy

(i) zis areal number (i) |z]| < n?




Q. Findthe greatest anieast values ofz | if z

oo 4
satisfies|z =7.

Z




z—12

7 — &1

| Wn

Q. Findz satisfyingsimultaneously

—4
andZ =1
7Z—8




nth Roots of Unity :

Complexcube roots of unity




Vectorial Representation
of A Complex

Every complexnumber carbe considereds If it Is
the positior vectol of thal point. If the point F
represents the complexamber z then

op =z&|op|=|z|




Geometrical meaning of &

What does zz, “ mean$ (Rotation)




Q. Sectionformula centroid incentre orthocentre
and circumcentre for a triangle whose vertic
are z, z,, Zs.




Examples on Vectorial Representation
& Rotation Of A Vector

Q. |If z, z,, z; are the vertices of amsosceles
traingle right anglec al z, ther prove that

2 ~_ 2 2 .
z, +2z,+z,=272,(z, +2,)




Q. |If z, z,, z; are the vertices of aequilatera
triangle therprove that

p p p
Z,+z,+z2,=2,2,+272,Z, +Z,Z,

anc if z,is its circumcentr ther 3z} =z; +z; +z;




Q. Ifz(r=1,2, .... 6) are the vertices of a regul

hexagorthenZz =6z, Where gis the

Clrcumcentre




Q. Prove that the triangle whose vertices are
points z, z,, z; on the Argand plane Is ar
equilateral triangle if andnly if

1 1 1
+ + = ()




Q. Letz andz, be roots of the equatiorr + pz+ g
= 0, where the coefficients p and may be
complexnumbersLet A andB represent zand
Z, In the complexplane If JAOB = a # 0 and
OA = OB, where O Is the origin, prove tha
p° = 4q cosa/?2.




Q. On the Argand plane 3z, z, and z;, are
respectivelythe vertices of amsosceles triang|
ABC with AC = BC andequal angles aré. If
Z, 1S the incentre of the triangle thgrove tha
(22— 7)) (z3—2y) = (1 + se6) (z, - 7))°




Q. Interpretlocus of z
lz—(1+21)|=3




Q. |z-1]|=|z-1]




Q. |z—4i|+]|z+4i|=10




Q. |z-1|+|z+1]|=1




Q. 1<|z-1|<3




Q. 0<gArg Zs%




Q. Re(®=0




Q. True or False

It z,, z,, z;, z, In order are the vertices of tl
square takem order then

N Z,—Z; . I\ .

(1) IS purely imaginarn
Z,—Z,

. L, — 24, |

(i) — is purelyreal
Z,—Z,

o L, —Z, . . .

(1) IS purely imaginary
Z,—Z,

Zl-|-.Z"3




Q. Let z, z,, z; are the vertices of a triangle wi
origin as the circumcentre. If z 1Is i
orthocentre thea = z, + z, + z,. (T/F)




Q. If z,, z,, z, are the vertices of a triangle su
that|z, - 1| =|z,- 1| = |zz;—- 1| andz; + z, + z; =
3 then the triangle Is anequilateral triangle
(T/F)




Q. If the area of the triangle formely z, 1z and
Z+ 1z 1s 8 sq units thenfind | z |.




Q. |If z, z,, z; are the vertices of aequilatera
triangle with circumcentre at (1 2i). Find z,
andz;ifz, =1+




Demoivre’'s Theorem : (D M T)

Statement :

cos O + 1 sin NB Is the value or one of the values

(coc O + 1 sin Q)"

Integer one of the values if n is rational whiah not
aninteger The theorems veryuseful indetermining
the roots of anygomplexquantity.

n

Q. One Value If nis ar



Basic steps todetermine the roots of a compley

number

(a) Write the complexhrumber whose roots are
be determinedh polar form

(b) Add2mnto the argumer

(c) ApplyDMT

(d Putm=0,1,23,...(n—1) toget all the r
roots You canalsoputm=1, 2,3, .... N

Application of DMT
to determine n" roots of unity




1/4

Q. Findzif z=(1+iV3)




Q. 2v2z' =(V3-1)+i(V3+1)




Q. Findthe roots of the equation
2+724+722+72°+7z2+1=0




Q. Z-2°+272-z+1=0




Q. Find the number of roots of the equati
70— 7°—992= 0 with real part-ve.




T

|
Q. Provethattat —=
5 16

[Hint: Letz=5+1]




Q. The following factorisation should be
remembered

i) X2+x+1=(X—-0w) (X—0wd




Q. Ifthe area of the triangle tine Arganddiagram.
formedby Z, wZ andZ + wZ wherew Is the
usual complexcube root of unityis 163 square
units, then Z | is
(A) 16 (B) 4
(C) 8 (D) 3




0.

If(@a+w) 1+ b+w)it+(c+w)t+(d+w)'t=
2wtand(a+wd)t+ (b+w)t+(c+w)t+
(d + w?)~1 =2 w2?where w is the complegube

root of unitythenshowthat:

()2 abc=2 &

+(d+1y1=2,aDb,cd,

()

R.

2a=2I1a
Hence showthat (a+ 1)1+ (b+ 1)1+ (c+ 1)+



nth Roots of Unity :

If 1, a,, a,, O ....... a,_,, are the n, i root of unity
then:
They are in G.P. with commot ratic

. 2m .. 2m
@(21mn) = cosS=— +1sin —

n n




Q. Showthat 1" +a; +a; +...+a, , =0 if p is
not anintegral multiple of n




Q. Showthat ¥+ (a )P + (a,)P + .... +(a,_)F =n
If p Is anintegral multiple of n




Q. (1-a)(1l-a,)....(1—-a,_p)=n




Q. (1+a)(1l+a,...1+a,_,) =0ifnisever
andlifnis odd




Q. la,.0a,.045......... a,_, =1 or-1 according
as nIs odr even




Q. (w—-ay (w—-a,)..... (W—0a._,)

0 ifn=3k
1 1fn=3k+1
_1+wifn=3k+2




Q. Sumof all the n n™ roots always vanishes




2 2Aam . 2Am
. $iN —— — 1008 ——
Q ;( 13 13 ]

(A) 1 (B) -1
(C) | (D) -i




Q. Ifcos@@—-pB)+cosB-y) +cosly—a)=-3/2

thenprove that

(@) 2cos=0=2sin2a

(b) Zsin(a+B)=0=2cos @ +[p)

() 2sin2a=2co2a =3/2

(d) 2sin3a=3sin(a+pB+Y)

(e) 2cosx=3cosf@+[p+Y)

(f) cos*(@+a)+cos(6+p)+cos(0+y)
=3coc(@+0a).cos<(0+f).cos(O+Y)
wheref [ R.




(z+1Y
Q. Prove that all roots of the equatu(‘zur j =1

Z
are collinear onthe complexplane & lie on
X =-1/2.




Q. Ifz,r=1223 ......... 2m, m [0 N are the
roots of the equation
Z4m + Z2m-1 4 ZZm—2+ ..... +Z +1=0then

prove that Z =~
Z —




Complex numbers

and binomial coefficients

(1) Cy+C+Cg+ ...
() C,+C,+Cy+ .....
() C,+C,+Cp+.....
(Iv) C3+C,+Cp+.....
(V) Cy+C;+C,+Cy+ .....




Straight lines & Circles
on Complex Plane

(1) Equatior of a line passini througl z, & z, on
argandblane
Z=12,+ Az, —z,) (see vector equatioof line)
() Circle|z— z,| =7




Q. Findthe area boundealy the curves Arz = -

3
Arg .z=2?’Jt & Arg (z—2-24/3i) = tonthe

comple» plane.




Q. Findall the points inthe complexplane whicr
satisfythe equations
l0g5 (|| +3)—log; [|z|-1][=1and
Tt

arg(z—l—i):g




Parametric Equation Of A Line

OP = OA+ AP
2=2,t A (2,—2y)
where A 1 R which is the sam¢as equatiol numbe

: L — 7, .
316 — is purelyreal
Z,—Z,




Reflection Points For A Line
(Image of a point in a line)

Use concep of straigh line. Writez=x + 1y




Equation of a circle described
on the line joining z, & z,
as diameter
Note that the equation
Arg (z+1) —-Arg (z—1) = 5
Does not represent a complete circle but oalgemi

circle describedn the line segment joining0, 1) &
(0, —1) as diametef(in ISt and4th quadrant)




General locii on complex plane

(@)

)

©
©
©

Z—2,|+]|z- 2z | = constant (constart
Z, — Z, | ) 1s anellipse with its two foci at

Z, anc z,
Z—-2,|—-1]z-12z | = constant (constant
Z, — Z, | ) I1s a hyperbola withits foci as

Z, andz,.

|lz—z,°+|z-2z,]°=]|z,— 2, |* represent locu
of a circle with z, anc z, as its diamete
(z—z)?+8a(z+ z) =0 represent a standa
equationof parabola

|z—2z,|+|z—-2,| =]z, —z, | represent a lin
segment




