Definite Integration
Summation/Area Under Curve




Definition :
b
| f(x)dx = F(x) "= F(b) - F(a)

IS callec definite integra of f betweellimitsa& b

where 1[—'(F(;n;)) = f(x)

dx

Note : f (X) Is bounded& continuous in[a, b]




Y axis x=Dhb

—> &— X axis




Dividing into n Vertical stripes eachf width h

h+h+h...... ntimes=b-a




Area can be calculated by 2 way:
First Method

S, =Limh(f(a)+ f(a+h) +........f(a+ (n— 1) h))
h—0

n—o




Y axis x=Db

X axis




Second Method

.

s, = Limh(f(a+h) + f(a+ 2h) +........f(a+ nh))
0

h—
n—00




Y axis x=D>b

X axis




S <Required Area<s




Examples

1
Q. By I1stPrinciple Ie" dx
0




2
Q. IK{IK
0




Note

b
1. If [fx)dx=0

theﬂr the equatiol f (xX) = O has atleas one root
In (a, b) provided Is continuous ina, b).

Note that the converse Is not true.




2. Area belowx-axis is Negative




3.

Lim

n—:o

I f (x)dx

I

Limf (x)

n—o

]{lx




1 7 1]
t
Q. Lim | 1+—] dt
= |

n—a




b c b
4. If{|K= If{lx+If{lx
a a ¢’




Q. Jl' [x] dx




T 2 i 2
Q. Isinx dx = Imsx (|
] ]




' 2 ' 2
Q . 2 ? 0
: Ism xdx = Iﬂ]ﬂ xdx =—
] 0 4




w2 w2
Q + 3 3 2
- Ism xdx = I{T{}S xdx =—
0 0 3




:r.'-[l jﬂ.'

4 4
cos Xdx=—
16

' 2

A o

Q. Ism xdx =
]

0




Q. Ifg(x) Is the inverse of f(x) anf{x) has domain
x O [a, b] where f(a)= c andf(b) = d thenthe
value of

b i |
| £ dx+ [ g(v) dy = (bd-ac)




| e
Q. IEI {IX+IIHK{IK
] |




Q. f:[0,1]—[e.e’"]

1 E‘E
1= IEE{IJH 2 Iln (Inx) dx
0 e




% sin vx+1
Q. I dx
. vx+1




w4
Q. ImstJ-l—sian dx
0










1/2
dx

Q. ﬂ
'.[(1—231)\/1—:(1




|
Q. Ix n(1+2x)dx
0







(A) %mz (B) §1n2 (C) %mz ) 2|n§




Q. The value of integral

I[3K1—3023x+(2007)1+ L
ﬂ 2008
(A) (2008)2 (B) (2009)

(C) 2009 (D) 1

dx equals




Q. I(x+ 1)e’Inx dx
1




dx

JKI—-I

Q. |




1

Q. IXI{I(II‘IX)

-1




' 16 . . . . . b
0 I SINX+SIN2X+SIN3X+ eeeeeee. +SINT7 X ,
: dx

" L €OSX+ €OS 2X+ COS I X+ ..ennn HCOS 7 X,




dx




|
Q. Ifﬂf_lﬁ dx
|
-




dx




Q. Assume that' is continuous anthat f(1)=3,
f'(1) =2 and

| |
[fx)ax=5 Findthe value of [ x*f(x)dx
0 {)




Q l + +(1—-x)sinx]dx
X ) sin
f x)cosx +(1
| (




' 2 ' 2

COSX
Q. LetlI= I dx and J = I —dx
A , ACOSX+ bsinx

where a> 0 andb > 0. Compute the values of
andJ.

SInX

acosx+ bsinx




Assignment - 1




COS X T 3n
0. Givenfx)- f(_] f( ]
ivent' (X) . 2725 tz ,

Findthe value of the definite integr [(x)dx
m/2




N ey O

0. _[ | |
\/5 4x R (fnx ﬁnzxj dx

/2

/4 ~
SIN 2 X
0. j — 4 ix O. j cosx dx
g X + cost x (1+sinx)(2+sinx)
"4 sin’ X . cos’  sin ™! ——
. COS™ X ¥ '
Q- J . 3 A )2 dx Q. .[ \/1+X2 dx
0 (sm X 4 ¢os’ X) 13 A
dX 2 B 1/2
Qj\/ _ Q. j(x 1] dx
) A/ (x=1) (5—X) TR




/4 /2

dx
Q. { X cosx cos3x dx @ f5+4smx
3 dx m/2 dx
Q. . 0. 1t
l (x—1) \/X2 —Ox Q Ojl+cos€)'cosx Ge(O,n)
In3
/4 +1
Q. { COSZX\/l—SlIl2XdX Q. I ¢ +1dx
Q. [ |-Xd T a
| ;[\/3—}( : 2 0 (1—2X2) \/l—x2




. dx
Q. '!‘ X (X4 +l)

/2

Q. [ sind cosd \/(aj sin“¢ + b~ cos” <|)) dd azb (a>0,b>0)

0

3m/4
Q. J‘((l +x)sinx + (1-x)cosx)dx

0

T
Q- J.xsmx (l1+xcosx-mx+smmx)dx
/2

|
Q. [x (tan~'x)* dx
0




Q. Suppose that f, f' and’ are continuous on
[0,In2] andthat f (0)=0,f'(0)=3, f(In 2)=6,
f'(In2)=4 and
n2
J‘e_zx f(x)dx =3

0 n?2

Findthe value o J‘e_zx (X)) dx
0

1
Q. I : where —m<o<m
o X7+ 2xcoso +1







Q. Suppose that the functioih g, f ' and g' are
continuous over [0,1], g(x¥ O for x O [0, 1],
f(0) =0, g(0)==, f (1) = andg (1)= 1. Find
the value of the definite mtegral

P00 0P~ P 0020 00 + 1y

0 g”(x)
md sin O + cos 6 f
] do . N2
Q 0j9+16sin29 Q J 0 sin20 cosO do
w/2 /2

j 1+2cosx dx o J‘X-I-SiIlX dx
) (24 cosx)” | 1+cosx




4/3 |
2x? +x+1
Q. Let A= I - dx

T4 X +XT +x+1

thenfind the value oe* ..

1 2 L [
. d . d
° { (1+x) \/l—x2 x 8 Jl.[dx(l+e”x D h

0 ej‘ dx

- Jn(xe™)

Q. J‘cosz(37T X) cosz(117T | Xj dx
oL 8 4 8§ 4)




Q. If fim)=2& f (f(x)+ 1"(x)) sin x dx = 5. then find £{(0)
I\ X|

m3

Q. j f'(x)dx, where f(x) = e X+ 2e X+ 3e X+ ..

m2

dx

/2
\/ seCcX —tan x COSEeC X

secX +tan x \/1 2 cosecx

Q. IX f''(x) dx , where f(x)=cos(tan"'x)




Q. (a) If g (X) i1s the Inversd (x) andf (x) has
domainxl] [1, 5], where f(1¥2 andf(5)=10
thenfind the value of

5 10
[Fx)dx+ [e(y)dy
| 2

(b) Suppose fis continuous, f(0) =0, (1) =1
1
f (x)>0 ancjf(x)dx = 5 . Findthe value

of the deflnlte mtegraff (y)dy
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Properties
P-1

b b
| £ dx = | £(t) de




P —2

Tf(x) dx = —]" f(x)dr
A b




P 3

b C

| ) = [ f(x) dx+ JI: f(x) dx

Providedf has a piece wise continuity




Examples

3/2

Q. Ix[f]{lx

0




l1+cos2x




3
Q. []5x-9]dx
0




—-1/e
Q. Hln\ X | ‘{Ix
_EA) p. —% (B) 2e

I ©) =

¢




|
Q. I x+—|dx




2T
Q. I \/I—Sil‘IZX dx
]




2
Q. I\l+2msx\dx
0
X 27
(A) ?H+2\/§ (=) T+3+3~/§

(C) %” +43 (D) 21/3




2
Q. “xl— X+ l] dx
0

() 1 ® 328
©) 55 D) 25

2 2




P-4
A 0 if f(x)isodd
| f(x)dx =

2 [(x)dx if f(x)iseven
L0




Examples

1/2
1—-x

Q. Isecx In

-1/12

dx
1+x




[x]+1In

4
1+x

1—-x

/

dx




2
Q. ﬂl—xl ‘{lx
-2




7 2.5, 2.3
X —J3x +3x"—x+1

w4
Q. I f(x)dx where f(x) =

-’ 4

2
COS X




3/12
Q. I xsinax|dx
-1




X x +1
Q. I tan” ———+tan" dx
-1 X x"+1 X /
(A) 7 (B) 2m

(C) 3r (D) 5m/2




P -5 (King Rule)
If(x) dx = If(ﬂ+ b—x)dx Gl‘j[f(li) dx = Tf(ﬂ— x)dx

1. Kinglaga ke addkar diya
2. Most time Denominator remains slight

change or unchange
3. XInnumeratc




Examples

' 2

« 3
Sin X
Q. I dx

A SINX+ CcoSX




w2

- 2

f 3 . 2008
1 sin” X
X * « M8 2008
(2007)" +1) sin” x+cos X

dx




w3
Q. I sin 2 x In (tanx) dx
T/ O




104}

-

< '[ln1+ln(lﬁ(} 1)




Y - * ™
4+ 3sinx

4+ 3 cosx

dx




w4
Q. Iln (1+ tanx)dx
0







dx




1
Q. Iﬂﬂt_l (1—x+x")dx
0




2x" —10x+25

3 )
X dx
Q. |
2




3w/ 4

Xsinx
Q'I dx

1+ sinx
w4




3 1 ™
" xsinxcos x

dx

Q. |
ﬂSlﬂ X+ COoS X




xdx

Il+c052x+sin2x

0




1 r"l ™y
Q. Iln ——1]dx
0 X /




0 X’ L] 2x
: I " 7 COS " - [dx




Q. Prove that
+ Inxdx
I=|
()

2
ax +bx+a




Examples

Q. Provethat:

w2 w4
I f(sin2x)sinxdx = v2 I f(cos 2x) cosxdx
0 0




J3a2 )
dx

Q. ,[ 2 2

(a>0)




Tt/2 . 2
SIN X
Q. I dx

g SINX + COS X




' 2

SINX— COSX
Q. I dx

A 1+ sinxcosx




/2 . 2 -
SIIN X

Q. I dx

g l+sinxcosx










/2
3
Q. I\/{TI}SK —¢cos X dx
—m/ 2




' 2n

dx

N '[ 1+ tan" (nx)

0




|
2x—1
Q. Itﬂl’ll[ ]{lx
0

2
1+x—X




w2
Q. [Vsin205in0do
0




Q. I({TﬂS]}K— :s*.inq:ii)1 dx,p,q el




7w 2

0 I sin8x.In(cotx)

dx

A cos2X




2
Q. [(x*f(x)+x.1(x)+2)dx
-2

Where f(X) is arevendifferentiable function




3m/'2

Q. 1I= I[Zsinx]{lx

' 2

=L (B) 0

©) -3 0) 2




¢ Inx
Q-Jﬁ —dx

_2
o1+




COSX

i e
Q. I dx
0

COSX —CO5X

e e




- 0 If f(2a —x) = —f(x)
Q. If(x)dx = ; | |
) 2 J‘ £(x)dx If f(2a—x) = f(x)
()




2T

Q. I=J sin* X dx

0







X

-

dx
1 + 2sin

|Q =



Sin X

sin4dx




T
e 3 3
Q. J.sm x cos” xdx
0




i
2

(m(sinx)dx = If’n(cmx){h— If’n(ﬁm2x){h
0

-_.-|.‘.‘.1

0.

it
are equal t [_3 2]




1
| mx
Q- If‘nsm—{lx
g 2




it
Q. I x/n(sinx)dx
0




it
Q. I m(1—cosx)dx
(







(2 cos” X)/n(sin 2x)dx

O
S ey | A




it
Q. Ix(sinl (sinx) + cos’(cosx) ) dx
0




it
« 2
Q I‘k :Slll {‘:05 X)COS(SIH X)){IK
0




,ne N

2T . In
x(sinx)
Q. |

" (sinx)™ + (cosx)™




2
indenncde ddv
Q. Ixsm xcos x dx
0




p-7

nl T

If(x) dx = njf(x) dx wheref(T+x)=f(x)ne 1l
0 0




Examples

s -s'im:_\
Q. j sinx|—||— | |dx
f 2

[ . ] Denotes greatest integer function

-1/







200

Q. I\/l+msx dx
{0




200M) T I

Q I ax
. sinx
, 1+e




wttv
Q- [ |coss
0

T
dx where E <v<am & neN




Derivatives Of Antiderivatives
(Leibnitz Rule)

If f 1S continuou ther

; |
— | f(t) dt = f(h(x)).h'(x) - f(g(x)). g'(x)

dx g(x)

(Integral of a continuous functionis always
differentiable




Examples

Q. f(x)=-'[t{lt 1 (2)="7




COSX

Q. gx)= [eat, g(#)=2




Q. g(x)=fmstdt , g'(0)="7

TZ

G(x)= I dt

I1+\/¥

(x>0). FindG'(9).







t2 1
1 _dy
Q. If x= Izlnzdz and y = Iz Inzdz find —
4 " dx

(A) —t2 (B) -2t (C) 1 )=




Q j ¢ 9 y findk
. X = . —- =Ky, find k.
S V144t 1

dx

(A) 2 (B) 4 (C)-8 (D)4




32

Icastl dt

. . 0
Q. Limit .
x>0  Xsinx




tanx colx

t dt dt
Q. | ~
1'.-[& 1+t1 1'-[11 t(l+t1)

Prove that above Is constant functiohx.




ESI

t
Q. fx)= | — dtx>0.
2 Nt

L=

Find derivative of f(x) w.r.tin X when x 9n 2




x Sin” — .

f(x
Q. f™=| dt then find Limit >
t x—0 X




ZZ

dx = dy
Q. If }-*=I find — atz=1

A 1+x° dz

N2 B4  C-5 (DO




Q. Letf(x)is a derivable functioratisfying

X

f(x)= Ie'sin(x— t)dt and g(x) =1"(x) — f(x).

0

Find the range of g(x).







X

Q. Evaluate Lim x I(e'z_:‘j) dt

X—>00
0




Q. If(t){lt =X COoS @ X), forx>0, f(4) Is equal to
0

1 1
(A) 2 (B) 1 ©35 O3




15 ‘
Q. Lim — I (1—tan?2 )" dt

x—{)
X 0




Q. Findingfunctionby Leibnitz

f(x)= 1+]'f(t){lt




Q. Letf(x) be a continuous functiosuchthat
f(x) > 0 for all x> 0 and

(f(x))" = 1+If(t){lt*

100

The value of(f(101))" is

(A)100 (B) 101 (C)% (D) (101)iw




X

0. fl(x)=I f(t).sintdt £(x) = 0

A 2 + cost

Find f(x)




DEFINITE INTEGRALAS
A LIMIT OF SUM

Working Rule:
Stepl :
Replace — — dx

>

— X
n




Examples




R | | | |
Q. Limit—+—+——+...... +—
n—»o n n+l n+2 4n







] |

2

Q. Limit

+
noo | nt41°

|
(A) tan 2+ E InsS

|
(C) tan'2+ > In3

n“+2°

|
=) tan ' 2+ E In2

|
(D) tan "2+ > In4




n n n

Limit + +
o (n+1)y(2n+1)  (n+2)y2(2n+2)  (n+3)y3(2n+3)

......... upto n terms




4

4 1 A n 1 A
Q. Lim|tan™" — Z
N nJlio 1+ tan(k/n)

\

has the value equal to

(A) 1+ln§ms 1) (B) 1+ln:(’sin 1)

(C) 1- ln(sinzl +cosl) (D)

1+ In(sinl + cosl)







7 \ 4 \ 6 In

1 In? 21 n 31 n n-|n

Q' Lim 1+_1 * 1+_1 * 1+_I SRR 1+_1
n—so n n n 1n




n
im(*C,
9 b

(B) 4/e
- (D) 2/e
(C) 4/¢




ESTIMATION OF DEFINITE
INTEGRAL AND GENERAL
INEQUALITIES




For a monotonic increasirfgnctionin (a, b)

(b-a)f(a) < [ f(x) dx < (b-a) f(b)




For a monotonic decreasirfignctionin (a, b)

b
£(b). (b-a) < [f(x)dx <(b—a)f(a)




For a nonmonotonic functionn (a, b)

f(c). (b—a)< [f(x)dx <(b—a)f(b)

Functior Is maximun al Xx=b anc minimumn ail Xx=c¢




In additionto this note that

b b
[tax] < [|fx)]dx

equality holds wher f(x) lies completelh above the x-
axis




Examples

T
— <
128

T 2
T
I(sinx)m dx < —
' 4 4

0.




'l .
SInX T
dx <—

2

X







1 dx
Q. —{I - < —
2 ﬂ\{-l-—]ilﬁ‘]it

=)




Q. lf:I V1—sin’x dx < —




Walli's Theorem & Reduction

Formula
I [(n-1)(n-3)....1 or 2|[(m-1)(m-3)....1 or 2]
Jsm xcos x dx =
(m+n)(m+n-2)....1 or 2

0

(m, n are nomegative integer)

_ | — if m,nbothare even
where Kk =| 2

1 otherwise




Example

2T

. s 6 4 g
Q. Ix sin Xxcos xdx
)




SOME INTEGRALS WHICH CAN NOT BE
FOUND IN TERMS OF KNOWN
ELEMENTRY FUNCTIONS

sinx COSX
Q. I —dx Q-I dx Q. I\/sinxdx

X ).

Q. Isinf{lx Q. Imsxl dx Q. Il‘i tan x dx

X
—x? . '[ x’ , '[ dx
Q. J‘e dx Q. |e* dx Q. T+x°
13 dx
Q. I(l+x1) dx Q. I—
| Inx

Q. I\/l+k1 sinxdx keR




DIFFERENTIATION AND
INTEGRATING SERIES

Find the sun of serie:

. 3 _4 ntl

), ), X
Q. et e+ (=)™ +
1.2 23 3.4 ( n(n+1)

...... |x|<1




Q. If]| x| <1thenfind the sumof the series

1 2X 4x° Sx’
+ -~ + T+ el LJRROON o
1+x 1+x 1+x 1+x

|
ther prove thal f(x)=— - cotx
X




