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KEY CONCEPTS (FUNCTIONS)

THINGS TO REMEMBER:

1.

(i)

(iii)

GENERAL DEFINITION:
Ifto every value (Considered as real unless other—wise stated) of a variable x, which belongs to some
collection (Set) E, there corresponds one and only one finite value of the quantity y, then y is said to be
a function (Single valued) of x or a dependent variable defined on the set E ; x is the argument or
independent variable .
Ifto every value of x belonging to some set E there corresponds one or several values of the variable y,
then y is called a multiple valued function of x defined on E.Conventionally the word "FUNCTION” is
used only as the meaning of a single valued function, if not otherwise stated.

o x f(x)=y . . . .
Pictorially : m—put) TIM) ,y is called the image of x & x is the pre-image of y under f.
Every function from A — B satisfies the following conditions .
@) fc AxB (i) VaceA=(a f(a)ef and
(i) (a,b)ef & (a,c)ef = b=c

DOMAIN, CO-DOMAIN & RANGE OF A FUNCTION :
Let f: A— B, then the set Ais known as the domain of f & the set B is known as co-domain of f.
The set of all f images of elements<of A 1s known as the-range of f . Thus :
Domain of f= {a Fa €A, (a, f(a)) e f}
Range of f= {f(a) | a € A, f(a) € B}
It should be noted that range is a subset of co-domain . If only the rule of function is given then the domain of
the function is the set of those real numbers, where function is defined. For acontinuous function, the interval
from minimum to maximum value of a function gives the range:

IMPORTANT TYPES OF FUNCTIONS :
PoLynoMIAL FuNCTION :
Ifa function fis defined by f(x) =a x"+a x*'+a,x"*+..+a_ x+a wheren is anonnegative integer
anda,a,a,,...,a ar€real numbers and a = 0, then f i§ called a polynomial function of degreen .
Note: (a)  Apolynomial of degree one with noconstant term is called an odd linear

function . 1.e. f(x)=ax, a#0

(b)  There are two polynomial functions, satisfying the relation ;
f(x).f(1/x) = f(x) +f{(1/x). They are :
(i) f(x)=x"+1 & (i) f(x)=1-x", where nis a positive integer .

ALGEBRAIC FUNCTION :

yis an algebraic function of x, if it isa function that satisfies an algebraic equation of the form

P, (x) y"+ P, (x)y™' + ... +P _ (x)y+ P (x) =0 Where n is a positive integer and
P,(x),P (X) cueec are Polynomials in x.

e.g. y= | x| isan algebraic function, since it satisfies the equation y* —x*>=0.

Note that all polynomial functions are Algebraic but not the converse. A function that is not algebraic is
called TRANSCEDENTAL FUNCTION .

FracTiONAL RATIONAL FUNCTION :

(03]

, Wwhere
h(x)

A rational function is a function of the form. y= f(x)

g(x) & h (x) are polynomials & h (x)#0.
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(tv)  ExpoNENTIAL FUNCTION :
A function f(x)=a*=¢e*"*(a>0, a# 1,x eR)is called an exponential function. The inverse of the
exponential function is called the logarithmic function . i.e. g(x) =log x.

Note that f(x) & g(x) are inverse of each other & their graphs are as shown .

A + 00, +00 A
\
B / \
22l fx)=a%, 0<a<l
&@y ©. 1) W=a, 0<a

45 4x°

A’ ) ] " 0\\ ’
+ + +

Vi é\o‘?o‘b 3
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A g(x) = log, x

A

v) ABSOLUTE VALUE FUNCTION :
A functiony=f(x)= | x| iscalled the absolute value function or Modulus function. Itis defined as

. _‘ ‘_X leZO
YT IR i x<0

(vi)  Sienum Funcrtion
A function y=f (x) = Sgn (x) is defined as follows

yly=lifx>0
1 for x>0

y=f(xX)=|0 for x=0 <

-1 for x<0 y= Sgnx
_—
y==1if x<0

It is also written as Sgn x = x|/ X ;
x#0; £(0)=0

(vii)  GREATEST INTEGER OR STEP UpP FUNCTION :
The function y=f(x)=[x] is called the greatest integer function where [x] denotes the greatest integer
less than or equal to x . Note that for :

-1<x<0 [x]=-1 0<x<1 ; [x]
1<x<?2 ; [x]=1 2<x <3 ; [x]
and so on.

Properties of greatest integer function : Y4

graphofy=[x] |;

0
2

(a) [x]<x<[x]+1 and

x=1<[x]<x; 0<x—[x] <1 T2 ¢

(b) [x+m]=[x]+m if m is an integer . 71 e—o

©  [XI*+DIS[x+yl< [x]#y]+1 ,

()] [x] +[—-x] =0.if x is an integer -3 -2 -l
=—1 otherwise . 3

(viii) FrRACTIONAL PART FUNCTION :
It is defined as: v aph ofy = {x}
g(x)={x} =x—[x]. SAPROLY
e.g. the fractional part of the no. 2.1 is
2.1- 2 =0.1 and the fractional part of —3.7 is 0.3. - -

The period of this function is 1 and graph of this function / P / / |
is as shown . '1 '1 '2 X

b — —
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DOMAINS AND RANGES OF COMMON FUNCTION :

Function Domain Range
(y=1(x)) (i.e. values taken by x) (i.e. values taken by f(x) )
Algebraic Functions
6) x" , (n €N) R =(set of real numbers) R, ifnis odd
R*U {0}, ifniseven
1
(i) X_n,(n e N) R - {0} R—-{0}, ifnisodd
R*, ifniseven
(iii) x'/" . (n € N) R, ifnis odd R, if nis odd
R*U {0}, ifniseven R*U{0}, ifniseven
1
(@v) 1 ,(n €N) R—-{0}, ifnisodd R—{0}, ifnisodd
X
R*, ifnis even R, ifnis even
Trigonometric Functions
@) sinx R [-1,+1]
(i) COS X R [-1,+1]
T
(i)  tanx R—(2k+1)5,kEI R
T
(iv)  secx R—(2k+1)5,k61 (—oo,—1]JU[1,0)
v) cosec X R—kn,k eI (—o,—1]U[1,0)
(vi) cotx R-km,k €1 R
Inverse Circular Functions (Refer after Inverse is taught)
. - o
) sin?! x [-1,+1] T2
(i) cos'x [-1,+1] [0, 7]
. _n
(111) tan™' x R 275
_ [ ox
(iv)  cosec 'x (oo, —1]U[1,0) ) —-{0}
T
v) sec!' x (—oo,—1]U[1,0) [0, m] _{E}
(vi)  cot'x R (0, m)
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Function Domain Range

(y=1(x)) (i.e. values taken by x) (i.e. values taken by f(x) )
Exponential Functions
0] e* R R*
@  e™ R—-{0} R*—{1}
(ii1) a*,a>0 R R*
(v) a”,a>0 R -{0} R—{1}
Logarithmic Functions
) logx,(@a>0)(a # 1) R* R
1
(11) logxaz@ R —{1} R—-{0}

(a>0)@ #1)

Integral Part Functions Functions

O [x] R I

1 1
(ii) x| R-[0, 1) {H,ne I—{O}}

(¥ {x} R [0, 1)
1
(i1) g R-1I (1, 00)
Modulus Functions
() | x| R RV {0}
.o 1
@ 7 R-{0} R
Signum Function
_Ix]
sgn (x) = < ,X#0 R {-1,0,1}
=0,x=0
Constant Function
sayf(x)=c R {c}
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(1))
(i)
(iii)

Note :

Note :

EQUAL OR IDENTICAL FUNCTION :

Two functions f & g are said to be equal if:

The domain of f = the domain of g.

The range of f = therange of g and

f(x)=g(x) , foreveryx belonging to their common domain. eg.

f(x)= 1 & g(x)= 12 are identical functions .
X X

CLASSIFICATION OF FUNCTIONS :

One—One Function (Injective mapping) :

Afunction f: A— Bissaidtobe aone—one function or injective mapping if different elements of A
have different f images in B. Thus for x,x, e A& f(x)),

f(x,)) € B, f(x) =1(x,) & x,=x, or x, # x, & f(x)# f(x,).

Diagramatically an injective mapping can be shown as

A B A
— [ . o
) . OR \ )
@) Any function which is entirely increasing or decreasing in whole domain, then

f(x) is one—one .
(i) If any line parallel to x—axis cuts the graph of the function atmost at one point,
then the function is one—one .
Many—one function :
Afunction f: A— B is said to.be a many one function iftwo or more elements of A have the same
fimage in B. Thus f: A—®Bis many one iffor ; x ,x, € A, f(x ) =f(x,) but x, #x,.

Diagramatically a many one mapping can be shown as

A B

@) Any continuous function which has atleast one local maximum or local minimum, then f(x) is
many-one . In other words, if aline parallel to x—axis cuts the graph ofthe function atleast
at two points, then f'is many—one .

(iii) If a function is one—one, it cannot be many—one and vice versa .

Onto function (Surjective mapping) :

Ifthe function f: A — B is such that each element in B (co—domain) is the f image of atleast one element
in A, then we say that fisa function of A'onto' B. Thus f: A— Bis surjectiveiff V b € B, 3 some
a € A such that f(a)=b.

Diagramatically surjective mapping can be shown as

Note that : if range = co—domain, then f(x) is onto.
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Note :

Into function :
If f: A— B is such that there exists atleast one element in co—domain which is not the image of any
element in domain, then f(x)is into.

Diagramatically into function can be shown as

A

A B

OR

Note that : If a function is onto, it cannot be into and vice versa . A polynomial of degree even will
always be into.

Thus a function can be one of these four types :

@) one—one onto (injective & surjective) C)

S
\
. C .. . \ (o
(b) one—one into (injective but not surjective) C} \D
(©) many—one onto (surjective but not injective) M
[ )

d) many—one into (neither surjective nor injective) ] \

@) If fis both injective & surjective, then it is called a Bijective mapping.
The bijective functions are also named as invertible, non singular or biuniform functions.
(ii) Ifa set A contains ndistinct elements then the number of different functions defined from
A — Aisn" & outofitn ! are one one.

Identity function :
The function f: A— Adefined by f(x)=x V' x eAis called the identity of Aand is denoted by I,,.
It is easy to observe that identity function is a bijection .

Constant function :

Afunction f: A — Bissaid to bea constant function if every element of A has the same fimage in B .
Thus f: A—> B; f(x)=c¢, V x €A, c€ B is aconstant function. Note that the range of a constant
function is a singleton-and a constant function may be one-one or many-one, onto or into .

ALGEBRAIC OPERATIONS ON FUNCTIONS :
If f & g are real valued functions of x with domain set A, B respectively, then both f & g are defined in
AN B.Now wedefine f+g, f—g, (f.g) & (f/g) as follows :

(1)) (f+g) (x)=1(x) £g(x) L .
(ii) (f.2) (x) = f(x) {e(x) :| domain in each case is AN B

(iii) (EJ (x)= L&) domainis {x | x eANB s.t g(x)=0} .
g g(x)

COMPOSITE OF UNIFORMLY & NON-UNIFORMLY DEFINED FUNCTIONS :
Let f: A> B & g: B— C be two functions. Then the function gof : A — C defined by
(gof) (x)=g(f(x)) ¥ x € A is called the composite of the two functions f& g .

Diagramatically —*—[ f | fe) > g(f(x)).
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10.

11.

12.

13.

NorTtE :

Thus the image of every x € Aunder the function gofis the g—image of the f—image ofx .

Note that gofisdefined onlyif V x € A, f(x) is an element of the domain of g so that we can take its g-image.

Hence for the product gof of two functions f& g, the range of f must be a subset of the domain of g.

PrOPERTIES OF COMPOSITE FUNCTIONS :

@) The composite of functions is not commutative i.e. gof+fog.

(ii) The composite of functions is associative i.e. if f, g, h are three functions such that fo (goh) &
(fog)oh are defined, then fo(goh)= (fog)oh.

(iii)  The composite of two bijections is a bijection i.e. if f & gare two bijections such that gofis
defined, then gofis also a bijection.

HOMOGENEOUS FUNCTIONS :
A function is said to be homogeneous with respect to any set of variables when each of its terms
is of the same degree with respect to those variables .
For example 5x?+3y*—xy is homogeneous in x &y . Symbolically if,
f(tx, ty)=t". f(x,y) then f(x,y)is homogeneous function of degree n.
BOUNDED FUNCTION :
A function is said to be bounded if | f(x) | <M , where M is a finite quantity .
IMPLICIT & EXPLICIT FUNCTION:
A function defined by an equation not solved for/the dependent variable is called an
ImpLiciT FuncTion . For eg. the equation x*+y*= 1 defines y as animplicit function. Ify has been
expressed in terms of x alone then it is called an ExpLiciT FuNCTION.

INVERSE OF A FUNCTION :
Let f: A— B bea one—one & onto function, then their exists a unique function
g: B— A suchthat f(x)=y < g(y)=x%x, V x € A & y € B. Then gis said to be inverse of f. Thus
g=1': Bo>A= {(f(x),x) | (x, f(x)) € £} .
PropPERTIES OF INVERSE FUNCTION :
(§) The inverse of a bijection is unique .
(i) If f: A— B isabijection& g: B — Alis the inverse of f, then fog=1,and
gof=1I,, where I, & I are identity functions on the sets A & B respectively.
Note that the graphs of f& g are the mirror images of each other in the
line y=x", Asshown in the figure given below a point (x ',y ') corresponding to y = x? (x >0)

changes to (y',x ") corresponding to y=++/x , the changed form of x = \/§ .
y X x=y

y=X

figl % fig.2 ¥ fig.3 X

(iii)  Theinverse ofa bijection is also a bijection .

(iv) If f& garetwobijections f: A— B, g: B — C then the inverse of gof exists and
(gof) ' =f"og™.

ODD & EVEN FUNCTIONS :

If f (—x) =1 (x) for all x in the domain of ‘f” then f'is said to be an even function.

eg. f(x)=cosx ; g(x)=x>+3.

If f (—x) =—f (x) for all x in the domain of ‘f” then fis said to be an odd function.

e.g. f(x)=sinx ; g(x)=x>+x.

(a) f(x)-f(—x)=0=> f(x)iseven & f(x)+f(—x)=0=>f(x)isodd.

(b) A function may neither be odd nor even .

(c) Inverse of an even function is not defined .
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14.

NOTE :

15.

Q.1

@

G

™)

(vii)

(ix)

(xi)

@
(e)

®
()

Every even function is symmetric about the y—axis & everyodd function is symmetric about the
origin.
Every function can be expressed as the sum of an even & an odd function.
f(x)+f(—x) N f(x)—-f(—x)
2 2

| : | | : |

EVEN ODD
The only function which is defined on the entire number line & is even and odd at the same time
is f(x) =0.
If fand gboth are even or both are odd then the function f.g will be even but if any one of
them is odd then f.g will be odd .

e.g. f(x) =

PERIODIC FUNCTION:

A function f(x)is called periodic if there exists a positive number T (T > 0) called the period ofthe
function such that f(x+T)=1(x), for all values of x within the domain ofx.

e.g. The function sin x & cos x both are periodic over 2w & tan x is periodic over 7.

(a) f(T)=£(0)=f(-T), where ‘T’ is the period .

(b) Inverse of a periodic function does not exist .

(©) Every constant function is always periodic; with no fundamental period.

(d) If f(x) has aperiod T & g(x) also‘has a period T then it does not-mean that
f(x)+g(x) musthaveaperiod T. e.g. f(x)= | sinx [+ | cosx|.

(e) If f(x) has a period p, then % and ,/f(x) also has a period p:

® if f(x) has a period T then'f(ax + b) has a period: T/a (a> 0).

GENERAL:

If x, y are independent variables, then :

@) fxy)=f(x)+f(y) = f(x)=knx or f(x)=0.

(i) fixy)=1x).f(y) = f(x)=x", neR

(i) fx+ty) =fx).f{y) = f(x)=a

(iv) f(x+y)=1(x)+f(y) = f(x)=kx, wherekis a constant.

EXERCISE-1

Find the domains of definitions of the following functions :
(Read the symbols [*] and {*} as greatestintegers and fractional part functions respectively.)

F(x)= yJeos2x +4[16=x* ()  f(x)=log,log log, log, (2x>+5x> - 14x)
f(x)=In (\/xz—Sx—24—x—2) (iv) f(x)= =3

77% -7
y= log, sin(x—3) + \/16—)(2 (Vi) f(X): ]oglOOX(ZIOg_l—(;XHJ
f(x) = ———+Inx(x’~1) (vil)) f(x)= [log; ——
4x% -1 2x°—1
1
0= X" =Ix|+ ® )= /(x?-3x-10).ln% (x-3)

9-—x?2

Jeosx —(1/2)

fix) = m (i) f(x)= V6+35x —6x2
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(xiii)

(xvi)

(xvii)

(xviii)

(xix)

[x]
f(x)= \/ log, 5 (log4 ([x]2 - 5)) (xiv) f(x)= fo[x] (xv) f(x)=log, sinx

1
fx)= log2 [ log,, [1 + —]J + \/loglo (loglox) —log,, (4 - 10g10x) —log,, 3
sm(lOO)

1 I

sec(smx

1
f(x)— +log, {}(x 3x+10)+

[x]
7
Sx) = \/(5x 6—x7) [{n{x} \/(7x 5-2x%) +( 57X J

20—3XP

_ 2 16-x
1= log[Hlﬂ X’ —x=6 \ 1050+ 2Ry
2 3
(xx) f(x)=log,, log‘Sin x| (x"—-8x+23)————F
log, |sinx |
Q.2  Find the domain & range of the following functions.
(Read the symbols [*]and {*} as greatest integers and fractional part functions respectively.)
(i) y=log s (V2(sinx-cosx)+3) (i) y==5 Gii) 16%) = 22
X
(iv) f(x)= 1+ x| (V) y=42-x +4/1+x
) ) ) . Vx+4 -3
vi) f(x)= log(COSCCX 1 (2—[sinx] — [sinx]?) (vii) f(x)= T
Q.3(a) Draw graphs of the following function, where [ ] denotes the greatest integer function.
D fxX)=x+[x] () y=X where x=[x]+(x)& x>0 & x<3
(i) y=sgn[x] v)  sen(x<Ix))
(b) Identify the pair(s).of functions which are identical?
(where [x] denotes greatest integerand {x} denotes fractional part function)
: cos 2x
(i) f(x)=sgn (x>*-3x+4)andg (x)=elix (i) f(x)= 1/— and g (x) =tanx
1+ cos2x
1+sinx
(iii) £ (x)= (1 +x)+n(1-x) and g(x) = (1 —x?) (iv)f(x)= 1 and g (x)= cosx
Q.4  C(lassify the following functions f(x) definzed in R — R as injective, surjective, both or none .
(a) f(x)= w ®) fx)=x3—6x2+11x=6  (¢) f(x)=(C+x+5)(x2+x-3)
- 8x +18
Q.5 Solvethe followmg problems from (a) to (e) on functional equation.
(a) The function f(x) defined on the real numbers has the property that f ( f (x)) -(1 + f( x)) =—f(x)forall
x in the domain of /. If the number 3 is in the domain and range of f, compute the value of 1(3).
(b) Suppose f is areal function satisfying f(x + f(x)) =4 f(x) and (1) = 4. Find the value of f(21).
(©) Let 'f'be a function defined from R* — R™ . If [ f(xy)]>=x 2 for all positive numbers x and y and
/()

f(2)=6, find the value of /(50).
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(d) Let f(x) be a function with two properties
@) for any two real numberx andy, f(x+y)=x+f(y) and (i) f(0)=2.
Find the value of f(100).
(e) Let f'be a function such that f(3)=1 and f(3x) =x + f(3x—3) for all x. Then find the value of f(300).

8 6 4 2
15x+1
()  Suppose that £(x)isa function of the form f(x) = 20X T X FATHIXHL o) 1¢ £(5)=2
X

then find the value of f(—5).

Q.6 Suppose f(x)=sinx and g (x)=1- ,/x . Then find the domain and range of the following functions.
(a) fog (b) gof (c) fof (d) gog

5
Q.7  If f(x)=sin?x +sin? (x + gj +cosx cos(x + gj and g (Z] =1, then find (gof) (x).

1-—
Q.8 A functionf:R — Rissuchthat f (ﬁj =x forall x #— 1. Prove the following.
(@ f(f(x)=x (®) f(1/x) ==/(x), x#0 ©)fx=2)=—f(x)-2.
Q.9(a) Find the formula for the function fogoh, given f(x)= ﬁ ; g(x)=x'%and h (x) =x*+ 3. Find also the

domain of this function. Also compute (fogoh)(-1).
(b) Given F (x) = cos*(x +9). Find the function f, g, & such that F = fogoh:

Q.10 Iff(x)=max (x, 1/ x) for x > 0 where max (a, b) denotes the greater of the two real numbers aand b.
Define the function g(x) =/(x) - f (l/ x) and plot its graph.
Q.11(a) The function f(x) has the property that for each real number x in‘its domain, 1/x is also in its domain
andf(x)+ f (1/ x) = x. Findthe largest set of real numbers that can be in the domain of f(x)?
(b) Letf(x)= 4 ax? + bx - Findthe set of real values of 'a' for which there is at least one positive real value
of 'b' for which the domain of fand the range of fare the same set.
I-xif x<0

Q12 f(x)= { ,

x° if x>0

—-X A4f x<LI1

and g(x)= [ find (fog)(x) and (gof)(x)
I-x if x21

Q.13  Find whether the following functions are even or odd or none

(a) f(x)= log(x +v1+x7 ) (b) fx)= x(a_+11) (¢) f(x)=sin x + cos x
QX —
(1 +2% )2
(d) fix)=xsin?x —x3 (e) f(x)=sinx—cosx () f(x)= T
© 0= +5 #1060 =[0I+ [(x =171

Q.14(i) Write explicitly, functions of y defined by the following equations and also find the domains of definition
of the given implicit functions :

(@  105+10Y=10 b x+|yl=2y
(ii) The function f(x) is defined on the interval [0,1]. Find the domain of definition of the functions.
() f(sinx) (b) f(2x+3)

(iii) Giventhaty=f(x)1sa function whose domainis [4, 7] and range is [-1, 9]. Find the range and domain of

1
@ g®=35/K) b) rX)=fx-T7)
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Q.15 Compute the inverse of the functions:

B A I S A

Q.16 Find the inverse of £(x)= 2'°®°* 1+ 8 and hence solve the equation f (x) = £ (x).
Q.17 Function f & g are defined by f(x) =sinx, xeR ; g(x)=tanx,xeR — (K + %) T
where K e [.Find (i) periods of fog & gof. (ii) range of the function fog & gof .

Q.18(a) Suppose that fis an even, periodic function with period 2, and that f (x) =x for all x in the interval
[0, 1]. Find the value of £ (3.14).
(b) Find out for what integral values of n the number 37 is a period of the function :
f(x) =cos nx . sin (5/n) x.

Q.19 Letf(x)=/Mmxandg(x)=x>—1
Column-I contains composite functions and column-II contains their domain. Match the entries of column-
I'with their corresponding answer is column-II.

Column-I Column-II
(A)  fog P) (1, 0)
B)  gof Q) (o)
C€)  fof R)." (#0,-1) U (1,0)
(D)  gog (S) (0,0)
Q.20 The graph of the function y = f(x) is as follows.
y
1
o =1
O 1 2 X
-1

Match the function mentioned in Column-I with the respective graph given in Column-II.
Column-I Column-1I

(A)y=|f()| O e

B)y=F(|x}) Q o

O y=f(I[x]) ®) 2\w/1 X
Z1

1 i
D)y=75 (X [-1x)) S 4
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Q.1

Q.2

EXERCISE-II
Let fbe a one—one function with domain {x,y,z} and range {1,2,3}.Itis given that exactly one ofthe
following statements is true and the remaining two are false.
fx)=1; f(y)#1; f(z)#2. Determine f!(1)
Let x =log,9 +1o0g,28
show that [x] = 3, where [x] denotes the greatest integer less than or equal to x.

Q.3(a) A function fis defined for all positive integers and satisfies f{1)=2005 and f{1)+A2)+ ... +fin)=n?*An)

(b)

(©)

()

(e)

Q4

Q.5

Q.6

Q.7

Q.8

for alln> 1. Find the value of {2004).
If a, b are positive real numbers such that a—b =2, then find the smallest value of the constant L for

which \/x2 + ax — vx2 + bx <Lforallx>0.

Let f(x) =x?+kx ; k is a real number. The set of values of k for which the equation f(x) = 0 and
f(f(x)) =0have same real solution set.

Let P(x) =x°+ax’ + bx* + cx* + dx? + ex + f be a polynomial such that P(1)=1;P(2)=2;P(3) =3;
P(4)=4; P(5)= 5 and P(6) = 6 then find the value of P(7).

Leta and b be real numbers and letf(x)=asinx+b 3/x +4,¥x eR. If f (log10 (log, 10)) =5then

find the value of £ (log,,(log,, 3)).

Column I contains functions and column Il contains their natural domains. Exactly one entry of column 11
matches with exactly one entry of column 1.

Column I Column II

*) f(x)=sin‘l(x7+lj ) (1.3)UE @)

243x-2
®) g@:\/h{%] @ =2

1 1
© h(x):zn["—‘lj ® [_oo,_ﬂ

2
(D) ¢(X)=In( x2+12—2xj S)  [B,-DHu[l, o)

Let [x] = the greatest integer less than or equal to x. If all the values of x such that the product
[X - E} {X + 5} is prime, belongs to the set [x,, x,) U [X;, X,), find the value of X12 + xg + x§ + xi .

Suppose p(x) is a polynomial with integer coefficients. The remainder when p(x) is divided by x — 1 is 1
and the remainder when p(X) is divided by x —4 is 10. If r (x) is the remainder when p(x) is divided by
(x—1)(x—4), find the value of r(2006).

1
e VI _ e VIS here ever it exists
Prove that the function defined as , f(x)=

) L {xé ) otherwise, then
f(x) is odd as well as even. (where {x} denotes the fractional part function )
] —4cos? = +x cosg

In a function 2 f(x) + xf (3 -2f [ V2 sin Tc(x + %D 5
Prove that @) f2)+1f(1/2)=1 and (i) f2)+f(1)=0
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Q.9

Q.10

Q.11

Q.12

Q.13

Q.14
Q.15

Q.16

Q.17

Q.18

Q.19

Q.20

Q.1

Q.2

Q.3

A function f, defined for all x,yeR is such that f(1)=2 ; f(2)=8
& f(x+y)—kxy=f(x)+2y?, wherekis some constant. Find f(x) & show that :

1
f(x+y)f(mj =k for x+y=#0.

Let f:R — R - {3} be a function with the property that there exist T > 0 such that

f(x)=-5
fx+T)= m for every x € R. Prove that f(x) is periodic.

F fx)=-1+]|x-2],0<x<4
g(x)=2- x| , —1<x<3
Then find fog(x) & gof(x). Draw rough sketch of the graphs of fog(x) & gof(x).

Let f(x)=x"133+x!25 — x5+ x5+ 1. If f(x) is divided by x3 — x then the remainder is some function
of x say g (x). Find the value of g (10).

Let {x} & [x] denote the fractional and integral part of a real number X respectively. Solve 4{x}=x+[x]

X

9 1 2 3 2005
Letf(x)= o 13 then find the value of the sumf(2006j+f(2006j +f(2006j+""+f(2006J

Let f(x)=(x+ 1)(x+2)(x+3)(x+4)+5 where x e [0, 6]. If the range of the function is
[a,b] where a, b € N then find the value of (a+b).

Find a formula for a function g (x) satisfying the following conditions

(a) domain of g is (— o0, o) (b) range of g is [-2, 8]

(©) g has a period w and (d) g(2)=3

The set of real values of 'x' satisfying the equality [i} + {i} = 5 (where [ ] denotes the greatest integer
X X

function) belongs to the interval (a, b/c| where a,b, c € Nand b/c isin its lowest form. Find the value
of a+b+c+abc.

f(x) and g (x) are linear function such that forall x;* f ( g(x)) and g ( f (x)) are Identity functions.

If /(0)=4and g (5)=17, compute f (2006).

Ais apoint on the circumference of a circle.Chords AB and AC divide the area of the circle into three
equal parts. If the angle BAC is the root of the equation, f(x)=0 then find f(x).

If for all real values of u & v, 2 f(u) cosv="f(u+v)+f(u—v), prove that, for all real values of x.

@) f(xX)+f(—x)=2acosx (i) f(n—x)+f(-x)=0

(iii) f(m—x)+f(x)=-2bsinx. Deducethat f(x)=acosx—bsinx, a,b are arbitrary constants.

EXERCISE-III
If the function f: [1, 00)<>[1, ) is defined by f(x) =2**®~D, then f!(x) is [JEE'99, 2]

" G)x(xl) ®) %(ler) (©) %(1_ 1+ 4log, X) (D) not defined

The domain of definition of the function, y(x) given by the equation, 2*+2Y=2 is
(A) 0<x<1 (B) 0<x<1 (C) —0<x<0 (D) —o<x<1
[JEE 2000 (Scr.), 1 out of 35]

Given X={1,2, 3,4}, find all one—one, onto mappings, f: X — X such that,
f(l)=1, f(2)# 2 and f(4)=4. [ REE 2000, 3 out of 100 ]
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-1 , x<0
Q4(a) Let g(x) = 1+x—[x] & f(x) = 10 , x=0. Thenforall x, f(g(x)) is equal to

1 , x>0
(A) x (B) 1 (©) f(x) (D) g(x)
where [ | denotes the greatest integer function.

1
(b) Iff:[1, ) > [2, w) isgivenby, f(X) =x + ;,then =1 (x) equals

(A) X4 © V4 oyl oa

2 1+ x> 2
(¢) The domain of definition of f(x) = M
x> +3x+2

(AR\{-1,-2}  (B)(~2,%) (OR\{~1,-2,-3} (D)(-3,0)\{~1,-2}
(d) LetE={1,2,3,4} & F = {1, 2}. Then the number of onto functions from E to F is

(A) 14 (B) 16 ©) 12 (D) 8
(e) Let f(x)= Xl , X #— 1. Then for what value of o is f(f(x)) = x ?

(A) V2 (B) — 2 ©) 1 (D) = 1.

[ JEE 2001 (Screening) 5x 1=5]

Q.5(a) Suppose f(x) = (x + 1)? for x > —1. If g(x) is the function whose graph is the reflection of the graph of
f(x) with respect to the line y=x, then g(x) equals

(A)-vx —1,x>0 B) 1P +1)2,x> 1 () VxFlyx>-1 D)Jx —1,x>0
(b) Letfunction f : R > R be defined by f(x)=2x +sinx forx € R. Then fis

(A) one to one and onto (B) one to one but NOT onto
(C) onto but NOT one to one (D) neither one to one nor onto
) [JEE 2002 (Screening), 3 +3]
X°+x+2
Q.6(a) Range of the function f(x)= 5= is
x“+x+1
7 7
(A)[1,2] (B)[1;0) (©) [Zﬂ (D) (Lg}
(b) Let £(x)= LX defined from (0,08) —> [ 0,0) thenby f(x) is
(A) one- one but not onto (B) one- one and onto
(C) Many one but not onto (D) Many one and onto [JEE 2003 (Scr),3+3]

Q.7 Letf(x)=sinx+ cosx, g(x)=x>—1. Thus g (f(x))is invertible forx e

of3] 83 el obs

[JEE 2004 (Screening)]
Q.8 Ifthe functions f(x) and g (x) are defined on R — R such that

0, X € rational 0, X € irrational
f(x) { o , g(x) { .

X X € irrational X, X € rational
then (f—g)(x) is
(A) one-one and onto (B) neither one-one nor onto
(C) one-one but not onto (D) onto but not one-one [JEE 2005 (Scr.)]
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KEY CONCEPTS (INVERSE TRIGONOMETRY FUNCTION)

GENERAL DEFINITION(S):

1. sin"!'x,cos™'x, tan"!'x etc. denote angles or real numbers whose sine is x, whose cosineis x

and whose tangent is X, provided that the answers given are numerically smallest available. These
are also written as arc sinx, arc cosx etc.

If there are two angles one positive & the other negative having same numerical value, then
positive angle should be taken .

2. PRINCIPAL VALUES AND DOMAINS OF INVERSE CIRCULAR FUNCTIONS :

@ y=sin"'x where -1<x<1 ; —%gysg and siny=x

() y=cos'x where -1<x<1 ; 0<y<m and cosy=x

(i) y=tan'x where x eR ; —§<x<§ and tany=x

(iv) y=cosec'x where x<—-1 or x>1 ; —%Sysg , y#0 and cosecy=x .

v) y=sec!x where x<-1 or x>1 ; 0<y<wx ; yig and secy=x .
(vi) y=cot!'x where x e R, 0<y<mn and coty=xX .

Notk THAT: (a) Ist quadrant is common to all the inverse functions .
(b) 3rd quadrant is not used in inverse functions .

(© 4th quadrant is used in the CLOCKWISE DIRECTION 1i.€. —g <y<0.

3. PROPERTIES OF INVERSE CIRCULAR FUNCTIONS :

P-1 (i) sin(sin”'x)=x , -1 <x<1 (i) cos(cos'x)=x , -1<x<1
(iii) tan (tan"'x)=x, x e R (iv) sin”! (sinx)=x , _g <x gg
(v) cos'(cosx)=x ; 0<x<m (vi) tan~! (tanx) =x ; —§<x<%
. . 1
P-2 (i) cosec’'x=sin"' = ; x=<-1,x>1
X
” Nt .
(ii) sec™' x=_cos < 3 x<~1,x2>1
1y — il :
(iii) cot™' x =tan < 4 x>0
_ 1!
=g+tan s — ; x<0
X
P-3 (i) sin'(x)=-sin"'x , -1<x<1
@ tan'(=x)=-tan"!'x , xeR
(i) cos!'(=x)=m-cos!x , -1<x<1
(iv) cot!(=x)=m-cot'x , xeR
P-4 (i) sin"'x+cos!x= g -1<x<1 (ii) tan~!x + cotlx = g x € R

(iii) cosec™'x +sec”!x = x| >1

Y

2
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P-5

P-6

P-8

+
tan' x + tan~!y = tan™! ——

L where x>0, y>0 & xy<l1

+
=+ tan! =

T x where x>0, y>0 & xy>1

tan”' x — tan"'y = tan™! — where x>0, y>0

1+x

@ SifrlXﬂLSin*lY:Sin*l[X -y +Y\/1—X2} where x>0, y>0 & (x>+y?)<1

. . T
Note that : x>+y*<1 = ()SSHTIXJrsm—lygE

(i) sin*1x+sin*1y=7t—sin*1[x\/l—y2 +y\/1—x2} where x>0, y>0 & x2+y2> 1

T . .
Note that : x> +y?*>1 = B <sin"!'x+sin7ly <m

(iii) sin"'x —sin"ly = gin ! [x\/l—y2 —y\/l—x2 J where x >0,y>0

(iv) cos'x+cosly=cos! [xy T A 1-x% /1-y? J where x>0,y>0

X+y+z-Xyz

If tan"!x +tan"!y+tan~lz= tan‘l[ } if, x>0,y>0,2>0 & xy+yz+zx<1

l-xy—-yz—-2zx

Note : (i) If tan'x +tan"!y+tan~' z= 1 then X+y+z=xyz
i) Iftan'x+tan'y+tanlz= g then xy+yz+zx=1

2 1-x’ 2
12X —cos! — = =tan! =~
1+x 1+ x 1—x

2tan"!x = sin™

2

Note very carefully that :

2tan ' x if |X| <1 n )
.1 2x A | ) 1-% 2tan”" x if x>0
sin > = |n—2tan X if . x>1 cos > = .
1+ x 5 . 1+x —2tan” x if x<0
—(n+2tan x) if x<-1
2tan X if |x| <1
2 _ ?
‘[an‘l1 = | m2tan'x if x<—1
— X
—(n—2tanflx) if  x>1
REMEMBER THAT :
. | . | 1 _ 37‘( _ _ _
({)] sin”' X +sin”' y+ sin z=— =>x=y=z=1
() cos'x+cos'y+coslz=3n = x=y=z=-1
(i) tan'l-+tan!'2+tan"'3=n  and tan™! 1+ tan~! % + tan™! % = %
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INVERSE TRIGONOMETRIC FUNCTIONS
SoME USEFUL GRAPHS

y=sin"x, |x| <1,¥

T T
el-—. =

Yo :
=arc sinx __
n/2 2 y X
1 y=sinx
/2 -1 -
0 1 w2 X
y=sinx -1
— —n/2
Y™X" y=arc sinx
y=tan"'x,xeR, Y E(—% , g)
Y& y=tanx
n /
y=X
/2
—v= arc tan x
—n/2 0 AR
y=arc %
—n/2
y=Xx -n
y=tanx

2. y =cos'x

Jxl <1,yef0,q]

_ AY
y=arccosx [
y =X
/2
1%
w2 T .
-1 0 1
1 -
y =X y=CO0S X
4. y=cotx,x€R,ye (0,n)
Ya y=Xx
Tl
y= arcm
/2
y=arc cot X
0 ——> X
—m/2
o y=cotx

y=sec”'x, [x| >1 Y G_O,gj o (%T{l 6. y=cosec'x, Ix| >1 , YG{*g’OJ v [0,%}
o8 yA
T /2
— 0 TC/2 :OO
o0 - -1 0) 1 X
o] il & )
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7.(a) y=sin"'(sinx), xR,y e{_%,

S
|

Periodic with period 2 1t

7.(b)

y =sin (sin'x),

=X

xe[-1,1],ye[-1,1], y isaperiodic

Ay
/2%y 1
%@de \ AR o %ﬁ
7 /}X S //‘Jtv o
< ) —m/2 N45° + o 3pn2 £ < -1 45 X
D2n 3n/2 -7 O w2 =« 21 i (@) 1
—7/2 -1
8.(a) y=cos!(cosx), x € R,y [0, n], periodic with period 2 8.(b) y=cos(cos'x),
=X =X
xe[=1,1], ye[-1,1],yisaperiodic
rY 14~ y .
T %
.1.,
‘lg\f\) J/\\\ /2 4’// J/\\v) —1 X 45°
V. T 2 > X
, \ N 07 1
> X
-27n T —m/2 O w2 n 27 -1
9.(a) y=tan(tan"'x), xe R, y e R, y is aperiodic 9.(b) y=tan'(tanx),
xeR-— {(anl)g n el}’ y e(fg,%j ,
periodic with period ©t
Ay
N w2l Y
7 X@ e R
% o //‘Jc' —T ‘ﬂ/ //‘*'/ 3_7'[
45 X on B 8 2 ox
O 37 - O=x T 2n
2 2
—7/2
10. (a) y=cot™' (cotx), 10. (b) y=cot (cot'x),
=X =X
xeR—-{nn},ye(0,n), periodic with © xe R,y e R, yisaperiodic
Ay Ay
" T 4}//‘%
v & N
X /
4 A Vs 47 >X
A%// %// ﬁ/ %// 9)
o - 0 T m o
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11. (2) y = cosec ' (cosecx), 11. (b) y = cosec (cosec'x),

= x = x

xeR—-—{nn,nel},y G{*%,O) v (0’%} |x|>1, |y] 21, yis aperiodic

v is periodic with period 27t

Ay Ay 23
/2 1
N AN 0y
C}x Y ¢\ /‘r —1
3 —T/2 45° 4+ 32 S > x 5 >X
312 _\ 0O n2 = 21 - 1
% -1
—n/2

12. (a) y=sec' (secx), 12.(b) y=sec(sec'x),

=X
y is periodic with period 27 ;

xeR—{(zn—nﬁ nel} ye[o,fj U (E,n}
2 2 2

=x
| x| >15 |y| >1],y is aperiodic

A y Y A
T 1 45°
xq’é‘ ‘p\\\ I Vs A -1
4 + 2 ; ‘)%.\qt o) 1 > X
Sn 3z % & 0 & Tt 3z 21 % 7Y -l
2 2 2 2
M
EXERCISE-I 3
Q.1  Givenisa partial graph of an even periodic function f whose period 2
is 8. If [*] denotes greatest integer function then find the value of the 1
expression. N X
7 HAVY
FEY+21f ) [+ | f o || £.£(0) + are cos (f(=2)) +f(=7) +£(20) -
4
Q.2(a) Find the following
@) tan{cos*% +tan”’ (_T;ﬂ (i1) cos™! (cos %Tj
. 13 43
(ii1) cos (tan’l 3) (iv) tan(sm 1= 4 cot™ —j
4 5 2

(b) Find the following :

(i)  tan’! (tan %) (iv)  sin [% arc sin ?j
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Q.3

Q.4

Q.5

Q.6

Q.7

Q.8

Q.9

Q.10
Q.11

Find the domain of definition the following functions.
(Read the symbols [*]and {*} as greatest integers and fractional part functions respectively.)

2
(1) f(x)=arc cos 12X (11) f(x)= /cos(sinx) +sin”" 1+2_x
+x X
(iii) f(x)= sin™ (X—j] ~logo(4-x) (iv) f(x)=sin"'2x+x?)

v) f(x)= A/ 1—sinx

logs (1- 4x?)

(vi) f(x)=3-x + cos™' (3 _52X) + log, (2|x| - 3) + sin”' (log, x)

+cos”' (1-{x}) , where {x} is the fractional part of x .

(vii) f(x)=1log,,(1-log, (x*~ 5x+13))+cos! {;9]

2 + sin >

i) fi) =™ 3+ an” B—J + tn(x—[x])
(ix) f(x)= ysin(cosx) +n (=2 cos*x+3 cosx+1)+ e {

Identify the pair(s) of functions which are identical. Also.plot the graphs in each case.

2sinx + lj

2./2sinx

1-x?

1
(a) y=tan (cos'x); y= (b) y=tan (cot™'x) ;'y= -

X

1+ x?

Find the domain and range of thefollowing functions .
(Read the symbols [*]and {*} as greatest integers and fractional part functions respectively.)

(c) y=sin(arctanx); y= (d) y=cos (arc tan x) 4 y =sin (arc cot X)

(1) f(x)=cot™'(2x—x?) (ii) f(x)=sec™! (log; tanx+log,_  3)
(i) f(x)=cos™! {—sz‘:l] (iv) f(x)= tan' (10g4 (5> — 8x + 4 )j

Let /, be the line 4x +3y=3 and /, bethe line y=8x. L, is the line formed by reflecting /, across the
line y=x and L, is'the line formed by reflecting /, across the x-axis. If 0 is the acute angle between

L,and L, such that tan © = a/b, where a and b are coprime then find (a +b).

Let y=sin"!(sin'8) — tan~!(tan 10) + cos'(cos 12) —sec ' (sec 9) + cot ! (cot 6) — cosec ! (cosec 7).
If y simplifies to anw+ b then find(a—b).

13m
Show that : sin™ (Sin337nj +.¢os™! (COS%TTE) + tan”! (—tanl%cj +cot”! [CO{_%DZT

36 4 8
Let oo=sin"! [gj ,B=cos™! [gj andy = tan™! (Ej’ find (o + B +7) and hence prove that
(1) ZcotazHcota, (i) Ztan(x-tanB =1

1

Prove that: sin cot™! tan cos™' x =sin cosec! cottan'x =x  wherex € (0,1]

3
Prove that: (a) 2 cos™!—— + cot 110 4 Lot 7 — g
V13 63 2 25

-1 5 -1 7 . -1 36 _ 2 \/g + 1 _ TT
(b) cos” | —|+cos | ——|+sinT — =T (c) arc cos /= —arc cos —= = —
13 25 325 3 2J3 6
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Q.12
Q.13

Q.14

Q.15
Q.16

Q.17

If oo and P are the roots of the equation x> + 5x — 49 = 0 then find the value of cot(cot'a.+ cot™'B).

ab+1 bc+1 ca+1
If a>b>c >0 then find the value of : cot‘l(a_bj +cot‘1[b_cj +c0t‘1( j

1 1
Find all values of k for which there is a triangle whose angles have measure tan™! (Ej ,tan”! (E + kj ,

1
and tan™! (E + Zk) )

5+3cos2a
Find the simplest value of

1 [ 2 1
(a)  f(x)=arc cosx +arc cos[§+§ 3—3x2j, X 6[2 lj

3sin2 t
Prove that: tan‘l(&J +tan‘1[ ana

=a (where— = <a<Zl)
2 2

®)  f(x)=tan"! {LZIJ x € R— {0}
X

Prove that the identities.
T
(a) sin! cos (sin™' x) + cos! sin (cos' x) = 7 x| <1

(b) 2 tan~! (cosec tan"!x — tan cot™'x) =tan7!x  (x #0)

n 2pq 2MN
+t 1(—]=t 1[—] here M=mp —nq, N=np+
HJ an - an TNz, Where mp —nq, np +mgq,

2m
(c) tan™! [m2 —

2<1 ; g<1 andE
m p

(d) tan (tan~!x + tan~'y +tan~! z) = cot (cot™' x + cot™! y +'cot™! z)

<1

Q.18(a) Solve the inequality: (arc sec x)? — 6(arc sec x) +8 >0
(b) If sin’x +sin%y <1 forall x,y € R then prove thatsin! (tanx . tany) (- n/2,7/2).

Q.19

Q.20

Letf(x)=cot™! (x> +4x+ o — o) be afunction defined R — (0, /2] then find the complete set of
real values of o for which f(x) is onto.

n 6
If S, = Zr! then forn> 6 (given Zr!:873]
r=l r=I1
Column-I Column-I1

() sm-{m{s ”{%D] ®)  5-2n
J

S
B) cos‘l[co{s e {7“ J (Q 2n-5

S

(C) tan! (tan(s —7{7}]] R) 6-2=n
S

(D)  cot™! [Co{sn =7 {THDJ S S5-=

(T) n—4
(where [ ] denotes greatest integer function)
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Q.1

Q.2

Q.3
Q.4

Q.5

Q.6

Q.7

Q.8

Q.9

EXERCISE-II

4 2 b a

X a—b X
(b) COS*I COSX——FCOSy =2 tan*1 (tan— . tanzj (C) 2 tanfl —b . tanE = C0571 w
1 + cosx cosy 2 2 Va+ a + beosx

If yztan‘ll\/l fx 1oy

\/1+x2 +\/1—x2

Ifu=cot™! \/cos20 —tan~! \/c0s20 then prove that sinu=tan?0.

1 _ | 2b
Prove that: (a) tan B + - cos ‘%} + tan F - —cos ‘3} ==

] prove that x*=sin 2y.

-

If 0c=2arctan(i +X] & B=arc sinGJerj for 0 <x <1, then prove that a+ f =m, what the
X

value of a+ B will be if x> 1.

1
Ifx e [—1,— 5} then express the function f(x) =sin™! (3x —4x3) + cos™! (4x>~ 3x).in the form of

acos ! x+bm, where a and b are rational numbers.

Find the sum of the series:

(@  cot™'7+cot 113+ cot™121 + cot 131+ to n terms.
1 2 2n71
(b)  tan’! ngtam*1 g Tt tan™' 7 5zt t ... 0
1 1 1 1
(¢) tan!'5—— +tanl 5——— +tan! ———— +tan"' 5———— to n terms.
X +x+1 X" +3x+3 X +5x+7 X +7x+13

(d) sin”! € +sin”! " i +sin”!

]
NE] 65 J325

I A R/
(e)  sin!—= +sin”! V2=t 4. tsin ——— + ... 0
V2 J6 n@+ 1)
Solve the following equations/ system of equations:
. . 2
(a) sin~'x +sin~! 2x = — (b) tan™! ' ftan'— —tan' 2
3 1+2x 1+4 X

(c) tan7!(x=1) +tan-(x) + tan*(x+1) = tan"'(3x) (d) 3 cos ! x= sin‘l( 1-x? (4x* - l))

-1 2x -1 23 . .
S X Y A& Iy 4 gin-ly= 2T Iy _ oog-lv=
(e) tan 51 htanT oo =ftan 6 (f) sinT'x +sin"'y 3 & cos™'x—cos™'y 3
1- az 1- bz XZ -1 2X 2
1y — aoe] Leoel >0 h> -1 -1 _ 2m
(g) 2tan"'x =cos [+ a2 COS" s (a>0, b>0). (h) cos N + tan N 3

If . and B are the roots of the equation x> — 4x + 1 = 0 (a0 > PB) then find the value of

= B_3 2(ltanlﬁj OL_3 2 ltan_lg
f(a,B)= 5 cosec”| 5 o + 5 sec| 5 B )
Find the integral values of K for which the system of equations;

K r?

arccosx + (arcsiny)® =

44 possesses solutions & find those solutions.

. T
(arcsiny)” . (arccosx) =-—
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Q.10

Q.11

Q.12

Q.13
Q.14

Q.15

Q.16

Q.17

Q.18

Q.19

Q.20

Q.1

Q.2

Q.3
Q.4

3
Find all the positive integral solutions of, tan~!'x +cos™! y __ sin”! —.
\1+ y2 V10

1 1

If X=cosec.tan™!.cos.cot™!.sec.sin"'a & Y =seccot™! sintan!coseccos™a ;
where 0 <a<1.Find the relation between X & Y. Express them in terms of ‘a’.

Column-I Column-II
2
(A) f(x)=sin! (l Sinx—1|+|sinx+1 J (P) f(x)ismany one
B)f(x)=cos!(|x—1|-|x-2]) (Q) Domain of f (x)is R
s
—qin-! :
(O)f(x)=sin [| sin~ x — (1/2) | +] sin~ x + (7/2) J (R) Range contain only

irrational number

(D) f(x)=cos(cos™! | x |) + sin”!(sin x) — cosec”!(cosec x) + cosec7![x|  (S) f(x)is even.

. . 1 7
Prove that the equation ,(sin"'x)? + (cos™'x)? = o has no roots for o >, and o> r
Solve the following inequalities :
(a) arc cot?x — 5 arc cotx+6>0  (b)arc'sinx > arc cosx (c)tan? (arc sinx)> 1

Solve the following system of inequations
4 arc tan?x — 8arctanx +3<0 & 4 arc cotx — arc cot? x —3>0

Ifthe total area between the curves f(x) = cos!(sin x) and g (x) = sin"'(cos x) on the interval [~ 77, 7r]
is A, find the value of 49A. (Takem=22/7)

10 10
If the sum tan " 2) < kn, find the value of k.
> Y

n=I m=1

Show that the roots 7, s, and ¢ of the cubic x(x —2)(3x =7) =2, are real and positive. Also compute
the value of tan!(r)+ tan7!(s) + tan~'(t).

. o[ 2x% +4
Solve forx : sin!| sin 5 <n-3.
1+x

Find the set of values of 'a' for which the equation 2 cos™'x =a +a%(cos 'x) ! posses a solution.

EXERCISE-I11

. . T .
The number of real solutions of tan™! \/x (x+1) +sin™! x>+ x + 1 = o is:
(A) zero (B) one (C) two (D) infinite [JEE '99, 2 (out 0f 200)]

Using the principal values, express the following as a single angle :

3 tan™! (ij +2 tan~! (lj +sim! 42 [REE'99, 6 ]
2 5 65+/5
Solve, sin”! a—CX +sin™! b—CX =sin~'x, wherea?+b>=c?, ¢#0.  [REE 2000(Mains), 3 out of 100]
Solve the equation:
cos™' (\/gx) +cos™! (3«/§x2) = g [ REE 2001 (Mains), 3 out of 100]
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Q.5

Q.6

Q.7

Q.8

Q.9

Q.10

. X’ x af . xt xS T
If sin!|X——+—— ... +cos!| x BTy =5 for 0 <|x|< /2 thenx equals to

[JEE 2001(screening)]

(A) 172 B)1 (C)-172 (D)—1
2
Prove that costan™! sincot 'x= X2 +; [JEE 2002 (mains) 5]
X’ +

. .1 T .

Domainof f(x)=,/sin” (2x)+ o s
(] el el e

A "272 ® "4 ©1 4% O 742

[JEE 2003 (Screening) 3]

If sin(cot*1 (x+ 1))2 cos(tan ™' x) , thenx =

1 1 4
()5 (8) 5 (C) 0 (D)7
[JEE 2004 (Screening)]
Let (x, y) be such that
sin~!(ax) + cos7!(y) + cos ! (bxy) = g

Match the statements in Column I with statements in Column II and indicate your answer by darkening
the appropriate bubbles in the 4 x 4 matrix given in the ORS.

Column I Column I1
(A) Ifa=1andb=0,then(x,y) (P)  liesonthe circle x*>+y*=1
(B) Ifa=1andb=1,then(x,y) (Q) lieson(x®2—1)(y*-1)=0
(C) Ifa=1andb=2,then(x,y) R) liesony=x
(D) Ifa=2andb=2,then (x,y) (S)  lieson (4x>—1)(y*—1)=0

[JEE 2007, 6]
If0<x<1,then ] 42 [{x cos (cot™tx)+sin(cot™! x)}2—1]"2=

X
A 1+ 22 (B)x (©)x1+x? D) y1+x2

[JEE 2008, 3]
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ANSWER KEY

FUNCTIONS
EXERCISE-I
Lo |S5m Bml b moml o 3m Sm o (_4_1)
Q1. (i) 2 2 (Y122 Y 10 (ii) 75 U (2, 00) (iii) (—o0,—3]
1 1 1
(iv) (—o0,— 1) U [0, o0) V) B-2n<x<3-m)U@B<x<4) (vi (O’IOOJU(IOO’MJ
(vii) (-1 <x<-12)U((xx>1) (viii) {1_2\/§,0J v/ {1+2\/§ ,ooJ (ix) (-3,-1JU {0} U[1,3)

Il = Sn
(x) {4} U[5,0) (xi) (0,1/4)U@GA4, DU {x:xeN,x>2} (xii) (—E,E}U[—ﬁj
1
(xiii) [-3,-2) U[3.4) (xiv) R—{—E,O}

(xv) 2Kn<x <(2K+1)m but x# 1 where K is non—negative integer
(xvi) {x 11000 <x < 10000} (xvii) (-2,-1)U (-1,0)U(1,2)  (xviii) (1,2) v (2,5/2);

(xix) x € {4, 5} xx) xe(3,5 {x#m, 37%}
Q.2
(i) D:xeR R:[0,2] (ii) D=R ; range[-1,1]

(i) D:{x|xeR;x#-3;x#2! R:{fx)|f(x)eR,f(x)=1/5; f(x)=1}
@) D:R ;R:(-1,1) WD:-1<x<2 R:[{3.V
(vij D: xe(2nr,(2n+d)n) - {2nn+% ,2nm+ 7, 2n71;+%7t , 1 eI} and
R: log 2; ae(0,0)~ {1} = Rangeis (-0, o)~ {0}
(vii) D:[-4,0)—{5};R: ' 6’3
Q.3  (b) (1),(iir)are identical
Q.4 (a) neithersurjective nor injective (b) surjective but not injective

(¢) neither injective nor surjective
QS5 (a)—3/4; (b)64; (¢)30, (d)102; (e) 5050; (f)28

Q6 (a) domainis x>0 j range[-1, 1]; (b) domain 2kt < x <2km+m; range [0, 1]
(©) Domain x € R; range [-sin 1,sin1]; (d) domainis0<x<1; rangeis [0, 1]
Q7 1
9 ﬂ d inisR % - (b fi — 2. — - h =x+9
Q‘ (a) (X+3)10+15 omainis K, 1025° ( ) (X)_X ,g(X)—COSX, (X)_X
1.
> 1f 0<x<1
X
Q.10 g(x)= Q11 (@ {-1,1} (bae{0,-4}
x% ifx>1
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X if  x<0 x* if  x<0
Q.12 (gof)(x)=[ —x? if0<x<1;(f0g)(x)=[ I+x if 0<x<l
1-x* if  x>1 X it x21
Q.13 (a) odd, (b) even, (c) neitherodd noreven, (d) odd, (e) neither odd noreven, (f) even,
(g) even, (h) even

Q.14(i)(a) y=1log(10—-10%),—c0o<x <1
(b) y=x/3when —0<x<0&y=x when() <x <+
(ii) (@) 2Kn<x<2Kn+mnwhere K el (b) [-3/2,-1]
(iii) (a) Range:[—1/3,3], Domain=[4, 7] ; (b) Range [-1, 9] and domain [11, 14]
e —e " . log,x . !
QIS @ s ) B © log
Q.17 (i) period of fogis m, period of gofis 27 ; (ii) range of fogis[—1,1], range of gof is [-tanl, tanl]

Q.18 (2)0.86 (b)+1, +£3, 5, +15
Q19 (AR B)S;(OP;(D)Q Q20 (A)S; (B)R;(C)P;(D)Q

1+x

Q.16 x=10; f'(x)= 10"

EXERCISE-11

Q1. f(l)=y Q.2 152
1
Q3 @ 7o55> ® 1 (0.4, ()727,()3 Q4 (&) Ry (B)S; (©) P; (D) Q
Q5 Il Q.6 6016 Q9. f(x)=2x
x+1 , O0=x<1
_—(I+x) , —-1<x<0 _ 3-x , 1<sx<€2 4
Q11. fog(x)—x_1 0<x<of gof(X) el 2<x<3d’

5-x , 3<xg4

X , 0<x<1 —x) ., x=<0
fo’f(x)=4_X S x<a 3 gog(x)= x , A0<x<2
' 4-x 4 2<x<3
Q.12 21 Q.13 x=0o0r5/3
Q.14 1002.5 Q.15 5049 Q.16 g(x)=3+5sin(nn+2x-4),nel
Q.17 20 Q.18 122 Q.19 f(x)= sinx+x—§
EXERCISE-I11
Q1 B Q2. D
Q3  {(1,1),(2,3),(3,4),(4,2)}; {(1,1),(2,4),(3,2),(4,3)} and {(1, 1),(2,4),(3,3),(4,2)}
Q4 (@ B, (b A, (¢c) D(DA, (¢ D Q5 (@D; (b A
Q6 (a)D,(b)A Q7 C Q8 A
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INVERSE TRIGONOMETRY FUNCTIONS
EXERCISE-1

TP T N P NG
Q1 5 Q2@ (1)%,(11)5?,(111)%,@)%7; (b) (i) 5. (i) -1, (i) —Z,(lv)g
Q3 ) -1B<x<l @) {l,-1} (i) 1<x<4 @  [(1++2),(2,- 1)
@) xe(=1/2,1/2),x#0 o) (32,2]
(i) {73,259} i) (22— {101} @ {xIx=2nn+ Ziney

Q4 (a),(b),(c)and(d)all are identical.
Q5 (@) D:xeR R: [n/4,7)

) 2
() D:xe|lnmnn+l - x|x=mt+E nel; R: {E,_n} _ {E}
2 4 33 2

i) D o ® , . . (_E E}
i) D:xeR R: [O,EJ ivy D:xeR/ " R: 22
Q6 57 Q.7 53 Q8 56 Q9 =n/2 Q.12 10 Q13 «
11 T 1
Q.14 k= " Q.16 (a) 30 (b) 5 tan~'x
Q.18 (a) (-0, sec2) U1, ) Q.19 li;/ﬁ Q20 (AP, B)Q;(C)P ;(D)S
EXERCISE-11
Q4 - Q5 6cos'xd %, s0a=6 b=
. T . COS 'X 5 soa=06, )
Q.6 (a) arc cot[ﬂ},(b) %,(c) arc tan (x +n) — arc tan X, (d) %, (e) g
1B et et @ B e et ) v (ey g AP
Q7 (@x=7 \f; (b)x=3; (€)x=0, 7, — _;(d) [7,1},@) x=3:0x=2,y=L@x=1—
(h) x=2-43 or3
Q8. (o + B (a+ B)
n2 n
Q9.K=2;cosT,1 &cosT,—l Q10 x=1;y=2 & x=2;y=7
Q11 X=Y=3-a’ Q12 (A)PQ,R,S; B)P,Q; (CO)PR,S; (D)P,R,S
Q.14 (a) (cot2, o) U (-0, cot3) (b) g,l © (glj v [_1,_gj
Q.15 (tan%, cotl} Q.16 3388 Q17. k=25 Q.18 % Q19 xe(-1,1)

Q20 ae[-2m =] {0}

EXERCISE-III
Q.1 C Q2 = Q3 xe{-1,0,1} Q4 x=1/3 Q5 B Q7D QS8A
Q9 AP B)Q OP; DS Q10 C
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