HYPERBOLA




Introduction

General Equation : ax+2hxy+by*+2gx+2fy+c = 0
denotes the hyperbola ifl» abande > 1.




Standard Equation &
Basic Terminology

Standardequationof hyperbola is deducedsing an
Importan property of hyperboli thaf the difference of
a point movingon it, from two fixed points IS
constant.

..e.|PF, —PF[=2a (2a<2ci.e.> a)

|.€E. ‘/(x— ¢) +y’ - ‘/(};+ ¢) +v: =42a
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i - —=—==1(wherec™—a" =b")....... 1)
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Definitions
}f""




() Line containingthe fixedpoint F, andF, (called
Focl) Is calledTransverse Axis (TA) of a Foce
Axis and the distance betweef, and F, Is
calledFocal Length

() The points of intersectiol (A,, A,) of the curve
with the transverse axis are callegrtices of
the hyperbola.

(i) The length ‘2a’ betweenthe vertices Is callet
the Lengtl of Transvers Axis.




(iv) The perpendicular bisector of transverse axi

called the Conjugate Axis (CA). The poir
B.(0Ob) and B,(0,b) which have specia
significance, are knowras the extermities o
conjugat: axis anc the lengtl ‘2b’ is callec the
Length of conjugate axis. The point c
Intersection of these twoaxes Is calledthe
centre ‘O’ of the hyperbola. (Transverse a
anc conjugatc axis togethe are callec the
Principal Axis). Any chord passing through
centre Is calledDiameter (PQ) ands bisected
by It.



(v) Any chord passingthrough focus Is calledis
Focal Chordandany chordperpendicular tahe
Transverse axis Is called Double Ordinate
(AB).

(vi) A particula double ordinate which passe
throughfocus or a particular focal chofquhssing
through focus Is calledthe Latus Rectun

(L,L).




Eccentricity

Defines the curvature of the hyperbola ans
mathematicallyspelledas :

distance tfrom centre to focus

e =—
distance from centre to vertex

b*

2 _
e _1+_3
d




Remember that
iy a’ef=a +0b?
() Coordinates of focl : £ ae, 0) and
(i) Two hyperbola are saic to be similar if they
have the same value of eccentricity

(iv) Equationof hyperbola interms of eccentricity

canbe writtenas *~ __ Y _ 1
a’ a‘(e‘—l)

a

() Extremities of latus rectun [i ac. ii]




Conjugate Hyperbola

Correspondingto every hyperbola these exist

hyperbola suclhhat, the conjugate axis amicnsverse
axis of one Is equa to the transvers axis anc
conjugate axis of other, sudmyperbola are knowt

conjugate teeachother. .
* Hence for the hyperbol —1r =1

? 2

The conjugat hyperboliis, = _ :;—_1
a b




Q. Ife ande, are the eccentricities of a hyperbc
and Its conjugate respectively, thgmrove that

—2 —2
e +e2 =1




Note :

The foci of a hyperbola anidis conjugate are concyli
anc form the vertice: of a squar.




Focal Directrix Property




Rectangular Hyperbola

If a = b, hyperbola Is saido be equilateral ol
rectangular andhas the equatiorx* — y* = &.
Eccentricity for sucl a hyperboliis

I(LR) 2a (e2—-1) = 2a=1(Ta)




* Parametric coordinates
X =a se® andy = Db tarb




lllustrations on Basic Parameters

Q. Ona level plainthe crackof the rifle andthe
thud of the ball strikingthe target are hearat
the same Iinstan; prove thal the locus of the
hearer Is a hyperbola.




Q. Showthat the locus of the centre of a circ
which touches externallywo givencircles is a
hyperbola.




Q. Giventhe base of a triangle artle ratioof the
tangents of half the base angles, prove that
vertexmoves oma hyperbola whose foci are tf
extremities of the base.




Q. An ellipse anda hyperbola are confocal (hay
the same focus) andhe conjugate axis o0
hyperbola Is equal tahe minor axis of the
ellipse, It ¢ and e, are the eccentricities ¢
ellipse anc hyperboli ther prove thal

| |




Q. Findthe equationof hyperbola referredo Its
principal axes as the coordinates axes
(a) If the distance of one of its vertices fraime
foci are 3 andL.




Q. (a) Whose centre is (1, 0) ; focus is (6, 0) ¢
transverse axis 6.




Q. (c) Whose centre Is (3, 2), one focus Is (5,
andone vertexs (4, 2)




Q. (d) Whose centre is (-3, 2), one verieX-3, 4)
andeccentricityis 5/2.




Q. (e) Whose foci are (4, 2) and8, 2) and
eccentricityis 2.




Q. (e) Findthe coordinates of the foci anthe
centre of the hyperbola
(x—4y-12)" (4x+3y-12)° |
100 225




Q. Findthe coordinates of the foci arttie centre
of the hyperbola
(x-4y-12)' (4x+3y-12)
100 775




Q. Findeverythingfor the hyperbola
Ox?—18x —16y*— 64y + 89=0




Auxiliary Circle

A circle drawnwith centre C & T.A. as a diameter |

calledthe Auxiliary Circle of the hyperbola. Equatio

of the auxiliary circle is x* + y* = &.




Position of A Point ‘P’ w.r.t. A
Hyperbola




Line And A Hyperbola




Note

()  For a given m, there canbe two parallel
tangents tahe hyperbola

() Passin thougl a giver point (h, k) there car be
a maximumof two tangents.




Director Circle

x2 +y2 = g — b?

() If I (TA) >1 (CA) ; director circle Is real with
finite radius.

() If I (TA) =1 (CA) ; director circle is a poin
circle

(iii) If 1 (TA) <I (CA) : noreal circle




Examples

Q. Tangents are drawto the hyperbola %—y* = &
enclosingat an angle of 45. Show that the
locus of their points of intersectiol is (X + y?)?

+ 4 (¢ —y9) = 4"




Q. Findcommontangent toy? = 8x and3x*—~y* =3




—_<_—1 passing through

Q. FindTangent tc s

(0, 4).




Q. Prove that the twdangents drawrirom any
point onthe hyperbola %—y° = & — b* to the

2 2

. X \Y
ellipse — +=—=1 make complementar angle:
d

b

with the axes.




Chord Of Hyperbola

X o-fpf v . a+p a+f3
— COS — —sIn = COos
a 2 b

If (1) passes throug(d, 0) then




Tangents And Normals

L2l

(1) Certesiafangent .
e | -




. xsecH vytan©
Parametric Tangent : _ = = 1
d D




2 2
a'x b A > ) 2 2 -
F— =2l b =atel at(x,.v,)

-

CertesianNormal :




ax by
_l_
secO tanO

22

Parametric Normal : =a’+b* =a’e’

at (a sef, b tarb)




Q. For the hyperbola®- y* = &, equations of the
normal becomes

\

y

N X .- L
(') — + — = 2 (certesian )
}"1 « 1




X y | +
Q- + ——— = 2 a(Parametric)
secH tan®




Q. Findthe equationto commontangent tothe
hyperbolas

-——=1 and —S-—5=1
a~ b a®~ b




Q. Perpendicular forrthe centre upothe tangent
andnormal at anypoint of the hyperbola

2 2

s -

X" ¥ 1
a* b’
meet themn Q andR. Findtheir loci.




*  Chord of contact ; Chord with a givenmid
point ; Pair of tangents




Q. Frompoints onthe circle ¥ + y* = & tangents
are drawnto the hyperbola ¥— y* = &; prove
that the locus of the middle points of th
chords of contact is the curve
(X°—y?) =& (x* +y°)




Q. A point P moves sucthat the choraf contact
of the pair of tangents fror® onthe parabola

y? = 4ax touches theaectangular hyperbole
x* — y? = ¢*. Showthat the locus of P is the

ellipse

2 2

X V

—+——7=1.
e” (Z2a)




Q. Findthe equationto the locus of the middle
points of the chords of the hyperbola28y*=1,
eachof which makes arangle of 48 with the
X-axis.




|
[

Q. Atangenttdhe hyperbola:{; P A

¢ b-

<2 2

cut the elllpse— :—;.= 1 at P an@. showthat
the locus of the mid points of PC Is

) 2 2 2

X A - X A\
" -|- — e

2 2
a b | b




Q. Showthat the midboints of focal chords of a

2

T

hyperbolz%—i—l= 1 lie onanother similar
hyperboli.® °




Highlights

H-1 Locus of the feet of the perpendicular draw

2 2

E 4

" -1 upor

from focus of the hyperboli X _

e

a- b-
anytangent is its auxiliargircle i.e. X+y* = &

& the product of the feet of these

perpendiculai is b°. (sem C.A)?




H-2 The portionof the tangent betweethe point
of contact & the directrixsubtends a right
angle at the correspondirigcus.




H-3 The tangent & normal at anyoint of a
hyperbola bisect the angle betwethe focal
radil. This the reflectionproperty of the
hyperbola as “Anincoming light ray” aimed
toward: one focus Is reflecte( from the outel
surface of the hyperbola towards the oth
focus. It follows that If an ellipse and
hyperbola have the same foci, theyt at right
angle: at any of their commor point.




Asymptotes

Definition : If the length of the perpendicular let
fall from a point ona hyperbola toa straight line
tendsto zerc as the point on the hyperboli move: to
infinity alongthe hyperbola, thethe straight line is
calledthe Asymptote of the Hyperbola.




To find the asymptote of the hyperbola




Particular Case

When b = a the asymptotes of the rectangul
hyperbola. X — y* = & are, y= + X which are at
right angle..




Note

()  Equilateral hyperbola= rectangular hyperbola

() If a hyperbola is equilateral thethe conjugate
hyperboliis alsc equilatere.

(i) A hyperbola andits conjugate have the san
asymptote.

(Iv) The equatiorof the pair of asymptotes differ th
hyperbola & the conjugate hyperbola e
same«constar only.

(v) The asymptotes pass througie centre of the
hyperbola & the bisectors of the angles betw
the asymptotes are the axes of the hyperbola



(vi) The asymptotes of a hyperbola are the diagol
of the rectangle formediy the lines drawr
throughthe extremities of eachxis parallel to
the other axis.




(vil) Asymptotes are the tangent tthhe hyperbole
from the centre.




(viil) A simple methodto find the coordinates of th
centre of the hyperbola expressasl a genera
equationof degree 2 shoulde remembereds :
Let f(x, y) = 0 represents a hyperbola.

Findg—f&z—f . Thenthe point of intersectioof
X \
of of -
=0 & — =0 gives the centre of the hyperbol

x| Jy




Q. Findthe asymptotes of the hyperbola,
3x4—5xy—2y*—5x + 1ly —8=0.
Also find the equatiorof the conjugate hyperbola.




0.

Find the equationto the hyperbola whos
asymptotes are the straight line 28y + 3=0
and3x + 4y + 5 = 0 andwhich passes throug
the point (1, -1). Alsowrite the equatiorto the
conjugat: hyperboli anc the coordinate of its
centre.




Rectangular Hyperbola
(@) Equation is xy = ¢ with parametric
representatior = ct, y=c/t, t J R — {0}.




(b) Equationof a chordjoining the point P(}) &
Q(t,) Is X+ t,t,y = ¢ (t; + t,) with slope
1
tltl

m--—-




(c) Equationof the tangent at P (xy,) IS

X V
+ = —Q&QtP(t)1R—+t1—2u
X Y !




(d) Equationof normal :
C L
y— ? = 1" (x—ct)




(e) Chordwith a givenmiddle points as (h, k) Is
kx + hy = 2hk




(f) Equationof the normal at P(t) is ¥yt = c(t*-1).




(f) If a circle andthe rectangular hyperbola xyc?
meet inthe four parametric points,tt,, t; & t,,
thenprove { t,t,1, =1




