
HYPERBOLA



Introduction
General Equation : ax2+2hxy+by2+2gx+2fy+c = 0
denotes the hyperbola if h2 > abande> 1.



Standard Equation &
BasicTerminology

Standardequationof hyperbola is deducedusing an
importantpropertyof hyperbolathat thedifferenceofimportantpropertyof hyperbolathat thedifferenceof
a point moving on it, from two fixed points is
constant.
i.e. |PF

1
– PF

2
| = 2a (2a< 2c i.e.> a)

i.e.i.e.

i.e.



Definitions



(i) Line containingthe fixedpoint F
1

andF
2

(called
Foci) is calledTransverse Axis (TA) of a Focal
Axis and the distance betweenF

1
and F

2
is

calledFocal Length.
(ii) The pointsof intersection(A , A ) of the curve(ii) The pointsof intersection(A

1
, A

2
) of the curve

with the transverse axis are calledvertices of
the hyperbola.

(iii) The length ‘2a’ betweenthe vertices is called
theLengthof TransverseAxis.theLengthof TransverseAxis.



(iv) The perpendicular bisector of transverse axis is
called the Conjugate Axis (CA). The point
B

1
(0,–b) and B

2
(0,–b) which have special

significance, are knownas the extermities of
conjugateaxis and the length ‘2b’ is called theconjugateaxis and the length ‘2b’ is called the
Length of conjugate axis. The point of
intersection of these two axes is calledthe
centre ‘O’ of the hyperbola. (Transverse axis
and conjugate axis together are called theand conjugate axis together are called the
Principal Axis). Any chord passing through
centre is calledDiameter (PQ) andis bisected
by it.



(v) Any chord passingthrough focus is calledis
Focal Chordandanychordperpendicular tothe
Transverse axis is calleda Double Ordinate
(AB).

(vi) A particular double ordinate which passes(vi) A particular double ordinate which passes
throughfocus or a particular focal chordpassing
through focus is called the Latus Rectum
(L

1
L

2
).



Eccentricity
Defines the curvature of the hyperbola andis
mathematicallyspelledas :



Remember that
(i) a2e2 = a2 + b2

(ii) Coordinates of foci : (± ae, 0) and
(iii) Two hyperbolasare said to be similar if they(iii) Two hyperbolasare said to be similar if they

have the same value of eccentricity.
(iv) Equationof hyperbola interms of eccentricity

canbe writtenas

(i) Extremitiesof latusrectum(i) Extremitiesof latusrectum



Conjugate Hyperbola
Correspondingto every hyperbola these exist a
hyperbola suchthat, the conjugate axis andtransverse
axis of one is equal to the transverseaxis andaxis of one is equal to the transverseaxis and
conjugate axis of other, suchhyperbola are known
conjugate toeachother.
* Hence for the hyperbola,

Theconjugatehyperbolais,Theconjugatehyperbolais,



Q. If e
1

ande
2

are the eccentricities of a hyperbola
and its conjugate respectively, thenprove that
e

1
–2 + e

2
–2 = 1



Note :

The foci of a hyperbola andits conjugate are concylic
andform theverticesof a square.andform theverticesof a square.



Focal Directrix Property



Rectangular Hyperbola
If a = b, hyperbola is saidto be equilateral or
rectangular andhas the equationx2 – y2 = a2.
Eccentricityfor suchahyperbolaisEccentricityfor suchahyperbolais
l(LR) 2a (e2– 1) = 2a= l(Ta)



* Parametric coordinates
x = a secθ andy = b tanθ



Illustrations on Basic Parameters
Q. On a level plainthe crackof the rifle andthe

thud of the ball strikingthe target are heardat
the sameinstant; prove that the locus of thethe sameinstant; prove that the locus of the
hearer is a hyperbola.



Q. Show that the locus of the centre of a circle
which touches externallytwo given circles is a
hyperbola.



Q. Giventhe base of a triangle andthe ratioof the
tangents of half the base angles, prove that the
vertexmoves ona hyperbola whose foci are the
extremities of the base.



Q. An ellipse anda hyperbola are confocal (have
the same focus) andthe conjugate axis of
hyperbola is equal tothe minor axis of the
ellipse, If e

1
and e

2
are the eccentricities of

ellipseandhyperbolathenprovethat
1 2

ellipseandhyperbolathenprovethat



Q. Find the equationof hyperbola referredto its
principal axes as the coordinates axes
(a) If the distance of one of its vertices fromthe

foci are 3 and1.



Q. (a) Whose centre is (1, 0) ; focus is (6, 0) and
transverse axis 6.



Q. (c) Whose centre is (3, 2), one focus is (5, 2)
andone vertexis (4, 2)



Q. (d) Whose centre is (-3, 2), one vertexis (-3, 4)
andeccentricityis 5/2.



Q. (e) Whose foci are (4, 2) and(8, 2) and
eccentricityis 2.



Q. (e) Find the coordinates of the foci andthe
centre of the hyperbola



Q. Find the coordinates of the foci andthe centre
of the hyperbola



Q. Findeverythingfor the hyperbola
9x2 – 18x – 16y2 – 64y + 89= 0



Auxiliary Circle
A circle drawnwith centre C & T.A. as a diameter is
calledthe Auxiliary Circle of the hyperbola. Equation
of theauxiliarycircle is x2 + y2 = a2.of theauxiliarycircle is x2 + y2 = a2.



Position of A Point ‘P’ w.r.t. A 
Hyperbola



Line And A Hyperbola



Note
(i) For a given m, there canbe two parallel

tangents tothe hyperbola
(ii) Passingthougha givenpoint (h, k) therecanbe(ii) Passingthougha givenpoint (h, k) therecanbe

a maximumof two tangents.



Director Circle
x2 + y2 = a2 – b2

(i) If l (TA) > l (CA) ; director circle is real with
finite radius.finite radius.

(ii) If l (TA) = l (CA) ; director circle is a point
circle

(iii) If l (TA) < l (CA) ; no real circle



Examples
Q. Tangents are drawnto the hyperbola x2 – y2 = a2

enclosing at an angle of 45°. Show that the
locusof their pointsof intersectionis (x2 + y2)2locusof their pointsof intersectionis (x2 + y2)2

+ 4a2 (a2 – y2) = 4a4.



Q. Findcommontangent toy2 = 8x and3x2–y2 = 3



Q. FindTangent to passing through
(0, 4).



Q. Prove that the twotangents drawnfrom any
point onthe hyperbola x2 – y2 = a2 – b2 to the

ellipse makecomplementaryanglesellipse makecomplementaryangles

with the axes.



Chord Of Hyperbola

If (1) passes through(d, 0) then



Tangents And Normals
(1) CertesianTangent:



Parametric Tangent :



CertesianNormal :



Parametric Normal :

at (a secθ, b tanθ)



Q. For the hyperbola x2 – y2 = a2, equations of the
normal becomes

(i)(i)



Q.



Q. Find the equationto commontangent tothe
hyperbolas



Q. Perpendicular formthe centre uponthe tangent
andnormal at anypoint of the hyperbola

meet themin Q andR. Findtheir loci.



* Chord of contact ; Chord with a given mid
point ; Pair of tangents



Q. Frompoints onthe circle x2 + y2 = a2 tangents
are drawnto the hyperbola x2 – y2 = a2; prove
that the locus of the middle points of the
chords of contact is the curve
(x2 – y2) = a2 (x2 + y2)(x2 – y2) = a2 (x2 + y2)



Q. A point P moves suchthat the chordof contact
of the pair of tangents fromP onthe parabola
y2 = 4ax touches therectangular hyperbola
x2 – y2 = c2. Show that the locus of P is the
ellipseellipse



Q. Find the equationto the locus of the middle
points of the chords of the hyperbola 2x2–3y2=1,
eachof which makes anangle of 45° with the
x-axis.



Q. A tangent tothe hyperbola

cut the ellipse 1 at P andQ. showthat
thelocusof themid pointsof PQisthelocusof themid pointsof PQis



Q. Showthat the midpoints of focal chords of a

hyperbola 1 lie onanother similar
hyperbola.hyperbola.



Highlights
H-1 Locus of the feet of the perpendicular drawn

from focusof thehyperbola 1 uponfrom focusof thehyperbola 1 upon

anytangent is its auxiliarycircle i.e. x2+y2 = a2

& the product of the feet of these

perpendicularsis b2. (semiC.A)2perpendicularsis b . (semiC.A)



H-2 The portionof the tangent betweenthe point
of contact & the directrixsubtends a right
angle at the correspondingfocus.



H-3 The tangent & normal at anypoint of a
hyperbola bisect the angle betweenthe focal
radii. This the reflection property of the
hyperbola as “Anincoming light ray” aimed
towardsone focus is reflectedfrom the outertowardsone focus is reflectedfrom the outer
surface of the hyperbola towards the other
focus. It follows that if an ellipse and
hyperbola have the same foci, theycut at right
anglesat anyof their commonpoint.anglesat anyof their commonpoint.



Definition : If the length of the perpendicular let
fall from a point ona hyperbola toa straight line
tendsto zeroasthepoint on thehyperbolamovesto

Asymptotes

tendsto zeroasthepoint on thehyperbolamovesto
infinity alongthe hyperbola, thenthe straight line is
calledthe Asymptote of the Hyperbola.



To find the asymptote of the hyperbola:



Particular Case
When b = a the asymptotes of the rectangular
hyperbola. x2 – y2 = a2 are, y = ± x which are at
right angles.right angles.



(i) Equilateral hyperbola⇔ rectangular hyperbola
(ii) If a hyperbola is equilateral thenthe conjugate

hyperbolais alsoequilateral.

Note

hyperbolais alsoequilateral.
(iii) A hyperbola andits conjugate have the same

asymptote.
(iv) The equationof the pair of asymptotes differ the

hyperbola & the conjugate hyperbola bythe
sameconstantonly.sameconstantonly.

(v) The asymptotes pass throughthe centre of the
hyperbola & the bisectors of the angles between
the asymptotes are the axes of the hyperbola.



(vi) The asymptotes of a hyperbola are the diagonals
of the rectangle formedby the lines drawn
throughthe extremities of eachaxis parallel to
the other axis.



(vii) Asymptotes are the tangent tothe hyperbola
from the centre.



(viii) A simple methodto find the coordinates of the
centre of the hyperbola expressedas a general
equationof degree 2 shouldbe rememberedas :
Let f(x, y) = 0 represents a hyperbola.

Find . Thenthe point of intersectionof

gives the centre of the hyperbola.



Q. Findthe asymptotes of the hyperbola,
3x2 – 5xy – 2y2 – 5x + 11y – 8 = 0.
Also find the equationof the conjugate hyperbola.



Q. Find the equation to the hyperbola whose
asymptotes are the straight line 2x+ 3y + 3 = 0
and3x + 4y + 5 = 0 andwhich passes through
the point (1, -1). Alsowrite the equationto the
conjugatehyperbolaand the coordinatesof itsconjugatehyperbolaand the coordinatesof its
centre.



(a) Equation is xy = c2 with parametric
representationx = ct, y = c/t, t ∈ R – {0}.

Rectangular Hyperbola



(b) Equationof a chord joining the point P(t1) &
Q(t2) is x + t1t2y = c (t1 + t2) with slope



(c) Equationof the tangent at P (x1, y1) is



(d) Equationof normal :



(e) Chordwith a givenmiddle points as (h, k) is
kx + hy = 2hk.



(f) Equationof the normal at P(t) is xt3–yt = c(t4–1).



(f) If a circle andthe rectangular hyperbola xy= c2

meet inthe four parametric points t1, t2, t3 & t 4,
thenprove t1 t2 t3 t4 = 1


