INVERSE
TRIGONOMETRIC
FUNCTION
(ITF)



All trigonometric function are periodic and hence
not invertible. To make them invertible we cut their
domain.



sin'x, cos'x, tan'x etc. denote angles or real
numbers whose sine Is X, whose cosine Is X and
whose tangent Is X.



Principal Value Range and
Domain of ITF

ITF Domain Range
sin-x [-1, 1] [~ 7.7]
COS X [-1, 1] [0,7]
tanx R (—%.%)
cosec x (—o0, —1]U[1,00] |- 7. %] {0}
sec’x (o olle]l [ox]- {2

cot*x R (0, m)



-1

cot X
-1

SeC X

|
SIn X
-1
tan X
-1
cosec X




Note

(1) Is*quadrant common to all ITF.
(ii) 3" quadrant is not used in ITF.

(iii) 4" quadrant is not used in the clock wise
direction.



Note
(1) All ITF are bounded

(i) I'TF will be reflection of function about line
y = X.



Graphsofall 6 ITF

() y=sintx



(1)

(11)
(iii)
(V)

(vi)
(Vi)

Highlights
sin~t x is Aperiodic
sin~t x is bounded
sin—! x is odd function
sin~! X is increasing
Max. value i1s 1 and Min. value Is -1
dy 1

y =sintx L

dx J1-<x*

Vertical Tangent



Graphsofall 6 ITF

(I y=costx



Highlights
(i) cost x is Aperiodic
(i) cos x is bounded
(i) cos™ x is neither odd nor even
(iv) cos x is always decreasing
(v) Vertical tangentatx =1 or -1

(vi) Max value is t & min value iIs O
(vii) &

dx



Graphsofall 6 ITF

(1) y=tantx



Highlights
(i) tan=t x is Aperiodic
(i) tan—t x is bounded
(iii) tan~! x is odd function
(iv) tan! xis always decreasing
(v) No vertical tangent

(vi) No maxima & no minima

(vii) &
dx



Graphsofall 6 ITF

(IV) y=cottx



Highlights
(i) cot™ xis Aperiodic
(i) cot x is bounded
(ii1) Neither odd nor even
(iv) Decreasing
(v) No vertical tangent

(vi) No maxima & no minima

(vii) &
dx



Note

(1) tant (x) and cot* (x) are continuous and
monotonic on R = that their range is R



Note

(2) If f (x) Is continuous and has a range R=5 1t is
monotonic.
e.g.y = x>—3x



Examples
Q. Domain & range of y =sin™ (%)



Q. Domain & range of cos™ [X]



Q. Domain & range of cos™ {x}, sin™ {x}



Q. Domain & range of cot™ (sgn x)



Q. Domain & range of tan* (log, (X*— 2x + 2))



Value of

1 1 ~ 1
sin " [— —] +cos” [— —] —tan " (= v3)+cot™ [— ]
V2 V2 =3) V3




I Q. Value of sin(tan'(2))



I Q. Value of cos(tan™(3))



Value of

® ® _1 s
S1n [2 S1n [—]]

b

L



Q. Value of cos (2 tan™ (2))



Q. Value of cos (2 tan™ (3))



Q. Value of

-~
3

L=

sin | arcsin — — arccos

b

| L



Q. Value of

: -1 -1 1
sinl| tan “coscot " |—

-
.

\



Q. Show that:

3l . ( X +1
C-Dﬂ(tﬂll (5111(cﬂt x)))= >

X+ 2



Q. |Ifcos*x+cos™y=0 find value of x +y



Q. |If cos'x + cosy + cos?z = 3x find value of
X+y+Z



Q. Ifsinx + sin'y + sin~'z = 3x/2 find value of
X+y+2



Q. True/False
y = sgn(cotx) & y = sin®x + cos*x
are 1dentical functions.



Q. Iff:R— [0, 1/2)
f(x) = tan! (x*> + 2x + a), function is onto then
find a.



0. Iff:R— [Tﬁg]ﬁ

f(x) =tan™ (x* + 2x + o) f(x) is onto find o



Properties of Inverse
Property - 1

(1) f(x) = sin (sinx)



I (1) f(x) = cos (cosx)



' (111) f(x) = tan (tan~*x)



I (1V) f(x) = cot (cot*x)



(V) f(x) = cosec (cosecx)



I (V1) f(x) = sec (sec™*x)



' (VII) f(x) = tan~*(tan x)



Example

137 237
tan“l[tau - ] Q. tﬂll_l[tﬂll 1 ]

.

197 37w
tan | tan —— Q. tan ‘|tan
1 1

i 177
tan | tan—

.




Find the value of the following :
tan™* (tan 1)
tan™ (tan 2)
tan™ (tan 3)
tan™ (tan 4)
tan™ (tan 5)
tan™ (tan 6)
tan™ (tan 7)
tan™* (tan 8)

o 000000 0



I (V11 f(x) = cot*(cot x)



Example

¢
) I1x 17
':'U't IC'L-}t ] Q c.{_‘}t_l c{_‘}t[ T]

-

N 3
1 cot| 2 1 cot] =
cot " co cot " co
7 Q. 4
B 197 _1 371
cot " cot 1 Q. cot cot 1



Find the value of the following :
cot™ cot (1)
cot™ cot (2)
cot™ cot (3)
cot™ cot (4)
cot™ cot (5)
cot™ cot (6)
cot™ cot (7)
cot™ cot (8)

o 000 000 0



I (1X) f(x) = cos™(cos x)



Example

Find the value of the following :

) 1w i
]. & 1 ] 1
Q. cos |cos Q. cos |cos
.-'-'r
N h,
7
- -1
Q. cos |cos Q. cos |cos
",;




Find the value of the following :
cos™ (cos 1)
cos ™ (cos 2)
cos ™ (cos 3)
cos ™ (cos 4)
cos ™ (cos 5)
cos™ (cos 6)

cos™ (cos 7)

o 000 000 0

cos ™ (cos 8)



00 (%) = sin-i(sin x)



Find Values :
4. 13w
Q. sm "|sm—

.

4| . 19m
Q. sin [sin——
1

Y B W
Q. sin " |sin—:

n

Example

- =11 -
Q_ S1n [5111

* _1 *
Q. s1n [5111




' Find Values :

sin™* (sin 1)
sin™* (sin 2)
sin™* (sin 3)
sin™* (sin 4)
sin™* (sin 5)
sin”* (sin 6)
sin* (sin 7)

sin”* (sin 8)

o 000000 0



I (X1) f(x) = sec*(sec x)



(X11) f(x) = cosec*(cosec x)



Inequalities



Q. log tanx>1



Q [ ] C



|

Q. Domain of f(x) =

-1
\/ [ncot ~ x



Q. Integral solution of the inequality
3x% + 8x < 2sin™* (sin4) — cos™ (cos4)



Property - 2

41 . 1
(1) cosectx=sin?— & sintx=cosect—~
X X



. 41 i 1
(1) sectx=cos*— & cos'x=sect—
X X



) 41 1
(1) cot*x=tan? —;x>0=xn+tan?t—~ ;x<0
X X



Property - 3

(1) sin™t(—x) =—-sin! x



(1) cos*(—x)=m—cos™ x etc.



Property - 4

() sinx +cosx = g



(1) secx + cosecx = g



(1) tan™x + cot 'x = g



Example

1 | ~
Q. tan™’ [E] +tan ' (2)+ tan™’ (ﬁ) =7



v/
Q. sin ' x + cm*_l(xz —2x+ 2) = E



* _1 —1 —_ H _1' _1' . H
Q. If sin"atcos'b=— & sec a+cosec b= >

Finda+Db
(a) 2 (b) -2 (c)0 (d) None



2
2 551'

Q. (tfm_lx)z+(c:;rt_1x) -




y _1 77T
Q. Stan "x+ 3cot "x = 7



L y 37
Q. 4sin "x+cos x= »]



T O

L[n)] =
Q. cot |—|>—

Find maximum value ofn € N



Q. Maximum & Minimum values of
(sin'x)° + (cos*x)°



Q. Find the range of f (x) = sin"*x+cos x+tanx.



Property - 5

1 A7)
1+xy

Q. x>0&y>0tan'x—tanty =tan



X+y ] _1 i
,x>0,y>0and xp<1=0 tan™ x + tan y<5

tan ™"
[-xp

-1 -1 _
tan x+tan y=

X+y

-1
T+ tan

T _ _
l ,x>O,y>05mdxy>l=>5<tan1x+tﬂn1y<:t.
_x}#



Example

Q. tan'l+tan2 +tan3="2?



—_ )

1 1
Q. tan 1+tan §+tau_1:
)



Q. Show that :

tan '1+tan ' 2+tan'3 B
cot '+cot ' 2+cot™'3




Q. Iftan*4+tan™'5 = cot™* (1) then find A



-1 = -1 ~ -1 7 L
a=tan ' 5—tan ' 3+tan" —=— and
9 4
4 2 24 L1 o=
B=tan"' —+cot™ —+tan"' —=—.then
11 7 3 4
(A)a=p (B) o>

(C)a<p (D) o+ B =n/2



. C e . | T
Q. Find x satisfying sin™ [f] +cos Hx)= n



3 11 ~
sin” [ \/ﬁ] +cos ' [ m] +cot ™ (\F**)

(A) © (B)n/2 (C)5n/12 (D) n/3



Q. Which Is greater
7

-1 -1
COS —_ tcCos

25

_1 .
or cot (—1)

|



.-*
1

. FInd A 2cos ' —— =tan ‘A







Property 6

(@) sinix+sinty=

Siu_](.ﬂf«.,/l—yl + yv1-x* ){fx:_” 0.y=>0andx”+y <1
:t.—ﬂiu_l(x\/l—yl + ydl—x* )171:2 0.y = 0and x* +y* >1




. 43,12
Q. Find whether sin™ ;j+3111 1 3 IS acute/obtuse.
N



Property 6

(b) sintx-—sinly

= Sin—l(x\/l—yl —y\/l—xl),x >0;y>0



COS™X + cosly = cos—l(xy FVl-x 1-) )

X>0;y>0,x<y.



Q. Ifcos'x + costy + cos'z = nt then prove that
X>+y2+z72+2xyz=1



Q- ShOW that G{__}S_l Jz _ G{__}S—l \/E +1 _ E
3 2J3 6




Property 7

tant x + tan—ty + tan-'z

—tanl [ ATV TIT X%

1-(xy+yz+2x)

Where x>0,y >0,z>0andxy +yz+zx<1



Simplification of Inverse
Functions by Elementary
Substitution



f(x)= sin

2x

1+x°

!

) -1
2tan  x

-1
t—2tan " x

= |
—nt—2tan  x




i -1
2tan  x

-1
—2tan  x

x>0

x <0



f(x)= tan

2x

1—x

ot

E

i -1
n+2tan  x

-1
2tan  x

-1
2tan x—1T

x<—1
—1<x <1

x >1



Q. f(x)=sin" 1 X - +2 tan~! x, find cos(f(10))
+ X




—(m+3sin"'x) if —Iixi—%

flx)= Sfﬂ_l(j‘l‘ — 41:‘{_) = | 3sin”'x if - % <x< %
77— 3sin 'x if 12<_: x<1




f{'x} = c:r;rs_j(étx“f — j‘x) =

-1
Jcos xX—2m
= |
2w —3¢c0s X

-1
3C0S X



3x—x°

f(x)= tan tlr —

— 3X

-1
Jtan  x

-1
—m+3tan  x

-1
T+ 3tan  x




Q.

Ildentities involving inverse
trigonometric functions
Show that

2tan

t:.m[
14

7T
——u

] B]_ y
tan — | = cos
2

Y

.2 h
sin” o+ cosf3

1+smn2acosfl)



' Q. Show that

tan—t x = 2tan~! [cosec (tan—tx) — tan(cotx)]



Equations involving inverse

trigonometric functions
4

. -1 -1 -1
Q. 2cot 2—cos —=cosec X
D



-1 .
Q. cosix—sinix=coslx/3



' Q. sin[2cost{cot(2tan—'x)}] =0



0.

" _]_ . _]_
sin xX+sm  Z2x =

Ir""'"}l::_?'



x+1 L x—1
+ tan
x—1 X

=tan ' (—7)

Q. tan



' Q. 2cot'2+ cos?(3/5) = cosecx



Simultaneous equations and
Inequations involving I.T.F.

Q. costlx>costx?



Q. sinix>cosix



Q. sinix>sint (1-x)



Q. arctan’x—3arctanx+2>0



' Q. [sin™ix] > [cosX]



Summation of series

ldea IS
x+y

-1 -1 — -1
tan " x—tan * y = tan
1+ xy



X

tan”~ _ —+tan — 5 +t.......
1+(1x2)x" 1+(2x3)x~

X
l+n(n+1)x’

+ tan



B 2 B 4 . 0
tan —— +tan —7 T tan 1t
2+17+1 2+2°+72 2+3°43




S = Z tan [ b ]

— n'=2n +2



Q. i tan
r=1




Q. cosec—/5+cosecl /5 +cosect /305 +...



Q. cott (2a! + a) + cot?! (2at + 3a) + cot
(2a + 6a) + cot (2a1 + 10a) + ....



