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INTRODUCTION



Derivative by first principle
Lety =f(X); y + Ay = f(X + AX)
Ay _ f(x+Ax) —f(x)

AXx AXx
(average rate of change of function)




Derivative by first principle
Lety =f(X); y + Ay = f(X + AX)
Ay f(x+Ax)—-1(x)
Ax AX
(average rate of change of function)
dy ANY f(x+Ax)—1(x)

— = lim — = lim
dx Ax—>0 Ax Ax—>0 AX




Derivative by first principle
Lety =f(X); y + Ay = f(X + AX)
Ay f(x+Ax)—-1(x)
Ax AX
(average rate of change of function)
dy ANY f(x+Ax)—1(x)

— = lim — = lim
dx Ax—>0 Ax Ax—>0 AX

Above denotes the instantaneous rate of change of
function and is called finding the derivative by first
principle/by delta method/by ab-initio/by fundamental
definition of calculus.



Q. Find equation of tangent to curve
y=x?at (3,9)



Note that if y = f (X) then the symbols

dy .

d_} =Dy =1"'(x) =y,ory' have the same meaning.
X



(1)
(2)
(3)
(4)
Q)
©)
(7)
(8)
(9)

Derivative of standard functions
Dx"=nx"1 neR
D(@)=a%Ina,a>0
D(eX) = eX
D(In Xx) = 1
D(sin X) :Xcos X
D(cos X) = —sin X
D(tan X) = sec?x
D(cot X) — cosec2x
D(sec x) = sec X tan X



(10)
(11)

(12)
(12)
(13)
(14)

(15)

D(cosec X) = —cosec X cot X

D(sinx) = \/—
D(cos x) =
Jl—x
|
D(tan—! x) = —
|
D(cott x) =— T

|
D(sec x) =
( ) x| Vx> —1
|
-1 - —
D(cosec™ x) = x (Va1




—  Chain rule of derivative
—  Product rule
—  Quotient Rule



o o O O O

Example






)

Y = COS°X



y = SIn3X



y = sin~1x?



— 3X



)

y = 3sin X



)

In2x



' Q. Df(tan(tan—x))



X X
Q. D|cos*=—sin*=
2 2



' Q. D(cosx + sintx)"



Q- D(eﬁ'ncﬂt_lx)



I 0. D(l—ms 2}{]

sin 2X



Q. D(tanl X + tanl(



X sin~1x



eX . tan—1x



If 3 functions are involved

D(1(x).9(x).h(x)) = 1(x).g(x).n"(x) + g(x). h(x).
£ (x) + h(x).1(x).g'(x)

_ (1g)"(h) +(gh)'(f) + (hf)'(g)
2




Examples
Q. Let F(x) = f(x) . g(x) . h(x). If for some X = X,

F(%0); T (Xg) = 4f(x)); g (%) = —79(x,) and
h'(x,) = k h(x,) then find k.



Q. IFf(x) = (1 +x) 3+ x)¥2(9 + x3)13 then
f’'(-1)isequal to

(A) O (B) 242
(C) 4 (D) 6



' Q. Let f, g and h are differentiable functions. If '
f(0) = 1; g(0) = 2; h(0) = 3 and the derivatives
of their pair wise products at x = 0 are

(fg)" (0) =6; (g h)' (0)=4and (h 1) (0)=5

then compute the value of (fgh)’ (0).



Q. Iff(X)=1+x+x2+ ... +x%0then f’ (1)



,_ 1-/nx
1+/nx










Xxsinx

1+tanx



4 2 ]
Q. | f y_}iz-l'}i +1 thend_}=ax+b
X +x+1 dx

find a and b.




+tanx —1 dy
Q fy=—-""""" find =2
tanx —secx +1 dx

x=n/4



0.

tan 'x—cot 'x _
- find

If y=

(A) 0

© 2

T

tan ' x4+cot ' X

(B) 1

(D) -1

dy i

dx

x=1



Q.

X° +X +X

If y=

, find

dy
dx




' Q. Let g be adifferentiable function of x. If
£(x) = g(x) for x >0, g(2) =3 and g'(2) = -2,
X




No] [k

If ' (X) Is not defined on x = ¢ then It Is wrong to
conclude that f(x) Is not derivable at x = ¢. In such
cases, LHD at x =c and RHD at x =c.

f(x) = x¥sinxatx =0



y = sind Jx



Q. y=Indtan?(x%)



aXx

Q. y=cost (—



W)’



I Q. Vy=In(secx)



I Q. vy =secx(\/m)



Q. y=sec?(f (x))



0.

y = Jf(x)



I Q. Exp (cos? (tan—1x3)?)



I Q. y=-cos(lnx)



Q. y=1(1/x)



Suppose that f Is a differentiable function such
that f(2) = 1 and f’'(2) = 3 and let g(x)
= f(x f(x)). Find g’ (2)



Assignment — 1
G.N. Berman



)

(Dy=Xx*-=3x+3) (x*+2x-1);
(2)y=(x3=3x+2) (x*+x2-1);

(]
= (vx +1 ——1]:
(3)} (VX )k\/;
2 ( SHXEH
) = _—#3 4 S\L + :
(4)} [\/x ]th VA 3x ,.

(5) y = (¥x +2x)1+ ¥x* +3x):
(6) y=(x-1) (x*—4) (x*-9);

(7) y = (1+Vx)(1+2x)(1+3x)



x—1
3t +1
Q. s=-
|
_ax+b
Q. ) cx +d
X +1
Q. 2

C3(xt =1

X
Y="2
x+1
y’ = 2v
U =—;
v +v+1

+(x" = 1)(1-x)






B x'+x-1 = 3
Q' Jy xj_l_l Q (l—xl)(l—ij)
ax + bx* a’b’c’
Q. y= Q. y

am + bm* ) (x—a)x-b)x-c)

Q. f(X) = (x%+x+1) (x>~x+1). Find f - (0) and f * (1).

Q. FX)=(x-1)(x=2)(x-=3). Find F ' (0), F’(1)
and F ' (2).



Q. F(x)=

0.

+ :,J . Find F’ (0) and F’ (-1).
x+2 x +1 ©) D)

(1) (x—a) (x=Db) (x—c) (x —d)

(2) (x> + 1)* (3) (1 -x)*°

(4) (1 +2x)% (5 (1-x3)¥

(6) (Ox° +x2—-4)>  (7) (x*=x)°
(8)(7x3—i+6J (9)5=(r3—i3+3]}

X [




a0y =251 ay =[1”2]
X — 1+x

(12) y = (2x3 + 3x? + 6x + 1)*



y = COS? X
|
Y =CosXx ——cC
3
|

y
y = X Sec? X — tan x

y = sin 3X

|

Q. y=—tan"x

cos’x Q.

3
—tan" x—tanx+x

0.

Q.

3

y = 3 sin? X — sin3 X

Y = Sec? X+C0Sec? X

X

.
.

y =acos



x+1

y =3sIn (3x + 5) Q. y=tan

1
Yy = \/l + 2 tan x Q y = 3111;
y = sin (sin x) Q. y=cos*4x
.1 e
y= Slll; Q y = sin (sm X)

X
y = c0s® 4x Q. »= \/tanz



Q.

+ 2
y=s111\/l+x

y=./1+tan

\

-

f l"'l
X +—

\ x,»‘

y = (l+a111 1)4

y — X arcsin X

y = (arcsin X)?

Q. y=cot Y1+

L 1-x
_ ' = O8N
Q. yTe 1+x

Q. y=sin?(cos 3x)

arcsin x

Q. y=

AI'CCOS X

: 2
Q. y=xarcsinx+vl-x



Yy =sIn X + COS X

tan x
Y=
X
S11 O o
=+
o S11 O
X

 J—

SINX +Ccos X

Q.

Q.

Q.

P=¢ sin¢ + Ccos ¢

sin

§ =
1+cost

X SIn X

1+ tan x




1

y= ; Q. y=Xsinxarctan X
arcsin x
ATrCCOS X
V= Q. y=+x arctan x
X

y = (arccos x + arcsin x)"

X
y = arcsec X Q. y= - —arctan x
1+x
arcsin x x°

y ——
\/1 —x’ arctan x



Q.

y =arcsin (x — 1)

y = arctan x2

Q. y =arccos

A |
J3

2

Q. y=arcsin—

X

. . | |
y=arcsin (sinx) Q. y=arctan’ —

X

1—x

y = “/1—(ﬂr«::«::ﬂ»:'»;x)2 Q. y=arcsin j——

y= %{/arcsin sz +2x

1+x



sin o sin x

y = arcsin .
1—cosasinx
b+acosx

)y = arccos
a+bcosx

y = arctan(x — \/1 +x%)
y = x* log, X Q. y=In?x

y =xlog,, X Q. y=Inx



a log, x
|
Y Inx
)= 1-Inx
1+Inx
y =X"In X

y=XSsIn X In X

Inx
Y=
X
- Inx
d 1+x7
y=‘/1+ln2x
y = In (X? — 4X)



y = In sin X Q. y=log, (x*-1)
y = In tan X Q. y=Inarccos 2x
y = In%sin X

y = arctan [In (ax+b)] Q. y=(1 + Insin x)"

y = log, [log, (logs x)]



y =2
_1
y 3
y =X 10%
X
Y=
e
y = eX COS X






y=XeX(cosx+sinx)Q. y=e>*

y = 102x-3 Q. y=e’*"
y = sin (2%) Q. y= 3sin x
y = gsin 3% Q = earcsinzx
y =23 Q. y=¢ﬁ£

y = sIn (eX2+3X—2) y = 101—sin4 3X

O



LOGARITHMIC
DIFFERENTIATION

(1) A function which is the product or quotient of a
number of functions OR



(1)

LOGARITHMIC
DIFFERENTIATION

A function which is the product or quotient of a
number of functions OR

A function of the form [f(x)]¢® where f & g are
both derivable, it will be found convinient to
take the logarithm of the function first & then
differentiate OR express = (f(x))9*) = gdx).In(f (x))
and then differentiate.



Examples

Q. Ify=sinx.sin2x.sin 3X...... sin nx, find y'.



o

FFX) = (X + 1) (X +2) (X+3) ......(x+n) then

f' (0)1s
(A) ! ®) (1+%+§+§+
(C) n(n+1) (D) n!

2



100 £(101)

. I f(X) = — n)"(101-n) then find
Q (x) g(x n) Rl £ (101)



Q. Find derivative of
y = (sin x)Inx



Q. y — Xtanx + (Sln X)COSX



Q y = (smx)( )(fnx)( 1)



. o -
A= (Xln x) (SEC X)Sx



L’
Q. Ify=(sinx)"*cosec (e*x(a+bx))anda+b=—

v 2e
then the value of i atx=11s
dx

(A) (sin1)Insin (1) (B) O
(C) Insin(1) (D)1 +In(sin1)



Q.

Iy =2be

(A) 4
(C) 3

-

4

tan LA then ﬂ
4 dx

X

(B) 5/2
(D) not defined

is



N
Q. y=+x -e* Find y (1)



Q. Iff(X)=y=mn?+ 2%+ x2+ x1x, then find the
slope of the line perpendicular to the tangent on
the graph of y = f (x) at x = 1.



Assignment — 2
G.N. Berman



y = X<

y = (SIn x)°osX

y = (x+1)2
y — Xlnx
y — Xsinx

Q. y=x¢
Q. y=(Inx:*

Q. y=x3e<sin2x



Parametric Differentiation

Q. In some situation curves are represented by the
equations e.g. X =sint &y =cost. If x =f (1)
and y = g (t) then

dy dydt g'(t)
dx dtdx f'(t)




' Q. Findderivate of y w.r.t. X If
X=a(cost+tsint)andy=a(sint—tcost)



Jat
)

X =

1+¢°

3at’

y =

1+¢°



Q. XxX=asec0;y=atan%0



Q. x=a Jeos 2t cos tand y=28 Jeos 2t sin t then,

., dy
find dx

t=m/6



' Q. Xx=cost+tsint—t4/2 cost
y=sint—tcost-t4/2sint



' Q. y=asindt
X = a cos3t



Derivative of f(x) w.r.t. g(x)

Ify =1 (x) and z = g (x) then derivative of f (x) w.r.t.
g(x) 1s given by

dy dy dx f1'(x)

dz dx dz g'(x)




' Q. Derivative of (In x)@" X w,r.t. XX,



' Q. Derivative of cos™ (2x2 — 1) w.r.t. {1 — x2

|
when X = —



Q. Define derivative of sin_l( 2x ] ARS

. 1+x?
1—
ms{ X J VxekR.

1+x?



Q. Differential coefficient of esim > w.r.t, eosx js
Independent of Xx.



Derivative of Implicit Function

¢ (X,y)=0



dy  (nx

Q. Ifx¥=e*¥then prove that >
dx (1+!f11 X)



Q. Ifsiny=xsin(a+Yy)then prove that 4y
dx
sin’(a +vy dy
_ S @HY) o find X explicitly.
sin a dx




Q.

W)ﬂ=JﬂﬂX+Jﬂnx+Jﬂnx+

dy (sin x > 0).
dx






){snx}-"

Q. y=(nx)"



rove that =1
P Y l1+y



Q. If y1_x2 +,/1_y = a(x-y) then prove that

ﬁ_\/l—f
dx 1—x*




' Q. Acurve is described by the relation
In(x +y) = xeY. Find the tangent to the curve at
(0,1)



Q. Ify>+xy?+ x>=4x+ 3, then find ? at (2,1)
X



Derivative of Inverse Function



Examples

Q. Ify=f(x)=x>+ x°and g is the inverse of f
find g’ (2)



Q. Letf(x) =exp (x> + x* + x) for any real number
X, and let g be the inverse function for f. The
value of g’ (€%) is

|

6e’

|
34¢”

(A)
(C)

®) -

(D) 1




1

Q. Ifgistheinverse of fand f'(x) =
1+x

n °

prove that g'(x) =1+(g(x))



0. FF)=x+e? & g(x)=F(x)
Findg ' (1)



Q. |If f(X;yJ= f(x);rf(ﬂ forall x, y

f (0) exists & f'(0) = — 1, f(0) = 1 find f(2).



I Q. |If f(x+2yj= fx) +2£(y) forall x,y
3 3

f'(0) exists & f'(0) = 1, f(0) = 2 find f(X).



Q. Iff[xgy] 2+f(; f()forallx,y

f/(2) = 2 find f(x).



I Q. If f(0) =0, f '(0) = 2 then Differentiation of'
y = f(f(f(f(f(x)))) at x=0



SINX COSX SINX COSX
Q Ify=———7""—7—""—. ... co
1+ 1+ 1+ 1+

(A) equal to O (B) equal to 1/2
(C) equal to 1 (D) non existent



Q- f =| < ‘|f:.1111| ] filld f’r (_TT- _I_)



nth Order Derivatives



Examples

Q. Find nth order derivative of sinx, cosx, x", X"



d’y IS double derivative of y w.r.t. X d [

dx* dx

2
dy] d’y

b
dx dx-

2

d’y

Q. Find

2

it . i
atx = — If y =sint, X = cost
dx 4




I dx
Q. Jx+ y=4 — aty =1

dy



T

Vv xInx yatx =e¢



' Q. Use the substitution x = tan® to show that the '
equation,

2 2
d'y 2x dy \ d’y

+ +— = (changes to +y=0
dx®  1+x° dx (1+x? )l - de* -




0.

Starting with

dx

dy

d’y
| I 12
d x -2
= TPrm*e that — = - S _
dy dy~ dy
dx |

C




2 2
d'y d°x 2a
Q. If yi=dax, —5.—5=-—
dx” dy 4

-




A homogeneous equation of degree n represents n’ '
straight lines passing through the origin.

2
d v

Q. Ifx3+ 3x%y—6xy?+2y°=0, then = =9

2
dx

d1.1)



1 X
Q. If y= [—] then prove that y,(1)=01.e.
X

2
d’y
2 :0

dx



PAY

Q. Ife*Y =y?then prove that y’'= 5 - ;
v



Derivative of Determinants



IfF(x)=|u v w| Wwhereallfunctions are
differentiable then

t ¢ h'| |t g h f ¢ h

D'(X)=|u v wi+lu v wi|+|u v W

I m n I m n I’ m n

This result may be proved by first principle and the
same operation can also be done column wise.



Remainder Theorem



Note

If (x — r) iIs a factor of the polynomial repeated m
times then r 1s a root of the equation f' (x) = 0
repeated (m — 1) times.



Q.

cos(x+x7%)

If f(x) =| sin(x—x")

sin 2 X

then find f'(X)

sin(x+x°)
cos(x—x7%)

0

— cos(x+x7)
sin(x—x")

® _ l
sin 2 X




X°  SINX  COSX
Q. fx)=|6 -1 0
P P P’

P is constant, if f" (0) =0 find P.



Q. f, g, hare polynomial degree 2 then prove that
t g
® (x)=|f" g h’| Isconstant polynomial.
fu gu

h

:-l.H'



L

SINX COSX SInX
+ dv
cosxX -—smnx cosx then ==79

dx
X | |




Q.

If £=

11

X
COS X

SN X

n! 2
cosnmt/2 4

simnm/2 8

find

{1 11

dx

11

(£(x))

S x=0



2
X+a ab ac

Q. If f=| ab x+b* bec |, prove that

ac be X+cC

f'(x) = 3x2+ 2x (a% + b? + ¢?)



(A4+)" (L+x)™ (1+x)™
Q. If f(x)=|(1+ };)32111 (1+ }{)thz (1+ }{)32113
()™ (1) (14x)"™

then find coefficient of x In the expansion of
f(Xx).



The new definition of derivative of a function Is '
given by

f(x+h)—f(x
f'(x) = lim (x+1) (X)
h—0 h
&  f(x) = xInx find (f (X)), =,



3
Q. Xx=acosh,y=Dbsino find dy

3
dx



L' Hospital's Rule (0/0, co/0)



XCOSX—/ n(l + x)

Q. Lmm >

x—0 X




x(l ~ HGDSX) — bsinx

Q. Findaandb if Lim =1

x—0 XE




e*sinX — X— X~

Q. Lim—
x>0 X“+x—[n

(1-x)



1 +sinx—cosx+ /£ n(1—x)

Q. Lim

.
x—0 Xtan™x

(A) 5 (B)-3; (C)5 (D)DNE



log  (cosx)

. L =
? 0 log___(cos(x/ 2))

(A)1 (B)16 (C)4 (D)2




X —X

Q. Lmm

x>1 x—1—/nx



l1—CcosX-cos2X-Cos3X

2

Q. Lim

x—0 X




(GOS&X)L:IH — (Gosbx)lfn

Q. Lim -

x—0 X



1
Q. Lim(cosec x) [nx

+
x—0




Q. Lim (SEG X)Em

x— 2



1

Q. Lim (mtx)ﬁ

+
x—0



Q. Lim

x—(

T



Q. Limx’

x—0



1

Q. Lim(1-x7)(~

x—1




0. Lim V2X+14+x—3-4

=4 ((3x144) +/5x+5-9



Q. Lim (tanx)m

x—(



Q. Lim (sim;)i

x—0"



Q. f(x) be different function & f" (0) = 2 then
21(x)-31(2x) + {(4x)

Lim ;,
x—() N




