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KEY CONCEPTS (TRIGONOMETRIC EQUATIONS & INEQUATIONS)
THINGS TO REMEMBER :

1. If sin@=sina = 06=nn+(-1)"a where a € [—g,g} ,nel.
2. If cosO=cosaa = 06=2nm + o where aa € [0, ], nel .
3. Iftan6=tana:>9=nn+ocwhereoce(_g,g),neI.
4. If sin?0 = sinfaa= 0 = nm +a.
5. cos?’0 = cos’a = 6 =nm £ a.
6. tan’0 = tan’a0 = 0 = n7w + a. [ Note: a is called the principal angle ]
7. TYPES OF TRIGONOMETRIC EQUATIONS :
(a) Solutions of equations by factorising. Consider the equation ;

(2 sinx —cosx) (1 +cosx)=sin’X ; cotx —cosx =1 — cotx cosx

(b) Solutions of equations reducible to quadratic equations: Consider the equation :
3cos?x—10cosx+3=0 and 2sin’x.+ /3 sinx +1=0

(©) Solving equations by introducing an Auxilliary argument. Consider the equation :
sinXx +cosX = /2 ; /3 cosx+sinx=2 ;secx —1=(/2 —1) tanx

(d) Solving equations by Transforming a sum of Trigonometric functions into a product.
Consider the example : cos3x+sin2Xx—sin4x=0;
sin?x +sin?2x +sin?3x +sin?4x =2 ; sinx + sin5x = sin2x +8in4x

(e) Solving equations by transforminga product of trigonometric functions into a sum.
Consider the equation :

sin 6X
sin5x.cos3X= sin6X.cos2x ; 8 cosx cos2x cosdx = Sinx ; sin30=4sinO sin26 sin40
® Solving equations by a change of variable :
) Equations of the form of a:sinx+b.cosx+d=0, where a,b & d are real

numbers & a,b#0 canbe solved by changing sin x & cos x into their corresponding
tangent of half the angle. Consider the equation 3 cosx +4 sinx = 5.

(i1) Many equations can-be solved by introducing a new variable . eg. the equation
sin* 2x+ cos* 2x=sin2x . cos 2 x changes to

1
2(y+1) (y—E) =0 by substituting, sin2x.cos2x=y.

(2 Solving equations with'the use of the Boundness of the functions sinx & cosx or by
making two petfect squares. Consider the equations :

sin X (cos% - 23inx) + [1+sin%—2005x) .cosx=0 ;

11
sin?x + 2tan’x + 5 tanx — sinx + i 0
8. TRIGONOMETRIC INEQUALITIES : There is no general rule to solve a Trigonometric inequations
and the same rules of algebra are valid except the domain and range of trigonometric functions should be

kept in mind.

) ) 1
Consider the examples : logz(smgj <—1; sin x(cosx+5j <0;45-2sin2x >6sinx -1
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EXERCISE-I

. l l+10g5 (sinx) %+10g15 COSX
Solve the equation for x, 52 452 =15

Find all the values of 0 satisfying the equation; sin® +sin50=sin30 such that0< 0 < .
Solve the equality: 2 sin 11x +cos 3x + /3 sin 3x =0

Find all value of 0, between 0 & mt, which satisfy the equation; cos6.cos20.cos30=1/4.

. . ) X X
Find the general solution of the equation, 2 +tanx - cot 5 +cotx - tan 5 =0

Solve for x , the equation /13 — 18tanx = 6 tanx— 3, where —271 <x <2m.

Determine the smallest positive value of x which satisfy the equation, ,/1 + sin2x — V2 cos3x=0.

2sin(3x+§) = \/1+ 8 sin2x . cos® 2x

Find the number of principal solution of the equation, sin x —sin 3x + sift 5X = cos X —cos 3x + cos 5x.

[l+log3 (cosx+sin x)j

Find the general solution of the trigonometric equation 3 - 210g2 (cosx—sinx) _ V2.

Find all values of 0 between 0° & 180° satistying the equation;
cos60+cos40+cos20+1=0 .

Find the solution setof the equation, log ., (sin3x +sinx)= log_,  (sin2x).
10 10

Find the value of 0, which satisfy 3 —2 cosO— 4 sinb —cos 20 +sin26=0.

Find the general solution of the equation, sin nx + cos nx = 0. Also find the sum of all solutions
in [0, 100].

Find the least positive angle measured in degrees satisfying the equation
sinx + sin’2x# sin33x = (sinx + sin2x + sin3x)>.

Find the range of y such that the equation, y+ cos x=sin x has a real solution. For y=1, find
x such that 0 < x <2m.

Find the general values of 0 for which the quadratic function

cos0+sinH
(sinB) x% + (2cos0)x + 5 is the square of a linear function.
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Prove that the equations
(@) sinx - sin2x - sin3x=1 (b) sinXx - cos 4x - sin 5x=—1/2
have no solution.

Let f(x) = sin®x + cos®x + k(sin*x + cos*x) for some real number k. Determine
all real numbers k for which f(x) is constant for all values of x.

all real numbers k for which there exists a real number 'c' such that f(c)=0.
Ifk=-0.7, determine all solutions to the equation f(x) =0.

If aoand B are the roots of the equation, acos6+bsin0=c then match the entries of column-I with
the entries of column-I1.

Column-I Column-II
2b
e 2b
(A) sina+sinf (P) re
(B)  sina.sinp Q) =2
c+a
2bc
) tan +tanP
©) an 5 an 5 (R) e
2 2
p c’—a
(D) tan> .tan~ = (S)
2 2 a’+b?

EXERCISE-11

Solve the equation : sin5x = 16sin’x.

Find all the solutions of, 4cos2x sinx —2 sin?x =3 sin X.
Solve for x, (—m <x <m) the equation; 2 (cosx+cos2x)+sin2x(1+2cos x)=2sin x.

Find the general solution of the following equation:
2 (sinx — cos 2x) —sin2x (1 + 2 sinx) +2 cos x=0.

Solve the inequality sin2x > /2 sin?x +(2 — /2 )cos2x.

Find the values of x, between 0 & 2, satisfying the equation;
3x X

cos3x + cos 2x=sin7 +sin5.

Find the set of values of ‘a" for which the equation, sin*x +cos*x +sin2x +a= 0 possesses solutions.
Also find the general solution for these values of 'a'.

Solve: tan?2x + cot?2x + 2 tan 2x + 2 cot 2x = 6.

X
sec’ =
2

Solve the equation: 1+ 2 cosecx =— >

Solve: tanZx . tanZ3x . tan 4x = tanx — tan?3x + tan 4x.
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Find the set of values of x satisfying the equality

2cos7x
sin| x == | —cos| x+>Z | =1 and the inequality ————— > 2%
4 4 cos3+ sin3
Solve: sin (%} + cos (%J = /2 sinvx.
. . . L 2x+1 02 1 2 1
Find the general solution of the equation, sin Xy sin );+ -3 cos? X3+ =0.
X X X

Let S be the set of all those solutions of the equation,

(1+k)cosx cos (2x —a) = (1 +k cos 2x) cos(x — o) which are independent of k & a.. Let H be the
set of all such solutions which are dependent on k & a.. Find the condition on k & a such that His a
non-empty set, state S. Ifa subset of H is (0, ) in which k =0, then find all the permissible values of a.

Solve fi & Xcos’y + 3xcosy sin’y = 14
olve 1or X &'y, xsin’y + 3xcos’y siny = 13

Find the value of o for which the three elements set S = {sin a., sin 2a., sin 3o} 1s equal to the three
element set T = {cos a, cos 2a, cos 3a}.

Find all values of 'a' for which every root of the equation, a cos 2x+ | a ‘ cos 4x + cos 6x =1

. . . . I .
is also aroot of the equation, sinx cos2x = sin2x c08.3x — 5 sin 5x, and conversely, every root
ofthe second equation is also aroot of the first equation.

Solve the equations for 'x' given in column-I and match with'the entries of column-IIL.

Column-I Column-1I
(A)  cos3x.cos¥x +sin3x.sin*x=0 (P) nnz g
T
(B)  sin3a=4sinasinx +o)sin(x —a) (Q nm+ 4o ne I
where o is a constant # n7.
(C) / |2tanx=1|+]|2cotx~1|=2. R) %+% ,nel
.10 10, - 29 <4 nmoow
(D)  sin®x +eosx = 1 2x. (S) - 7
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EXERCISE-I1I

Find real values of x for which, 272 815"2% s minimum . Also find this minimum value.
[ REE 2000, 3]
Solve the following system of equations for x and y [REE °2001(mains), 3]
5 (cosec’x —3sec’ y) 1 and 2 (2cosecx + \/§|secy|) _ 64,

The number of integral values of k for which the equation 7cosx + 5sinx =2k + 1 has a solution is
(A)4 (B)8 (©) 10 (D) 12
[JEE 2002 (Screening), 3]

cos(au—fB)=1and cos(a+ )= 1/e, where a, 3 € [ 7, ], numbers of pairs of a, 3 which satisfy both
the equations is
(A)O (B) 1 ©)2 (D)4

[JEE 2005 (Screening)]

If 0 <0 <2, then the intervals of values of © for which 28in0 — 5sin@ + 2 >0, is
(ENEMNEE INTE V) N
(A) 6 o’ (B) 26 (©) & 66 D) 43 2

[JEE 2006, 3]
The number of solutions of the pair of equations
2 sin%0 — c0s20 =0
2c0s’0—-3sin0=0
in the interval [0, 27] is
(A) zero (B) one (C)two (D) four [JEE 2007, 3]
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ANSWER KEY
TRIGONOMETRIC EQUATIONS AND INEQUATIONS

EXERCISE-I
T T m 2m Sm
Q.l X—2I‘lTC+6,nEI Q.Z O’E’?’T’? &m
nw nn  In n w3t 5t 2n Tn
= — =_+_ ——————
Q3 x 7 34 or x 4 48,nel Q4 23 8°8° 38
T
Q5 x=2nn+ ?,nel Q6 ao—27; a—7m,o,o+n,where tan o=
Q.7 x=m7/16 Q8 x=2nn + " or 2nm +l7_71: ;nel
12 12
s
Q.9 10solutions Q.10 x=2nm+ )
5
. s s B 5 . X=—"5
Q.11 30°,45°,90°,135°,150° Q.12 3
1
Q.13 06=2nm or 2nn+§;nel Q.14 x=n—Z,neI; sum = 5025
Q15 72° Q16 -2<y<2; %,n Q.17 2nn+§ or(2nt)n—tan'2, ne I

3 1 nm =«
Q19 (a)- 5 b ke {_1’ _5};(0)74: 5 *e Q.20 (A)R; (B)S; (C)P;(D)Q

EXERCISE-IT

TT
Q1 x=nmor xznnig

. n 3m H —_TC+
Q2 nm;nm+(-1)" o or nn+(—1)“( 10) Q.3 35 T
Q4 x=2nmor x=nmw+(=1)" (,’;j or x=n7t+(—1)“%
QS5 nn+§ <x< nn+§ Q.6 %577575977513715
1 A 301
Q.7 5 nrw + (—=1)" sin (1—\/2a+3)] wherenel and a € 503
_ nr 1y an _1yptl = _r
Q8 «x 2 +(=1) g or +(-1) > Q9 x=2n=n 5
Q10 (n+DT yr  where n kel
4
3n al dmn Y
Q.11 X=2nn+7,nel Q.12 x= 4n7t+5 orx = T+E where m, n e W.

w N
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Q.13 x= 2 or ! where n €1

6nn+ 3w — 4 3nm + 3(-1)" sinfl%—

Q14 (i) |ksinal<1 (i)S=nn,nel (i) oeCmn,2n-mn) mel

1 nm 7
Q15 x=+5/5 & y=nn+tan‘15 Q.16 7+§
Q17 a=0or a<-1 Q18 (A)S; B)P;(C)Q; (D)R

EXERCISE-I11

T 43 n 1
Q.1 Min. value=3" for x=(4n— l)z ~ —tan"' = nel; max. value =3° for x=(4n + l)z )

2 4

T T
Q2 x=nn+ (—l)ng andy=mm + P where m & n are integers.

Q3 B Q4 D Q5 A Q6 C

% sk sk sk sk sk sk sk sk sk osk oskoskoskosk sk osk ok skoskosk ok ok
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