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SUPPLEMENT A: SCATTERING FROM NC
MEMBRANE

In order to gain insight into the workings of the
highly scattering NC membrane, we adopt a simple
one-dimensional model that describes light propa-
gating (along the z-axis) in a conservative medium
(absorption here is taken to be zero). Within this
model, the intensities of the forward- and backward-
propagating light waves, If (z) and Ib(z), respec-
tively, are coupled by a phase-independent uniform
backscattering coefficient (Bσn = constant):

dIf
dz

=
dIb
dz

=
1

2

d

dz
(If + Ib) = −Bσn(If − Ib).

(Note: n here is the density of the scatterers, not the
absorbing particles.) Since

dIf
dz
− dIb

dz
= 0⇒ If − Ib = constant = Itransmitted,
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we obtain the solution If (z) = I0 − BσnzItransmitted

and hence

Itransmitted = I0 −BσnZItransmitted =
I0

1 +BσnZ
,

where I0 is the input intensity and Z is the thick-
ness. The corresponding reflection is

R =
I0 − Itransmitted

I0
=

BσnZ

1 +BσnZ
=

Bτ

1 +Bτ
.

SUPPLEMENT B: SCATTERING OF
ELECTROMAGNETIC WAVES FROM TWO
CONCENTRIC SPHERES

Here we consider a plane wave of frequency ω
incident upon a sphere of radius a with a concen-
tric spherical shell of radius b > a. The refractive
indices of the sphere and the shell are n1 and n2 re-
spectively. The refractive index of the outer region
is n3. The corresponding magnetic and dielectric
constants are µ1, µ2, µ3 and ε1, ε2, ε3.

The amplitude coefficients for the field expansion
over the multipole mode functions are obtained by
applying the boundary conditions for the electro-
magnetic field at the two surfaces of dielectric dis-
continuity. According to Ref.1, the total scattering
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cross section of the two concentric spheres is given
by a sum over multipoles

σsca =
2πc2

n23ω
2

∞∑
n=1

(2n+ 1)
(
|an|2 + |bn|2

)
, (S.1)

where

bn = −
ψ′

n(z3b)
z3b

A1 +
√

ε3
µ3
jn (z3b)A2

ζ′n(z3b)
z3b

A1 +
√

ε3
µ3
h
(2)
n (z3b)A2

,

an = −
jn (z3b)A3 +

√
ε3
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ψ′
n(z3b)
z3b

A4

h
(2)
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√
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,

ψn(z) and ζn(z) are the Riccati–Bessel functions,

z1a =
ωn1
c
a, z2a =

ωn2
c
a, z2b =

ωn2
c
b, z3b =

ωn3
c
b,

and the coefficients A1, . . . , A4 are

A1 =
ε2
µ2
X +

√
ε1ε2
µ1µ2

Y,

A2 =

√
ε2
µ2
Z +

√
ε1
µ1
W,

A3 =
ε2
µ2
W +

√
ε1ε2
µ1µ2

Z,

A4 =

√
ε2
µ2
Y +

√
ε1
µ1
X,

where

X =
ψ′

n(z1a)
z1a

[
jn (z2b)h

(2)
n (z2a)− jn (z2a)h(2)n (z2b)

]
,
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[
ψ′
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h
(2)
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jn (z2b)
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,
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ψ′
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[
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− h(2)n (z2a)
ψ′
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,

W = jn (z1a)
[
ψ′
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− ψ′
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z2a
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]
.

The prime denotes a derivative with respect to the
argument of the Riccati–Bessel function.

We are interested in the limit when the radia-
tion wavelength is much larger than the size of the
spheres (ωb/c � 1). Using asymptotics of the
Riccati–Bessel functions at small argument (x� 1)

ψn(x) ≈
2nn!

(2n+ 1)!
xn+1,

ζn(x) ≈
i(2n)!

2nn!

1

xn
,

we obtain that an, bn ∝ (ωb/c)
2n+1. In particular,

for the first two scattering functions we find

b0 ≈ i
ωn3b

c

[
1− ε2

ε3

(
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b

)
− ε1
ε3

a

b
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c
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b
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a

b

]2
,

a0 ≈ i
ωn3b

c

[
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µ3

(
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− µ1
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a
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c
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)
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a
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,

b1 ≈ −
2i

3

(
ωn3b

c

)3
a3 (ε1 − ε2) (ε3 + 2ε2) + b3 (ε2 − ε3) (ε1 + 2ε2)

2a3 (ε2 − ε3) (ε1 − ε2) + b3 (ε2 + 2ε3) (ε1 + 2ε2)
, (S.2)

a1 ≈ −
2i

3

(
ωn3b

c

)3
a3 (µ1 − µ2) (µ3 + 2µ2) + b3 (µ2 − µ3) (µ1 + 2µ2)

2a3 (µ2 − µ3) (µ1 − µ2) + b3 (µ2 + 2µ3) (µ1 + 2µ2)
. (S.3)
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Here we used n1 =
√
ε1µ1, n2 =

√
ε2µ2 and n3 =√

ε3µ3.
The main contribution to the cross section comes

from the dipole scattering for which n = 1. Plug-
ging Eqs. S.2 and S.3 into Eq. S.1 yields the follow-
ing answer for the total scattering cross section:

σsca =
8π

3

(ωn3
c

)4
b6
(
|Fε|2 + |Fµ|2

)
, (S.4)

where

Fε =
f(ε1−ε2)(ε3+2ε2)+(ε2−ε3)(ε1+2ε2)
2f(ε2−ε3)(ε1−ε2)+(ε2+2ε3)(ε1+2ε2)

,

Fµ = f(µ1−µ2)(µ3+2µ2)+(µ2−µ3)(µ1+2µ2)
2f(µ2−µ3)(µ1−µ2)+(µ2+2µ3)(µ1+2µ2)

,

and

f =
a3

b3
.

The absorption cross section is given by

σabs =
2πc2

n23ω
2

∞∑
n=1

(2n+ 1)Re (an + bn) ,

which in the leading order gives

σabs =
4πωn3
c

b3Im (Fε + Fµ) .

Introducing diameter of the nanoparticle d = 2a,
thickness of the protein coating s = b − a, and no-
tations ε1 = εm, ε2 = εp, ε3 = εl, we obtain for
nonmagnetic spheres with µ1 = µ2 = µ3 = 1 the
equations given in the main text.

SUPPLEMENT C: EXAMPLES OF
QUANTITATIVE LATERAL FLOW ASSAYS AND
THEIR ANALYTICAL PARAMETERS

There have been many efforts focused on the
enhancement of sensitivity of LFA detection4,14,15.
High sensitivity LFA detection technologies includ-
ing optical5, photoacuostic16, magnetic17, and elec-
trochemical methods18, etc. Among all these dif-
ferent approaches, we here summarise and compare
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FIG. S1: Contrasts for different pure (not coated
with spike protein) AuNP concentration, each

sample is 2 µL solution on a 3 mm × 3 mm area.

our work with other colorimetry methods in the lit-
erature in Table S1. We show that our work has
reached the lowest quantitative limit of detection
as measured by the number concentration of parti-
cles. The limit of detection in our work is due to
the manufacturing technique of the test strip (the
non-specific biochemical binding). To verify this
and show the superiority of our detection scheme,
in Fig. S1, we examine an idealized experimen-
tal model for the LFA. We apply 2 µL of pure
(not coated with spike protein) AuNP suspended
in water to the nitrocellulose paper (3 mm × 3
mm). We are able to reach an even better LOD of
1× 107 particles/µ L, with a contrast of 0.41%. We
conclude that in future applications, resolution can
likely be further enhanced.
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TABLE S1: Examples of quantitative lateral flow assays and their analytical parameters2–4
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