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Preface

This book is devoted to a rapidly developing branch of the qualitative theory
of differential equations with or without delays. It summarizes the most recent
contributions of the authors and their colleagues in this area and will be a stimulus
to its further development.

There are eight chapters in this book. After the preliminaries in Chapter 1,
we present oscillatory and nonoscillatory properties of first order delay differential
equations and first order neutral delay differential equations in Chapters 2 and 3,
respectively. Classification schemes and existence of positive solutions of neutral
delay differential equations with variable coefficients are also considered. In Chap-
ter 4, oscillation and nonoscillation of second order nonlinear differential equations
without delays is investigated. Chapter 5 is devoted to classification schemes and
existence of positive solutions of second order delay differential equations with or
without neutral terms. Nonoscillation and oscillation of higher order delay dif-
ferential equations is considered in Chapter 6. Chapter 7 features oscillation and
nonoscillation for two-dimensional systems of nonlinear differential equations. Fi-
nally, in Chapter 8, we give some first results on the oscillation of dynamic equations
on time scales. Time scales have been introduced in order to unify continuous and
discrete analysis and to extend those theories to cases “in between”. Many results
given in the first seven chapters of this book may be generalized within the time
scales setting (hence accommodating differential equations and difference equations
simultaneously), and in this final chapter we present some of those results.

This book is addressed to a wide audience of specialists such as mathematicians,
physicists, engineers and biologists. It can be used as a textbook at the graduate
level and as a reference book for several disciplines.

Thanks are due to Xiao-Yun Cao for her assistance in typing portions of the
book and a very special thank you to Dr. Murat Adivar, Dr. Elvan Akin-Bohner,
Dr. Xiang-Li Fei, and Dr. Hai-Feng Huo for their help in proofreading. Finally, we
wish to express our thanks to the staff of Marcel Dekker, Inc., in particular Maria
Allegra and Elizabeth Draper, for their cooperation during the preparation of this
book for publication.

Ravi Agarwal
Martin Bohner
Wan-Tong Li
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CHAPTER 1

Preliminaries

1.1. Introduction

This chapter is essentially introductory in nature. Its main purpose is to present
some basic concepts from the theory of delay differential equations and to sketch
some preliminary results which will be used throughout the book. In this respect,
this is almost a self-contained monograph. The reader may glance at the material
covered in this chapter and then proceed to Chapter 2.

Section 1.2 is concerned with the statement of the basic initial value problems
and classification of equations with delays. In Section 1.3 we provide definition
of oscillation of solutions with or without delays. Section 1.4 states some fixed
point theorems which are important tools in oscillation theory, especially, when
one proves the existence of nonoscillatory solutions.

1.2. Initial Value Problems

Let us consider the ordinary differential equation (ODE)

(1.1) a'(t) = f(t, @)
together with the initial condition
(1.2) J)(to) = Zg-

It is well known that under certain assumptions on f the initial value problem (1.1)
and (1.2) has a unique solution and is equivalent to the integral equation

z(t) = z(to) + /75 f (s,x(s)) ds for t>t.

to

Next, we consider a differential equation of the form
(1.3) ) =f (t, x(t), x(t — 7')) with 7>0 and ¢ >,

in which the right-hand side depends not only on the instantaneous position x(t),
but also on z(t — 7), the position at 7 units back, that is to say, the equation has
past memory. Such an equation is called an ordinary differential equation with delay
or delay differential equation. Whenever necessary, we shall consider the integral
equation
t
z(t) = z(to) —|—/ I (s, x(s), x(s — 7')) ds,

to
which is equivalent to (1.3). In order to define a solution of (1.3), we need to have
a known function ¢ on [tg — T, tg], instead of just the initial condition x(ty) = zo.

1
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The basic initial value problem for a delay differential equation is posed as
follows: On the interval [tg,T], T < oo, we seek a continuous function x that
satisfies (1.3) and an initial condition

(1.4) x(t) =¢(t) forall tekEy,,

where tg is an initial point, Fy, = [to — T, to] is the initial set; the known function ¢
on Ey, is called the initial function. Usually, it is assumed that ¢(tg + 0) = @(to).
We always mean a one-sided derivative when we speak of the derivative at an
endpoint of an interval.

Under general assumptions, the existence and uniqueness of solutions to the
initial value problem (1.3) and (1.4) can be established (see, for example, Gyéri
and Ladas [118]). The solution sometimes is denoted by z(t, ¢). In the case of a
variable delay 7 = 7(¢) > 0 in (1.3), it is also required to find a solution of this
equation for t > tg such that on the initial set

Etoztou{t—T(t): t—7(t) < to, tzto},

x coincides with the given initial function ¢. If it is required to determine the
solution on the interval [tg, T], then the initial set is

Eyr = {to}U{t—T(t) D t—T(t) < to, to < ¢ gT}_
Example 1.2.1. For the equation
y'() = £ (ty(®).y(t - cos”1))
to = 0, Ey = [—1,0], and the initial function ¢ must be given on the interval [—1, 0].

The initial set E;, depends on the initial point g, as can be seen from the
following example.

Example 1.2.2. For the equation
y'(t) = ay(t/2),
we have 7(t) = ¢/2 so that
Ey={0} and FE;=1][1/2,1].

Now we consider the differential equation of nth order with | deviating argu-
ments, of the form

(1'5) y(mO)(t) = f (tvy(t)7 ce ’y(mo_l)(t)vy(t - Tl(t))’ ce ’y(ml_l)(t - Tl(t))7 )
y(t = n(®),. g™V (= n(6)))

where the deviations 7;(¢) > 0, and maxo<;<; m; = n.

In order to formulate the initial value problem for (1.5), we shall need the
following notation. Let ty be the given initial point. Each deviation 7;(t) defines

the initial set Et(:)) given by

E,Sé) ={to} U {t —7i(t): t—1i(t) <to, t > to}-
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We denote E;, = UézlEt(;), and on E, continuous functions ¢, kK = 0,1,..., 4,
must be given, with ;1 = maxg<;<; m;. In applications, it is most natural to consider

the case where on F,,

cpk(t):go(()k)(t) for k=0,1,...,u,

but it is not generally necessary.

For the nth order differential equation, there should be given initial values y(()k),
k=0,1,2,...,n— 1. Now let yék) = pr(to), k=0,1,2,...,p. If u <n—1, then,

in addition, the numbers y(()’”l), ...,yénfl) are given. If the point ¢y is an isolated

point of E , then y(()o), . ,y(()") are also given.

For (1.5), the basic initial value problem consists of the determination of an
(n — 1) times continuously differentiable function y that satisfies (1.5) for ¢t > ¢
and the conditions

y(k) (to +0) = y(()k)
fork=0,1,...,n—1, and
y Bt —7i(t) = or(t —7a(t))  if  t—7i(t) < to

for k =0,1,...,p and i = 1,2,...,1. At the point tg + (k — 1)7 the derivative
y*)(t), generally speaking, is discontinuous, but the derivatives of lower order are
continuous.

Example 1.2.3. Consider

(16) (0= 1 (1000 @.nte — o 0.0 (5 )).

For ty = 0, we have n = 2, [ = 2, u = 0, the initial sets E(()l) = [-1,0], E(SQ) = {0},
and Ey = [—1,0], on which is given the initial function ¢y, y(()o) = ¢p(0), and y(()l)
is any given number.

For (1.5) a classification method was proposed by Kamenskii [141]. We let
A=mg—pu. If X>0, (1.5) is called an equation with retarded arguments or with
delay. If A = 0, it is called an equation of neutral type. If A < 0, it is called an
equation of advanced type.

Example 1.2.4. The equations
y'(t) +at)ylt—7)=0 with 7 >0,
y'(t)+alt)y(t+7)=0 with 7>0,
and
y'(t) +alt)y(t) +bt)y'(t—7)=0 with 7>0

are of retarded type (A = 1), advanced type (A = —1), and neutral type (A = 0),
respectively.

In applications, the equation with retarded arguments is most important; the
theory of such equations has been developed extensively. In this book we study
mainly equations with or without delays.
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1.3. Definition of Oscillation

Before we define oscillation of solutions, let us consider some simple examples.
Example 1.3.1. The equation
Y +y=0
has periodic solutions y;(t) = cost and ys(t) = sint.

Example 1.3.2. Consider the equation

y(0) = 1/ (0) +46%y(1) = 0,

whose solution is y(t) = sint?. This solution is not periodic but has an oscillatory
property.

Example 1.3.3. Consider the equation
1 1
(1.7) y"(t) + iy'(t) - iy(t —m)=0 for t>0,
whose solution y(t) = 1 — sint has an infinite sequence of multiple zeros. This

solution also has an oscillatory property.

Example 1.3.4. Consider the equation

y'(t) = y(~t) = 0.
This equation has an oscillatory solution y;(¢) = sint and a nonoscillatory solution
yo(t) = et + et

Let us now restrict our discussion to those solutions y of the equation

(1.8) y'(t) +a(t)y(t —7(t) =0
which exist on some ray [T}, c0) and satisfy sup{|y(t)| : ¢ > T} > 0 for every

T > T,. In other words, |y(t)| # 0 on any infinite interval [T, 00). Such a solution
sometimes is said to be a regular solution.

We usually assume that a(t) > 0 or a(t) < 0 in (1.8), and in doing so we mean
to imply that a(t) #Z 0 on any infinite interval [T, 00).

There are various possibilities of defining oscillation of solutions of ODEs (with
or without delays). In this section, we give two definitions of oscillation, which
are used in the rest of the book; these are the ones most frequently used in the
literature.

As we see from the above examples, the definition of oscillation of regular solu-
tions can have two different forms.

Definition 1.3.5. A nontrivial solution y (implying a regular solution always) is
said to be oscillatory if it has arbitrarily large zeros for ¢t > ¢, that is, there exists a
sequence of zeros {t,} (i.e., y(t,) = 0) of y such that lim,,_,~ ¢, = co. Otherwise,
y is said to be nonoscillatory.

For nonoscillatory solutions there exists ¢; such that
y(t) #0 forall ¢>t.

Definition 1.3.6. A nontrivial solution y is said to be oscillatory if it changes sign
on (T, 00), where T is any number.
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When 7(t) = 0 and a(t) is continuous in (1.8), the two definitions given above
are equivalent. This is because of the fact that the uniqueness of the solution
makes multiple zeros impossible. However, as Example 1.2.3 suggests, a differential
equation with delay can have solutions with multiple zeros. Then the two definitions
are different, especially for higher order ordinary differential equations which may
have solutions with multiple zeros.

Definition 1.3.5 is more general than Definition 1.3.6. The solution y(¢) = 1—sint
of (1.7) is oscillatory according to Definition 1.3.5 and is nonoscillatory according
to Definition 1.3.6.

In Example 1.3.3, the possibility of multiple zeros of nontrivial solutions is a
consequence of the retardation, since if 7(¢) = 0, the corresponding equation has
no solutions with multiple zeros.

For the system of first order equations with deviating arguments
xl = fl(t,.’lf,l' °T1,Y,Y o T2)a
yl = fg(t,ﬂf, roT,Y,yo T2)a

the solution (z,y) is said to be strongly (weakly) oscillatory if each (at least one) of
its components is oscillatory. Otherwise, it is said to be strongly (weakly) nonoscil-
latory if each (at least one) of its nontrivial components is nonoscillatory.

1.4. Some Fixed Point Theorems

Fixed point theorems are important tools in proving the existence of nonoscil-
latory solutions. In this section we state some fixed point theorems that we need
later. Let us begin with the following notation.

Let S be any fixed set and Cg be the relation of strict inclusion on subsets of S:
CS:{(A,B): AngSandAaéB}

We write A Cg B instead of the notation (A, B) € Cs.

For the set of real numbers, we have the usual ordering relation <. For any
distinct real numbers x and y, either x < y or y < z.

Definition 1.4.1. A partial ordering is a relation R satisfying
(i) if xRy and yRz, then xRz (i.e., R is transitive),
(ii) if xRy and yRx, then z =y (i.e., R is antisymmetric).

If < is such a relation, then we can define z < y if either x < y or z = y. It is
easy to see that x <y < z implies x < z.

Lemma 1.4.2. Assume that < is a partial ordering. Then for any x, y, and z, at
most one of the three alternatives

r<y, =y, y<zw
can hold. Also, x <y < x implies T = y.
Definition 1.4.3. Suppose that < is a partial ordering on A, and consider a subset
C of A. An upper bound of C is an element b € A such that z < b for all z € C.

Here b may or may not belong to C. If b is the least element of the set of all upper
bounds for C, then b is called the least upper bound (or supremum) of C'. We write



6 1. PRELIMINARIES

b = supC. Similarly we define the greatest lower bound or infimum a of C' and
write a = inf C..

Example 1.4.4. Consider a fixed set S. The set consisting of all subsets of S is
denoted by P(S). Let the partial ordering be Cg on S. For A and B in P(S), the
set {4, B} has a least upper bound (w.r.t. Cg), namely AU B.

Theorem 1.4.5. Let < be a partial ordering relative to a field A, and suppose that
every B C A has a least upper bound and that inf A € A. Suppose that F maps A
into A in such a way that for all z,y € A,

x <y implies Fx < Fy.
Then F has a fixed point in A, i.e., Fx = x for some x € A.

Definition 1.4.6. A subset S of a normed space X is called bounded if there is a
number M such that ||z]] < M for all x € S.

Definition 1.4.7. A set S in a vector space X is called converz if, for any z,y € S,
Ax+ (1 =Xy e Sforall Ael0,1].

Definition 1.4.8. Let M, N be normed linear spaces, and X C N. An operator
T : X — M is called continuous at a point x € X if for any € > 0 there exists 6 > 0
such that [Tz — Ty|| < ¢ whenever y € X with ||z —y| < 6. The operator T is
called continuous on X, or simply continuous, if it is continuous at all points of X.

Theorem 1.4.9. FEvery continuous mapping of a closed bounded convez set in R™
into itself has a fired point.

Definition 1.4.10. A subset S of a normed space B is called compact if every
infinite sequence of elements of S has a subsequence which converges to an element
of S.

We can prove that compact sets are closed and bounded, but vice versa this is
in general not true.

Lemma 1.4.11. Continuous mappings take compact sets into compact sets. In
other words, if M, N are normed linear spaces, X C M is compact, andT : X — N
is continuous, then the image of X under T, i.e., the set T(X) ={Tz:xz € X}, is
compact.

Definition 1.4.12. A subset S of a normed linear space N is called relatively
compact if every sequence in S has a subsequence converging to an element of N.

It is obvious that every subset of a compact or relatively compact set is relatively
compact.

Lemma 1.4.13. The closure of a relatively compact set is compact, and a closed
and relatively compact set is compact.

Definition 1.4.14. A function f : R — C is called bounded on an interval I C R
if there exists M > 0 such that |f(z)| < M for all z € I. A family F of functions
is called uniformly bounded on I if there exists M > 0 such that |f(z)| < M for all
xelandal feF.

Lemma 1.4.15. Continuous mappings on compact sets are uniformly continuous.
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Definition 1.4.16. A family F of functions is called equicontinuous on an interval
I C R if for every € > 0 there exists § > 0 such that for all f € F, |f(z) — f(y)| <e¢
whenever z,y € I with |z — y| < 4.

Theorem 1.4.17 (Arzela—Ascoli). A set of functions in Cla,b] with
Ifll = sup |f(z)]

z€la,b]
is relatively compact iff it is uniformly bounded and equicontinuous on [a,b].

Theorem 1.4.18 (Schauder’s First Fixed Point Theorem). If S is a convex and
compact subset of a normed linear space, then every continuous mapping of S into
itself has a fixed point.

Theorem 1.4.19 (Schauder’s Second Fixed Point Theorem). If S is a convex
closed subset of a normed linear space and R a relatively compact subset of S, then
every continuous mapping of S into R has a fized point.

Theorem 1.4.19 is the more useful form for the theory of ordinary differential
equations or delay differential equations.

Remark 1.4.20. We should point out that we need to use Theorem 1.4.17 care-
fully, because we usually discuss problems on the infinite interval [tg,00) in the
qualitative theory of ODEs. That is, we usually want to prove that the family
of functions is uniformly bounded and equicontinuous on [tg,00). Levitan’s result
[168] provides a correct formulation. According to his result, the family of func-
tions is equicontinuous on [tg,o0) if for any given € > 0, the interval [tg,o0) can
be decomposed into a finite number of subintervals in such a way that on each
subinterval all functions of the family have oscillations less than .

Definition 1.4.21. A real-valued function p defined on a linear space X is called
a seminorm on X if

(1) plx+y) < p(z)+ p(y) for all z,y € X,
(i) p(azx) = |a| p(z) for all z € X and all scalars a.

From this definition, we can prove that a seminorm p satisfies p(0) = 0,
p(x1 — x2) = |p(21) — p(22)],
and in particular p(z) > 0. However, it may happen that p(z) = 0 for = # 0.

Definition 1.4.22. A family P of semimorms on X is said to be separating if to
each x # 0 there corresponds at least one p € P with p(z) # 0.

For a separating seminorm family P, if p(x) = 0 for every p € P, then x = 0.

Definition 1.4.23. A topology 7 on a linear space F is called locally conver if
every neighborhood of the element 0 includes a convex neighborhood of 0.

A locally convex topology 7 on a linear space E is determined by a family of
seminorms {p, : @ € I'}, I being the index set.

Let E be a locally convex space, x € E, {z,} C E. We say that z,, — x in F if
Pa(xn —2x) — 0 as n — oo for every a € I.

A set S C E is bounded if and only if the set of numbers {p,(z) : € S} is
bounded for every a € I.
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Definition 1.4.24. A complete metrizable locally convex space is called a Fréchet
space.

Theorem 1.4.25 (Schauder—Tychonov Theorem). Let X be a locally convex topo-
logical linear space, C' a compact convex subset of X, and f : C — C a continuous
mapping such that f(C) is compact. Then f has a fized point in C.

For example, C([tg,>0),R) is a locally convex space consisting of the set of all
continuous functions. The topology of C' is the topology of uniform convergence
on every compact interval of [tg,00). The seminorm of the space C([tg,00),R) is
defined by

pPa(xz) = max |z(t)] for ze€C and «€ [tg,00).
t€(to,a]
Let X be any set. A metric in X is a function d : X x X — R having the
following properties for all z,y, z € X:

(i) d(x,y) >0, and d(x,y) = 0 if and only if x = y;
(ii) d(z,y) = d(y,z);
(ili) d(z,2) <d(x,y)+d(y, 2).

A metric space is a set X together with a given metric in X. A complete metric
space is a metric space X in which every Cauchy sequence converges to a point in
X. A Banach space is a normed space that is complete with respect to the metric
d(z,y) = ||z — y|| defined by the norm.

Let (X,d) be a metric space and let T : X — X. If there exists a number
L €[0,1) such that
d(Tz,Ty) < Ld(z,y) forall z,y€ X,

then we say that T is a contraction mapping on X.

Theorem 1.4.26 (Banach’s Contraction Mapping Principle). A contraction map-
ping on a complete metric space has exactly one fived point.

Theorem 1.4.27 (Krasnosel’skii’s Fixed Point Theorem). Let X be a Banach
space, let  be a bounded closed convex subset of X, and let A, B be maps of  into
X such that Ax + By € Q for every pair x,y € Q. If A is a contraction and B is
completely continuous, then the equation

Arxr+ Br ==

has a solution in 2.

A nonempty and closed subset K of a Banach space X is called a cone if it
possesses the following properties:

(i) If « € R* and = € K, then az € K;
(ii) if z,y € K, then 2 + y € K
(iii) if x € K\ {0}, then —z ¢ K.

Theorem 1.4.28 (Knaster’s Fixed Point Theorem). Let X be a partially ordered
Banach space with ordering <. Let M be a subset of X with the following properties:
The infimum of M belongs to M and every nonempty subset of M has a supremum
which belongs to M. LetT : M — M be an increasing mapping, i.e., x <y implies
Tx <Ty. ThenT has a fized point in M.
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Let X be a Banach space, let K be a cone in X, and let < be the ordering in
X induced by K, i.e., x <y if and only if y — x € K. Let D be a subset of K and
T :D — K a mapping.

We denote by (x,y) the closed ordered interval between z and y, i.e.,

<x,y):{z€X: xgzgy}.

We assume that the cone K is normal in X, which implies that ordered intervals
are norm bounded. The cones of nonnegative functions are normal in the space of
continuous functions with supremum norm and in the space LP.

Theorem 1.4.29. Let X be a Banach space, K a normal cone in X, D a subset
of K such that if z,y € D with x <y, then (x,y) C D, and let T : D — K be
a continuous decreasing mapping which is compact on any closed ordered interval
contained in D. Suppose that there exists xg € D such that T?zq is defined (where
T2z = T(Tx0)) and furthermore Txq, T?xo are (order) comparable to xo. Then
T has a fixed point in D provided that either

(i) Txo < o and T?xg < x0, or Txg > 70 and T?xy > o, or
(ii) the complete sequence of iterates {T"xo}>, s bounded and there exists
Yo € D such that Tyy € D and yo < T"xq for all n € Ny.

Theorem 1.4.30. Let X be a Banach space and A : X — X a completely con-
tinuous mapping such that I — A is one-to-one. Let Q0 be a bounded set with
0 € (I —A)Q). Then the completely continuous mapping S : Q@ — X has a
fized point in the closure Q if for any X € (0,1), the equation

x=ASz+ (1-)\)Azx

has no solution x on the boundary 0 of €.

1.5. Notes

The material in Chapter 1 is based on Erbe, Kong, and Zhang [92], Ladde,
Lakshmikantham, and Zhang [166], and Zhong, Fan, and Chen [304].



CHAPTER 2
First Order Delay Differential Equations

2.1. Introduction

In this chapter, we will describe some of the recent developments in oscillation
theory of first order delay differential equations. This theory is interesting from the
theoretical as well as the practical point of view. It is well known that homogeneous
ordinary differential equations (ODEs) of first order do not possess oscillatory solu-
tions. But the presence of deviating arguments can cause oscillation of solutions. In
this chapter we will see these phenomena and we will show various techniques used
in oscillation and nonoscillation theory of differential equations with delays. We
will present some criteria for oscillation and for the existence of positive solutions
of delay differential equations of first order.

2.2. Equations with a Single Delay: General Case

We consider linear delay differential inequalities and equations of the form

(2.1) a'(t) + p(t)z (r(t)) <0,

(2.2) z'(t) 4+ p(t)x (1(t)) > 0,

and

(2.3) a'(t) + p(t)x (7(t) = 0,

where p, 7 € C([tp,0),RT), 7(t) < ¢, and lim; o 7(t) = co. Set

(2.4) m = litrginf p(s)ds and M = 1imsup/ p(s)ds.
o Jrt) t—oo Jr(t)

The following lemmas will be used to prove the main results of this section. All in-
equalities in this section and in the later parts hold eventually if it is not mentioned
specifically.

Lemma 2.2.1. Suppose that m > 0 and set
4(t) = max {T(S) 1 s€ [to,t]} :

Then we have

t ¢
(2.5) lim inf/ p(s)ds = litm inf/ p(s)ds = m.
5 — 00

t=oo Js(t) (t)

Proof. Clearly, 6(t) > 7(t) and so

t t
/ p(s)ds < / p(s)ds.
4(t) (1)

11
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Hence
t t

lim inf p(s)ds < liminf p(s)ds.
oo s e e

If (2.5) does not hold, then there exist m’ > 0 and a sequence {t,} such that
t, — 00 as n — oo and
[2%
lim p(s)ds <m' < m.
n— oo 8(tn)
By definition, d(¢,) = max{7(s) : s € [to,tn]}, and hence there exists ¢, € [to,t,]
such that 6(¢,) = 7(t],). Hence

tn tn tn
/ p(s)ds = / p(s)ds > / p(s)ds.
3(tn) m(t,) T(t)

o0

It follows that { f:a/ ) p(s)ds} is a bounded sequence having a convergent sub-
sequence, say " n=t

t,
/ ’ p(s)ds —c<m' as k— oo,
~(th,)

which implies that
t
liminf/ p(s)ds <m/,

t—o0o
(t)
contradicting the first definition in (2.4). O
Lemma 2.2.2. Let x be an eventually positive solution of (2.1).
(i) If m > 1, then

L) _
(2.6) Jim =5

(ii) If m <1, then

2(7()
AT =N

where X\ is the smallest positive root of the equation

(2.7) A =™,

Proof. Let ¢ be a sufficiently large number so that z(7(t)) > 0 for ¢t > t;. Hence x
is decreasing on [t1,00) and

(2.8)

Integrating (2.8) from 7(t) to t we have that eventually

z(7(t)) '
o) > exp (/T(t) p(s)ds) .

Then, for any € > 0, there exists 7. such that

z(7(t))
x(t)

(2.9) >e™—¢ forall t>T..
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7;/((;)) < _(enz _ €)p(t) for t > T, and hence

im in z(r(*))

Substituting (2.9) into (2.8) we have

> exp (me™).

Set A\p = 1 and recursively \,, = exp(mA,_1) for all n € N. For a sequence {e,}
with £, > 0 and €, — 0 as n — oo, there exists a sequence {t, } such that ¢, — oo
as n — oo and

(1)) >\, —€, forall t¢>¢t,.
x(t)
Ifm > é, then lim,, o0 A, = 00, and (2.6) holds. If m = %7 then lim, oo A\, = €,
and if m < 1, then A, tends to the smallest root of (2.7). O

Remark 2.2.3. From Theorem 2.2.6 we will see that (2.1) has no eventually pos-
itive solutions if m > %

Lemma 2.2.4. Assume 7 is nondecreasing, 0 < m < %, and x is an eventually
positive solution of (2.1). Set
r = lim inf ﬂ
t—oo z(7(1))
Then
1—m—1-2m—m2
(2.10) A(m) = — MZ <<

2

Proof. Assume that x(t) > 0 for ¢t > Ty > to and that there exists a sequence {T,}
such that Ty < Ty < T3 < ...and 7(t) > T, for t > T}, 11, n € N. Hence z(7(t)) > 0
for t > Ty. In view of (2.1), 2/(¢) < 0 on (T3, 00). Clearly, (2.10) holds for m = 0.
Ifo<m< é, for any e € (0,m), there exists N, such that

¢
(2.11) / p(s)ds >m —¢e for t> N..
(t)

Let ¢ >0 and t > N.. Then
A
fA) = / p(s)ds is continuous and Alim fA) >m—e>0= f(t).
t —00
Hence there exists A\; > t such that f(A\:) = m —e¢, i.e.,

At
/ p(s)ds=m —¢
¢

holds. From (2.11) we have
At e
/ p(s)ds >m —e = / p(s)ds
T t

(Ae)
and therefore 7(\;) < t.
Integrating (2.1) from ¢ > max{7Ty, N.} to \; we have

At
(2.12) x(t) — 2(A) > / )z (r(y))dy.

We see that 7(t) < 7(y) < 7(M\) <tfort <y < A
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Integrating (2.1) from 7(y) to ¢ we have that for t <y < A\

(213)  (r@y) —z(t) > /()p<u>x<r<u>>du

> (1) / i

= a(r(t) ( / :) pujdu— [ yp(u)du)

) [<m o[ yp(u)du] .
From (2.12) and (2.13) we have

At
(2.14) 2(t) > =(M) + / p(y)(r(y))dy

> o+ | ¥ o) {4 atr) =2~ "ot au] fay

At Yy
— (A +a()(m — &) +a(r(1) [(m—e)?— Iy p(u)dudy].

Noting the known formula

/ A1/ w)dudy = / ’ / ’ u)dydu = /t ’ /y Atp(y)p(U)dudy,

we have

[ [ sowtarinay - [ [ [ sowturiuay + [ /jp<y>p<u>dudy]

Ao A

= / / u)dudy

= 5 l/t p(s)ds]

= %(m — ).
Substituting this into (2.14) we have
(2.15) z(t) > xz(M) + (m—e)z(t) + %(m —e)2x(7(t)).
Hence (note that 1 —m +¢ > 0)

x(t) (m—e)?®

(2.16) @) W —mye W
and then

(m —e)?

x(A) > mx(T(At)) = dix(T(A)) > dyz(t).

Substituting this into (2.15) we obtain

z(t) > (m+dy —e)x(t) + %(m —e)2z(1(t)),
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and hence

In general we have
x(t) (m—¢)®
z(r(t)) = 20—m—d,+e

It is not difficult to see that if € is small enough, then 1 > d,,+1 > d,, for all n € N.
Hence lim,, . d,, = d exists and satisfies

—2d% +2d(1 —m +¢) = (m —¢)?,

] =:dyy1 for meN.

i.e.,

_ 1—m+5i\/1—2(m—5)—(m—5)2.

a 2

Therefore, for all large t,

a(t) l-m+e- V1=2(m—¢)—(m—¢)?
xz(r(t)) — 2 ’

Letting € — 0, we obtain that

—m— 1 —2m —m2
x(t) > l-m—+v1-2m—m — A(m).
x(7(t)) 2

This shows that (2.10) holds. O

Lemma 2.2.5. Assume that M € (0,1] and that T is nondecreasing. Let x be an
eventually positive solution of (2.1). Set

fmint “CE)

P ()

Then

(2.17) 1< B(M) = (WW)Q

Proof. For a given € € (0, M), there exists a sequence {t,} such that ¢, — oo as
n — oo and

tn
/ p(s)ds>M —¢, t,>T, neN.
T(tn)

Set . = 1— /1 — (M —¢). It is easy to see that 0 < 6. < M — ¢ for small .
Hence there exists {\,} such that 7(¢,) < A\, < t,, and

tn
/ p(s)ds =0, for mneN.
An

Integrating (2.1) from A, to t,, we obtain

tn

p(s)a(r(s)ds = 2(r(t)) [ pls)ds = a(r(t.)).

An

200 — (b 2/

>\TI,



16 2. FIRST ORDER DELAY DIFFERENTIAL EQUATIONS

Similarly, we have

2(7(tn)) — ©(An)

Y

A’Vl,
/ p(s)(r(s))ds
T(tn)

v

An
ﬂmmﬂﬂmm

=xwmﬂﬂ;mw—fb@ﬂ

> z(t(An))(M —e —0,).
From the above inequalities we get
() > 0a(7(tn)) > 0 (2(A) + 2(r(0))(M — & = 6.))

and then
z(t(A\n)) 1-06,

On) .M —z-0)

for neN,

which implies that

l<—1_9€
T 0.(M—e—-06.)

Now, 8. — 1 —+/1 — M as € — 0, and then we obtain
- VI— M _<1+\/1—M>2
TA-VI-M)(M-1+1-M) M ’

which is (2.17). O

for all €€ (0,M).

We are now in a position to state oscillation criteria for (2.3).
Theorem 2.2.6. Assume m > é Then

(i) (2.1) has no eventually positive solutions;
(i) (2.2) has no eventually negative solutions;
(iii) every solution of (2.3) is oscillatory.

Proof. Tt is sufficient to prove (i) as (ii) and (iii) follow from (i). Suppose the
contrary is true, and let z be an eventually positive solution of (2.1). In view of
Lemma 2.2.1, we may assume that 7 is nondecreasing. By Lemma 2.2.2,

z(7(t))

“ﬁi{}f o) = 0

On the other hand, from (2.16), I(JCT((:))) is bounded above. This contradiction proves
(i). O
Remark 2.2.7. If 7 is nondecreasing and M € (0,1], then the condition m > 1 in

Theorem 2.2.6 can be replaced by

1
(2.18) m > nTb with b= min{e, B(M)},

where B(M) is defined in (2.17).



2.2. EQUATIONS WITH A SINGLE DELAY: GENERAL CASE 17

Proof. To see this, let = be a positive solution of (2.1). Set w(t) = z(;((tt))) By
Lemma 2.2.5, liminf; o w(t) =1 < B(M). From (2.1), we obtain

>p(tw(t) forall t>T,

where T is sufficiently large. Integrating from 7(t) to ¢ we obtain
t

() > [ | Plels)ds = w(E) / NOE

for some & € [7(t),t] and hence

Inl =liminflnw(t) > Im

t—oo

and

—_

nl Inb
i G
I — b

which contradicts (2.18). Therefore (2.1) has no eventually positive solutions. [

m <

Theorem 2.2.8. Assume 0 < m < i and T is nondecreasing. Furthermore, sup-
pose

(2.19) M >1— A(m),
where A(m) is defined in (2.10), or
InA+1
N
where X is the smallest positive root of the equation (2.7). Then the conclusions of
Theorem 2.2.6 are true.

(2.20) M >

Proof. As in Theorem 2.2.6, it is sufficient to show that under our assumptions (2.1)
has no eventually positive solutions. We assume that x is an eventually positive
solution of (2.1). Integrating (2.1) from 7(¢) to ¢ we obtain

w(r(t)) — 2(t) > / .

Then if (2.19) holds, by Lemma 2.2.4, we have

t

p(s)z(7(s))ds > (v (1)) / P

— limsu ‘ s)ds imsu - z(?)
(221) M= ltﬂoop ~/7:(t) p( )d = 1tHoop |:1 x(T(t))]

= 1-—limin z() =1l=r —aim

= 1 1t—>oof x(7(t)) ! < 1= Alm),

which contradicts (2.10).
If (2.20) holds, choose m’ < m sufficiently close to m such that

K In )\ +1

(2.22) M = limsup/ p(s)ds > ¥,
t—o0 'r(t) )\
m/)\.

where X\ is the smallest root of the equation A = e

Clearly, ' < X\ and hence lnﬁ\# > M%l By Lemma 2.2.2, we have

(2.23) sc(;(it))) >\ for all large t.
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From (2.22), there exists ¢; so that (2.23) holds for all ¢ > 7(7(¢1)), and
h In)\ +1
T(l1

Without loss of generality denote ¢y = 7(t1). We shall show that z(¢) > 0 on
[to, 1] will lead to a contradiction. In fact, let ¢t € [to,t1] be a point at which
x(tg)/z(t2) = N. If such a point does not exist, take t5 = ¢;. Integrating (2.1) over
[t2, t1] and noting that z(7(t)) > x(to), we have

t1 1
. < —.
(2.25) /t2 p(s)ds < Y

On the other hand, dividing (2.1) by =(¢) and integrating it over [to, t2] we find

t2 1 [ 2'(s) In \
2.2 ds < —— ds = .
(2.26) /to p(s)ds < W /t 2(s) S W

0
Combining (2.25) and (2.26) we get

ty1 1 / 1
/ p(s)ds < hX+1 ,
to

)\/
which contradicts (2.24). O

Example 2.2.9. Consider the equation

0.85 T
2.27 "(t) + —————= (2a + cost t——) =0,
(2:27) # (0 + == (2a+ cost)e (- 3)
where @ = 1.137. Then (2.27) is in the form (2.3) with
0.85 T
t) = ——— (2a + cost and ty=t— —.
Pt = = ) () =t-3
We have
t 0.85 T
s)ds = —— (ar 4+ V2cos (t — =) ).
[, piovts= 2 (e aeos - 7))
Hence

t
V2 1
m:mMM/ m@wzo%gliczo%mw<f

I am + \/5 €

and

t
M= limsup/ p(s)ds = 0.85.

t—o0o (t)

It is easy to see that (2.19) holds. Therefore every solution of (2.27) is oscillatory.

In the following we will consider the existence of positive solutions of a linear
delay differential equation of the form

(2.28) ) +x(t—71(t) =0,
where 7 € C([to,00), RT) and limy_, oo (t — 7(t)) = 00. Set Ty = infy>4 {t — 7(£)}.

Definition 2.2.10. A solution z is called positive with respect to the initial point
to, if  is a solution of (2.28) on (tg,c0) and x(t) > 0 for all ¢ € [Tp, 00).
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Theorem 2.2.11. Equation (2.28) has a positive solution with respect to to if and
only if there exists a real continuous function Ao on [Ty, 00) such that Ao(t) > 0 for
all t >ty and

(2.29) () <t — Ay (Ao(t) “In )\o(t)) forall > to,
where Ag(t) = f:ﬁo No(s)ds, and Ayt denotes the inverse function of Ag.

Proof. We first prove necessity. Let xo be a positive solution of (2.28) with respect
to to. Then zo(t) > 0 for all t € [Ty, 00). Set

zo(t —7(t))
xo(t)

Clearly, Ao(t) > 0 for all ¢ > ¢, and hence Ag(t) = f;o Ao(s)ds defines a function
Ag on [T, 00), which is strictly increasing on [tg, 00). We have for ¢ > ¢

InX(t) = In <x°(t_7(t))> = —/tt 20(5) 4

xo(t) —r(t) To(8)

— /i ()/\O(s)ds = Ao(t) — Ao(t — 7(t))

Ao(t) = for all ¢ > Tp.

and therefore

~
[
9
—~
~
~
I
=
<
-
/N

Ao(t) — In Ao(t)> .
Then

\‘
—~
~
S~—"
Il
~
\
=
Sl
—
/

Ao(t) = Tn Ao (1))
so that (2.29) holds.

Now we prove sufficiency. If there exists a function Ag such that (2.29) holds,
then

Ao (t—7(t)) > Ao(t) —InAo(2)

Xo(t) > exp (/t_ o )\O(s)ds> .

t
exp / Ao(s)ds if t>+t
Ai(t) = ( t—7(t)

Al(to) + /\o(t) — /\0(t0) if te [To,to).
Clearly, A1(t) < Ao(t) for t > Tp and 0 < Ay () < Ag(t) for t > to. In general, we

define
t
exp / A—1(8)ds |a if t>t
An(t) = (tr(t) 1 ) ’

)\n(t()) + Ao(t) — Ao(to) if te [To,to).

and

Define

Thus
Ao(t) — )\o(to) S )\n(t) S )\nfl(t) S e S Ao(t) for all t Z TO
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and A, (t) > 0 for all ¢t > tg. Then lim,_,o0 Ap(t) = A(f) exists for t > Tp and

¢ ¢
lim An(8)ds = / A(s)ds forall t>tg.
o0 Jr—r(t) t—(t)
Hence
¢
A(t) = exp (/ A(s)ds) for all ¢ > to.
t—7(t)
Set
¢
x(t) = exp (—/ A(s)ds) for t>To.
To
Then z is a positive solution of (2.28) with respect to . O

Remark 2.2.12. If we take A\g(¢) = A > 0 in Theorem 2.2.11, then condition (2.29)
becomes

In A
(2.30) (t) < HT for all ¢ > to.
In particular, if A = e, then (2.30) becomes
1
(2.31) T(t) < — forall ¢>to,
e

i.e., (2.31) is a sufficient condition for the existence of positive solutions of (2.28).
Let to = 3 and Ao(t) = 2¢. Then by Theorem 2.2.11, if

T(t) =t — /12 —In2t,

then (2.28) has a positive solution with respect to to = 1. In fact, z(t) = et is
such a solution. We note that

(B)=5-VE) s
2 2 2 e
This example shows that (2.31) is not necessary for the existence of a positive
solution of (2.28).

—_

We now consider the linear equation of the form
(2.32) Z'(t) + pt)z (t —7(t) =0,

where p, 7 € C([tg,00),RT), 7(t) < t, and lim;_o(t — 7(t)) = co. As before, set
Ty = infy >4 {t — 7(¢)}. Similarly as in Theorem 2.2.11 we can prove the following
result.

Theorem 2.2.13. FEquation (2.32) has a positive solution with respect to to if and
only if there exists a continuous function Ao on [To,00) such that Ao(t) > 0 for
t >ty and

t
(2.33) Ao(t) > p(t) exp (/ /\O(s)ds> forall t>ty.
t—7(t)
Remark 2.2.14. If p(t) > 0, then (2.33) can be replaced by

Ao(t)
p(t)

T(t) <t — Ayt (Ao(t) —In ) for all ¢ > to.
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Corollary 2.2.15. If

t
/ p(s)ds <
t—7(t)

then (2.32) has a positive solution with respect to tg.

for all t>ty,

Q| =

Proof. If we take A\g(t) = ep(t), then (2.33) is satisfied. Then the corollary follows
from Theorem 2.2.13. O

Theorem 2.2.16. Assume that 7(t) = 7 > 0 and ftzo p(t)dt = co. Then (2.32)
has a positive solution with respect to to if and only if there exists a continuous
function Mg on [tg — T,00) such that

(2.34) / t p(s)ds <t — Ay (Ao(t) —In )\O(t)> forall > to.

-7

Proof. Set u= P(t) = ftz p(s)ds for t > to. Then

P~ (u)
t—7=pP"" u—/ p(s)ds | .
Pl (u)—7

Denote

Then (2.32) becomes
P~ (w)

(2.35) 2(u)+ 2| u— / p(s)ds | = 0.
P~Y(u)—T

By Theorem 2.2.11, (2.34) is a necessary and sufficient condition for (2.35) to have
a positive solution with respect to 0. From the transformation, it is equivalent to
(2.32) having a positive solution with respect to to. O

Remark 2.2.17. If we choose A\g(t) = e in (2.34), then we obtain

1
—  forall t>t.
e

(2.36) /ti p(s)ds <

As we have mentioned, (2.36) is a sufficient condition and is not a necessary condi-
tion for the existence of a positive solution of (2.32).

Combining Theorem 2.2.6 and (2.36), we obtain the following corollary.

Corollary 2.2.18. Let p(t) = p > 0 and 7(t) = 7 > 0. Then a necessary and
sufficient condition for all solutions of (2.32) to be oscillatory is that pre > 1.

Remark 2.2.19. The above techniques can be used on the first order advanced
type equations

(2.37) 2(t) =z (t+7(t))
and

(2.38) () =pt)x (t+7(t)),
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where p, 7 € C([tg, ), RT). For example, (2.37) has a positive solution if and only
if there exists a continuous function A € C([Tp, 00), R) such that

(2.39) r(t) < A7 (A(t) + m(t)) 4,

where A(t) = fti A(s)ds. If we let A(t) = A > 0, then (2.39) becomes 7(t) < 1,
which is a sufficient condition for the existence of a positive solution of (2.37).

For (2.38), assume
47 (t) 1
lim inf p(s)ds > —.
t—oo t €
Then every solution of (2.38) oscillates.
If 7(¢t) = 7 > 0, then (2.38) has a positive solution if and only if there exists a
continuous function A such that

/HTp(s)ds < A7 (A + A

Corollary 2.2.18 is also true for (2.38).

2.3. Equations with Variable Delay: Critical Case

In this section we will consider oscillatory solutions of (2.3) in the critical case

‘ 1
lim p(s)ds = —
t—o0 T(t) e

under the assumption

t
(2.40) / p(s)ds > 1
(1) €

We suppose that the delay function 7 in (2.3) is strictly increasing on [tg, 00) with
7(t) < t and lim;_,o 7(f) = 00, and define recursively

the1 =7 '(tg) forall k€ Ny.

Clearly t;, — oo as k — oco. Moreover, the coefficient p is assumed to be a piecewise
continuous function satisfying (2.40). We define a set Ay for 0 < A < 1 as follows.

Definition 2.3.1. The piecewise continuous function p : [tg, 00] — [0, 0] belongs
to A, if (2.40) holds for all ¢ > t; and

t 1 tht1 1
(2.41) / p(s)ds > — + g (/ p(s)ds — ) st € (th,tesa], KEN
7(t) € th e

for some A\ > 0 with
likminf A=A >0.

Remark 2.3.2. If f:(t)p(s)ds is a nonincreasing function and f:(t)p(s)ds > 1
then p € A;, since we may choose Ay = 1 in (2.41). However, the monotonicity
is not a necessary condition; e.g., in the case 7(t) = ¢t — 1, the condition that the
function

1 in”
ST ith K> 0and0<a <2

(2.42) p(s) = +K



2.3. EQUATIONS WITH VARIABLE DELAY: CRITICAL CASE 23
. £ . . . .
belongs to A; becomes the condition that [ sin?(7s)/s%ds is a nonincreasing
function.

Lemma 2.3.3. Assume that x is a positive solution of (2.3) on [tk—2,tk+1] for
some k > 2. Let N be defined by

N = min
b <t<tpy1 x(t)

Then N < (2e)?.

Proof. Let L be the integral
tht1
L:= / p(s)ds >

tr

Q|

By Lemma 2.2.5, we obtain
2
1 1-L
v (FREE)
L
Since the right-hand side is a decreasing function of L, we get

2
14+4/1-1
N<|—F——| < (2%

The proof is complete. O

Lemma 2.3.4. Assume that x is a positive solution of (2.3) on [tg—3,tk—1] for
some k >3 and p € Ay. Let M and N be defined by

M = min z(r(*)) and N = min m(T(t))
ta<t<t, x(t) te<t<tp  x(t)
Then

1 bt 1
M>1 and NZexp(M{Jr)\k(/ p(s)ds)})zM.
e b e

Proof. Following the lines of the proof of Elbert and Stavroulakis [82, Lemma 1],
we have min{M, N} = M, and by (2.41) for ¢, <t < tg41

0 o], o) ool oo [ o).

which implies the inequality concerning N. On the other hand, x is a strictly de-
creasing function on [tg_2, tx+1]. Hence x(7(¢))/z(t) > 1 on [tx—_1, k], and therefore
M > 1. The proof is complete. O

The next lemma deals with some properties of the sequence {r;}°, defined
recursively by

(2.43) ro=1 and r;y1= e"i/¢ for i € Ny.
Lemma 2.3.5. For the sequence {r;}52, defined in (2.43) we have:

(i) Ty < Titls
(ii) r; <e;
(iil) lm; oo = €;
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(iv) r; >e—2¢e/(i+2).
Proof. The first two relations can be proved by induction. As a consequence of (i)

and (ii), lim;_ . 7; = r exists and is finite. Then by (2.43) we have
r=e"e.

It is easy to check that

(2.44) e >q  for x#e.

This inequality implies that the limit r is equal to e.

Now we give the proof of (iv). For i = 0 and ¢ = 1 it is immediate. For ¢ € N
the proof can be done induction, so we have

Fip1 = eri/e > 61_2/(i+2),

and it is sufficient to show

el =2/(i42) § o .26
1+ 3
or
f(@i+2)>1, where f(a:):e*Q/:”—l—i.
’ z+1
Since
2 x x
/ _“ —1/z —1/z _
(@) x? <6 er—&—l) (e x—l—l)
and ) )
el/z>1+7:x+ ’
x T
we have f'(z) < 0 and f(i +2) > lim, o f(z) = 1, which was to be shown. The
proof is complete. O

Theorem 2.3.6. Assume p € Ay for some A € (0,1]. If
s} ti 1
(2.45) Z / p(s)ds — — | = o0,
i=1 \7ti-1 ¢
then every solution of (2.3) oscillates.
Proof. Suppose the contrary. Then we may assume that, without loss of generality,

there exists a solution z such that x(t) > 0 for ¢t > t;_3 for some k > 3. Let the
sequence {N;}2, be defined by

(2.46) Ni=  min 20

thopim1StSteys x(t)

By Lemma 2.3.4 we have Ny > 1 and

N; thtitl 1
(2.47) N1 > exp (e) exp | NijAgyi / p(s)ds — - > N,
trti

therefore the sequence {N;}$2 is nondecreasing. On the other hand, it is bounded
by Lemma 2.3.3. Consequently the sequence converges. Let

lim N; = N.

11— 00
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N > exp (N)
e

Hence by (2.44) we have N = e and

Then (2.47) implies

(2.48) 1<Ny< N <...<e.
From (2.47), in view of (2.44), we obtain

thtit1 1
Ni+1 >N, [ 1+ Ni>\]€+1 / p(S)dS - = .
trti e

trtitr 1
(249) Ni+1 — N; > NZ»Q)\]CJA (/ p(S)dS — > .
trti

e

Thus

From the definition of Ay we know that A = liminfy_, ., Ay > 0, so for any suffi-
ciently small € > 0 there exists a value c. such that A\py; > A —¢ for k +¢ > c..
Thus, for such indices 4, from (2.49) and (2.48) we have

thtitl 1
Niy1 — Ny > N2\ —¢) / p(s)ds — -
toti

€

and

thtit2 1
Nizo = Nip1 > NZi(A—¢) (/ p(s)ds — >
thtit1

thtit2 1
> N!(\—¢) / p(s)ds — — | .
thtitr €

Summing up the inequalities above, we obtain for k + i > ¢,

e thtits 1
(2.50) e—1>e—N; >N (A—¢)> / p(s)ds — = | .
j=1 \/tk+itj—1 €
This last inequality contradicts assumption (2.45). The proof is complete. O

In the next theorem we consider the case where the sum in (2.45) is convergent.

Theorem 2.3.7. Assume p € Ay for some 0 < A <1 and either

. [ [" 1 2
(2.51) Alim suka (/tll p(s)ds — e) >~

koo s
or
> ti 1 1
2.52 Alim inf & ds— = | > —.
(2.52) im in 2 </ti_lp(s) s e) > o

Then every solution of (2.3) oscillates.
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Proof. Suppose the contrary. Then, as in the proof of Theorem 2.3.6, the sequence
{N;}22, defined by (2.46) satisfies the inequalities (2.47)—(2.50). In particular, from

(2.47) we have
N;
Ni+1 Z exp <> .
e

Comparing the last inequality with (2.43), we obtain by induction
No>r9g=1 and N;>r;forieN.
Then by Lemma 2.3.5 (iv) we have
2e
EY
Multiplying (2.50) by k + i > ¢, we obtain from (2.53)

(k+z’)iiez > N2\ —¢e)(k +1) Z (/t mp(s)ds—i)

j=k+i i

(2.53) e—N; <e—1r; <

Taking the limit as ¢ — oo, we get

e tjt1 1
2e > €2\l k ds — -
e > e“Alimsup Z </t p(s)ds e)’

k—oo Ty j

which contradicts (2.51).
Now let A be defined by

0 tit1 1
A =1liminf k ds——|.
k) ([ -

If A = oo, then every solution oscillates by (2.51). Therefore we consider the case
0 < A < oo. For any sufficiently small € > 0 there exists a value ¢ such that for
A=A—e>0and A=A—-e>0

_ e ti+1 1 A
AL > A and Z / p(s)ds — - >— for k>ec..
tj

j=k

If we use the inequality

exp(i)>x+;exp<§> (17£)2 for ¢(<z<e

(& €

in (2.47), then we obtain for N; > ¢ and k+i > ¢.

Nz’ -~ it 1
Niv1 > exp () exp [ N;A / p(s)ds — =
e oy e

1 A e 1
N; + = exp <£> (1 - ) 14+ N;A / p(s)ds— -1 .
2 e e tors e
Consequently

1 N\2 o [ [t 1
Niy1 —N; > 3 exXP (i) (1 - e) + &N (/ p(s)ds — e)
thti

>
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and summing up,

j=t j=k+1

1 £\ — N; £20A
2.54 — = 1——
(2:54) ” QeXp(e>;( e) +k+i
In particular,

e— Yo Gith Uy = E2)0A.
k+1
By iteration we can improve this inequality to
Un

(2.55) e— N; > [ for neNy.

Namely by (2.54) we have

e—N; > ;exp<§>z

Uo  Upta

() i
(k+J) k41
1
+

z+k+z’ k+i’

where 2

% 508
From this it is clear that the sequence {U, }52, is increasing. Moreover, comparing

inequalities (2.53) and (2.55), we see that U,, < 2e. Therefore the sequence has a
limit, say U, which satisfies the equation

U? 13
U—22exp( )—i—f AA.
This is a quadratic equation with real roots and therefore the discriminant is not
negative, i.e.,

Uni1 = exp (§> + Uy for neNg.

1—2exp (f — 2) E2NA > 0.
e
Let ¢ — 0 and £ — e. Then the last inequality becomes
1—2eXA >0,
which contradicts (2.52). The proof is complete. O

Remark 2.3.8. If the function f:(t) p(s)ds is monotone, then the value of A in
conditions (2.51) and (2.52) of Theorem 2.3.7 is equal to one.

In the following theorem we give a criterion for nonoscillation.
Theorem 2.3.9. Let 7(t) =t — 1, p(t) = L +a(t), and to =1 in (2.3), i.e., (2.3)
has the form

(2.56) z'(t) + (i + a(t)) x(t—1)=0, t>1.

Assume that

1
t) < —.
alt) < 8et?
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Then (2.56) has a solution x satisfying x(t) > v/te .
Proof. The proof is based on known comparison theorems (see Myshkis [230]). Let
the functions A, B, and C on (1,00) be defined by
1,1 11—

1
A(t):g+a:(t), B(t):g-i-@, and C(t):* . 2t1.
Tt

9y

By the assumption we have A(t) < B(t). We are going to show that the inequality
B(t) < C(t) also holds. Namely, for § = &= € (0,1/2), we have

) — B(t) = 0° (36° — 10+ 2)
eV1—20[1—-6+ (1+46%) v1—26]
Now we will compare the differential equations
2 (t) + At)z(t — 1) =0,
2'(t)+ B(t)z(t — 1) =0,
u'(t) + C(t)u(t — 1) = 0.

> 0.

Let us observe that the function u(t) = v/te™* is a solution of the last differential
equation. Let the initial function ¢ be the function defined by o(t) = v/te~* on
[0,1], and let = and z be the solutions of the first and the second differential equa-
tions, respectively, associated with this initial function ¢. Then by the comparison
theorems mentioned above we have

x(t) > z(t) > u(t) = Vte™t for t>1,
which was to be shown. The proof is complete. O

Remark 2.3.10. For (2.56) we have t;, =k + 1 and
lims ki /ti (s)d ! lims k/oo()d<1
im su s)ds — — | =limsu a(s)ds < —.
k—M)Op i—k tiflp € k—>oop k ~ 8e

Now the question arises naturally whether or not the bounds in conditions (2.51)
and (2.52) of Theorem 2.3.7 can be replaced by smaller ones.

Remark 2.3.11. It is to be emphasized that in Theorem 2.3.9 we require

¢
1

neither p(t) >0 nor / p(s)ds > —.
(t) €

Remark 2.3.12. Applying Theorems 2.3.6 and 2.3.7, we see that, under (2.42),
(2.3) oscillates for any K > 0if 0 < o < 2 and K > 1 if @ = 2. On the other hand,

it has a nonoscillatory solution for K < é if a =2.

2.4. Equations with Constant Delay

Consider the delay differential equation
(2.57) () +pt)z(t—7)=0, t>t,
where

(2.58) p € C([tg,00),[0,00)) and 7 is a positive constant.
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Theorem 2.4.1. Assume that (2.58) holds and that there exists to > to + 7 such
that

¢
1 _
(2.59) / p(s)ds > - forall t>t
t—T1 €
and
o t 1
(2.60) / p(t) [exp (/ p(s)ds — ) - 1} dt = oo.
to+7 t—1 €
Then every solution of (2.57) oscillates.

Proof. Assume, for the sake of contradiction, that (2.57) has an eventually positive
solution z. Then there exists ¢; > £y such that for ¢t > ¢;

z(t) >0, z(t—7)>0, 2'(t)<0, z(t—71)>x().

Set
x(t—1T)

2.61 t) = f t>t.

(2.61) wi) = T otz

Then

(2.62) w(t) >1 forall ¢>t.
Dividing both sides of (2.57) by z(t), we obtain

a'(t)

2.63 Hw(t) =0 f t>t.

(2.63) e =0 o zn
Integrating both sides of (2.63) from t — 7 to t yields

¢
(2.64) w(t) = exp </ p(s)w(s)ds) for t>t;+7.
t—1

By (2.59), for t > t1 + 7, there exists v(t) with 0 < v(¢) < 7, such that

for t>t1+T.

Q| =

(2.65) /t o p(s)ds =

It follows that, for t > t1 + 7,

wlt) = exp ( / tv(t) psulis + [ t:(”p@)w(s)ds)
exp ( / e + /t:”“’p@ds)
— e ( /t P+ /:Tms)ds—i)
(/fw) oot (o= 7).

e’ >ex forall x>0,

Y

= exp

One can easily show that
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and so

(2.66) w(t) > e (/t;(t) p(S)w(s)ds> exp (/t:p(s)ds - i)

fort >ty +7 or

p(t)w(t) > ep(t) (/t;(t)p(s)w(s)ds> exp (/t: p(s)ds — i)

for t > t; + 7 or by (2.59), (2.62), and (2.65), for t > t; + T,

() (w(t) = ;mms)w(s)ds)
en(t) ( / tw) p(s)w(s)ds> o (| tTp<s>ds -2)-1]
p(t) [exp </t: p(s)ds — i) - 1] :

By integrating both sides from ty = t; 4+ 27 to T > t5, we find

(2.67) /t p(t) (w(t) - e/t_ o p(s)w(s)ds) dt

> /:p(t) [exp (/ttTp(s)ds _ i) _ 1} dt.

We select a function N € C*'([t1,00), (0,00)) such that

Y

Y

(2.68) N'(t)= max p(s).

t1<s<t+T1

From (2.59) and (2.68), we have

1
N'(t) > =
OF

for ¢ >t;.

Thus N is increasing on [t1,00) and lim;_,o, N(t) = co. One can easily show that

(2.69) /00 exp (—N(t)) dt < oo

and

(2.70) /t N () exp (—N(t - T)) dt < .
Set

q(t) =p(t) + exp(=N(t)) for t>t;.
In view of (2.66),

¢
w(t) — e/ p(s)w(s)ds >0 for t>t;+T.
t—=(t)
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It follows that

(2.71) /t p(t) [w(t) - e/t_ (t)p(s)w(s)ds] dt
T ¢
< w(t) —e s)w(s)ds| dt
< [ aw [ e[ plmis ]
T ¢
= w(t) —e s)w(s)ds| dt
[ aw [ e[ gl ]

T t
+e/t q(t) l/t o exp(—N(s))w(s)ds] dt.

Now we claim that

(2.72) lim sup w(t) = oo.
t—o0
Otherwise, there exists an M > 0 such that
(2.73) w(t) <M forall t>t.
Then, by using the decreasing nature of exp(—N(t)), we have
T t
[0l ewen ) exp (- =)
t2 t—(t)
From this, (2.60), (2.67), (2.68), (2.69), (2.70), and (2 71), we have
T t
(2.74) lim e/ s)ds| dt = oo.
T—=o0 Jy, W(t)
Set
¢
(2.75) u=Q(1):= / q(s)ds for t>ty—T.
tQ—T

Then Q(t) — oo as t — 0o, @ is strictly increasing and thus Q! exists. Set

2(u) = w (Q™ " (u)).

/:qa) [wu) —of ;@ q<s>w<s>ds] it

Then

Q) [ Q" (u)
= / w(Q ' (u) — e/ q(s)w(s)ds] du
Qt2) | Q=L(w)—¥(Q~ (w))
Q) [ Q(Q™'(w)
- [ e@rw) - [ w(Q1(¢)) de | du
Q(t2) QR (W) —v(Q~*(w)))

Q(T) u
= / z(u)—e/ z(£)d¢| du.
Q(t2) | RIQ™(u)—v(Q~"(w))

(2.76) < /Q(T) —z(u) - e/ui1 z(s)ds] du,

Q(t2) | =
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where the last inequality (2.76) is true because of

t—(t)
Q@—v@)=tl a(s)ds

2—T

t
1
< / q(s)ds—/ p(s)ds < u——.
to—T t—~(t) e
From (2.74), (2.75), and (2.76), we obtain

A u
(2.77) lim z(u) — e/
A—oo Q(tz) u—

By interchanging the order of integration, we obtain that for A > Q(t2),

A m Q(t2) s+%
/ e (/ z(s)ds) du = / e (/ z(s)du) ds
Q(t2) u—2 Qt2)—1 Q(t2)
A-1 s+1 A A
+/ e (/ z(s)du> ds —|—/ e (/ z(s)du) ds
Q(t2) s A-1 s

(278) = /Q(m (eerl—eQ(tg))z(s)ds

Q(tz)—1

Q(Q ' -7 (@ 'w))

z(s)ds) du = oo.

o=

+/A z(s)ds + /A e(A = 5)z(s)ds.

Q(t2) A-1
On the right-hand side of (2.78), the first term is a constant independent of A and
the last term is positive. From (2.77) and (2.78), we obtain

A

lim z(s)ds = 0.
A—oo A*%

This shows that

lim sup z(u) = oo
U—00

and thus

limsup w(t) = oo

t—o0
which contradicts (2.73). Hence, (2.72) holds.
Because of (2.59), for any ¢ > ¢; + 7, there exists £ € (¢t — 7,t) such that

t 1 S 1
(2.79) /5 p(s)ds > % and /t p(s)ds > %"
By integrating (2.57) over the intervals [¢,¢] and [t,£ + 7], we find that
¢
(2.80) z(t) — z(€) + / p(s)x(s —7)ds =0
3
and

E+T
(2.81) z(+71)—2(t) + /t p(s)x(s — 7)ds = 0.
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By omitting the first terms in (2.80) and (2.81) and using the decreasing nature of
x and (2.79), we find that

—x(§) + Q%x(t —7)<0 and —z()+ —=x(§) <0,

i.e.

5(0) > a(e) > (;Q)Qx(t ),

ie.,
w(t) < (2e)> forall t>t; +7.
This contradicts (2.72) and completes the proof. O

Corollary 2.4.2. Suppose that (2.58) holds. If

¢
1
(2.82) liminf/ p(s)ds > —,
t—o0 t—r e

then every solution of (2.57) oscillates.

Proof. From (2.82) one can easily see that

/OO p(t)dt = 0o

to
and that there exists ¢ > 0 such that for sufficiently large t,

K 1
/ p(s)ds — — > c.
t—7 e

Hence condition (2.60) is satisfied. By Theorem 2.4.1, every solution of (2.57)
oscillates. O

Corollary 2.4.3. Suppose that (2.58) holds. If (2.59) holds and

(2.83) /: (1) < /1t tT (s)ds — > dt =

then every solution of (2.57) oscillates.

Proof. By using (2.59) and the fact that e — 1 > ¢ for ¢ > 0, we obtain

t 1 + 1
exp (/ p(s)ds — > -1> / p(s)ds — = forall t>t.
t—7 € t—T (&

Therefore (2.83) implies (2.60). By Theorem 2.4.1, every solution of (2.57) oscil-
lates. O

Example 2.4.4. Consider the delay differential equation

(2.84) z'(t) + ( =

144
Clearly, for t > 1,

¢ 1 1+t 1
dt=ln—— +=>=
/ (1+t ) t + e

+1>x(t—1):0 for ¢t>0.

and
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Hence (2.82) is not satisfied. But for any T' > 1,
T T
1 1 1+1¢ 1 1+1¢
/ —— 4+ —|Iln ertzf/ In ert%oo as T — oo.
L \L+t e t e ), I
Therefore, by Corollary 2.4.3, every solution of (2.84) oscillates.

Next, in order to improve conditions (2.59) and (2.60), we use a different method
to obtain new sufficient conditions for oscillation of (2.57).

Assume (2.58) and define the following sequences of functions:

t
pi(t) = / p(s)ds, t>tog+T,
t—1

¢
pr+1(t) = / p(s)p(s)ds, t>to+ (k+1)r for keN,
(2.85) o

t+7
pit) = / p(s)ds, t > to,
t

t+1
s (t) = / pe()pe(s)ds, t>t, for keN.
t

Theorem 2.4.5. Suppose that (2.58) holds. If there exist t; > to+ 7 and n € N
such that

(2.86) pn(t) > % and  pn(t) > in forall t>1t
e e
(where py, and P, are defined by (2.85)) and
o 1
(2.87) / p(t) [eXp (e”_lpn(t) - ) - 1] dt = oo,
to+nT €

then every solution of (2.57) oscillates.

Proof. Assume, for the sake of contradiction, that (2.57) has an eventually positive
solution x. Then there exists to > t1 such that
z(t—7)>2(t) >0 and 2'(t) <0 forall ¢>t.
Let w be defined by (2.61). As in the proof of Theorem 2.4.1, we have that (2.64)
holds. It is easy to show that e® > ec for all ¢ > 0 and so
t

(2.88) w(t) > e/ p(s)w(s)ds forall ¢ >ty + 7.

t—T1
Set wg = w and for 1 < k < n,

t
wi(t) = / p(s)wg—1(s)ds for t >ty + kT,
t

-7

vw=v:=w-—1and for 1 <k <n,

t
(2.89) on(t) = / p(8)oe1(s)ds  for &> ts+ kT
t—T1

By (2.62),
(2.90) ve(t) >0, t>to+kr for 0<k<n.
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From (2.64) and (2.88), we easily obtain
w(t) > e tw, 1(t) for t>ty+(n—1)7

and
t
(291) w(t) > exp < nfl/ p(,s)wn 1(5)d$) for t>ty+nrT.

In view of (2.85), (2.89), and (2.90), (2.91) can be written as

t
w(t) > exp(” 1/ p(8)vp—1(s)ds + "~ 1n(t)>
t—T1

t
1
= exp(” 1/ p(8)vn—1(8)ds + )exp(e”_lpn(t)—e)
t—1

for t > to + n7, and so

w(t) > (e" /t; p(8)vn_1(s)ds + 1) exp (e"—lpn(t) _ 1)

e

for t > to + n7. By (2.86) and (2.90),

zwxmw—wwm)zzwﬂmw—w<A1M@%1@mHﬁﬂ

o) |en | tTp<s>vn1<s>ds w1 o (et - 1) -1
pl0) [exo () - ) 1]

for t > t; + n7. By integrating both sides from t3 = to + n7 to T > t3 + n7, we

obtain
/t Tp(t) (v(t) - e%n(t)) dt > /t ' p(t) [exp (en_lpn(t) _ i) _ 1} dt.

3 3

From this and (2.87), we have

Y

%

T
(2.92) lim [ p(t) (v(t) - e”vn(t)) dt = .

T—o0 ts
Since

e [ et = / (bt / ;p<s>vn1<s>ds

t3
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we have by induction

T T—nT1 T—nT
e"/ p(t)vn, (t)dt > e”/ p(t)v(t)ﬁn(t)dtZ/ p(t)v(t)dt.

ts t3 t3

T
lim p(t)v(t)dt = 0o
T—oo J7_nr
This shows that either
T
(2.93) lim p(t)dt = 0o
T—oo Jp_nr
or
(2.94) lim sup v(t) = oo.
t—oo

If (2.93) holds, then
t
limsup/ p(s)ds = oo.
t—oo t—1

By a known result in [166], every solution of (2.57) oscillates. Next, if (2.94) holds,
then

(2.95) limsup w(t) = oo.

t—o0

On the other hand, integrating both sides of (2.57) from ¢t — 7 to ¢, we have
t
z(t) —z(t—71) —|—/ p(s)x(s—7)ds =0 forall ¢t > to,
t—T1

and so
t
x(t—71)> / p(s)x(s—71)ds forall t>ts.
t—T1
From this, by successively substituting (n—2) times and using the decreasing nature
of x, it follows that

z(t—7)> /ti p(8)pn—2(8)x(s — T)ds > x(t — ) /ti p(8)prn—2(s)ds,

T

and so
(2.96) z(t—7)>x(t —T)pp—1(t) forall ¢>ta+ (n—2)7.
By (2.86), for any t > t; + 7 there exists £ € (¢t — 7,t) such that

t &7
(2.97) /}5 P (s)ds > 5 and [ plpcs (s > 5

— 2em
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By integrating both sides of (2.57) over [¢,¢] and [t, £ + 7], we have

(2.98) 2(t) — 2(6) + / p(8)2(s — T)ds =0, >t + (n—1)r
3
and
et
(299)  a(e+7) —a(t) + /t p(8)2(s — 7)ds =0, >ty + (n—1)r.

Substituting (2.96) into (2.98) and (2.99), omitting the first term in (2.98) and
(2.99), and using the decreasing nature of x and (2.97), we find

z(t) > @x(t —7),
i.e.,
w(t) < 4e*™  forall t>ty+ (n—1)T.
This contradicts (2.95) and completes the proof. O

Theorem 2.4.6. Suppose that (2.58) holds. If there exists t > tog + T such that
(2.59) and (2.87) hold, then every solution of (2.57) oscillates.

Proof. Because (2.59) implies (2.86), Theorem 2.4.5 implies Theorem 2.4.6. O
Corollary 2.4.7. Suppose that (2.58) holds and that, for some n € N,

- 1 NP
htrgggfpn(t) > p and htrgggfpn(t) > o
where p, and P, are defined by (2.85). Then every solution of (2.57) oscillates.
Corollary 2.4.8. Suppose that (2.58) holds. If (2.59) holds, and for some n € N,
e 1
(2.100) / p(t) (e"_lpn(t) - e) dt = oo,
t

o+nT

where py, is defined by (2.85), then every solution of (2.57) oscillates.

Corollary 2.4.9. Suppose that (2.58) holds. If (2.86) and (2.100) hold, then every
solution of (2.57) oscillates.

Example 2.4.10. Consider the delay differential equation
1

(2.101) z'(t) + % (1+cost)x(t—m)=0, t>0.
e

Clearly, for t > 7,

b1 1
pl(t):/ 2—(1+Coss)ds:—(7r+2sint)
¢

_r 2e 2e
and
it [ (14 coss)ds = - (r—2) < &
imin — coss)ds = — (m — -
t—o0 t—g 2€ 2e €

This shows that (2.82) and (2.59) do not hold. But

/t;p(S)pl(s)ds: 1/t (1+ cos s) (7 + 2sin s) ds

2
46 t—m

p2(t)

1
= 1z (7% + 2msint — 4 cost)
e
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t
1
p3(t) = / p(8)p2(s)ds = 3 (7r — 271 + (27% — 8) sint — 47 cos t) ,
t—m

pi®) = [ polmis

1
= gt (7r4 — 4% 4 2(73 — 6m) sint — 4(n% — 4) cost) ,
e

22
164’

1
hmlnfp4( )= Toot (71'4 —47? — 2/(73 — 6m)2 + 4(n2 — 4)2) >

and

t+m
palt) = / p(s)ps(s)ds

1
= gt (7r4 —47% — 2(7 — 6m) sint — 4(n% — 4) cost) )
e
liminf py(t) = L (71'4 —4r? — 2/(73 — 6m)2 + 4(n2 — 4)2> > 22 .
t—o0 16e4 16e4

Then, by Corollary 2.4.7, every solution of (2.101) oscillates.

Next, we will present a criterion for oscillation of (2.57) which indicates that
conditions (2.59) or (2.82) or even the condition

t
lim inf/ p(s)ds >0
t—o0 t—r

is no longer necessary.

Before stating the main results, we need the following lemmas which are appli-
cable to equations with several delays of the form

(2.102) —|—sz o(t—7)=0, t>to.
Lemma 2.4.11. If

ttr;
limsup/ pi(s)ds >0  for some i€ {l,...,n}
t

t—oo

and x is an eventually positive solution of (2.102), then
lim inf M < 00
t—o0 Jj(t)
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Proof. In view of the assumption, there exist a constant d > 0 and a sequence {¢;}
such that ¢, — oo as k — oo and

t+Ti
/ pi(s)ds >d for keN.

ty

Then for every k € N there exists & € (¢, t + 7;) such that

§k d te+Ti d
(2.103) / pi(s)ds > 5 and / pi(s)ds > >
tr k
On the other hand, (2.102) implies
(2.104) ' (t) +pi(t)z(t —7;) <0
eventually. By integrating (2.104) over the intervals [tg, ] and [k, ¢ +75], we find
&k
(2:105) o6) ~ot) + [ pils)als = m)ds <0
tr
and
te+Ti
(2.106) x(te + 1) — x(&r) + / pi(s)x(s —7;)ds <0.
&k

By omitting the first terms in (2.105) and (2.106) and by using the decreasing
nature of x and (2.103), we find

w(& —7i) _ (2)2
(&) ~\d)
The proof is complete. O

Lemma 2.4.12. If (2.102) has an eventually positive solution, then eventually
t+T7;
/ p(s)ds <1 forall i€{l,...,n}.
¢

Proof. See the proof of [166, Theorem 2.1.3]. O

Theorem 2.4.13. Suppose that (2.58) holds and that ftHT p(s)ds > 0 fort >t
for some tg > 0 and

00 t+1
(2.107) / p(t) In (e/ p(s)ds) dt = 0.
to t
Then every solution of (2.57) oscillates.

Proof. Assume the contrary. Then there exists an eventually positive solution x of
(2.57). Obviously « is eventually monotone decreasing. Let A = —z’/x. Clearly,
the function A is eventually nonnegative and continuous, and

(t) = z(t)) exp < /tt A(s)ds) :

where x(t1) > 0 for some t; > to. Furthermore, A satisfies the generalized charac-

teristic equation
t
() = p(t) exp ( / A(s)ds) .
t—T1
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One can easily show that

and thus

Ao = s (40 0 | tT A )
> () <AL> [g@dwﬂj{ﬁ”),

where A(t) = ftHT (s)ds. Tt follows that

(2.108) A(t) /t o p(s)ds — p(t) /t tT A(s)ds > p(t)In (e /t o p(s)ds> .

Then, for N > T, note that the inequality

N ,t N-—T1
/ / p(t)A(s)dsdt > / / s)dtds
T t—1

can be derived by interchanging the order of integration, and use this together with
(2.108) to obtain

N t+7 t+‘r
/ p(t) In (e/ ds) dt < / / s)dsdt — / / s)dsdt
T t t—7
t+7’ N—1
/ / s)dsdt — / / s)dtds

_ /N T/t s)dsdt < /JHA(t)dt - IHJC(:]C\EJ;)T)’

where we have used Lemma 2.4.12 for the last inequality. In view of (2.107),

IA

im x(t—71) _
2100 in 5

On the other hand, (2.107) implies that there exists a sequence {t¢,,} with ¢, — oo

as n — oo such that
tn+T1
[ wois=
t

n

forall neN.

D | =

Hence by Lemma 2.4.11, we obtain
x(t—71)
)

This contradicts (2.109) and completes the proof. O

< 0

Remark 2.4.14. Theorem 2.4.13 substantially improves condition (2.82). In fact,
if (2.82) holds, then

(2.110) /00 p(s)ds = o0

to

and there exists ¢ > 0 such that for large ¢,

(2.111) In <e /t W p(s)ds> > c.
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Note that (2. 110) and (2.111) imply (2.107). Condition (2. 107) is an evaluation

of p(t) and ft s)ds in an infinite interval. Obviously, ft s)ds > 0 is a
necessary Condltlon for (2.107).

Example 2.4.15. Consider the delay differential equation

(2.112) z'(t) + exp (ksint — 1) z(t — 1) = 0,
where p(t) = exp (ksint — 1) and k is a constant. Clearly,
¢
1

lim inf p(s)ds < —.
e

t—oo -1

So condition (2.82) is not satisfied. By Jensen’s inequality,

oo t+1 oo t+1
/ p(t) In (e/ p(s)ds) dt / p(t)/ k sin sdsdt
0 t 0 t
2k sin

1 oo

5 1

2 / exp(ksint) sin (t + ) dt.
2/ 2

On the other hand, it is easy to see that fot” exp(ksint) costdt is bounded and

Y

2
/ exp(ksint)sintdt > 0.
0

/0oo p(t)In <e /;Hp(s)ds) dt = oo

By Theorem 2.4.13, every solution of (2.112) oscillates.

It follows that

2.5. Equations with Several Delays

Consider the delay differential equation

(2.113) —G—Zpl z(t—7;) =0,

where p; are continuous and nonnegative functions and 7; are positive constants,
1 < i < n. In the following we give sufficient conditions for the oscillation of all
solutions of (2.113).

Theorem 2.5.1. Assume 7, = max{m,T2,...,Tn}. Suppose that
n t+T;
Z/ pi(s)ds >0
i=17?

fort >ty for some tyg > 0 and that

t+7n
lim sup/ Pn(s)ds > 0.
t

t—o0

If, in addition,

o0 n n t+7;
(2.114) /75 <Zpl(t)> In (eZ/t pi(s)ds> dt = o0,

then every solution of (2.113) oscillates.
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Proof. Assume the contrary. Then (2.113) has an eventually positive and decreasing
solution z. Let A = —z’/x. Then A is nonnegative and continuous, and there exists

t1 > to with x(t1) > 0 such that x(t) = x(¢1) exp( ft ds). Furthermore, A
satisfies the generalized characteristic equation

_ gpi(t) exp (/t; A(S)d8> .

n

t+7;
B(t) :Z/t pi(s)ds.

=1

Let

By using "™ > x + n( ) for r > 0, we find
At) = sz exp <B t) - Btt) /tlt /\(s)ds)
> me( / s + o))

(Zfﬂ )ﬁ}m[f@@
> Zpl n <ez /t t+ﬂpi(s)d8>.

i=1

and hence

Then for N > T,

/ (Zpl )m <eZ/t+n )dt

K%i[“ (> it~ Z/pl/ st
/ / o dsdt—z / o / o s)dtds

_ ; /N B /t T A bpi(s)dsdt

_ n N : Tz' ) n Z‘ - Tz
‘EAH Zn nH

=1

IN

IN

where we also used Lemma 2.4.12. In view of (2.114),

lim 2 M = 00
t—o00 i {E(t)
This implies
t— n
(2.115) lim 2= T0)
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However, by Lemma 2.4.11, we have

lim inf M < 0.
t—o00 gj(t)

This contradicts (2.115) and completes the proof. O
Corollary 2.5.2. If

t+T7; 1
(2.116) lim ian/ s)ds > -

then every solution of (2.113) oscillates.

Proof. Let 11 < 72 < ... < T,. Then it follows from (2.116) that there is an m with
1 < m < n such that
t—oo

T
lim sup/ Pm(s)ds >0
t

and
(2.117) hgégfz pi(s)ds > ~.

Now assume, for the sake of contradiction, that (2.113) has an eventually positive
solution x. Then z is also an eventually positive solution of the inequality

Jer, x(t —7;) <0.

So, by [118, Corollary 3.2.2], we know that the equation

+Zpl yt—7)=0

has an eventually positive solution as well. On the other hand, from (2.117) we see
that for some tg > 0,

/ (sz )hl(eZ/tJm )dt

Then by Theorem 2.5.1, every solution of (2.113) oscillates. O

2.6. Equations with Piecewise Constant Argument

Consider the linear delay differential equation with piecewise constant deviating
argument of the form

(2.118) ' (t) +a(t)z(t) + b(t)x (t—1]) =0, t>0,
where a and b are continuous functions on [—1,00), b(t) > 0 (but not identically
zero) for ¢t > 0, and [-] denotes the greatest integer function.

By a solution of (2.118) we mean a function x which is defined on the set
{-1,0} U (0,00) and which satisfies the conditions

(i) « is continuous on [0, 00);

(ii) the derivative 2’(t) exists at each point ¢ € [0, 00) with the possible exception

of the points t € Ny, where one-sided derivatives exist;
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(iii) (2.118) is satisfied on each interval [n,n + 1] for n € Ny.

Definition 2.6.1. For ny € Ny we define N(ng) := {ng,no + 1,n0 +2,...}. A
nontrivial sequence {Ay}52,, is called oscillatory if for every ny € N(ng) there
exists n > ny such that A, - A,11 < 0. Otherwise, it is called nonoscillatory.

Let A_1,Ap € R. Then the following lemma shows that (2.118) has a unique
solution z satisfying the conditions
(2.119) z(-1)=A_1 and 2(0)= A,.

Lemma 2.6.2. Let A_1 and Ay be given. Then (2.118) and (2.119) has a unique
solution x given on [n,n+ 1], n € Ny by

(2120)  (t) = A, exp (- /n ta(s)ds) A /n "b(s) exp (— / ta(u)du) ds,

where the sequence {A,} satisfies the difference (recurrence) equation

(2121) A, 1 = A, exp ( /n nl a(s)ds) + A /n nl b(t) exp ( /n tl a(s)ds) dt

forn e N.

Proof. Let x be a solution of (2.118) and (2.119). Then on [n,n+1) for any n € Ny,
(2.118) can be written in the form

(2.122) ' (t) +a(t)z(t) + b(t)Ap_1 =0, t€[n,n+1),
where we used the notation
Ap =2z(n) for neN(-1).

Equation (2.122) can be rewritten as

/

(x(t) exp (/nta(s)ds>) +b(t) exp </nta(s)ds> A 1=0, tenn+l).

Integrating from n to t € [n,n + 1), we have

(2.123) () exp ( /n t a(s)ds) - [ /n "b(s) exp ( /n ) a(u)du) ds} -

This implies (2.120). From (2.120) and by continuity, letting ¢t — n+1 and replacing
n by n — 1, we obtain (2.121).

Conversely, let {A,,} be the solution of (2.121) and define x on {—1,0} U (0, c0)
by (2.119) and (2.120). Then, clearly, for every n € Ny and ¢ € [n,n + 1), (2.120)
implies (2.122) and, in turn, (2.122) is equivalent to (2.118) in the interval [n,n+1).
The proof is complete. O

Lemma 2.6.3. Equation (2.118) has a nonoscillatory solution if and only if the
difference equation (2.121) has a nonoscillatory solution.

Proof. Assume that x is a nonoscillatory solution of (2.118). Then {A,, = x(n)} is
a nonoscillatory solution of (2.121).
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Conversely, assume that {A,,} is a nonoscillatory solution of (2.121) such that
eventually A,, > 0 (the case where eventually A4,, < 0 is similar and is omitted).
From (2.123), letting t — n + 1 and by continuity, we have for n sufficiently large

n+1 n+1 s
Ap1exp </ a(u)du) =A, — An,l/ b(s)exp (/ a(u)du) ds > 0.
n n n

Then, by (2.123), we obtain for n <t < n + 1 with n sufficiently large

(1) exp ( /n t a(s)ds) - A — A, /n "b(s) exp ( /n ’ a(u)du) ds

A, — Ay /n " () exp < /n | a(u)du) ds > 0.

This shows that eventually z(t) > 0, and so z is a nonoscillatory solution of (2.118).
The proof is complete. O

Y

Theorem 2.6.4. Equation (2.118) is nonoscillatory if and only if it has a nonoscil-
latory solution. This also implies that (2.118) is oscillatory if and only if it has an
oscillatory solution.

Proof. From the proof of Lemma 2.6.3, we also can see that if all solutions of (2.121)
are nonoscillatory, then all solutions of (2.118) are nonoscillatory. Since (2.121) is
a second order linear difference (recurrence) equation, by the known result in Fort
[97], we see that if one solution of (2.121) is nonoscillatory, then all its solutions are
nonoscillatory. On the basis of this discussion and by Lemma 2.6.3 and a simple
analysis, we see that Theorem 2.6.4 is true. O

In the following, for convenience, we let for any n € Ny

(2.124) P, = exp < /n nl a(t)dt> and Q= /n nl b(t) exp < /n tl a(s)ds) dt.

Then .
nPn_1= b ds | dt.
Qures= [ oty ([ atshas)a

Observe that, by (2.124), the difference equation (2.121) can be rewritten as
(2.125) Ap1=PAn+ Qnln_2, neN,

and, by Lemma 2.6.2, if = is a solution of (2.118), then A,, = z(n) satisfies (2.125).
In the following we will assume that all occurring inequalities involving values of
functions or sequences are satisfied eventually for all large ¢ or n.

Lemma 2.6.5. Assume that there exists h € [0,1/4] such that

(2.126) QnPn—1>h  forlarge n.
Let {A,,} be an eventually positive solution of (2.125). Set forn € N
A A
(1) _ An—1 (2) _ An=2
W, 1, P,_1 and W, 1, Qn.
Then
; 1 1—4h
(2.127) lim sup W,(" < % for ie{1,2}.
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Proof. We first prove (2.127) for ¢ = 1. From (2.125), we have
(2.128) Ay 5> Py 1Ay

This implies lim sup,, _, Wél) < 1, and so (2.127) holds for h = 0. We now consider
the case when 0 < h < 1/4. From (2.128), it follows that

Anfl
P, 1 <1=:)\,
An—2 b= !
i.e.,
An—2 Pn—l
2.129 > .
( ) Ano1 — M
Dividing both sides of (2.125) by A,,_1, then using (2.129) and (2.126), we find
An QnPn—l An h
1>P > P, —.
- nAnfl * >\1 a nAnfl * )\1
This yields
A —h
W?S%k)l 71/\ =: )\2.
1
Following this iterative procedure, we obtain
Am —h
Wr(ti)m < =:Apy1 forall meN.

It is not difficult to see that 1 =Xy > Ao > ... > Ay > A1 > 0 for m € N. Hence
the limit lim,,— oo Am =: A exists and satisfies A2 — A + h = 0. Therefore we have
1++v1—4
lim sup W,(Ll) < %h
This shows (2.127) for ¢ = 1. Next we prove (2.127) for 4 = 2. From (2.125), we
have

(2.130) Ap_1 2 QnA,_o
and
(2131) An72 = PnflAnfl + anlAnf.?r
Inequality (2.130) yields
A, _
(2.132) W = ALQQ,L <1=:\.
n—1

Thus (2.127) holds for A = 0. In the case when 0 < h < 1/4, from (2.131), (2.132),
and (2.126), we have

A, A, Qn A, h A,_s
1=P,_ ne >P,_ 11— n— > — _ .
An2+Q 1An2 1)\1+Q 1 )\+Q A,
This leads to \ L
(2) -
W,/ < IV Ao
Following this iterative procedure, we have
Am — h
Wffgm ST =:Ap41 forall meN.

Now the conclusion follows from the above inequalities and by the same arguments
as in the case when ¢ = 1. O
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Lemma 2.6.6. Let A, satisfy (2.125). Then the equality

k+1

(2.133) Apng = P Ap 1+ An_k—u H Qn—j-1
j=0

k )
+3 AniaPuio [[ @neja
i=0 §=0
holds for any k € Ny.

Proof. Clearly,

Pn—lAn—l + An—4Qn—1Qn—2 + Pn—QAn—QQn—l = Pn—lAn—l + Qn—lAn—S
= An72

by applying (2.125) first for n —2 and then for n— 1. Hence (2.133) holds for k£ = 0.
Now we assume that (2.133) holds for some k € Ny. Then

k42 k+1
n 1An 1+An k— 5HQ71 —Jj— 1+ZPTL i— 2An i— QHQn j—1
7=0 1=0 7=0
k+1
= nlAn 1+Ankank3Han1+an12Anz2HQn]1
7=0 =0 7=0
k41
+Pn—k:—3An—k—3 H Qn—j—l
§=0
k+1
= nlAn 1+Ank4Han1+Z-Pn12An7,2Hanl
7=0 =0 7=0
= An72
(we used (2.125) for n — k — 3), i.e., (2.133) holds for k + 1. Hence, by induction,
(2.133) holds for all k¥ € Ny. O
Theorem 2.6.7. Equation (2.118) is oscillatory if
1
(2.134) liminf (QnPr—1) > —
n—oo 4
and nonoscillatory if
1
(2.135) QnPn_1 < 1 for large  n e N.

Proof. We first prove that if (2.134) holds, then (2.118) is oscillatory. Suppose to
the contrary that (2.118) has an eventually positive solution z. Then, by (2.124)
and Lemma 2.6.3, A,, = x(n) satisfies (2.125). Let

Anfl
Rn N P7LA7L .
Then (2.125) reduces to
1
l=—+ QnPnfanflv

Ry
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and hence

Qn-i—an
2.136 ni1 PRy = )
( ) Q i 1- ann—an—l
Let
(2137) Qp = ann—an—l

so that a, = 1—1/R,, and ap11(1 — ay) = Qni1Pn. Hence 0 < a, < 1. This
implies o, (1 — @) < 1/4 because of maxo<zy<1 (1 — ) = 1/4. From (2.136) and
(2.137), we have

a7z+1

Qn+1Pn - O4714—1(1 - an) - an(l - an)

n

A1 _ Qn+1Pan
40477, 4QnPnfan71

B 1 An—l An—l
B 4ann71 ( An Qn+1> <An2pn_1> '

By (2.134), there exists a number ¢ such that

1
(2.138) QuPr_1>c> 1 for large n € N.

Note that (2.126) is satisfied with A = 1/4. Then, by Lemma 2.6.5, for any number
e € (0,1/4), we have for large n
An—l

1 A4 1
B < — d —P,_ .
A, Qn+1_2—5 an Ao =9,

We choose such an € with 1/(2 — €)% < ¢. Thus we obtain

1 1 1 1
n Pn S : S < -
@ AQnPu1 (2—¢)2 ~ 4(2—¢e)2c 4

This contradicts (2.138). Hence (2.118) is oscillatory.
Next we prove that (2.135) implies that (2.118) is nonoscillatory. To this end,
we first show that the difference equation
1
(2.139) Gp=-——"\) neN

- )
1 —anrn_1

has an eventually positive solution {z,}, where
an = QnPr_1, neN

By (2.135), without loss of generality, we may assume

1

(2.140) 0<a,< 7 n € N.
Set

1—I—4da; ,

- if a1 >0,
(2.141) v = 2a1

1 if a]; = 0.
Then v satisfies

1

’Y:l—al'y'
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We claim that

(2.142) 1<~y <2,
Indeed, let
1—+v1—4x 1
= < -,
f(z) 2x » O<zs 4
Then
1-2x—+1-4 1
fla) =~ L o0<z<
212\/1 — 4x 4
Set )
F(z)=1-2z— V1 —4x, OS:CSZ.
Then
F’(a;)—2<1—1>>0 0<a:<1
T\ -4z ’ 4’

Thus, F is strictly increasing on (0,1/4). Since F(0) = 0, it follows that F'(z) > 0
for 0 < & < 1/4. Therefore f'(x) > 0for 0 < x < 1/4. Hence f is strictly increasing
on (0,1/4). Notice that f(1/4) =2 and
1—-+1—-4x 1
I = lim — V" = =1

S fle) = lim ——7 ot VI —dz
and therefore we have 1 < f(z) < 2 for 0 < z < 1/4. This and (2.141) lead to
(2.142). Now we define a sequence {z,} by

1
ro=7v7 and z,=-—"""—— mneN
1- AnTn—1
It is clear that 1 < z¢g < 2 and
1 1

1<z, = = =
=T 1—aixo 1—ary

v < 2.

Thus, by (2.140), we have
1 1
= <
l—agzy — 1—1%-2

1§.’E2

By induction, we have 1 < x,, <2 for n € N. This shows that (2.139) has a solution
{z,} such that z, > 0, n € N, and {z,,} satisfies

1
B 1- QnPn—lxn—l ’

(2.143) Tn neN.

Next we define
A_i=1 and A,= (ann)*lAn_l, n € Np.
Clearly, A, > 0 for n € N(—1). Substituting z,, = A,_1/(P,A,) into (2.143), we

obtain
Aa- <]— - ann—l‘4n2> =1,

P, A, P14, 1
i.e.,
Apo1 =P A, +QnAn_2, neN
This proves that {A4,,} is a nonoscillatory solution of (2.125). By Lemma 2.6.3 and
Theorem 2.6.4, we see that (2.118) is ocillatory. O
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Theorem 2.6.8. Assume that for some k € Ny,

ki
(2144) lim sup ann—l + Z H Qn—j—lpn—j—Z > 1.

neo i=0 j=0
Then every solution of (2.118) oscillates.

Proof. Assume, for the sake of contradiction, that (2.118) has an eventually positive
solution x. Then, by Lemma 2.6.3, A, = x(n) satisfies (2.125). So A,—_1 > P, A,.
By induction, the iterative formula

i—1
(2.145) Ap_i > Ay [[ Poj forall ieN

j=0
holds. By Lemma 2.6.6, A, satisfies (2.133). Now using A,—1 > @QnA4,—2 and
(2.145) in (2.133), we obtain

koo
Ap2 > QnPo1An 2+ [[@noj1Poj24n o
i=0 j=0

Dividing both sides of the above inequality by A,,_s, we arrive at

koo
1 >limsup | @nPpr-1+ Z H Qn—j—1Pn_j 2

e i=0 j=0
This contradicts (2.144). The proof is complete. O

In the following we establish other type (also “best possible”) oscillation criteria
for (2.118). The results are formulated in terms of the numbers m and M defined
by

m = liminf (Q,P,—1) and M =limsup (QnPn-1).
Theorem 2.6.9. Assume that 0 < m < 1/4 and that for some k € Ny,

k
(2.146) limsup | LQnPo_1 + ZU H Qn_j 1P j o | >1,

nmee i=0 =0

where

Lo (LI dm\
=(—= .
Then (2.118) is oscillatory.

Proof. By Theorem 2.6.8, the conclusion holds when m = 0. To prove the conclu-
sion when 0 < m < 1/4, suppose to the contrary that (2.118) has an eventually
positive solution . Then, by Lemma 2.6.3, A,, = x(n) satisfies (2.125). Since for
any 1 € (0, m) we have @, P,—1 > m — 7 for large n, by Lemma 2.6.5, we have
1++/1—4(m—n)

2

Ap_
lim sup == 1Pn <

n— 00 An—2
and
Ay 1 1—4(m—
lim sup 2 Qn < i (m =) .
n—oo Anfl 2
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Letting n — 0, we see that the above two inequalities hold for n = 0. Thus, for any
sufficiently small € > 0, the inequalities

(2147) An—l 2 LEP7LA7L7
and
(2.148) An—12 L:QnAn_2

hold for sufficiently large n, where

—1
1 1-4
L= (R
2
From (2.147), by induction, we have the iterative formula
i—1
(2.149) Apy 2 L[ PaejAn forall ieN.
3=0
By Lemma 2.6.6, A, satisfies (2.133). Now using (2.148) and (2.149) in (2.133), we
have

k i-1 i
LeQnPo1An 2+ An Y Poiol! [[Paja [[ @nia

i=0 j=0 J=0

An72

v

k i
L.QnPy1An o+ Ay o Z L. H Qn—j—1Pn_j_2.

i=0  j=0

Dividing both sides of the above inequality by A,,_» and taking the limit, we obtain

k i
1> limsup [ L.QuPoy+ Y LE ][ Qnoj1Pojo

n=eo i=0  j=0

Letting e — 0 we have L. — L so that (2.146) and the above inequality lead to the
contradiction

k i
1> limsup | LQnPr1 +ZLiHQn—j—1Pn—j—2 > 1.
n— oo i—0 j=0
The proof is complete. O
Corollary 2.6.10. Assume that 0 <m < 1/4 and

(2.150) M > (H‘/;Tmf.

Then (2.118) is oscillatory.

Proof. If m = 0, then the conclusion holds (see [118]). Let 0 < m < 1/4. Tt suffices
to prove that (2.150) implies (2.146). Indeed, notice
1++v1—4m 1 m
2 -~ 1-Lm’
and by (2.150), there exists € € (0, m) such that @, P,—1 > m — ¢ and

] m—e
Llimsup (QnPa1) > 1= ==
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From this and the fact that [L(m —€)]™ — 0 as n — oo, we have

_ s - k+1

= 1—(m—e¢) Z[L(m -9,

i=0

where k € N is sufficiently large. The last inequality leads to (2.146) because

k i k
Z Lz H Q'rL—j—an—j—Q Z (m — E) Z[L(m — 6)}2
i=0  j=0 i=0
The proof is complete. O

Remark 2.6.11. Observe that 0 < m < 1/4 implies L > 1 and that L = 1 if
and only if m = 0. Also note that when m — 0, condition (2.146) reduces to
(2.144). However, it is clear that (2.146) improves (2.144) when 0 < m < 1/4. Tt is
interesting to observe that when m — 1/4, condition (2.150) reduces to M > 1/4,
which cannot be improved in the sense that the lower bound 1/4 cannot be replaced
by a smaller number (cf. (2.135)).

The following is an illustrative example.

Example 2.6.12. Consider the equation
(2.151) x’(t)—l—ix(t)—i—b 1—|—cos7r—t z(t—1)=0, t>0

' 2+t 2 ST
where b = 7/(5(m — 2)). It is not difficult to see that

n t n
t\t+2
/ b(t) exp (/ a(s)ds) dt = b/ (1 + cos F) Ldt
n—1 n—2 n—1 2 n

- 2{2”;3+72T {(2+n)sinr;7r—(1+n)sinm_21)7r}}

n 4b nw (n—1Dm
—— | cos — — cos ———
nm2 2 2 ’

and so

] =

<

o] =

m—liminf [ b(t)exp ( / t a(s)ds) ==

n—1 —2 ™

and

" ! b(m + 2 2
limsup/ b(t) exp </ a(s)ds) dt — (m+2) _ T+ <1
n—1 n—2

Thus, it is easy to see that condition (2.150) is satisfied. So, by Corollary 2.6.10,
(2.151) is oscillatory.
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2.7. Notes

The results in Section 2.2 are taken from Erbe, Kong, and Zhang [92], and
Section 2.3 is taken from Elbert and Stavroulakis [83]. Theorems 2.4.1, 2.4.5, 2.4.6,
and 2.4.13 are due to Li [169], Tang and Shen [259], and Li [170], respectively,
while Theorem 2.5.1 is proved by Li [170]. The contents of Section 2.6 is taken
from Shen and Stavroulakis [252].



CHAPTER 3
First Order Neutral Differential Equations

3.1. Introduction

In general, the theory of neutral delay differential equations is more complicated
than the theory of delay differential equations without neutral terms. For example,
Snow (see also Gy6ri and Ladas [118, Chapter 6]) has shown that even though
the characteristic roots of a neutral differential equation may all have negative real
parts, it is still possible for some solutions to be unbounded.

In this chapter, we will present some recent results in the oscillation theory of
first order neutral delay differential equations, and consequently this will be a useful
source for researchers in this field.

In Section 3.2, we consider nonlinear neutral delay differential equations. We
first present a comparison theorem for oscillation, and then some sufficient con-
ditions for oscillation are established. Section 3.3 is concerned with oscillation of
neutral delay differential equations with positive and negative coefficients by using
generalized characteristic equations. Some oscillation criteria are given. In Section
3.4, we deal with neutral delay differential equations with positive and negative
coefficients; here the comparison method plays an important réle. In Section 3.5,
we consider nonoscillation of neutral delay differential equations with positive and
negative coefficients. Some criteria for existence of positive solutions are given. In
Section 3.6, we give classification schemes of eventually positive solutions of neutral
differential equations in terms of their asymptotic magnitude, and provide neces-
sary and/or sufficient conditions for the existence of solutions. Finally, Section 3.7
is concerned with the existence of positive solutions of neutral perturbed differential
equations.

3.2. Comparison Theorems and Oscillation

We consider a first order neutral delay nonlinear differential equations of the
form

(3.1) (x(t) ~ R(t)a(t — 7’))/ + P(1) ﬁ ’x(t —7)

o

' sgnx(t—m7)=0

along with the corresponding inequality

' senz(t — 1) <0,

(3.2) (x(t) ~ R(D)a(t — r))l + P(t) ﬁ ‘x(t —7)

where P, R € C([tg,00),RT), r € (0,00) and 71,72, ..., Tm are nonnegative num-
bers, R(t) > 0, and P(t) > 0 for ¢t > #y such that P(t) is not identically zero for

55
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all large t, and each «; is a positive number for 1 <4 < m such that Y~ a; = 1.
When m = 1, (3.1) reduces to the linear equation

(a(t) —~ R)2(t — 1) + P2)alt — 7) = 0.

Let Ty = max{r,71,...,7m}. By asolution of the equation (3.1) we mean a function
x € C([to — To,00),R) such that z(t) — R(t)z(t — r) is continuously differentiable
and satisfies (3.1) on [tg,00). Let ¢ € C([to — 1o, to],R) be a given initial function.
Omne can easily see by the method of steps that the equation (3.1) has a unique
solution z € C([tg — Tp, 00), R) such that z(t) = ¢(t) for tg — To < t < to.

Lemma 3.2.1. Assume that there exists t* > to such that

(3.3) R(t*+mr) <1 forall m € Ny.

Then for any eventually positive solution x of (3.2), the function y defined by
(3.4) y(t) = a(t) - R(t)a(t - r)

satisfies

y'(#) <0 and y(t) > 0.

Proof. Tt is clear from (3.1) that ¢'(¢) < 0 and is not identically zero for all large ¢.
Thus y(t) is eventually positive or eventually negative. If z(t) > 0, ¢'(¢t) < 0 and
y(t) < 0 for ¢ > T, then y(t) < y(T) < 0 for ¢ > T. By choosing n so large that
t* +nr > T, we claim that

(3.5) x(t* +nr+ kr) < ky(T) + z(t* + nr)

holds for all ¥ € Ng. In fact, (3.5) is clear for k¥ = 0, and if (3.5) holds for some
k € Ny, then by (3.4)

x (t* +nr+ (k+ 1)7")

y (t* +nr+ (k+ 1)7“)

+R (t* +nr + (k+ 1)7") x(t* + nr + kr)
< y(T)+ " +nr+kr)

< (k+Dy(T) + z(t* +nr).

Hence (3.5) holds for k£ + 1, and by induction it holds for all k € Ny. By letting k
in (3.5) tend to infinity, we see that the right-hand side diverges to —oo, which is
contrary to our assumption that z(¢) > 0. The proof is complete. O

Theorem 3.2.2. Assume that (3.3) holds and that either

(3.6) R(t)+ P(t)r >0

or

(3.7) r>0 and P(s)#£0 forseltt+r].

Then every solution of (3.1) oscillates if and only if the corresponding differential

inequality (3.2) has no eventually positive solution.

Proof. The sufficiency is obvious. To prove the necessity, we assume that x is an
eventually positive solution of (3.2). Define y as in (3.4). Then by Lemma 3.2.1,
we find

y(t) > /t T () TT (s — 7)™ ds,

i=1
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i.e.,

i

a
x(s— 7)™ ds.

:js

(3.8) x(t) > R(t)x(t —r) /OO

z:l

Let T > tg be fixed so that (3.8) holds for all ¢ > T. Now we consider the set of
functions

E:{ueC([T—To,oo),R+): ogu(t)g1fortzT—To}

and define a mapping F' on E as

1 o0 m a
0 Rumurm@r>+l‘1%$11ww7nusnn ds
(Pu)(t) = i oiem
t—T+1T, t—T+T, ,
TOO(FU)(T)+<1—TOO> if T-Ty<t<T.

It is easy to see, using (3.8), that F' maps FE into itself. Moreover, for any v € E
we have (Fu)(t) > 0 for T —Tp <t < T. Next we define the sequence {u,} C E by

UO(t) =1fort>T—Ty, Uk41 = Fuy, for k € Np.
Then, by using (3.8) and a simple induction, we can easily see that
0 <ugpi1(t) <up(t) <1 for t>T—T,and k € Ny.
Set
u(t) = lim ug(t), t>T —Tp.
k—o00

Then it follows from Lebesgue’s dominated convergence theorem that u satisfies

1 > " o
u(t) = w R)u(t —r)x(t —r) + /t P(s) };[1 [u(s — 75)x(s — 7;)] ds]
for t > T and
) = = ro) + (1- ST

for T — Ty <t <T. Now set
w = uzr.

Then w satisfies w(t) > 0 for T — Ty <t < T and

(3.9) w(t) = R(t)w(t —r) + /too P(s) H [w(s—7)]*ds, t>T.

Hence w solves (3.1). Clearly, w is continuous on [T' — Tp, 00).

It remains to show that w(t) is positive for all ¢ > T — T. Assume that there
exists t* > T — Ty such that w(t) > 0 for T — Ty < t < t* and w(t*) = 0. Then
t* > T, and by (3.9) we get

0= w(e) = R yote =)+ [~ P [ fwts 7o) s

t*
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which implies

R(t*)=0 and P(t) H [wt—7)]" =0 for t>t*.
i=1
This contradicts (3.6) or (3.7). Therefore w(t) is positive on [T — Ty, 00). O

We now compare (3.1) with the equation

i sgnz(t—m7)=0

(3.10) (x(t) ~ Rt — 7’))/ + PH(D) ﬁ ’x(t —7)

to obtain the following comparison theorem.

Theorem 3.2.3. Assume that (3.3) holds and that (3.6) or (3.7) holds for P*(t)
and Q*(t). Further assume that

(3.11) R(t)> R*(t) and P(t) > P*(t).

If every solution of (3.10) oscillates, then every solution of (3.1) oscillates as well.

Proof. Suppose the contrary and let x be an eventually positive solution of (3.1).
Set y as in (3.4). Then by Lemma 3.2.1 we have eventually

y'(t) <0 and y(t) > 0.
Thus, by integrating (3.1) from ¢ to T > t, we obtain

T m T m
o) =u(@)+ [ PO [fes =i ds> [ P[] lots =) as.

i=1

Therefore y(t) > [ P(s) [/~ [x(s — 7;)]*ds, and noting (3.11), we obtain

o0 m

z(t) > R(t)x(t—r) Jr/t P(s) | [#(s — ;)] ds

> R*()x(t—r)+ /toO P*(s) H [#(s — ;)] ds

which (note that (3.11) implies that (3.3) also holds for R*) implies in view of Theo-
rem 3.2.2 that (3.11) also has an eventually positive solution. This is a contradiction
and the proof is complete. O

We now turn to the question as to when (3.1) is oscillatory. This question is
important if we want to apply Theorem 3.2.3.

Lemma 3.2.4. Assume that R(t) > 1 fort >ty and

o0 1 S
(3.12) / P(s)exp (/ uP(u)du) ds = oc.
to r to

Let x be an eventually positive solution of (3.1) and define y by (3.4). Then even-
tually

(3.13) y'(t) <0 and y(t) <O.
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Proof. From (3.1) and (3.4), we have
H (t—m)]" <.
i=1
Therefore, if (3.13) does not hold, then eventually y(t) > 0, i.e.,
z(t) > R(t)x(t —r) > z(t — 7).
Let t; > to be such that x(t —r) > 0 for ¢ > ¢; and such that (3.8) holds for ¢t > ¢;.
Define
M = min {:c(t) cteft — r,tl]} .
Then z(t) > M for t > t1. Set 7* = max{r,71,...,7m}, and we have
x(t)>M for t>t +71" =1t.

For convenience, we denote

t—to
v = |2
where [(t — t3)/r] is the greatest integer part of (¢ — t2)/r. We claim that
n—1
(3.14) 2(t) > Y yt—kr)+a(t—nr), t>t,
k=0

holds for all 0 < n < N(t). Clearly, (3.14) is true for n = 0. If (3.14) is true for
some 0 < n < N(t), then

n—1

xz(t) > Z y(t — kr) + z(t — nr)
k=0

n—1

= Z y(t —kr)+y(t —nr)+ Rt —nr)z(t —nr —r)
k=0

= iy(t —kr) 4+ R(t — nr)x (t —(n+ 1)7")

k=0
> > ylt—kr)+a (tf (n+ 1)r)
k=0
for t > to and so (3.14) is true for n + 1. Hence (3.14) is true for all 0 < n < N(¥).
We note that y is decreasing and x(t — N(t)r) > M for t > to. Thus, by (3.10) we
obtain from (3.14) with n = N(t)
2(t) = N)y(t) + M, t>t,.

Substituting this into (3.1), we have

y/(t) +P(t)ﬁ (N(t—Ti)y(t—Ti) +M>ai S O7 t Z tg + 70 = tg,

i=1
where 79 = max{ry,..., 7, }. By Holder’s inequality [118], we have

m m

H(N(t—n)y(t—n —l—M) >H (t—7)] H[y(t—Ti)]ai—i-M

i=1 i=1
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and so

Therefore

e[ sﬂ'

+ MP(t)exp </ P(s) ﬁ [N(s— )] ds) <0, t>ts.

i=1

Integrating this inequality from t3 to ¢ > t3, we find

(315) y(t)exp ( [ P(s) JT V(s = 7)™ ds) - yits)

i=1

+M ttP(s)exp (/ts P(u)ﬁ[N(u—Ti)]o” du> ds <0, t>ts.

=1

/: P(s)ds = oo

is satisfied, then it is easy to see that every solution of (3.1) oscillates. Hence we
assume

If the condition

/OO P(s)ds < 0.

to
Noting [T/~ [N(t — 7;)]"" /t — 1/r as t — oo, it is easy to see that

m

/tooP(S){i_H[N(S—Ti)]ai}ds

i=1

is absolutely convergent and

exp (/t: P(u) ﬁ [N(u—7)]" du>
T exp <

/ uP(u)du>
ts
exists. By condition (3.12), we obtain

/t:o P(s)exp (/t: P(u) f[ [N (u — 7)) du> ds — oo

Letting ¢t — oo in (3.15), we obtain a contradiction. O

lim

S| =

In view of Lemmas 3.2.1 and 3.2.4, it is now easy to obtain the following result.
Theorem 3.2.5. Assume that (3.12) holds and
R(t) =1.

Then every solution of (3.1) oscillates.
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Example 3.2.6. Consider the neutral delay differential equation
!
(3.16) (x(t) ~a(t— 7“)) Ft ot —1) =0,

where 7 > 0, 7 > 0, and 1 < a < 2. Note that (3.16) satisfies all conditions of
Theorem 3.2.5. Hence all solutions of (3.16) oscillate. On the other hand, we see
by [301, Theorem 1] that (3.16) has a bounded nonoscillatory solution if and only
if & > 2. Therefore, it remains an open problem to determine the oscillation of
all solutions of (3.16) with o = 2.

Theorem 3.2.7. Assume that (3.3) and (3.12) hold, and that
(3.17) [TRE— 7)™ P(t) = P(t —r).
i=1

Then every solution of (3.1) oscillates.

Proof. Otherwise, (3.1) would have an eventually positive solution z. Let y be
defined by (3.4). Then by Lemma 3.2.1, we have eventually

y'(t) <0 and y(t) > 0.
From (3.1), (3.4), and (3.17), we find

m

vt = —PO[[l(t - )"
= PO (vt =)+ Bt —r)alt—r = 7))

< —P(t) H [yt — )™ +y/(t =),

N
Il
—

where we have used Holder’s inequality in the last step. This implies that y is a
positive solution of the inequality

m
(3.18) YO~y t— 1)+ PO ]Iyt - )™ <0,

i=1
which satisfies all conditions of Lemma 3.2.1, hence u(t) = y(t) —y(t —7r) > 0
eventually. On the other hand, since (3.18) satisfies all conditions of Lemma 3.2.4,
u(t) = y(t) — y(t — r) < 0 eventually, which is a contradiction. O

In case the assumption (3.17) is not satisfied, we may check to see if there is
some number ¢ € [0, 1) such that cP(t —7) < P(¢) [[;~, [R(t — 7;)]** for all large ¢.

Theorem 3.2.8. Assume that (3.3) and (3.12) hold and that there is some number
c€10,1) such that
cP(t—r) < P(t) H [R(t —7:)]"  for all large t.
i=1
Then (3.1) is oscillatory provided that the inequality

(3.19) (0 + 1%cp(t)z(t —r—7)<0 with 7=min{r,...,Tm}

does not have an eventually positive solution.
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Proof. Suppose to the contrary that x is an eventually positive solution of (3.1).
Then by means of Lemma 3.2.1, the function y defined by (3.4) satisfies y(¢) > 0
and y'(t) <0 for all large ¢. Then, as in the proof of Theorem 3.2.7, we see that

m

y'(t) = ey (t =)+ P) [Tyt =)™ <0

=1

for all large ¢. Since y is nonincreasing, we have
/ / / .
y(#)—cy(t—r)+ Pyt —7) <y (t) —cy'(t —7)+ P(t H t—1)]" <0
i=1

for all large ¢, where 7 = min{r,...,7,}. Let z(t) = y(t) — cy(t — r) for t > to.
By means of Lemma 3.2.1, it is clear that z'(¢) < 0 and z(t) > 0 for ¢ greater than
or equal to some number 7. Without loss of generality, we may also assume that
y(t) >0 for t > T. Now

y(t) = z(t) +ey(t—r)
> 2(t)tez(t—r)+.. A+ I2(t—jr)+ Ty (t -G+ 1)r>

> (c—|—62+...+cj+1)z(t—7‘)
for t > (j + 1)r + T + 7 and hence
0 > y'(t)—cft—r)+ Pyt —7) = 2'(t) + P()y(t —7)
> )+ %_CP(t)z(t )
for all large t, which is contrary to our hypothesis. O

Remark 3.2.9. Several explicit conditions ensuring that (3.19) cannot have an
eventually positive solution have already been established. A sample of these con-
ditions can be found in the book by Gy6ri and Ladas [118].

Theorem 3.2.10. Suppose P(t) > p > 0, R(t) > 0 fort > to such that (3.3) holds.
Suppose further that 7; € (0,00), 1 <i <m and

Plt) T . 1 y5m i
(3.20) _inf {() H [R(t — )] e™ + aekzizl T / P(s)ds} >1
t

t2t0,0>0 | P(t—r) %
foralll € {r,m,...,7m}. Then (3.1) is oscillatory.

Proof. Suppose to the contrary that z is an eventually positive solution of (3.1).
Then arguments similar to those used in the proof of Theorem 3.2.7 show that the
function y defined by (3.4) is positive, nonincreasing, and satisfies
/ P(t) s (o2 ) s (623
y(t)—mH[R(t—Ti)] y(t—T)+P(t)H[y(t—Ti)] <0
i=1 1=1
for t > tg. For the sake of convenience, let us write

P(t) m

Q) = Plt—1) H [R(t — )], t>to.
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Let w(t) = —yy/((f)) for t > tg. Then w(t) > 0 for ¢t > ¢y and

== [ vou) s refi o )]

- i=1 —Ti
for t > tg+ 7*, where 7* = max{r,71,...,Tm }.
The rest of the proof of Theorem 3.2.10 is similar to that of [91, Theorem 2.1]
and hence will be omitted. O

Remark 3.2.11. When m = 1 and R(t) = R > 0, P(t) = P for t > o, the
condition (3.20) is sharp.

3.3. Oscillation of Equations with Variable Coefficients (I)

Consider first order neutral delay differential equations with positive and nega-
tive coeflicients of the form

321)  (a() ~ ROl — 1) + P@)alt —7) ~ Q)alt —5) =0,
where

(3.22) P,Q,ReC([ty,o),R"), r€(0,00) and 7,6 €RT

and

(323) 7>6, Pt)=Pt)—Q(t—7+6) >0 and not identically zero.

Let Ty = max{r,7,6}. By a solution of the equation (3.21) we mean a function
x € C([to—Tp, 00),R), for some 1 > to such that x(t) — R(¢)x(t —r) is continuously
differentiable on [t1,00) and such that (3.21) is satisfied for ¢ > ¢;.

In this section we give some sharp sufficient conditions for the oscillation of all
solutions of (3.21). Before stating our main results, we need the following lemmas.

Lemma 3.3.1. Assume that (3.22) and (3.23) hold and
¢

(3.24) R(t) —|—/ Q(s)ds <1 for t>1t1> 1.
t—7+0

Let x be an eventually positive solution of (3.21) and set

t

(3.25) y(t) =xz(t) — R{t)x(t —r) — / Q(s)x(s — d)ds.

t—7+0

Then eventually

(3.26) y'(t) <0 and y(t) > 0.

Proof. From (3.21), (3.23), and (3.25), we see that
y(t)=-Pt)z(t—7) <0, t>t>t.

Denote lim;_, o, y(t) = I. We show that { > 0.
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First we consider the case that = is unbounded, i.e., limsup, . z(f) = oc.
Then there exists a sequence {s, } with lim,_,. $, = 00, lim,_,o 2(s,) = 0o, and
x(sp) = max{z(t) : to <t < s,} for n € N. Hence from (3.23) and (3.24)

Sn

y(sn) = x(sp) — R(sp)z(sn — 1) — / Q(s)x(s — 8)ds

Sp—T+0
Sn
> x(sn) [1 — R(sy) —/ Q(s)ds} >0
Sn—T4+39
for n € N. Therefore I = lim;_, o y(t) = lim,,— o0 y(s,) > 0.

Next we consider the case that x is bounded. Set limsup,_,. x(t) =
Then there exists a sequence {5,} such that lim, . §, = 00, lim, . x(
Denote r; = min{r,§}, ro = max{r, 7}, and

| <
5y) =

x(&,) = max{x(s) P 5, —Te<s5<35, —7"1}, n € N.

Clearly, lim, o0 &, = 0o and lim,, o (&,) <. From (3.23) and (3.24),

x(5n) — y(5n) R(5p)x(5, — 1) + / Q(s)x(s — d)ds

Sp—T+0

o6 R+ [ QW] < e

Spn—T+08

IA

Taking limit superior on both sides as n — 0o, we obtain [ — [ < [, and so [ > 0.
Then y(t) > 1> 0 for t > ts. O

Lemma 3.3.2. Assume that 6 > 0, Q € C([to,0),RT), A € C([to — §,0),RT),
and

t
(3.27) A(t) > Q(t) exp (/ A(s)ds) ,  t >t
t—6
Then the condition
t
(3.28) litm inf/ Q(s)ds >0
—00 _5

implies that

(3.29) hmlnf/ A(s)ds < oo.

t
:/ Q(s)ds, t>to.
to

The condition (3.28) implies that lim ., Q(t) = oo, and Q(t) is strictly increasing.
Then Q~1(t) is well defined, strictly increasing, and lim; .., @ () = oco. The
condition (3.28) implies that there exist ¢ > 0 and T} > ¢ such that

Proof. Define

Q(t)—Q(t—é)zg for t>T

and thus
Q! (Q(t) - 7) >t—6 for t>T).
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Set .
A(t) = exp (— /\(s)ds> )
T
Now (3.27) implies that

N(#) < -Q()A(t —6), t>to.
By [92, Lemma 2.1.3], A(t — §)/A(t) is bounded above under the condition (3.28).
Then (3.29) is true. O

Theorem 3.3.3. Assume that (3.22), (3.23), and (3.24) hold and

t
(3.30) lim inf P(s)ds > 0.

t—00 t—7

Assume moreover that there exists a positive continuous function H such that

¢
(3.31) lim H(s)ds >0

t—o0 t—7

and that either

, R(t—7)P(t)H(t —) i
(332) 1 < )\>1Ontf>T { Bl —rH({D) exp ()\ - H(s)ds)

+ If ((tt))A exp ()\ ; H(s)ds)

LA o )]

(333) 1 < inf { H(1 Lo ()\ t H(s)P(s)ds)

t—7

+H(t—r)R(t—T)eXp()\ t H(s) ()d>

t—r

P
i e Do (0 [ ) ).

Then every solution of (3.21) is oscillatory.

Proof. Without loss of generality, assume that (3.21) has an eventually positive
solution z. Let y be defined by (3.25). Then by Lemma 3.3.1 we have

y'(t) <0 and y(t) >0 for t>t >t.
From (3.21) we have
(3.34) y'(t) = —P(t)x(t—7)

= —Pt)|yt—7)+R{t—7)x(t—T—7)+ /t y Q(s—T)x(s —T —0d)ds

= —P@)yt—r7)+ Wy’(t —7) + P(t) /t_ Ny Cm;y’(s — 4)ds.

Set
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Then (3.34) reduces to

(3.35)  A(t)H(t) > P(t) exp( )\(S)H(s)ds)

+>\(t—r)H(t—r)R(;_:-T exp</ As )
Y TN

It is obvious that A(t)H (¢t) > 0 for ¢ > to. From (3.35) we have

At)H(t) > P(t) exp (/:T /\(S)H(s)ds> .

In view of (3.30) and Lemma 3.3.2, we get

¢
lim inf/ A(s)H (s)ds < o0,
t—T1

t—o0
which implies, by using (3.31), that liminf; ., A(¢) < co. Now we show that

litm inf A(t) > 0.
In fact, if liminf; . A(t) = 0, then there exists a sequence {t,} such that ¢, > ¢,
t, — 00 as n — oo, and A(t,) < A(t) for t € [t1,¢,]. From (3.35) we have

At H(tn) > Pltn) exp ()\(tn) ' H(s)ds)

tn—T

() H (b — T)]Wexp ()\(tn) / " H(s)ds)

+P(tn)/t:"7+6§__zi‘:_gwn)ﬂ(s exp( / Hu du>

Hence
P(t,) t
b2 NeHE) P (A(tn) _— (s)ds>
+H (th(?ff% —TZ) (tn) exp <A(tn) t i H(s)ds>
P(tn) tn Q(S—T)H(S—(s) tn
+H(tn) /tn—r-s-é P(s—0) exp ()\( n) - H(u)du) ds,

which contradicts (3.32). Now, let us first assume that (3.32) holds. Then

(3.36) liminf A(¢) = h € (0, 00).

t—oo
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By (3.32), there exists an « € (0,1) such that

. R(t—7)P(t)H(t — 1) ’
(337) 1 < a)\>10r)1tsz{ Bl — i) exp ()\ - H(s)ds)

+I1]!'D((tt)>)\ exp ()\ t;T H(S)ds)
P(t)

Lo o)

In view of (3.36), there exists to > ¢; such that

At) > ah forall > ts.
Substituting (3.37) into (3.35), we obtain

AOH(E) > P(t)exp (ha His >

t—T1

+haH<f;g;;<jr; oy (1 [ mc92)

+P(t)ah /t tms Qs P(TS)I_{ E;') =9 exp <ha / y H(u)du> ds

for t > t9 + T,. Hence

ho> 1i£gf{ ?)exp<ah”H )
+ah (t_&))R((t_:))P exp (ah /ttTH(s)ds)

g o gy e (o o) )

which implies that there exists a sequence {¢,} such that t,, > max{T, ¢y + Tp}

t, — 0o as n — oo, and

. P(En) tn
h > nlin;o {H(fn) exp (ah . H(s)ds)
H(t, — r)R(t, — ) P(tn) "
+ah HE) P = 1) exp (ah . H(s)ds)

P(t,) . [ Qs —7)H(s ) "
+H(t_n)ah /tn‘r+5 Bls—0) exp (ozh /575 H(u)du) ds} .
If we set A = ha, then
P(t,) b
1 > anlirr;o { HE)N exp (/\ - H(S)d8>
H(tn H ))}SEZ 25’(%) exp ()\ : i)H(s)ds)

P(t,) [ Q(s—7)H(s—9) fn
+H(fn) /tn—7'+5 Bls—0) exp <)\ i H(u)du) ds} ,

-

67
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which contradicts (3.37) and completes the proof of this theorem under condition
(3.32).

Now we assume that condition (3.33) holds. Let

MO H ) P(t) = — Z((tt)) .

Then (3.34) becomes

(3.38) A(H)H(t) > exp (/:T A(8)157(~9)P(8)dS)

+At—r)H({t —r)R(t — 7) exp </t

-Tr

NS () P(5)ds
+ /tt Qs — T)A(s — 6)H(s — 6) exp </:5 A(u)H(u)P(u)du) ds.

—7+0
As before, by Lemma 3.3.2, we can prove that

t—o00

(3.39) lim inf /tt A(s)H (s)P(s)ds < .

From (3.30), (3.31), and (3.39), we may conclude that liminf, ,,o A(f) < co. In
view of (3.38), A(t) > 1, and so

litm inf A\(t) = h € (0, 00).
From (3.33), there exists a € (0,1) such that

L< o nf {Mj(t) exp <)\ /1t tT H(s)P(s)ds>
LHC=NRE=T) <)\ /t tr H(s)P(s)ds)

H{(t)
1 t t -
+— / Q(s—T1)H(s —0)exp <)\ H(u)P(u)du) ds} .
H(t) t—71+6 s—0
By using a similar method as in the first part of the proof, we can derive a contra-
diction. The proof is complete. O

Remark 3.3.4. Conditions (3.32) and (3.33) are equivalent when P(t) > 0 for
t > T. In fact, if P(t) > 0 for t > T, set K(t) = H(t)P(t). Then condition (3.33)
becomes (3.32). Conversely, if we let K(¢) = H(t)/P(t), then (3.32) reduces to

(3.33).

Since e* > ex and ¢* > 1 for z > 0, (3.32) and (3.33) lead to the following
corollary.

Corollary 3.3.5. Assume that (3.22), (3.23), (3.24), (3.30), and (3.31) hold. Fur-
ther assume that either

{R(t —T)P(OH(t —1) n eP(t) [ H(s)ds

1 < liminf Bt — nH(D) 70

t—o0

PO [ Qb))

H@) Jiris Pls—0)
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(if P(t) >0 fort>T) or

1< litrgior.}f {Hfzt) /tiT H(s)P(s)ds + Hit —Iir)(};)(t —7)

Then every solution of (3.21) is oscillatory.

From Corollary 3.3.5, we can obtain different sufficient conditions for oscillation

of (3.21) by different choices of H(¢t). For instance, if we choose H(t) = P(t) > 0
for t > T or H(t) =1, then the first condition in Corollary 3.3.5 becomes

(3.40) lim inf {R(t -7)+ e/tiT P(s)ds + /tt Qs — T)ds} >1

t—00 —T7+6

or
(3.41) lim inf {P(Q(Jf(_t;)ﬂ + eP(t)T + P(t) /ti y C’}%E‘Z:;;ds} >1

(if P(t) > 0 for t > T). If we select H(t) = P(t) > 0 for t > T, then the second
condition in Corollary 3.3.5 becomes

(342) 1 <liminf {P?t)/t [P(s)] ds + P(t —;)(1;%)(15 —7)

)

Corollary 3.3.6. Assume that (3.22), (3.23), (3.24), and (3.40) hold. Then every
solution of (3.21) is oscillatory.

Corollary 3.3.7. Assume that (3.22), (3.23), (3.24), and (3.41) hold. Then every
solution of (3.21) is oscillatory.

Corollary 3.3.8. Assume that (3.22), (3.23), (3.24), and (3.42) hold. Then every
solution of (3.21) is oscillatory.

Remark 3.3.9. Condition (3.40) is the same as in [289, Theorem 1] (obtained by
a different technique). But we should point out that the proof in [289, Theorem 1]
is inaccurate (see Zhang [297]). On the other hand, if P(t) > 0 is nonincreasing,
then it is easy to see that

—T

W <R(t—7), 7P@) < /t P(s)ds.

and

_ t Q(S — 7-) P(t) t - t )

P(t) /HM Pls 9) ds < B—3) /t_TMQ(s T)ds < /t_T+5Q(S 7)ds.
It follows that

R(t—)P) - o
Sy P+ P /t L3

gR(t—T)Jre/tt P(s)ds—i—/tt Q(s — 7)ds.
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If P(t) > 0 is nondecreasing, then all inequalities above are reversed.

Example 3.3.10. Consider the neutral differential equation

(3.43) (x(t) L 1))/ 4 (1 4 1) ot -2) - L o¢—1)=0

2t 8e +1
for t > 4. Here, 7=2,0 =1,
t—1 1 1 1
T P = — 1= -
RO =55 PO=g +7 Q=7

so that P(t) = 1/(8e). It is easy to verify that the assumptions of Corollary 3.3.7
are satisfied. Therefore, every solution of (3.43) is oscillatory.

Corollary 3.3.11. Assume that R(t) =19 >0, P(t)=p>0,Q(t) =¢ >0, p> q,
T >0 and ro+ q(T — ) < 1. Then every solution of (3.21) oscillates if and only if

FI) = =P = q) + g™ + Ap — @)roe?P™I" — gm0 >0, x> 0.

Corollary 3.3.12. Assume that the assumptions of Corollary 3.8.7 hold. Then
every solution of (3.21) oscillates if and only if

(3.44) F2N) = =X+ Arpe?™ +per™ —qe*® >0, A >0.

Proof. Sufficiency is obvious. We will prove the necessity. Assume that the
condition (3.44) is false, then there exists Ag > 0 such that fo(Ag) < 0, and

f2(0) = p—¢q > 0. Thus there exists Ay € (0, o] such that fo(A) = 0. In
fact, z(t) = exp(—A1t) is nonoscillatory solution of (3.21). This is a contradiction
and the proof is complete. O

Remark 3.3.13. Corollaries 3.3.11 and 3.3.12 imply that the conditions of Theo-

rem 3.3.3 are sharp.

3.4. Oscillation of Equations with Variable Coefficients (II)

In this section we continue to study the oscillation of the first order neutral
delay differential equation (3.21) by a comparison theorem.

Theorem 3.4.1. Assume that (3.22), (3.23), and (3.24) hold and that either

(3.45) R(t) + (P(t) Q-7+ 5)) >0
(3.46) 7>0 and P(s)#0 forsc[t,t+1]

Then every solution of (3.21) oscillates if and only if the corresponding differential
inequality

(3.47) (x(t) ~ R(t)x(t — r))' Pt —7) — Q(t)z(t — ) <0
has no eventually positive solution.

Proof. The sufficiency is obvious. To prove the necessity, we assume that z is an
eventually positive solution of (3.47). Define y as in (3.25). Then by (3.24) and
Lemma 3.3.1, we find

y(t) > /too P(s)x(s — 7)ds,
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i.e.,

(3.48) z(t) > R(t)x(t —r) + /ti s Q(s)x(s —d)ds + / P(s)x(s — 7)ds.

Let T > tg be fixed so that (3.48) holds for all ¢ > T'. Now we consider the set of
functions

E:{ueC([T—TO,oo),R+): ogu(t)glfortzT—To}

and define a mapping F' on E as

1 t
o) [R(t)ug —r)z(t—7r) + /t s Q(s)u(s — 0)x(s — &)ds
(Fu)(t) = +/t P(s)u(s — 7)z(s — T)ds] if t>T,
IFJ;(:LTO(FH)(T)Jr(l—’f—:;;T(’) if T-Ty<t<T.

It is easy to see, using (3.48), that F' maps F into itself. Moreover, for any u € E
we have (Fu)(t) > 0 for T —Ty <t < T. Next we define the sequence {u;} C E by

ug(t) =1for t >T — Ty, wups1 = Fug for k € Ny.
Then, by using (3.48) and a simple induction, we can easily see that
0 <upt1(t) <ug(t) <1 for t>T—Tpand k € Np.
Set
u(t) = klingo ug(t), t>T—"Tp.

Then it follows from Lebesgue’s dominated convergence theorem that u satisfies

u(t) = ﬁ R(t)ult — r)alt — ) + /t t Qs)uls = dya(s — a)ds
/ Pls)u(s — )z (S—T)ds}
for t > T and
u(t) = #(Fu)m 4 (1 _ t‘i;fTO>
for T — Ty <t <T. Set

Then w satisfies w(t) > 0 for T — Ty <t < T and

(3.49) w(t):R(t)w(t—r)—k/tl IRCOTCEY: ds+/ P(s)w(s — 7)ds

for t > T. So w solves (3.21). Clearly, w is continuous on [T — Tp, 00).

It remains to show that w(t) is positive for all ¢ > T'— Tj. Assume that there
exists t* > T — Ty such that w(t) > 0 for T — Ty < t < t* and w(t*) = 0. Then
t* > T, and by (3.49) we get
t* 3]

Q(s)w(s — d)ds + /t P(s)w(s — 1)ds,

*

0= w(t*) = Rt )w(t* —r) + /

t*—743
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which implies
R(t*)=0 and Q()=0fortet" —7+4,t%
and B
P)w(t—7)=0 forall ¢>t".
This contradicts (3.45) or (3.46). Therefore w(t) is positive on [T' — Ty, 00). O

We now compare (3.21) with the equation
I
(3.50) (z(t) — R*(t)x(t — 7")) + P )zt —7)—Q (t)x(t—6) =0
to obtain the following comparison theorem.

Theorem 3.4.2. Assume that (3.22), (3.23), and (3.24) hold and that (3.23) as
well as (3.45) or (3.46) hold for P* and Q*. Further assume that

(3.51) R(t) > R*(t), P(t)=P*(t), and Q(t)=Q(t).

If every solution of (3.50) oscillates, then every solution of (3.21) oscillates as well.

Proof. Suppose the contrary and let z be an eventually positive solution of (3.21).
Set y as in (3.25). Then by Lemma 3.3.1 we have eventually

y'(t) <0 and y(t) > 0.
Thus, by integrating (3.21) from ¢ to T > t, we obtain

T T
y(t) =y(T) + /t P(s)x(s —1)ds > /t P(s)x(s — T)ds.

Therefore y(t) > [ P(s)x(s — 7)ds. Using (3.51), we obtain
t

z(t) = yit)+ Rzt —r)+ /t_ B Q(s)x(s — d)ds

> R*(t)x(t—r)+ /t_ o Q" (s)x(s — d)ds + /too P*(s)x(s — 7)ds.

Note that (3.51) implies that (3.24) also holds for R* and Q*. Therefore, by The-
orem 3.4.1, (3.50) has also an eventually positive solution. This is a contradiction
and the proof is complete. O

In what follows, we will derive some sufficient conditions for the oscillation of
all solutions of (3.21). The following lemma plays an important role.

Lemma 3.4.3. Assume that (3.22) and (3.23) hold and that

(3.52) R(t) + /t tTHQ(s)ds > 1
and
(3.53) /t :O P(s) exp (: /t : uP(u)du> ds = oo,

where r* = min{d,r} > 0. Let x be an eventually positive solution of inequality

(3.47), and define y by (3.25). Then eventually
(3.54) y'(t) <0 and y(t) <O.
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Proof. From (3.22) and (3.23), we have
(3.55) y'(t) < —Pt)x(t—7) <0.
Therefore, if (3.54) does not hold, then eventually y(¢) > 0. That is,

(3.56) x(t) > R(t)x(t —r) + /t_ B Q(s)x(s — d)ds.

Let t; > to be such that x(t —r) > 0, (t —7) > 0 for ¢ > ¢; and such that (3.56)
holds for t > ¢;. Define

m = min {x(t) D tEt — T*,tl]} ,  where 7% =max{r,7}.

Then for t € [t1,t1 + 7*], we have by (3.56) and (3.52)

(t) > m [R(t) + /tt T+6Q(s)ds] >m

Thus, by induction, we can show that
z(t)>m for tefti+(n—1)r"t1+nr*], neN,

and so
z(t)>m for t>t—71".

For convenience, we denote

Since r* = min{d,r} > 0 and y is nonincreasing, from (3.25) and (3.52) we have

x(t) =y(t) + R)x(t —r) + /t B Q(s)x(s — d)ds

= y(t)+ R(t) [y(t —7r)+ R(t—r)z(t —2r)+ /t Q(s)x(s — 5)ds}

T4+5—71

+/t7+5Q(s) [y(sé)JrR(sé) s—1r—20 / Q(u —0)d ]ds

v

w0+ [R0+ [ awas]ue-r)

-7+

t—r

+R(1) [R(t — et — 2r) + /t Q(s)z(s — 6)ds}

.
—|—/ttT+6Q(s) R(s—d)ax(s—r—29¢ / Qu —0)d ]ds

> y(0)+ e 1)+ RO [Re = r)ate — 2n) + / o T@(s)x(sé)ds}
+/;+5Q<s> R(s — d)a(s — 1 — / Q(u)z(u— 8)d ]ds

= y() +y(t— 1)+ RO {R(t =) [y(t = 2r) + R(t — 2r)a(t - 3r)

[ Qs o)
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@ ot 0+ R 9o -

—T7+0—1r
s—0

+ [ Quau- )du]ds}+ /ttTM@(s){R(sa)[y@ra)

sS—T

s—r—20

+R(87T75)1‘(572T*6)+/

S—Tr—T

Q(u)x(u — 5)du]
/ Q(u —0)+Ru—90)x(u—r—90)

+ /__ Qv)z(v —d)dv du} ds.

In general, by induction, we can show that

(8:57) a2yt +yt—r)+ .. +y (L= (VO = D)+ (6= N(O)r*)

for t > t1. Noting that y(t) is nonincreasing and xz(t — N(¢)r*) > m for t > 1, by
(3.57) we obtain that
x(t) > N)yt)+m, t>t.

Substituting this into (3.55), we find
YO+ P [N =yt —7)+m| <0, t=t+7=1,
and hence
v (&) + PN —7)y(t)+ P(t)m <0, t>to.
Then

/

{ ) exp (/ P(s)N(s — 7 ds)] + mP(#) exp (/t:P(s)N(s _ T)ds>

for t > t5. Integrating this inequality from 5 to t > to, we have

t

(3.58) 0> y(t)exp ( P(s)N(s — T)dS) —y(t2)

ta

v [ B(s)exp ( /t P(u)N(u— T)du) ds

to

/: P(s)ds = oo

is satisfied, then it is easy to see from (3.55) and the fact that xz(t) > m for
t > t; — 7%, that lim;_ . y(t) = —oo, which is a contradiction. Hence, we assume

that
/ P(s)ds < oo.
to

for ¢ > to. If the condition
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Because N(t — 7)/t — 1/r* holds as t — oo, it is easy to see that
ftzo P(s) [£ — N(s — 7)] ds is absolutely convergent and

e ( /t : P(u)N(u T)du)

§—00 1 8 =
exp (7"*/ uP(u)du)
to

By condition (3.53), we obtain

/2 P(s exp(/ Plu u—T)du)dSZOO

Letting ¢ — oo in (3.58), we obtain a contradiction. O

exists.

As an immediate consequence of Lemmas 3.3.1 and 3.4.3, we obtain the following
result.

Theorem 3.4.4. Assume that (3.22), (3.23), and (3.53) hold and that

R(t) +/t B Q(s)ds = 1.

Then every solution of (3.21) oscillates.
Example 3.4.5. Consider the neutral delay differential equation
!/

(x(t) (- )t — 1)) +(att P a(t—2) —axt—1)=0, >0,
where 0 < o < 1 and 1 < § < 2. This equation satisfies all conditions given in
Theorem 3.4.4. Hence all solutions of the equation oscillate.

Theorem 3.4.6. Assume that (3.22), (3.23), (3.24), and (3.53) hold, and that
(3.59) R(t —T)P(t) > P(t — 7).

Then every solution of (3.21) oscillates.

Proof. By way of contradiction, we assume that the conclusion is false. Then (3.21)

would have an eventually positive solution z. Let y be defined by (3.25). Then by
Lemma 3.3.1 we have eventually

y'(t) <0 and y(t) > 0.
From (3.21), (3.24), and (3.59), we have
y'(t) = —P(t)z(t —7)

= —P() y(t—r)—l—R(t—T)x(t—r—T)—F/t +(;Q(s—7')3:(5—7'—5)d3

—P(t)y(t—7)+y'(t—r),

IN

ie.,
y'(t)—y't—r)+ Pyt —r7) <0,
which, in view of Theorem 3.4.1, implies that the equation
(3.60) y(@t) -y (t—r)+Pl)ylt—7)=0
has an eventually positive solution. But, on the other hand, by Theorem 3.4.4 we

see that (3.53) implies that (3.60) cannot have an eventually positive solution. This
is a contradiction and the proof is complete. O
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Theorem 3.4.7. Assume that (3.22), (3.23), (3.52), and (3.53) hold and that

(3.61) R(t — )P(t) < b P(t —7),

and also suppose that 1/P is nondecreasing and satisfies

(3.62) Pt)Q(t — ) < ho P(t - 6),
where hy, ho are nonnegative constants satisfying

hi+ hao(r—96) = 1.
Then every solution of (3.21) oscillates.

Proof. If the above conclusion does not hold, then (3.21) has an eventually positive
solution x. Let y be defined by (3.25). From Lemma 3.4.3 we have y(t) < 0. By
(3.61) and (3.62), we get

y(t) = —P(t)z(t —7)
= —P(t) [y(t —T)+Rt—7)z(t—r—1)+ /t_ B Q(s—T1)z(s—0—T)ds

> —Pt)y(t—7)—hP{t—r)z(t—r—1)
5 ! Qs —7) ’
) [ FET - s

—P)y(t—7)+hy'(t —7) + ho y'(s — 6)ds
t—7+0

= —[P(t)+ho] y(t —7) + hoy(t — &) + hay/(t — 1),

ie.,

Y

! _
(9(6) = hay(t =) + [P(&) + ha] y(t = 7) — hay(t — 6) > 0
so that —y is a positive solution of the inequality
/ _
(z(t) Bt — r)) + [P(t) + ha) 2(t — 7) — haz(t — 8) < 0.
This yields a contradiction by Lemma 3.4.3. O

Example 3.4.8. If we take h; = 1/4 and hy = 1/2, then the equation

t+2 "o 1
t)— —————a(t—1 4t P )t —2) - zax(t—1)=0
(w00 - grgate =) + (5407 ) ale -2 = Gate -1 =0,
where 1 < 3 < 2, satisfies all the assumptions of Theorem 3.4.7. Hence all solutions
of this equation oscillate.

In the next theorem, we set

for P(t) > 0.
Theorem 3.4.9. Assume that (3.22), (3.23), and (3.24) hold and that

(3.63) Pt)>0 and 0<r9<Ro(t)<l1.
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Then either

t
(3.64) ro lim Sup/ P(s)ds >1—1rg
t—oo Jt—746
or
¢ = 1-— To
(3.65) ro lim inf P(s)ds >
t—o0 t—7+9 €

implies that every solution of (3.21) oscillates.

Proof. Assume, for the sake of contradiction, that (3.21) has an eventually positive
solution x. Define y by (3.25). Then by Lemma 3.3.1, (3.26) holds. Also, y satisfies
the equation

t

0 = y'(t)—Ro(t)y' (t—r)+ P(t)y(t —7)+ P(t) /t_ y Q(s — 7)a(s — 7 — 0)ds

> Y (t) —roy'(t—r) + Pt)y(t — 7),

where we also have used (3.63). In view of Theorem 3.4.1, the corresponding
differential equation

y'(t) —roy'(t — ) + P(t)y(t —7) = 0

has an eventually positive solution y. Set w(t) = y(¢) — roy(t — 7). Then w'(t) <0
and w(t) > 0 by Lemma 3.3.1. Thus, for any n € N, we have

yit) = wt)+rowlt—r)+...+rgwt —nr)+rgy (t —(n+ 1)7')
> (T() +rit..+ r{}) w(t—r) = 77“0(117_7"28)10@ —r)
and so
(3.66) w'(t) + Mp(t)w(t —r—7)<0.

1—’["0

Since 0 < ¢ < 1, it follows for sufficiently large n € N that (3.64) or (3.65) implies
respectively

1—ry b
(3.67) roll = 75) lim sup P(s)ds > 1

1—

To t—oo  Jt—7+6

or

1—ry b 1
(3.68) 00 =) i / P(s)ds > —.

L—rg t=oe Jiris €

It is well known that (3.67) or (3.68) implies that (3.66) has no eventually positive
solution (see e.g., [118, Theorem 2.3.3 on page 46]). This is a contradiction and so
the proof is complete. O

3.5. Existence of Nonoscillating Solutions

The purpose of this section is to study the existence of nonoscillatory solution
of the neutral delay differential equation (3.21) under conditions (3.22) and (3.23).
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Theorem 3.5.1. Assume that (3.22) and (3.23) hold and that
0< P(t) <M, where M is a constant,

and that there exists a positive number o such that

(3.69) 0<R()e* <c<1
and
t
(3.70) 1 > R(t)e™ +e* / Q(s)e~ s
t—7+0

oo
—|—/ (P(s) —Q(s—71+ 6)) el g,
t
Then (3.21) has an eventually positive solution which approaches zero exponentially.

Proof. Let (3.69) and (3.70) hold for ¢ > t3. Let BC' = BCtg — Tp,o0) denote
the Banach space of all bounded and continuous real-valued functions defined on
[to — To,00), and the norm in BC' is the sup norm. Let 2 be the subset of BC
defined by

Qz{yeBC: Ogy(t)glfortZto—To}.

Now we define operators F; and F5 on € as

R(t)ey(t —r) if ¢t > to,
F; t) = t t
(Fi)() —(F1y)(to) + (1—) if tg—Tp<t<ty
to to
and
t o)
/ Q(S)eaéefa(sft)y(s _ 5)d$ + / ea‘rp(s)efa(sft)y(s B T)dS
t—7+0 t
(Fay)(t) = it t>to,
t .
%(Fzy)(tt)) it to— Ty <t<to.

In view of (3.69) and (3.70) for every y1,y2 € Q we have
Fry+ Foy €,

and Fy is a contraction on Q. Since P(t) — Q(t — 7+ ) > 0 and P(t) is bounded,
Q(t) is bounded. It is easy to see that

()] < N
dt 2Y >
for some positive number N. Hence F5 is completely continuous on 2. By the
Krasnosel’skil fixed point theorem (Theorem 1.4.27), there exists y € Q such that

Fiy+ Fey = .

That is, for t > tg,

t

y(t) = R y(t — 1) + / Qe (s — gy

+/ e P(s)e” Dy (s — 7)ds,
¢
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and for tg — Ty < t < tg,
t t
i) = utto)+ (1= 1) >
0 to

It follows that y(t) > 0 for all t > to — Tp. Set
a(t) = y(t)e .
Then

t

z(t) = R(t)z(t —7r) + /

t—7+0

Q(s)x(s — d)ds + /too P(s)x(s — 7)ds.
Consequently,
<a:(t) — R(t)x(t — T))l +Pt)x(t—7)—Q)x(t—39) =0, t>to,

i.e., x is a positive solution of (3.21) and x(¢) approaches zero exponentially. The
proof is complete. O

Remark 3.5.2. When R(t) = R, P(t) = P, Q(t) = Q are nonnegative constants,
P>Q,7>06>0,7>0, R+ Q(r —d) <1, then condition (3.70) becomes
Q

P
Rear+760ﬁ_7€a5 <1
« «

for some a > 0. This condition provides not only a sufficient condition but also
a necessary condition for the existence of a nonoscillatory solution of (3.21) (see
Theorem 3.3.3 in Section 3.3).

Theorem 3.5.3. Assume that
R € C'([ty,),R), P,Q € C([ty, ), R), 7,7,8 € [0,00),
and that there exists a positive number p such that
(3.71) p|R(t)|e"” + |R(t)|e’" + |P(t)|e"™ + |Q(t)]e"® < u, t>to.

Then (3.21) has a positive solution on t > tg.

Proof. Set

R(t) it t>to,

Pt =30 TRy it —r <t <t
0 " if to—Tp—r<t<tyg—r,
R(t) it > to,

Pty =320 TRy ity — <t <t
0 ' if tg—Tp—r<t<ty—r,
P(t) it >t

()= 70 Ty i by <t <ty
0 ' if tg—Tp—r<t<ty—r,
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and

?;Q(t)t if  t>t,
Pt =4 ;’”Q(to) it oto—r<t<to,
0 if to—Top—r<t<tyg—r.

Then P, for i € {1,2,3,4} are continuous on [ty — Ty — r,00). From (3.71) we have
| Py(t) e 4 |Pa(t)|e! + | Ps(t)|e"™ + |Py(t)|e"® <, t>to—To—r

We introduce the Banach space BCtg — Ty — r,00) of all bounded continuous
functions x : [tg — Ty — r, 00) — R with norm

e = sup |a(t)]e™™,
t>to—To—r

where 77 > 0 satisfies the inequality

DN | =

e (e 4 £) + L o)+ 0]+ o) <
L(O)]e! e+ = ) + — | P (t)] + —|Ps3(t)| + —|Pu(t)] <
n n n n
for t > tg — r. We consider the subset Q of BC' as
Qz{)\EBC: \)\(t)\gufortZto—To—r}.

Clearly, ) is a bounded, closed, and convex subset of BC'. Define the operator F'

on Q as
At — )Py (£) exp (/ttrx( )ds ) + Py(t)exp </ A(s )
(FA)(t) = +Py(t) exp < /: A(s)ds ) Pu(t) exp ( / A(s >

it t>to—r
0 if to—To—r<t<ty—r.

In view of (3.71), we have for t > ¢ty — r

[FAW)] < plPi(O]e"” + [Pa(t)|e" + | Py(t)]e"” + [P()]e"® < p,
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which shows that F' maps 2 into itself. Next, we show that F' is a contraction on
Q. In fact, for any A1, Ao € Q and t > tg — 7,

(FA)(®) — (FA)(@)]

Mt — ) exp (/ M (s)ds ) ~olt— 1) exp (/ti Ag(S)dS)

< |A®)

+1Po(t)] [exp (/ M(s ) ~exp (/ti Ag(S)dS)
+1Ps(t)] [exp ( /t B Al(s)ds) ~exp ( /t i )\g(s)ds)
+1Pi(0)] [exp ( /t ; /\1(s)d5> - exp( t; A2(s)d3)

IN

PO e =) = dale =)+ [ () = da(olds|
e PO [ (o) = dalo)l s+ e [POL [ [Aal) = dalo)] ds

e [Py (1)| / () = da()] ds

ur

IN

=l {er IR [ 1= o)+ S p ) - e e

1 1
+= [Ps(t)] e (L —e ") e + =t |Py(t)| (1 — e ™) e”t}
n n

1

§ ||)\1 — )\2” e”t {€#T|P1(t)| <€nT + j;) -+ 56“T|P2(t)|

+1\P3(t)\ef” + 16"5|P4(t)|}

n n

1 nt

S 56 H)\l — /\2“ .
Hence,
IFX = Fxall = suwp [(FA)(6) = (Fao)(t)] e
t>to—To—r
= s [(FA)(0) — (FA)®)] e

t>to—r

1
< A=A
< 2\\1 2|,
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i.e., F is a contraction on €. Therefore (see Theorem 1.4.26) there exists A € Q
such that FA = \. That is,

At —r)Py(t) exp (/t; A(s)ds) + Py(t) exp (/t; /\(s)ds)
Alt) = +P5(t) exp (/;T )\(s)ds) — Py(t)exp (/t:s A(s)ds)
if t>tyg—r,
0 if to—Tp—r<t<tyg—r.

According to the definition of P;, we have

/\(t):)\(t—r)R(t)exp(/t As)d >+R’ Xp</ A(s )
L Pt exp</ As ) Q(t exp( A(s)ds)

2(t) = exp ( Ao ).

Then it is easy to see that z is a positive solutlon of (3.21) on [tg,00). The proof
is complete. O

for t > tg. Set

3.6. Classification Schemes of Positive Solutions

This section is concerned with the first order neutral differential equation

(3.72) <ac(t) — P(t)x(t — r))/ +QWz(t—0) =0, t>t,

where P € C([tg,),R), Q € C([ty,00),RT), 7> 0, and o > 0.

When P(t) < 0or 0 < P(t) <1, (3.72) has been discussed in the monographs
[29, 92, 118]. Therefore, in this section we consider (3.72) with P(¢) > 1. When
P(t) > 1 and is nondecreasing, it is easy to see that there exists a nondecreasing
function r € C([to — T, 00), (0,00)) such that

PO= 5 (—t)T)

In what follows with respect to (3.72), we shall assume that

for t>tg.

r(s)
First, we shall provide some comparison theorems for oscillation and nonoscillation

of solutions of (3.72), and show that all solutions of (3.72) oscillate if there exists
an oscillatory solution.

t
d
R(t)z/—S—M)o as  t— oo.
to

Lemma 3.6.1. Let z be an eventually positive solution of the differential inequality

r(t) /
(:z:(t) O x(t — 7')> +Qt)x(t—0) <0, t>tg
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and set
_ r(t)
(3.73) 2(t) = x(t) — "l — T)x(t —7)
Then eventually
(3.74) Z(t)<0 and z(t) >0.

Proof. Since r is nondecreasing and ftoo [r(s)]”" ds = oo, we have

SR LT
rt0+kT T T Jyggrr(s)

k=1
The conclusion (3.74) now follows by [251, Lemma 2]. O

Lemma 3.6.2 ([92]). If the integral inequality

y(t) > ((t y(t—7) / Q(s)y(s—o)ds, t>T >t

has a continuous positive solution y : [T — p,00) — (0,00), then the corresponding
integral equation

(3.75) (1) = (:(_tT / Q(s)a(s — o)ds, t>T

also has a continuous positive solution x : [T — p,00) — (0,00) with 0 < x(t) < y(¥)
fort > T, where p = max{r,0}.

Lemma 3.6.3. Assume that p € C([tg,o0),RY). If the differential inequality
(r®)y) +p()y <0, t=T" >t

has a continuous positive solution y : [T*,00) — (0,00), then the corresponding
differential equation

(r@®)y) +pt)y =0, t=>T" >t

also has a continuous positive solution x : [T*,00) — (0,00).

Proof. The proof is easy and will be omitted. O

Lemma 3.6.4. Assume that v € C([T — 1,00),R"), u € ([T, 0),R"), and that u
is nonincreasing on [T, 00). Then the following hold:

(i) Ifv(t) = [r@®)/r(t —T)]v(t —T) > u(t) fort > T, then
o) ([f uls) s+71m or T
v(t) > (/THT ds + ) for ¢t >T+ 2T,

T r(s)

(ii) fv(t) = [r@)/r@t—7) vt —7) <u(t) fort > T, then
v(t)gr(t)(/ttt(s)derTM) for t>T,
T

T r(s)

wherem:min{”(t):T§t§T+T} and M = max{ LION T§t§T+T},

r(t) r(t) -
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Proof. To show (i), set v(t) = r(t)W(t) for t > t — T and n = [£=T] for t > T.
Then we have

W(t)—W(t—T)z:fg)), t>T
and so
l u(t — kT) .
W(t)zkzzoir(t*kT)—i_W(t ), t>T.

In view of the nonincreasing nature of u/r and T'<t —n7 < T + 7, we find
n—2 t—kr t
1 1
Wi(t) > - / @ds+m27/ @derm
T o/ t—(k+1)r r(s) T Jryor 7(s)

for t > T + 27. Thus it follows that

v(t)zr(:)/;r2 T:Ej))ds—i—m, t>T+2r

To show (ii), set W (t) and n as in (i). Then we have

(
W) < nz_: :fgt_’”) L W(t—n7)

t—kt
/ @ds + M
t—(k+1)7 7(s)

1/tu(s)ds+M

T 7(8)

IN
SN

for ¢ > T. Thus it follows that

v(t)gr(t)<

T

t
/ u(s)d5+7M>, t>T.

7 7(s)

The proof is complete. O

Theorem 3.6.5. Fquation (3.72) has a positive solution if and only if the ordinary
differential equation

1
(3.76) (rt)y") + —QW)r(t—o)y =0, =1t
has a positive solution.
Proof. Let x be a positive solution of (3.72) and define z as before in (3.73). By
Lemma 3.6.1, there exists t; > tg such that
x(t—p) >0, z(t)>0, and 2'(t)<0 for ¢>t,

where p = max{7,c}. This implies that z is nonincreasing on [t1,00). Set

. [z(t)
m = min ch <t<ti+7p, to=1t;+27T.

r(t)
Then by Lemma 3.6.4 we have

x(t) > r(t) (/tt iggds—i—Tm) , >,
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and so
(3.77) st—0) > r(t; o) </t:_(, igz;ds + Tm>
()

fOI'tZt3:t2+O'. Set

" a(s)
y(t =/ —=ds+T1m, t>13.
(t) . 7(5) 3
Then
/ z(t)
(3.78) y(t) >0 and ¢'(t)= 0 for ¢ >ts.
Substituting this into (3.77), we obtain
wt—a)= =Dy, tsu,
T

which, together with (3.72), (3.73), and (3.78), leads to

(/) () + 2 QU)r(E — o)y(t) SO, £ 85

By Lemma 3.6.3, this implies that (3.76) has a positive solution.

Next, we assume that (3.76) has a positive solution y. It is easy to see that
there exists T > tg such that

(3.79) y(t) >0, ¥ (t)>0, and (ry’)(t)<0 for t>T.

In view of the nondecreasing nature of r and (3.79) it follows that ¢’ is nonincreasing
on [T, 00). Define a function v by

y(M) + =Ty (T +7)

if T<t<T+r,

’U(t) = T
y'(t)+o(t—7) if THkr<t<T+(k+1)7, keN
It is easy to see that v is continuous and positive on [0, c0), and
t
(3.80) v(t) < &7 T<t<T+m,
T
(3.81) v(t)=y'(t) +ot—T), t>T+T.

For T+ 7 <t < T+ 27, we have by (3.80) and (3.81) that

ot =y (0 + ot ) < & (s0) ot - ) + Tyl = 1.

By induction, we can show in general that

t
wﬂgng T+kr<t<T+(k+1)r, keN,
T
and so
t
oy <0 s
T
which, together with (3.79), yields
t— t
(3.82) v(t—a)gugﬁ, t>T+o

T T
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Substituting (3.81) and (3.82) into (3.77), we obtain

(3.83) [r(t) (v(t) — ot — T)) ] +QW)r(t—o)u(t — o) <0
fort > T+ o+ 7. Set T = rv. It follows from (3.83) that

r(t)

r(t—17)

{x(t)— x(t—T)]/—l—Q(t)x(t—a)SO, t>T+o+T.

By Lemma 3.6.1, we have

_ r(t)
0=

i(t—r)—l—/ooQ(s)i‘(s—a)ds, t>T+o+T.

By Lemma 3.6.2, this implies that the corresponding integral equation (3.75) has a

positive solution z. Clearly, this z is a positive solution of (3.72).

Next, we shall compare (3.72) with the equation

r(t)

T(t—1)

(3.84) [x(t) - ot — 7')] +Q)x(t—0) =0, t>t,

where 7 and @ satisfy the same hypotheses as r and Q. By Hille-Wintner’s com-

parison theorem (see [255]), the following result is immediate.

Theorem 3.6.6. Suppose 0 < 7#(t) < r(t) and

o< [T QErt-ais< [ Qs - s

hold for all t > t1 > to. If every solution of (3.72) oscillates, then every solution

of (3.84) oscillates as well.

In what follows, we shall show that all positive solutions of (3.72) can be clas-

sified into four types.
Definition 3.6.7. A positive solution of (3.72) is said to be of

(i) A-type if it can be expressed as

2(t) = r(t) (aR(®) + 6(1))

where a > 0 is a constant and ( : [t,,00) — R is a bounded continuous

function;
(ii) B-type if it can be expressed as

w(t) = r(t) (aR(®) +6(t))

where a > 0 is a constant and 0 : [t,, c0) — (0,00) is an unbounded contin-

uous function with limy_, o % = 0;

(iii) C-type if z/r is unbounded and lim;_, o % = 0;

(iv) D-type if /7 is bounded.

Theorem 3.6.8. If x is a positive solution of (3.72), then x is either A, B, C, or

D-type.
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Proof. Suppose that x is a positive solution of (3.72). Define z as in (3.73). By
Lemma 3.6.1, there exists T' > tg such that

(3.85) x(t—p) >0, z2()>0, Z({t)<0, t>T.
Let k = lim;_ o 2(t). Clearly, kK > 0. We claim that
(3.86) lim 2 _F

t—oo r(t)R(t) T
and if 0(t) = ((t; kR( ) is unbounded, then 0(t) is eventually positive. From
(3.85) we have z(t) > k for t>T. Let
m = min @ and M = max @
te[T,T+7] 7(t) te[T, T+7] r(t)

Then by Lemma 3.6.4, we have

(3.87) ) (/lef jg;ds +7m> <z(t) < S_> (/T ng ds +TM)

.
for t > T + 27. Since by L’Hopital’s rule

r(t) Eoz(s) z(t)
lim T </T+QT r(s) ds_i_Tm) = lim Tr(t) = ﬁ
t—00 r(t)R(¢) tooo 1 T
r(t)
and
r(t) (" 2(s) z(t)
lim — <Zp T(S)dS+TM> T O
A MORE e 1T
r(t)

it follows by (3.87) that (3.86) holds. From (3.87) we have

t
1(/ 2s) = kds—i—Tm k:RT—I—QT) —t)
.

1

-

T+21 7ﬂ(s) t
Ifo(t) = = _ | E® i unbounded, then

A
~
=

<

(/T Z(Sz;kds—i—TM RR(T ))
() =

t J—
lim/ 2(s) kds:oo,

t—o0 T ’/“(S)
and hence 6(t) is eventually positive. If lim; . 2(¢) = 0, then by (3.86) we have
. x(t)
lim ———=—— =0
20 (O R(L)
Hence z is either of C-type or D-type. If lim;_, 2(t) = k > 0, then we have

lim 7x(t) = ﬁ
t—oo r(H)R(t) 7

If 0(t) = % kRT(t) is unbounded, then z is of B-type. If () = fgg — kRT(t) is

bounded, then z is of A-type. The proof is complete. O
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By (3.86), the following corollary is immediate.
Corollary 3.6.9. If x is a positive solution of (3.72), then the limit

. x(t)
R 20

must exist and
lim z(t) = Tk.

t—o0

In order to further justify our classification scheme, we derive several necessary
and/or sufficient conditions for the existence of each type of positive solution.

Lemma 3.6.10. Assume that there exists a constant p such that

(3.88) - (:(_t)T) <p foral t>t.
If

Q(s)r(s —o)R(s — 0)ds < o0,
to
then the equation

(3.89) {r(t) (R = R(t =) +a(t) - - (:(_t)T)x(t ~7)

+Q)x(t—0)+Qt)r(t—o)R(t—0)=0

has a positive solution.

Proof. Choose T >ty + 2p sufficiently large such that

(3.90) /T Qor(s —o)R(s—o)ds < T and R(T) >
Set
W if t>T,

= _T
HO =417 L gy 4 1or<t<r
.

0 if t<T—r.
Clearly, H € C(R,R"). Define

(3.91) y(t) = iH(t —kr), t>T.
k=0

It is obvious that y € C([T,00),R") and y(t) = y(t — 7) + H(t). Since r is nonde-
creasing, H is nonincreasing on [T, 00). Then by Lemma 3.6.4, we have
1 t
y(t) < */ H(s)ds+ H(T)
TJr

(p+ )7
= (p+1) (R - RD)) + T
< (p+1)R(t)
for ¢ > T. Define a set X as

X = {x € Clto,00) : 0 < z(t) < r(t)y(t), t > T}
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and an operator S on X by

(p+1)T—r(t)<R(t)—R(t—T))+
+ OoQ(s)(m—i—rR)(s—a)ds it t>T+p,
o= ( )(t )r(t)y(t)
Sx)(T + p)r(t)y(t t
Tegm et (1775
if T<t<T+p.

For any z € X and t > T + p, by (3.90) and (3.91) we have

(Sz)(t) < (p+r—7+r)y(t—7)+ (p+2) /tC>O Q(s)r(s —o)R(s — o)ds
(p+ 1)1
< 10 (we -+ T
r(t)y(t)
and

(Sz)(t) > (p+ 1) —pr > 0.
For T <t < T+ p, it is easy to see that 0 < (Sz)(t) < r(t)y(t). So, SX C X.
Define a sequence of functions {xz},-, as
xo=ry and ap=Szr_1forkeN on [T,00).
By induction we can prove that
r(®)y(t) = xo(t) > z1(t) > 22(t) > ... >0, t>T.
Thus for t > T, u(t) = limg_, o 2% (t) exists and

r(t)
(p+ D)7 = (1) (R() ~ R(t— 7)) + =

+/OOQ(5)(U+TR)(Sfd)dS if t>T+p,
u(T + p)r(t)y(t)

t
Tttt oo (1 7)
if T<t<T+p.

u(t—1)

Now it is not difficult to show that w(t) > (p+1)7 —p7 > 0 on [T+ p, 00). Further,
u is continuous on [T, 00) and is a solution of (3.89). The proof is complete. O

Lemma 3.6.11. Suppose (3.72) has a positive solution x. Then the following hold:
(i) If x is an A-type solution, then

(3.92) /OO L / Qu —0)R(u — o)duds < co.
(i1) If x is a B-type solution, then
/ Q(s)r(s —o)R(s — 0)ds < o0,

(3.93) 00 oo
/ % Qu)r(u —o)R(u — o)duds = 0.

<
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(iii) If z is a D-type solution, then

(3.94) /Oo Q(s)r(s —o)R(s — o)ds < cc.

Proof. We first show (i). Suppose  is an A-type solution of (3.72). Then x can be
expressed as

w(t) = r(t) (aR(t) + B®))
where a > 0 and 3(t) is bounded. Choose T > ty sufficiently large such that

2(t) > M7 t> 1.

Since 0
x(t
li -
e r(ORE)

by Corollary 3.6.9 we have
lim z(t) = ar.

t—o0

Obviously,
2Z(t) = -Q(t)x(t — o).

Integrating this on both sides from t to oo, we get
z(t) = a7+/ Q(s)x(s — o)ds
> ar+ 5 / Q(s)r(s —o)R(s — o)ds
t

fort >Ty 4o, ie.,
2(t) — T(:(_t)ﬂx(t —7)zar+ /too Q(s)r(s — 0)R(s — o)ds

for t > T1 + 0. By Lemma 3.6.4, we have

x(t)z"f)/T;HzT( T4 / Quw)r(u—o)R (u—o)du>d3

for t > T1 + o + 27, and hence

B(t)+ aR(Ty + 0o+ 27) > ;_/T++2 / Q(u)r(u — o)R(u — o)duds

for t > Ty + o + 27. In the above inequality as t — oo, we obtain (3.92).
Next we show (ii). Suppose x(t) = 7(t) [@R(t) + 6(¢)] is a B-type solution of
(3.72) with

tg&;((tt)) =0 and ligrisogpﬁ(t) = oo.

Choose T; > tg sufficiently large such that
ar(t)R(t) < z(t) < 2ar(t)R(t), t>Ts.
As in the proof of (i), we have

2(t) = ar + /too Q(s)x(s —o)ds > ar + oz/too Q(s)r(s — o)R(s — o)ds
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for t > T, and so
/ Q(s)r(s —o)R(s — 0)ds < cc.
On the other hand,
(3.95) z2(t) < at + 2a/ Q(s)r(s—o)R(s—o)ds, t>Ty+o.
¢

Rewrite (3.95) as

r(t)
=(t) - r(t—r)

for t > Ty + 0. By Lemma 3.6.4, we get

oty < "0 UT;U Tls) <m +2a /:o Qu)r(u— o)R(u — U)du> ds + TM]

-
for t > T + o, where

z(t—7)<ar+22a /too Q(s)r(s —o)R(s — o)ds

M =2aR(Ty + 0+ 7).
Thus it follows that

O(t) + aR(Ty + 0) — M < / Q(u)r(u — o)R(u — o)duds
T T2+0'

for t > Ty + 0. Letting t — oo in the above inequality, (3.93) follows.

Finally we show (iii). Suppose that = is a D-type positive solution of (3.72).
Then z/r is bounded. Let z be defined by (3.73). By Lemma 3.6.1, there exists
T3 > to such that (3.85) holds. Set

m:min{fg)): T3§t§T3+p}.

It is easy to see that x(t) > mr(t) for t > T5. From (3.72) and (3.85), we have

(3.96) >m/ Q(s)r(s—o)ds, t>T3+o.
Thus, by Lemma 3.6.4, (3.73), (3.85), and (3.96), we get
1 t
@ > = (/ @ds + Tm)
r(t) 7 \Jry12, 7(5 )
t
m / Q(uw)r(u — o)duds
T T3+27'+a
for t > T3 4+ 27 4+ 0. Letting ¢ — oo in the above inequality, we obtain
oo 1 oo
(3.97) / @/S Q(u)r(u — o)duds < oo
and so (3.94) holds. The proof is complete. O

Theorem 3.6.12. Assume that (3.88) holds. Then (3.72) has an A-type positive
solution if and only if (3.92) holds.
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Proof. The necessity follows from Lemma 3.6.11. Now we show sufficiency. If (3.92)
holds, then by Lemma 3.6.10, (3.89) has a positive solution u. Thus z = rR + u is
a positive solution of (3.72). By Corollary 3.6.9, the limit

w) |_ et
r(t)R(t)] e r(t)R(E)
must exist and k£ > 1. Hence, by Theorem 3.6.8, x is either an A-type or B-

type solution of (3.72). But by (3.92) and Lemma 3.6.11, it is obvious that z is
not a B-type solution. Therefore, x is an A-type solution of (3.72). The proof is

complete. O
Example 3.6.13. Counsider the neutral differential equation

t !
where

2 (t—2) <lnt—ln(t—2))
Q)= - mE =)

Set
ds
r(t) =t sothat R(¢) :/ — =Int—1In3.
3 S

By direct calculation, it is easy to see that

o0 1 o0
— “DR(u—1 .
/ 0s) /g Q1(uw)r(u—1)R(u — 1)duds < oo
Thus Theorem 3.6.12 ensures that (3.98) has an A-type solution. In fact,
x(t) = r(t) (R(t) + ln3) =tlnt
is such a solution of (3.98).

Theorem 3.6.14. Assume that (3.88) holds. Then (3.72) has a B-type positive
solution if and only if (3.93) holds.

Proof. The necessity part follows from Lemma 3.6.11. The proof of the sufficiency
part is similar to that of the proof of Theorem 3.6.12. O

Example 3.6.15. Consider the neutral differential equation

(3.99) (x(t) - \/t\/—iilx(t — 1)) +Qx(t)x(t—2)=0, t>2

where

Set t
d
r(t) = t2  so that R(t) = / as orr _ 9%
2

By direct calculation, it is easy to see that

/OO Tls) /:0 Q2(u)r(u — 2)R(u — 2)duds = oo
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and
/ Q2(s)r(s — 2)R(s — 2)ds < oc.
Thus Theorem 3.6.14 guarantees that (3.99) has a B-type solution. In fact,
a(t) = r(t) (R(t) Ft 4 2%) — 2t 4 ¢4
is such a solution of (3.99).

Theorem 3.6.16. Fquation (3.72) has a D-type solution if and only if (3.94)
holds.

Proof. The necessity part follows from Lemma 3.6.11. Now we show sufficiency. If
(3.94) holds, then (3.97) holds. Set

/ Q(s)r(s — o)ds, t>ty+o.

Clearly, Q* is nonincreasing on [tg + 0,00). Choose t; > ty + o sufficiently large
such that

(3.100) i/too % /:0 Q(u)r(u — o)duds + r(il) : Q(s)r(s — o)ds < 1.

Set

Q" (1) if >,
t—t
u(t) = ﬂQ*(h) if t—7<1t<ty,
T
0 if t<t;y—r.

Clearly, u € C(R,R"). Define
=> ult—kr), t>t -
k=0

It is obvious that v € C([t; — 7,00),RT) and v(t) = v(t — 7) + u(t) for t > t;. Set
Z(t) = r(t)v(t) for t > t; — 7. Then we have

(Z(_t)T)f(t —7)=r(t)u(t) = /too Q(s)r(s —o)ds

for t > t;. By Lemma 3.6.4, (3.101) yields

(3.101) Z(t) —

#t) < ") ( / / Qu)r(u — o)duds + —— [ Q(s)r(s a)ds>
r(t1) Ji,
for ¢ > t1, which, in view of (3.100), gives
(3.102) () <r(t), t>t.
Substituting (3.102) into (3.101), we obtain
z(t) > r(t) / Q(s)x(s—o)ds, t>t1+o.
r(t—r7)

By Lemma 3.6.2, this implies that the corresponding integral equation (3.75) has
a positive solution z with 0 < z(t) < Z(t) for t > ¢;. Since z/r < Z/r <1,z isa
D-type positive solution of (3.72). The proof is complete. O
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Example 3.6.17. Consider the neutral differential equation

(3.103) (:c(t) - u_lilﬁa_l)x(t - 1)) +Qu(D)a(t—1)=0, ¢33,
where | .
tint —t+
@s(t) = tt—1)2(t—2)In(t — 1)
Set

=Inlnt—1Inln3.

t
r(t) =tlnt sothat R(t) /3 Tns

Then we have
/ Qs3(s)r(s —1)R(s — 1)ds < 0.
Thus by Theorem 3.6.16, (3.103) has a D-type solution. In fact
z(t)=(t—1)Int
is such a solution.

Lemma 3.6.18 ([282]). Assume that p € C([tg,0),RT) and

t o]

ds 1

— ds < — t>1t > to.
fra ) o< rzuzn

Then the ordinary differential equation
(3.104) (r@®)y) +pt)y =0, t=>t
has a positive solution.

Theorem 3.6.19. Assume that

(3.105) /OO Q(s)r(s —o)R(s —o)ds = o0

and that there exists T > tg such that

(3.106) R(t) / T Q(s)r(s — o)ds < LoteT
t

Then (3.72) has a C-type positive solution.

Proof. In view of Lemma 3.6.18, (3.106) implies that (3.76) has a positive solution.
Thus by Theorem 3.6.5, (3.72) has a positive solution z. By Theorems 3.6.12,
3.6.14, and 3.6.16, (3.105) implies that x is neither one of A-type, B-type, or D-
type positive solution of (3.72). Hence, by Theorem 3.6.8, x is a C-type positive
solution of (3.72). The proof is complete. O

Example 3.6.20. Consider the neutral differential equation

t—1)3

(3.107) (x(t) - (’5‘%)@(7: - 1)) FQubx(t) =0, t>3,

where
3—(p—n<mt—mu—1n

Qu(t) = 3t(t— 1)Int
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Let t
3 d 3 /2 2
r(t) =13 sothat R(t) :/3 ?35 = (ﬁ B 35) '
Then _
/ Qu4(s)r(s)R(s)ds = oo
and

/ Qa(s)r(s)ds < -, t>ell
Thus by Theorem 3.6.19, (3.107) has a C-type solutlon In fact,
z(t) = 13 Int
is such a solution.
Finally, we shall obtain a sharp oscillation result for (3.72).
Lemma 3.6.21 ([282]). Assume that p € C([tg,0),RT) and

. tds [ 1
11££f/t0 TS)/t p(u)du > 7

Then every solution of (3.104) oscillates.
Theorem 3.6.22. Assume that

hmlnfR / Q(s s—a)ds> -
Then every solution of (3.72) oscillates.

From Theorems 3.6.12, 3.6.14, 3.6.16, 3.6.19, and 3.6.22, the following result is
true.

Corollary 3.6.23. Consider the neutral differential equation
t ' _
(3.108) (x(t) - r(:( ) )x(t - T)) +e[r@)r(t— o)) [R(E)]z(t— o) =0
-7
fort > tg, where ¢ >0 and o € R. Then every solution of (3.108) oscillates if and
only if a <2, ora=2and c> 7.

3.7. Positive Solutions of Neutral Perturbed Equations

Consider the first order neutral differential equation

(3.109) (a:(t) + h(t)x (7(t)) )/ +of (m(g(t))) =0,
where o € {1,—1}. It is assumed that

(Hy1) 7: [to, 0] — R is continuous and strictly increasing, 7(¢) < ¢ for t > ¢( and
limy_, o 7(t) = 0.

(Ha) h:[r(tg),00] — R is continuous.

(Hs) g: [to,00) — R is continuous and lim; . g(t) = co.

(Hy) f : [to,0) x (0,00) — [0,00) is continuous and f(¢,u) is nondecreasing in
u € (0,00) for any fixed t € [tg, 00).
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Theorem 3.7.1. Equation (3.109) has a solution x satisfying

(3.110) 0< 1itm inf 2(t) < limsup z(t) < oo
—00 t—o00

if and only if

oo

(3.111) f(t,a)dt < oo for some a>0,
to

when one of the following cases holds:

(i) |h(t)] <X <1 and h(t)h(T(t)) > 0;
(i) h(t)=1 and 7(t) =t — p with p > 0;
(i) 1 < p<h(t) <A< oo,

where A\, u, and p are constants.

Proof. The proof is similar to the proofs of the theorems in Section 3.6 and will be
omitted here. O

In what follows, we consider the existence of a solution = of (3.109) satisfying
(3.110) in the case
(3.112) h(t)>—1 and h(7(t)) = h(t) for t>t.
Pairs of functions
3
T(t)=t—2r and h(t)=1+ §sint,
t
7(t)=- and h(t)=1+ gsin(Zwlnt), to > 0,

e

or
__41/e _ 3 .
T(t) =1t and h(t) =1+ 5 sin (27r ln(lnt)) , to>1

give typical examples satisfying (3.112). We easily see that if (3.112) holds, then
for any positive constant b,

b
* =17 h(t)

is a positive solution of the unperturbed equation

(2() + h)x (1)) ) =0,

and so it is natural to expect that, if f is small enough, (3.109) possesses a solution
x that behaves like the function b/[1+h(t)] as t — oo. In fact, the following theorem
will be shown.

Theorem 3.7.2. Suppose that (3.112) holds. Then (3.109) has a positive solution
T satisfying

B b
1+ h(t)
if and only if (3.111) holds.

(3.113) x(t) +o(l) as t—oo forsome b>0
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We remark that if (3.112) holds, then there are constants p and A such that
—1<pu<h(t) <A<oofort>ty In fact, assume that (3.112) holds. Then note

that
[t, 00 U [7- P( P+1)(t0):|

and that the range of h(t) for t € [to, 7 1(to)] is identical to the range of h(t)
(= h(1P(t))) for t € [T P(to), 7~ @+t (t0)], p € Ny. Let
4 =minh ([to, T_l(to)]) and A =maxh ([to, T_l(to)}) .

Then we find that —1 < p < h(t) < X < oo for all t > ty. Also it is worthwhile
to note that a positive solution x with the asymptotic property (3.113) satisfies
(3.110).

We give an example illustrating the above theorem.

Example 3.7.3. Consider the first order neutral differential equation

!/
(3.114) (2(0) + Bt~ 7))+ oe la(e)] ™ [a(g(e)]" =0,
where o € {1,-1}, v > 0, 7 = In(4/3), g € C[ty, ), lim;_. g(t) = o0, g(t) > 0
for t > to, h(t) = 1+ (3/2)sin(27t/7), and
() 11 + 3e? 22 + 3et
= o = ag
POZ 50t T34 4h(t) ~ 4+ 3sin(2nt/7) 7+ 6sin(2nt/7)
for t > 0. Clearly, h(t) > —1, h(t) = h(t — 7) for ¢t > to, and p(t) > 1/7 for t > 0.
Then it is easy to check that

/00 e tp(gt)] T aldt < oo if a>0.

to

By Theorem 3.7.2, we conclude that (3.114) has a positive solution x satisfying

b
2(t) = 4 4 3sin(2nt/T)

Indeed, note that p(t) + h(t)p(t — 7) = 11 + oe™ ¢, and therefore z = p is such a
positive solution.

+o(l) as t—oo forsome b>0.

In order to prove Theorem 3.7.2, we make some preparation and use the following
notation:

@) =t; Tt =1 (Tk_l(t)) , TRty =171 (T_(k_l)(t)> , keN,

where 771 is the inverse function of 7. We note here that 77P(t) — oo as p — oo for
each fixed t > ty. Otherwise, there is a constant ¢ > to such that lim, . 77P(t) = ¢,
because of 77P(t) < 7~ PtV (t). Letting p — oo in 77P(t) = 771 (r~P=1(¢)), we
have ¢ = 771(c) which contradicts 7(t) < t for t > to.

Recall that

max {h(t) Lt € [to, oo)} = max {h(t) te [T*p(to),f@“)(to)] }

for p € Ny and that 77P(t) — oo as p — oo for each fixed t > to. Thus it is possible
to take a sufficiently large number T' > t; such that

h(T) = max {h(t) D te [to,oo)} .
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Define
7. := win {7(T), inf{g(t) : ¢ > T} } > 1o

Let C[T, o) denote the Fréchet space of all continuous functions on [T}, co) with
the topology of uniform convergence on every compact subinterval of [T, c0). Let
n € C[T,00) be fixed such that n(t) > 0 for t > T and lim; . n(t) = 0. We
consider the set Y of all functions y € C[T}, c0) that are nonincreasing on [T, 00)
and satisfy

y(t) =y(T) for t € [T%,T], 0<y(t) <n(t) fort >T.
It is easy to see that Y is a closed and convex subset of C[T, c0).
Proposition 3.7.4. Suppose that (3.112) holds. Let n € C[Ty,o00] with n(t) > 0

fort > T and lim;_ n(t) = 0. For this n, define Y as above. Then there exists a
mapping ® 1 Y — C[T,00), which possesses the following properties:

(i) For each y €Y, ®ly] satisfies
D[y](t) + h()@[y] (7(t)) = y(t) fort =T and  lim P[y|(t) = 0.

t—oo

(ii) ® is continuous on Y in the C[Ty,o0)-topology, i.e., if {y;}jen is a se-
quence in'Y converging to y € Y uniformly on every compact subinterval of
[T, 00), then ®[y;] converges to ®[y] uniformly on every compact subinterval
of [T, 00).

Before proving Proposition 3.7.4, we give several lemmas.
Assume that (3.112) holds. For each y € Y, we define the function ¥[y] by

oo

DR HGO Y ()it = (D),
\I’[y] - k=1
Vy] (r(T)) it te[L,7(T)),

where H(t) = max{1, h(t)}. We note that H(7(t)) = H(¢) and H(t) > 1 for t > t.
Lemma 3.7.5. Assume that (3.112) holds.

(i) For eachy €Y, the series

oo

(D EEO] ™y (7))
k=1

converges uniformly on [7(T),00); hence, U[y| is well defined and continuous
on [T, 00).
(ii) For eachy € Y, Wly| satisfies

(3.115) 0< Pyl <n(rt®), t>7(T)
and
(3.116) Vly)(t) + H(O) VY] (r() = y(t), t>T.

(iil) U is continuous on'Y in the C[T, c0)-topology.



3.7. POSITIVE SOLUTIONS OF NEUTRAL PERTURBED EQUATIONS 99

Proof. We first show (i). Let y € Y. We set

Unly](t) = D (D" [HO "y (v @), t=7(T), meN
k=1

Now we claim that

(3.117) 0< U,[yl(t) <n(r71(t), t=>7(T)

for all m € N. Since y is nonincreasing on [T, 00) and H(t) > 1, we have
(3.118) y (r71) — [HO]  y (772(1) >0, t>1(T)

and

(3.119) H®]  y (7)) <0 (r7'(1), t>7(T).

Hence, we easily see that (3.117) holds for the cases m =1 and m = 2. If m > 3 is
odd, then we can rewrite ¥,,[y](t) as

(m—1)/2
i) = Y O [y (@) - HO] Ty (72 0)]

k=1
+H®] "y (1)
and

Vo lyl(t) = [H(t)]_l ) (Tﬁl(t))
(m—1)/2

= Y HOT [y () — H y (@)
k=1

If m > 4 is even, then we can rewrite U,,[y](t) as

m/2
Uyl (1) = 30 (@] [y (7 E0@) - [HE) y (7 0)]
k=1
and
Call(t) = [HEO Y ()
(m/2)—1
= > HOT [y () - HE y (¢ @)
k=1

—[HO] ™y (r7M(1) -
From (3.118) and (3.119), we conclude that (3.117) holds for all m € N. Using
(3.117), we find that if m > p > 1, then

(3120) Y (=DM H@O] y (rF @)
k=p
m—p+1
_ Z (_1)(k+p—1)+1 [H(t)]f(kﬂ’fl) y (T—k (T_p+1(t)))’
k=1

COP T HEO D Byl (r70)|
< n(r7P()
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for t > 7(T). Here, we have used the equality H(t) = (T p+1(t)) p € N. Since
n(T7P(t)) — 0 as p — oo, the series > p | (—=1)*THH ()] *y(r~*(t)) converges for
each fixed t € [7(T'), 00). From (3.120) it follows that

o0

sup > (OMHE Y ()| < sup p(rP(0)
> (1) |12 £>7(T)
= sup ()
t>r—P+1(T)

— 0 as p— oo,

and hence the series Y o, (—1)*"[H(t)]"*y(r7*(t)) converges uniformly on
[7(T), 00).

Now we show (ii). Letting m — oo in (3.117), we have (3.115). To verify (3.116),
we calculate

HOUI(r(1) = HOY (D [HE@)) "y (7 (x0)

k=1
= YD EE] ()
k=1
=S )y ()
k=1
= )R EO ()
k=0
= ) - Wi,

Finally we show (iii). Let € > 0. There exists p € N such that
sup 7 (T_(’H'l)(t)) = sup n(t) < =
telr(T),o0) telr=r(T),0) 3

Let {y;}jen be a sequence in Y converging to y € Y uniformly on every compact
subinterval of [T}, c0). Take an arbitrary compact subinterval I of [7(T), c0). There
exists jo € N such that

P
k=1

It follows from (3.120) that

D-y(rr W) <5 tel i

Wyl — )| < SHEN |y (F0) -y (o) |
k=1
HD DR EHO  y (RO) |+ D CDFTHHG]  y ()
k=p+1 k=p+1

” (T—k(t)) —y (T—k(t)) ‘ + 2 (T_(P+1)(t)) < e
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for t € I and j > jo, which implies that U[y;] converges to ¥[y| uniformly on I. It
is easy to see that ¥[y;] — W[y| uniformly on [T, 7(T)]. Consequently, we conclude
that ¥ is continuous on Y. O

To each y € Y we assign the function ¢[y] as follows:

y(7)

Plyl(t) = § 1+ h(T)
W[y)(t) iR > 1,
t e [T, T].
Lemma 3.7.6. (i) For eachy € Y, oy satisfies
elyl(T) + M(T)ely] (7(T)) = y(T).

(ii) Suppose that {y;}32, is a sequence in'Y" converging to y € Y uniformly on
every compact subinterval of [Ty, 00). Then @[y;] converges to @[y] uniformly
on [Ty, T].

Proof. Tt is obvious that (i) and (ii) hold for the case h(T) < 1. For the case
h(T) > 1, (i) and (ii) follow from (ii) and (iii) of Lemma 3.7.5. O

For each y € Y, we define the function ®[y] as follows:

m

S DR @y (@) + (1) @] ely] (7 (2)
_ k=
Plyl(t) = ’ if te [T‘m(T),T_(m+1)(T)] , m € Np,
elyl(?) if tell,,T]

Lemma 3.7.7. Lety €Y.

(i) ®[y] is continuous on [T, 00);
(ii) ®ly] satisfies

Plyl(t) + h(t)Plyl (v(t)) = y(t), t=T;
(iii) fort e [7(T),00) with h(t) > 1,
Dyl(t) = Yyl(®);

(iv) @ is continuous on'Y in the C[T\, 00)-topology.

Proof. To show (i), it is easy to see that ®[y] is continuous on
[Ty, 00) \ {77™(T) : m € Ny}
From Lemma 3.7.6 (i), it follows that

lim ®[y](t) = y|(T) = y(T) = (T)elyl(v(T)) = lim_ P[y|(t)

t—T— t—T+



102 3. FIRST ORDER NEUTRAL DIFFERENTIAL EQUATIONS

and that if m € N, then

= lim dly(t).
L dm e

Consequently, ®[y] is continuous on [T}, 00).
An easy computation shows that (ii) follows.

Now we show (iii). If A(T") < 1, then there is no number ¢ € [7(T"), c0) such that
h(t) > 1 (recall the choice of T'). Assume that h(7") > 1. Then

Oly)(t) = plyl(t) = Yyl(t) for e [r(T),T]

We suppose that there is m € Ny such that ®[y] = ¥[y] on [r~ "= (T), 7=™(T)]
with h(t) > 1. In view of Lemma 3.7.7 (ii) and (3 116), we find that if
t € [r=™(T), 7~ "+1)(T)] and if h(t) > 1, then
Dly|(t) = y(t) — h(t)Plyl(7(1)) = y(t) — H(#)Y[yl((t)) = ¥[y](D).

By induction, we conclude that ®[y](¢t) = ¥[y](t) for t € [7(T), 00) with h(t) > 1

Finally we show (iv). Let {y;}32; be a sequence in Y converging to y € Y
uniformly on every compact subinterval of [T}, 00). Lemma 3.7.6 implies that ®[y;]
converges to ®[y] uniformly on [T%,t]. It suffices to prove that ®[y;] — @[y] uni-
formly on I, := [r~™(T), 7~ ™+)(T)], m € Ny. Since |h(t)] < X on [t,00) for
some A > 1, we observe that

sup [9[y)(6) — Plyl(1)] < ZA sup [y (74(1)) —u (7(1) |

telm, teln,

AT sup ‘cp yi] (7)) — ely] (7)) ‘

m

< A" Z sup

sup (1) —yO)] + X7 supolygl(1) — elu)(1)]
k=0 € lm—r

te[Ty,T)

Then, sup,c; |Ply;](t) — @[y](t)] — 0 as j — oo, so that ®[y;] converges to P[y]
uniformly on I, for m € Ny. O

Lemma 3.7.8. Let {t;}52, be a sequence with lim;_,oo t; = 0o and h(t;) <v <1,
j €N, for some v > 0. Then lim; o @[y](t;) =0 for eachy € Y.
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Proof. Let y € Y. Since lim;_. y(t) = 0, for each € > 0, there exists p € N such

that
YTy _
1-, < 3
There exists ¢ € N such that
T r—p+1
% < % and "1 sup ‘w[y}(t)’ < % forall r>p+q.
-V te[T.,T]

Let m = p -+ g. Then r~7(t) > r=7(T) for ¢ € [r~"(T)
the monotonicity of y, we see that if t € [r=™(T), 7~ (m+1

, 7~ mH(T)]. In view of
)(T)] and |h(t)| < v, then

olp6)] < Sy (7)) + v el ()|
k=0
m—p m c
< vEy (TR () + Z vy (TR () + 3
k=0 k=m—p+1
m—p p—1 c
< m—p k m—p+1 k <
< () Y A Y
k=0 k=0
-p m—p+1
< y(r (T))+yT)V +8 ce
1—-v 1—-v 3
This implies that |®[y](t)| < & for t € [r~P+9(T),00) with |h(t)| < v, and hence
the conclusion follows. O

Lemma 3.7.9. Let m € Ny. If t satisfiest > 7™ (T) and 0 < h(t) < 1, then
(3.121) YD R@ y (@) < 2w (), yeY.
k=0

Proof. Let t > 7=™(T) satisfy 0 < h(t) <1 and let y € Y. Put

A(t) =) (D)) Y (2)).

k=0

It is easy to see that (3.121) holds for m = 0 and m = 1. If m > 3 is odd, then we
can rewrite A(t) as

(m—1)/2 4 _ _
AW =y~ 3 BOP (5 (W) - hty (77 0) ) - BOI"y (" 0)
and
(m—1)/2 ‘ ' ‘
Ay =3 O (v (7 0) - hHy (1) ).

=0
If m > 2 is even, then we can rewrite A(¢) as

m/2

A = y(0) = 32 (P (y (P21 0) - hey (1) )

Jj=1
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and
(m/2)—1 _ _ '
Ay =3 @ (3 (7)) — by (7)) + RO (7).

j=0
Since y is nonincreasing on [T, 00), we see that
y(t) = h(t)y(r(1)) < [1 = h(®)]y®), t>771D).

Hence, for the case when m > 3 is odd, we have

(m—1)/2 , |
AD = = Y P ALy (7 W) - ]y ()
(m—1)/2
> Y ORI k@) (7 0) ~ O ()
= ) ) )
k=1
o O
> 2y ().

In the same way, we can show that A(t) < 2y(7™(¢)) for the case when m > 3 is
odd, and that —2y(7™(t)) < A(t) < 2y(7™(t)) for the case when m > 2 is even. [

Lemma 3.7.10. Let y € Y. Then lim; o ®[y](t) = 0.

Proof. Assume that lim; . ®[y](¢) = 0 does not hold. Then we first claim that
there is a sequence {t;}22, such that

lim t; = o0, lim ®[y|(t;) existsin [—o0,00]\ {0},
(3.122) J—o0 Jmee )
0<h(t;)<1 for jeN, and lim h(t;)=1
j—oo

By assumption, there exists a sequence {s;}22; for which s; — oo as well as
D[y](s;) — ¢ € [—o0,00] \ {0} as j — oo. Since —1 < p < h(t) < A for t > o,
there exists a subsequence {t;}22, of {s;}22; such that lim;_, h(t;) = d € [u, A].
Lemma 3.7.8 implies that d > 1. It can be shown that h(t;) < 1, j > jo for
some jo € N. Otherwise, there exists a subsequence {t; }32q of {t; }°° 1 such that
h(t;) > 1 for all j € N. From Lemma 3.7.7 (iii) and Lemma 3.7.5 (ii), it follows
that

lim Uy ]( i)

j—oo

el = | lim ®[y](t;)| =

j—oo

< i o (@) =0

Jj—o0

which is a contradiction. Since d > 1, we see that d = 1, so that 0 < h(t;) < 1,
j > 41 for some j; > jg. This proves the existence of {t; }00:1 satisfying (3. 122).

Suppose that {t;}$2, is a sequence satisfying (3.122). Let ¢ > 0 be arbitrary.
There exists p € N such that

n(t) <e, t=>7PTHI).
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There is 6 > 0 such that if sy, sy € [r72(T), 7~ ®PTY(T)] with |s; — s3] < , then
(3.123) [Bly)(s1) — Dly)(s2)| <.

Consider the mapping N : [77P(T), 00) — Ny such that
NO@) € [rHT), 7)) for = 7T,

We note that lim; . N (t) = oco. It is easily verified that {¢;}52,; has a subsequence
{u;}32, such that

lim TN(“j)(uj) exists in [T_p(T),T_(p+1)(T>:| .

j—oo

Put @ = lim;_,o 7V(%)(u;). Then we find that

B(@) = Tim b (70D () = lim (ug) = 1.
j—o0 j—o0

There exists jo € N such that u; > 772(T) and [TV () (u;) — a| < § for j > jo.

From Lemma 3.7.7 (ii), we observe that

l(t) = y(t) —h@)2lyl (7(2))
= (&) = h(t)y (r()) + [h(D))* @[y] (v*(1))
= (=DF ()] y (75 (1) + (=1)™ [hO)" @[y] (7 (2)
k=0

for ¢t > 7=™*Y(T). Since h(i) = 1, we have
N(ujz)—1

(3.124) ‘@[y](uj) — B[y (T*Nw(a)) ] < (—1)F [h(u))* y (7" ()
k=0
N(uj)-1
+ (=D (7 (¥ @)
k=0

[N @fy) (P09 (wy)) — @fy] (PN (7N @) ) |

Lemma 3.7.9 implies that if j > jo, then

N(u;)—1

(3125) (D )]y (7 () < 20 (7092 )
k=0
<2 (TN(“j)_l(uj)) < 2e

and

N(u;)—1

_1)* Tk T*N(“J’) u TN(Uj)*l T*N(“j)a

3126) 3 ey (7 (7N @) ) < 2 ( (FVe @)

<2 (T_l(ﬂ)) < 2e.

From Lemma 3.7.7 (iii), Lemma 3.7.5 (ii), and the fact that h(z) = 1, it follows
that

ly)(@)| = [Y[yl(@)] <n (77" (@) <e.
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Then we observe that for j > jo,
(3.127) ‘[h(uj)]szj) oy (ij)(uj)) — B[y (TN<uj> (T*NWJ')@)))’
11| [@fy) (70 () ) = @yl @) + [1p)] ¥ — 1] |0l (@)

< ol (7N (wy) - @fy)(@)| +2 |2l @)
< 3
because of (3.123). Combining (3.124)—(3.127), we obtain

[@lyl(w) — o) (r V@) | < 7o 5= o

IA

This means that
hm ‘<I> (u;) — @[y (’T Nw) (g ))‘ =0.
On the other hand, in view of Lemma 3.7.7 (iii) and Lemma 3.7.5 (ii), we see that

) (7N @) < tim g (7O @) =0
From (3.122) it follows that

lim

lim ‘@[y](u]) — D[y] (T_N(“J')(a))’ exists and is not equal to 0.

J—o0

This is a contradiction. The proof is complete. O
Proof of Proposition 3.7.4. This result follows from Lemmas 3.7.7 and 3.7.10. O

Proof of Theorem 3.7.2. First we prove the “only if” part of Theorem 3.7.2. Let x
be a solution of (3.109) which satisfies (3.113). Put y(¢t) = x(¢) + h(t)z(7(¢)). Then
(3.112) implies that y(¢t) = b+ o(1) as t — oo. Integration of (3.109) over [T, o)
yields

buT) o [ 1 (s(90))ds =0

T
where T > tg. Hence we obtain

/00 f (s,x(g(s))) ds < 0.

T

Noting that x satisfies (3.110) and using the monotonicity of f, we conclude that
(3.111) holds.

Now let us show the “if” part of Theorem 3.7.2. Put

oo
t) = / f(s,a)ds, t>T.
t
We use Proposition 3.7.4 for this . We can take constants b > 0, d > 0, and € > 0
such that

b
0<d <——<a-— t>1T,.
<o+e T h()_a &, =

Define the mapping © : Y — C[T}, o) as follows:

o0 b '
(Oy)(t) = /t r (3 TThige) oW (g(s))) ds  if t>T,
(©y)(T) it te[m.T),
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where
f(t,0) if  uw <4,
F(t,u) =< f(t,u) if d<u<a,
f(t,a) if  u>a.
It is easy to see that © is well defined on Y and maps Y into itself. Since & is
continuous on Y, the Lebesgue dominated convergence theorem shows that © is

continuous on Y. Let I be an arbitrary compact subinterval of [T, 00). We find
that

’(@y)’(t)‘ < max{f(s,a) D s € I}, tel,
so that {(Oy)’(¢)}yey is uniformly bounded on I. The mean value theorem shows
that ©(Y") is equicontinuous on I. Since

(Oy)(t) = (OY)(t2)| =0 for t,t2 € [T, T],

we conclude that ©(Y") is equicontinuous on every compact subinterval of [T}, 00).
Obviously, ©(Y) is uniformly bounded on [T}, o0). Hence, by the Arzela—Ascoli
theorem (Theorem 1.4.17), ©(Y) is relatively compact. Consequently, we may apply
the Schauder—Tychonov fixed point theorem (Theorem 1.4.25) to the operator ©
and we conclude that there exists y € Y such that y = ©y. Set
b
1) = —— Dly|(t).

() = 15 + 0@
Proposition 3.7.4 implies that = satisfies (3.113) and that there exists a number
T > T such that § < x(g(t)) < a for t > T. Then F(t,z(g(t))) = f(t,z(g(t))) for
t > T. Observe that

o)+ b2 () = i T o (Y0 + hO2E ()

b+ oy(t)
= b+a/t f(s,x(g(s)))ds

for t > T. By differentiating the above equation, we see that x is a solution of
(3.109). The proof is complete. O

3.8. Notes

Lemma 3.2.1 is obtained by Yu, Wang, and Qian [293]. The rest of Section 3.2
is taken from Li [180]. Lemma 3.3.1 is based on Yu [289]. Lemma 3.3.2 is obtained
by Gyéri [117]. The rest of Section 3.3 is adopted from Li and Yan [206]. The
treatment in Section 3.4 is based on [203]. The material of Section 3.5 is taken
from He and Li [122], a special case is obtained by Yu [289]. Section 3.6 is taken
from Agarwal, Tang, and Wang [10], and related work can be found also in Yang
and Zhang [286]. The contents of Section 3.7 is based on Tanaka [256].



CHAPTER 4
Second Order Ordinary Differential Equations

4.1. Introduction

The study of oscillation for second order ordinary differential equations is inter-
esting from the theoretical as well as the practical point of view. There are many
articles and books studying this topic. The survey paper by Wong [267] contains
a complete bibliography up to 1968. Also, for a detailed account on second order
nonlinear differential equations, see the paper by Kartsatos [142], which gives more
than 300 references. In this chapter, we will present some criteria for oscillation and
for the existence of positive solutions of nonlinear differential equations of second
order, mainly including some contributions of the authors and their colleagues.

4.2. Oscillation of Superlinear Equations

Consider the second order nonlinear ordinary differential equation

(4.1) y"(t) +a(t)f(y(t)) =0,

where a is a continuous real-valued function on an interval [tg,c0) without any
restriction on its sign, and f is a continuous real-valued function on the real line R,
which is continuously differentiable on R\ {0} and satisfies yf(y) > 0 and f'(y) >0
for every y # 0. The prototype of (4.1) is the so-called Emden—Fowler equation

(4.2) y"(t) +a(t)|y(t)]"sgny(t) =0 with ~>0.

Here we are interested in the oscillation of solutions of (4.1) when f(y) satisfies, in
addition, the superlinearity condition

4.3 0</ —— <o and 0< —— < oo forall e>0.
(4.3) . fy) = fy)

Throughout the section, we shall restrict our attention only to those solutions of
the differential equation (4.1) which exist on some ray [T, 00), where T > to may
depend on the particular solution. Note that under quite general conditions there
will always exist solutions of (4.1) which are extendable to an interval [T, 00),
T > tp, even though there will also exist nonextendable solutions [59].

In the linear case, i.e., (4.2) with v = 1, Kamenev [140] showed that the condi-
tion
1t
(4.4) lim sup —a/ (t—s)%a(s)ds =00 for some «>1
t—o0o to

alone is sufficient for oscillation of (4.2). Wong [269] extended this result to equa-
tion (4.2) in the sublinear case (0 < v < 1) and proposed [272] the following
conjecture.

109
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Wong’s Conjecture. Condition (4.4) together with the compatibility condition

¢
(4.5) hmlnfi/ (t —s)Pa(s)ds > —oo  for some B >1
to

t—o0 B
is sufficient for oscillation of (4.2) in the superlinear case (y > 1).

Remark 4.2.1. The special case when 8 = 0 in (4.5) has been answered affirma-
tively in an earlier paper [268]. In addition, Wong [273] proved the conjecture in
the case when conditions (4.4) and (4.5) hold for a > 1 and 8 > 1, where «, 5 € N.
But it remained an open problem when o« > 1 and § > 1 are positive real numbers.

In the following, we first prove the above conjecture and extend it to the general
superlinear differential equation (4.1), subject to the nonlinearity condition [272]

> du

y fu)
Theorem 4.2.2. Assume that (4.3) and (4.6) hold. Then conditions (4.4) and
(4.5) imply that (4.1) is oscillatory.

(4.6) f(y)Gly)>d>1 forall y, where G(y)=

For (4.2) with v > 1, (4.6) becomes
PGy =v(y-1)"" =d> 1.

Hence, our theorem leads to the following oscillation result.

Corollary 4.2.3. FEquation (4.2) with v > 1 is oscillatory if (4.4) and (4.5) are
satisfied.

This oscillation criterion is Wong’s conjecture.

Proof of Theorem 4.2.2. Assume that the differential equation (4.1) admits a
nonoscillatory solution y on an interval [T,00), T > max{tg,1}. Without loss
of generality, this solution can be supposed to be such that y(t) # 0 for ¢t > T.
Furthermore, we observe that the substitution u = —y transforms (4.1) into the
equation u”(t) + a(t) f(u(t)) = 0, where f(y) = —f(—y), y € R. The function f
is subject to the same conditions as f. So there is no loss of generality to restrict
our discussion to the case where the solution y is positive on the interval [T, 00).
Define w(t) = G(y(t)). Then we obtain

(4.7) w’(t) = at) + W O f (y(t)) for t>T.

Since f’(y) > 0, we note that the integral of f/(y(t))[w’(t)]? over [T, 00) exists, finite
or infinite. Hence we consider the two cases when [ [w'(t)]?f'(y ( ))dt is finite or
infinite.

First, if [ [w’(t)]2f(y(t))dt < oo, then the proof given in Wong [273] is also
valid for positive reals «, 3, and hence for brevity is not reproduced. Second, we
consider the case when [°[w'(s)]?f/(y(s))ds = co. In view of (4.6), we can choose
a real number k > max{, 3} such that

k-1
4. — <d.
(48) —2 "
As k > 3, it is easy to verify that condition (4.5) implies that
1 t
(4.9) lim inf —/ (t — s)*La(s)ds > —o0.
T

t—00 tk 1
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Now, for each ¢t > T, from (4.7) we obtain

/ (t - )" a(s)ds + / (t— $)F 1o (5)2 £ (y(s))ds

T T
= /T (t —s)F 1w (s)ds
= —(t-D (1) + (k-1) /T (t — s)F 2w’ (s)ds.
So we have
t k—1
(4.10) t% /T (t — s)Fla(s)ds = — (1 - f) W (T)

Hhr [0 2w - i [ (- 9 P o

T T
for t > T. Next, by taking into account (4.8), we choose a constant d; with
k—1
d(k —2)
We claim that, for every t* > T, there exists ¢ > t* such that

[ P wends > = [ - 92w s)as,

T 1 T

(4.11) <dy <1.

Otherwise, there is t* > T such that

(1.12) [ =R wends < 5 [ - s 2utsds

T 1 T

for all ¢t > t*. By using the Schwarz inequality and (4.12) and taking into account
the definitions of w and d, for ¢t > t* we find

0 < /t(t — 5)* 2w’ (s)ds

T

{/t(t - S)k1W(5)]2f'(y(5))ds}1/2 {/t (ts)k?»ds}l/z

T v f'(y(s))

< {2 i s>k-2w'<s>ds}1/2 i (i s>’€-3w<s>ds}1/2 ,

and so we obtain

IN

(4.13) /t(t — 5)" 2/ (s)ds < kd_dl /t(t —s)kBw(s)ds for t >t

T 1 T

But for any ¢ > t* we have

/Tt(t — 5)FBw(s)ds = ﬁ <(t — T)F=2w(T) + /Tt(t _ S)k_Qw/(s)ds) .

So, (4.13) gives

<d1dllz — i - 1) /Tt(t — )P 2 (s)ds < (t — T)*2w(T)
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for every t > t*. Therefore, by (4.12), we find

(414) (dldz :i — 1) tk% /T (t — s)k_l[w/(S)Pf/(y(S))dS

for t > ¢*. But one has

| W R s = o
T
and hence

lim 5 [ (6= P (o()ds = .

On the other hand, (4.11) implies that d1d(k—2)/(k—1)—1 > 0. Thus, (4.14) leads
to a contradiction. Hence our claim is proved and so we can consider a sequence
{tn}52; of points in the interval [T, 00) with lim,_, t, = 0o and such that

/ "t — )F V! ()2 (y(s))ds > kd;ll /T " (b — 8)F 2w/ (s)ds, neN.

T
Then from (4.10) it follows that

tﬁél /tn (tn — s)k_la(s)ds = — <1 - T>k1 w'(T)

T

k—1 [t ) I Ry ,
=t / (tn — )52/ (5)ds — — / (tn — )" [ (5)]2 £ (y(s))ds

T tn T
k—1 tn
@19) <= (11 ) W@+ -at [N - e b
for n € N. Since
Jim o [ 6= W @RS s = [ R ((s))ds = o

and, by (4.11), d1 < 1, inequality (4.15) ensures that
. 1 tn _
nlLrI;Oﬁ—_lL (tn — s)*ta(s)ds = —o0.
This shows that

1 t
(4.16) lim inf 2o /T (t — 5)"a(s)ds = —co.

Finally, for every t > T, we obtain

/t(t—s)k_la(s)ds < /t (t—s)k_l\a(s)|d5+/T(t—s)k_la(s)ds
T t
< (t—to)k_l/t |a(s)|ds+/T(t—s)k—la(s)ds.

Thus, from (4.16) it follows that

¢
lim inf 1 / (t — s)*ta(s)ds = —oo,

t—oo tk_l to

which contradicts (4.9). The proof of the theorem is now complete. O
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In Theorem 4.2.2, condition (4.4) is not necessary. In fact, condition (4.4) can
be replaced by another condition. That is to say, we have the following result.

Theorem 4.2.4. Assume that (4.3) and (4.6) hold. Then (4.5) and

t—oo to

1 t t
(4.17) limsupf/ [B(s)]*ds = oo, where B(t) :/ a(s)ds
to
imply that (4.1) is oscillatory.

Corollary 4.2.5. Conditions (4.5) and (4.17) are sufficient for oscillation of (4.2)
with v > 1.

Proof of Theorem 4.2.4. Similarly as in the proof of Theorem 4.2.2, assume that y
is positive on the interval [T, 00). Define w(t) = G(y(t)) and use (4.1) to obtain
(4.7). We consider the two cases when [7[w/(¢)]? f'(y(t))dt is finite or infinite.

If [2°[w'(s)]?f'(y(s))ds = oo, then the proof is similar to that of Theorem 4.2.2
and hence will be omitted. Now we assume that [," [w'(¢)]?f'(y(t))dt is finite. We
shall show that

(4.18) im 28 g,
t—oo t
Since (w')?f’ € L}[T, ), for each ¢ > 0 we can choose T} > T such that
(119) | WP e < 5.
Ty

4
Furthermore, by using the Schwarz inequality, for ¢ > 77 we obtain

/Tt w'(s)ds

{/Tj [w'(s)]Qf/(y(S))ds}l/Z{ Tj Jw(;@))dS}l/27

and so, in view of (4.19), we have

w(t) —w(Ty) <

IN

NG - 1/2 r
(4.20) w(t) <w(Ty) + 5 { . f’(y(s))ds} for ¢t>1T.

e 1
. f'(y(s))
then from (4.20) it follows that w is bounded on [T7, c0) and hence (4.18) is satisfied.
So we assume that

If
ds < oo,

i 1

S =
r, f(y(s))
Then there exists a point T5 > T such that

1/2
AL )
w(Ty) < — ds for t>1T,,
=5 Un 706D ;
and consequently (4.20) and then (4.6) gives

(4.21) w(t)g\@{ Tj f/(yl(s))ds}l/2§ s/d{/Tiw(s)ds}l/z for  t> Ty
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Hence
d [ [ Yz d
(4.22) 7 {/ w(s)ds} < 6/ for t>Ts.
Upon integrating (4.22), we have for ¢
d
TQ) < ;/ t.

So, by letting

T3 =max | Ty, —

([ o)™ wi] 2
Al v

we obtain for t > T3

(o) -

IN

I
P
. U
~
_|_

Hence, (4.21) gives
4
w(t) < % forall t>Ts.

Since € > 0 is arbitrary, this proves (4.18).

Integrating (4.7) from T to ¢, one obtains
t

B(t) = / a(s)ds = —w'(T) + B(T) +w'(t) - / ! ()2 (y(s) s,

to T
from which it follows that

(4.23) BOF <3(C3+k + /()
where -
Co=w/(T)+ B(T) and ko= / [ ()2 F (y(s))ds.
T
Next we estimate the integral of (w’)? a;
w3 wpe < Lo o [ P
' tJr S EreS fly(s) Jr
< 50 max w(s).
- dt TH<1&sD<(tw y
By (4.18), we can choose Ty > T such that |w(t)| < ¢ for t > T, hence
(4.25) T11_<1231)S<tw(s) < Fnax w(s)+t=K; +t,

where K1 = maxr<s<r, w(s). Combining (4.24) and (4.25) in (4.23), we find

(4.26) 1/; [B(s)]*ds < 3(C3+ k) + %(K1 +1).

Letting ¢ tend to infinity in (4.26) we obtain the desired contradiction to (4.17).
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4.3. Oscillation of Sublinear Equations
In this section we continue to study oscillation of (4.1) under the condition

£ d ¢ d
(4.27) O</%<oo and 0< Y 6 forall e >0,
0

Y) o [f)

which corresponds to the special case f(y) = |y|”sgny when 0 < v < 1. The
coefficient a(t) is allowed to be negative for arbitrarily large ¢.

Theorem 4.3.1. Assume (4.27) and

(4.28) ' (y)F(y) > % >0 forall vy, where F(y)= /y ﬂ
0

Then condition (4.4) implies that (4.1) is oscillatory.

Corollary 4.3.2. Condition (4.4) is sufficient for (4.2) to be oscillatory in the
sublinear case, i.e., when 0 <y < 1.

Proof of Theorem 4.3.1. Assume that the differential equation (4.1) admits a
nonoscillatory solution y on an interval [T,00), T > max{tg,1}. Without loss
of generality, this solution can be supposed to be such that y(¢t) > 0 for ¢t > T.
Define w(t) = F(y(t)). Then we obtain

(4.29) w’(t) +a(t) + [w (Of (yt) =0 for t>T.

Since f’(y) > 0, we note that the integral of f/(y(t))[w’(t)]* over [T, 00) exists, finite
or infinite. Hence we consider the two cases when [ [w/(t)]?f'(y(t))dt is finite or
infinite.

If [2°[w' (]2 f'(y(t))dt < oo, then we can show in exactly the same way as
in the proof of Theorem 4.2.4 that (4.18) holds. Now we choose a real number
k > max{a, 3}. From (4.29) we obtain

t’f% /Tt(t — ) la(s)ds = — (1 - f)kl w'(T)

o [ = s = g [ T e e)ds

T

for t > T. Set

o) = g5 [ (= W R ()i

Since
- k—1 t(_l)kilii —1—dr, ./ /
o0 =3 (*71) [ G s s

and
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g is bounded on [T, 00). On the other hand,

41 k‘lG/waV*wM$RHMQMs

tk T

- /t(t - S)kl[w’(S)]Qf'(y(S))dS)

T

> e ([ e s s

= 0.
Hence lim;_,o g(t) exists, say lim;_ g(t) = ko. By (4.18) we have

ﬁéféﬂt—QbAQEMSZ—ﬂﬂT)—k@

But, for any ¢t > T, we obtain

t T t
fskflas S fskflas S fskflas S
/a Y la(s)d _‘/@ ) Hﬂd+L@ Y la(s)d

T to

N

IN

(t —to)*1 / la(s)|ds + / (t —s)kLa(s)ds.

to T
So we derive

1t T
lim sup tkj/ (t —s)*La(s)ds < / la(s)| ds —w'(T) — ko < o0,

t—oo T to
which contradicts (4.4).

Second, we consider the case when [[w/(t)]*f'(y(t))dt = co. Choose a real
number k£ > max{f,3}. Because of w(t) > 0, it follows that

um)ﬁﬂ/%—@“M@@z—Q_fqu@)

T
k—1
thk—1

(t —T)*2w(T) — 1 / (t — )" 2w’ (s)ds

+ thk—1

for ¢t > T. Since

i o [ = R (s)ds = [T R w()ds = .

t—o0 tk_l T
we obtain from (4.30)

which contradicts (4.4). O

Theorem 4.3.3. Assume that (4.27) and (4.28) hold. Then (4.5) and (4.17) imply
that (4.1) is oscillatory.

Proof. The proof is similar to the proofs of Theorems 4.3.1 and 4.2.2. O
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Corollary 4.3.4. Conditions (4.5) and (4.17) are sufficient for (4.2) to be oscil-
latory with 0 < v < 1.

4.4. Oscillation of Nonlinear Equations

In this section we consider nonlinear differential equations of the form

(431) (a)ly 9} + 4 flw(1) =0,

where o is a positive quotient of odd integers, a is an eventually positive function,
q is continuous on an interval [tg, 00) without any restriction on its sign, and f is a
continuous real-valued function on the real line R and satisfies

uf(u) >0 and f'(u) >0 forevery wu#0.

Lemma 4.4.1 ([159]). Let the function K : Rx RxRT — R be such that for fized
t and s, the function K(t,s,-) is nondecreasing. Further, let p be a given function
and uy and us be functions satisfying, for t > tg

t

uy(t) > p(t) + /t K (t,s,ul(s)) ds and ua(t) < p(t) —I—/

to to

K (t7 s, ug(s)) ds.

If vy is the minimal solution and ve is the mazximal solution of
t
o) =p(t) + [ K (tos,005)) ds,
to
then
up(t) > vi(t)  and  ue(t) <wve(t)  for t>ty.
Lemma 4.4.2. Assume that f'(y) > 0. Let o be a quotient of odd integers. Suppose

that y is a positive solution of (4.31) fort € [to, @], and there exist t; € [to,a] and
m > 0 such that

E SR 0 Ly (RPN LY T G

f(y(to)) to to [ (y(s))]?
for allt € [t1,a]. Then
(4.33) a®)ly' )] < —mf(y(t)) for te€[tr,al

If y is a negative solution of (4.31), then the result remains true if the inequality
in (4.33) is reversed.

Proof. Define w = a(y’)?. From (4.31) we have

(4.34)

Then it follows from (4.34) that

wt) 1w ) 0)
(4.35) {f(y(t))] =P
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Integrating (4.35) from ¢ to ¢, where ¢ € [t1, ], and using (4.32), we find

Cw_w) [ [ W ),
W36 ~Fay = f(y(to»*/to"( ) +/to O
[P W )
> o+ [ ST -0

We first consider the case when y(t) is positive. Then (4.36) implies —w(t) > 0,
or eventually y'(t) <0, ¢t € [t1,a]. Let u = —w = —a(y’)?. Then (4.36) becomes

ut) > mpuiey 4 [ FED YOG, o

t [f(y(s)))?
for t € [t1, a]. Define

Fy®) [=y' ()] f'(y(s))
[F(y(s)))?

Since y'(¢t) < 0, t € [t1,a], we observe that for fixed ¢t and s, K(¢,s,) is nonde-
creasing. With p(t) = mf(y(t)), we apply Lemma 4.4.1 to get

(4.38) u(t) >wv(t) forall telty,al,
where v is the minimal solution of the equation

" Fy®) =Y ()] F(y(s))
4.39 v(t)=m
(4.39) (t) =mf(y(t) + : F)E

provided v(t) € RY for all ¢ € [t1,a]. From (4.39

(4.37) K(t,s,z) = z, st€t,a], zeR".

v(s)ds,

) we find
(—4/(5)) F'(y(s)) ’
m—i—/t1 T v(s)ds

(v(s))P
_ YO,
)P

(1.40) [f(y%] -

On the other hand,
v() 17 ) @ )y (@)
) Fral R o Ry
Equating (4.40) and (4.41), we obtain v’(¢) = 0 and so v(t) = v(t1) = mf(y(t1)).
The inequality (4.33) is now immediate from (4.38).

In the second case, we suppose that y(t) is negative. Then (4.36) gives w(t) > 0,
or equivalently y'(t) > 0, t € [t1,a]. Let u = w = a(y’)?. It follows from (4.36)

that
t / !
)2 mp + [ EHUVOLEE, )
t [f(y(s))]
for ¢t € [t1,a]. With K defined as in (4.37), we note that for fixed ¢t and s, K(t,s,-)
is nondecreasing. Applying Lemma 4.4.1 with p(t) = —mf(y(¢)), we get (4.38),
where v is the minimal solution of the equation

o OO

()= =) + [ R

As in the first case, v'(t) = 0 and hence v(t) = v(t1) = —mf(y(¢t1)). The inequality
(4.38) immediately reduces to (4.33). O
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Corollary 4.4.3. Assume that f'(y) > 0. Let y be a positive solution of (4.31). If

t
liminf [ ¢(s)ds > —o0

t—o0 t

and

> ds
4.42 / e N
442 TG
then

Proof. Otherwise,

ds = 00,

[f(y(s)]?
and hence there exists ¢} > ¢; such that (4.32) holds (with ¢t; = ¢7). Therefore, by
Lemma 4.4.2

/°° a(s)f"(y(s)ly' ()]

(4.43) a(®)ly' ()7 < —mf(y(ty)) for t=1].
Since o is a quotient of odd integers, by (4.43) we have
/ o *\\11/0 1 *
y'(t) < =[mf(y(tD))] [a(O]7" for t=>1t7.
In view of (4.42), relation (4.43) implies that y(t) is negative eventually, which is a
contradiction. O

Corollary 4.4.4. Assume f'(y) > 0 and (4.42). If

/OO q(s)ds = oo,

to
then every solution of (4.31) is oscillatory.
We now consider the case when lim;_, ftz q(s)ds exists.

Lemma 4.4.5. Let 0 > 1 be a quotient of odd integers. Assume f'(y) > 0 and
(4.42). Suppose further that

(i) limyy| oo f(y) = 00;
(i) limy oo ftto q(s)ds emists.

Let y be a nonoscillatory solution of (4.31). Then

* a(s) f (y())ly/ ()7
(4.4 Lt <o
and
aOWOF 7 [ ) )
(4.46) ) ‘l‘“)d+l FaE -

for sufficiently large t.
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Proof. Let y be a nonoscillatory solution of (4.31). Without loss of generality,
assume y(t) > 0 for ¢t > tg. By Corollary 4.4.3 it follows that (4.44) holds. From
(4.31) we have

(4.47)

= —q(t), where w=a(y)’.

Then it follows from (4.47) that
{ w(t) ] — ) - w(t)f'(y(t)))y'(t)'

fy(t) [f(y(®)]?
Integrating this equation from g to ¢, we find
o il = i [ [T
- o [eou e
o e
By SRy A I
T e [ - [T,

We claim that g = 0.
If 8 < 0, then we choose t; so large that

/t: q(s)ds
p

“ a() P B
|

We take tg = t; = t2 in Lemma 4.4.2. Then all assumptions of Lemma 4.4.2 (with
m = —(/2) hold. From Lemma 4.4.2 we obtain

- 1
yl(t) < _[mf(y(t2>)]1/ [a(t)]l/o‘
which contradicts the positivity of y(t) since (4.42) holds.

If 8 > 0, then from (4.48) we have
/ (e
a0y (1]
t—oo  f(y(t))
which implies that y'(t) > 0 eventually. Hence there exists t; > t; such that

(4.49) WO S 8 o 131,

fly®) — 2

S—% for all ¢ € [ta,00)

and

for t>to,

=p5>0,

Thus

_ By 1 W)
2t—00  f(y(ty)
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Therefore lim; .o In f(y(t)) < oo, which implies lim;_. o f(y(¢)) < oco. Due to
condition (i) and since y is eventually increasing, it follows that y must be bounded.
On the other hand, from (4.49) and the monotonicity of f, we get

a® ) = 2 1u0) 2 2 ru(t))
and so
"(t) > Bf( (1)) v for t>1t
= —_— r .
PO RT =
By (4.42), it follows that lim;_, y(t) = oo, which contradicts the boundedness of
y. The proof is complete. O

Example 4.4.6. Consider the nonlinear differential equation

1,5\ 1
(4.50) (3007) + g =0, 021

where v > 0 and o > 1 is a quotient of odd integers. It is easy to verify that the
assumptions of Lemma 4.4.5 hold. Hence, every nonoscillatory solution y of (4.50)
satisfies (4.44), (4.45), and (4.46).

Theorem 4.4.7. Let 0 > 1 be a quotient of odd integers. Assume f'(y) > 0 and
(4.42). Suppose further that

(i) O<f W<ooand0<f < oo for any € > 0;

f(y)]l/”
(i) [ a(s)ds exists and lim; o ft ﬁ ([ q(u)du) Y7 ds = oo

a

Then every solution of (4.31) is oscillatory.

Proof. Suppose the contrary. Without loss of generality, we assume that (4.31) has
an eventually positive solution. Under our assumptions, Lemma 4.4.5 holds. Let
y be an eventually positive solution of (4.31). Then (4.46) is satisfied. Since f
is nondecreasing and [y/(¢)]°t! > 0, the second integral in (4.46) is nonnegative.

Hence
y'(t) 1 > e
FuO7 = @7 (/ q(s)“) |

Integrating from tg to ¢t provides

00 w t / s t 00 /o
e /ym,) oo 2 . TR 2 |, </ q“”"“) s

which contradicts condition (ii). Similarly, one can prove that (4.31) does not
possess eventually negative solutions. O

Example 4.4.8. Consider the superlinear differential equation

((t= 079 0) + gl sy =0, ¢>2



122 4. SECOND ORDER ORDINARY DIFFERENTIAL EQUATIONS

where v > 1, @ > 0, and § > 0 are constants. If 5 > «, then

/: % /:O alujduds = /:0(5 -1 /:o mczuds

_ /;O 7u2(u1_ N /Qu(s_ 1) dsdu

1 00 _1)8+1 _
_ / (u—1) 1du
Gr1),  w(u—1)p

= 00.

By Theorem 4.4.7, this equation is oscillatory.

We note that if (ii) holds, then

Qlt) = / T ys)ds, =10

is finite. Assume that Qo(¢f) > 0 for sufficiently large t. Define for n € N the
sequence

Qu(t) = /tOCQo(S)Q_l(Qo(S))g_I (j))d where  g(y) = 4°

and

Q)= [ 1009 #3267 (@) +3Qu(e)) 5 (55 ) s

Condition (H). For every A > 0, there exists N € N such that @, (¢) is finite for
ne{l,2,...,N — 1} and Qn(t) is infinite.

Theorem 4.4.9. Suppose that conditions (i) and (ii) from Lemma 4.4.5, f'(y) >0,
(4.42), and condition (H) hold and that

(4.51) W5 F () 2A>0  forall y#0.

Then every solution of (4.31) is oscillatory.

Proof. Suppose to the contrary that y is a nonoscillatory, without loss of generality,
positive solution of (4.31). Hence, by Lemma 4.4.5, y satisfies (4.44) and (4.46),
which implies that

(O () * a(o)ly/ ()7 £ ws)
(4.52) 00) ZQO“H/t FGEE  ©2

for t > t1, and so

Qo(t) >0

1/o
(4.53) /(1) > Qo] L ()] (1>) .

a(t
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From (4.51), (4.52), and (4.53), we have

* ()Y ()7 £ (u(s)) " Quls)y' () (u(s))
/t FuEE 2 / fsy

> /tocf'(y(s))[f(y(s))]la"[Qo(s)rf’a <1)1/ad8

a(s)
AT (3))/ ds

(454) = Q)
for t > t;. If N =1 in Condition (H), then the right-hand side of (4.54) is infinite.
This is a contradiction to (4.44).
Next, it follows from (4.52) and (4.54) that
a()[y'(t)]°
fy(@)

S

v

> Qo(t) +AQ1(t),
and as before we obtain

= a()ly/ ()7 [ (y(s) * o (1)1/0
ey IRy A CCR R C T ) B
for t > t;. If N = 2 in Condition (H), then once again we get a contradiction

to (4.44). A similar argument yields a contradiction for any integer N > 2. This
completes the proof of the theorem. O

Example 4.4.10. Consider the nonlinear differential equation
1 "o
(4.55) ((@P>+jﬂﬁza t>1.
Here q(t) = 1/t2, a(t) = 1/t, f(y) = g(y) = v3, and o = 3. We have

P R o[
Foe e — 2 =370 / a(s)d */1 2= b

e ds 7001/37 700 71
X[WW”XS ds = oo, %@*[4@@75t2L

Ql(t):/ (3’1)4/331/3ds:/ 5*4/351/3ds:/ ds _

t t t s

and

Hence, by Theorem 4.4.9, every solution of (4.55) is oscillatory.

Remark 4.4.11. Consider the second order nonlinear differential equation
/
(athg (/1)) +a®)f (u(t)) = 0.
If g satisfies yg(y) > 0 and ¢'(y) > 0, then the above results are true, see [262].

The remaining results in this section are for the nonlinear equation (4.31) with
o=1,ie.,

(456) (att ) +a(0)f (w(t) = 0.
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where we assume that a is an eventually positive continuously differentiable func-
tion.

Theorem 4.4.12. Let 0 = 1. Assume that

(4.57) fflyy>p>0 for y#0.

Let Dy = {(t,s) : t > s > to} and D = {(t,s) : t > s > to}. Let H € C(D,R)
satisfy the following two conditions:

(i) H(t,t) =0 fort >tg, H(t,s) >0 fort > s> ty;
(ii) H has a continuous and nonpositive partial derivative on Dy with respect to
the second variable.

Suppose that h : Dy — R is a continuous function with

_od
Os

If there exists a function g € C1[ty,00) such that

(t,s) = h(t,s)\/H(t,s) forall (t,s)€ Do.

(4.58) lim sup m /t0 {H(t7 s)p(s) — ir(s)a(s)[h(t, s)]z} ds = o0,

t—o0

where
rie) =exp (=2 [ goidn) 60 = r(s) {a(s) + na@)la(o) ~ (ag) o)},

then every solution of (4.56) is oscillatory.

Proof. Let y be a nonoscillatory solution of (4.56). Without loss of generality, we
may assume that y(¢) > 0 on [Ty, c0) for some T > tg. Define

(4.59) u(t) = r(t)a(t) { f’g;((’;))) + g(t)} for all ¢ > T
By (4.56), (4.57), and (4.59), we obtain

WO = ~2pgltult) + o) {

ey WO
(t)a(t) o " (t)(ag)'(t)
_ y'(t)
= 72u9(t)r(t)a(t)f(y(t)> — 2ur(t)a(t)[g(t)]* — r(t)q(t)
ly'(t)]*p ,
r(t)a(t) o " r(t)(ag)'(t)
 plu(t)] —o(t)
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for t > Tj. It follows that for all ¢t > T > Ty,

/Hts ds<—/Ht3 ds_/H Z)(:()}j

= _H(t,s)u(s )S /t{—%fj(t s)u(s )+H(t,s)5([;‘)(:()g}ds
_ m- [ t {hte.s)VAGE S + s)g([g;jgg}ds

¢ 1 [a(s)r(s) i
/T{ 51/ . h(t,s)} ds
1

1), a(S) (5)[1(t, 5))*ds.

Then, for all t > T > Ty,

(4.60) /T [H(t 006 = (et ds

e ([

This implies that for every t > Tj,

/T [H(t, s)p(s) — ir(s)a(s)[h(t, s)]z] ds < H(t, To)u(Tp)

< H(t,To) [u(To)| < H(t, to) [u(To)| -
Therefore,

IA

H{(t to) / " 16(s)\ds + H(t,to)[u(To)|

To
= H(t,to){/t |¢>(S)|d5+|u(T0)|}

for all £ > Ty. This gives

imsup L | 0 [H(t, $)6(6) = -r(s)als sﬂ s

< / " 16(s)lds + [u(Ty),

which contradicts (4.58). The proof is complete. O
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From Theorem 4.4.12, we can obtain different sufficient conditions for oscillation
of all solutions of (4.56) by different choices of H(¢,s). For example, let

H(t,s)=(t—s)", t>s5>tg,
where A > 1 is a constant. By Theorem 4.4.12; we have the following result.

Corollary 4.4.13. Assume that (4.57) holds. Let A > 1 be a constant. Suppose
that there is a function g € Ct(tg, o0) satisfying

tsup / [(t — 5 e(s) - i;“ - s>A-2r<s>a<s>} ds = o0,

where
r(s) = exp (—m I g(v)dv) o 0(s) = 1(s) {a(s) + pa(s)lg(s))* = (ag) () } -

Then every solution of (4.56) is oscillatory.

Define
t
4.61 At:/—ds, t>t
(461) 0= o :
and let

H(t,s) = [A(t) = A()]*, t > to,
where A > 1 is a constant. By Theorem 4.4.12, we have the following oscillation
criterion.

Corollary 4.4.14. Assume that (4.57) holds. If

lim sup ﬁ /to [A(t) — A(s)]} q(s)ds = 00 for some A > 1,

t—oo

then every solution of (4.56) is oscillatory.

Corollary 4.4.15. Assume that (4.57) holds and that lim;_,o, A(t) = oco. If

- o 1
(4.62) htrggolfA(t)/75 q(s)ds > e
where A(t) is defined by (4.61), then every solution of (4.56) is oscillatory.
Proof. By (4.62), there are two numbers T > ¢y and k > 1/(4u) such that

A(t)/ q(s)ds >k for t>T and tlim A(t) = oc.
t -

Let 1
Hit,s) = [A(®) ~AG)]"  and  g(t) = —5 e
Then
h9) =24(5) = 2= andr(t) = A()
Thus
H(t,s)p(s) — ﬁr(s)a(s)[h(tz s)?
= [A(t) — As)]" A(s) {q< )= 4ua(s)1[A(s)]2} B fa(is))
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Define

Then, for all t > T,

/t (H(ta $)(s) — —r(s)a(s)[h(t s)]2> ds

T

= /t[A(t)—A(S)FA(S)d<—Q(5)+ 1 ) o [PAG)

This and (4.62) imply that

lim sup %/ [H(t7 s)p(s) — ir(s)a(s)[h(t, s)]Q} ds = oo.

t—o0o to

It follows from Theorem 4.4.12 that every solution of (4.56) is oscillatory. O

Example 4.4.16. Consider the nonlinear differential equation

4. ) v 3y =0, t>1.
(4.63) (y)th(lnt)2 (y+y’)=0, t>
Then
tods tds
At:/*i —=t, f(y)>1=u,
(t) ) ) s (y)
and

o <y B
htrgg.}flnt/t mds =1.
Hence, by Corollary 4.4.15, every solution of (4.63) is oscillatory if v > 1/4.

Theorem 4.4.17. Suppose that (4.57) holds. Let H(t,s) and h(t,s) be as in The-
orem 4.4.12, and let

. .. . H(t,s)
. <
(4.64) 0< Sléltfo {htrggolf H(t,to)} <0

Suppose that there exist two functions g € C'[ty,o0) and B € Clty,00) such that

(4.65) lilrfrisogp H(i 70 /to a(s)r(s)[h(t, s)]?ds < oo
and
(4.66) /TOO [5;)(7’8();) ds = o0,
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where B (t) = max{B(t),0}, and r and ¢ are defined as in Theorem 4.4.12. If for
every T > to,

(67)  limsup (tl 7 / [H(t, $)b(s) — ir(s)a(s)[h(t,s)]Q ds > B(t),

then every solution of (4.56) is oscillatory.
Proof. Without loss of generality, we may assume that there exists a solution of

(4.56) such that y(t) > 0 on [Ty, 00) for some Ty > to. Define u as in (4.59). As in
the proof of Theorem 4.4.12, we can obtain (4.60). Then

i /. t 1(0,5)6(5) ~ r(aon( o) as

ap
wH( t,s 1 Ja(s)r(s) s i s
L [

for t > T > Ty. Consequently, by (4.67),

<u(T) -

B) < tmsw s [ H@S00) - Lo, ﬂ

t,s
u(T) — htrgg)lfH { T(s H }

< u(T)
for all T > T,. Thus
(4.68) w(T) > B(T) forall T >Ty

A

IN

and

! u(s))?
(409 tym it { H(;To) / h(t,5) /T 5Ju ()dH%O 0 s)u([s)(r()l)ds}

liminf — “H
n i HtT TO

U(To) B(TO < 00.

L (s
PO = Fe ) /T H{E ) o)™

IN

IA

Define

and

Q) = ﬁ /TD h(t,s)\/ H(t,s)u(s)ds

for t > Tp. Then (4.69) implies that
(4.70) liminf [P(t) + Q(t)] < o

Now we claim that

(4.71) /T a[zz()i)(]s) ds < oo.
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Suppose to the contrary that
oo 2
(4.72) / Mds = 00.
7, a(s)r(s)

By (4.64), there exists a positive constant K; such that

. .. H(t,s)
(4.73) slgtfo {htrgloglf H(t,to)} > K; > 0.
Let K5 > 0 be arbitrary. Then it follows from (4.72) that there exists T; > Tj such
that . )
/ [(s)] ds > & for all ¢>1Tj.
7, a(s)r(s) Ky
Therefore,
t S 2
0 d [u(v)]
P(t) = /Ht,s(/ dv | ds
*) H(t,Ty) Jr, ( >ds 1, a(v)r(v)
t s 2
N oH ) ( / [u(v)] )
= ——(t, s dv | ds
H(t,Tp) /To ( 0s (¢ ) 1, a(v)r(v)
t s 2
it (00) (] 2
H(t,Ty) Jr, Os 1, a(v)r(v)
Ko /t OH
> A _
= K HtTy) Jr, \ 0s (t5) ) ds
_ KQNH(t7 Tl)
K1 H(t,Ty)
for t > Ty. By (4.73), there exists To > T such that
H(t,T1)
_— > >
H(L, To) > Ky forall t>1Ty,

which implies
P(t) > pKy  forall t¢>Ts.
Since K is arbitrary,

(4.74) lim P(t) = co.

t—oo
Next, consider a sequence {t,}5%; C (tg,00) with lim,_, t, = oo satisfying
lim [P(t,) + Q(tn)] = lim inf [P(t)+Q(t)].

In view of (4.70), there exists a constant M such that

(4.75) P(t,)+Q(tn) <M for mneNlN.
It follows from (4.74) that
(4.76) lim P(t,) = oco.

This and (4.75) give
(4.77) lim Q(t,) = —o0.

n—oo

Then, by (4.75) and (4.76),

Qltn) _ M 1

Pltn) = <

1 _
+ Pty 2

for large enough n € N.
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Thus
ggn; < % for all large n € N.
This and (4.77) imply that
Q)
(4.78) nh—>H;o Pty 00

On the other hand, by the Schwarz inequality, we have

{H(tho) /T t h(tn, s)/F () s)u(s)ds}

{M /Tt a(S)T(S)[h(tms)Pds}

1 I H(ty,s) 25
X{Ham%>m)wﬁmﬁm“”d}

P(/jn) {H(tj, To) /Tt a(s)r(s)[h(tn, S)Pds}

for any n € N. But (4.73) guarantees that
. . H(tv TO)
i )
This means that there exists T3 > Ty such that
H(ta TO)
H(t,to)

2

[Q(tn))?

> K.

> K; for large enough n €N

and therefore

[Q(t)]? 1 "
Ptn) < VIR /to a(s)r(s)[h(tn,s)]?ds for all large n € N.

It follows from (4.78) that
1 b
lim 7/ a(s)r(s)[h(ty, s)]?ds = co.

n—oo f{(tn7 to) to

This gives

li?ligp H(t{ 70 /to a(s)r(s)[h(t, s)]?ds = oo,

which contradicts (4.65). Thus (4.71) holds. Then, by (4.68),
[eS] 2 o] 2
[TBOE, R,
7, a(s)r(s) 7, a(s)r(s)
which contradicts (4.66). This completes the proof. O

Similarly, we can prove the following result.

Theorem 4.4.18. Suppose that (4.57) holds. Let H(t,s) and h(t, s) be as in Theo-
rem 4.4.12, and let (4.64) hold. Suppose that there exist two functions g € C[tg, 00)
and B € Clty,00) such that (4.66) and the two conditions

t

1
liminf ————— H
im in i) s, (t,s)p(s)ds < o0
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and

1 ' — i?’ s)als S 2 S
it 15 [ H6960) = o rhaohe s ds = B0

T
hold for every T > ty, where By, r, and ¢ are as in Theorem 4.4.17. Then every

solution of (4.56) is oscillatory.

From Theorems 4.4.17 and 4.4.18, we can obtain different sufficient conditions
for oscillation of all solutions of (4.56) by different choices of H(¢,s). For example,
let

H(t,s) = (t —s)* for some A > 1.

By Theorem 4.4.17, we have the following corollary.

Corollary 4.4.19. Suppose that (4.57) holds. Let A > 1 be a constant and suppose
that there exist two functions g € C[tg,o0) and B € Cltg,00) such that (4.64),
(4.66),

¢
lim sup i}\/ (t — s)*a(s)r(s)ds < oo,

t—oo to

and

lim sup tl,\ / [(t —5)p(s) — )\*(t —8)*2r(s)a(s)[h(t, s)]? | ds > B(t)

t—o0 T 4,U/
hold for every T > ty, where By, r, and ¢ are as in Theorem 4.4.17. Then every
solution of (4.56) is oscillatory.

Remark 4.4.20. In Theorems 4.4.12, 4.4.17, and 4.4.18, we always assume that
(4.57) holds. In fact, if we replace condition (4.57) with

@Zu>0 for all y #0,
Y

then Theorems 4.4.12, 4.4.17, and 4.4.18 remain true, but the function ¢ should be
nonnegative; one can refer to [245] for details.

4.5. Forced Oscillation of Nonlinear Equations

In this section we consider the second order nonlinear differential equation

(4.79) (al)ly' @17~ (9) + gl Fw (1) = r(0),

where o > 0 is a quotient of odd integers, a is an eventually positive function, ¢
and r are continuous on an interval [tg, 00) without any restriction on their sign,
and f is a continuous real-valued function on the real line R and satisfies

uf(u) >0 and f'(u) >0 forevery u#0.
The following lemma is a generalization of Lemma 4.4.2.

Lemma 4.5.1. Suppose that y is a positive solution of (4.79) on t € [to, ], and
there exist t1 € [to, o] and m > 0 such that

(480) m< — (t0)|y (t0)|g ! / tO |: T(S) :l
+

f(y(to)) - fly(s))
/ a(s) " ()Y ()7 @OF
[ (y(s))]?

S



132 4. SECOND ORDER ORDINARY DIFFERENTIAL EQUATIONS

for allt € [t1,a]. Then
(4.81) a®)ly' (D71 (t) < —mf(y(tr)), te€ [t,al.

If y is a negative solution of (4.79), then the result remains true with the inequality
reversed in (4.81).

For simplicity, we list the conditions used in the main results as

(4.82) /oo Ir(s)|ds < oo,

(4.83) —00 < /C><> q(s)ds < oo,
< ds

(4.84) / W = 0,

and

(485) T 1) = e,

Theorem 4.5.2. Let conditions (4.82), (4.83), (4.84), and (4.85) hold and let y
be a nonoscillatory solution of (4.79) such that iminf, . |y(t)] > 0. Then

 a(s) P (y())ly/ () [y (D2
(456 /. )P dosoe
and
O OF YO e ]
sy 0 = | [q” f(y(S))]d
 a(s) [ (Nl ()7 ()]
*/t ()P s

for sufficiently large t.

Proof. Since liminf;_, o |y(t)| > 0, there exist t; > to and my,my > 0 such that
ly(t)] > my and |f(y(t))] > mq for t > t;. Then it follows from (4.82) that

s < [ |l o< i [ reonas s m

for t > t1, where mg is a finite positive constant. Suppose now that (4.86) does not
hold. Then, in view of (4.83) and (4.88), we see that (4.80) is satisfied for t > ¢; if
t; is sufficiently large. Suppose y(t) is positive for ¢ > ¢;. Applying Lemma 4.5.1,
we obtain

(4.88)

a()ly' )17y (t) < —mf(y(t)) and  y'(t) <0
for t > t1. Since
' OI 1y (1) = ~ [y ()],
we have
@) < vttn) ~ s [ B

yir) = Yyl Yy o Ja
which in view of condition (4.84) contradicts the fact that y(¢) > 0 for ¢ > ¢;. The
case when y(t) is negative for ¢t > t; follows by a similar argument. Hence (4.86) is
proved.
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Dividing (4.79) by f(y(t)) and integrating it from ¢y to ¢, we obtain

a@®)ly' )17y () _ alto)ly'(to)|"" "y (to)

(4.89)

O )
L) T, [l 6 W @R )
(L[“’ f@@ﬂd ‘A TP I
B <) ] [ e @ R ),
= ﬁ*l‘[“) f@@»}i+l TP s
where

ﬂ_(mﬂ()Pl’%)_/“F@%_r“)]w

f(y(to)) f(y(s))
B /°° a(S)\y’(8)|”‘1[y’(S)]2f’(y(8))ds
to [f(y(s))]? '

Hence (4.87) is proved if we can show that § = 0.
If 8 < 0, then in view of (4. 83) (4. 86) and (4 88), we choose t; so large that

(4.90) / -2 f ‘ —g, =
and

* a(s)ly' () (PP (W) , B
(90 /, TP B=T%

Let t =t in (4.89) to obtain

alto) o/ (t0)|"~4/ (1) PN OR
(4.92) T(u(to)) 5+A)P“) ﬂMﬂJd

* a(s)ly (8)|7 " [y ()2 (w(s))
v, TP -
Using (4.90), (4.91), (4.92), and the fact that f/(y(¢)) > 0, we see that
ey @) ) | [T ) ]
o) *LF” ﬂde
" a(s)ly (5)17 [y () (0(5))
+f [(@n =

L A @I ORI
= F / P() 4 l; )P ¢
. _ﬂ+§+g+§: s

for t > t1, i.e., (4.80) is satisfied. Hence we can apply Lemma 4.5.1 and obtain a
contradiction as earlier.

If 8 > 0, then from (4.89) we have

L a0l 17y ()

e 10 I




134 4. SECOND ORDER ORDINARY DIFFERENTIAL EQUATIONS

which implies that y'(¢) > 0 eventually. Hence there exists t; > to such that

(4.93) OO M) S8,

fly(®)) -2

Thus

- o 1 L)
T2y f(y(s) t—oo  f(y(t1)

Therefore, In f(y(t)) < oo, which implies that f(y(t)) < oo as t — oo. Due to
condition (4.85) and the fact that y is eventually increasing, y is bounded. On the
other hand, from (4.93) and the monotonicity of f, we have

a® O 0 2 ) 2 5w, ez n.

D

Since y/(t) > 0, we further have

1/o
V= 310w otz

Hence condition (4.84) implies that lim;_, ., y(t) = oo, which contradicts the bound-
edness of y. The proof is complete. O

Next, we obtain a sufficient condition for the oscillation of (4.79) subject to the
condition

!
(4.94) W o320 foral g0

o—1

Fwl =
We note that if (4.82) and (4.83) hold, then

hot) = /too (4(s) ~ (s} ) ds. > 1

is finite for any positive constant . Assume that ho(t) > 0 for sufficiently large ¢.
Define, for n € N, the sequence

o+1

* [ho(s)] =
)= [ S

and

hny1(t) = /too [ho(s)[LQ?SSS)]G ds for neNlN

Condition (H). For every A > 0, there exists N € N such that h,(¢) is finite for
ne€{1,2,...,N — 1} and hy(t) is infinite.

Theorem 4.5.3. Suppose conditions (4.82), (4.83), (4.84), (4.85), (4.94), and
(H) hold. Then every solution y of (4.79) is either oscillatory or satisfies
liminf; .« |y(¢)| = 0.
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Proof. Suppose to the contrary that y is a nonoscillatory solution of (4.79) such
that liminf, .. |y(¢)| > 0. Hence, by Theorem 4.5.2, y satisfies (4.86) and (4.87).
Furthermore there exist t; > to and my,ms > 0 such that |y(¢t)] > m; and
|f(y(t))] > mq for t > t;. Hence, from (4.86) and (4.87) we find

a(Oly (11 (1) * a(s)ly ()7 () F (9(5))
Wy mio+ [ )P s
> he(t) > 0

(4.95)

for t > t1, and so

(4.96) y'(t) = Tho ()] [f (y ()] 7 a(t)] =1/
From (4.94), (4.95), and (4.96), we have

> a(s)ly ()7 'y ()2 (w(s) > ho(s)y' () (yls))
l TP b5 = l )
/mwamﬁwﬂM$wwf@w»@
=, Fly())la(s)] /e
> [ho(s)] %=
> /\/t a(s) 77 ds = Mhy(t)

for t > t;. If N = 1 in Condition (H), then the right-hand side of the above
inequality is infinite. This is a contradiction to (4.86).
Next, it follows from (4.95) and the above inequality that
a(t)[y' ()]
—= = > ho(t) + A (t),
fy(@®)

and as before we obtain

/Oo a($)ly (N (Ys) 4 o A/OO (ORI ab A (t)
t [ e

fly(s))P? [a(s)]V/e
for t > ¢t;. If N = 2 in Condition (H), then once again we get a contradiction to
(4.86). A similar argument yields a contradiction for any integer N > 2. O

Next we consider (4.79) with ¢ = 1, namely,
(4.97) (a()y' ()" + q(t)f(y(t)) = r(®),
where uf(u) > 0 and f'(u) > 0 for u # 0.

Define the set D and the function H as in Theorem 4.4.12. Also, in order to
simplify notation, we define
t !
S0
()

for any nonoscillatory solution y of (4.97).

Theorem 4.5.4. Suppose that for any A1 > 0 there exists Ao > 0 such that
(4.98) fly)=Aa for |yl >\

Suppose that

/t a(s)[h(t,s)]?ds < oo for t>tg

to



136 4. SECOND ORDER ORDINARY DIFFERENTIAL EQUATIONS

and

(1.99)  limsup - (tl 7 / t [H(t,s) (q(s) - K|r(s)\) - La(s)[h(t,s)ﬂ ds = 0o

for every T > to and any positive constants K and L. Then any solution y of
(4.97) is either oscillatory or satisfies liminf,_, o |y(t)| = 0.

Proof. Suppose on the contrary that y is a nonoscillatory solution of (4.97) such
that liminf, . |y(¢)| > 0. It then follows from f’(y) > 0 for y # 0 that there exist

M >0 and Ty >t such that |f(y(¢))] > 77 for all ¢ > Ty. This implies that

r(t) r(t)

(4.100) ) = f(y(t))‘ < Mr(t)| for t>1Ty.
Sin

“ q(t) _ T(t) — —W/(t) _ f/(y(t)) [W(t)]2

fy(t) a(t) ’

we have for t > T3

t ORI

[ 0.0 (a0~ 7505 ) 4

= - | Heo9W)ds - | H(t,s)fc(l?s))[W(s)}st

= — H(t.9)W(s) ::Tl - /T {—gj(t W (s) + Hit, )L %‘;))[W(S)P] ds

— H(t,Tl)W(Tl)—/T [ (t,s)/H(t, s)W (s) + H(t s)f/séj))[vv(s)ﬂ ds.
Define
(4.101) o(t,s) =/ H(t,s) JUC(LZ?S))W(S) + h(t,s)Zi %.

Then, for all ¢t > T7,

/T 0.9 (a9~ 77 ) 4 zll/T s ) @

(4.102) — HLTO)W(T) — /T lo(t, $)]2ds

(4.103) < H(t,T)W(TY).
By (4.98), there exists L > 0 with f'(y(s)) > 1/(4L) for s > T;. It follows from

(4.100) that
Jy o0 (o0 = 585) = e g 5

Y
/Tj [H(t,s) <Q(S) — M\r(s)|) — La(s)[h(ts)]ﬂ ds

for all ¢ > T4, which together with (4.103) give that

lim sup ﬁ /T f [H(t, s) (q(s) - M\r(s)|) — La(s)[h(t, sﬂ ds < W(Ty),

t—oo

H(t7 Tl)W(Tl)

Y

(4.104)

v
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contradicting our assumption (4.99). O

Theorem 4.5.5. Let

H
(4.105) 0< inf [iminf 2B ] < o
s>to t—o0 H(t, to)
Suppose that for any A1 > 0 there exists Ao > 0 such that (4.98) holds, and that
1 t
4.106 lim su 7/ a(s)[h(t, s)]?ds < .
(4.106) mow s | alo)n,s)

If there exists a function A € C([to,00)) such that
00 2
(4.107) / Mds =00 with Ay(s)=max{A(s),0}
to p(s)
holds, and for every T >ty and any positive constants K and L,

1 ¢ 9
. —_ — = >
(4.108) 11?151113 H(t,T) / [H(t,s) (q(s) K|r(s)|) La(s)[h(t,s)] ]ds A(T),
then any solution y of (4.97) is either oscillatory or satisfies liminf, . |y(t)| = 0.

Proof. Suppose y is a nonoscillatory solution of (4.97) with liminf; . |y(¢)| > 0.
Then as in the proof of Theorem 4.5.4, we can obtain (4.100), (4.102), and (4.104).
From (4.102) and (4.104), we deduce

lim sup ﬁ /Tt [H(t,S) (q(S) - M\T(8)|) - ia(s)[h(ts)]ﬂ ds

t—o0

1 t
< 2
<W(T) - hﬁ}}gf @ T) / [p(t, $)]ds
for all T > Ty. Thus, by (4.108)
1 t
> 2
W(T) > A(T )—l—hrg(l)gf e, T)/ [o(t, s)]%ds
for all T > T3. This shows that

(4.109) W(T)> A(T) for T>T,
and
. 1 t )
lim inf s /T lo(t, $)[2ds < W(Th) — A(T}) < 0o
Let . )
P(t) = ﬁ i Hit, )L C(f(’i‘)s)) (W (s))2ds
and

Q) = H(tlTl)/ (t,s)\/ H(t,s)W (s

for all t > T7. Then

(4.110) litrglr.}f[P(t) +Q)] < hrgggf H(tlTl) / [p(t, 5)]2ds < .

Now, suppose that

(4.111) T L) [W(s)]*ds = oo.
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By condition (4.105), there exists a positive constant & such that

el H(ts)
(4.112) slélfo {hglor.}f H(t,to)} > &> 0.

Let > 0 be arbitrary. Since (4.111) holds, there exists T > T; such that
" f(y(s)
7, als)

Therefore, for all ¢t > Tb,

0 = st o

— 1/t aﬂ(t 5)
o H(t,T]) T 85 ’

e
e [ P

> -
= THtT) [, 0s (t,5)

t

" OH

> — — —_ =
= TEH({tT) Jp, Os (¢, 5)ds

(W (s)*ds >

) [W(T)]er) ds

7, a(r)

/T A gg)) [W(T)]2d7> ds

/ ) [W(T)]2d7'> ds

Ty a(r)
H(t,Ty) _ pH(t,Ty)
(t

By (4.112), there exists T3 > T5 such that g((itTg)) > ¢ for all t > T3, and accordingly

P(t) > p for all t > T3. Since p is arbitrary,

(4.113) lim P(t) = oo.

t—oo

Further, consider a sequence {t,}22, C (o, 00) with lim,,_. ¢, = 0o and such that

lim [P(tn) + Q(tn)] = lim inf[P(t) + Q(1)]

n—oo

Because of (4.110), there is a constant p such that
(4.114) P(t,) +Q(t,) <p forall neN.
Furthermore, (4.113) shows that

(4.115) lim P(t,) = oo,

n—oo

and hence (4.114) gives

(4.116) lim Q(t,) = —oo.
Then, from (4.114) and (4.115), we get for large enough n € N
Q(tn) p

1+ < <

1
P(ty) — P(tn) 2

which together with (4.116) ensures that

()
(4.117) nh_)rr;@ Pty
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On the other hand, using the Schwarz inequality, we obtain for any n € N

QP = | /. h(tn,sme(s)dsr

L P e
[H<tmT1) [ nt, o DS o) d}

1 tn a(s
<aem f, ben T gy
P(t, tn a(s
70T Jy, P
Further, (4.112) guarantees that there exists Ty > Tp such that
H(t,Ty)
H(t, tg)
which means that for large enough n € N, we have

H(tn, T1)
H(ty, to)

>¢ forall t>Ty,

> £

and accordingly,

QP _ 1 [t oals)
Pltn) = EHtnto) / s 9 570,05y

Now, using assumption (4.98), we deduce that there is a constant L > 0 such that
QU L

P(t,) — H(tn,to

Then it follows from (4.117) that

(4.118) lim 44——3——3—jfTla(s)UKtn,SHst ~ o,

n—oo H (t,,to

contradicting the assumption (4.106). We have proved that (4.111) fails to hold,
ie.,

tn
)/ a(s)[h(t,,s)]?ds  for large enough n € N.

> fl(y(s)) [W(S)]st < 00.
7, a(s)
Then, by (4.98) and (4.109), we obtain for some L > 0
> [AL(s)P = f'(y(s)) = f'(y(s))
LAP@@SALL@PG® MSLJW@PG® ds < oo,
which contradicts (4.107). This completes our proof. O

Theorem 4.5.6. Suppose that (4.105) holds as well as that for any Ay > 0 there
exists Ao > 0 such that (4. 98) holds. Assume

(4.119) htrgg)lfH rto) / H(t — K|r(s )|) ds < oo.
If there exists a function A € C([to, oo)) such that (4.107) and

(4.120) hrr_l)lorolf H(tl 7 /t {H(t,s) (q(s) — K|r(s)|) — La(s)[h(t,s)]ﬂ ds > A(T)
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hold for every T > ty and any positive constants K and L, then any solution y of
(4.97) is either oscillatory or satisfies liminf,_, o |y(t)| = 0.

Proof. Let y be a nonoscillatory solution of (4.97) satisfying liminf; . |y(¢)| > 0.
As in the proof of Theorem 4.5.4, (4.100) and (4.102) is fulfilled for each t > T} > .
Thus, for all T > T}

iint gyt [ [0 (066) = 21190 = Baoint o)) s

< W(T) ~tmswp o [ lott 9

where ¢(t, s) is defined by (4.101). Therefore, by (4.120), we have

W(T) > A(T) + limsup ﬁ /T [o(t, s)]%ds

t—o0

for all T > T;. Hence, (4.109) holds and
1 t
limsup 7o / lo(t, $)]2ds < W(T}) — A(T}) < o0
This implies that
1 t
(4.121) limsup[P(t) + Q(¢)] < limsup ———— w7 / [p(t, 5)]2ds < oo,
1

t—o00 t—o0 H

where P and @ are defined as in the proof of Theorem 4.5.5. By using (4.120) we
have

Alt) < Timinf (1 ) /t [(t.5) (a(s) = KIr(s)]) — La(s)[h(t, )] ds
1 t
< htrggolf ) ), H(t, s) (q(s) - K|r(s)|) ds

1 ! )
—Lhrglogf i )/ a(s)[h(t, s)]*ds,

to
which together with (4.119) implies that

1 t
lm inf o / a(s)[(t, $)]2ds < oo,
Then there exists a sequence {t,}52, C (to,00) with lim,, . t, = oo satisfying

(4122)  lim ;) /t " a(5)[hltn, 5)]2ds

n—0oo H(tnv tO

1 t
= htrgg.}f Htto) / a(s)[h(t, s)]?ds < oo.
Now, suppose that (4.111) holds. Proceeding as in the proof of Theorem 4.5.5,
we conclude that (4.113) is satisfied. Because of (4.121), there exists a constant p
such that (4.114) holds. Then, as in the proof of Theorem 4.5.5, we obtain (4.118),
which contradicts (4.122). This proves that (4.111) fails. Since the remainder of
the proof is similar to the proof of Theorem 4.5.5, it will be omitted. O
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4.6. Positive Solutions of Nonlinear Equations

In this section we first consider quasilinear differential equations of the form

!/
(4.128) (rOW 1) +aOOF =0, >,
where ¢ is a quotient of positive odd integers, ¢ : [tg, 00) — [0, 00) is a continuous
function such that ¢(t) # 0, and r : [tg, 00) — (0, 00) is a continuous function.

First, we assume that

(4.124) /too V(fﬁl/o = 0.

We begin by assuming that y is a positive solution of (4.123). Then we see from
(4.123) that

(rOl 1) = —a@bO) <0 for t> 10,

Furthermore, since ¢(t) > 0 and ¢(t) # 0, the nonincreasing function r(y’)? is either
eventually positive or negative. If the latter holds, then

r)y' ()7 <e<0
for ¢ greater than or equal to, say T. But then
y/(t) < W’ t>T
so that integrating from 7" to t > T provides

t ds
1/o e _
¢ AwMMva* e

which is a contradiction. We have thus shown that if y is a positive solution
of (4.123), then r(y')? is a positive nonincreasing function, and y’ is a positive
function.

Let the function w be defined by
/ t o
WO,
[y(t)]

Then by means of what we have just shown, w(t) > 0 and w’'(¢) < 0 for t > .
Furthermore, since

<
—~
=
|
<
—~
3
IN

(4.125) w(t) =

i.e.,

1/0
(4.126) w'(t) + w(t)o (l:((tt))) +q(t) =0, t=>to.

For the sake of convenience, we will write

T 1/z
F(z,y,z z(> .
( ) ;
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Then we can also write (4.126) in the simpler form
w'(t) + w(t)F (w(t),r(t),a) +q(t) =0, t>to.
Note that F(z,y,z) > 0 for x,y,z > 0. Furthermore,
Fy(z,y,2) =27 'y,
which is positive for x,y, z > 0, and
Fy(a,y,2) = —aFy 57

which is negative for x,y, z > 0. These properties of F' will be referred later as the
monotone nature of F'.

Theorem 4.6.1. Equation (4.123) has a positive solution y fort > to if and only if
there is a positive and continuous function u on [tg, 00) which satisfies the integral
inequality

(4.127) /too u(s)F (u(s),r(s), O’) ds + /too q(s)ds < wu(t), t>to.

Proof. If y is a positive solution of (4.123), then the function w defined by (4.125)
is a positive solution of the inequality

/too w(s)F (w(s),r(s),cr) ds + /too q(s)ds <w(t), t=>to,

obtained by integrating (4.126) from ¢ to co. Conversely, let u be a posi-
tive and continuous function which satisfies (4.127). Let us define a mapping
T : C([to, ), (0,00)) — C([tg, 0), (0,00)) as follows:

oo

(Tv)(t) = /OO v(s)F (v(s),r(s),a) ds —|—/ q(s)ds, t>to,
t t
where v € C([tg, ), (0,00)). Note that in view of (4.127), (Tv)(t) < v(¢) for t > ty.
Consider the successive approximating sequence {vy fnen,, defined by
(4.128) vo(t) =0 and  vu41(t) = (Ton)(t), neNy for ¢2>t.
By means of the monotone properties of F(w,r, o), it is not difficult to see that
vo(t) <v1(t) <wa(t) < ... <w,(t) <...<u(t)
for n € Ny and t > tg. Thus, by letting v* be the positive function defined by
v*(t) = nlirrolo vp(t), t>to,

we may then take limits on both sides of the recursive definition in (4.128) and
infer from Lebesgue’s dominated convergence theorem that v* = Tv*.

In view of (4.125), the function y on [tg, 00) defined by y(tg) = co > 0 and

y(t) = y(to) exp (/t: <1;*((SS))>1/0 d5> . t>t

is a positive solution of (4.123). The proof is complete. O

We remark that by slightly modifying the arguments used in the proof of the
above theorem, we see that the following variant holds.
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Theorem 4.6.2. Equation (4.123) has a positive solution if and only if the sequence
{vn} defined by (4.128) is well defined and pointwise convergent.

The approximating sequence defined by (4.128) is not the only one that is avail-
able. Indeed, let us introduce another formal sequence of functions {¢,} defined as
follows: First we define a mapping S : C([tg, 00), (0,00)) — C([to, ), (0, 0)) by

(Su)(t) = /too u()F (u(s).r(s).0) ds, > 1o,
where u € C([tg, 00), (0,00)). Then we define
do(t) = /tOO q(s)ds and

Gni1(t) = (Son)(t), neNy for t>to.

If the sequence {¢,} is well defined, then by means of the monotone properties of
F(w,r,0), ¢1(t) > 0 for t > to. Furthermore,

62(t) = (S(60+61)) (1) = (S00)(t) = (1), =10

(4.129)

and
03(t) = (S(60+62)) (1) = (S(d0+ 1)) (1) = 6a(t), ¢ = to.
Inductively, we see that
0<di(t) < got) <..., t=>to.

Therefore, if we assume in addition that {¢,} is pointwise convergent to ¢, then
by Lebesgue’s monotone convergence theorem, we see from (4.129) that

0(®) +0(0) = dolt) + | " (60(s) + 6()) F (0(s) + 6(3).r(s).0) ds, > to.

In other words, we have found a positive function ¢o + ¢ which satisfies (4.127).
Conversely, if we assume that y is a positive function which satisfies (4.127), i.e.,

(Sy)(t) + ¢o(t) < y(t), t=>to,
then

Po(t) < (Sy)(t) + ¢o(t) <y(t), t=>to,
do(t) + ¢1(t) = ¢o(t) + (So)(t) < do(t) + (Sy)(t) < y(t), t > to,

and

b0+ Gn1(1) = do(t) + (S(d0 + 6n) ) (1) < G0(t) + (S)(B) S (), 2 to.
Thus the sequence {¢,} is well defined. Therefore,
0 < go(t) < gat) <...<y(t), t=>to,
which implies that {¢,} is also pointwise convergent.

Theorem 4.6.3. Equation (4.123) has a positive solution if and only if the sequence
{¢n} defined by (4.129) is well defined and pointwise convergent.
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We now deduce two important implications from these existence criteria. First of
all, if u is a positive function which satisfies (4.127), then by means of the monotone
properties of the function F', it also satisfies

/too u(s)F (u(s),R(s),a) ds + /too Q(s)ds < ult), t>to,

where @ : [tg, 00) — [0,00) is a continuous function which satisfies

(4.130) /OO Q(s)ds < /OO q(s)ds, t>to,

and R : [tg,00) — [0,00) is a continuous function which satisfies 0 < r(t) < R(t)
for t > ty. The following Hille-Wintner type comparison theorem is now clear from
Theorem 4.6.1.

Theorem 4.6.4. Assume that R is a positive and continuous function which sat-
isfies 0 < r(t) < R(t) fort >ty and

/m [R(ff]l/g -

and that Q is a nonnegative and continuous function which satisfies (4.130). If
(4.123) has a positive solution, then so does the equation

(RO @) +QWle)F =0, >

Next, let us assume that o = 1 and
< 1 o0 2 140 [~
4.131 — d ds > —— d t>t
w7 ([ ) @z 52 [Tt 2

where ¢ > 0 is arbitrary. In view of the function ¢q defined by (4.129), (4.131) is

equivalent to
> [po(s)]? 1+46
> > 1y
/t 7”(8) ds = 4 (bo(t), t = to

Now the functions ¢ and ¢ defined in (4.129) satisfy on [tg, 00)
$1(t) = codo(t),
where cg = (1 + §)/4, and with ¢; = (1 + ¢o)?co,

0a0) = [ (605) +01(6)) F (60(6) + 01(5)r(s). 1) ds
> [ cnF (1 anls).re)) ds
> e [ o
> (1+co)’cogo(t) = cro(t),

respectively. By induction we easily see that

¢n+l(t) Z Cn¢0(t)7 t Z tO; n e Na

where
cn =1+ cn,l)Qco for neN.
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It is also easy to see that the sequence {c,} is increasing. We assert further that it
is unbounded. Otherwise, ¢,, — ¢ as n — oo would imply ¢ = (1 + ¢)2co, i.e.,

coc® + (2co — 1)c + o = 0.

However, this quadratic equation cannot have a real solution if ¢y > 1/4. Thus
the assumption that ¢, — ¢ is impossible. Hence the sequence {¢,} cannot be
pointwise convergent. The following is now clear from Theorem 4.6.3.

Corollary 4.6.5. Assume that o = 1 and that the function q satisfies (4.131) for
some number § > 0. Then (4.123) cannot have any positive solution.

We remark that the condition (4.131) in Corollary 4.6.5 is sharp in the following
sense.

Corollary 4.6.6. Assume that o = 1, that

/OO q(s)ds < oo,

to
and that

/ ([ a(wdu)

dSS/J'/ quSa tZth
(o) , )
where p < 1/4. Then (4.123) has a positive solution.

Proof. The crux of our proof lies in the observation that F(z,y,0) = x/y when
o = 1. More specifically, consider the sequence {¢, } defined by (4.129). Note that

do(t) = /t q(s)ds < 0o, t>tg

and

610) = S0 = [ ouF (an(s)r(o)1) s = [ L gy <

for t > tg, where ¢y = u. Next,

balt) = (S(¢0+¢1) t)
/oo +¢1( ) Pol8) + P1(S)I7
S / +Co¢0( 2
. / 1+03")(s A+l
< c1go(t)

for t > to, where ¢; = (1 + cg)%co. Inductively, we see that

Ont1(t) < endo(t), t>ty, meN
where
¢n=14+cp-1)co for mneN.
It is also easy to see that the sequence {¢,} is nondecreasing and convergent. We
may see this as follows. Consider the fixed point problem

z=g(z), where g(z)=pu(l+z)%



146 4. SECOND ORDER ORDINARY DIFFERENTIAL EQUATIONS

As is customary, we find fixed points by means of the iteration scheme
Ty = u(l+ :rn,l)z7 n € N.

Note that when p = 1/4, the graph of g is a parabola which has a unique minimum
at z = —1 and touches the line y = = at (x,y) = (1,1). Therefore, if we choose
o = i, then we see that the approximating sequence {z,} is strictly increasing
and converges to x = 1. If ¢y < 1/4, then clearly ¢, < x, < 1 for all n € N. This
shows that {c,} is bounded and hence converges.

We have thus shown that the sequence {¢,} is well defined and pointwise con-
vergent. The proof is now complete in view of Theorem 4.6.3. O

In order to compare with (4.123), we will consider the following class of advanced
type differential equations of the form

(4.132) (rO' @)7) +a@lue+ 1) =0, t>1,

where 7 > 0. By means of the same Riccati transformation (4.125), we may proceed
in a similar manner as above and obtain the following extension of Theorem 4.6.1.

Theorem 4.6.7. Equation (4.132) has a positive solution y if and only if there is
a positive and continuous function u which satisfies on [tg, 00) the inequality

T u(s)F (u(s),r(s),a) dst [ a(s)desp IO dv ods < u(t).
¢ ¢ s r(v)
Since

| aas < [Tats {exp ( / v (”8) dv> } ds

for u > 0, we immediately obtain from Theorems 4.6.1 and 4.6.7 the following
corollary.

Corollary 4.6.8. If (4.132) has a positive solution, then so does (4.123).

A partial converse of the above Corollary 4.6.8 can be obtained as follows. Let
y be a positive solution of (4.123) such that

(4.133) 1< [exp (/tm (:fg) ds>r <T, t>t.

Then

/too u(s)F (u(s),r(s),a) ds + % /too a(s) [exp </+ (:fg;’;) ’ dv)] ) ds < ul(t)

for t > tg, so that there exists a positive solution of

/!

(rOW ) + gaOlO) =0, t2 1

At this point, it is not clear which conditions are needed for a positive solution y to
exist such that the additional property (4.133) holds. However, we may twist the
above arguments slightly and conclude that if y is a positive solution of

(4.134) (rO' 0)7) + Baly)” =0, ¢ > to.



4.6. POSITIVE SOLUTIONS OF NONLINEAR EQUATIONS 147

where § > 1 while the other parameters are the same as in (4.123), and if

1< lexp (/tm <jf((j))>ds>r <8, t=t,

then (4.132) has a positive solution.

Now we assert that if y is a positive solution of (4.134), then
r®)ly' ()7

[y(t)]”
Indeed, from (4.134), we see that (r(y)?)'(¢) < 0 and r(¢)[y/(t)]7 > 0 for t > to.
Thus either 7(¢)[y'(¢)]” decreases to zero or to a constant ¢ > 0. In the former case,
r@Oly' 17 _ r@ly' @]

@~ ly(to))”

as desired. In the latter case, we have

y'(t) = (r(ct)) i ;

which implies, in view of (4.124), that

—0 as t— oo.

—0 as t— oo,

1/0

y(t)Zy(to)+/t [r(cswds—uxa as t— 00.

Thus,
r@ly' )7 _ rto)ly' (to)]”
w®l” = [y®)
also. As a consequence, if 1/r is bounded, then given any number § > 1, the
condition will automatically hold for all large ¢. Therefore, we may now conclude

that if 5 > 1 and 1/r is bounded, and if (4.134) has a positive solution, then (4.132)
has an eventually positive solution as well.

—0 as t— o0

In the above discussion we always assumed that (4.124) holds. In the following
we give some results for the existence of positive nondecreasing solutions of (4.123)
without requiring condition (4.124).

We have shown that if y is a positive nondecreasing solution of (4.123), then w
defined by (4.125) satisfies the inequality

(4.135) w' () + w(t)F (w(t),r(t),a) Fq(t) <0, t>t.

Note that w(t) is nonnegative. Therefore, if we now integrate (4.135) from ¢ to oo,
we obtain

o0

(4.136) w(t)Z/toow(s)F (w(s),r(s),a) ds+/t a(s)ds, t>to.

Theorem 4.6.9. Suppose that [~ q(s)ds exists. Then (4.123) has a positive non-
decreasing solution y on [tg, 00) if and only if there is a nonnegative and continuous
function w on [ty,00) which satisfies the integral inequality (4.136).
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Proof. We need to show that if (4.136) has a nonnegative solution w, then (4.123)
has a positive nondecreasing solution. Let w € C([tg, 00), [0, 00)) be a function such
that [ w(s)F(w(s),r(s),o)ds exists. Define a mapping Tw by

(Tw)(t) = /too w(s)F (w(s), r(s), 0) ds + /too q(s)ds, t>to.

Thus Tw € C([tg,),[0,00)). Note that in view of (4.136), (Tw)(t) < w(t) for
t > to. Consider the successive approximating sequence {wy, }nen, defined by

wp(t) = /too q(s)ds and

Wpt1(t) = (Twy)(t), neNg for t> 1.

(4.137)

By means of the monotone properties of F(w,r, o), it is not difficult to see that
wo(t) <wi(t) <wa(t) < ... <wy(t) <...<w(t)
for n € Ny and ¢t > to. Thus, by letting w* be the positive function defined by
w*(t) = Um wy(t), t>to,
n—oo

we may then take limits on both sides of the recursive definition in (4.137) and
infer from Lebesgue’s dominated convergence theorem that w* = Tw*.

In view of (4.125), the function y : [tg, 00) — R defined by y(tg) = ¢o > 0 and

y(t) = y(to) exp (/tt (“;8) ’ ds) , 1>t

is a positive nondecreasing solution of (4.123). The proof is complete. O

As a direct application, we deduce comparison theorems for the existence of
a positive nondecreasing solution of (4.123). Consider, together with (4.123), the
equation

(4.138) (RO ) + QM) =0, >,

where R and @ satisfy the same conditions as those imposed on r and g. The
following is now clear from Theorem 4.6.9.

Theorem 4.6.10. In addition to the conditions imposed on the equations (4.123)
and (4.138), suppose further that r(t) > R(t) > 0 fort >ty and

/w Q(s)ds > /OO g(s)ds  for t>to.
If (4.138) has a posititve nondecreasz';g solution, then so does (4.123).
Now we compare (4.123) with the equation
(4.139) (RO @)7) + MO = 0.

Theorem 4.6.11. Suppose that foo Q(s)ds exists and
r(t) > R(t) >0 and Q) >q(t) for t>t.

Suppose further that X is a differentiable function such that A(t) > 1 and N'(t) >0
fort >tg. If (4.139) has a positive nondecreasing solution, then so does (4.123).
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Proof. By our assumptions and arguing as in (4.126), it follows that the equation
(4.140) W (1) + u(t)F (u(t), R(1), a) FADQE) =0, t>t

has a nonnegative solution u. Thus, dividing (4.140) by A(¢), we obtain, in view of

the homogeneity property of F', that

w(t) | u(t)

—F t), R(t t) =

0 (40 RO.0) + Q)
for t > tg. In view of X (¢) > 0, we have
, / / /
(1) = Y10 _wx0) vty

A A(t) A2(t) A

W) w0 (a0 RO N o
o) *A(t)F( 0" o)’ )*Q(t) 0

Additionally, since Q(t) > ¢(t) and

(
e w2 Gasare) 27 (o).
L ult) , (ult)

) o+ 557 (50

Setting w = u/A, the preceding inequality implies that

we have

T(t)vg) +q(t) SO, tZto

W' (t) + w(t)F (w(t),r(t), a) Fqlt) <0, t>t

has a nonnegative solution. By Theorem 4.6.9, (4.123) has a positive nondecreasing
solution. O

There is a dual to the above theorem as follows.
Theorem 4.6.12. Suppose that [~ q(s)ds exists and
0<r(t)<R(@E) and Q) <q(t) for t=>to.

Suppose further that X is a differentiable function such that 0 < A(t) < 1 and
N(t) <0 fort >tg. If (4.123) has a positive nondecreasing solution, then so does
(4.139).

Proof. By our assumptions, the equation

W/ (8) + uOF (u(t)r(),0) +alt) =0, >t
has a nonnegative solution w. It thus follows that

W/ (8) +u®F (u(t)r(0),0) + Q) <0, =1,
which, after multiplying by A(t), becomes

A (1) + A F (AOu(t), A(Or(t), o) + AOQEM) <0, ¢ = to.
Since X' (t) < 0, we have
()’ () = MO (1) + X (Dult) < D' (2)
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Thus
(W) (t) + u(N)F (u(t))\(t),R(t), 0) FADQE) <0, t>to.
This implies that
W' (t) + w(t)F (w(t),R(t), g) FADQE) <0, t>t

has a nonnegative solution. By Theorem 4.6.9, (4.139) has a positive nondecreasing
solution. 0

As another application, we derive an explicit existence criterion based on The-
orem 4.6.9.

Theorem 4.6.13. Suppose that

/OO q(s)ds < o0

to
and let

o(t) = 2/ q(s)ds < 0o, t>to.
t
Suppose further that

(a1 [T(20) e

Then (4.123) has a nonnegative solution.

Proof. Tt suffices to show that w = ¢ satisfies (4.136). Indeed, for ¢ > ¢,
1
> ¢(8)> 7
op(s) | —= | ds
[ oo (55
1
> ¢(8)>°‘
< ot / o ( ds.
D) 7
Hence, in view of (4.141), we have

/too w(s)F (w(s),r(s),a) ds + /too q(s)ds < @ + @ = ¢(t) = w(t).

The proof is complete. O

/too w(s)F (w(s), r(s), O') ds

4.7. Oscillation of Half-Linear Equations

In this section we consider the problem of oscillation of the second order half-
linear damped differential equation

(142)  (r@ IO @) +p0 O 6 + a0 o) w5 =0
on the half-line [tg, c0). In (4.142) we assume that

p,q € C[tg,0) and 7 € C*([tg, 00), (0,00)),
and a > 0 is a constant.

We recall that a function y : [tg,t1) — (—00,00), t1 > t¢ is called a solution of
(4.142) if y satisfies (4.142) on [tg,t1). In the sequel it will be always assumed that
solutions of (4.142) exist for any to > 0.
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In order to prove our theorems, we use the following well-known inequality due
to Hardy, Littlewood, and Pélya [120].

Lemma 4.7.1. If A, B are nonnegative, then
A? 4 (¢q—1)B? > qABT™"  for q>1,
where equality holds if and only if A= B.
We say that a function H = H (t, s) belongs to a function class Y, denoted by
HeY,if He C(D,R), where D = {(t,s) : —00 < s <t < oo}, which satisfies
H(t,t)=0 and H(t,s)>0fort>s
and has a partial derivative 0H/ds on D such that (compare Section 4.4)

(4.143) %—IS{ = —h(t,s)VH(t,s),

where h is a nonnegative and continuous function on D.

Theorem 4.7.2. If there exists H € Y such that

t ‘hts—kp()\/ ts’
H(t,s)q(s) —
to

(o + D)o+ [H(t, 5)]@-D/2

1
4.144) limsu
(4.144) mSUp )

then every solution of (4.142) is oscillatory.

Proof. Let y be a nonoscillatory solution of (4.142). Assume that y(t) # 0 for
t > tg. We define

u(t) = ()\y()la Ly (1)
(4.145) (t) = O T t > to.

Then for every t > tg, we have

(a+1)/a
() = —alt) — Ehute) - o0
and consequently
/H(t,s)q(s)ds = - H(t,s)u'(s)ds — t H(t,s)fg;u(s)ds
o [T
0 a4
Since .
/ H(t,s) fH(t,tO)u(to)—/ %u(s)ds
and in view of (4.143), the previous equality become;
(4.146) H(t,s)q(s)ds < H(t,to)u(to)
t s s p(s) s)|u(s)| ds — t s M s
+ [ |tV + B o)l ds —a [ s
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In Lemma 4.7.1, we let

0= A= fan(s)estern O g

a ’ [r(s)]/e
and
@/ (a+1) [r( )]/ (et 1) ‘h (t,8)\/H(t,s) 7( )
~lar e [F(t, )] D

From Lemma 4.7.1, we then obtain for ¢t > s > tg

s)VH(t,s)+ fgi;H(t, s)
r(s) |h(t,s)\/H(t,5) + B3 H
(o + 1) H[H(L, s)]“

(s)
r(s) |h f(g)\/ (t,s ‘

(a+ 1)a+1[H( ,8)](@e=1)/2

o) - afit,5)

a+1

IA

Hence, (4.146) implies

(4.147) ﬁto) /t H(t, 5)g(s)ds < u(to)

a+1

(t,8) + 23 V/H(,5)

1 t7(s)
- (o + 1) +LH(t, to) /to [H(t,s)](=1)/2

for t > ty. Consequently,

1 t
—_— H(t,s)q(s)ds
Ty . A0
p(s)

- 1 /t r(s) Bt 5) + 23 /HTE )
(o + 1) H(,to) [H (1, 5)]@ /2

a+1

ds < u(tp)

for t > tg. Taking the limit superior as ¢ — oo in the above, we obtain a contradic-
tion to (4.144), which completes the proof. O

As immediate consequences of Theorem 4.7.2 we obtain the following corollaries.

Corollary 4.7.3. If there exists H € Y such that

a+1
/t r(s) bt ) + B/ 5)]
to

(a+ D H(E 72

lim sup ds < o0

t—o0 H(t,to)

and

t
lim su H(t,s)q(s)ds =
mewp s | )0l

then every solution of (4.142) is oscillatory.
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Corollary 4.7.4. Let « = 1 and p(t) = 0, and let the functions h and H be as in
Theorem 4.7.2. If

li?lsogp % /to {H(t7 s)q(s) — #f)[h(t, s)]?| ds = oo,

then every solution of (4.142) is oscillatory.
With an appropriate choice of the functions H and h, we can derive from Theo-

rem 4.7.2 a number of oscillation criteria for (4.142). Let us consider, for example,
the function H(t,s) defined by

H(t,s)=(t— s)/\7 (t,s) € D,

where A > « is a constant. Clearly, H belongs to the class Y. Furthermore, the
function

ht,s) =Nt —s)A2/2 (t,s)eD

is continuous on [tg,00) and satisfies condition (4.143). Then, by Theorem 4.7.2,
we obtain the following oscillation criteria.

Corollary 4.7.5. If p(t) =0 and

I Aotlr(s)
li - _ A 2 N A—a—1 _
i /to {(t s)7al(s) (a4 1)+t (t=3) } ds = oo,

then every solution of (4.142) is oscillatory.

Corollary 4.7.6. Suppose p(t) = 0 and there is a function b € C([ty,0), (0,00))
such that for some A > 1,

N S [b(s)A]**Lr(s)[B(t) — B(s)]* 1
hiii‘ip BOP /to {[B(t) — B(s)]*q(s) — (@£ 1) }ds

= o0,

where B(t) = ftto b(s)ds. Then every solution of (4.142) is oscillatory.
Proof. Let us put
H(t,s) = [B(t) — B(s)]*, (t,s)€D.
Then with the choice
h(t,s) = b(t) [B(t) — B(s)] "%, (t,s) € D,
the conclusion follows directly from Theorem 4.7.2. O

Theorem 4.7.7. Suppose that there exists H € Y such that

) .. . H(ts)
. <
(4.148) 0< slgtfo {htrglorgf H(tio)} < o0

and

(4.149) lim sup

ds < oo.
t—oo H(t,to)

) a+1
. /t r(s) bt ) + BS/HE,5)|
t

(0 + D H(E ]/

0
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If there exists a function ¢ € C[tg,00) such that for every T >ty

. 1 t r(s) |h(t,s) + fgzg Hit, s)‘@ﬂ
(4.150) h?lsogp H(t,T)/T H(t,s)q(s) — (a+ D)ot [H(t, 5) @ D/? ds
> ¢(T)
and
< e
(4.151) /to T 0= o

where ¢4 (t) = max{p(t),0}, then every solution of (4.142) is oscillatory.

Proof. Suppose that there exists a solution y of (4.142) such that y(t) # 0 for
t > tog. Define u as in (4.145). As in the proof of Theorem 4.7.2, we can obtain
(4.146). Then, for ¢t > T > ty, we have

. t r(s) |h(t,s) + ’T’Ezg VH(t,s) o
o gy [ | H0) ~ =i sy | 4 < )
Therefore, by (4.150), we have
(4.152) S(T) <u(T), T>to
and
(4.153) liﬂsupm t H(t,s)q(s)ds > &(to).
Define )
_ p(s)
PO = F77 /t bt 5)VH(ES) + EH(E )| fute)| ds
and . (@i1))
_ o« Ju(s)[ "7
D= H ) J, T e

Then, by (4.146) and (4.153), we see that

t
liminf [Q(t) — P(t < wu(tg) — limsu H(t,s)q(s)ds
minf Q) - P()] < u(to) - tmswp s [ A )t
< u(ty) — @(ty) < 0.
Now we claim that
0o (a+1)/a
(4.154) / %ds < 00.
o [r(s)]Ve
Suppose to the contrary that
> Ju(s)| @/
4.155 ————ds = 0.
(4:155) f, “pea =

By (4.148), there exists a constant k; > 0 such that

e[ HEs)
(4.156) Slgfo |:hglogf H(tﬂfo)} > k.
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Let ko > 0 be arbitrary. Then it follows from (4.155) that there exists t; > ¢y such

that
Fu(s) T/
 [r(s)] aky

Therefore,

__a [ N TG s
A = g [ HE9g, </ (7

7)[let/a

[ e ([

e

/\v /\\/

V)

|(a+1)/04

> [ (o) ([

NG

ko
ds> —  forall t>t.

dT) ds
d7'> ds
d7'> ds

ko L7 OH ko H(t, )
= WH ) /,51 <_8s(t’s))d T ki H(tto)

By (4.156), there exists to > t; such that

H(ta tl)
>k forall t>t
Htto) =0 ™ =
which implies that Q(¢) > ko. Since ko is arbitrary,
(4.157) Jm Q(t) =

Next, consider a sequence {T),}5%, C (to,00) with lim,,_. T, = oo satisfying

lim [Q(T,) ~ P(T,)] = liminf [Q(t) — P(1)] < oo.

Then there exists a constant M such that

for all sufficiently large n € N. Since (4.157) ensures that
(4.159) lim Q(T,) = oo
(4.158) implies that
(4.160) lim P(T,) = oc.
n—oo
Furthermore, (4.158) and (4.159) lead to the inequality
P(T},) M 1
— 2 — > ——
Q(T) Q) ~ 2
for n € N large enough. Thus
P(T,) 1
> —
QTn) = 2
for n € N large enough, which together with (4.160) implies
P Tn a+1
(4.161) lim P = 0.

n—oo [Q(Th)]*
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On the other hand, by Hélder’s inequality, we have for every n € N

P(T,) = 1/T" W(T, )/ ETrs) + 2 BT, )| u(s)] ds
n H(T,r“to) to ny ny T(S) ny
Tn o/ (a+1) |u(s)| [H(Tn,to)]o‘/(o“"l)
B /to ([H(Tmto)]“/(““) [r(s)]1/ (oD )
oo/ (at1) )|/ (et D) 'hT )V H(T,,s) +fS)H ,8) .
g [H(Tn:to)]l/(a+1) [H (T}, to)]o/ (1) ’
T, (at+1)/a o
o (o [ i,
H(Tn,t0) Je, [r(s)]M/
(s) el W
. 70 7(8) ATy )/ H (T ) + B H(T,,,5)
ds ,
OéaH(Tn’to) / [H(Tnato)]a
and accordingly,
a+1
P ) /Tn r(s) ‘h(Tn,s),/H(Tn,sH 2 H (T, s) ]
s
[Q( )} B O‘()LI{(TnvtO) [H(Tn,to)]
. 1 / " T ‘h nyS + p(é) \/ n; ‘
~ a®H(Ty, to) [H(Tn,to)]( >/2
So, because of (4.161), we have
( a+1
) 2 7(5) (BT, ) + B HT,,5)
li ds =
e H(Tmtw/ [H(Tn,to>1< D72 T
which gives
p(s) a+1
5) ’h(t, 5)+ 2 /A, s)’
li ds —
e 7, [H (1, )] 72 T
contradicting (4.149). Therefore (4.154) holds. Now, from (4.152) we obtain
o (a+1)/a o] (a+1) /e
[Tl e
w o [r(s)e O
which contradicts (4.151). This completes the proof. O

The following result is a direct consequence of Theorem 4.7.7 and uses the same
choice of the functions H and h as in Corollary 4.7.5 above.

Corollary 4.7.8. Suppose that there exists a function ¢ € Cltg,00) such that
(4.151) along with

1/t
lim sup t’\/ r(s)(t —s)r o7t

t—oo to
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holds and
a—+1
L ) r(s)(t — s oL N+ 2 (¢ — 5)
li — — > (T
msup [ | (= 57009 eV ds > 6(T)

for all T > tg and for some A\ > «. Then every solution of (4.142) is oscillatory.

Proof. The only thing to be checked is condition (4.148). With the above choice of
the functions H and h, this is fulfilled automatically since
H(tv S) — 1 (t — S)/\

li = =1
50 H(t,to) 5 (t —to)*

for any s > . O

Theorem 4.7.9. Suppose that there exists a function H € Y such that (4.148)
holds and

1 t
4.162 limsu 7/ H(t,s)q(s)ds < oc.
(4.162) MU ) (t,s)q(s)

If there exists ¢ € Cltg,00) such that for every T > tg

r(s) ‘h(t NI ‘

1 t
(4.163) 11H—l>£fH(t T)/ H{(t,5)q(s) (o + DatI[H(L, s)]@-D/2 ds

> o(T)

and (4.151) hold, then every solution of (4.142) is oscillatory.

Proof. For a nonoscillatory solution y of (4.142), as in the proof of Theorem 4.7.2,
(4.146) and (4.147) are satisfied. As in the proof of Theorem 4.7.7, (4.152) holds
for t > T > to. Using (4.162), we conclude that

t

hﬁsol.fp Q) — P(t)] < wu(to) — hrgg)lf H(l ) ) H(t,s)q(s)ds < oo.

It follows from (4.163) that

¢(t0)<11)5ni£fH T 7o) /Hts

— lim inf

t—oo H(t, tO

ds.

1 /t r(s) ’h(t,s) + f(‘zg VH(ts ’
)y ok DATIHG S 02
Hence (4.162) implies
lim inf ! /t ol f(sg )
t=oo H(t,to) (a—i—l)“‘*‘l[ (t,s)e= /2
We consider a sequence {T,,}°2; C (tg,00) with lim, . T3, = oo such that

limy (Q(T,) = P(Ty)] = limsuplQ(t) — P(0).

n—oo

ds < .
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Then, using the procedure of the proof of Theorem 4.7.7, we conclude that (4.154)
holds. The remainder of the proof proceeds as in the proof of Theorem 4.7.7 and
hence is omitted here. O

Example 4.7.10. Consider the nonlinear differential equation

(4.164) (t—ﬁ /()" y'(t))' —t ) ()

2 —cost . a—
+ 7 (yt + smt) ()] y(t) =0

for ¢ > 1, where a, 3, are arbitrary positive constants and « # 2. Then, for any
t > 1, we have

¢ ¢
/ q(s)ds = / di <57(2 — cos s)) ds =t7(2 —cost) — (2 —cosl) > t7 — ko,
1 1

S

where ko = 2 — cos 1. Taking H(t,s) = (t — s)? for t > s > 1, we have

t 1 |2_(t_8)|a+1
tig ) [(t - 8)2(](8) - (Oé+ 1)(1-1-1 Sﬂ(t _ 8)04—1 ] ds

1t s 1 12— (t—s)|*!
= = 1 lQ(ts) (/1 Q(T)dT)(a+1)a+1 St 5)aT ]ds

9 ot ga+l t .
— _ Yo - - _ —«
> 12 1(t s)(s ko)ds (a+1)°‘+1t2/1(t s) ds
27 ki ko 1 1\
= — = 4+ k- —=(1-= ,
(v+D)(y+2) "2 e ta( t)
where
2 2 2a+1
ki=—— —ko, ko=2ky— ——, ky= .
P a2 0 T+ T (a+ )2 - a)

Consequently, (4.144) holds. Hence, (4.164) is oscillatory by Theorem 4.7.2.

Example 4.7.11. Consider the differential equation
a—1 / a—1 —
(4165) (Pl 01T Y 0) + 7y 1 Y (1) + O cost [y () =0,

where t > 1 and «, 3,7 are constants such that —1 < v < 1,0 < a # 2, a > (3,
and v(aw+ 1) > § — a. For example, « = 3, § = 1, and v = 1 satisfy the above
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assumptions. Taking H(¢,s) = (t — s)? for t > s > 1, we find

1t 2 _ (4 — a+1 ga+l rt Jé]
7/ sﬁ%ds < / ( 5 ds
1 1

12 (t—s)x—1 - 2 t—s)a-l
-1 2—a
2"‘“755_2% if />0
= 2a+1 t — 1 2—« )
T <0
9o+1 B—a 1 2—«
2a+1 1 2—a
— (1 - - if .
e G I EL

Therefore, (4.149) holds, and for an arbitrary small constant ¢ > 0 there exists
ty > 1 such that for T > tq,

1/t sP12 — (t —s)|*
lim sup — t —s)2s7 coss — ds > —T"7 T — ¢.
imsup -5 /1 [( $)°s7 cos s @t )G gt s> cos €

Set ¢(T) = —T7cosT — e. Then there is N € N such that (2N + 1)m — /4 > t;
and if n € N,

(2n + D)7 — g <T<(2n+ 1)+ Z, &(T) > 517,

where § is a small constant. Taking into account that y(a 4+ 1) > 8 — a, we obtain

00 a+l)/a o0 2n+1)n+m/4
/ Mds > Y gleti/e / S(a+rD—Bl/a g,
1 [T(S)] /e n=N @en+1)r—n/4

@2n+1)n+7/4 ds

s s [

1’;\/ 2n+1)r—m/4 S

Accordingly, all conditions of Theorem 4.7.7 are satisfied, and hence (4.165) is
oscillatory.

4.8. Notes

Theorem 4.2.2 is obtained by Li and Yan [205]. Theorem 4.2.4 is taken from
Li and Agarwal [191]. Theorem 4.3.1 is adopted from Li and Quan [202] and
Theorem 4.3.3 is obtained by Li and Agarwal [191]. Theorem 4.4.7 is based on Li
[179]. Theorem 4.4.9 is taken from Li [262], a special case is obtained by Wong
and Agarwal [278], while Theorems 4.4.12 and 4.4.17 are adopted from Li, Zhang
and Fei [209]. Lemma 4.5.1 is given by Wong and Agarwal [278]. The rest of
Section 4.5 is based on Li [200]. The material of Section 4.6 is adopted from Li
[181] and Li and Fan [195]. The results in Section 4.7 are given by Li, Zhong, and
Fan [213].



CHAPTER 5
Second Order Delay Differential Equations

5.1. Introduction

In this chapter we investigate the existence of nonoscillatory solutions of second
order delay differential equations.

In Section 5.2 we present results on the existence of nonoscillatory solutions
of delay differential equations. In Section 5.3 we give a classification scheme for
eventually positive solutions of a class of second order nonlinear iterative differen-
tial equations, and provide necessary and/or sufficient conditions for the existence
of solutions. In Sections 5.4 and 5.5 we introduce the classification of nonoscilla-
tory solutions for second order nonlinear neutral differential equations under the
conditions [ ds/r(s) < oo and [ ds/r(s) = co. Various existence results of
nonoscillatory solutions of different type are given, respectively.

5.2. Nonoscillation of Half-Linear Equations

In this section we are interested in the existence and asymptotic behavior of
nonoscillatory solutions of second order half-linear functional differential equations
of the form

(5.1) (101 ww) = sz )| ()" 2 (g:(0)

where o > 0 is a constant, p; : [0, oo) — [0, 00) are continuous functions such that
sup{p;(t) : t > T} > 0 for any T, > a, and g; : [0,00) — R are continuously
differentiable functions with ¢;(t) < t, gi(t) > 0 for t > a, and lim;_, ¢;(t) = o0,
1<i<n.

By a solution of (5.1) we mean a function x € C![T,, ), T, > a, which
has the property |2/|*"' 2 € C*[T},00) and satisfies (5.1) for all sufficiently large
t > T,. Our attention will be restricted to those solutions x of (5.1) which satisfy
sup{|z(t)| : t > T} > 0 for all T > T,. It is assumed that (5.1) does possess such a
solution.

If z is a nonoscillatory solution of (5.1), then there exists tyg > a such that either

(5.2) x(t)z'(t) >0, t>tg
(5.3) z(t)x'(t) <0, t>to.

If (5.2) holds, then z is unbounded and the limit x'(c0) = limy_, #'(t), either
finite or infinite, exists. If (5.3) holds, then z is bounded and the finite limit
x(00) = limy—, o0 (t) exists.

161
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In what follows we need only to consider eventually positive solutions of (5.1),
since if z satisfies (5.1), then so does —z. Let x be an eventually positive solu-
tion of (5.1) satisfying (5.2) and having a finite limit z'(c0) = lims—,o 2'(¢) > 0.
Integrating (5.1) twice yields

t n é
G4) () =att) + [ ([x%oo)]a G m“dr) ds, t> 1,
1 S 4=l

where ¢1 > t¢ is chosen so that inf;>;, g;(t) > to, 1 <i < n. Let = be an eventually
positive solution of (5.1) satisfying (5.3). Then we have

(5.5) z(t) = x(00) + /t00 (/ sz g:(r)]” dr) “ ds, t>ty,

after integrating (5.1) twice from ¢ to oo.

Based on these integral representations (5.4) and (5.5), we can prove the follow-
ing existence theorems.

Theorem 5.2.1. Equation (5.1) has a nonoscillatory solution x such that

tlim @ = constant # 0
if and only if
(5.6) / pi(D)]g:(D)]*dt < oo forall i€{l,...,n}.

Proof. (The “only if” part) Let x be a nonoscillatory solution of (5.1) satisfying
limy— oo 2 = ¢ > 0. Then from (5.4) we see that

t
/ sz dt < oo.

This, combined with the relation lim; o w(g-7i(§t))) = ¢, 1 <1 < n, immediately

implies that (5.6) holds. Let k > 0 be arbitrary and fixed and take T' > a so large
that
(5.7) T, = min {mf gi(t )} >a

1<i<n | t>T

and

Z/OOPZ O‘dt<2a2;1.
i=17T

Consider the set X C C[T%,o0) and the mapping F' : X — C[T, c0) defined by
k
2

X:{xEC[T*,oo): t—T)<z@t)<k(t-T),t>T, z(t) =0, T*gth}

and
1

(Fzx)(t) = /;( /sz 9i( ]adr>&ds if t>T,

0 it T,.<t<T.
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It is clear that X is a closed convex subset of the Fréchet space C[T, 00) of continu-
ous functions on [T, 00) with the usual metric topology and that F' is well defined
and continuous on X. It can be shown without difficulty that F' maps X into itself
and F(X) is relatively compact in C[T%, 00). Therefore, by the Schauder—Tychonov
fixed point theorem (Theorem 1.4.25), F has a fixed element x € X, which satisfies

x(t)—/Tt< / Zpl gi( ]adr>1/ads, t>T.

By differentiating this equation, we see that « is a solution of (5.1) on [T, c0) and
z(t)

limg oo =7 = limy o0 2'(2) = k. O

Theorem 5.2.2. Equation (5.1) has a nonoscillatory solution x such that

lim z(t) = constant # 0

t—o0o

if and only if
0 0o 1/«
(5.8) / (/ pi(s)ds> dt <oo forall ie€{l,...,n}.

Proof. Note that our assumptions imply (5.3), and then the “only if” part follows
readily from (5.5). To prove the “if” part, suppose that (5.8) is satisfied. Choose
T > a so that (5.7) holds and

/TOC (/toogpi(s)ds> " dt < %

Define Y C C[Ty,0) and G : Y — C[T%, 00) by
Y = {ye O[T, 00) : k <y(t) < 2k, tzT*},

k > 0 being a fixed constant, and

(Gy)(t) = /(/ sz ylgi(r ]“‘dr>ads if t>T,

(Gy)(T) if T.<t<T.

As in the proof of Theorem 5.2.1 one can verify that G maps Y into a relatively
compact subset of Y, so that there exists y € Y such that

y(t):k+/too</s sz i ]adr>1/ads, t>T.

Differentiating this equation twice, one sees that y satisfies (5.1) on [T, 00). Since
y(t) — k as t — oo, y is a solution of (5.1) with the desired asymptotic property.
This completes the proof. O

It remains to discuss the existence of an unbounded nonoscillatory solution x of
(5.1) with the property lim;_, o, ‘”“( )l = o and of a bounded solution  of (5.1) with
the property lim; o, z(t) = 0. Below we confine our attention to the case where
at least one g; is retarded and show that some sufficient conditions can be derived
under which (5.1) has a nonoscillatory solution that tends to zero. Our derivation
is based on the following theorem which is essentially due to Philos [239].
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Theorem 5.2.3. Suppose that there exists ig € {1,2,...,n} such that
(5.9) gi,(t) <t and p;,(t) >0 for t>a.

Suppose, in addition, that there exists a positive decreasing function ¢ on [tg,00)
satisfying

o 1/a
(5.10) gb(t)z/t (/ Zpl gi( ]adr> ds, t>t,

where ty is chosen so that inftzto gi(t) > a for all1l < i <mn. Then (5.1) has a
nonoscillatory solution tending to zero ast — oo.

Proof. Let Z denote the set
7= {z € Clto,00) : 0 < 2(t) < 6(t), t > to}.

With each z € Z we associate the function Z € Cla, 00) defined by

(5.11) ()= {z(to) + [B(t) — d(to)] if a<t<t.

Define the mapping H : Z — C|[ty,0) by

(Hz)(t / (/ sz g:(r)]” dr) " ds, t>tg.

Then it can be shown that H is a continuous mapping which sends Z into a relatively
compact subset of Z. It follows therefore that there exists z € Z such that z = Hz,

i.e.,
oo 1/«
:/ (/ sz Z(gi(r ]“dr> ds, t>to.
t s

Differentiating the above twice shows that

(-1~ 1) = sz g, =t

which, in view of (5.11), implies that z(t) is a solution of (5.1) for all sufficiently
large t. That z(t) > 0 for ¢t > to can be seen exactly as in Philos [239, page 170],
and so the details are omitted. This completes the proof. O

In order to apply Theorem 5.2.3 to construct decaying nonoscillatory solutions
of (5.1), we distinguish the following three cases:

(5.12) /Oo ipi(t)dt <00 and /00 (/too ipi(s)ds> . dt < oo,

(5.13) /00 zj:pi(t)dt < oo but /00 (/too ipﬂs)ds) . dt = oo,

and

(5.14) S J()dt = oo
[



5.2. NONOSCILLATION OF HALF-LINEAR EQUATIONS 165

The condition (5.12), which is nothing else but (5.8), always guarantees the exis-
tence of a decaying nonoscillatory solution of (5.1).

Theorem 5.2.4. Suppose that (5.9) holds for some ig € {1,2,...,n}. If (5.8) is
satisfied, then (5.1) possesses a nonoscillatory solution tending to zero as t — oo.

Proof. Let to be large enough so that ming<;<,{inf;>, ¢;(t)} > max{a,1} and

(5.15) /too (/OO ip,-(r)dr) " ds < %

Choose ¢(t) =1+ . Using (5.15), we see that ¢ satisfies (5.10):

/too (/‘S sz gi( ]adr>1/ads
o z<> (14 0) o)

1/«
< / (/ Zpﬂr)dr) ds
S 1
< 1< 6(t)
for t > tg. The conclusion follows from Theorem 5.2.3. O

We now state existence theorems of decaying nonoscillatory solutions which are
applicable to the cases (5.13) and (5.14).

Theorem 5.2.5. Suppose that (5.9) holds for some iy € {1,2,...,n} and that

t oo N la
1
(5.16) lim sup/ ( Zpi(r)dr> ds < .
g-(t) \Ys ;21

t—o0

where g,(t) = minj<;<p, ¢;(t). Then (5.1) possesses a nonoscillatory solution tend-
ing to zero ast — oo.

Proof. We put

and choose ¢y > 0 so that inf;>4, g.(¢) > a and

Q| =

¢
(5.17) P, = sup/ P(s)ds <

t>to J g.(t)

é(t) = exp (Plt /: P(s)ds) .

Define
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Since, for 1 <i <n,

¢ (gi(t))

I
@
"
ol
/N
|
o

I 1 [t
/g%(t) P(S)dS) exp (_Pto/a P(s)ds)
1t
P /a P(s)ds> = ed(t)
for t > to, we see, in view of (5.17), that ¢ satisfies (5.10):
0 1/ oo
= e/ P(s)exp <— /S P(r)dr) ds

AN
S
©)
]
ko]
/‘\

< ePexp ( / P(s )
= ePto ¢(t)
for t > tg. By Theorem 5.2.3, (5.1) has a decaying nonoscillatory solution. O

Theorem 5.2.6. Suppose that (5.9) holds for some iy € {1,2,...,n}. Further,
suppose that there exists to > a such that infy>, g«(t) > a and

. a+1 (P o/ (a+1)
(5.18) Pt'0 :=inf P(t) >0 sup /*(t Zp, )ds < . <0¢0 .

t>to

Then (5.1) possesses a nonoscillatory solution tending to zero as t — oo.

Proof. Put
at+1l [TE
Q sup/ pi(s and  ¢(t) =exp | — / pi(s)ds | .
O g*(f); ( aQt, Ja ; )
‘We see that

6 (9:(1)) < exp (“:) o), t>to, 1<i<n,

and hence that
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for t > ty. Consequently, we obtain

oo 1/«
[ ([ o)

t s

Qo ) (at+1)/a /00 a+1/s n

— e exp | — i(r)dr | ds
<a+1 t P aQto a;p()

1 Qto e (a+1)/a /OO = o + 1
Ptlo <a+1> e ] ;Pz(s)exp . sz
1/

aQy, Q1, (at1)/a a+1/
(a+1)P] (04—1—1 ‘ P Qo Ja Zpl

=1
(1)
for t > to, where (5.18) has been used. This establishes the existence of a strictly
decreasing positive function satisfying (5.10), and so the proof is complete via

Theorem 5.2.3. O
Example 5.2.7. Consider the equation

(5.19) (1)1 (1) =17 (2) v (;) ,

where A > 1 and 6 > 1 are constants This is a special case of (5.1) in which o = 2,
’n‘:la pl(t):t_Aaand gl() E

(i) Let A > 3. Then both (5.6) and (5.7) hold for (5.19), and so by Theo-
rem 5.2.1 and Theorem 5.2.2, (5.19) has nonoscillatory solutions z; and x9
such that lim;_, xlt(t) = constant # 0 and lim;_, . 22(t) = constant # 0
regardless of the values of 6 > 0.

(ii) Let A = 3. An easy computation shows that (5.16) is satisfied for (5.19) if
1 <0 <exp (@), since

t 00 1/ t % 1/2
/ </ Pl(r)dr) ds = / </ 3> ds = 221n0.
g1(t) s t/6 s T

From Theorem 5.2.5 it follows that, for such a 6, (5.19) possesses a nonoscil-
latory solution tending to zero as t — oo.

(iii) Let 1 < A < 3. Then (5.18) is satisfied for (5.19) since P, = 1 and

t t A—1
d 0 -1
/ pl(s)dS:/ —f:itl_kﬂo as t— oo.
91(0) t/0 9 Al

Therefore there exists a decaying nonoscillatory solution of (5.19) by Theo-
rem 5.2.6.

IN

5.3. Classification Schemes for Iterative Equations

In this section we are concerned with the general class of second order nonlinear
differential equations

(5.20) (rt) @) + £ (1 x(0), 2 (A (1 2(0)) ) = 0
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with the conditions [ ds/[r(s)]"/? = oo and [, ds/[r(s)]'/? < oo, respectively.
We give a classification scheme for eventually positive solutions of this equation
in terms of their asymptotic magnitude, and provide necessary and/or sufficient
conditions for the existence of solutions.

Let T € Rt =[0,00). Define T_1 = inf{A(¢,z) : t > T,z € R}.

Definition 5.3.1. The function x is called a solution of the differential equation
(5.20) in the interval [T, 00), if z(t) is defined for ¢t > T_;, is twice differentiable,
and satisfies (5.20) for ¢t > T

Definition 5.3.2. The solution x of (5.20) is called regular, if it is defined on some
interval [Ty, 00) and sup{|z(t)| : ¢ > T} > 0 for t > Ty,.
Throughout this section, we assume that the following conditions hold:
(H1) r € C(RT,R*") and r(t) > 0, t € RT.
(H2) f € C(RT x R RT).
(H3) There exists T € RT such that uf(¢,u,v) > 0 for t > T, uv > 0, and
f(t,u,v) is nondecreasing in u and v for each fixed t > T.
(H4) A € C(RT x R,R).
(H5) There exist a function A, € C(RT,R) and T € RT such that
limy oo As(t) = 00 and A, (t) < A(t,z) for t > T, z € R.
(H6) There exist a function A* € C(RT,R) and T € RT such that A*(¢) is
nondecreasing for t > T and A(t,z) < A*(t) <t fort > T, xz € R.
(H7) o is a quotient of odd integers.

For the sake of convenience, we will employ the following notation:

© ds b ds T ds
mo= | g 0= | e = pae

Lemma 5.3.3. Suppose x is an eventually positive solution of (5.20). Then x'(t)
is of constant sign eventually.

Proof. Assume that there exists ¢g > 0 such that x(¢) > 0 for t > . It follows from
(H6) that there exists t; > to such that x(A(¢, z(¢))) > 0 for ¢ > ¢;. From (H4)
and (5.20) we conclude that (r(z')?)'(t) < 0 for ¢t > ¢;. If 2/(¢) is not eventually
positive, then there exists t2 > t; such that 2’(¢2) < 0. Therefore, r(¢2)[2'(t2)]7 < 0.
Integrating (5.20) from ¢o to ¢ provides

mwu%M”—mwnw@M”+/"f@ww»ﬂA@w@»0d8=o

to
Thus .
O @O <= [ 1 (009, 2(As,2(5)) ) ds <0
ta
for t > to. This shows that 2/(t) < 0 for ¢ > to. The proof is complete. O

As a consequence, an eventually positive solution z of (5.20) either satisfies
2(t) > 0 and 2/(t) > 0 for all large ¢, or z(t) > 0 and ’'(¢) < 0 for all large t.

Lemma 5.3.4. Suppose that

e ds
%:A[mww<”

and that x is an eventually positive solution of (5.20). Then lim;_, o x(t) exists.
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Proof. If not, then we have lim;_,, () = co by Lemma 5.3.3. On the other hand,
we have noted that r(2')? is monotone decreasing eventually. Therefore, there
exists t; > 0 such that
r(t) [2'(1)]7 < r(ty) [/ (t1)]°  forall ¢ >t.
Then
1

5.21 "(t) < [r(t)]YC @ (b)) —— e
(5.21) P (0) < (0] ()
for t > t1, and after integrating,

x(t) —a(tr) < [r(t)]/7 2 () R(t,1)

for t > ¢;. But this is contrary to the fact that lim; . 2(t) = oo and the assumption
that Ry < oo. The proof is complete. O

Lemma 5.3.5. Suppose that Ry < co. Let x be an eventually positive solution of
(5.20). Then there exist ay > 0, ag > 0, and T > 0 such that a1 R(t) < z(t) < a9
fort>T.

Proof. By Lemma 5.3.4, there exists tg > 0 such that z(¢) < ay for some number
az > 0. We know that 2/(t) is of constant sign eventually by Lemma 5.3.3. If
x’'(t) > 0 eventually, then R(t) < z(t) eventually because lim; .o R(t) = 0. If
2'(t) < 0 eventually, then since r(¢)[z'(¢)] is also eventually decreasing, we may
assume that 2/(¢) < 0 and r(¢)[2'(¢)]? is monotone decreasing for ¢ > T. By (5.21),
we have

x(s) — x(t) < [r(T)]Y 72/ (T)R(t,s), s>t>T.

Taking the limit as s — oo on both sides of the above inequality, we find
w(t) > = [r(T)]"/ 72 (T)R(t)
for ¢ > T. The proof is complete. O

Our next result is concerned with necessary conditions for the function f to hold
in order that an eventually positive solution of (5.20) exists.

Lemma 5.3.6. Suppose that Ry < oo and that x is an eventually positive solution
of (5.20). Then

/0°° (T(lt) /Otf (s,x(s)w(A(S,x(s)))) ds)l/a dt < .

Proof. In view of Lemma 5.3.3, we may assume without loss of generality that
x(t) > 0, and 2'(t) > 0 or z/(t) < 0 for t > 0. From (5.20), we have

OO OO + [ 1 (500600 Als5(:))) ds =0
Thus, if 2/(t) > 0 for t > 0, then we have

1/o

/O” [r(t)l]l/a (/Otf (S’x(s)ﬂf(ﬁ(svw@)))) ds) dt
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for u > 0, and
1/0

A%M&w<ﬂf6@@w@@MWO“> dt < [r(0)]/°a' (0) Ry < oo.

If 2/ (t) < 0 for ¢ > 0, then we have

A“V@;UU(1?f(ax@»ﬂA@ud$»)@)uaﬁ
< - /OOO 2'(s)ds < z(0) < cc.
The proof is complete. O

We now consider the case when Ry = oc.

Lemma 5.3.7. Suppose that

(5.22) RO:/OOOMSTW:OO

Let x be an eventually positive solution of (5.20). Then a'(t) is eventually positive
and there exist ¢y > 0, ca > 0, and T > 0 such that c; < x(t) < coR(t,T) fort > T.

Proof. In view of Lemma 5.3.3, 2/(t) is of constant sign eventually. If z(¢) > 0 and
a'(t) <0 for t > T, then we have

r(t) [ (6)]7 < r(T) [o(T)]" < 0.

Thus 1
P 8) < PO D) e, 12T,

which after integrating yields

() = (T) < (D7) [

T

The left-hand side tends to —oo in view of (5.22), which is a contradiction. Thus
x'(t) is eventually positive, and thus z(t) > ¢; eventually for some constant ¢; > 0.
Furthermore, the same reasoning just used also leads to

t
ds
z(t) < z(Ty) + [r(Ty Yoo (T / _—
)< alT) + @) [
for t > Ty, where Tj is a number such that x(t) > 0 and 2/(¢) > 0 for ¢t > Tp. Since
Ry = o0, there exists ¢ > 0 such that z(t) < caR(T,t) for all large t. The proof is
complete. O

We have shown that when z is an eventually positive solution of (5.20), then
r(z')7 is eventually decreasing and z’(t) is eventually of constant sign. We have
also shown that under the assumption that Ry < oo, z(t) must converge to some
(nonnegative) constant. As a consequence, under the condition Ry < oo, we may
now classify an eventually positive solution z of (5.20) according to the limits of
the functions x and r(2’)?. For this purpose, we first denote the set of eventually
positive solutions of (5.20) by P. We then single out eventually positive solutions of
(5.20) which converge to zero or to positive constants, and denote the corresponding
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subsets by Py and P, respectively. But for any = € P,, r(¢)[2(¢)]” either tends to
a finite limit or to —oo, so we can further partition P, into P? and P, .

Theorem 5.3.8. Suppose Ry < co. Then any eventually positive solution of (5.20)
must belong to one of the following classes:

}%:{xepzmnuﬂ=0}

t—oo

P8 = {x €P: limz(t) =a>0, Jim r(t) [z (t)]7 = ﬁ} ,

t—oo

or

P> = {x €eP: limaz(t)=a>0, limr#) [2'®#) = foo}.

« t—o0 t—o0

To justify the above classification scheme, we now derive several existence the-
orems.

Theorem 5.3.9. Suppose Ry < oo. Then a necessary and sufficient condition for
(5.20) to have an eventually positive solution x € P, is that for some C > 0,

(5.23) /000 <7"(1t) /Ot f(s,C,C) ds) v dt < 0.

Proof. Let x be any eventually positive solution of (5.20) with lim;_, 2(t) = ¢ > 0.
Thus, in view of (H6), there exist C; > 0, Co > 0, and T > 0 such that

Cy<z(t)<Cy; and Cp<z(A(t,z())<Cy for t>T.

On the other hand, using Lemma 5.3.6 we have
1/o

/TOO (r(lt) /Ot f <S’x(8)’x(A(3»$(8)))) d8> dt < co.

Since f(t,u,v) is nondecreasing in u and v for each fixed ¢, we have

o] 1 t 1/c
~/T <’I"(t)\/0 f(5701,01)d8) dt < 0.

Conversely, let a = C'/2. In view of (5.23), we may choose T' > 0 so large that

/TOO (r(lt) /ot f(5,6,C) d8>1/g dt < a.

Q= {az e C([T-1,0),R): a <z(t) <2a, t > T_l}.

Define the set

Then € is a bounded, convex, and closed subset of C([T_1,00),R). Let us further
define an operator F': Q — C([T-1,0),R) by

Pay =) /t °° (r(ls) /0 4C “7(““”(2(“, j(;w;)) d“) Cds

Fa(T) if T, <t<T.
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The mapping F' has the following properties. F' maps 2 into . Indeed, if z € €,

then
Fa(t) = a+/t°° <T(18) /Osf(u,x(u),a:(A(u,x(u)))) du)l/a ds

00 1 s 1/o
a+/t <7“(s)/0 f(u,C’,C’)du) ds < 2a.

Next, we show that F' is continuous. To see this, let € > 0. Choose M > T so large
that

[e'e] 1 s 1/0 e
(5.24) /t (7‘(3)/0 f(u,C,C) du) ds < 3 for t> M.

Let {x(™} C Q be a sequence such that (™ — x as n — co. Since Q is closed, we
have x € Q. Furthermore, for any s > ¢ > M,

‘F:c(")(t) - Fm(t)‘

S
IN

IN

1/0

[ (5 [ smeo du)“” i [T (5 [ rwo.om)
-2 (% /Osm,o,@du)”“ds -

For T <t<s< M,
‘FN) 0 —Fz(t)‘

< /°° <1/Sf(u,C,C)du) ds—i—/Moo (r 3 / f(u,C, C’)du)l/ads
1/c

+/ ( /fuCC)du)l/ads—/ ( /fuC’C)du> ds
< s+/t (/ f(u,C,C)du)l/gds

< e+ max /vaC’)dv\s—ﬂ
T<u<M 7(u
< e+Chls—t] < 2

if
1 u
|s —t] < = Co where Cp = Foax m/o f(v,C,C)dv.
Also, for T_1 <t<s<T,

‘F:A") (1) — Fa:(t)‘ —0.

These statements show that HFJU(") — Fa:H tends to zero, i.e., F' is continuous.
When s,t > M, by (5.24) we have

Fa(s) — Fa(t)| < /too (%/jf(u,C,C)du)l/ods

0 1 s 1/o
+/t <’I"(S)/0 f(u, C’,C)du) ds < g,
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which holds for any « € Q. Therefore, FQ) is precompact. In view of Schauder’s
fixed point theorem, we see that there exists * € Q such that Fa* = a*. It is
easy to check that x* is an eventually positive solution of (5.20). The proof is
complete. O

Theorem 5.3.10. Suppose Ry < oco. A mnecessary and sufficient condition for
(5.20) to have an eventually positive solution x € P2 is that (5.23) holds for some
C > 0 and that for some D > 0,

(5.25) Awf@DJ”ﬁ<ul

Proof. If z € PP is an eventually positive solution, then, in view of Theorem
5.3.9, we see that (5.23) holds. Furthermore, as in the proof of Theorem 5.3.9,
0<Cy <z(t) <Cyand C <z(A(t,z(t))) < Cq for t > T. In view of (5.20), we
see that

IN

/TOO f(s,C1,C4)ds /OO f (s,x(s),x(A(s,x(s)))) ds

T
= r(T) [m’(T)]a—tliJgO r(t) [2'(t)]” < oo.

Conversely, in view of (5.25), we can choose T' > 0 such that

o0 D o
t,D,D)dt — ] .
| se.n.) <(2R0)
We define the subset 2 of C([T-1,0),R) by

Q- {sc € C([T1,00),R) : g <a(t)<D, t> Tl}.

Then Q is a bounded, convex, and closed subset of C'([T-1,00),R). In view of Ry
and (5.25), we can further define an operator F': Q — C([T-1,00),R) as

oy e ,
Fa(t) = D_/t <T(8>/ f<“"”(“>’xi(fﬁ(%:;(;?)))d“) ds

Fa(T) if T, <t<T.

Then arguments similar to those in the proof of Theorem 5.3.9 show that F' has a
fixed point u which satisfies

r(O)[d (1) = /too f (s,u(s),u(A(s,u(s)))) ds, t>T.

Hence lim; o 7(¢)[t/(t)]7 = 0 as required. Choose T' > 0 such that

o] D o D o
/Tf(t,D,D)dt<<4RO> and R(t)<<4RO)

for t > T, and let

1

Fa(t) = oo /too (7’(18) * Tl'a’) /OS f (u’ a;f(“)’ti(AT(’“’ x(u)))) du) " ds

Fa(T) if T, <t<T.
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Then under the same conditions (5.23) and (5.25), we can show that F' has a fixed
point u which satisfies lim; o, u(t) = D > 0 and

AW =1+ [ (sl u (Al u(s) ) s, t=T.
t
Therefore, lim;_, o r(¢)[v/(t)]” = 1 > 0, and the proof is complete. O

In view of Theorem 5.3.10, the following result is obvious.

Theorem 5.3.11. Suppose Ry < oco. A mnecessary and sufficient condition for
(5.20) to have an eventually positive solution x € P, >° is that (5.23) holds for
some C > 0 and that for any D > 0,

/OO £(t, D, D)dt = .
0

Our next result concerns the existence of eventually positive solutions in Py.

Theorem 5.3.12. Suppose Ry < oo and o = 1. If for some C > 0,

(5.26) / . (t, CR(t), CR(A*(t))) dt < oo,
0

then (5.20) has an eventually positive solution in Py. Conversely, if the equa-
tion (5.20) has an eventually positive solution x such that lim; ..o x(t) = 0 and
limy 00 7(8)[2/(t)]7 = d # 0, then for some C' > 0, (5.26) holds.

Proof. Suppose (5.26) holds. Then there exists T' > 0 such that

/too f (S,CR<S),CR(A*(S))) ds < % for t>T.

Consider the equation

R@(i+ff@ﬂ%x@@dw0®>

T
+/ R(s)f(s,x(s),m(A(s,x(s))))ds it >,

t
Fa(T) if T, <t<T.

It is easy to check that a solution of the above equation must be a solution of (5.20).
We shall show that the above equation has a positive solution x € P, by means of
the method of successive approximations. Consider the sequence {zy} of successive
approximating sequences defined as

21(t) =0 and x,41(t) = Fx,(t), neN for t>T_4,
where F' is defined by
C t
R(t) (2 +/ I (s,2(5), 2 (A(s,2(5))) ) ds)

+/too R(s)f (s,x(s),x(A(s,x(s)))) ds if t>T,
Fx(T) if T, <t<T.

Fx(t) =
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In view of (H3), it is easy to see that 0 < z,,(t) < x,41(t) for t > T and n € N. On
the other hand,

a(t) = Py (t) = %R(t) < CR(t), t>T,

and inductively,

Fa(t) < %R(t)JrR(t) /T f(s,CR(s),CR(A*(s)))ds
+R(t) /t T (s, CR(s), CR(A*(s))) ds
< %R(t)—irR(t) /T h 7 (5. CR(). CR(A*(5))) ds
< CR(t)

for k > 2. Therefore, by means of Lebesgue’s dominated convergence theorem, we
see that Ta* = z*. Furthermore, it is clear that x(¢) converges to zero as t — oo.

Let x be an eventually positive solution of (5.20) such that z(t) — 0 and
r(t)['(t)]” — d < 0 (the proof of the case d > 0 is similar). Then there exist
Cy > 0,Cy>0,and T > 0 such that —Cy < r(t)[z'(t)]” < —Cs for t > T. Hence,

1 1

£L'/ . 1/o
O RN )

—cile

and, after integrating,
—CIR(t,s) < x(s) — x(t) < —Ca/"R(t, 5)
for s >t > T. Letting s — oo provides
—CY7R(t) < —a(t) < —CYR(t), e, CyR() <a(t)<Cy/ R(t).
On the other hand, by (5.20),

t

r(t) [ @) = (D) @) - [

T

f (&m(s),x (A(S,x(s)))> ds, t>T.

Since lim;_, o 7(t)[2'(t)]” = d < 0, we have

/OO f (s,x(s), x (A(m(s)))) ds = r(T) [/ (1)) — d < oo.

T
Thus,
[ (sl Re).CTRAD ) ds < [ f (sias)0 (Als,a()) ) ds < .
T T
The proof is complete. O

We now consider the existence of eventually positive solutions of (5.20) in the
case Ry = oo.

Recall that if z € P, then r(2')? is eventually decreasing. Furthermore, in view
of Lemma 5.3.7, we see that 2'(t), and hence r(t)[z'(t)]?, are eventually positive.
Hence x(t) either tends to a positive constant or to positive infinity, and r(¢)[z’(¢)]”
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tends to a nonnegative constant. Note that if z(t) tends to a positive constant, then
r(t)[«'(t)]” must tend to zero. Otherwise r(¢)[z'(¢)]” > d > 0 for t > T so that

I,(t) > dl/aW

and

which is a contradiction.

Theorem 5.3.13. Suppose that Ry = oo. Then any eventually positive solution x
of (5.20) must belong to one of the following classes:

o _ 0
t—o00 t—o0
= 0}’

Po = {x € P: lim z(t) € (0,00), lim r(t)[2'(t)]
PY = {3: epP: tlirgo x(t) = oo, tlirgo r(t) [/ ()]

or

P = {x eP: limz(t) = oo, lim r(t)[/()] =8 # o} .

t—oo t—oo

In order to justify our classification scheme, we present the following three re-
sults.

Theorem 5.3.14. Suppose that Ry = co. A necessary and sufficient condition for
(5.20) to have an eventually positive solution x € P is that for some C > 0,

(5.27) /OOO (r(lt) /too £(s,C. C)ds)l/a dt < oo,

Proof. Suppose € P? is an eventually positive solution of (5.20). This implies
limy 00 2(t) = a > 0 and limy_, o0 7(¢)[2(¢)]” = 0. Then there exist C; > 0, Co > 0,
and T > 0 such that C; < z(t) < Cy and C; < x(A(t,x(¢t))) < Cy for t > T. On
the other hand, in view of (5.20) we have

O] = [ 1 (5000 (Asa(5)) d

for t > T. After integrating, we see that

/: <7~(1t) /toof(s,Cl,Cl)ds)l/a it
< Aw(ib[wf@w@qu@x@»)@fmm

a—x(T).

IN

The proof of the converse is similar to that of Theorem 5.3.9 and hence is only
sketched. In view of (5.27), we may choose T' > 0 so large that

/TOO <r<1t) /too £(s,C, C)ds)l/g dt < %
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Define a bounded, convex, and closed subset Q of C'([T_1,00),R) and an operator
F:Q— Qby

Q= {:17 € O(|T-1,),R) : %

%-i— /too (r(ls) /:of (u,x(u)w(A(u,w(u)))) du) ’ ds
i >,

Fx(T) if T ,<t<T,
respectively. As in the proof of Theorem 5.3.10, we prove that F' maps € into

Q, that F' is continuous, and that F'Q) is precompact. The fixed point z*(¢) of F'
converges to C/2 and satisfies (5.20). O

<) <O, t> T_l}

and

Fx(t) =

Theorem 5.3.15. Suppose Ry = oco. If for a constant C > 0,
/ f (t, CR(t,0), CR(A*(t),O)) dt < o,
0

then (5.20) has a solution in P2 . Conversely, if (5.20) has a solution x € P2,
then for some positive constant C,

|1 (nor0.cr.0,0) it < o
0

In view of Theorems 5.3.14 and 5.3.15, the following result is clear.

Theorem 5.3.16. Suppose Ry = oo. If for any C > 0 and for some D > 0,

/000 <7~(1t)/toof(3»C,C)ds>1/adt_oo

/Oo f (t, DR(t, 0),DR(A*(t),O)) dt < oo,
0

then (5.20) has a solution in PY..

and

5.4. Nonoscillation of Nonlinear Equations with [~ ds/r(s) < co

In this section we consider the classification of all nonoscillatory solutions of
second order neutral nonlinear differential equations of the form

(5.28) (r®) lat) ~ pt)att 7)) ) + 1 (e = 8)) = 0

in the case
/°° du -
—— < 00
to 7(u) ’

and give necessary and/or sufficient conditions for their existence, where we assume
7>0,6>0,p€ C(to,00),RT) such that 0 < p(t) < p < 1 for t > to, and
r € C([tg, ), (0,00)). We further assume that for any ¢t > ¢, f(t,-) is continuous
on R and zf(t,z) > 0 for z # 0, t > ¢,.

Hereafter, the term solution of (5.28) is always used to denote a real function
r satisfying (5.28) for which sup,~,, |z(t)| > 0 for any t; > #o. We assume that
(5.28) always has such solutions. A solution of (5.28) is called nonoscillatory if it
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is eventually positive or eventually negative. We use the functions R(s,t) and R(s)
defined by R(s,t) = ft —du and R(s) = [7° —A=du, where s > t;. We also let

s r(u) s r(u)
Ro = hmt_,oo R(to7 t)
We shall say that condition (H) is met if the following conditions hold:

(H1) zf(t,x) > 0 for x # 0, t > to and f(t,x1) > f(t,z2) for 1 > x5 > 0 or
T1 < w2 <0, t > 1g;
(H2) 0 <p(t) < p<1fort>tp.

Let  be a solution of (5.28). We define an associated function y by
(5.29) y(t) = o(t) — p(a(t — 1), > to.
Note that if z(t) is eventually positive, then the fact that

(ry') (t) = —f (t,x(t — 7')) <0 for all large ¢t

implies that y'(¢) is of constant positive or constant negative sign eventually. This
fact, in turn, implies that y(¢) is eventually positive or eventually negative.

Lemma 5.4.1. Suppose that (H) holds. Let x be an eventually positive or an
eventually negative solution of (5.28), and let y be defined by (5.29). Then y'(t) is
eventually of one sign.

Lemma 5.4.2. Suppose that (H) holds. Let x be an eventually positive (nega-
tive) solution of (5.28) and let y be defined by (5.29). If limsup, ., x(t) > 0
(limsup,_, o (—z(t)) > 0), then y(t) is eventually positive (respectively negative).

Proof. Let x be an eventually positive solution of (5.28) and limsup,_, ., z(t) > 0.
Then y(t) > 0. If not, then we have y(t) < 0 for all large ¢. If z(¢) is unbounded,
then there exists a sequence {t;} which tends to infinity and

tr) = t
o(ty) = maxz(t)

such that limg_,o 2(t;) = 0o. Then, from (5.29), we have
y(te) = x(tr) — p(tr)z(te —7) 2 z(tr)(1 = p).

From this inequality we obtain limy_,, y(tx) = co. This is a contradiction. If x(t)
is bounded, then there exists a sequence {t;} which tends to infinity such that

lim z(tx) = limsupxz(t) = L > 0.
k—o0 t—o0
Since limy 00 z(tr, — 7) < L, we have
0> klim y(tg) > L(1 —p) > 0.
This is also a contradiction and the proof is complete. O

The following lemma is independent of (5.28) and is due to Lu [214].
Lemma 5.4.3. Suppose that (H2) holds, x(t) > 0, and y is defined by (5.29).

(1) If limy— oo p(t) = po € [0,1) and lim;—oo y(t) = a € R, then
lim z(t) = —
At =1y

(i) If limy— oo y(t) = 00, then lim; o x(t) = oo.
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If x(t) < 0, then the statement remains true if oo in (ii) is replaced by —oo.

Proof. To show (i), assume that z(t) > 0 and lim; .. y(t) = @ € R. Then
y is bounded. Similar as in the proof of Lemma 5.4.2, it follows that z is
bounded. Hence there exists a sequence {t;} which tends to infinity such that
limg 00 2(t) = limsup,_, ., (). Since {p(tx)} and {z(tx — 7)} are bounded, with-
out loss of generality, we assume that limy_ o p(tx) and limg_ o x(tx — 7) exist.
Then

a = klim y(tg) = klim x(ty) — klim p(te)x(ty — T)

v

lim sup (¢) [1 - klim p(tk)] = limsup z(t) [1 — po],

t—oo t—o0

and so

> limsup z(t).
]._po_ t—>oop ()

On the other hand, there exists a sequence {t} } which tends to infinity such that
limy, o 2(t},) = liminf, o x(¢). Since {p(t},)} and {z(¢; — 7)} are bounded, with-
out loss of generality, we assume that limy_.o p(¢}.) and limg_,o z(t), — 7) exist.
Then

a = klim y(t) = klim z(t)) — klim p(th)x(t), —7)

IN

t—oo

lim inf x(t) {1 - klim p(t;)] = lim infz(¢) [1 — po],

and so

T— < litrgglfx(t).

Therefore, we have lim;_, o z(t) = a/(1 — pg). For the case z(t) < 0, the proof is
similar and is omitted here.

Finally, we show (ii). Assume that z(¢) > 0. If lim, .o y(¢) = oo, then, in view
of z(t) > y(t), we have lim;_, o z(t) = co. For the case x(t) < 0, the proof is similar
and we omit it here. O

We have already remarked that if = is an eventually positive solution of (5.28),
then y and g’ are also of one sign eventually. These sign regularities provide addi-
tional asymptotic information as will be seen in the following two lemmas.

Lemma 5.4.4. Suppose that (H) holds. If x is a nonoscillatory solution of (5.28),
then y defined by (5.29) is eventually increasing or decreasing and lim;_,o y(t) = L
exists, where L is a finite constant.

Proof. Suppose z is an eventually positive solution of (5.28). If lim;—, . x(t) = 0,
then lim; o y(¢t) = 0. If limsup,_, ., z(¢) > 0, by Lemma 5.4.2, we have y(t) > 0
for all large ¢t. Thus, there exists t; > ¢y such that z(¢t —0) > 0 and y(¢t) > 0 for
t > t1. It follows from (5.28) that (ry’)’(¢t) < 0. Hence

(5.30) y(t) <y(s) + T(S)y'(S)/ Tc(lz) =y(s) +r(s)y'(s)R(s,1)

for t > s > t1. If there exists to > t; such that y'(¢t2) < 0, then it follows from
(5.30) that y(t) < y(s) for t > s > to. This means that y is eventually decreasing. If
y is eventually decreasing, it follows from y(¢) > 0 that lim;_, o, y(¢) = L exists and
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|L] < co. If there does not exist s > ¢1 such that y'(s) < 0, then y/(s) > 0 for all
s > t1. This means that y is eventually increasing. Since Ry < oo and y/(t) > 0, we
see from (5.30) that y is bounded. Therefore lim;_, o y(t) = L exists and |L| < oo.

Similarly, we may discuss the case when x is an eventually negative solution of
(5.28). The proof is complete. O

Lemma 5.4.5. Suppose that (H) holds. If x is a nonoscillatory solution of (5.28)
and y is defined by (5.29), then there exist a; > 0, as > 0, and t; > to such that
either

aR(t) <y(t) <as or —az<y(t)<—-a1R(t)
for allt > t;.

Proof. Let x be an eventually positive solution of (5.28). By Lemma 5.4.1, y is
eventually of one sign. We have four cases to consider:

(i) y(t) > 0 and y/'(t) > 0 eventually;
(ii) y(¢) > 0 and '(t) < 0 eventually;
(iii) y(t) < 0 and y'(¢) > 0 eventually;
(iv) y(t) < 0 and y'(t) < 0 eventually.

We shall only consider cases (i) and (ii) in detail since the other two cases are
similar.

First we show (i). If y is eventually increasing, then (5.30) holds. In view of
Lemma 5.4.4, there exists a constant ag > 0 such that y(¢t) < as. Since we are
assuming that y is positive and increasing and since R(t) — 0 as t — oo, there
exist a constant a; > 0 and ¢; > to such that y(¢) > a1 R(¢) for all t > t;.

Next we show (ii). If y is eventually decreasing, then, from (5.30),
y(s) = y(t) —r(s)y'(s)R(s,t).

By Lemma 5.4.4, lim;_. ., y(t) = L > 0. Taking the limit as ¢ — oo on both sides
of the last inequality, we can see that

y(s) = L —r(s)y'(s)R(s).

Since ry’ is eventually decreasing, we can choose t; so large that r(t1)y’(¢1) < 0.
Then r(s)y’(s) < r(t1)y'(t1) = —ay for all s > ¢1. Therefore

y(s) > a1 R(s)
for s > t1, where a; > 0 is independent of s. Changing s to ¢, we can see that
y(t) > a1R(t), a1 >0

fort > t4.

Similarly, we can prove the case when z is an eventually negative solution of
(5.28). This completes the proof. O

The following result is one of the main classification theorems.
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Theorem 5.4.6. Suppose that (H) holds and that limy_,o p(t) = po € [0,1). Then
any nonoscillatory solution of (5.28) must belong to one of the following four types:

S(b,a,c): x(t) = b= 1%11)0 £0, yt) »a#0, r(t)y (t) = c (t — o0);
S(b,a,00):  a(t) — b= 1_;“1)0 £0, y(t) = a#£0, r(t)y(t) — £oo (¢t — 00);

5(0,0,¢): x(t) =0, y(t) = 0, r(t)y'(t) = c#0 (t— o0);
S5(0,0,00) 1 x(t) — 0, y(t) = 0, r(t)y'(t) —» +oo (¢t — o0),

where a, b, c are some finite constants.

Proof. Suppose that x is a nonoscillatory solution of (5.28). By Lemmas 5.4.1 and
5.4.4, y is eventually of one sign and lim;_,+ y(t) = L, where L is a finite constant.
So there are only two possibilities: limy_o, y(t) = a # 0 or limy_ ., y(t) = 0,
where a is a finite constant. According to Lemma 5.4.3, lim; o, 2(t) = b # 0 or
lim; o z(t) = 0.

In addition, by our assumption that xf(¢,2) > 0 for & # 0, we see from (5.28)
that ry’ is eventually decreasing or increasing. Again there are only two possibilities:
lim; o0 7(¢)y' () = ¢ or limy_, o 7(¢)y’(t) = 00, where ¢ is a finite constant.

Based on the above discussion, we see that x must belong to one of the four
types as stated, except that we have not yet shown that for the case S(0,0, ¢), the
constant ¢ # 0. We do this next.

Suppose z is a nonoscillatory solution of (5.28) which belongs to S(0,0, ¢), that
is, lim¢—.oo 2(t) = 0, lim;_,0o y(¢) = 0, and limy o 7(¢)y'(t) = ¢. Then ¢ # 0. In
fact, consider the functions y and R. From our assumption, it is easy to see that

tlim y(t) =0, tlim R(t)=0, R'(t)<0

and T
y(t .
i 40 = - 0) =
By L’Hopital’s rule, limy_, o (y(t)/R(t)) exists, and
y@) _ oyt

lim —% = lim = —c.

e R(D) e (D)

If y(t) is eventually positive, then, by Lemma 5.4.5, there exist two positive con-
stants a; and az such that a3 R(t) < y(t) < az. Thus y(t)/R(t) > a; holds, hence
a1 < —c. It follows that ¢ # 0. If y(t) is eventually negative, then by Lemma 5.4.5,

there exist two positive constants a; and ag such that —as < y(t) < —ay R(t). Thus
y(t)/R(t) < —ay, which means —¢ < —a;. Once more it follows that ¢ # 0, which
completes the proof. O

Next we derive two existence theorems.

Theorem 5.4.7. Assume that (H) holds and lim;,(R(t — 7)/R(t)) = 1. A
necessary and sufficient condition for (5.28) to have a nonoscillatory solution in
S5(0,0,c¢) is that

(5.31) /OO ‘f(t, AR(t —9))|dt < oo for some X #0.

to
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Proof. Necessity. Let x € S(0,0, ¢) be any nonoscillatory positive solution of (5.28),

ie, lim; o z(t) = 0, lim—o y(t) = 0, and lim; o 7()y’ () = ¢ # 0. Without loss

of generality we may assume that ¢ < 0. Since ry’ is monotone, there exist A\; > 0,

A2 > 0, and t; > tg such that —\; < r(t)y'(t) < — Ao for t > ;. It follows that
_)\IR(ta 8) < y(S) - y(t) < _)\2R(t7 5)

for s > t, t > t1. If s — oo, then —\R(t) < —y(t) < —AaR(t). That is,

X R(t) < y(t) < A R(t). On the other hand, by (5.28),

FO)y (6) = r(t)y (b)) — / ¥ (5,205 — &) ds.

t1

Since lim—. o 7(t)y’(t) = ¢ < 0, we have

/tloo‘f<s,x(s—5)>‘ds<oo.

Furthermore, since (H) holds, by y(t) < x(¢), we have

f (s,x(s — (5)) >f (s,y(s — 6)) >f (s,)\gR(s - (5)) .

This means that -
/ ’f (s, Ao R(s — 5)) ’ ds < oo.
t1

Sufficiency. Suppose that (5.31) holds for A > 0. A similar argument can be
applied if A < 0. Since lim; .o (R(t — 7)/R(t)) = 1, we may choose A € (p,1) and

t1 > to such that p(t) Rg(_t;—) < A and

/oof(s,/\R(s—T)) ds <a(l—A), where az%.

t1

Consider the equation
(5.32) x(t) =p(t)z(t — 1)+ R(t) [(1 —A)a+ /tt f (s,x(s — 5)) ds]
+ /too R(s)f (s x(s 6)) ds

for t > t; + max{d,7}. It is easy to see that a solution of (5.32) must also be a
solution of (5.28). By means of the method of successive approximations, we shall
show that (5.32) has a nonoscillatory solution z € S(0,0, ¢). Consider the sequence
{zn} of successive approximating sequences defined by

z1(t) =0 and z,41(t) = (Fz,)(t), neN for t>t,
where F' is defined by
p(t)z(t — 7) + R() [(1 ~ Aa+ / 7 (s,2(5 - 9)) ds}

t1
(Fa)(t) = + /OO R(s)f (s,o(s=0))ds  if t>t +max{s,7},
(Fi) (t1t+ max{s, T}) it <t<t;+max{s, T}
In view of (H1), it is easy to see that
0<z,(t) <api1(t), t>t;, neN.
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On the other hand,
23(t) = (Fau)(t) = a1 — A)R(t) < 2aR(t), ¢ >,
and inductively, we have
(Fx,)(t) < 2p(t)aR(t—7)+ (1 — A)aR(t) + (1 — A)aR(t)
< 2A4aR(t)+2(1 — A)aR(t) = 2aR(t)
for n > 2. Thus by means of Lebesgue’s dominated convergence theorem, we see

that Flx = x. Furthermore, it is clear that x(¢), and hence its associated function
y(t), converge to zero (since R(t) does). Finally, in view of (5.32), we see that

—(1-=A4)a > r@®)y{t) = —(1—A)a-— /t f (s,ac(s — (5)) ds

t1

> —(I—A)a—/tf(s,)\R(s—é)) ds

t1

> —(1-A)a—(1—-A)a = —2(1 - A)a,
which implies lim;_, o 7(t)y'(t) = ¢ # 0 as required. The proof is complete. O
Theorem 5.4.8. Assume that (H) holds and that lim;_, p(t) = po € [0,1). A

necessary and sufficient condition for (5.28) to have a nonoscillatory solution in
S(b,a,c) U S(b,a,00) is that for ty > t1 > to,

(5.33) /t:o % : |f(u, \)| duds < 0o for some X #0.

Proof. Necessity. Let x be any nonoscillatory positive solution of (5.28) such that
lim; 00 z(t) = b > 0. By (5.29), we have lim; . y(t) = a = b(1 — pg) > 0, which
means that y(t) is eventually positive and tends monotonically to a. Thus there
exist ¢; > 0, co > 0, and €1 > tg such that ¢; < y(t) < ¢ for t > ¢;. It follows from
(5.28) that

t du t 1 u
t) = t)y'(t —_ = — —6) ) dudu.
v = (e ritgwe) [ = [ [ (vato - ) v
Taking the limit as ¢t — oo on both sides of the last equality, we obtain
_ / e - _
a=y(s)+r()y (tl)/s ) /s ) /t1 ! (v, z(v 5)) dvdu.

This means that

(5.34) 0< /:o ﬁ /tlu f <v,x(v - 5)) dvdu < oo.

By (H), we have f(t,c1) < f(t,y(t—9)) < f(t,x(t —0)). It follows from (5.34) that

/:O % /: f(v,c1)dvdu < 0.

Sufficiency. Suppose that (5.33) holds for A > 0. A similar argument can be
applied if A < 0. Choose t; > t; so large that

[e9) 1 u )\
(5.35) / f(v,Ndvdu < (1 —p)a, where a= 5

7(u) t
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Consider the equation
o0 1 u
(5.36) z(t) =pt)z(t—7)+ (1 —pla+ / — / f (v, x(v— 5)) dvdu.
t T(U) ty
It is easy to verify that a solution of (5.36) must also be a solution of (5.28).
Consider the Banach space ® of all bounded functions z with norm sup,,, [(t)|,

endowed with the usual pointwise ordering <: For x,y € ®, < y means z(t) < y(t)
for all ¢ > t;. Then ® is partially ordered. Define a subset 2 of ® by

Q:{xe@: (1—p)a§x(t)§2a,t2t1}.

For any subset B C 2, it is obvious that inf B € Q and sup B € 2. We also define
an operator F': QQ — & as

pt)x(t—7)+ (1 —pla+ /00 L /“ f (v, z(v — 5)> dvdu

t T(U) ty
if t>1t +6,

(Fz)(t) =

The mapping F satisfies the assumptions of Knaster’s fixed point theorem. Namely,
it satisfies the following: First, F' maps Q into itself. Indeed, if x € Q, by (5.35),
we have

(1—=pla < (Fz)(t) <2p(t)a+ (1 —pla+ (1 —p)a<2pa+2(1—p)a=_2a.

Second, by (H), F' is nondecreasing. That is, for any z,y € Q, x < y implies
Fz < Fy. Hence, by Knaster’s fixed point theorem (Theorem 1.4.28), there exists
an = € 2 such that Fz = x, that is, « is a nonoscillatory solution of (5.28) which
belongs to S(b,a,c) or S(b,a,o0). Note that b # 0. Since x € Q and by (5.29) and
Lemma 5.4.3, lim; . y(t) = @ and lim;_, o 2(t) = a/(1 — pg) = b # 0 must exist.
This completes the proof. O

5.5. Nonoscillation of Nonlinear Equations with [~ ds/r(s) = oo

In this section we consider nonoscillatory solutions of (5.28) in the case Ry = cc.
Before stating the main results, we give several lemmas.

Lemma 5.5.1. Suppose that (H) holds. Let x be an eventually positive solution
of (5.28) and let y be defined by (5.29). If Ry = oo and lim;_. x(t) = 0, then
y 1s eventually increasing and negative and limy_o, y(t) = 0. The statement re-
mains true if “positive” is replaced by “negative” and “increasing” is replaced by
“decreasing”.

Proof. Let x be an eventually positive solution of (5.28) and define y by (5.29). If
lim; oo z(t) = 0, then lim; . y(¢f) = 0. Suppose to the contrary that y(¢) > 0 for
all large t. Then y/(¢) < 0 for all large ¢. From (ry)'(¢) < 0, we obtain

(5.37) y(t) < y(s) +r(s)y'(s) / TC(IZ)

for t > s, where s >t such that z(t) > 0 for t > s. Since ry’ is eventually decreas-
ing, we can choose t1 so large that r(¢1)y'(t1) < 0. So r(s)y’'(s) < r(t1)y'(t1) = —a1
for s > t1. Therefore

=y(s) +r(s)y'(s)R(s, 1)

y(t) <y(s) —arR(s,t), a3 >0.
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If Ry = oo, taking the limit as ¢ — oo on both sides of the last inequality and in
view of lim;_,o y(t) = 0, we see that

y(s) > oo,

which is a contradiction. O

Lemma 5.5.2. Suppose that (H) holds. Let x be an eventually positive solution
of (5.28) and let y be defined by (5.29). If Ry = 0o, then y' is eventually positive.
The statement remains true if “positive” is replaced by “negative”.

Proof. Suppose z is an eventually positive solution of (5.28) and let y be defined
by (5.29). We assert that y'(t) > 0 for all large t. If lim; o x(t) = 0, in view
of Lemma 5.5.1, the conclusion holds. If limsup, . z(t) > 0, by Lemma 5.4.2,
we have y(t) > 0 for all large t. Suppose to the contrary that y'(¢) is eventually
negative. Note that in view of (5.28), (ry')'(t) = —f(t,2(t — §)) < 0 for all large
t. Thus there exists 1 > to such that y(t) > 0, ¥/'(t) < 0, and (ry’)'(¢t) < 0 for all
large ¢t > t;. Then

y(t) < y(th) + T(tl)y/(tl)/t :(Zz) — —00 as t— o0,

which is a contradiction. The proof is complete. O]

Lemma 5.5.3. Suppose that (H) holds. If x is an eventually positive (negative)
solution of (5.28) and limsup,_, . z(t) > 0 (limsup,_, . (—z(t)) > 0), then there
exist a; > 0, ag > 0, and t; > to such that the function y defined by (5.29) is
monotone increasing (decreasing) and satisfies

(5.38) @ <y(t) < wR(E1) (- asR(t,t) < y(t) < —a1)

forallt > t;.

Proof. Let x be an eventually positive solution of (5.28) and limsup,_, ., x(t) > 0.
Then, by Lemma 5.4.2, we have y(t) > 0 eventually. Thus, there exists s > tg such
that z(¢t) > 0 and y(¢t) > 0 for all ¢ > s. It follows from (5.28) that (ry’)'(t) < 0
and thus ry’ is eventually decreasing. By Lemma 5.5.2, we have that y'(¢t) > 0
eventually. Thus, y is eventually increasing and r(t)y’(t) is positive. By (5.37) we
then see that (5.38) holds. This completes the proof. O

Theorem 5.5.4. Suppose that (H) holds and lim;_,o, p(t) = pg € [0,1). Then any
nonoscillatory solution of (5.28) must belong to one of the following five types:

S(0,0,0):  z(t) — 0, y(t) =0, r(t)y'(t) = 0 (t — 0);
S(0,0,¢):  z(t) =0, y(t) =0, r@®)y'(t) = c#0 (t — o00);
S(b,a,0): x(t) b= 1_;11)0 #£0, y(t) > a#0, r(t)y'(t) =0 (t — );
S(00,00,¢):  x(t) — o0, y(t) — oo, r(t)y'(t) > c#0 (t — 00);
S(00,00,0) :  m(t) — 00, y(t) — oo, r(t)y' (t) = 0 (t — o),

where a, b, c are some finite constants.
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Proof. For a nonoscillatory solution = of (5.28), without loss of generality, we may
suppose that = is an eventually positive solution. If lim; . z(t) = 0, then, by
Lemma 5.5.1, lim; o y(¢) = 0 and y'(¢) > 0 for all large ¢. Since (ry’)'(t) < 0 for
all large t, we have

Jim r(t)y'(t) = ¢ > 0.
If limsup,_, ., #(t) > 0, in view of Lemma 5.4.2, we have y(¢) > 0 for all large ¢.

By Lemma 5.5.3, we know that y is eventually increasing, and ry’ is positive and
decreasing. Thus there exist only the possibilities

Itlim y(t) =a € (0,00) or tlim y(t) = oo

and
lim 7(t)y’'(t) = ¢ > 0.

t—o0
Since 1y’ is eventually decreasing and limy_, o, r(t)y’(t) = ¢, we have
c

)y’ (t) > ie. "(t) > —
O e e, y(0)>

for all large t. Integrating this inequality, we obtain
t
du
5.39 t) > —_
(5.39) o) = us) +e [ 2

If ¢ > 0 and Ry = oo, then it follows that

tlim y(t) = oo.

By Lemma 5.4.3, we have lim;_, o z(t) = oco. If ¢ = 0 and lim; - y(t) = a (or
00), then, by Lemma 5.4.3, it follows that lim; . z(t) = b = a/(1 — pg) (or o0).
Therefore z must belong to one of the five types as stated. O

Next we derive several existence criteria for nonoscillatory solutions of (5.28).

Theorem 5.5.5. Assume that (H) holds and limy_.., p(t) = po € [0,1). A nec-
essary and sufficient condition for (5.28) to have a nonoscillatory solution which
belongs to S(b, a,0) is that

(5.40) /too 1 /00 |f(v,\)|dvdu < 00 for some A #0.

o T(u)
Proof. Necessity. Let € S(b,a,0) be a nonoscillatory solution of (5.28), i.e.,
Jim x(t) = b, Jim. y(t) =a, and Jim r(t)y'(t) = 0.
Without loss of generality, we may suppose that b > 0. By (5.29), it follows that

lim; o y(t) = a = b(1 — pp) > 0. Then there exist ¢; > 0, ¢ > 0, and t; > to such
that

cp <y(t) <eqg for t2>t.
On the other hand, by (5.28),

(5.41) r(t)y' (t) =r(s)y'(s) — / ! (u, x(u— 6)) du
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for t > s > t;. After taking the limits as ¢ — oo on both sides of (5.41) and using
lim;—, oo 7(¢)y'(t) = 0, we obtain

(5.42) r(s)y'(s) = / f (u, x(u— (5)) du
for s > t1. Now it follows from (5.42) that
S 1 o
=yt — —0) ) dvd
vy =ut)+ [ o [ (vato - ) v
for s > t;. Let s — co. Then

a=y(t) —i—/too T(lu)/uoof (U,CC(U — 6)) dvdu.

1

/toor(lu)/:of(”vx(ﬂ—5)> dvdu < o0.

By (H), f(t,c1) < f(t,;(t—a)) < f(t,z(t — 5)), s (5.40) holds.

Sufficiency. Without loss of generality, we may assume that (5.40) holds for
A > 0. Then there exists t; > ty such that

— flv,Ndvdu < (1 — p)a, where a=—.
| v s v < =) .

Therefore

Now consider the equation

o0

(543)  @(t) = p(t)z(t — 1) + (1 — pla+ /tt ﬁ /u f (v,m(v - 5)) dvdu

for t > t1. Consider the Banach space ® of all bounded real functions  with norm
sup;>¢, |z(t)], with the usual pointwise ordering <: For z,y € ®, x < y means
x(t) < y(¢t) for all ¢ > ¢;. Then @ is partially ordered. Define a subset Q of ® as
follows:

Q:{aze@: (1—p)a§ac(t)§2a,t2t1}.
If z € ®, also let

pt)x(t—7)+ (1 —pla+ /t L /:o f (v,x(v - 5)) dvdu

_ t1 7‘(“)
(Fa)(t) = it t>t 46,
(Fl‘)(tl -‘1-(5) if t;<t<ty+0.

Then, by using Knaster’s fixed point theorem and Lemma 5.5.3, we can show that
there exists a nonoscillatory solution of (5.43) and thus of (5.28) which belongs to
S(b,a,0). We omit the details. O

Theorem 5.5.6. Assume that (H) holds. A necessary and sufficient condition
for (5.28) to have a nonoscillatory solution which belongs to S(oco, 00, ¢) is that for
ty > tO;

(5.44) /00 ‘f (u, AR(t1,u — 5)) ‘ du < oo  for some A#O.

t1
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Proof. Necessity. Suppose that x € S(00, 00, ¢) is an eventually positive solution of
(5.28), ie.,

lim x(t) = oo, tlim y(t) =c0, and lim r(t)y'(t) =c > 0.

t—o00 t—o0

Then it follows from (5.38) and (5.39) that there exist ¢; > 0, co > 0, and ¢; > o
such that

ClR(tl,t) S (t) S CQR(tl,t)
for ¢ > t1. On the other hand, by (5.28),

(5.45) (O (1) = r(t1)y (1) — /t gy (w20 — ) du.
Let ¢t — oo on both sides of (5.45) to obtain
(5.46) /too ’f (u,x(u - 6)) ‘ du < oo.

Since (H) holds, f(t,c1R(t1,t —6)) < f(t,y(t — ) < f(t,z(t — 4)), and we can
conclude from (5.46) that (5.44) holds for some A # 0 and ¢, > t.

Sufficiency. Without loss of generality, we may assume that (5.44) holds for
A > 0 and t; > tg. Then there exists to > t; such that

/ f (u, AR(t1,u— (5)) du < (1—p)a, where a= %
to

Now consider the equation

(5.47) (t) = p(t)z(t — 7) + (1 — p)aR(t,t) + / R(ts,u)f (u,x(u - 5)) du

+ R(t1,t) /too f (u,x(u — 5)) du

for t > t5. We introduce a Banach space ® of all bounded real functions = which

satisfy

sup ()] < oo with the norm  ||z| = sup ()| .

t>t, R(t1,1) 1>, R(t1,1)
Now @ is considered to be endowed with the usual pointwise ordering <: For
z,y € ¢, x < ymeans z(t) < y(t) for all t > to. Then ® is partially ordered. Define
a subset Q of ® and an operator F': 2 — ® by

0= {m €®: (1-plaR(t,t) < x(t) < 2aR(t1,1), t > tg} :

and for x € P,

p(t)x(t — 1)+ (1 — p)aR(t1,t) + / R(ta,u)f (u, x(u — 5)) du

(Fa)(t) = +R(t1,t)/oof(u,m(u—5)) du it t>ty446,
(F.’I?)(tg—f—(S) ‘ if ty<t<ty+d.

Similar to the proof of Theorem 5.4.8, we can show that there exists a nonoscillatory
solution of (5.47) and also of (5.28) which belongs to S(c0, 00, ¢). This completes
the proof. O
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Theorem 5.5.7. Assume that (H) holds. A sufficient condition for (5.28) to have
a nonoscillatory solution which belongs to S(co,00,0) is that

(5.48) / Rto, u) [ (1, M Ry, — ) [ du = o
to
and -
/ ’f (u, Ao R(t1,u — 5)) ’ du < 00
to
for some A1, Ao such that AyAo >0 and t1 > tg.

Proof. Without loss of generality, we may assume A\; > 0 and Ao > 0. We take a
large to > t1 such that for ¢t > o,

M 1 o
R(t1. )\ t)+ MRt u—206))d 1
R(tl,t))\g +p( )+A2 ZZ f(u, 2R( 1,U )) u <

Define an operator F' as

(5.49)

>\1 R(tl,t—T)
R T Rp PHet=7)
: th R(t § 5)) d
(Fz)(t) = +W/tl (1,u)f(u, (t1,u — 8)a(u — )) u
+/°°f(u,R(t1,u—5)x(u—6)) du if  t>to,
Fax(ty) t it ot <t <t

and let
z1(t) =0 and z,41(¢) = (Fx,)(t), neN for ¢>t.

By (H) and induction, it is easy to see that 0 < x,(t) < x,11(¢t) for ¢ > t; and
n € N. On the other hand, z2(t) < Ay for ¢t > ¢;. It follows from (5.49) that

(550) xn+1(t) < )\2 ]%(tl)\lt))\g +p(t) + %2/ f (u, )\QR(tl,u — (5)) du:| < )\2.

to
By induction, we have x,(t) < Ay for t > t1, n € N. Let

nh—>H;o xn(t) = 2*(t), >t
Using Lebesgue’s dominated convergence theorem, we get
¥ (t) = (Fz™)(t), t>t;.
By (5.49) and (5.50), it is easy to see that % < a*(t) < Ag. Set
2(t) = R(t1, )z (), t>t1.
Then we have A\; < z(t) < A2 R(t1,t) and

2(8) = A+ p(t)z(t — 1) + /tt R(ty,u)f (u 2(u— 5)) du

+ R(t1,1) /too f (u,z(u - 6)) du

for t > t5. Again set
w(t) = z(t) — p(t)z(t — 7).
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Then, by (5.48), we have lim; ,o, w(t) = co. From Lemma 5.4.2, it follows that
limy_, o 2(t) = co. Since

it follows that lim; o r(t)w’(t) = 0. This means that z € S(o00, 00, 0) is a positive
solution of (5.28). O

Theorem 5.5.8. Assume that (H) holds, that |p(t) — p(s)| < K|t — s|, and that r
is nondecreasing. Furthermore, suppose that there exist K1 > Ko > 0 such that

(5.51) p(t)ef1 ™ > 1> p(t)ekeT,

and for large t; and t > tq,

(5.52) (p(t)eK” - 1) e it > /OO ﬁ /OO f (v,e_K2(”_5)) dvdu.
t u

Then (5.28) has a nonoscillatory solution x € S(0,0,0).

Proof. Set
Q= {1: € C[0,00): e Kt <a(t) <e B2 |a(t) —a(s)| < Lt —s|, t > 5> to} ,
where L > max{K, K>}. It is easy to show that € is nonempty, bounded, convex,

and closed in the Banach space ® defined to be all bounded real functions xz with
norm sup, s, |z(t)|. Define an operator F' on § as

p(t)x(t — 1) — /OO Tlu) /00 f (uaz(v - 6)) dvdu if  t >t
(Fz)(t) = (1H(F$(t2))tt> ' it to <t
exp % i 0 St <ty

where to > t; and for given a € (p, 1) such that

1 o0
(5.53) —/ f (5, e_KQ(S_‘S)) ds < (a — p(t)) L, t>t
r(t) Je,
and
(5.54) a+e K1) <10 >t

The mapping F satisfies the assumptions of Schauder’s fixed point theorem.
Namely, it satisfies the following:

First, F maps Q into Q. For any x € S, by (5.51) and (5.52) we obtain

(Fa)(t) < p(t)a(t = 7) < pt) exp (~Ka(t = 7)) < exp (~Kat)
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and
(Fa)(t) = pt)exp (~Ki(t—7))
o q o0
—/t r(u)/u f (v,exp (—Ka(v— 5))) dvdu
= exp(—Kit) + (p(t) exp (K17) — 1) exp (—K1t)
—/too Tlu) /uoof (uexp (—Ka(v— 5))) dvdu
> exp(—Kit),
and so
K, < “Fe(t2) o

[2) -
For any s >t > ta, by (5.53) and (5.54) we get

|(Fa)(s) = (Fa)(t)|

< () L [T (e (-Kafu— ) ) du s
< (exp(—Kg(t—T))—l—a)LLs—t\ < Lls—t,

and for tg <t < s < to,

|(Fa)(s) — (Fa) ()| =

Hence, F' maps 2 into Q.
Second, F' is continuous. Let {x,} C € such that

exp (LEE) <1“(Fx<t>>t)‘ < Lls—1.

to to

lim |z, — x| = 0.
n—oo
Since € is closed, = € Q. Then we get

(Fan)(t) — (Fa)(t)|

< pt) ”I"z|+/t:0r(1u)/uoo’f (v,xn(v75)> ff(v,:c(vfé))‘dvdu
< p||a:n—ﬂc||+/t:or(1m/uoo‘f<v,xn(v—5))—f(v,a:(v—é))’dvdu.

By the continuity of f and Lebesgue’s dominated convergence theorem, it follows
that

(5.55) Jim (tSBtp (Fan)(t) — (Fx)(t)D =0.
We can easily show that
(:56) s |(Fea)(t) — (Fa)(0)] < [In(Fen)(t2)) ~In((Fr)(12))]

Using (5.55) and (5.56), it is easy to show that

lim ||Fz, — Fz| =0.
n—oo
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Third, F( is precompact. Let = € Q and s > ¢ > to. Then by (5.54) we have

|(P2)() = (Fa)(s)| = [p(t)a(t = 7) = p(s)(s — 7)

—|—/:or(1u)/uoof<vm( 5))dvdu—/toor(1u)/uoof<vx( 5)>dvdu

< ‘p(t)x(t —7)—p(s)z(s — 7')) + /St ﬁ [;O f (s x(v 5)) dvdu
< ’p(t)x(t —7)—p(s)z(s — T)) + /:O r(lu) /:0 f (s x(v 6)) dvdu
< 2e7Keltmm) 4 (p(t)eK” — 1) e~ fat,
Since e X1t — 0 and e %2(t-7) — (0 as t — oo, we conclude from the above

inequalities that, for any given € > 0, there exists t3 > to such that for all z € Q
and s,t > t3,

]uh»@)_(pxx@ <e.
This means that F(Q) is relatively compact in the topology of the Fréchet space
C[to, OO)

By using Schauder’s fixed point theorem we can conclude that there is an x € )
such that z = Fx. That is, x is a positive solution of (5.28). Since lim;_, o, z(t) = 0,
by Lemma 5.4.3 it follows that lim; o y(t) = 0 and lim; .o y'(¢) = 0. The proof
is complete. O

Remark 5.5.9. It would not be difficult to extend all the results in this section to
an equation whose nonlinear term has the form

f(ux@—égw.qx@—émv.
5.6. Notes

The material of Section 5.2 is adopted from Kusano and Lalli [155]. The results
in Section 5.3 are obtained by Fan, Li, and Zhong [95]. Sections 5.4 and 5.5 are
taken from Li [177].



CHAPTER 6
Higher Order Delay Differential Equations

6.1. Introduction

In this chapter we describe some of the recent developments in the oscillation
and nonoscillation theory of higher order delay differential equations.

In Section 6.2, we consider nonlinear neutral delay differential equations with
variable coefficients of the form
dn
= (20 = Pt = 1) + QS (2t —3(1))) =0
under the assumption
Pt*+kr)<1 for keN

and establish a comparison theorem for oscillation. Some necessary and/or suffi-
cient conditions for all solutions to be oscillatory are presented. In Section 6.3, we
consider linear neutral delay differential equations of the form

(i:((t) pxt—T)—&-Zqz z(t—o;)=0

under the assumption p > 1 or 0 < p < 1, respectively. Some oscillation criteria
are presented. In Section 6.4, we are concerned with the asymptotic behavior of
nonoscillatory solutions of nonlinear neutral differential equations of the form

m k
o ( ZP t—m)+6;Qj(t)fj (l‘(hj(t))>=0

under the condition Y.~ |P;(t)] < A < 1, where p;(¢) is allowed to oscillate about
zero. Section 6.5 deals with the nonlinear neutral delay differential equation

L (att) = o)t — 7)) + a0 ﬁ ot - o)

under the conditions p(f) > 1 and 0 < p(¢t) < 1. We present some sufficient
conditions for all solutions to be oscillatory. In Section 6.6, we consider the existence
of positive solutions of the neutral delay differential equation

o (2) ~ patt =) + alD)agl) = 0,

where p # 1 and p = 1, respectively. In Sections 6.7 and 6.8, we give a classification
scheme of eventually positive solutions of our two type equations in terms of their
asymptotic magnitude and provide necessary and/or sufficient conditions for the
existence of these solutions.

i sgnz(t—o;) =0

193
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6.2. Comparison Theorems and Oscillation

Our aim in this section is to obtain comparison theorems and sufficient condi-
tions for the oscillation of all solutions of the neutral nonlinear delay differential
equation

(6.1) & (o)~ Pyt — ) + QUf (2t —61) ) =0,

where

(62)  P.Q.d € C(lto,00),RY), € Nisodd, 7 >0, lim (¢ 3(t)) = oo,
feCR,R), fisnondecreasing in z,

(6.3) {f(—:r:):—f(x), zf(z) > 0 for z # 0.

Before stating our main results we need the following lemma.

Lemma 6.2.1. Assume that (6.2) and (6.3) hold and that there exists t* > to such
that

(6.4) Pt*+kr)<1 for keN.

Suppose that Q(t) is not identically equal zero. Let x be an eventually positive
solution of (6.1) and set

(6.5) y(t) = z(t) — P(t)x(t — 7).
Then
(6.6) y(t) >0  eventually.

Proof. From (6.1), we have
Yy = —Qf (z(t—o()) <0,

which implies, in view of the hypothesis that Q(t) is not identically zero, that y®,
0 <i < mn—1, is eventually monotone. Hence, if (6.6) does not hold, then eventually
y(t) < 0. Since n is odd, we have eventually '(t) < 0 and so there exist t; > tg
and « > 0 such that

y(t) < —a, t=t,
i.e.,
(6.7) z(t) < —a+ Pzt —1), t>1.
Choose k* € N so large that t* + k*7 > t;. Hence, by (6.4) and (6.7), we have
x(t*+(k*+k)7> < fa+x(t*+(k*+k—1)7), k € No,
and by induction
x(t*+(k:*+k)7) < —(k—|—1)a—|—x(t* + (K —1)7') ——00 as k— oo,

This is a contradiction and so y(t) is eventually positive. The proof is complete. [
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Theorem 6.2.2. Assume that (6.2), (6.3), and (6.4) hold and that Q(t) is not
identically equal to zero eventually. Suppose also that either

(6.8) P(t) 4+ Q(t)d(t) >0
(6.9) 5(t) >0 and Q(s)Z0 for selt,T"],

where T* satisfies T* — §(T*) = t. Then every solution of (6.1) oscillates if and
only if the corresponding differential inequality

& (o)~ Pyt —m) + QWS (2~ 6(0)) ) <0

has no eventually positive solutions.

(6.10)

Proof. The sufficiency is obvious. To prove the necessity, assume that z is an
eventually positive solution of (6.10). Set y as in (6.5). From (6.8) we have that

(6.11) Y1) < -Q)f (vt —3(1)) <0,

which implies that ), 0 <4 < n — 1, is eventually monotone. As in the proof of
Lemma 6.2.1, we have y(t) > 0. Therefore, there exists a nonnegative even integer
n* <n —1 (recall n € N is odd) such that

{yu)(t) =0 for i€{0,1,...,n*},

(6.12) (_l)iy(i) (t) >0 for ie{n*,...,n—1}.

We consider the following possible cases.

Case I: n* = 0. By using (6.12) and integrating (6.11) from ¢ to oo, we obtain

o= [T B0 G (s - o)) ) .

(6.13) 2(t) > P()x(t — 1) + /t h (S(n__t):)_!cg(s) f (w (s— 5(3))) ds.

Let T > to be such that (6.13) holds for all t > T'. Set

Tp = max {7’, gqué(?ﬁ)} .
Now we consider the set of functions
0= {zEC([T—To,OO),RJF) :0<2(t) <1 fortZT—To}

and define a mapping F' on ) as

L zx — T OOM S ZX)S — S S
5 [P+ [T 2000 (et - s as]
(F2)(t) = it t>T,
T T poyy 1 220 pop<ier
TO TO

It is easy to see by using (6.13) that F' maps ) into itself, and for any z € Q, we
have (Fz)(t) >0for T —Top <t <T.
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Next we define the sequence {zy}ren, C §2 by
2o(t) =1 and  zpy1(t) = (Fz)(t), keNy for t>T—T.
Then, by using (6.13) and a simple induction, we can easily see that
0<zpt1(t) <zx(t) <1 for t>T—-Ty, keNo.

Set
z(t) = klim zp(t), t>T—Tp.

Then it follows from Lebesgue’s dominated convergence theorem that z satisfies

1
2(t) = o) [P(t)Z(t -7t —7)
oo s — n—1
for t > T and
) = R ET) 1= 0 s

for T — Ty <t <T. Again, set
w = zx.
Then w satisfies w(t) > 0 for T — Ty <t < T and
*(s—t)nt
14 t) = P(t)w(t — S e
6:14) w(t) = Pl =)+ [

Clearly, w is continuous on [T' — Ty, T). Then, by the method of steps, in view of
(6.14) we see that w is continuous on [T — Tp, 00).

Qs)f (w (s — 5(5))) ds, t>T.

Finally, it remains to show that w(t) is positive for all t > T'— Ty. Assume that
there exists t* > T — Ty such that w(t) > 0 for T — Ty < t < ¢* and w(t*) = 0.
Then ¢* > T and by (6.14), we obtain

[ee] s — *\n—1
O:w(t*):P(t*)w(t*—7)+/ (s = 1")

M e e CH CICRLOBES

which implies
Pt*)=0 and Q(s)f (w (s — 6(5))) =0

for all ¢ > ¢*. This contradicts (6.8) or (6.9). Therefore w(t) > 0 on [T —Tp, 00). It is
easy to see that w is a positive solution of (6.1), which implies that inequality (6.10)
having no eventually positive solution is a necessary condition for the oscillation of
all solutions of (6.1).
Case IT: 2 < n* <n—1. By using (6.12) and integrating (6.11) from ¢ to oo, we
obtain
o] (8 _ t)n—n*—l

(6.15) y("*)(t)z/t m@(s)f(x(s—é(s)))ds.

Let T' > to be such that (6.15) holds for all ¢ > T. Integrating (6.15) and using
(6.12), we have

oz [ [T s (v - o) ) uds

T
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for t > T. That is,

s [l D

2(t) > P(t)x(t—TH—/ Q) f (ac (u— 5(u))) duds

r (n*—=1)! (n—n*—1)
for t > T, which, using a method similar to the proof of Case I, yields that (6.1)
also has a positive solution. Hence the proof is complete. O

Now we give some applications of Theorem 6.2.2. We compare (6.1) with the
equation

3

(6.16) (Zn () = P* )t =) + Q@ ()f* (w(t —8(2)) ) = 0

and state the following comparison theorem.

Theorem 6.2.3. Assume that (6.2), (6.3), and (6.8) or (6.9) hold. Furthermore
assume that f* satisfies (6.3), that

xf*(x) > xf(z) for all x € R,
P*(t) > P(t) and Q"(t) > Q(),

and that there exists t* > ty with

(6.17)

P*(t*+]€T)§1, k € Np.

If every solution of (6.1) oscillates, then every solution of (6.16) also oscillates.

Proof. Suppose the contrary and let z be an eventually positive solution of (6.16).
Set

y(t) = a(t) = P*(t)z(t — 7).
Then by Lemma 6.2.1, we have
y™ () <0 and y(t) > 0.

Therefore there exists a nonnegative even integer n* < n—1 such that (6.12) holds.
Suppose n* = 0. By integrating (6.16) from ¢ to co, we obtain

z(t) > P*(t)z(t — 1) + /foo m@*(s)f* (m (s — 6(5))) ds.
Noting condition (6.17), we find
s—t)n1

2(t) > P(t)a(t —7) + /too ((n_l)!Q(s)f (s = 8(s)) ) ds.

Using a method similar to the proof of Theorem 6.2.2, we see that (6.1) also has
an eventually positive solution, and this is a contradiction.

Let 2 < n* <n — 1. Integrating (6.16), we obtain

x(t) = P (t)a(t —7)
. /t (in*s_)”l)!l /SOO (U - 3)nin 7'1 Q*(U)f* (I (u _ 5(u)) ) duds

T (n—n*—1)!
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for t > T'. From condition (6.17), we find

x(t) > P(t)x(t — 1)
t *_1 [e’) —n*—1
(t—s)" (u—s)""
* /T i ), o=/ (2 (= 6(w) ) duds
for t > T, which again yields a contradiction. Hence the proof is complete. O

Theorem 6.2.4. Assume that (6.2) and (6.4) hold and that there exist m, N € Ny
with m < N and

Q(s)ﬁP(s—é(s)—(j—l)T) 20, s€lt,t+0(t)+ior], do€ {m,...,N}.

If every solution of the delay differential equation

6.18)  y™ (1) + Q1) EN: (ﬁ P (t —5(t) — (i — 1)7) y (t —8(t) — w)> —0

j=m \i=1

oscillates, then every solution of (6.1) is oscillatory.

Proof. Without loss of generality, assume that there exists an eventually positive
solution z of (6.1). Then, from Lemma 6.2.1 we know that for all sufficiently large
t we have y(¢t) > 0 and y (t — §(t) —ir) >0 for i € {1,..., N}. Thus we have

z(t) = P@)z{t—71)+y(t)
= Y+ P(t) [y(t = 7) + P(t = r)a(t - 27)]

iﬁP(t—(i—lﬁ-) y(t — ir),

Y

<
I
3
S
I
N

SO

y™M (1) + Q1) XN: (f[ P(t=6() = (= 1)r)y(t—60) - zr)) <0.

j=m \i=1
Since y(t) > 0, it follows that (6.18) also has an eventually positive solution. This
is a contradiction, and the proof is complete. O

Next, for the sake of completeness, we state the following lemma, which is very
useful in the subsequent results.

Lemma 6.2.5 ([68]). Suppose that ¢ € C™) ([T, 00),RT), T >0, such that ¢V (t),
i <mn, is of one sign in [T,00) and ¢ (t) <0, t>T. Then u > 0 implies that
n—1

ot — ) > ﬁ&”*”(t), t>T+2u.

Theorem 6.2.6. Assume that (6.3) holds, 0 < a < P(t) <3< 1,n>1is an odd
integer, §(t) = 6 > 0, and there exists p € (0,1) such that all solutions of the first
order delay differential equation

619) Y0 +QM); <<1 e (% 1)n_1 (- 2)) ~0

are oscillatory. Then all solutions of (6.1) are oscillatory.




6.2. COMPARISON THEOREMS AND OSCILLATION 199

Proof. Assume that z is an eventually positive solution of (6.1). Set y as in (6.5).
From Lemma 6.2.1 we have y(¢) > 0 eventually. Since all solutions of (6.19) being
oscillatory implies that [*° Q(s)ds = oo by [284, Lemma 2.1], we have y/(t) < 0
and y(™~Y(t) > 0 eventually. Suppose that y(t) > 0 for ¢t > t;. There exists k € N
such that 1 — o**! > 4. Thus we obtain by using 3/ () < 0,

(6.20) z(t) y(t)+ Pt)x(t — 1) > y(t) + az(t — 1)

Zk: oyt —it) + e (t —(k+ 1)7)

k
> Zazz 1ia y(t)

=0

for t > ¢4+ (k+1)7. From (6.1), (6.20), and the fact that y(¢) < z(t) for t > t; +,
we obtain

Y

YO0+ QU (Eout=6)) <0tk (k7

By Lemma 6.2.5, we have eventually

From (6.21) we see that y("~1) is an eventually positive solution of the first order
differential inequality. By Theorem 6.2.2, (6.19) has an eventually positive solution.
This contradiction completes the proof. O

Corollary 6.2.7. Assume that P and n satisfy the hypotheses of Theorem 6.2.6.
If§ > 0, Q(t) > 0, and either

n—1
liminf/75 §"1Q(s)ds > é < n > (I —a)(n—1)!
-4

t—o0 n—1

or

t—oo

t n—1
limsup/ §"tQ(s)ds > (n) (1—a)(n—-1)!
t—3 n—1
holds, then every solution of (6.19) is oscillatory.
Example 6.2.8. Consider the neutral delay differential equation

(5)
23 626
. p— — —_— —_— = > .
(6.22) <x(t) 24x(t T)) +5 <256 +e” > z(t—1)=0, t>1
Here 7 >0, P(t) = 22, Q(t) =5 (222 +e7'), 0 =1,n=5, a = 22, f(z) =, and

t
liminf/ (t—8)""tQ(s)ds = 5 <(m-DI(1-a)=1.
t—oo t % 2e

Then

t n—1
liminf/ 51Q(s)ds = 020 625 =1< n > (1—a)(n—1)!
18

t—o00 256¢ 256e (& n—1

n

so that Corollary 6.2.7 implies that every solution of (6.22) is oscillatory.
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Remark 6.2.9. For the general equation

& (wt) ~ Pyt — ) + ZQ fi (wt—9) =0,

the above results also hold if each f;, 1 < i < m, satisfies (6.3).

6.3. Oscillation Criteria for Neutral Equations

In this section we are concerned with the odd order neutral delay differential
equation

(6.23) a (y(t) pYy t—r) Zq, y(t—o0;) =0

dtm

and mainly examine the oscillatory characteristics of (6.23) in the cases p > 1 and
0 < p < 1. For the sake of convenience, let

z(t) = y(t) —py(t — 7).
We also define
o« =min{oy,09,...,0m}, o =max{o1,00,...,0m},

and the set

T—01 T—03 T—0Om
L=<, , e )

n n n

Lemma 6.3.1. Assume p € [1,00) and o4, 7,7 —0c* € (0,00), Suppose further that
¢ € C([to,00),RT), S°  qi(t) # 0 on any subinterval of [ty,00), and

IS
(6.24) lim inf / > qi(s)ds > 0.
t i=1

t—o0

(i) If y is eventually positive, then either 2 s decreasing with

(6.25) 2t) - -0 as t— o0
forie{0,1,2,...,n—1}, or 2 is monotone and
(6.26) Z0) -0 as t—oo and 2920V () <0

forie{0,1,2,...,n—1}.
(ii) If y is eventually negative, then either 2 s increasing with

20t 00 as t— o0

forie{0,1,2,...,n— 1}, or (6.26) holds.
(iii) If n is odd and (6.26) holds, then z(t) > 0 for y(t) > 0, and z(t) < 0 for
y(t) < 0 eventually.

Proof. Condition (6.24) implies that

By [109, Lemma 2], it is easy to see that (i), (ii), and (iii) hold. O
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Lemma 6.3.2 ([166]). Let ¢ € C"([tg,00),R) be of constant sign and suppose

S (1) <0 (4(t)g™ (2) > 0).
Then there exist t* >ty and | € {0,1,...,n} such that I +n is odd (even), and for
t > t* the following inequalities hold:
¢(H)p (1) > 0 for ie€{0,1,...,1},
(—=D)"p)eD () >0  for ie{l+1,....n}

Lemma 6.3.3. Suppose that ¢ € C™([tyg,0),R), tg > 0, such that $)(t), i < n,
is of one sign in [tg,o0) and ¢ (t) <0, t > to. Then a > 0 implies the following:

(i) If ¢(t) > 0, then

ot — ) > (Si_lly oD (), t>to+ 20
(ii) If ¢(t) < 0, then
(6.27) o+ a)< - S5, ez

Proof. Part (i) is Lemma 6.2.5. Now we shall prove part (ii). Since ¢(™ (t) < 0, by
Lemma 6.3.2, there exists an integer k € {0,1,...,n} such that

dD(t) <0 for j <k,
o) (1)Ut (1) < 0 for k<j<n.

By Lemma 6.3.2, we have that k + n is even. Hence we may note that %k is odd
(even) if and only if n is odd (even).

If k =n—1or k = n, then, expanding ¢(¢t) by Taylor’s theorem, there exists
¢ € (t,t + «) such that

1 n—1
St + ) Z _asm ¢<">(£>sh¢("—”<t).

This shows that (6.27) holds.

If £ < n — 1, then, by Lemma 6.3.2, we have ¢~ (¢) > 0. Obviously, (6.27)
holds also. The proof is complete. O

Lemma 6.3.4. Assume p € [0,1) and (6.24). Then z satisfies (6.26).

Proof. Since (6.24) holds, we have

/ Zqi(t)dt:oo
to =1

By [109, Lemma 2 (d)], we have lim; .o 2(t) = 0. The proof is complete. O

Theorem 6.3.5. Assume p € [1,00), n € N is odd, and o., 7,7 — 0* € (0,00).
Suppose further that (6.24) holds and for p >0 andl € L,

n—1
1 n—1 m B _— t+1
(6.28) liminf {e‘” + % Z (r—o)" " (=) / gi(s)ds p >1
t

t=oo | p Ipp(n — 1) =
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and
Then every solution of (6.23) oscillates.

Proof. Suppose the contrary and let y be an eventually positive solution of (6.23).
Then from (6.23), 2(™)(t) < 0 eventually. By Lemma 6.3.1 (i), we have that (6.25)

r (6.26) holds. If (6.26) holds, then, by Lemma 6.3.1 (iii), we have z(t) > 0
eventually. Then there exist M > 0 and T > tg such that y(¢t — o;) > M for
1<i<mandt>T. From (6.23), we have

(6.30) 2+ MY qi(t) <0
Condition (6.24) implies that
o m
|t =
T =1
Integrating (6.30) from T to ¢t > T provides
t m
2D () — 2D (T) < — M / > ai(s)ds
T =1
Letting t — oo, we obtain lim; o 2 P (t) = —oco and hence lim; o 2(t) = —o0,

which is a contradiction. Hence (6.25) holds.
From (6.23) and (6.29) we have

A = —Zqz y(t — 0i)
- _qu At—o)—p> a(t)ylt —7—0i)
i=1

> —Zqz'(t—T)Z(t—Ui)—pZQi(t—T)y(t—T—@)
=1 =1
= = qi(t—7)zt— o) +pM(t - 7).
i=1
Hence
2(n)
(6.31) ey < 2T qu At o).

Dividing both sides of (6.31) by z("*l)(t) and noting that z("~1(t) is negative, we
have
2™ (t)

(6.32) o

Y

2 (t 4+ T)
pz(nq)(t) (n— 1) Z qi(t)z(t +7 — 04).

Using Lemma 6.3.3 (ii) with oo = Q(T —o0;) for the term z(t +7—0;), 1 <i < m,
we find

633)  s(t4r—on< T (” 1>n_1z<nl> (t+ T‘“) .

(n—l)! n n
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Let
2(n)

CEDE
Then A(t) > 0. By (6.32), (6.33), we obtain

A > 20T o ( / o A(s)ds)

p

i T—JZ X .
pn—D\n q Pl

Define {A;(t)} for £k € N and ¢ > T and a sequence of numbers {yu} for k € N as
follows: A1 (t) =0,

() = 2 g v )i )

n—1 m
1 n—1 1
e () St (]
Mlzov

n—1
. | HE r 1 n—1
(6.34)  pg+1 = tlgg {mm [ etrT + <

lec | p pl(n —1)! n
m ot
<3 -yt qz-<s>d3] }
i=1 t

! )\k(s)ds> ,

It is easy to see that

(i) 0=p1 < pa < ..y
(") /\k()<)\()forkeN'

(iii) ft s)ds > p for ke N, t > T, and | € L.

Since (i) and (11) are obvious, we shall consider only (iii). It is evident for k = 1
that (iii) holds. If (iii) is true for k € N, then

1 t+1 1 t+1 s+T
7/ Apr1(8)ds = p—l/ Ak (s + 7) exp </ /\k(u)du> ds
t t s

—oy

n=1\"—1 41 m s+
+;(>l(211)!/t Z (r—0)" " qi(s) exp (/ Ak(u)du> ds

1

m t+1

%e“kT—kpl(nl_ 1! (n;1>nlz(7—02)" Lo (574 (”)/ gi(s)ds

i=1 t

v

> Mkl

Thus (iii) holds for £ € N. From (6.28) and (6.34), it is easy to see that there exists
a > 1 such that pgy1 > aug. Hence limy o ptp = 0o. From properties (ii) and
(i), we have

(n—1) t l t+1
(6.35) zz(ng)(t—’—)) = exp (/t A(s)ds) — o0 as t— oo
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On the other hand, since y(t) > 0, we have z(t) > —py(t — 7). Substituting the last
inequality into (6.23), we find

(”) qu y(t — o;) Zch (t+7—0).

Furthermore, by Lemma 6.3.3 (ii) (as in (6.33)), we have

M) < *Z% z(t+ 71— 0y)

1 n—1\"""& 1 T — 0;
— o))" (n—1) ¢
p(n —1)! ( n ) Z% (o) (H n )
1-1 n—1 ™ ok
B ™ 0) (= o)t 20 D <t+ =7 )

pn—1)! = n

IN

Set

w=z""1,

Then
1- 1 ) & — o
(6.36) w'(t) < ( /n qu T — o))" tw (t 4z na ) .

Integrating (6.36) from ¢ to ¢ + (T —0%)/(2n), we find

t+T—J* < t+7’—a* )
v 2n = 2n v

(1—1/n)"t [*
= - /

S 4i(s) (7 — o) < e “*> ds

i=1

* n—1 pt+ize m
Hence
w(t+752) o -
(6.37) o (75 n—l / qu )T — )" rds < 1.
From (6.24) and (6.37), we obtain that
w (t + %)
w(t+37)
is bounded, and this contradicts (6.35). This completes the proof. O

Remark 6.3.6. The application of Lemma 6.3.3 with a = 21 (7 — 0;) in (6.32)

n

is not totally unjustified. Suppose that Lemma 6.3.3 is applied to (6.32) with ¢
replaced by ¢t — «; in z(t + 7 — 0;). Then the reduced inequality is

0/,7’_1
(nl— 1>'z"71 (t—a;,+7—0;) > z2(t+7—0;).

If we choose «a; such that 0 < a; < 7 — o, then the function

Glai) = a1 — 0 — )
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attains its maximum value at a; = “1(7 — 0;). A similar remark also holds for
Theorem 6.3.11 below.

Remark 6.3.7. Condition (6.24) can be replaced by

t—oo

liminf/ ! gi(s)ds >0 for some i€ {1,2,...,m}.
¢
Remark 6.3.8. When n = 1, condition (6.28) becomes
m +1
im i ZetT 4 w(r—oi) )
htrggjlf{ e Ze / ql(s)ds} > 1.

Corollary 6.3.9. Assume that forl € L,

- )T %]
htrggjlf{ n—1) 'Z phtl - > 1,

K = (”;1>n1§:(7—0—i)"—1 (} /;H q,-(s)ds> .

i=1
Then every solution of (6.23) is oscillatory.

where

Proof. In fact, for %6‘” < 1, we have

(1= 5"" & e e
liminf ~—"+—— Z et (1 — o))" ! / qi(s)ds <1 - e‘”)
t p

t—oo pupl(n —1)!

oo

( 1)” 1 m s t41
= llgégf =11 Ze” (r— ai)"*l/ qi(s)dsz
mpl( ¢ P
s 1_ln1m 1 [ e((k+3i)r—=
llﬁﬁfMZ<T‘“i>"lz () =)
=1 k=0 t p
> 1,

i.e., (6.28) holds. By Theorem 6.3.5, every solution of (6.23) oscillates. If %e’” >1,
then (6.28) is satisfied also. Therefore the corollary holds. O

ekur
k

p

v

Example 6.3.10. Consider the equation
d3

dt?}(y(t)py(t7))+(1+1)y(t0)_0’ t=>1,

wherep > 1, 7>0,0>0,and 7 —0 > 0. Let ¢(t) =1+ % It is easy to see that
for all I > 0,

1t 1 [t 1 1 I
tlimf t q(s)ds:tlinoloj t (1+s)d8_1320<1+lln<1+t)>:1'

According to Theorem 6.3.5, the above equation is oscillatory if for all ¢ > 0,

1 2 o
et 4+ (1 —0)? et (57) > 1.
p Ipp

Next we establish a sufficient condition for the oscillation of (6.23) in the case
p€0,1).
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Theorem 6.3.11. Assume p € [0,1), n € N is odd, and 7,0, € (0,00). Assume
further that

tHo- m
litm inf/ Zqi(s)ds >0
e i=1
holds andforﬂ>0,l€{%:1§i§m},
( n i 1o p o
fn T n— s
htrggclf pel” + l I Za / qi(s)ds p > 1
and
(6.38) qi(t) > q(t—7) for i€{1,2,...,m}.
Then every solution of (6.23) oscillates.
Proof. Suppose the contrary and let y be an eventually positive solution of (6.23).
Then from (6.23), 2™ (t) < 0 eventually. By Lemmas 6.3.1 and 6.3.4 we have

z(t) > 0 eventually and lim;_,, 2(t) = 0. Hence 2'(t) < 0 eventually. In view of
Lemma 6.3.2 we obtain z("~1(¢) > 0 eventually. From (6.23) and (6.38) we have

Z(n)(t) = _Zqz t_Uz

_Z% 2(t —oy) pZQi(t)y(t_T_ai)
i=1

< —Zqz At—oi) =Y a(t—T)yt —7 —0v)
=1
= —qu z(t — oy) —I—pz( )(t—T).
Hence
(6.39) M) <pM(t—1) = > ait)a(t - 0i).

i=1
Dividing both sides of (6.39) by —z(®~1(t) and noting that z(»~1)(¢) > 0 eventually,

we have

2™ (t) pz™(t —7)
(6.40) —2(n=1)(¢) = =D (t) " - 1) Z% 2(t = 03).

Using Lemma 6.3.3 (i) with v = 2=Lo; for the term z(t — 0;), 1 < i < m, we have

0?71 n—1 o n—1 gi
(6.41) 2(t —0;) > CE (n) L(n=1) (t _ ;),
Let
(6.42) At) = RO N,

2D (1)
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By (6.40), (6.41), and (6.42), we obtain

A0 2 At - e ([ ) Ae)as)
+ ﬁ (”;1) iqxt)o—?l exp ( / A(s)ds> .

Repeating the proof of Theorem 6.3.5, we can obtain that the conclusion is valid.
The proof is complete. O

In the following we establish a comparison theorem. We shall consider the
equation

d n

(6.43) = () = POy =) + Q)y(t — o) = 0

and the equation

(6.44) O (0t~ Pl — 1) + Q ()t —0) =0,
Lemma 6.3.12 ([290]). Assume that P(t) > 1 and Q € C([tg,00), RT) such that
(6.45) /too s"Q(s) /Oo(u —8)"tQ(u)duds = co.

If y is an eventually positive solution of (6.43) and z(t) = y(t) — P(t)y(t — 1), then
z(t) < 0 eventually.

Theorem 6.3.13. Suppose that P(t) > 1 and Q* € C([to,00), RT) satisfies (6.45).
Suppose further that

(6.46) P(t) < P*(t) and Q(t) = Q"(t).

Then oscillation of (6.44) implies oscillation of (6.43).

Proof. Suppose the conclusion is not valid and let y be an eventually positive so-
lution of (6.43). Let z(¢) = y(t) — P(¢t)y(t — 7). Then, by Lemma 6.3.12, we have
z(t) < 0 and 2™ (t) < 0 eventually.

Since n is odd, by [166, Lemma 5.2.2], we have either

(6.47) 20y <0 forall ie{0,1,...,n}

or

(6.48) {z(i)(tv) <0 for i€ {0,1,...,1},
(-9 <0 for ie{l+1,...,n},

where [ is odd.
Let T > tg be such that

(6.49) A" (t) = —Q(t)y(t — o)
holds for all ¢t > T3. If (6.47) holds, then integrating (6.49) from T; to t provides

t Sn—1 S1
z(t) < — / / - Q(u)y(u — o)dudsy -+ - dsp—1,
T JT

T
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i.e.,

P()y(t —7) > y(t /T /Sn L Q(u)y(u — o)dudsy -~ ds,_1.

Since P(t) > 1, we find

y(t) > ) ! { t+7) /H_T /T1 : a Q(u)y(u — o)duds; - ~-d5n1} .

By condition (6.46), we have

(650) y(t) j v+ )

P (t+T
/ / . Q*(w)y(u — o)dudsy - - - dsn_l}
™ Jn T

fort > Ty + 7. Let T > Ty + 7 such that (6.50) holds for all t > T. Set
To = max{r,0}.
Now we consider the set of functions

Q= {weC([T—TO7oo),R+): 0<w(t) < lfortzT—TO}

and define a mapping F' on () as

s e [T [ @t
TN el . N w T . wwlu — o
P+ [N o Tl
(Fu)(t) = % y(u— o)duds; -+ ds,—1 it t> 7,
T pyy ) 4 (1 2L T £ T T, <t<T.
TO To

It is easy to see by using (6.50) that F' maps Q into itself, and for any w € 2, we
have (Fw)(t) >0for T —Tp <t < T.

Next we define a sequence {wy }ren, C £ by
we(t) =1 and wiyi(t) = (Fwg)(t), keNg for t>T—Ty.
Then, by using (6.50) and a simple induction, we can easily see that
0 <wpy1(t) <wg(t) <1 for t>T—-Tp and k€N

Set
w(t) = klim wi(t), t>T—"Tp.

Then it follows from Lebesgue’s dominated convergence theorem that w satisfies

1
y(t)P*(t + 1)

/ - /T i (U)W(U—U)y(u—a)dudsl-~-dsn_1}

w(t) = [ (t+7)y(t+7)

for t > T and

w(t) = #(m)m + (1 _ W) >0
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for T — Ty <t <T. Again set
v = wy.
Then v satisfies v(t) >0 for T — Ty <t < T and

t+1 Sn—1 S1
o(t) = P*( [ (t+7) / / e Q" (uw)v(u —o)dudsy - - - dsp—1
T T

for t > T. Clearly v is continuous on [T'— Ty, T). Then by the method of steps we
see in view of the above that v is continuous on [T — Tj, 00).

Since v(t) > 0 for T — Ty <t < T, it is easy to see that v(t) > 0 for t > T — Ty.
Hence, v is a positive solution of (6.44). This is a contradiction.

If (6.48) holds, then, integrating (6.49) from T} to t, we get

Sn—1—1
(6.51) 20t / / . Q(S)y(s —o)dsdsy -+ dsp_j—1
Ty

for ¢t > Ty. Again integrating (6.51) from T1 to t, we have

1

+/Tt(t(z—8)1[)ll/T /" - / Q(u)y(u0)dud51~~d5n_l_1].

By condition (6.46), we have

y(t) >

y(t) > ) [y(t +17)

Pt

+/Tt1(t(l—_s)ll)_!1/Tl/§"ll . Q()(u—o)dud51-~-d8nzl]»

which, using a method similar to the proof of the former case, yields that (6.44)
has a positive solution. This is also a contradiction. The proof is complete. O

Remark 6.3.14. When n = 1, (6.45) becomes

/ / Q(u)duds = 00

Clearly, the last condition is weaker than fto (s)ds = o0

Remark 6.3.15. It would not be difficult to extend the comparison result from
Theorem 6.3.13 to nonlinear equations.

6.4. Asymptotic Behavior of Nonoscillatory Solutions

We consider the nth order neutral delay differential equation

k
(6.52) ym ( ZP z(t—r; ) +0) Qi) f (x(hj(t))) =0,
j=1

where n € N, 6 € {-1,1}, r; > 0, and h;, P;,Q; : [to,0) — R, to > 0, are
continuous with h; and Q; nonnegative, h;(t) < t and h;(t) — oo as t — oo,
P;,Q; # 0 on any half-line [t,c0), and f; : R — R are continuous with uf;(w) > 0
foru#0,i€l, ={1,2,...,m}, jel, ={1,2,...,k}.



210 6. HIGHER ORDER DELAY DIFFERENTIAL EQUATIONS

In this section, our aim is to study the asymptotic behavior of nonoscillatory
solutions of (6.52), without requiring that P;(t), ¢ € I, has constant sign, namely,
Pi(t), i € Iy, is allowed to oscillate about zero.

Since we are interested in asymptotic behavior of nonoscillatory solutions of
(6.52), we only consider those solutions x that are extendable and nontrivial, i.e., z
is defined on [t,, 00) for some t, > to and sup{|z(t)| : t > t1} > 0 for every t; > t,.

We first consider (6.52) when § =1, i.e.,

k
(6.53) y < ZP a(t =i ) + ZQj(t)fj (x(hj(t))) =0.

We will frequently require that

(6.54) fj(u) is bounded away from zero if u is bounded away from zero, j € I,

(6.55) Z|P <A<,

and

(6.56) Z s)ds =

For notational purposes, we let

m
(6.57) y(t) =z(t) = > Pi(t)a(t —ry).

i=1
All proofs in this section will be done only for the case when a nonoscillatory
solution of (6.53) is eventually positive, since, in each instance, the proof for an
eventually negative solution is similar.

We begin with two lemmas that are useful in proving a number of our asymptotic
results.

Lemma 6.4.1. Assume that (6.54) and (6.55) hold and that x is an eventually
positive (negative) solution of (6.53). Then

(1) Iflimy_ oo 2(t) = 0, then lim;_.o y(t) = 0, y) is monotone, and
(6.58) tlim y(t) =0 and yD @)y I <0

fori e {0,1,2,...,n—1}. Ifn is even, then y(t) < 0 (y(¢t) > 0). Ifn is
odd, then y(t) > 0 (y(t) < 0).
(i) If z(t) 4~ 0 ast — oo, then y(t) > 0 (y(t) < 0).

Proof. Let x be an eventually positive solution of (6.53), say z(t —r;) > 0,4 € I,
and x(h;(t)) > 0, j € Iy, for t > t1 > to. If 2(t) — 0 as t — oo, it is easy to see
that y(t) — 0 as t — oo. By (6.53), "1 is decreasing. If y»~1(t) - L < 0 as
t — oo, then clearly there exist Ly < 0 and to > t; such that y(”*l)(t) < L; for
t > to. But the last inequality contradicts y(t) — 0 as t — oo. On the other hand, if
y™(t) - L > 0ast — oo, then y™ V() > L for t > t1, which again contradicts
y(t) — 0 as t — oo. Thus we conclude that y™~(t) — 0 as t — oo. Moreover,
since y("~V is decreasing and Q;(t), j € I, is not identically zero on any half-line,
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we see that ¥~V () > 0 on [t;,00). So, if n > 2, then y("~?) is increasing and
hence y("=2(t) — Ly > —oc0 as t — oco. If Ly < 0, then y("=2)(t) < Ly for t > ty,
contradicting y(t) — 0 as t — oo. Now suppose Ly > 0. Then there exist Lz > 0
and t3 > Ty such that y("_Q)(t) > L3 for t > t3, which again contradicts y(t) — 0
as t — oo. Therefore y("_z)(t) — 0 as t — oo and, since y("~?) is increasing, we
have y(™=2)(t) < 0 on [t,00). Continuing in this manner we obtain (6.58).

If 2(t) / 0 ast — oo, then limsup,_, . z(t) > 0. We claim that y(t) is eventually
positive. Otherwise we have y(t) < 0 eventually. If x is unbounded, then there exists
an increasing sequence {t}, tx — 0o as k — oo such that z(tx) = max<¢, (t) and
x(tx) — oo as k — oo. By (6.57) we have

m m

(6.59) y(tn) = a(te) =) Pilte)e(te —ri) = x(te) = D |Pilte)le(te)

=1 i=1
x(t) ll - Z | Pi(tr)]

From (6.55) and (6.59) we have y(tx) — oo as k — oo. This is a contradiction.
If = is bounded, then there exists a sequence {t;} such that t; — oo as k — o
and limy_ z(tx) = limsup, . z(t) > 0. The sequence {z(ty — i)}, i € I,
is bounded. Thus it has a convergent subsequence. Therefore, without loss of
generality, we may suppose that limg_,o 2(tx — 1), ¢ € Iy, exists. Hence

> o(te)(1 = A).

0o > klingo y(ty) = hm x(ty) — i (tk — i)
> hm [x tr) Z | P; (tg) |z (L ]
= lignsupx( )1 - )\) > 0.
This is also a contradiction and the proof is complete. O

The following lemma is independent of (6.52).
Lemma 6.4.2. Suppose that (6.55) holds, and that x(t) > 0 (z(t) < 0).

(i) If limy oo y(t) = 0, then lim;_ o x(t) = 0.
(i1) If limy oo y(t) = 00 (—00), then limy o z(t) = 00 (—00).

Proof. First we show (i). Suppose that z(t) > 0. We prove that  is bounded. Since
lim; oo y(t) = 0, we have that y is bounded. If z is unbounded, then there exists
an increasing sequence {t;} with limy_,o ty = oo such that x(tx) = max,<y, x(t)
and limg_,o z(tr) = co. By (6.57), we have that (6.59) holds, which, in view of
(6.55), implies that limg_,o y(tx) = co. This is a contradiction.

Next we prove that lim_, o z(t) = 0. Let {tx} be a sequence of points in [tg, 00)
with ¢, — oo as k — oo such that

lim z(tx) = limsupz(t) = M > 0.

k—o0 t—oo
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By (6.57), we have

0 = kli)noloy(tk) = kllngo (x(tk) —ZPi(tk)m(tk —m-))
> kli_)n;ox(tk)(l —A) > M1 -M\).

This is a contradiction. Therefore limsup,_, . z(t) = 0 and lim;_,o 2(¢) = 0.
Now we show (ii). By (6.57), we have

ZP z(t—r;) —|—Z|P )|zt — ;).

Since y(t) — oo as t — oo, it follows that z is unbounded. Now we will prove that
x(t) — oo as t — oo. Since z is unbounded, z(t — r;), ¢ € I, is also unbounded.
Without loss of generality, we may assume r; > ro > ... > 7, and therefore
liminf; o z(t — ) = b > 0. Then there is a sequence {t;} with limg_ . tx = oo,
x(tr) = ming<¢, x(t), and limg_oo z(tg — rm) = liminf, o z(t — ryn) =0 > 0. By
(6.57), in view of z(tx) < x(tp —r;), i € Iy, we have

=D Pzt — i) < alte) + Y|Pty — )
i=1 i=1
< z(ty —rm) F Ax(te — ) = (L+Nz(tk — ).
Letting £ — oo we obtain

00 = hm y(te) < (1 +A) lim x(ty —rm) = (1 4+ N)b.

y(tk)

This is a contradiction. Therefore lim inf; o 2(t) = 0o and lim;_, o 2(t) = co. The
proof is complete. O

The following lemma is extracted from [109].

Lemma 6.4.3. Suppose that (6.54) and (6.56) hold and that = is an eventually
positive (negative) solution of (6.53). Then

(i) ¥V is an eventually decreasing (increasing) function and satisfies

yD(t) - L < oo (> —00) as t — 00;
(ii) If L > —o0 (< 00), then liminf; o |z(t)] = 0.

Theorem 6.4.4. Suppose that (6.54), (6.55), and (6.56) hold. Then every
nonoscillatory solution of (6.53) satisfies x(t) — 0 as t — oo.

Proof. Suppose that z is an eventually positive solution of (6.53) and z(t) — 0 as
t — 0o. By Lemma 6.4.1 we have y(t) > 0 eventually. From Lemma 6.4.3 (i), we
have that y(™~1) is decreasing on [t;,00), where t; > to such that a(t — ;) > 0,
i € I, z(hj(t)) > 0,7 € Iy, for t > t;, and y™ Y (t) - L > —c0 as t — oc.
Notice first that if L = —oo, then y(i)(t) — —oocast —o00,0<i<n-—1. This
contradicts y(t) > 0. If L > —o0, by Lemma 6.4.3 (ii), we have liminf;_, . z(t) = 0.
If y(»~D(t) — L < 0 as t — oo, then y(t) is eventually negative, in contradiction to
y(t) > 0. Also, if y»~ D (t) — L > 0 as t — oo, and n > 2, then y(»~1(¢) > L for
t >t1. Thus y(t) — oo as t — 00, 0 < i < n — 2. By Lemma 6.4.2, 2(t) — oo as
t — oo, which contradicts liminf; . z(t) = 0. If n = land y(t) — L > 0 ast — oo,
then by Lemma 6.4.3 we have liminf, ., z(t) = 0. Without loss of generality, we



6.4. ASYMPTOTIC BEHAVIOR OF NONOSCILLATORY SOLUTIONS 213

assume that r; > r9 > ... > 7. Then there exists an increasing sequence {tj}
with limy_o tx = oo such that z(tx) = min;<,, 2(t) and limg_,oo x(tx — 1) = 0.
By (6.57), in view of x(ty) < z(tp — 1), i € I, we have

y(te) < () + D |Pite)a(te — i) < (e — 1) + Aa(te — 1)
i=1
= (14 XNaz(ty —r1).
Letting k — oo, we have limy_, y(tx) = 0, which contradicts lim;_,o, y(t) = L > 0.
If limy_.oo y(t) = 0, then by Lemma 6.4.2 (i), we have lim; ,o, x(t) = 0, which
contradicts z(t) 4 0 as t — oo. The proof is complete. O

Remark 6.4.5. For the case 0 < P;(t) <p; <lor —1 <p; < Pi(t) <0,4 € I,,, of
(6.53), it was proved in [109] that every nonoscillatory solution of (6.53) satisfies
x(t) — 0 as t — oco. This means that Theorem 6.4.4 generalizes [104, Theorem 3],
[108, Theorem 5], [109, Theorems 4 and 7], [110, Theorem 3], [112, Theorem 3],
parts of [113, Theorem 1(b)], parts of [164, Theorem 1(b)], [218, Theorem 1(b)],
and [279, Theorem 4].

The results in the following are for (6.52) with § = —1, i.e., for
m k
d’rL
Go0) o <x<t> -3 Pt - )) =305 (whs ) =0.
i=1 j=1

Lemma 6.4.6. Assume that (6.54) and (6.55) hold and that x is an eventually
positive (negative) solution of (6.60). Then we have:

(1) If lim; oo 2(t) = 0, then limy_ o y(t) = 0, y) is monotone and
tlim yt)=0 and yD )y () <0

fori€{0,1,2,....,n—1}. Ifn is even, then y(t) > 0 (y(t) < 0). Ifn is
odd, then y(t) <0 (y(t) > 0).
(i) If z(t) — 0 ast — oo, then y(t) > 0 (y(t) < 0).

Proof. The proof is similar to that of the corresponding results in Lemma 6.4.1 and
will be omitted. O

Lemma 6.4.7 ([109]). Suppose that (6.54) and (6.56) hold and that © is an even-
tually positive (negative) solution of (6.60). Then

(i) ¥V is an eventually increasing (decreasing) function and satisfies
YU (t) = M > —oc0 (< 00) ast — oo;
(i) If M < 0o (> —00), then liminf,_ o |z(t)| = 0.

Theorem 6.4.8. Suppose that (6.54), (6.55), and (6.56) hold. Then every
nonoscillatory solution of (6.60) satisfies x(t) — 0 or |x(t)| — oo as t — oo.

Proof. Suppose that x is an eventually positive solution of (6.60) and x(t) — 0 as
t — co. By Lemma 6.4.6 we have y(¢) > 0 eventually. From Lemma 6.4.7 (i), we
have that y(™~1 is increasing on [t1,00), where t; > to such that x(t — ;) > 0,
i € I, and x(hj(t)) > 0, j € Iy, for t > t;, and y~D(t) — M < oo as t — oo.
If M = oo, then y(t) — coast — 00, 0 < i < n — 1. By Lemma 6.4.2,
we have lim;_,o 2(t) = co. If M > 0 and n > 2, then there exist M; > 0 and
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ty > t1 such that y»~1(¢) > M, for t > t;. But the last inequality implies that
y =2 (t) > y"=2(ty) + My(t — t3) — oo as t — oo, and hence y)(t) — oo as
t —00,0<i<n—2. By Lemma 6.4.2, we have z(t) — co ast — oco. If n = 1 and
y(t) —» M < 0 as t — oo, then y(¢) is eventually negative, contradicting y(¢) > 0.
If M > 0, then by Lemma 6.4.7, we have liminf;_, . (t) = 0. The rest of the proof
is similar to that of Theorem 6.4.4 and hence is omitted here. O

Example 6.4.9. Consider the equation

(6.61) C%: <:c(t) - %x(t - 1)> +0Q(t)a(t—2) =0,

where @ is continuous on [3,00) and fBOO Q(t)dt = 0o. If § = 1, by Theorem 6.4.4,
we have that every nonoscillatory solution of (6.61) satisfies lim;_, o xz(t) = 0. If
0 = —1, then, by Theorem 6.4.8, we have that lim;_, o z(t) = 0 or lim;_, o z(t) = co.

Remark 6.4.10. The case > ., |P;(t)] > 1 of (6.52) remains as an open problem.

Remark 6.4.11. We point out that when Q;(t), j € Iy, is oscillatory, the problem
is far more difficult, and any such results, even for linear equations, would be of
interest.

Remark 6.4.12. It would not be difficult to extend all results in this section to
equations whose nonlinear term has the form

F (t,x(hm(t)), e 2(hom (D) 2 (hiy (8)s -, & (ham (1)), - .. ,x(n—D(h(n,l)m(t))) .

We leave the formulation and proof of such results to the reader.

6.5. Positive Solutions of Nonlinear Equations

In this section we consider the nonlinear differential equation of the form
mn

662) o (0~ w0t~ 1) +a®) ] fot — 0|
i=1

“sgny(t — ;) = 0,

where n € N is odd, 7 > 0, and 71,09,...,0, > 0, p,qg € C([tg,0),R), ¢(t) > 0,
q(t) is not identically zero for all large t, and each «; is a positive number for
1<i<mwith a; +as+ ...+ a;, = 1. As in Section 6.3 we also define again

o« =min{oy,09,...,0m}, o =max{oy,00,...,0m},

E':{T,Jl 72 ...,‘%’”}\{0}.

nn’
When m =1, (6.62) reduces to the linear equation
dn
= (v =yt =) + gyt — o) = 0.
Let p = max{c*,7}. Then by a solution of (6.62) we mean a function y that is
defined for ¢t > ¢ty — p such that (6.62) is satisfied. It is clear that if y(t) is given
for tg — p <t < ty, then (6.62) has a unique solution satisfying these initial values.
We will be concerned with the existence and nonexistence as well as the asymp-
totic behaviors of eventually positive solutions of (6.62). Moreover, we deal with
the asymptotic behavior of eventually positive solutions of (6.62) with oscillating
coefficient.

and the set
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To this end, we consider an associated inequality relation

" - o
6.63) 2= (0 = POy =) + QW vt 00| seny(t— o) <0,
i=1
where o1,...,0, and a1, ..., q,, are the same as before, and P and @ satisfy the

same assumptions satisfied by p and q.

Theorem 6.5.1. Assume p(t) + q(t)o. > 0, or 0. > 0 and q(s) #0 on [t,t + o*].
Suppose furthermore that P and @ are two functions such that P(t) > p(t) > 0 and
Q(t) > q(t) for all large t, and there exists t* > to such that P(t* + k7) < 1 for
k> 0. If (6.63) has an eventually positive solution y, then so does (6.62).

Proof. The proof is similar to that of Theorem 6.2.2, and we omit it here. O

As an immediate consequence of Theorem 6.5.1, we have the following result.

Corollary 6.5.2. Assume that there exists t* > to such that 0 < p(t* +k7) <1 for
k > 0. Suppose furthermore that either p(t) + q(t)o. > 0, or o, > 0 and q(s) #0
on [t,t 4+ c*]. Then every solution of (6.62) is oscillatory if and only if

L (o)~ ote — ) + a0 [] te — o2

[e3%

“sgny(t— i) <0

does not have an eventually positive solution.

As an immediate corollary of Theorem 6.5.1 and Corollary 6.5.2, we have the
following comparison result.

Corollary 6.5.3. Under the assumptions of Theorem 6.5.1, if (6.62) is oscillatory,
then so is the equation

d’n.

i (1O = PO =) + QW [T [ut = 00| " seny(t =) = 0.

As another standard application, we may consider equations of the form

j; (v()) = Pyt =7)) + Q) U y(t ~ )

[

i sgny(t —o;) = f (t,y(t)) ;

where z f(-,z) < 0 whenever z > 0. If such an equation has an eventually positive
solution, then so does (6.63). We may then conclude that some solution of (6.62)
is not oscillatory.

We now turn to the question as to when equation (6.62) is oscillatory. This
question is important if we want to apply Corollary 6.5.3. In view of Lemmas 6.2.1
and 6.3.12, it is easy to see that the following results hold.

Theorem 6.5.4. Suppose that p(t) = 1, q(t) > 0 fort >ty and

(6.64) /00 s"q(s) /OO(U —5)" Vg(u)duds = .

t() S

Then (6.62) cannot have an eventually positive solution.

An oscillation criterion can be derived as a consequence of Theorem 6.5.4.
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Theorem 6.5.5. Suppose that there exists t* > to such that p(t* + k1) < 1 for
k>0, p(t) >0 and q(t) > 0 fort > ty, and that (6.64) holds. Suppose further that

(6.65) g&) [T Ipt = 00))™ > q(t —7)

i=1
for all large t. Then (6.62) cannot have an eventually positive solution.
Proof. Suppose to the contrary that y is an eventually positive solution of (6.62).

Then, by Lemma 6.2.1, the function z(t) = y(t) — p(t)y(t — 7) satisfies z(t) > 0 for
all large ¢. In view of (6.62), we have

A0 = —q) [y o)™

=

©
Il
-

(t — O'z) +p(t — O',L)y(t —r— Ji)]ai

I
\
53

.
Il
-

m

(t =)™ + [ Lot = o1 T bt =7 - om“i}

i=1

<

/—/H

for all large t, where we have used Hélder’s inequality to obtain our last inequality.
Since (6.62) implies

(M (¢ — +qt—TH (t—7—0;)]" =0,
i=1

In view of our hypothesis (6.65),

m

(z(t)—z(t—7>(n)+q H (t—0:)]" <0

i=1

for all large t. Hence (6.63) (with P(¢) =1 and @ = ¢) has the eventually positive
solution z. By Theorem 6.5.1, (6.62) (with p(¢t) = 1) has an eventually positive
solution. But this is contrary to Theorem 6.5.4, and the proof is complete. O

In case assumption (6.65) is not satisfied, we may check to see if there is some
number r € [0, 1) such that rq(t — 7) < q(t) [[\-, [p(t — 0;)]** for all large t.

Theorem 6.5.6. Suppose that there exists t* > to such that p(t* + kt) < 1 for
k>0, p(t) >0 and q(t) > 0 fort > to, and that (6.64) holds. Suppose further that

m

g) [T Ip(t = o)™ > rq(t —7)

i=1
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for all large t. Then (6.62) does not have an eventually positive solution provided
that the inequalities

w<n>(t)+1Lw(t—T—a*) <0 and w"(t)+——wlt—7—0") <0
- T

r
1—7r
fort >ty do not have an eventually positive solution.

Proof. Suppose to the contrary that y is an eventually positive solution of (6.62).
Then by means of Lemma 6.2.1, the function z(t) = y(t) — p(t)y(t — 7) satisfies
2(t) > 0 and 2™ (t) < 0 for all large t. Then, as in the proof of Theorem 6.5.5, we
see that

m

(z(t)—rz(t—T) H (t—o:)]" <0

i=1
for all large t. If n* = 0 (n* defined by (6.12)), then 2'(¢) < 0 eventually. Thus, we
have

(z(t) et — 7)) ™ L )t — o)

< (z(t) —ra(t — ’7')) ™ 4 a@t) [] 1zt = o)) <0

i=1
for all large t. Let w(t) = z(t) —rz(t—7) for t > t;. By Lemma 6.2.1, it is clear that
w™ () < 0 and w(t) > 0 for ¢ greater than or equal to some number 7. Without
loss of generality, we may assume that z(¢) > 0 for t > T. Now

z(t) = w)+rz(t—71)
= w(t)—l—rw(t—7‘)—|—...+rjw(t—j7')+7"j+1z(t—(j—i—l)r)
> (r+r2+...+rj+1)w(t—7)
r(l —ritl)
fort > (j+ 1)1+ T + o,. Thus
(n) (i —r — g} <
w (t)—|—1_rw(t T—04) <0

for all large ¢, which is contrary to our hypothesis.

If n* > 2, then 2'(t) > 0. Repeating the procedure of the proof for the case
n* = (0, we can obtain a contradiction. The proof is complete. O
Lemma 6.5.7 ([109]). Suppose that 0 < p(t) < 1 and q(t) > 0 for t > to with
f:)o q(s)ds = co. Let y be a nonoscillatory solution of (6.62). Then the function
2(t) = y(t) — p(t)y(t — 7) satisfies 2D (t) — 0 as t — oo and 2D (t)z0FV(t) < 0 for
i€{0,1,...,n—1}.

Theorem 6.5.8. Suppose that n > 1, p(t) =p € [0,1] and q(t) > gt —7) > ¢ >0
for all t. Suppose further that for allA>0andl e L,

( )" '1 ﬁg" 1 ( *"i>°” }/:Jrlq(s)ds} > 1.

Then (6.62) cannot have an eventually positive solution.

(6.66) litm inf {pe
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Proof. Suppose to the contrary that y is an eventually positive solution of (6.62).
By Lemma 6.2. 1 we see that z(t) = y(t) — py(t — 7) > 0 for all large t. Since n is
odd, using ft s)ds = 0o and Lemma 6.5.7, we have

(6.67) X)) =0 as t—oo and 29)0V(t) <0
for i € {0,1,...,n — 1}. Since z(t) > 0 eventually, 2’(t) < 0 and 2~V (t) > 0

eventually. By arguments similar to those used in the proof of Theorem 6.5.5, the
function z satisfies

b

(6.68) (1) = p2"(t = 1)+ a(t) [T (¢ = o)™ <0

1

.
Il

for t > tg for some ty. By Lemma 6.2.5, with yu = %Ui for the term z(t — o),
1 <i < m, we have

n—1 _ n—1 )
(6.69) 2t —oy) > i (n 1) LD (t - @) .

(n—1)! n

Combining (6.68) and (6.69) yields

(nlnlm

mor L™ (0 (=3)) <0

(6.70) 2™ (t) —pz™ (t—7)+q(t)

Set

(=1 and u:—ﬂ.
w

w ==z

By (6.67), we have w(t) > 0, and (6.70) reduces to

)™ T

G e (= 5)) " <o

(6.71) W' (t) —pw'(t —7) +q(t)

ie.,

u(t) > pult — 7) exp < /t tT u(s)ds)

gt ()l ([ o))

i=1 n
for t > tg + p with p = max{r,o*}.

We now define a sequence of functions {u(t)} for ¥ € N and ¢ > ¢, and a
sequence of numbers {\;} for & € Ny as follows: uy(t) = 0 for t > g, and for k € N,
t > to+ ku,

t

672) wa(®) = punlt = e ([ unls)as)

+ q(t)ﬁ (n;l)"l ﬁ G (exp (/;n uk(s)ds>>ai :
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A1 =0, and for k € N,

n—1
1 -1
(6.73)  Agy1 = inf min {p)\ke)‘” +q(t) <n )

t>to lEL (n—1)! n
- Agoi\ ¥ 1 e+
xg(af—l)m (e 0 ) 7 /t q(s)ds

We claim that the following inequalities hold:

(i) 0=X <A <.
(i) uk(t) <wu(t) fort >to+ (k—1)p and k € N;
(iii) %LHI ug(s)ds > A for t > tog+ (k+ 1), k € N,and [ € L'.

Clearly, Ay > A\ = 0 and uy(t) < u(t) for t > tg. By induction we see that (i)
and (ii) are true. We now show that (iii) also holds. Obviously (iii) is true for

k = 1. Assume (iii) is true for some k € N. Then (6.72) and (6.73) imply that for
t>ty+kpandl e L,

1 t+1 1 t+1 q(s) n—1 n—1 m 1y
j/t uk-‘rl(s)ds - 7/; (TL _ 1)| ( n ) " (Ui )

7

n—1\2—1 m ) t+1

I (077 2k%q 041'1

> pxke“’+<(7;’_)1)!ﬂ(a?‘1) ()" [ atsgas
i=1

> Akl

V

Hence (iii) holds.

Now let \* = limg_. o Ag. From (6.66) and (6.73), there exists § > 1 such that
Ait1 = BAk, k € N, and this means that A* = co. By (ii) and (iii) we have that

limy oo ftﬂ_ai u(s)ds = oo, and so

t+ 5
limsup/ u(s)ds = oo,
t

t—o0

where o, > 0. Integrating both sides of the equation u = —w'/w from t to t 4 %=
for t sufficiently large we obtain

w(t)

t+ %
lim sup —————— = limsupex / u(s)ds | = oco.
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By (6.71),
W'(t) < —q(t)ﬁ (T)"‘lﬁlwl)% (o (e~ Z))"
A
it () - e

i=1

Integrating both sides from ¢ + 0, /2 to t + 0. and using the decreasing nature of
w, we find for ¢ sufficiently large

O<wt+o.) <w (t—|— %) - q%ﬁ (n;l)nl ﬁ (Ui"*l)‘” w(t).

i=1
Thus,
-1
w(t) < 2 1 (n_l)n_lﬁ(gﬁ—l)o‘i
w(t+%) " gqo. [(n=1)!'\ n S
This is a contradiction and the proof is complete. O

Next we consider the stability of eventually positive solutions of (6.62) with
oscillating coefficient.

Lemma 6.5.9. Suppose that there exists t* > to such that
(6.74) 0<|P(t*+kr)| <1, k>0.

Then for any eventually positive solution y of the inequality (6.63), the function
z(t) = y(t) — P(t)y(t — 1) satisfies

2(t)>0 and 2™M(t) <0 eventually.
Proof. Tt is clear from (6.63) that 2(™)(t) < 0 and is not identically zero for all large
t. This implies that z(¥) for i € {0,1,...,n — 1} are eventually monotone. Suppose

to the contrary that z(¢t) < 0. Since n is odd, 2'(t) < 0 eventually. Thus, there
exist t; > tp and o > 0 such that 2(t) < —« for ¢t > ¢;. That is,

(6.75) yt) < —a+ P)y(t—r1), t=>1t.
By choosing k* > 1 such that t* 4+ k*7 > t;, we see from (6.74) and (6.75) that

yt*+ k't +j7) < —a+ P +Ek'T+471)y (t* +k*+5- 1)7’)

< —a+)P(t*+k:*7+jr)’y(t*+(k*+j—1)7)
< —a+y(t*+(k*+j—l)7) < ...
<

~G+ Doty (£ + (= 1r)

for j > 0. By letting j — 0o, we see that the right-hand side diverges to —oo, which
is contrary to our assumption that y(¢) > 0 for ¢ > ¢;. The proof is complete. [
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Lemma 6.5.10. Suppose that
|P(t) <p<1
and that y(t) > 0 (y(t) < 0). Define z(t) = y(t) — P(t)y(t — 7).

(i) If limg—oo 2(t) = 0, then lim;—oc y(t) = 0;
(ii) if limy_ o0 2(t) = 00 (—00), then lim;_ o y(t) = co (—00).

Proof. To show (i), suppose that y(t) > 0. First, we prove that y is bounded.
Since lim;_,o, 2(t) = 0, 2z is bounded. If y is unbounded, then there exists an
increasing sequence {tx} with limy_,o tx = oo such that y(tx) = maxi<¢, y(¢) and
limg 00 y(tx) = 00. By the definition of z, we have
2(tk) = y(tr) — P(tr)y(te — 7) = y(tr) — [P(te)y(te) > (1 = p)y(te) > 0.

Letting kK — 0o, we obtain a contradiction.

Second, we prove that lim;_.., y(t) = 0. Let {{x} be a sequence of points in
[to, 00) with tx — oo as k — oo such that

klim y(tg) = limsupy(t) = M > 0.

t—o0

By the definition of z, we have

0 = Jim 2() = Jim (y(t) ~ Pt)y(te — 7))

k—o0
> [lim y(te)(1—p) = M(1-p) > 0.
— 00
This is a contradiction. Therefore limsup,_, . y(t) = 0 and lim;_ y(t) = 0.

Now we show (ii). By the definition of z, we have

2(t) =y(t) = P()y(t —7) < y(t) + [PO)ly(t — 7) < y(t) +py(t — 7).
Since z(t) — oo as t — 0o, we have that y is unbounded. Now we show y(t) — oo
as t — oo. Since y(t) is unbounded, y(¢t — 7) is also unbounded. We assume that
liminf; o y(t—7) = b > 0. Then there exists a sequence {tj } with limy_, tx = 00
such that y(tx) = ming<¢, y(¢) and limy_ oo y(tx —7) = liminf, o y(t—7) =b > 0.
By the definition of z, in view of y(tx) < y(tx — 7), we have
2(te) = ylte) = Pltr)y(te — 1) < y(te) + [P(te)|y(ty — 7)
< Yl —7) +pylte —7) = (L+p)y(te — 7).
Letting kK — oo we obtain

00 = klim z2(ty) < (1+p) klim y(ty —7) = (1 +p)b.

This is a contradiction. Therefore liminf;_, o y(t) = 0o and lim;_, » y(t) = co. The
proof is complete. O

Theorem 6.5.11. Suppose that |p(t)] < p < 1 and that q(t) > 0 for t > to such
that

(6.76) /OO q(s)ds = oc.

to

Then every eventually positive solution y of (6.62) satisfies lim;_o y(t) = 0.
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Proof. Suppose that y is an eventually positive solution of the equation (6.62). In
view of Lemma 6.5.9, we have z(t) > 0, z(™(¢) < 0 and is not identically zero
for all large ¢t. This implies that 20 for 0 <i<n-—1Iis eventually monotone.
From (6.62), 2" (t) = —q(t) [1I",[y(t — 04)]* < 0, so 2"~V (t) is decreasing and
converges to L < 0o as t — oc.

If L = —o0, then z(t) — —o0 as t — oo. This contradicts z(t) > 0. If L > —o0,
integrating (6.62) from ¢; to ¢ and then letting ¢ — oo, we find

[ () [T w5 = o) ds = =0 Der) — L < o,

where ¢, is a sufficiently large number. By (6.62) and (6.76), we have
liminf; . y(t) = 0.

If limy 00 2(t) = o0, by Lemma 6.5.10, lim; o y(t) = oo, which contradicts
liminf; . y(t) = 0.

If limy— o 2(t) = 0, by Lemma 6.5.10, we have lim; . y(t) = 0. Suppose that
lim 00 2(t) = M > 0. Since liminf; o y(t) = 0, there exists a sequence {¢;} with
limy, . o tx, = oo such that y(tx) = mins<y, y(t) and limg_,o y(tx — 0*) = 0. By the
definition of z, we have

2(ty) = H (te — 03)]™ < ylte) + p(ts)| H ly(ty — o3)]™
=1 i=1
< y(ty —0") +Py(tk —0") = (1+py(tk —0”).
Letting kK — oo, we obtain
0<M< (1—|—p)klim y(ty —o*) =0.
This is a contradiction, and the proof is complete. O

6.6. Classifications of Nonoscillatory Solutions

This section is concerned with a class of higher order nonlinear delay differential
equations of the form

(6.77) (r(t)m(m_l)(t))/ +f (t,:c(t - r)) —0, >t

where 7 > 0 is a constant, m € N\ {1}, r is a positive continuous function,
and f is a real-valued function defined on [tg,00) x R which is continuous in the
second variable x and satisfies f(¢,z) > 0 for x > 0. We will give a classification
scheme of eventually positive solutions of our equation in terms of their asymptotic
magnitude and provide necessary and/or sufficient conditions for the existence of
these solutions. In order to accomplish our goal, additional conditions will be
imposed on the coefficient function r and the function f. We will need either one
of the following two assumptions for the function r so as to include the case when
r(t) =1:

(H1) » ()>0fort>t0;
H2 foo dt

to r(t)
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As for the function f, for each fixed ¢, if f(¢,z)/z is nondecreasing in z for = > 0,
it is called superlinear. If for each t, f(t,z)/x is nonincreasing in z for x > 0, then
f is said to be sublinear. Superlinear or sublinear functions f will be assumed in
later results. Here we note that if 0 < a < x < b, then

ft,a) < f(t,x) < f(t,b) if f is superlinear
and b
%f(t,b) < f(t,z) < af(t,a) if f is sublinear.

For the sake of convenience, we will employ the notations

t
R(s,t)z/ :EZ)’ t>s> 1

and

> du
R(s)z/s ) s > to.

We begin by classifying all possible positive solutions of (6.77) according to their
asymptotic behavior as t — oo, on the basis of the well-known Lemma 6.3.2.

Let x be an eventually positive solution of (6.77). Then

(rt)e™ D) = £ (tatt — 7)) <0
for all large ¢t. Hence
(6.78) r)z ™Y (#) < r(s)z™mV(s), t> s>t
Since 7'(t) > 0, 7(s)/r(t) <1 for t > s, by (6.78), we have
2@ < 2MmY(s), > s

This means that z( is eventually strictly decreasing. We may assert further
that 2(™~1(t) is eventually positive.

m—1)

Lemma 6.6.1. Suppose the conditions (H1) and (H2) hold. Let x be an eventually
positive solution of (6.77). Then x(™~V(t) is eventually positive.

Proof. Assume without loss of generality that x(t) > 0 for ¢ > t5. Then in view
of (6.77), we obtain (6.78). If it were the case that (™~ (t) < 0 for some t > T,
then

r(s)z™mV(s) < r(T)z™(T) forall s>T

implies

t
22 () = 2m2(T) = / 21 (5)ds
T

t
/ T(T)x(m_l)(T)ds
7 7(s)
= R(T,t)r(T)z™=V(T).
Since lim;—, o R(T,t) = co by (H2), we see that the right-hand side tends to nega-
tive infinity. Thus lim;_., 2(™~2)(t) = —oo, which implies that 2(t) is eventually
negative. This is a contradiction and the proof is complete. O

Lemma 6.6.2. Suppose the conditions (H1) and (H2) hold. Let x be an eventually
positive solution of (6.77). Then the function z(™) s eventually negative.
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Proof. By means of Lemma 6.6.1, z(™~1) (t) is eventually positive. Furthermore, in
view of (6.77) and our assumption on r, we see that

POz (1) = —r' (2" (@) - f (Lat - 7)) <0,

as required. O

Under the conditions (H1) and (H2), it is clear that Lemma 6.3.2 provides a
classification scheme for eventually positive solutions of (6.77). Such a scheme is
crude, however. We will propose an auxiliary classification scheme for eventually
positive solutions of (6.77). For the sake of convenience, we will make use of the
following notations in this scheme:

Ej(oo,*)—{x: i 20 g 20 —a;éo},

t—oo t2.7

Ej(oo,()):{x: lim ) _ o tim x(f)l :o},

oo 1272 T t—oo t27

LT . ox(t)
E;(*,0) = {x : flggo Fiz =@ #£0, tll)rgo e 0}7

oj(oo,*)z{x: im 20 oo m 20 ;Ao}

t—o00 t23

0;(00,0) = {x : tlinﬁ.lo $25-1 =% t—»oo t2J }

. T .oox(t
Oj(*,O){IZ Jim = =a#0,  lim (,)0},

t—o0 t2.7

where the integer j € {1,2,...,[m/2]} will be specified.

Theorem 6.6.3. Suppose the conditions (H1) and (H2) hold. Under the additional
condition that m is even, there is an integer j € {1,2,...,m/2} such that every
eventually positive solution x of (6.77) must belong to either one of the classes
E;(c0,%), Ej(00,0), or E;j(*,0). Under the additional condition that m is odd,
either there is an integer j € {1,2,...,(m—1)/2} such that any eventually positive
solution of (6.77) belongs to one of the classes O;(00, %), O;(00,0), O;(*,0), or
also every eventually positive solution of (6.77) converges.

Proof. First of all, we infer from Lemma 6.6.2 that az(m)(t) is eventually negative.
Suppose m is even. In view of Lemma 6.3.2, there is an integer [ = 2j — 1, where
j €{1,2,...,m/2}, such that for each k € {0,1,...,1 —1}, z¥)(¢) > 0 for all large
t, and for each k € {I,1 +1,...,m — 1}, (=1)**1z(®)(#) > 0 for all large ¢t. In
particular, (27=2)(t) > 0, 22~V (¢) > 0, and 2(*)(t) < 0 for all large ¢. Therefore
the limits
tlim 2@V (t) =g and tlim 227D () = Agj o

satisfy 0 < Agj_1 < 0o and 0 < Agj_2 < 00, respectively. If Ag;_1 > 0, then by
L’Hopital’s rule, we find

l’(t) . x/(t) . x(2j*1)(t) . )‘ijl

Mt = M o e = T M e T o

It follows that lim; . z(t)/t¥ =2 = oo, i.e., z € Ej(00, *).

£0
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If Aoj—1 = 0 and Ayj_2 = oo, then by L’Hopital’s rule again, it is easy to see

that
x(t) Looa(t)
Jim g =0 and - Jim g =
Hence z € Ej(00,0). Finally, in case Ag;—1 = 0 and 0 < Ag;_2 < 00, we apply
L’Hopital’s rule again to find

ox(t)  Agja
A s =i 7
It follows that lim; .. z(t)/t¥~! = 0, and hence = € E;(x,0).
When the integer m is odd, in view of Lemma 6.3.2, there is an even integer
1 € {0,1,...,m — 1} such that for each k € {0,1,...,1}, 2 (t) > 0 for all large
t, and for each k € {I +1,...,m — 1}, (=1)*2(®)(t) > 0 for all large . In case

1l €{1,2,...,m — 1}, the proof is similar to that given above. In case [ = 0, we
have z(t) > 0, 2/(¢t) < 0, and 2" (¢) > 0 for all large t. It follows that z(t) converges
to some nonnegative constant. The proof is complete. O

Under the conditions (H1) and (H2), eventually positive solutions can be classi-
fied according to Theorem 6.6.3. We remark that there is an uncertainty involved,
namely the integer j, which is needed in the definitions of the various subsets F and
O. We now impose conditions which are sufficient for the existence of eventually
positive solutions in these subsets.

Theorem 6.6.4. Suppose that m is even and that (H1) and (H2) hold. Suppose
further that f is superlinear or sublinear. If there exist a constant ¢ > 0 and
jed{1,2,...,(m—1)/2} such that

(6.79) /OO Smr(zj)l /00 ‘f (u,c(u—7)771) ‘ duds < oo,

then (6.77) has an eventually positive solution in E;(co,*). The converse is also
true.

Proof. Let a = ¢/2 if f is superlinear and a = ¢ if f is sublinear. Set
K(t)=t¥71,
In view of (6.79), we may choose T so large that
1 < (t—T)m2-1 ° 9i1 a
6.80 —71)4 dsdt < —.
(6.80) (2j71)!/T r(t)(mejfl)!/t (el = )7 ) ds <3

Let us introduce the linear space X of all real functions z € Cltg, 00) such that

t>to K(t) .

It is not difficult to verify that X endowed with the norm

|z (1)]
=s
[l SUP )

is a Banach space. Define a subset €2 of X by

0= {33 € X: aK(t) < z(t) < 2aK(t), t > to} .
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Then 2 is a bounded, convex, and closed subset of X. Let us further define an
operator F': Q) — X as

3a t (t _ S)Qj—Q oS} (u _ S)m—Qj—l
5 K0 +/T 2j —2)! / () (m —2j —1)!

X /00 f (um(v - T)) dvduds it t>T,
(Fa)(T) it tg<t<T.

(Fz)(t) =

The mapping F' has the following properties. First of all, F' maps €2 into 2. Indeed,
if x € Q, then

(Fa)(t) 2 5 K(t) 2 aK(t), 1=t

Furthermore, by (6.80), we also have

(Fa)t) < 2K(

- 2
_ V21 oo (y _ Tym=2j-1 oo
+(t(2jT_)1)! /T r((u)(mTEQj—l)!/u f(“’x(“”))d”d“

%K(t) + gK(t) = 2aK(t).

Next, we show that F' is continuous. To see this, let € > 0. Choose T7 > T so large
that

(6.81) /Tjo r((f)(_mT)W;;zj_ll)! /too f (s, c(s — 7_)2]'—1) dsdt < ¢

and

(6.82) /oo f (s,c(s - T)zj’l) ds < e.

T

Let {zx}ren C Q be such that x, — x. Since Q is closed, = € Q. Furthermore, for
all large k,

/Toof<s,zk(s—7')) ds—/Toof(s,;L’(s—T)) ds
/TT1 f <s,xk(s - T)) ds — /TT1 f (s,x(s - 7)) ds
/I:Of(s,mk(s—T)) ds /Tjof(s,x(s—T)) ds

<

+ +

< 3he,
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where h = 1 if f is superlinear, and h = 1/2 if f is sublinear. In view of the
definition of F',

- wmio] <o [ D

X /uoo f (s,xk(s 77')) —f (&x(s 77')) ’dsdu
YK(t) /T °° . ((Z)(_ Tz";;?i—ll) /°° 7 (5 (s = 7)) dsdu

VK(t) /°° (u(—T)";;J_ll) /Oof<s,x(s_7))dsdu
< 3heK(t).

This shows that | Fz, — Fz|| tends to zero, i.e., F' is continuous. Finally, note that
when to >t > T,

() ()
e [ e [ o

_/T2 thl(Qj)_J_Q)[/s r((uu)( )mQle)!A f(U,CL‘(U—T)) dvduds

o 2 oo megjol oo
= /T tz(ﬂtll(zg)zi;)/ T((;)(mS)—QjQJ—;)!/u f(”’x(”*ﬂ) dvduds
-, # wmemo (e ) s
e
x /u N 7 (v0(v = 7)) dvduds
< 4 ;J u /T ) T((Z)(mT)W;i_i) / " £ (vl =) dodu
- ;?_?] 1 . o [ 1 (veto =)
e e 1 et ) v
< s+t3jt1§j__'?jl /T : r((;‘)(_mTZ;:)! /u " f (v - 7)) dvdu,

SO
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2j—1 _ ,2j—1 Ty m—2j—1 o0
t — u—T J
<e+ 22— / ( ) , ' / f (uw(u — 7')) dvdu.
ty v r(w)(m—=2j-1!J,
Hence, there exists 6 > 0 such that for all x € Q,

() - ()

Therefore, FQ is relatively compact. In view of Schauder’s fixed point theorem,
we see that there exists x* € € such that Fz* = x*. It is easy to check that x*
is an eventually positive solution of (6.77). Furthermore, by means of L'Hopital’s
rule,

b [ [ [

T (2j1—1>!/t r((uu>(_nj)—m2jj—1)!L f (oot =) de

<2 if ‘tl — t2| < 6.

Thus
.oxt(t) L (Fat)(t)  3a A (N
Jim oy = Jim oS = and lim Sor = oo

Therefore 2* € E;(00, *).

We now show that the converse holds. Let x € E;(00, *) be an eventually positive
solution of (6.77). In view of Lemmas 6.6.1 and 6.6.2, we see that 2(™~1)(¢) > 0 and
(M (t) < 0 for t greater than or equal to some positive ¢;, and z*) is eventually
monotone for each k € {1,2,...,m — 1}. Since lim; o x(t)/t* =1 = a > 0, there
exists tg > t; with

G251 < gy < B2 sy,

2 2
so that

a .
Fltat=n) = f(65E-n"T), tztrr=ty
if f is superlinear and
f (t,x(t - r)) > 3f (t, g(t - T)Qﬂ'*l) >t
if f is sublinear. We assert that
Jim @D () = (25 — 1)la.

In fact, by means of L’Hopital’s rule,

o wt) O o )
o= ma g T yEe T T M g o
In case j < %, we see further that
0= 75lim x(2j)(t) = tlim x(2j+1)(t) =...= tlim x(m_l)(t).
Since (" is eventually monotone for i € {24,25 +1,...,m — 1}, we find by means

of (6.77),

r(s)z™V(s) + /ts f (v,x(v - T)) dv=r®)x™ (), s>t>t3
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so that

M= (t) > % /toof (v x(v— )) dv, t>ts.

Integrating the above inequality successively and invoking (6.81) if necessary, we
see that

2@() > /t"" T(S;mt)—mzjj—;! /:O f (y,x(v - T)) dvdu, t>t3.

Integrating the above inequality one more time, we then obtain
a(2j - 1)! - x@j-“( ts)

/tg, /5 771 m2_]2]__; /Oof (1)755(1) — T)) dvduds

o] U — ta)™ 25—1 o] )
> C ¢/ f (uc(v - 7)2]_1) dvdu
t3 r(u) u
for some appropriate constants C' and c¢. The proof is complete. O

Theorem 6.6.5. Suppose that m is even and that (H1) and (H2) hold. Suppose
further that f is superlinear or sublinear. If there exist a constant ¢ > 0 and
je{1,2,...,m/2} such that

[ [ (etu =) duds < .

0
then (6.77) has an eventually positive solution in E;(c0,0). The converse is also
true.

Proof. The proof of the sufficiency part is similar to that of Theorem 6.6.4 and is
therefore only sketched as follows. Let a = ¢/2 if f is superlinear and a = ¢ if f is
sublinear. Set

K(t)=t¥72 t>t.
Then as in the proof of Theorem 6.6.4, we see that there exist a number t; > tg
and a function z* such that

aK(t) < a*(t) < 2aK(t), 1>t +7=T

b g)20=8 [0 (y_ TVm=2% [ *
+/T (t(QJ —) 3)! /6 r((u)(:;)_ 25)! /u f <v,x (v— T)) dvduds.

Then by means of L’Hopital’s rule, we may show that

z*(t) 3a
lim e =5 A

where 3 is a constant satisfying

0<p< /Too T((f)(_mTz”;i_ll)! /too 2f (s,c(s )%~ 2) dsdt.

- ak(t)
Jm s =0

It follows that
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This shows that z* is an eventually positive solution in Ej;(x,0). O

Theorem 6.6.6. Suppose that m is odd and that (H1) and (H2) hold. Suppose
further that f is superlinear or sublinear. If there exist a constant ¢ > 0 and
je{1,2,...,(m—1)/2} such that

/t:osi_(z_g/:o‘f (u,c(u—7)2j)

then (6.77) has an eventually positive solution in O;(co,*). The converse is also
true.

duds < 00,

Proof. The proof is similar to that of Theorem 6.6.4. We only need to note that
the function K there should be replaced by

K(t) =t%
and the mapping F' should be modified as

3a Lt —s)2=1 [ (u—s)m=272
5 K0 +/T (27 — 1) / r(u)(m —2j — 2)!

X /OO f (v,x(v - T)) dvduds if t>T,
(Fx)(T) it to<t<T.

The rest of the proof is as in the proof of Theorem 6.6.4. O

Theorem 6.6.7. Suppose that m is odd and that (H1) and (H2) hold. Suppose
further that f is superlinear or sublinear. If there exist a constant ¢ > 0 and
je{1,2,...,(m—1)/2} such that

00 gm—2j-1 [0 ‘
/ ST / ‘f (u,c(u — 7)23_1> ’ duds < oo,
to r{s S

then (6.77) has an eventually positive solution in O;(c0,0). The converse is also
true.

(Fz)(t) =

Theorem 6.6.8. Suppose that m is odd and that (H1) and (H2) hold. Suppose
further that f is superlinear or sublinear. If there exist a constant ¢ > 0 and
je{1,2,...,(m—1)/2} such that

o0 sm—2 /oc
— |f(u, )| duds < o0,
s/to T(S) S
then (6.77) has an eventually positive solution which converges to a positive con-
stant. The converse is also true.
Proof. The proof is similar to that of Theorem 6.6.4. We only need to note that
the function K should now be replaced by
K(t)=1
and the mapping F' should be modified as
3 ®© (s—t)m=2 [
£+/ u/ f(u,a:(u—T)) duds
o 12 i @m=a,
(Fz)(t) = it t>T,
(Fx)(T) if ty<t<T.
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The rest of the proof follows as in the proof of Theorem 6.6.4. O

Theorem 6.6.9. Suppose that m is odd and that (H1) and (H2) hold. Suppose
further that f is nondecreasing in x. Then (6.77) has an eventually positive solution
x which converges to zero if

e [ (v e

holds fort >T > m+ 7.

Proof. Let X be the partially ordered Banach space of all real functions endowed
with the usual sup-norm and pointwise ordering. Define a subset 2 of X by

Q= {x € X : z is nondecreasing and 0 < z(t) <1, t > to} .

For any subset M of €, it is clear that inf M € Q and sup M € 2. Define an

operator I’ on ) by
® (s—t)ym=2 [ z(u—1T)
st [ 9 ( 5

(Fz)(t) = it t>T,

exp (hl((Ff;W) if to<t<T.

By means of (6.82), we see that F' maps Q into §2. Furthermore, it is clear that F’
is an increasing mapping. By means of Knaster’s fixed point theorem, there exists
a function y* such that Fy* = y*. If we let

then

™ (t) :ZWM/:O]”(U@*(U—TD duds.

By differentiating both sides of the above equation, we may easily verify that =* is
a solution of (6.77) for all large ¢t. Since x* is eventually positive and converges to
zero, we have found the desired solution. The proof is complete. O

Remark 6.6.10. We remark that it would not be difficult to extend all the results
in this section to an equation whose nonlinear term has the form

f (t,x(t—ﬁ),...,x(t—m)) .

6.7. Asymptotic Trichotomy for Positive Solutions

This section is concerned with higher order nonlinear functional differential equa-
tions of the form

(6.83) 2™ () +of (t,x(g(t))) —0, >t

where n € N\ {1}, o € {—1,1}, g is a continuous and nondecreasing function such
that lim;_. g(t) = 0o, and f : [tp,00) X R — R is a continuous function such that

(6.84) ft,z) >0 for (t,z) € [to,00) x (0, 00).
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It is well known [145] that if = is a positive solution of (6.83), then there exists
k € N such that 0 < k <n, (=1)"*1o =1, and

(%) if <i<k-1
(6.85) {x (t)>0 if 0<i<k ,

(=1 F2 () > 0 if k<i<n
for t > T,, where T, is sufficiently large. Denote by P and Py, respectively, the

set of all positive solutions of (6.83) and the set of all positive solutions x of (6.83)
satisfying (6.85). Then the above observation means that P has the decomposition

PUPsU...UP,_; if o=1 and niseven,
PPUPU...UP,; if o=1 and nisodd,
PPbUP,U...UP, if o=-1 and niseven,
PUPsU...UP, if oc=-1 and nisodd.

In what follows our attention will be restricted to the classes P, with k such that
(6.86) 0<k<n and (—=1)"*log=1.

If x € Py, for k satisfying (6.86), then, in view of (6.85), there exist ¢; > 0, ¢z > 0,
and T > T, such that

(6.87) ettt <a(t) <eth, t>T

and exactly one of the following three cases occurs:

(6.88) tlirgo ) (t) = constant > 0,

(6.89) Jlim ™) =0 and Jim 2F D (1) = oo,
or

(6.90) tli)rglo 2*=(t) = constant > 0.

This suggests a further decomposition of Py as
Py, = Py[max]| U Pylint] U Py [min],

where Pj[max], Pg[int] and Py[min] denote the sets of all x € P}, satisfying (6.88),
(6.89), and (6.90), respectively, and naturally raises the question of characterizing
these classes of Pj.

Theorem 6.7.1. Suppose that f(t,x) satisfies (6.84) and is either nondecreasing
or nonincreasing in x € (0,00) for each fized t € [ty,0). Let k € N satisfy (6.86).
Then

(i) Pglmax] # 0 for (6.83) if and only if
/C><> tnhly (t, c [g(t)]k) dt < oo  for some ¢ > 0;
(i) Py[min] # 0 for (6.83) if and only if

(6.91) /00 tnkf (t,c [g(t)]k_l) dt <oco  for some ¢>0.

Proof. The proof is similar to that of Theorem 6.6.4 and will be omitted. O
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In the following, we shall consider the subclasses Py[int] subject to the assump-
tion that the nonlinear term f(t,x) is nonincreasing in x or nondecreasing in .
First we give a lemma which is important for proving the necessity of the following
main results.

Lemma 6.7.2 ([156]). Consider the equation
(6.92) 2™ (&) 4+ opt)[z(t)] =0, > to,
where v € (0,1). Suppose k € N satisfies (6.86). Then Pylint] # 0 for (6.92) if and
only if
o0 o
/ TR R () dt < 0o and / PR E=DY (1) dE = oo,
Theorem 6.7.3. In addition to (6.84) assume that f(t,x) is nondecreasing in

x € (0,00) for each fized t > to. Suppose k € N satisfies (6.86). Then Pylint] # )
if

(6.93) / tnkelf (t, a [g(t)]k) dt <oo  for some a>0
and
(6.94) / tnk g (t, b [g(t)]kA) dt =00 for every b>0.
Proof. Let T >ty be so large such that
b b (=T [*(s—T)" k1 k
(6.95) o) <a and i Rl /T Y f (s,a [9(9)] ) ds < a

for t > T. Such a number exists since g(t) — 0o as t — oo and (6.93) holds. Define
an operator F' by

b1 [t (t—s)k Tt [ (r—s)nkt &
S+ £ (. lgt))* w(g(r)) ) drds
t tk/T (k—1)! / (n—k—1)! (

(Fa)(t) = it t>T,
(Fz)(T) it to<t<T.

Consider the sequence {z;(t)} of successive approximations defined by
z1(t) =0 and zi41(t) = (Fz;)(t), i€N for ¢>tp.
In view of the nondecreasing property of f(t,z), it is easy to see that
0 < mi(t) < wigr(t), t>ty, ieN.
On the other hand,

(=

z2(t) =-<a and x2(g(t)) = g(b;) <a for t>ty,

and by induction z;(t) < a for t > ¢, implies by (6.95)
t _Sk—l [eS) ,r_sn—k—l
nat) < g [ [T (et ars
b (=T [ (r—T)n k1
=% tkk!) /T (nk)l)! f(“‘[g(r)]k) dr < a

for t > to. Thus {z;} is pointwise convergent to some function z*. By means of
Lebesgue’s dominated convergence theorem, we obtain Fz* = z*. In view of (6.95),

~
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it is clear that b/t < a*(t) < a, t > to. We assert that the function z defined by
z(t) = x*(t)t*, t > t, is an eventually positive solution of (6.83) in Py[int]. Indeed,
note that

(6.96) 2(t) = btF~1 4 /Tt (t—s)*" /SOO (r= S)nikilf (r,z(r)) drds

(k—l)' (n—k—1)!
for t > to. Differentiating (6.96) k — 1 times, we see that
PRI — )"t
(6.97) b—l—/ / — k — — (T,Z(T)) drds, t >t
and hence
oo n—k—1
(6.98) 20 (1) = /t H_l)'f (r,z(r)) dr, t>to.

In view of (6.86), it is clear that z = z(t) satisfies (6.83) at every point of [T, 00).
By (6.98) we have lim; ., 2(®)(t) = 0. Since (6.97) and (6.98) imply that z(*=1)(¢)
is positive and increasing in [T, 00), 2(*~1)(t) either converges to some positive limit
or diverges to oo as t — oo. Assume that the first case holds. Then this means
that z € Py[min], and so (6.91) holds by Theorem 6.7.1. But this contradicts the
assumption (6.94). Thus, we conclude that lim;_., 2(*~D(¢) = oo, implying that z
is a solution of (6.83) belonging to Pjlint]. O

Necessary conditions for the existence of solutions of (6.83) belonging to Py[int]
are given in the following theorem.

Theorem 6.7.4. In addition to (6.84) assume that f(t,x) is nondecreasing in
x € (0,00) for each fivzed t > to. Suppose k € N satisfies (6.86). If (6.83) has a

positive solution in the class Py[int], then

(6.99) /OO k=l (t, a [g(t)]kﬂ) dt < oo  forevery a>0
and
(6.100) /OO tnkf (t, b [g(t)]k) dt =00  for every b>0.
Proof. Let x € Py[int] for (6.83). Then

i G =0 and i 5 oo

Hence, for any ¢; > 0, ¢ > 0, there exists t; > t¢ such that
a(t) > eit*™t, 2(g(t) > erfg(t)]" !
and
2(t) < eot®,  2(g(t)) < ealg(t)]"

hold for ¢ > t1, which, in view of the nondecreasing property of f(¢, ), implies that

7 (tlg)) [w®] " 2 74 (tea [g0] )
and

_ (ke k
f (t2(g®) 2] 7 < e E (s lg)]")

hold for ¢ > ¢t;. Lemma 6.7.2 applied to the equation
2(0) +of (L2(g®)) o] 7 2] =0 for € (0,1)
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implies that
/ T gneketeky g (L9t [2()] 7 dt < o0
and -
[ (o) (o) dt = .
This shows that (6.99) and (6.100) hold. O

Now we consider the equation
(6.101) 2 (1) + op(t)o (a(g(t))) =0, ¢ > to,

where p : [tg,00) — [0,00), ¢ : (0,00) — (0, 00) are continuous, and g is a continuous
and nondecreasing function such that lim;_, . g(t) = co. Then it is easy to prove
the following result.

Theorem 6.7.5. Assume that ¢ is nonincreasing and satisfies
(6.102) lim ¢(x) > 0,

and let k € N satisfy (6.86). Then (6.101) has a positive solution in the class Py[int]
if and only if

(6.103) / t" R lpt)dt < 0o and / t"kp(t)dt = .

Similarly, from Theorems 6.7.3 and 6.7.4, we can obtain the following result.

Theorem 6.7.6. Assume that ¢ is nondecreasing and satisfies
(6.104) 0 < ¢(x) <e, wherecis a constant,

and let k € N satisfy (6.86). Then (6.101) has a solution in the class Py[int] if and
only if (6.103) holds.

Example 6.7.7. As an example, consider the equation

t)]"

6.105 x(")t—kapt[a:(L:O, t > to,

(6.105) (t) Ok GO 0

where v > 0 is constant and g is defined as in Theorem 6.7.3. By Theorem 6.7.6,
(6.105) has a solution in the class Pj[int] if and only if (6.103) holds. But Theorem
6.7.5 is not applicable to (6.105) since ¢ is increasing.

By Theorems 6.7.5 and 6.7.6, we have the following result.

Theorem 6.7.8. Assume that ¢ is either nondecreasing or nonincreasing and sat-
isfies
a<¢(x)<b, = €(0,00),

where a and b are constants. Suppose k € N satisfies (6.86). Then Pylint] # @ if
and only if (6.103) holds.

Next we consider (6.83) in which f(¢,x) is nonincreasing in z and establish
conditions for this equation to possess positive solutions in the subclasses Py [int]
for k € N satisfying (6.86).
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Theorem 6.7.9. In addition to (6.84) assume that f(t,x) is nonincreasing in
x € (0,00) for each fized t > to. Suppose k € N satisfies (6.86). Then Pglint] # 0
if (6.93) and (6.94) hold.

Proof. If k > 1, then define
k—2

(t — 40)
gra(t) =S aﬂ(tj'to),
§=0
where a,,, > 0, 0 < m < k — 2, are arbitrary fixed constants, and if £k = 1, put
gr—2(t) = 0. Let 6 > a(k — 1)! be fixed, where a is the number in (6.93). Define
by Clto,o0) the space of all continuous functions on [tg,c0) with the topology
of uniform convergence on every compact subinterval of [tg,c0), and consider the

subset X of Cltg, 00) consisting of all x € C[tg, 00) such that

S(t —to)kt S(t —to)Ft
(k—1)! (k—1)!

t k—1 oo n—k—1 k—1
(t—s) / (r—s) 6(r — to)
_ —— | | drd
+/t0 A A A Gt R sy ras
for t > to. A solution z of (6.83) with the required properties is obtained as a fixed
point of the operator M : X — C|[ty,o0) defined by

§(t — o)kt
(k-1
Ft—s)k=1 [ (r—s)n k1
* /to (k—1)! / (n—k—1) ! (r,x(r)) drds

for t > tg. It is clear that M is well defined on X and maps X into Cltg,0). A
routine computation shows that

(i) M maps X into X;
(ii) M is continuous on X;
(iii) MX is relatively compact.

qr—2(t) + <a(t) < qr—2(t) +

Ma(t) = gia(t) +

The Schauder—Tychonov theorem (Theorem 1.4.25) then implies that M has a fixed
point in X. Let x € X be a fixed point of M. Differentiating the equation z = M=,
we see that

( _ \n—k—1

(6.106) 2BV (1) = 5+/tt /:O (rn_s;_l)!f (r,x(r)) drds,

and hence
_ 00 (T _ t)nfkfl
(6.107) e (t) = /75 mf (r,x(r)) dr

hold for ¢ > to. In view of (6.87), it is also clear that = x(t) satisfies (6.83) at every
point of [t,00). By (6.107), we have lim; . 2(*)(t) = 0. Since (6.106) and (6.107)
imply that 2(*~1)(t) is positive and increasing in [ty, c0), 2*~1)(¢) either converges
to some positive limit or diverges to oo as t — co. Assume that the first case holds.
Then this means that x € Py[min], and so (6.91) holds by Theorem 6.7.1. But this
contradicts the assumption (6.94). Thus we conclude that lim; . z*~1(t) = oo,
implying that x is a solution of (6.83) belonging to Pj|int]. O
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Necessary conditions for the existence of solutions of (6.83) in Pj[int] are given
in the following theorem.

Theorem 6.7.10. In addition to (6.84) assume that f(t,x) is nonincreasing in
x € (0,00) for each fized t > to. Let k € N satisfy (6.86). If (6.83) has a positive
solution in the class Py[int], then

/°° tnk=ly (t,a [g(t)]k) dt <oco forevery a>0
and .
/ kg (t, b [g(t)]kﬂ) dt =00  for every b>0.

Proof. The proof is similar to that of Theorem 6.7.4 and will be omitted here. [

As an application, we consider the equation (6.101), where g is a continuous and
nonincreasing function such that lim; o, g(t) = co. Then it is easy to prove the
following results.

Theorem 6.7.11. Assume that ¢ is nonincreasing and satisfies (6.102), and let
k € N satisfy (6.86). Then (6.101) has a positive solution in the class Py[int] if and
only if (6.103) holds.

Theorem 6.7.12. Assume that ¢ is nonincreasing and satisfies (6.104), and let
k € N satisfy (6.86). Then (6.101) has a solution in the class Py[int] if and only if
(6.103) holds.

6.8. Existence of Nonoscillatory Solutions

In this section we give several sufficient conditions for the existence of positive
solutions of higher order neutral differential equations of the form

;% (x(t) —cax(t -~ T)) + p(t)z(g(t)) =0,

where p, g € C((tg,©),R), c€ R, 7 € R, and g(t) — o0 as t — .

(6.108)

Theorem 6.8.1. Assume that n € N is even and

(i) ¢>0,p(t) >0, and g(t+71) < t;
(ii) there exists a constant a > 0 such that

(6.109) %e_m + i/:_o (S_(;:I))'n_lp(s) exp (a (t— g(s))) ds <1 for large t.

Then (6.108) has a positive solution x satisfying x(t) — 0 as t — oo.

Proof. If the equal sign in (6.109) holds eventually, then (6.108) has the positive
solution x(t) = e~**. In the rest of the proof we may assume that there exists
T >ty such that t — 7 > tg, g(t) > to for t > T,

pim et [ S sy e (a = g(s)) ) ds < 1.

and condition (6.109) holds for ¢ > T
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Let X denote the Banach space of all continuous bounded functions defined on
[to, 00) with the sup-norm and let © be the subset of X defined by

Q:{yeX: ogy(t)gl,tzto}.

Define a map S : Q) — X as
(Sy)(t) = (S1y)(t) + (S29)(t),

where
1“” t+7 it ¢t>T,
(S1y)(t) = (Sly)(T()+ex)p (5(T—t)> -1 it to<t<T
and _ 1
3 WP@ exp (o (t — g(s)) ) ylg(s))ds
(Say)(t) = o i t>T,

(S2y)(T) if to<t<T,

and € = In(2 — B)/(T — tp). It is easy to see that the integral in So is defined
whenever y € 2. Clearly, the set Q is closed, bounded, and convex in X. We shall
show that for every pair z,y € ,

(6110) Siz 4 Soy € Q.
In fact, for any z,y € 2, we have by (6.109)

(S12)(t) + (Sag)(t) = Le=o"a(t +7)

4 /:" Wms) exp (a (t = g(5)) ) wlg(s))ds

< %e_(” + % /;: (8_(;:;)):_1])(8) exp (a (t— g(s))) ds <1

and
(Si2)(0) + (San)(t) = (S12)(T) + (Sow)(T) + exp (=(T— 1)) — 1
< Btexp (5(T—t)) —1<1

fort > T. ObVlously7 (S1z)(t) + (S2y)(t) > 0 for t > tyg. Thus (6.110) is proved.
Next, since 0 < e*‘” < 1, it follows that S is a strict contraction. We now shall
show that S5 is completely continuous. In fact, from condition (6.109), there exists
a constant M > 0 such that

1 e (S—t—T)”*l
1 /m e e O (alt-g(s))ds <M for t>T.

Thus we obtain

— ® (g—t— )2
S0 = |2 [ B s e (a - o) ) u ol ds

¢ t+7 (TL - 2)'

2 [T e (ale—ol6) ) o)) ds

cJizr (n—=1)!

<M+a
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for t > T and
%(Sw)(t):O for to<t<T.

This implies that S5 is relatively compact. On the other hand, it is easy to see
that S; is continuous and uniformly bounded, and so Ss is completely continuous.
Now, by Krasnosel’skii’s fixed point theorem (Theorem 1.4.27), S has a fixed point
y € Q, ie.,

1, 1 [ (s—t—7)n!
syt ) + ¢ [ e p(s) e (o (e o(0) ) ()
y(t) = if >,

y(T)+exp<5(T—t)>—1 it ty<t<T.
Since y(t) > exp (e (T —t)) — 1 for to <t < T, it follows that y(¢t) > 0 for ¢ > .
Set
z(t) = y(t)e .
Then the above equation becomes
1 1 [ (s—t—7)""!
x(t) = Ex(t +7) + - /t+T mp(s)x (g(s))ds for ¢>T.
Furthermore, since n € N is even, we have

z(t) =cx(t—71)+ /too (t= s

Wp(s)x(g(s))ds for t>T+T.

It follows that

dn

g7 (w(t) —cx(t — 7)) +pt)x(g9(t)) =0 for t>T+r,
and hence z is an eventually positive solution of (6.108) satisfying z(t) — 0 as
t — oo. O

Theorem 6.8.2. Assume that n € N is odd and

(i) c€(0,1), 7> 0, p(t) >0, and g(t +7) < t;
(i) there exists a constant oo > 0 such that

(6.111) ce®T + /too (t(;_s):)'p(s) exp (a (t— g(s))) ds <1 for large t.

Then (6.108) has a positive solution x satisfying x(t) — 0 as t — oo.

Proof. If the equal sign in (6.111) holds eventually, then (6.108) has the positive
solution z(t) = e~**. Now we assume that there exists 7' > ¢ such that t — 7 > t,
g(t) >tg fort > T,

(T —s)n !
8= ce®” Jr/T ((n_)l)!p(s) exp (a (T - g(s))) ds <1,
and condition (6.111) holds for ¢t > T.

Define the Banach space X and its subset ) as in the proof of Theorem 6.8.1.
Define a map S : Q2 — X by

(Sy)(t) = (S1y)(t) + (S29)(t),
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where
CeaTy(t _ 7—) if t>T,
(Sw)(t) = {(Sly)(T) texp (5(T—t)) —1  if ty<t<T
and
st =] Gomrreer (at-a))uanes it =T
(S29)(T) otost<T

and € = In(2 — B)/(T — t9). As in the proof of Theorem 6.8.1, we can show that
the map S satisfies all conditions of Krasnosel’skii’s fixed point theorem, and so
S has a fixed point y € Q. Clearly, y(t) > 0 for t > tg. It is easy to check that
x(t) = y(t)e™** is a solution of (6.108), and so the proof is complete. O

Theorem 6.8.3. Assume c# 1, g(t+7) <t, p(t) >0, and

/ s"Ip(s)ds < oo for some odd n € N.

to

Then (6.108) has a bounded positive solution.

Proof. Let X be the Banach space of all continuous bounded functions defined on
[to, 00) with the norm

]| = sup [z(¢)] -
t>t

Zto
We discuss the following five possibilities.
(a) c € (0,1). Let T > tg be a sufficiently large number such that T — 7 > to,
T—g(T) >ty fort > T, and
> 1-— - 1!
/ Sn_lp(s)ds S ( C)(n ) .
T 2
Set
Q:{xeXslgdwgztzm}

Then € is closed, bounded, and convex in X. Define S : 2 — X by

®(t—s)nt )
l—cHcx(t—1 +/ ———p(s)x(g(s))ds if t>T,
(500 A TR )
(Sx)(T) if ty<t<T.
Clearly, S is continuous. For every x € (), it is easy to see that
(Sz)(t) <1—cH+2c+ 2(12_0) =2 and (Sz)(t)>1—c+c+0=1

for t > tg. This means that SQ C Q. We now shall show that S is a strict
contraction. In fact, for every pair z1,z2 € Q and t > T, we have

(Sz1)(t) — (S@)(t)’ < e ’xl(t ) — et — T)]

[0 o ) ol s

1-c¢ 1+c¢
< lor-al (e+15°) = (F55) lea -
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and

|Szy — Szo|| = sup
t>to

1+¢
< (5 o - aal.

Since (1 + ¢)/2 < 1, it follows that S is a strict contraction. By the Banach
contraction mapping principle (Theorem 1.4.26), S has a fixed point x € Q. It is
easy to check that z is a bounded positive solution of (6.108).

(b) ¢ > 1. Let T > to be a sufficiently large number such that T'— g(T) > ¢, for

(Sz)(8) = (Sw2)()] = sup|(Sz)() — (Sw2)(t)

t>T

t>T and
> -1 —1)!
/ Snilp(s)ds S (C )(n ) .
T+ 2
Set
c—1
Q—{CL’EX: Sx(t)gc,tzto}.

Then € is closed, bounded, and convex in X. Define S : Q — X by
1 /°° (t+7— )1

=14 at47) — Ty P 9(s) ds

(Sz)(t) = o i ot>T
(Sz)(T) if ty<t<T.

As in the proof of (a), we can show that SQ C €, and for every pair 1,22 € Q, we

have
1 /2c—1
|Wm5u|§< >hnuw
c 2¢c

Since 0 < (2¢—1)/(2¢) < 1, it follows that S is a strict contraction. By the Banach
contraction mapping principle, S has a fixed point x € ), and z is a positive
solution of (6.108).

(c) ¢ € (—=1,0]. Let T > tg be a sufficiently large number such that T'— 7 > to,
T —g(T) > to for t > T, and

/Oo Snflp(s)ds < w

T 2

Set

2 2
Q:{xeX:(Cl+l) <:E(t)<2(i+1),t>to}.
—c

Then € is closed, bounded, and convex in X. Define S : Q2 — X by

*(t—s)nt ,
c+1l+4+cx(t—7 —|—/ ———p(s)x(g(s))ds if t>T,
(S)(t) = (t—7) A (s)a(g(s))
(Sz)(T) it t<t<T.
As in the proof of (a), we can show that
(c+1)2 2(c+1)?
-— < < — >
T st t=2th

and for every pair z1, x5 € 2, we have

1-c
101 - Szl < (15) o~ ]
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Since 0 < (1 —¢)/2 < 1, it follows that S is a strict contraction. By the Banach
contraction mapping principle, S has a fixed point z € €2, and x is a positive
solution of (6.108).

(d) ¢ < —1. Let T > tq be a sufficiently large number such that ¢t +7— g(t) > to

for t > T and
/°° = Lp(s)ds < (e+1D)(n— 1)!.
T+ 2
Set

Q= {xeX: i?c+—1ij <z(t) < %, tzto}.

Then € is closed, bounded, and convex in X. Define S : Q2 — X by

1+ % + %x(t +7)— %/00 Wp(s)x(g(s))ds
(Sz)(t) = o if t>T,
(5z)(T) if to<t<T.

As in the proof of (a), we can show that SQ C €, and for every pair 1,22 € Q, we
have

1-c
21 - szl < (52 s = .

Since 0 < (¢ —1)/(2¢) < 1, it follows that S is a strict contraction. By the Banach

contraction mapping principle, S has a fixed point x € ), and z is a positive
solution of (6.108).

(e) ¢ = —1. Let T > t be a sufficiently large number such that ¢t +7 — g(t) > to

for t > T and
o —1)!
/ s"1p(s)ds < (n—1) .
T+t 2

Set
Q:{xeX: 1§x(t)§2,tzt0}.

Then € is closed, bounded, and convex in X. Define S : Q — X by

i t42iT f—s n—1 .
(Sz)(t) = o ; /t+(2i1)7 ((n_)l)!P(S)x(g(s))ds it t>T,

(Sz)(T) if to<t<T.
As in the proof of (a), we can show that SQ C €, and for every pair 1,22 € Q, we
have 1
1521 = Szafl < 5 llan — 22|

It follows that S is a strict contraction. By the Banach contraction mapping prin-
ciple, S has a fixed point x € €, i.e.,

o) t+2iT (t _ S)nfl '
z(t) = 1+ ; /t+(2i1)7 Wp(s)x(g(s))ds it t>T,

(Sz)(T) if o <t<T.

From this we obtain

x(t)+ax(t—7)=2+ /too (t(;j):)_'p(s)x (g(s)ds, t>T—+rT.
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Hence z is a positive solution of (6.108). O

Theorem 6.8.4. Assume that n € N is even and

(i) c€(0,1), 7 >0, p(t) < 0;
(ii) there exists a constant o > 0 such that

(6.112) ce™” + /°° (t= S)ni'lp(s) exp (a (t— g(s))) ds <1  for all large t.
. !

(n—1)
Then (6.108) has a positive solution satisfying x(t) — 0 as t — oo.
Proof. Tt is easy to see that if the equal sign in (6.112) holds eventually, then (6.108)

has the positive solution z(t) = e~**. Now we assume that there exists T' > tg such
that t — 7 > tg, g(t) > to for t > T,

(T — g1
0 :=ce + /T ((n_)l)'p(s) exp (a (T - g(s))) ds <1,
and condition (6.112) holds for ¢t > T'.

Define the Banach space X and its subset ) as in the proof of Theorem 6.8.1.
Define a map S : @ — X by

(Sy)(t) = (S1y)(t) + (S2y)(t),

where
ce‘”y(t _ 7—) it t>T,
(S1y)(t) = {(Sly)(T)—i—eXp (E(T_t)) -1 if to<t<T
and
o= (t<n—3):)!1p (52 (a(e ~gle) Jutanes it ¥
(S29)(T) Host<t

and e = In(2 — B)/(T —tp). As in the proof of Theorem 6.8.1, we can show that
the map S satisfies all conditions of Krasnosel’skii’s fixed point theorem, and so
S has a fixed point y € Q. Clearly, y(t) > 0 for t > tg. It is easy to check that
z(t) = y(t)e~*" is a solution of (6.108), and so the proof is complete. O

By the Banach contraction mapping principle and Krasnosel’skii’s fixed point
theorem, we can easily show that the following two theorems hold.

Theorem 6.8.5. Ifc> 1,7 >0, p(t) <0, and

oo
_/ Sn—lp(s)dg < oo for some even mn €N,
to

then (6.108) has a bounded positive solution.
Theorem 6.8.6. Assume that n € N is odd and
(1) ¢>0,p(t) <0, and g(t+7) < t;

(ii) there exists a constant o > 0 such that
Lomer L [™ ot
t+7 (n—1)!

p(s) exp (a (t— g(s))) ds <1 for all large t.
c c
Then (6.108) has a positive solution satisfying x(t) — 0 as t — oo.
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Theorem 6.8.7. Assume ¢ > 1 and

(6.113) / s"p(s)|ds < 0o for some even m € N.

to

Then (6.108) has a bounded positive solution.

Proof. Let T > ty be a sufficiently large number such that t +7 > tg, g(t +7) > to

for t > T, and
/Oo s Lp(s)ds < w

4
T+1
Let X be the Banach space of all continuous bounded functions defined on [tg, 00)
with the norm ||z|| = sup;s,, [*(t)| and set

1
Q:{xeX: 2§x(t)§20,t2t0}.
c

Then € is closed, bounded, and convex in X. Define S : Q — X by

c_1+1x(t+7)+l/oo (S_t%)'n_p(s)x(g(s))ds

c C 4T (n 1)

(Sz)(t) = it >,
(S.’lﬁ) (T) if ty<t<T.

Clearly, S is continuous. For every z € (), it is easy to see that

1 1 [>® (s—t—7)"t 1+c
(Sz)(t) Sc—l—i—CQC—l—C/HT(n_l)!|p(s)|2(:ds§c+2 < 2c

and

(Sz)(t) > c—l—l—lg 1/OC(S_t_T)”_l|p(s)|2cds

c2 ¢ r (n=1)
S 1_|_1 c—1 ¢
= ¢ 27 2 T 2

for t > tg. This means that SQ C ).

We now shall show that S is a strict contraction. In fact, for every pair 1, zo € Q2
and t > T, we have

(Sw)(1) — (S22)(1)] < %‘xl(tw)—u(tw)‘
1 [® (s—t—7)" !
w1 | Sl rato(e) — aatao))] s
< ool (3+3550) < 3 (14 2) hor—aal.
which implies that
|Sz1 — Sz = sup (Sz1)(t) — (Sz2)(t)| = fgg)(le)(t)—(sz)(t)’

A

1 3
< 7 <1+C> 21 — 22 -

Since i(l + %) < 1, it follows that S is a strict contraction. By the Banach

contraction mapping principle, S has a fixed point =z € (2, and z is a positive
solution of (6.108). O
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By using the above method, we can show that the following three theorems are
also true.

Theorem 6.8.8. Assume that c € (0,1), 7 > 0, and that condition (6.113) holds.
Then (6.108) has a bounded positive solution.

Theorem 6.8.9. Assume ¢ > 1 and

(6.114) / s" b p(s)|ds < 0o for some odd n € N.
to

Then (6.108) has a bounded positive solution.

Theorem 6.8.10. Assume that ¢ € (0,1) and that condition (6.114) holds. Then
(6.108) has a bounded positive solution.

6.9. Notes

The results in Section 6.2 are taken from Li [178], a special case is obtained
by Zhang, Yu, and Wang [302]. Section 6.3 is adopted from Zhang and Li [300].
The material in Section 6.4 is taken from Li [182], related results are given by
Graef, Spikes, and Grammatikopoulos [109]. The results in Sections 6.5 and 6.6
are obtained by Li [183] and Li and Fei [196], respectively. The contents of Sections
6.7 and 6.8 is taken from Kusano and Singh [156], Li and Zhong [212], and Li and
Ye [208], respectively.



CHAPTER 7
Systems of Nonlinear Differential Equations

7.1. Introduction

Oscillation and nonoscillation of systems of nonlinear differential equations is
an interesting problem. In this chapter we will present some recent contributions.

In Sections 7.2 and 7.3, we consider oscillation of all solutions of systems of
nonlinear differential equations with or without forcing. Some oscillation criteria
are presented. In Sections 7.4 and 7.5, we classify positive solutions of our systems
according to their limiting behaviors and then provide necessary and sufficient con-
ditions for their existence. Then, in Section 7.6, we provide a classification scheme
for positive solutions of two-dimensional second order differential systems and give
conditions for the existence of solutions with designated asymptotic properties.
Section 7.7 is concerned with nonoscillation of systems of differential equations of
the Emden—Fowler type. Several necessary and/or sufficient conditions for strong
nonoscillation are given. Here we use the definitions for strong oscillation and strong
nonoscillation given in Chapter 1, i.e., a vector solution is said to be strongly oscil-
latory (strongly nonoscillatory) if each of its nontrivial components has arbitrarily
large zeros (is nonoscillatory).

7.2. Oscillation of Nonlinear Systems

Consider the nonlinear two-dimensional differential system

(7.1) 2'(t) = a(t)f (y(t)),
y'(t) = =b(t)g (x(t)),
where a and b are continuous real-valued functions on an interval [tg, 00), and f
and g are continuous real-valued functions on the real line R satisfying the sign
property
uf(u) >0 and wug(u) >0 forall weR\{0}.

It is supposed that a is nonnegative on [tp,00), f is increasing on R, and g is
continuously differentiable on R\ {0} and satisfies

g'(u)>0 forall wu#0.

Note that no restriction on the sign of the coefficient b is imposed.

Throughout this section, we shall restrict our attention only to those solutions
of the differential system (7.1) which exist on some ray [Tp, 00), where Ty > to may
depend on the particular solution. Note that, under quite general conditions, there
will always exist solutions of (7.1) which are extendable to an interval [Tp, o),
To > tg, even though there will also exist nonextendable solutions [152].

247
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The special case when
f(u) = |[ul*sgnu, g(u)=|u/*sgnu, weR with \pu>0

is of particular interest. In this case, the differential system (7.1) becomes

2'(t) = a(t)|y(t)|* sgny(t),
y'(t) = =b(t)|z(t)[" sgnx(t),
where A and p are positive constants.

In the following, we will be concerned with conditions which are sufficient for
oscillation of all solutions of (7.1). A lemma is useful for this purpose.

Lemma 7.2.1. Suppose a(t) > 0 (£ 0). Then the first component x of a nonoscil-
latory solution (z,y) of (7.1) is also nonoscillatory.

Proof. Assume to the contrary that x is oscillatory but y is eventually positive.
Then in view of (7.1), 2/(t) = a(t)f(y(t)) > 0 for ¢ larger than some T, and that
x'(t) > 0 (£ 0) when ¢ > T. Thus z(t) > 0 for all large ¢ or z(t) < 0 for all
large ¢t. This is a contradiction. The case when y is eventually negative is proved
similarly. O

Lemma 7.2.2. Let (z,y) be a solution of (7.1) on an interval [T,00) and T > tg
be such that x(t) > 0 for all t > 7. Moreover, let 7% > 7 and ¢ be a real constant.

If

_ y(7> t s * y(8)$1<3>g/($(8)) . . . .
g(x(T))‘i‘/T b(s)d +/T G drze fordl txT

then
y(t) < —cg(z(t*))  forall t>71".

Proof. From the second equation of (7.1) we obtain for ¢ > 7*,

t - t —y/(S)
[ = [
) ) [P ye)r () @)
B COMNEG) [ d

and so we have by our hypothesis

S D [y [ e ()
o) MMﬂ>+lb(”‘+L a

(
[ e

for all t > 7*. Hence, by using Lemma 4.4.1, we conclude that

w(t) < —y(t) forall ¢>77%,

%

where w satisfies

w(t) _ Cw(s) [ a(s)g (x(s) o }
g(z(t)) +/T*g($(8)){ ( }d for t>7*.
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We can easily see that w’ = 0 on [7%,00). Moreover, we have w(7*) = cg(z(7%)).
Thus w(t) = cg(x(r*)) for all t > 7*, and so the proof of the lemma is complete. [

Theorem 7.2.3. Suppose that

< du T du
2 | mm<= | i<
(7.3) / a(t)dt = oo,
(7.4) /00 b(s)ds exists as a real number,
and

(7.5)  fu)f(v) < fuw) < f(u)[—f(=v)] for all v > 0 and sufficiently small u.
Then the differential system (7.1) is oscillatory if

(7.6) /mmwﬂBMM#:w,

to

where

B(t) = /too b(s)ds  for t>to.

Proof. Assume that the differential system (7.1) admits a nonoscillatory solution
(x,y) on an interval [Ty, 00), where Ty > to. From (7.3) it follows that the coefficient
a is not identically zero on any interval of the form [rg,00), 70 > to. Therefore,
by Lemma 7.2.1, z is always nonoscillatory. Without loss of generality, we shall
assume that x(t) # 0 for all ¢ > Ty. Furthermore, we observe that the substitution
z = —x, w = —y transforms (7.1) into the system

{z’ ) =a(t)f (w(t)),
w'(t) = —b(t)g (2(t)),

where

fw)=—=f(u) and §u)=—g(—u) for ueR.
The functions f and g are subject to the same conditions as the ones imposed on f
and g. Thus we can restrict our discussion to the case when « is positive on [Tj, 00).
It must be noted that, from the first equation of system (7.1), it follows that the
function ya’ is necessarily nonnegative on the interval [T, cc), even though y is
oscillatory.

First of all, we will show that

“ y(t)a' (04 (x(1)
1) ﬂb PEONE

To this end, let us assume that (7.7) fails to hold. By condition (7.4), there exists
a real constant K such that

ORI
S f O K 42 T

dt < oo.
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Furthermore, we can choose a point Tjj > T} so that

/T(T y(s)x'(s)gl(f(s))ds >1-K.

To l9(x(s))]?
So we have
L) ey [ VT EE) *
R RO R o e o

and hence, by applying Lemma 7.2.2 with 7 = Ty, 7* = 1§, and ¢ = 1, we obtain
y(t) <d, t=13,

where d = —g(z(T5)) < 0. Next, from the first equation of (7.1) we derive for
t> Ty,

t t

a(3)f (y(s))ds < f(d) / a(s)ds,

Ts

o(t) ~a(Ty) = [

Ts

which, in view of (7.3), gives lim; .o, z(t) = —oo, a contradiction. Hence (7.7)
holds.

Now, by taking into account (7.4) and the definition of the function B as well
as (7.7), from the second equation of (7.1) we get for t > Ty,

B(Ty) — B(t) = /t b(s)ds = /t mACN

T To 9(35(3))

W), w0 [ e @)
= o) T gem) /T o)
L @) [Ty,

[9((s))]?
namely

where the real number 6 is defined by

@) [ (e (5)g (w(s)
b= Sy ~ BT /T o)

We claim that the constant € is nonnegative. Otherwise, from (7.4) and (7.7) it
follows that there exists 75* > T' such that
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for t > Ti*. Thus, by using (7.8), we find for every ¢ > T,

_T) g [ VPO E)
9(x(Tp)) +/T0 bs)d +/TO [g(z(5))]2 d 0 — B(To)

(YOS @E) [ age s [T 42 (9 ((s)
/TO Ga@pF " +/Tob( 4 +/To O

o [Py [ 9T O )
= 0, e /T e
> ,9+Q+€ — ,Q

4 4 2’

and so Lemma 7.2.2 ensures that

0
y(t) <D, t=Tg",  where D= gg(z(15")) <0

So, exactly as in the proof of (7.7), we find the contradiction lim;_, ., z(t) = —o0,
which proves 6 > 0.

Therefore, (7.8) guarantees that
y(t) > B(t)g(x(t)) forall ¢>Ty.

Hence, by taking into account the fact that lim;_, ., B(t) = 0 and using condition
(7.5), from the first equation of (7.1) we obtain for ¢t > T,

2(t) = a() f (1) = alt)f (B(t)g(x(t)) = a(t) F(B(1) fg(x(1))),
and consequently

=(®) du t
/a:(To) m 2 /To a(s)f(B(s))ds, t>Tp.

So, because of condition (7.2), we have

[ ewspeans [ Gl <o iz,

which contradicts (7.6). The proof is complete. O

Remark 7.2.4. When LZO b(s)ds = oo, there are many oscillation results for the
differential system (7.1). The reader can refer to [152, 224, 225, 226].

7.3. Oscillation of Nonlinear Systems with Forcing

In this section we are concerned with the oscillation of the differential system

a'(t) = a(t)f(y(t)),
y'(t) = —b(t)g(x(t)) +r(t),
where a, b, and r are nontrivial and continuous functions defined on an interval

[to, ), a(t) is nonnegative on [ty, ), f and g are real, nondecreasing, and contin-
uously differentiable functions defined on R such that

zf(r) >0, zg(r)>0, and ¢(x)>pu>0 for =x#0.

(7.9)

First of all, we present two lemmas which will be used in the proofs of the
following main results.
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Lemma 7.3.1. Suppose a(t) >0 (£ 0). Then the first component x of a nonoscil-
latory solution (x,y) of (7.9) is also nonoscillatory.

Proof. The proof is similar to the proof of Lemma 7.2.1, and we omit it here. [J

Lemma 7.3.2. Suppose (z,y) is a solution of (7.9) with x(t) > 0 for t € [to,q].
Suppose further that there exist t1 € [to, o] and m > 0 such that

(710) - y(to) Jr/t <b(s) r(s) >d5+/“ Y2 ()9 (2(5)) ,o0 o

9(x(to)) g(x(s)) lg((s))]?
for allt € [t1,a]. Then

y(t) < —mg (z(t1))  for t€[tr,al.
Proof. The proof is similar to the proof of Lemma 7.2.2, and we omit it here. O

Before stating the main results, for simplicity, we list the conditions used as

(7.11) /: Ir(s)|ds < oo,
(7.12) /t " b(s)ds = oo,
and 0

(7.13) oo < /too b(s)ds < oc.

Theorem 7.3.3. Suppose (7.3), (7.11), and (7.12) hold. Then every solution of
(7.9) either oscillates or satisfies liminf;:_ o |z(¢)| = 0.

Proof. Let (x,y) be a nonoscillatory solution of (7.9) with liminf, .o |2(t)| > 0.
Since a(t) > 0 (£ 0), in view of (7.3), we infer from Lemma 7.3.1 that z is nonoscil-
latory. Assume that x(t) is eventually positive such that x(t) > 0 for ¢ > ;. Since
liminf; . |z(¢)| > 0, there exist T > to and my, mg > 0 such that x(¢) > m; and
g(z(t)) > mg for t > T. Then it follows from (7.11) that

[ iyl lsseples B

where mg is a finite positive constant. Then, in view of (7.12) and (7.14), we see
that (7.10) is satisfied for ¢ > T. If T is sufficiently large, applying Lemma 7.3.2,
we obtain

(714) S ms, t Z T7

y(t) < —mg(x(T)) <0, t>T.
But since f is nondecreasing, we find
(7.15) 2(t) = al) f(y(1) < alt)f (~mg((T))), t>T.

By means of (7.3), z(t) tends to —oo, which is a contradiction. The case when z(t)
is eventually negative is proved similarly. O
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Example 7.3.4. Consider the differential system
2'(t) = y(b),

{yu>:—w@>+6jjg

for t > 2. Clearly, a(t) = 1, b(t) = 1, f(z) = g(x) = x, and 7(t) = (6 + t?)/t*, and

hence the conditions of Theorem 7.3.3 are satisfied. Therefore, every solution = of
the above system either is oscillatory or satisfies liminf; . |2(¢)] = 0. In fact,

1
x(t) =sint+ —, y(t) = cost —

2’ 3

is such an oscillatory solution.

Theorem 7.3.5. Suppose (7.2), (7.3), (7.5), (7.11), and (7.13) hold. Then every
solution of (7.9) either oscillates or satisfies iminf, .o |x(t)| = 0 if

(7.16) /: a(t)f (/too (b(s) — 1Ir(s)]) ds) dt=oco forall >0,

Proof. Let (z,y) be a nonoscillatory solution of (7.9) with liminf, . |z(¢)] > 0.
Since a(t) > 0 (£ 0) in view of (7.3), we infer from Lemma 7.3.1 that x is nonoscil-
latory. Assume that z(t) is eventually positive such that z(t) > 0 for ¢ > to. Fur-
thermore, there exist t; > tg and mq, ms > 0 such that z(¢) > m; and g(z(t)) > mq
for t > t1. As in the proof of Lemma 7.2.2, we obtain

y®) _ ylto) [T TG N g [T (s)g ()
o(z(®) ~ 9(x(t)) A(“’g@@ﬂd AJ PO

for ¢ > tg. Note that
oo /! /
) [ g o)
to [9((s))]
For otherwise (7.10) is valid for some m > 0 and t;. Then by Lemma 7.3.2, we

have y(t) < —mg(x(t1)) < 0 for ¢ > #; so that (7.15) holds, and its subsequent
contradiction follows as before. Now

WO ) [ ) [T e @)
@)~ 9alto)) / G” mmm)d A IO
)

(7.18) +/m< 95%)“+[ (1égﬁﬁms
S A CORE ) o s ey e

) [T ) Y, [T ()
7= Gatto)) A)@)sM@Jd A) G

We now show that 8 > 0. Indeed, if § < 0, then (7.13), (7.14), and (7.17) respec-

tively imply /oo (5 5
r(s

ds| < —=

r o 9(z(s)) ’ T6

ds < oo.

where

p

s)ds| < —=,

and
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for t > T. But then

447+ Kb M$)@+/ Y (5)g (o(5))

~ gla(s)) lg(z(s)))?
r(s) y(s)a'(s)g' (z(s))
= —0- b(s ) ds — / ds
t  g(a(s) ¢ lg(x(s))]?
5 ﬁ p
> - o0 =-_C
> ﬂ+ stets 5 > 0.
In view of Lemma 7.3.2, y( ) < gg(x( )) for t > T. Again, (7.15) holds with
m = —(3/2, which is contrary to the condition (7.3) and the assumption that

z(t) > 0 for t > tg, so > 0. In view of (7.18) and § > 0, we have

g@@»/m(M$ ) s
o[ s e

for all large ¢, where I = 1/my. For the sake of convenience, let

O(t) = /too (b(s) - l|7'(s)|) ds

for all large ¢. Then lim; ., C(t) = 0, and in view of (7.5) and the fact that f is
nondecreasing,

2 (6) = alt)f (y(1) = a(t)f (C(B)g(x (1)) = a(t)f (C(1) f (glx())

for ¢ larger than or equal to some number T'. It is easy to see that

i),
s = Al (C(0),

o o du
A“@““”“Slmfmw<“’

which is contrary to (7.16). The case when xz(t) is eventually negative is proved
similarly. O

Y

y(t)

\%

and thus by (7.2)

7.4. Classification Schemes of Positive Solutions (I)

In this section we provide several nonoscillation theorems for the two-
dimensional nonlinear differential system

"(t) = alt t
y'(t) = =b(t)g (x(t)),
More specifically, we will classify the nonoscillatory solutions of (7.19) according

to their limiting behaviors and then provide necessary and sufficient conditions for
their existence.

We will assume that

(H1) a and b are nontrivial, nonnegative, and continuous functions defined on an
interval [to, c0), and
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(H2) f and g are real, increasing, and continuously differentiable functions defined
on R such that xf(z) > 0 and zg(z) > 0 for z # 0.

The system (7.19) is naturally classified into four classes according to whether

o0 o0 oo oo
/ a(s)ds < oo, a(s)ds = oo, b(s)ds < oo, or / b(s)ds = o0.

to t() t(J t()

By symmetry considerations, we will, however, restrict our attention to the cases

where
/ a(s)ds < oo or / a(s)ds = oo.

to tO
For this reason, we will employ the following notations:

and

¢
A(s,t) = / a(u)du, to<s<t.

Lemma 7.4.1. Suppose the conditions (H1) and (H2) hold. Suppose further that
the function a is not identically zero on any interval of the form |19, 00), where
To > to. Then the component function x of a nonoscillatory solution (xz,y) of
(7.19) is also nonoscillatory.

Proof. Assume to the contrary that x is oscillatory but y is eventually posi-
tive. Then in view of (7.19), 2/(t) = a(t)f(y(t)) > 0 for all large ¢ and
x'(t;) = a(t;)f(y(t;)) > 0 for an increasing and divergent sequence {t¢;}. Thus
x(t) > 0 for all large ¢t or z(t) < 0 for all large ¢. This is a contradiction. The case
when y is eventually negative is proved similarly. O

Similarly, if b is not identically zero on any interval of the form [ry,c0), then
the component function y of a nonoscillatory solution (z,y) is also nonoscillatory.
Therefore, under the additional condition

(H3) a and b are not identically zero on any interval of the form [rg, c0), where
To = lo,

each component function of a nonoscillatory solution (x,y) of (7.19) is eventually
of one sign.

If we now interpret (7.19) as a (time varying) vector field in the plane and its
solutions as trajectories, then we see that each nonoscillatory solution corresponds
to a trajectory which ultimately lies in one of the four open quadrants of the plane.
In view of the directions of the vector field in each open quadrant, it is also clear
that the component functions of a nonoscillatory trajectory must be monotone.

7.4.1. The Case A(tp) = oco. We now impose an additional condition on
(7.19), namely A(tg) = oco. We assert that any nonoscillatory solution (z,y) of
(7.19) must ultimately lie in the first or the third open quadrant.

Lemma 7.4.2. Suppose the conditions (H1)-(H3) hold. Suppose further that
A(tg) = oo. Then any nonoscillatory trajectory (z,y) of (7.19) must ultimately
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lie in the first or the third open quadrant and y(t) must converge. Furthermore,
there exist c; > 0, co > 0, and T > tg such that

c1 <x(t) < coA(to,t) or —coA(to,t) <z(t) <—cn  for t>T.

Proof. Assume without loss of generality that x(¢t) > 0 and y(t) > 0, or z(¢) > 0
and y(¢) < 0 for ¢ > Ty. The latter case cannot happen. Otherwise, z'(t) < 0 and
y'(t) <0 for t > Tp. Hence

2'(t) = a() f(y(t) < a(®)f(y(Tv)), t =T,
which implies
t
0 < alt) < o(Ty) + F(y(Th)) / als)ds = 2(Th) + f(y(To)) A(Tp, 1) — —o

To
as t — 00, a contradiction. Thus z(¢) > 0, y(t) > 0, 2'(t) > 0, and y/(¢) < 0 for
t > To. It follows that y(t) monotonically decreases to a nonnegative constant, and
x(t) monotonically increases. Furthermore,

0< .Z‘(To) S J)(t) S l‘(To) + f(y(To))A(To,t) S CgA(tQ,t), t Z To

for some co > 0 since A(tg) = oo. The proof is complete. O

We have shown that a nonoscillatory solution (z,y) must ultimately lie in the
first or the third quadrant, and that y(t) must converge. Note that since z’'(t) > 0
or z'(t) < 0 for all large t, we see further that z(t) either converges to some nonzero
constant or diverges to positive infinity or to negative infinity as ¢ — oo. However,
if (t) converges to some nonzero constant, then y(¢) must converge to 0. Indeed,
if limy—, 00 y(t) = d > 0, then since

'(t) = a(t) f(y(t) = a(t)f(d)
for all large t,

x(t) > (M) + f(d) /M a(s)ds — oo as t— o0,

which is a contradiction.

In view of the above considerations, we may now make the following classifi-
cation. Let Q2 be the set of all nonoscillatory solutions of (7.19) and QF be the
subset of ) containing those which ultimately lie in the first open quadrant. Sup-
pose (H1)-(H3) hold and A(tp) = co. Then any nonosillatory solution in Q1 must
belong to one of the following three classes:

QF(+,0) = {(x,y) cQt: tlim z(t) € (0,00), tlim y(t) = O},
—00

—00

O (00,0) = {(:z:,y) € Q" lim z(t) = oo, tlirgo y(t) = 0},

t—00
and

QO (00, +) = {(x,y) cQt: tlirrolo x(t) = oo, tllirgoy(t) € (O,oo)}.
A similar classification is also available for nonoscillatory solutions which lie ulti-

mately in the third open quadrant.

In order to further justify our classification scheme, we derive several necessary
and sufficient conditions for the existence of each type of nonoscillatory solutions.
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Theorem 7.4.3. Suppose (H1)-(H3) hold and A(ty) = co. A necessary and suf-
ficient condition for (7.19) to have a nonoscillatory solution (z,y) € QT (+,0) is
that

(7.20) /t :O at) ’ f ( /t b b(s)g(c)ds) ‘ dt < oo for some ¢ 0.

Proof. Let (z,y) € Q7 (+,0) be such that lim; . 2(t) = @ > 0. Then there exist
¢y > 0 and T such that ¢; < z(t) for t > T. In view of (7.19),

o = | T ()glals)ds, t2T

and

[ aors ([ o (e o) s
lﬁmﬂﬁf(Ambwmwngd&

Conversely, choose a number M so large that

[t ([ vrsteran) s < £

Let X be the set of all bounded, continuous, real-valued functions z defined on
[M, 00) with norm ||z| = sup,s s, |2(t)|. Let ¥ be the subset of the Banach space
X defined by

Y

W:{xeX:%gﬂﬂgqtzT}

Then ¥ is a bounded, convex, and closed subset of X. Let us define an operator
F:VU — X by

(Fz)(t) = ¢ — /too als)f (/oo b(u)g(x(u))du) ds for t> M.

The mapping F' has the following properties. First of all, ' maps ¥ into V. Indeed,
if x € ¥, then

Y

c

(o) = e [ atr ([ stulg ) an) as

c—/MOo a(s)f (/OO b(u)g(c)du) ds > g

Next, we show that F is continuous. Let {x;} be a convergent sequence of functions
in ¥ such that lim; . ||z; — z|| = 0. Since V¥ is closed, € ¥. By the definition of
F', we have

|(Fa)(t) — (Fa)(t)

[t ( Jen) du) e ( [ srg ) du) .
< [Ta@r ([ sgeran) <1 ([ st etyan)

v

ds.
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By the continuity of f and g and Lebesgue’s dominated convergence theorem, it
follows that lim; .o ||Fz; — Fz| = 0.

Finally, we show that F'U is precompact. Let x € ¥ and s,t > M. Then,
assuming without loss of generality that s > ¢,
( / b(v dv) du

(Fa)(s) - (Fa)(1)|
/t a(u)f (/u b(v)g ()dv) du.

In view of (7.20), for any € > 0, there exists ¢ > 0 such that |s — t| < ¢ implies

’(Fx)(s) - (Fx)(t)‘ <e.

This means that F'¥ is precompact.

IN

By Schauder’s fixed point theorem, we may conclude that there exists z € ¥
such that x = Fx. Set

y(t) = /too b(v)g(z(v))dv, t> M.
Then lim;_, o y(t) = 0 and y/(t) = —b(t)g(z(t)). On the other hand,

z(t) = (Fzx)(t) = c— /too a(s)f (/SOO b(u)g(x(u))du) ds
e~ [ aorrw)as

and thus lim;_ 2(t) = ¢ and 2/(¢) = a(t) f(y(¢)). Hence (z,y) € Q1 (+,0). O

Theorem 7.4.4. Suppose (H1)—(H3) hold and A(ty) = co. A necessary and suf-
ficient condition for (7.19) to have a nonoscillatory solution (x,y) € Q¥ (0o, +) is
that

/ b(t) ‘g (cA(to, 1)) ’dt <oo forsome ¢>0.
to

Proof. Let (z,y) € Q" (0o, +) be such that lim;_,. y(t) = 3 > 0. Then there exist
four positive constants ¢y, ca,d1,ds and T > tg such that

C1 S I(t) S CQA(to,t) and dl S y(t) S dQ for t Z T.
In view of (7.19), we have with ¢ = f(d;)

o) = alt)+ [ a(s)fue)ds > wtto)+ [ al)piais
> f(di)A(to,t) = cAlto,t),
and hence
co>y(T)—p= / ds>/T b(s)g (cA (to,s)) ds.

Conversely, pick a number T > t; so that

/00 b(s)g (cA(T,s))ds <d, where d= f‘;(c)'
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Let X be the partially ordered Banach space of all continuous real-valued functions
x with the norm
|z(t)]

T A(T, 1)
and the usual pointwise ordering. Let ¥ be the subset of X defined by
U= {:r € X: f(A(T,t) < x(t) < FQA)A(T, 1), t > T} .

For any subset B of W, it is obvious that inf B € X and sup B € X. Let us further
define an operator F': ¥ — X by

(Fa)(t) = / (d+ / b(u du) ds for t>T.

The mapping F satisfies the assumptions of Knaster’s fixed point theorem: F
maps ¥ into itself and F is increasing. The latter is easy to see. As for the former
statement, note that for any x € U,

(Fz)(t) = A(T, 1) f(d)

/T ta(S)f (d+ /T " bu)g ( FAA(T, u)) du) ds
/Tt a(s)f (d—&-/;o b(u)g(CA(T,u))du) ds

fRHA(T,T)

for ¢ > T, as desired. By Knaster’s fixed point theorem, we may conclude that
there exists x € ¥ such that x = Fz. Set

=1 = sup

and

IN

(Fz)(t)

IA

—d—|—/ b(u ))du, t>T.

Then lim;_, o y(t) = d and y/(t) = —b(t)g(x(t)). On the other hand,

t t

a(s)F(y(s))ds > f(d) / a(s)ds = f(d)A(T, 1)

T

o) = (Fo)(t) = |

T
so that lim; .o z(t) = co and 2/ (t) = a(t) f(y(¢)). Hence (z,y) € QT (o0, +). O

Finally, we provide a sufficient condition for the existence of a solution in
Q7 (00, 0).

Theorem 7.4.5. Suppose (H1)-(H3) hold and A(ty) = co. A sufficient condition
for (7.19) to have a nonoscillatory solution (z,y) € Q1 (c0,0) is that

/OO b(t) ’g(cA(to,t))) dt <oo for some ¢>0

to

and

(7.21) /too a(t) ‘f (/too b(s)g(d)ds) ‘ dt =oc0 forany d> 0.
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Proof. Let 6 > ¢ be fixed. Denote by C[tg, 00) the space of all continuous functions
on [tg, 00) with the topology of uniform convergence on every compact subinterval
of [tg,00). Consider the subset ¥ of Cltg,00) consisting of all z € Cltg, 00) such

that
t

S<a(t)<s +/T a(s)f (/w b(u)g(m(u))du) ds, t>T.

Let us define an operator F : ¥ — C[tg,00) by

(Fac)()—6+/ (/ bu du)ds for t>T.

It is clear that F is well defined and maps ¥ into C[tg, 00). By reasonings similar
to those in the proof of Theorem 7.4.3, we may also show that F' maps ¥ into ¥,
that F' is continuous on ¥, and that FWV is relatively compact. Schauder’s fixed
point theorem then implies that F' has a fixed point x € U. Set

y(t) = /too b(w)g(z(u))du, t>T.

Then lim;_ ., y(t) = 0 and y'(t) = —b(t)g(x(t)). On the other hand,

t

£(t) = (Fa)(t) = 6 + / a(s) (y(s))ds

T

so that 2/ (t) = a(t) f(y(t)) for t > T. We assert that lim;_, o, 2(¢) = co. Indeed, x(t)
either converges to some positive limit or diverges to co. If lim; o x(t) = d > 0,
then z(s) > d/2 for s > S. In view of (7.21),

2(t) = 5+/t (s)f </Oob(u)g(:17(u))du) ds

T
> 5—1—/ (/ b(u < ) >d$ = o0,
which is a contradiction. Hence (z,y) € Q7 (00, 0). O

7.4.2. The Case A(ty) < co. We now impose another condition on (7.19),
namely A(tg) < oo. We assert that any nonoscillatory solution (z,y) of (7.19)
approaches some vertical line as t — oo.

Lemma 7.4.6. Suppose (H1)—(H3) hold and A(ty) < oco. Then any nonoscilla-
tory trajectory (x(t),y(t)) of (7.19) tends to some vertical line x = a as t — oo.
Furthermore, there exist c1 > 0, co > 0, and T > ty such that

aAlt) <z(t) <ca or —cy<at) <-—clAl) for t>T.

Proof. Without loss of generality, suppose z(t) > 0 and y(¢) > 0 for ¢t > Ty, or
x(t) > 0 and y(t) < 0 for ¢t > Tp. If the former case holds, then in view of (7.19),
2'(t) > 0 and y'(t) < 0 for t > Ty. Thus,

0<a'(t) =a(t)f(y(t) < a(t)f(y(To)), t=Tn,
which implies that x(¢) monotonically increases to a constant o > 0 since
t

ot) < (o) + F(u(T) | als)ds < o) + FOT)AT) < o0

To
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Furthermore, it is clear that A(t) < z(t) < a+ 1 for all large ¢ since A(t) — 0 as
t — oo.

Suppose the latter case holds. Then in view of (7.19), we see that 2/(¢) < 0 and
y'(t) <0 fort > Tp. Hence z(t) monotonically decreases to a constant 5 > 0. Since

2'(t) = a(t) f(y(t) < a(t)f(y(To)), t > To,
we find

0<8=x(s)+ fy(To)) /OO a(u)du = z(s) + f(y(To))A(s), t=To.

We further see that 5+ 1 > z(s) > —f(y(To))A(s) for all large s. The proof is
complete. O

We have shown that a nonoscillatory solution (z,y) must ultimately lie in one
of the four open quadrants of the plane. If (z,y) is eventually in the first open
quadrant, then in view of our previous lemmas, x(¢) monotonically increases and
approaches a positive constant and y(¢) decreases and approaches a nonnegative
constant. In the case when (z, y) is eventually in the fourth quadrant, z(¢) decreases
and converges to a nonnegative constant and y(t) decreases and either converges
to a negative constant or diverges to —oo. The other two cases can be analyzed
similarly.

In view of the above considerations, we may now make the following classifica-
tion. Let © be the set of all nonoscillatory solutions of (7.19) and Q4, Q4 be
respectively the subsets of € containing those which ultimately lie in the first or
the fourth open quadrant. Suppose (H1)—(H3) hold and A(ty) < oco. Then any
solution in 24, must belong to one of the classes

Qi (+,4) = {(z.) € Qs s lim a(t) € (0,00),  lim y(t) € (0,0)},
Qi (+,0) = {(@,9) € 4y 5 Jim a(t) € (0,00),  Jim y(t) = 0},

while any solution in €2, _ must belong to one of the following classes:
Qi (+,-) = {(:c,y) €0y : lim a(t) € (0,00), lim y(t) € (—0070)},
Qi (+,—00) = {(x,y) ey tliIgoz(t) € (0,00), tli{go y(t) = 700}7
Q- (0,-) = {(z.y) € Q4 Jim 2(t) =0, Jim y(t) € (~o0,0)},
t—oo t—o0
Q;_(0,—00) = {(x,y) eQy_: tlim z(t) =0, lim y(t) = —oo} .

t—o0

Theorem 7.4.7. Suppose (H1)—(H3) hold and A(ty) < co. A necessary and suffi-
cient condition for (7.19) to have a nonoscillatory solution in Q4_(0,—) is that

(7.22) /OO b(t)g(cA(t))dt < oo  for some ¢ > 0.

to

Proof. Let (x,y) € Q1_(0,—) satisfy lim; o z(t) = 0 and lim; o y(t) = 5 < 0.
Since y(t) is monotone, there exist two positive constants c¢1,co and T' > to such
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that —c; < y(t) < —cg for t > T. On the other hand, in view of the second equation
of (7.19), we have

Since lim;_ o y(t) = 8 < 0, we have

/00 b(s)g(z(s))ds < cc.

T

Furthermore, we see from Lemma 7.4.6 that
g(x(t)) > g(cA(t)) for some ¢ >0,

which implies that

/OO b(t)g(cA(t))dt < oo.

to

Conversely, suppose that (7.22) holds. Then, in view of A(tg) < oo, there exists
T > tg such that

/00 b(t)g(cA(t))dt < d, where d= f‘;(c).

Let X be the Banach space of all bounded, continuous, real-valued functions y with
the norm

lyll = sup [y ()]
t>T
Define a subset Q of X by
Q:{yeX: —2d < y(t) < —d, tzT}.

Then Q is a bounded, convex, and closed subset of X. Let us further define an
operator F': Q@ — X by

0 =2~ [ oe)g ([ atwstnin)ds for o=

The mapping F' has the following properties. First of all, FF maps () into itself.
Indeed, if y € 0, then

0 = 20+ [ (- [ ats)an) as
> 2t [ (F@A@) ds > -2
and
o) = 2+ [ oo (= [T ey as
< —2d+ /too b(s)g (f(zd)A(s)) ds
< —2d+d = —d
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for all t > T. Next, we show that F is continuous. Let y,y; € Q such that
limy_o |lyr — y|| = 0. Since Q is closed, y € . Then

|(Fu)(®) = (Fy)(8)|

/too b(s)g (/:o a(u)f(yl(u))dU> ds — /too b(s)g </:O a(u)f(y(u))du> ds
00 ([ awsmenan) ~a ([ atwsoty)|as

By the continuity of f and g and Lebesgue’s dominated convergence theorem, it
follows that

IN

lim sup | (Fy)(t) — (Fy)(5)| = 0.

l—o0 t>T
This shows that
Jim [[Fy, = Fyll =0,

i.e., F' is continuous.

Finally, we will show that FQ) is precompact. Let y € Q and s,t > T. Then we

have for s > ¢
[ s ([ at) 501 d0)

~ bu)g ( f(2d)A(u)) du.

t

IN

(Fy)(s) = (Fy)(@)]

IN

In view of (7.22), this means that F'() is precompact.

By Schauder’s fixed point theorem, we can conclude that there exists y € €2 such
that y = Fy. Set

o)== [ als)f (o) .
Since y(t) < 0 implies z(t) > 0, we have
2(0) = a)f (y(t) and  lim a(t) = 0.
On the other hand,
) = (FO = -2+ [ b5)g el s,

which implies that lim;_, o y(t) = —2d and

Hence (z,y) € Q4+-(0,—). O

Theorem 7.4.8. Suppose (H1)—(H3) hold and A(ty) < co. A necessary and suffi-
cient condition for (7.19) to have a nonoscillatory solution in Q44 (+,+) is that

(7.23) /OO a(s)f (ﬁ + /SOO b(u)g(c)du) ds < oo  for some ¢>0,03>0.

T
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Proof. Let (x,y) be a solution of (7.19) such that lim; . z(t) = a > 0 and
lim; oo y(t) = B > 0. Then there exist two positive constants c¢1,co and T > ¢
such that ¢; < z(t) < ¢g for t > T. In view of the first equation of (7.19), we have

£(t) = o(T) + / a(3) (y(s))ds.

T

Since lim;_. z(t) = o > 0, we have

(7.24) /00 a(s)f(y(s))ds < oo.

T
Furthermore, we see from the second equation of (7.19) that

y(t) =B+ / b(s)g(x(s))ds
t
and - -
5+ / b(s)glcr)ds < y(t) < B+ / b(s)g(c2)ds.
t t
Together with (7.24), this means that

[ s (5 [ vgtenn) s <

Conversely, suppose that (7.23) holds. Choose T' > t( so large that

/ (ﬂ+/ b(u >ds<d, where dzg

Let X be the Banach space of all bounded, continuous, real-valued functions x with
the norm

]| = sup |x(t)|
t>T

endowed with the usual pointwise ordering <: For z1,25 € X, 1 < o means
x1(t) < xo(t) for all ¢ > T. Then X is partially ordered. Define a subset Q of X by

Q:{xeX: dgm(t)§2d,t2T}.

For any subset B C €2, it is obvious that inf B € 2 and sup B € 2. Let us further
define an operator F': Q — X by

(Fx)(t) =d+ /ta(s)f <5 + /:O b(u)g(x(u))du) ds for t>T.

T
The mapping F satisfies the assumptions of Knaster’s fixed point theorem.
Namely, it satisfies the following:

(i) F maps Q into itself. Indeed, if x € €, then for t > T,

d < (Fx)()<d+/t (s)f <ﬂ+/oob(u)g(2d)du> ds

/ <ﬁ+/ b(u )ds§2d.

(ii) By the assumptions on f and g, F' is increasing. That is, for any x1,z9 € Q,
r1 < o implies Fz1 < Fas.
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By Knaster’s fixed point theorem, we can conclude that there exists € €2 such
that z = Fx. Set

v =0+ [ bwgletu)du, ¢=1,

y'(t) = —b(t)g(x(t), Jlim y(t)=B>0, and 2'(t) = a(t)f(y(t))-
Hence (z,y) € Qqq(+,+). O

Similar to the proof of Theorem 7.4.8, we can prove the following two theorems.

Theorem 7.4.9. Suppose (H1)—(H3) hold and A(to) < co. A necessary and suffi-
cient condition for (7.19) to have a nonoscillatory solution in Q44 (+,0) is that

/ (/ b(u >d3<00 for some ¢ > 0.

Theorem 7.4.10. Suppose (H1)-(H3) hold and A(ty) < oco. A necessary and
sufficient condition for (7.19) to have a nonoscillatory solution in Qy_(+,—) is

that
/Tma 9 lf (ﬁ+ /:O b(u)g(c)du)

Next, we derive two criteria for the existence of nomnoscillatory solutions in
Qp_(+,—00) and Q4 _(0, —00).

Theorem 7.4.11. Suppose (H1)—(H3) hold and A(tg) < co. Suppose further that
f(=u) = —=f(u). A necessary and sufficient condition for (7.19) to have a nonoscil-
latory solution in Qy_(+, —00) is that

/OO als)f (/ b(u)g(c)du) ds < oo for some ¢ >0,

ds < oo  for some ¢>0, 3 <0.

(7.25) T T
/t b(s)ds = oo.

Proof. Let (z,y) be a solution of (7.19) such that lim; . 2(t) = « > 0 and

limy o y(t) = —o0o0. Then there exist two positive constants c1,co and T > tg

such that ¢; < z(t) < ¢g for t > T. In view of the first equation of (7.19), we have
t

zm:un+/a@ﬂmmw.

T
Since lim;_. z(t) = o > 0, we have

/mw@u@@»ws<m.
T

Furthermore, we see from the second equation of (7.19) that

—Aﬁ@ﬂdm%

t

mn—/b@mm@smwg—/b@mmw.

T T

and
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Since |f(y(t))| > f (fT glcy ds) we have

/ (/b cldu>ds<oo.

On the other hand, in view of (7.19) and y(t) — —oo as t — oo, we have

/ b(s
which implies that (7.25) holds.
Conversely, suppose that (7.25) holds. Choose T' > t( so large that

/TOO a(s)f (/TS b(u)g(C)du> ds <d, where d= g

Let X be the Banach space of all bounded, continuous, real-valued functions x with
the norm

[z = sup [z(¢)]
t>T

endowed with the usual pointwise ordering <: For z1,22 € X, 7 < x5 means
x1(t) < xo(t) for all ¢ > T. Then X is partially ordered. Define a subset €2 of X by

Q:{xGX: dgx(t)§2d,t2T}.

For any subset B C €2, it is obvious that inf B € 2 and sup B € . Let us further
define an operator F': 2 — X by

(Fx)(t) =d+ /too a(s)f (/3 b(u)g(m(u))du) ds for t>T.

T

The mapping F satisfies the assumptions of Knaster’s fixed point theorem.
Namely, it satisfies the following:

(i) F maps € into itself. Indeed, if « € €, then for t > T,

(Fz)(t) < d+/t°o als)f (/ b(u)g(2d)du> ds

T

CH/:O a(s)f (/st(u)g(c)du> ds < 2d.

(ii) By the assumptions on f and g, F' is increasing. That is, for any x1,x2 € §,
r1 < 9 implies Fz1 < Fas.

d

IA

By Knaster’s fixed point theorem, we can conclude that there exists € € such

that = Fz. Set .
—/ b(w)g(x(u))du, t>T.
T
¢

J (1) = —b(D)a(x(t), —g(2d) / b(s)ds < y(t) < —g(d) / b(s)ds

T T

Then

and

2'(t) = —a(t)f(—y(®)) = a() f(y(1)),  Jim y(t) = —o0
since j;io b(s)ds = oo, where we have used the assumption f(—u) = —f(u). Hence
(x,y) € Q+*(+7 _OO)' O
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Theorem 7.4.12. Suppose (H1)-(H3) hold and A(ty) < co. If

/OO a(s)f (/600 b(u)g(cA(u))du) ds < oo  for some ¢>0

T
and

/00 b(s)g(dA(s))ds =00  for any d >0,

to
then (7.19) has a nonoscillatory solution in Q4 _ (0, —00).

Proof. The proof is similar to that of Theorem 7.4.11, and we omit it here. O

Finally, we derive a necessary condition for (7.19) to have a nonoscillatory so-
lution in Q4 _ (0, —00).

Theorem 7.4.13. Suppose (H1)-(H3) hold and A(ty) < co. A necessary condition
for (7.19) to have a nonoscillatory solution in Qy_(0, —00) is that

/ T a(s)f ( / h b(u)g(cA(u))du) ds < oo for some >0

T
and
(7.26) / b(s)ds = oo.
to
Proof. Let (x,y) be a solution of (7.19) such that lim;_..xz(f) = 0 and
lim; o y(t) = —oo. Then, by Lemma 7.4.6, there exist two positive constants

c1,00 and T > to such that 1 A(t) < z(t) < ¢ for ¢ > T. In view of the first
equation of (7.19), we have

0o > () = - / " a(s) fly(s))ds > 0,

/ " (o) | ()] ds < .

Furthermore, we see from the second equation of (7.19) that

and therefore

and
t

y(T) - / b(s)glca)ds < y(t) < — / b(s)g(c1 A(s))ds

T T
Since |f(y(t))| > f (fT g(c1A(s ))ds), we have

[ ([ ststratmyn) as < .

On the other hand, in view of (7.19) and y(t) — —oo as t — 0o, we have

/ b(s

which implies that (7.26) holds. The proof is complete. O
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7.5. Classification Schemes of Positive Solutions (II)

In Section 7.4, we classified the positive solutions of (7.19) under the assumption
b(t) > 0 according to their limiting behavior and provided necessary and sufficient
conditions for their existence. However, a remaining problem is to characterize the
case b(t) < 0. In this section, we study this problem (see [185]). For the sake of
convenience, we rewrite (7.19) as

(7.27) {x'(t) =a(t)f (y(t))

where

(H1) a and b are real-valued nonzero functions such that a(t) > 0 and b(t) > 0
for t > tg, and

(H2) f and g are continuous, real-valued and increasing functions on the real line
R and satisfy «f(z) > 0 and zg(x) > 0 for « # 0.

The system (7.27) is naturally classified into the four classes

/OO a(s)ds = oo and /OO b(s)ds = o0,

to to
/ a(s)ds =00 and b(s)ds < oo,
to to

o (o)
/ a(s)ds < oo and / b(s)ds = o0,
to

to
/ a(s)ds < oo and / b(s)ds < 0.
to to

For this reason, we will employ the following notations:
A(t) = / a(s)ds and B(t) = / b(s)ds for t>to.
t t

7.5.1. The Case A(ty) = co and B(ty) = oo. Assume that A(ty) = oo and
B(tp) = oo. Let (x,y) be a solution of (7.27) such that z(¢) > 0 and y(¢) > 0 for
t > to. Then, from (7.27) we have y'(t) > 0 and z'(t) > 0 for t > ¢, which implies
that y and x are increasing. Therefore,

¢

z(t) = z(to) +/ a(s)f(y(s))ds > x(to) + f(y(to))/ a(s)ds — oo as t— o0

and
y(t) = ylto) + / b(s)g(a(s))ds > y(te) + 9(w(t)) / b(s)ds — 0o st oo,

which imply that 2(t) — oo and y(t) — oo as t — oo.
In view of our considerations, we may now make the following classification. Let
C be the set of all positive solutions of (7.27). Then we have the following result.

Theorem 7.5.1. Suppose that A(ty) = oo and B(tg) = oco. Then any positive
solution of (7.27) must belong to the set

C (o0, 0) = {(x,y) eC: tlirglox(t) =00, lim y(t) = oo} .

t—o0



7.5. CLASSIFICATION SCHEMES OF POSITIVE SOLUTIONS (II) 269

7.5.2. The Case A(ty) = co and B(ty) < co. Assume that A(tp) = oo and
B(tp) < oo. If (x,y) is a positive solution of (7.27), i.e., z(t) > 0 and y(¢) > 0 for
t > to, then, in view of (7.27), we have 2/(t) > 0 and %/(t) > 0 for t > ¢, which
imply that  and y are increasing. By the first equation of (7.27), we have

¢

£(t) = w(to) + / a(s)F(y(s))ds > w(to) + Fy(to) / a(s)ds — 0 as t— oo,

to to
and so lim;_,o z(t) = 0.
In view of our considerations, we may now make the following classification.

Theorem 7.5.2. Suppose that A(ty) = oo and B(tg) < oo. Then any positive
solution of (7.27) must belong to one of the following classes:

t—o0o

C(o0,+) = {(a?,y) eC: tlggloa:(t) =00, lim y(t) > 0},

C (o0, 00) = {(m,y) eC: flim z(t) =00, lim y(¢t) = oo}.

t— 00 t—o0

Theorem 7.5.3. Suppose that A(tg) = oo and B(tg) < oco. A necessary and
sufficient condition for (7.27) to have a positive solution (x,y) € C(oo,+) is that

(7.28) /t:o b(t)g </t a(s)f (¢) ds) dt <oo  for some ¢>0.

to

Proof. Let (x,y) be a positive solution of (7.27) such that lim; ., z(t) = co and
lim; o y(t) = B > 0. Then there exist two positive constants ¢; and ¢g such that
c1 <y(t) < cg for t > t; > tp. In view of the first equation of (7.27) we have

£(t) = (ty) + / a(s) (y(s))ds.

t1
After integrating the second equation of (7.27), we see that
t
) = ylt) + [ Ws)gta()ds,
t1
and so

o > 82yl =yl + [ "bs)a (m<t1>+ I a(u)f(y(u))du> s

t1 t1
>y + [ o ( / a(u)f(y(u))du) s
which implies (7.28) with ¢ = ¢;.

Conversely, choose T so large that

/TOO b(t)g (/Tta(S)f(C)ds> dt < g

Let X be the set of all bounded, continuous, real-valued functions y on [T, 00)
equipped with the norm ||y|| = sup,> |y(t)|. Then X is a Banach space. We define
a subset  of X by

Q:{yGX: §y(t)§c,t2T}.

c
2
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Then 2 is a bounded, convex, and closed subset of X. Let us further define an
operator F': @ — X by

0 =~ [ ([ atwsom)as o =1

The mapping F has the following properties. First of all, F' maps 2 into 2. Indeed,
if y € Q, then

¢z 0 = o= [ o6 ([ atwstuya) as
> o= [ ool ( / Sa(U)f(C)dU> as > &

Next, we show that F' is continuous. Let y,y; € Q such that lim;_, |ly; — y|| = 0.
Since Q is closed, y € Q. Then by (7.27), we have

|(Fy) () = (Fy)(@)|

/too b(s)g (/TS a(u)f(yl(u))du> ds — /too b(s)g (/Ts a(u)f(y(u))du) ds
| voo ([ atwstneanan) <o [ awswim)

By the continuity of f and g and Lebesgue’s dominated convergence theorem, it
follows that

IN

ds.

lim sup | (Fy) (1) ~ (Fy)(t)| = 0.

l— o0 t>T
This shows that
Jim [[Fy — Fyl| =0,

i.e., F' is continuous.

Finally, we show that F() is precompact. Let y € 2 and s,t > T. Then we have

for s >t
/ts b(u)g (/Tu a(v)f (y(v)) dv) i

/:o b(u)g (/T a(v)f(c)dv) du.

In view of (7.28), this means that FQ is precompact.

(Fy)(s) = (Fy)(0)

IN

IN

By Schauder’s fixed point theorem, we can conclude that there exists y € Q such
that y = Fy. Set

Then
t c
x(t) 2/ a(s)f (f) ds — o0 as t— oo,
T 2
and hence lim;_, o, 2(t) = co. On the other hand,

y(t) = (Fy)(t) = ¢ - / " b(s)g (a(s)) ds,

which implies that lim;_, . y(t) = ¢. The proof is complete. O
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7.5.3. The Case A(ty) < oo and B(ty) = co. In this subsection we consider
the classification and existence for positive solutions of (7.27) under the assumption
A(to) < oo and B(tg) = 0.

Theorem 7.5.4. Suppose that A(ty) < oo and B(tg) = oo. Then any positive
solution of (7.27) must belong to one of the following classes:

Ol+.00) = {(w.9) €€+ Jim a(t) >0, Jim y(t) = oo}

C (00, 0) = {(m,y) eC: tlim x(t) = oo, tlim y(t) = oo} .
Proof. If (z,y) is a positive solution of (7.27), i.e., z(t) > 0 and y(¢) > 0 for ¢ > ¢,
then, in view of (7.27), we have z'(¢) > 0 and y/(¢) > 0 for ¢ > to, which imply that
x and y are increasing. By the second equation of (7.27), we have
¢

y(t) = ylto) + / b(s)g(x(s))ds > y(to) + / b(s)g(x(to))ds — 00 as  t— oo,

to to

and so limy_, o y(t) = co. The proof is complete. O

Similar to the proof of Theorem 7.5.3, we can prove the following result.

Theorem 7.5.5. Suppose that A(ty) < oo and B(tg) = oo. A necessary and
sufficient condition for (7.27) to have a positive solution (x,y) € C(+,00) is that

o] t
/ a(t)f (/ b(s)g(c)ds) dt <oo  for some ¢>0.
to to
7.5.4. The Case A(ty) < oo and B(ty) < oo. We first give a classification
scheme for positive solutions of (7.27) subject to A(ty) < oo and B(ty) < oo.

Theorem 7.5.6. Suppose that A(ty) < oo and B(ty) < oo. Then any positive
solution of (7.27) must belong to one of the following classes:

C(+,+) = {(m,y) eC: tli)r&x(t) >0, tlirrolo y(t) > O},

t—o0

C(o0,0) = {(I,y) eC: tlgglox(t) =00, lim y(t) = oo}.

Proof. If (z,y) is a positive solution of (7.27), i.e., z(t) > 0 and y(¢) > 0 for ¢t > ¢,
then, in view of (7.27), we have z/(t) > 0 and y/(t) > 0 for ¢ > to, which imply that
z and y are increasing.
If limy 00 x(t) = o > 0, then z(t) < a for ¢ > ¢y and
¢

u(t) = ylto) + / b(s)g((s))ds < ylto) + g(a) / b(s)ds

t() tO
y(to) + g(a)B(to) < oo,
which implies that y is bounded, and hence lim; o, y(t) = 8 > 0. Similarly, if
lim; oo y(t) = B > 0, then z is bounded, and hence lim; o 2(t) = o > 0. The
proof is complete. O

IN

Theorem 7.5.7. A necessary and sufficient condition for (7.27) to have a positive
solution (x,y) € C(+,+) is that

(7.29) A(tg) < oo and B(ty) < oo.
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Proof. Let (x,y) be a solution of (7.27) such that lim; . 2z(f) = a > 0 and
lim; oo y(t) = B > 0. Then there exist four positive constants ¢, co, ¢z, ¢4 and
T > tg such that ¢; < x(t) < cp and ¢35 < y(t) < ¢4 for t > T. In view of the first
equation of (7.27) and lim;_, . x(t) = a > 0, we have

sty =a- [ " a(s) fly(s)ds > o / " a(s) flea)ds,
and so

/oo a(s) fca)ds < oo.

to
Furthermore, we see from the second equation of (7.27) that

ﬂ/b ds>ﬁ/b g(co)d

/00 b(s)g(cz)ds < 0.

to

and so

Conversely, suppose that (7.29) holds. Let ¢,d > 0 be arbitrary. Then there
exists T' > ty such that

/OO a(s)f(2c)ds <d and /00 b(s)g(2d)ds < c.

T T
Let X be the Banach space of all bounded, continuous, real-valued functions (z,y)
on [T, 00) endowed with the norm

o)l = ma {sup (0] sup )]}
t>T t>T
and with the usual pointwise ordering <. Define a subset 2 of X by
Q:{(Jc,y)eX: d<z(t) <2d, ¢ <y(t) <2, tzT}.

For any subset B of (), it is obvious that inf B € 2 and sup B € (). Let us further
define an operator F': 2 — X by

" a(s f(y(s))ds
F(z,y)(t) = (‘Z) + Jrale) 1) for (z,y) € Q.
fT ))ds

The mapping F' satisfies the assumptions of Knaster’s fixed point theorem: F' is
increasing and maps 2 into itself. Indeed, if (x,y) € Q, then

d < (Fx)(t) = d+/T a(s)f(y(s))ds < d+ f(2¢) /TOO a(s)ds < 2d
and , .
c< (Fy)(t)=c +/T b(s)g(z(s))ds < c+ g(2d)/T b(s)ds < 2e.

By Knaster’s fixed point theorem, we can conclude that there exists (z,y) € Q such
that (x,y) = F(x,y). That is,
t

x(t):d—i—/ a(s)f(y(s))ds and y(t)zc—i—/ b(s)g(x(s))ds.

T T
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Then
tim o)) =+ [ a@fp)ds and Jim g0 =+ [ oot
Hence (z,y) € C(+,+). O

In the previous subsections, we have given some classification schemes for pos-
itive solutions of (7.27) under the assumptions A(ty) = oo and B(tg) = oo,
A(to) = oo and B(tg) < oo, A(ty) < oo and B(ty) = oo, and A(tg) < oo and
B(tg) < o0, respectively. However, we could not give sufficient conditions for (7.27)
to have a positive solution which belongs to C'(co,00). Now, as an open problem
we leave it for the reader.

Open Problem. Obtain sufficient conditions for (7.27) to have a positive solution
which belongs to C(c0, 00) under one of the following conditions:

(i) A(tg) = oo and B(tg) = oo;
(ii) A(tg) = oo and B(tg) < oo
(iii) A(to) < oo and B(tg) = oo;
(iv) A(to) < oo and B(tg) < o0
Remark 7.5.8. If the functions f and g are bounded, A(tg) < oo and B(tg) < oo,
then C(00,00) = (). In fact, if lim;_,~ z(t) = oo, then
¢

() = a(to) + / a()F(y(s))ds < a(to) + F(y(t)) / a(s)ds

to to

x(to) + f(y(¢)A(tg) — oo as ¢ — oo,

IN

which implies that f(y(t)) — oo as ¢ — oco. This is a contradiction since f is
bounded. Similarly, if lim;_, . y(t) = 0o, then we can also obtain a contradiction.

Remark 7.5.9. All above results can be extended to two-dimensional delay differ-
ential systems of the form

a(t)f(y(t = 7)),
b(t)g(x(t = 9)),

pu—N—
<R
Py
~ T~
N~—
([

where 7,6 > 0.

7.6. Positive Solutions of Second Order Systems

In Sections 7.4 and 7.5, we provided a classification scheme for positive solutions
of two-dimensional first order nonlinear differential systems and gave conditions
for the existence of solutions with designated asymptotic properties.

In this section, following [207], we are concerned with a class of two-dimensional
second order nonlinear differential systems of the form

2 () = a(t) f(y(1)),
(7.30) {y"<t> = —b(1)g(x(t)),
where

(H1) a and b are continuous and real-valued nonzero functions such that a(t) > 0
and b(t) > 0 for ¢ > tg, and
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(H2) f and g are continuous, real-valued, and increasing functions on the real line
R and satisfy 2 f(z) > 0 and xzg(x) > 0 for « # 0.

As usual, a solution (z,y) of (7.30) is said to be positive if both x and y are positive.
Positive solutions of (7.30) are interesting for many reasons. For example, when
a(t) =1 and f(u) = u, we see from (7.30) that

@ () = —b(t)g(x(t)).

Therefore, a positive solution of (7.30) yields a positive and strictly concave solution
of the fourth order nonlinear differential equation

B (t) 4+ b(t)g(z(t)) = 0.
Other important differential equations such as
2 (t) +p(t) |2(t)|" sgna(t) = 0
and
(ra”)"(t) + p(t) f (x(t)) = 0,
can also be written in the form (7.30).

In this section, we will be concerned with classification schemes for positive
solutions of (7.30) and give necessary as well as sufficient conditions for the existence
of these solutions. The system (7.30) is naturally classified into the four classes

/OO a(s)ds =00 and /00 b(s)ds = o0,

to

/ a(s)ds =00 and / b(s)ds < o0,
to

/ a(s)ds < oo and b(s)ds = oo,

to to
o0 o0
/ a(s)ds < oo and / b(s)ds < oo.
to t()

For this reason, we will employ the following notations:

At) = /too a(s)ds and B(t) = /too b(s)ds for t>to.

7.6.1. The Case A(tg) = oo and B(tp) = co. In this subsection we always
assume that A(tg) = oo and B(ty) = oo.

Theorem 7.6.1. Suppose that A(tg) = oo and B(tg) = co. Then there exists no
positive solution of (7.30).

Proof. Suppose that (x,y) is a solution of (7.30) such that x(t) > 0 and y(¢) > 0
for t > tg. Then, from (7.30) we have y”(t) < 0 for t > to, which implies that 3’ is
decreasing. Therefore, there are two possibilities:

(i) ¥'(t) > 0 for t > tp, and
(i) ¢'(t) <0 for t > to.
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If ' (t) > 0 for t > tg, then y is an increasing function. Since y(t) > 0 for ¢ > t;, we
have y(t) > y(to) > 0 for t > to. From the first equation of (7.30) we find 2" (t) > 0
for t > tg and hence

t

2(t) = o (o) + / a(3) [ (y(s))ds > 2/ (to) + £ (o)) / a(s)ds > 0o 88t oo

to to
which implies that there exists ¢; > to such that z(t) > z(t1) > 0 for ¢ > ¢;. From
the second equation of (7.30), we have

v (0 =y (1)~ [ He)gla(s)ds <o/ () ~g(a®) [ Ws)ds - o0 as b o,

tl tl
which contradicts the fact that y'(¢t) > 0 for ¢ > .

If y/'(t) < 0 for ¢ > tg, then from y”(t) < 0 for t > tg, it follows that y’ is
decreasing, and hence there exists a constant ¢ > 0 such that

y'(t) < —c for t >ty > 1y,

which means that

t
y(t) < y(ta) */ cds — —0co0 as t— oo,
to

and so there exists t3 > to such that y(¢) < 0 for ¢t > t5. This is a contradiction
and completes the proof. O

7.6.2. The Case A(ty) = co and B(ty) < oco. Assume that A(tp) = oo and
B(tg) < co. If (z,y) is a positive solution of (7.30), that is to say, z(¢t) > 0 and
y(t) > 0 for t > tg, then, in view of (7.30), we have z”(t) > 0 and y"(t) < 0 for
t > tg, which imply that 2’ is increasing and y’ is decreasing. Hence z and y are
eventually monotone functions. By the second equation of (7.30), we have

o (£) = ylto) - / b(s)g(x(s))ds, > to.

If there exists t; > tg such that y/'(t) < ¢'(¢t1) < 0 for ¢ > t1, then
t

y(t) = y(t1) +/ y'(s)ds < y(t1) +/ y'(t1)ds - —o0 as t — oo,

t1 t1
which contradicts the assumption y(¢) > 0 for ¢ > to. Hence y/(¢) > 0 for t > to and
limy 00 ¥/ (t) = ¢ > 0, which implies that lim;_ y(t) = oo or lim;_.. y(t) = 8 > 0.
By the first equation of (7.30), we have
¢

2 () =)+ [ als)f(u(o)ds = o' (t0) + (k) [ als)ds 0wt o,

to to
and so lim;_, z(t) = 0.
In view of our considerations, we may now make the following classification. Let
C be the set of all positive solutions of (7.30). Then we have the following result.

Theorem 7.6.2. Suppose that A(tg) = oo and B(tp) < oo. Then any positive
solution of (7.30) must belong to one of the following classes:

C(o0,+) = {(aj,y) eC: tli)rgox(t) = 00, tli)n{;lo y(t) > O},

C (o0, 0) = {(m,y) € C: lim z(t) =00, lim y(t)= oo}.

t—o0 t—o0
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In order to further justify our classification scheme, we derive several sufficient
conditions for the existence of each type of positive solution.

Theorem 7.6.3. Suppose that A(ty) = oo and B(ty) < co. A sufficient condition
for (7.30) to have a positive solution (x, y) € C(oo,+) is that

(7.31) / / b(u (/ / drdv) duds < oo for some ¢>0
an
/ / v)dvdu =
to to

Proof. Choose M so large that

//b (// dtdr)duds<c.
M s M 2

Let X be the set of all bounded, continuous, real-valued functions y equipped with
the norm [|y|| = sup,> s [y(¢)|. Then X is a Banach space. We define a subset Q of
X by

Q:{yeX: ggy(t)gc, tzM}.
Then Q is a bounded, convex, and closed subset of X. Let us further define an
operator F': Q@ — X by

(7.32) (Fy)(t):c—/too/:ob (/ / dwdr) duds, t> M.

The mapping F has the following properties. First of all, F' maps 2 into 2. Indeed,
if y € Q, then

(Fy)(t) = c—/m/wb (// dwdr)duds
c—/MOO/:Ob (/ / dwdr)duds > g

Next, we show that F is continuous. Let y; € Q such that lim;_, [|y1 — y|| = 0.
Since € is closed, y € Q. Then by (7.32), we have

|(Pu)®) - <Fy><t>]
(/ / )dwdr) duds

_ /:OO / ( /N [ / dwdr) duds
AT (/ o ”“’d’“)
o fye dwd’”)

By the continuity of f and g and Lebesgue’s dominated convergence theorem, it
follows that

Cc

Y]

v

IN

duds.

lim sup |(Fy)(t) ~ (Fy)(t)] = 0.

l—00 ¢> M
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This shows that
Jim [[Fy, — Fyll =0,

i.e., F' is continuous.

Finally, we show that F(Q is precompact. Let y € Q and s,t > M. Then we

have for s > ¢
e -] < [ [Two ([ [ at dwdr) dvd
/too /u‘x’ b(v (/M / dwdr) dvdu.

In view of (7.31), this means that F is precompact.

IN

IA

By Schauder’s fixed point theorem, we can conclude that there exists y € € such

that y = Fy. Set
/ / )) dwdr.

// dwdr—>oo as t— 00,
M

and hence lim;_, o, 2(t) = co. On the other hand,

y(t) = (Fy)(¢ —c—/ / )) dvdu,

which implies that lim;_,o y(t) = ¢. Hence (z,y) € C(c0,+). O

Then

Theorem 7.6.4. Suppose that A(tg) = oo and B(tg) < o0o. A sufficient condition
for (7.30) to have a positive solution (z,y) € C (00, 00) is that

(7.33) /00 a(s)f(es)ds < oo for some ¢>0
to

and

(7.34) /00 b(s)g(ds)ds < oo  for some d > 0.
to

Proof. Suppose that (7.33) and (7.34) hold. Then there exists M > t; such that

/OO a(s)f(es)ds < g and /Oc b(s)f(ds)ds < g

M M

Let X be the Banach space of all real-valued continuous functions (z,y) endowed
with the norm
)
t>M

and with the usual pointwise ordering <. Define a subset 2 of X by

(9l = max{sup
t>M

dt t
Q{(x,y)EX: ggx(t)gdt, Zgy(t)gct,tZM}.
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For any subset B of (), it is obvious that inf B €  and sup B € (). Let us further
define an operator F': @ — X by

dt ¢ N a\u U uas
Fla,y)(t) = | ? S Jag el Syl dud for t> M.

%t + f& fsoo b(u)g(xz(u))duds

The mapping F' satisfies the assumptions of Knaster’s fixed point theorem: F' is
increasing and maps (2 into itself. Indeed, if (z,y) € €, then

dt < (Fz)(t) < dt +t/ a(s)f(es)ds <dt, t>M
2 2 "
and

t t o
% < (Fy)(t) < %+ t/ b(s)g(ds)ds < ct, > M.
M

By Knaster’s fixed point theorem, we can conclude that there exists (z,y) € Q such
that (x,y) = F(x,y). That is,

dt / / ))duds, t>M

and
/ / b(u ))duds, t> M.
Then
tlg(r)lo z(t) =00 and tlg(r)lo y(t) = oo.
Hence (z,y) € C(o0,00). O

7.6.3. The Case A(ty) < oo and B(tp) < co. We first classify positive solu-
tions of (7.30) under the assumption A(tg) < oo and B(tg) < oc.

Theorem 7.6.5. Suppose that A(ty) < oo and B(tg) < oo. Then any positive
solution of (7.30) must belong to one of the following six classes:

C(+,+) = {(w,y) € O Jim a(t) >0, lim y(t) >0},

{ Jim a(t) =0, lim y(t) >0},
{ ’ tlggoa:(t) = %0 tlilgoy }
= {(x,y) eC: tlim z(t) >0, thm y(t oo}
{ tlinolox(t) =9, tlggoy OO}
C(o0,00) = {(w,y) € €+ Jim a(t) = o0, lim y(t) = oo}

Proof. Let (x,y) be a positive solution of (7.30). Then y”(¢t) = —b(¢)g(z(t)) < 0
for t > ty. Hence y’ is monotone and either y'(¢t) > 0 for ¢t > t¢ or y'(t) < 0 for
t > to. If the latter holds, then y(t) < y(to) for t > to and y'(¢) < y'(tg) < 0 for
t > tg, and so

t
y(t) < ylto) + / Y (to)ds — 00 as t— oo,
to
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which contradicts the assumption y(t) > 0 for ¢ > t;. This means that
limy 00 y(t) = 00 or limy oo y(¢) = B > 0. On the other hand, it follows from (7.30)
that 2 (t) > 0 for t > ¢, which implies that 2’ is monotone and either z'(t) > 0
for t > to or a’(t) < 0 for t > tg. If the latter holds, then lim; . z(t) = a > 0.
If the former holds, then lim; o 2(f) = 0o or lim; .o 2(t) = a > 0. The proof is
complete. O

Again, in order to justify our classification scheme, we derive several necessary
and/or sufficient conditions for the existence of each type of positive solution.

Theorem 7.6.6. Suppose that A(ty) < oo and B(ty) < co. A necessary and
sufficient condition for (7.30) to have a positive solution (x,y) € C(+,+) is that

(7.35) / / u)duds < o0 and / / b(u)duds < o0.
to s

Proof. Let (z,y) be a solution of (7.30) such that lim; .. z(t) = a > 0 and
lim; . y(t) = B > 0. Then there exist four positive constants ¢, ca,cs, ¢4 and
M > tg such that ¢ < z(t) < ¢ and cs < y(t) < ey for t > M. In view of the first
equation of (7.30) and lim;_, o (t) = @ > 0, we have

=a+ / / ))duds,
/ / f(e3)duds < .

Furthermore, we see from the second equation of (7.30) that

and so

and

=p3- / / b(u ))duds > 0.
/ / g(c1)duds < 8 < 0.
to S

Conversely, suppose that (7.35) holds. Let ¢,d > 0 be arbitrary. Then there
exists M > tg such that

/ / f(2¢)duds < d and / / g(2d)duds < c.
M

Let X be the Banach space of all real-valued, bounded, continuous functions (z,y)
endowed with the norm

I(2,9)]| = max {HE (o). sup |y<t>|}

Thus

and with the usual pointwise ordering <. Define a subset (2 of X by

Q:{(:&y)eX: dgx(t)SQd,c§y(t)§20,t2M}.
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For any subset B of (), it is obvious that inf B €  and sup B € (). Let us further
define an operator F': @ — X by

Fla,y)(#) = AT et wlyduds )
e+ [y [ bu)g(w(u))duds

The mapping F' satisfies the assumptions of Knaster’s fixed point theorem: F is
increasing and maps € into itself. Indeed, if x € €2, then for ¢t > M,

d < (Fz d+/ / ))duds
< d+/ / f(2¢)duds < 2d
and
c < (Fy)it) = c+// ))duds
M
< c+// b(u)g(2d)duds < 2c.

By Knaster’s fixed point theorem, we can conclude that there exists (z,y) € Q such
that (x,y) = F(x,y). That is,

*d+/ / ))duds, t>M

and
=c Jr/ / ))duds, t> M.
Then
lim z(t) =d and lim ¢/(¢) = lim b(uw)g(z(u))du = 0,
t—o0 t—o0 t—oo [,
and so limy_oc y(t) = B > 0. In view of y/(t) = [~ b u))du > 0, it follows
that 3 > 0. Hence (z,y) € C(+,+). O

Theorem 7.6.7. Suppose that A(tg) < oo and B(tg) < oo. A mnecessary and
suﬁ%cient condition for (7.30) to have a positive solution (x,y) which belongs to
C(0,+4) is that

(7.36) / / b(u </ / drdv) duds < oo for some ¢ > 0.

Proof. Let (z,y) be a solution of (7.30) such that lim; . xz(t) = 0 and
lim; o y(t) = B > 0. Then there exist two positive constants ¢;,ce and T > tg
such that ¢; < y(t) < ¢g for t > T. In view of the first equation of (7.30) and

lim;_, oo (t) = 0, we have
/ / ))duds.

Furthermore, we see from the second equation of (7.30) that

v = | " b(s) F(y(s))ds
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t)zﬁ—/too/:ob (// drdv)duds>0.
/w/wb (// cldrdv)duds<6.

Conversely, suppose that (7.36) holds. Then there exists T' > ¢y such that

/T/tb (// 2cdrdv)duds<c,

Let X be the Banach space of all bounded, continuous, real-valued functions y
endowed with the norm

Thus,

llyll = sup [y (t)]
t>T
and with the usual pointwise ordering <. Define a subset (2 of X by
Q:{yeX: c < y(t) <2, tZT}.

For any subset B of €, it is obvious that inf B € Q and sup B € 2. Let us further
define an operator F': } — X by

(Fy)(t):c—&—/Tt/:ob (// drdv)duds for t>T.

The mapping F' satisfies the assumptions of Knaster’s fixed point theorem: F' is
increasing and maps () into itself. Indeed, if y € €, then

cg(Fy)(t)Sc—&—/Too/:ob (/ / 20drdv>duds§2c

for t > T. By Knaster’s fixed point theorem, we can conclude that there exists

y €  such that y = F'y. Set
/ / ))duds.

Then
= c+/ / )) duds
and
tlg(r)lo z(t)=0 and hm y(t) =c +/ / )) duds.
Hence (z,y) € C(0,+). O

By means of similar reasoning used as in the proof of Theorems 7.6.3, 7.6.6, and
7.6.7 we may prove the following three theorems.

Theorem 7.6.8. Suppose that A(tg) < oo and B(tg) < oco. A sufficient condition
for (7.30) to have a positive solution (z,y) € C(oco,+) is that

/ / u)duds =
/ / (/ / drdv) duds < oo for some ¢ > 0.
to s to Jto

and
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Theorem 7.6.9. Suppose that A(ty) < oo and B(ty) < co. A sufficient condition
for (7.30) to have a positive solution (x,y) € C(+,00) is that

/ / b(u)duds = oo

to s

/ / a(u (/ / drdv) duds < oo for some ¢ > 0.
to s

Theorem 7.6.10. Suppose that A(ty) < oo and B(tg) < co. A sufficient condition
for (7.30) to have a positive solution (z,y) € C (00, 0) is that

/ a(s)f(cs)ds < oo and / b(s)g(cos)ds < oo for some ¢ >0, ¢y > 0.
to tO
7.6.4. The Case A(ty) < oo and B(ty) = co. In this subsection we consider

the classification and existence for positive solutions of (7.30) under the assumption
A(tog) < oo and B(tg) = o0

Theorem 7.6.11. Suppose that A(ty) < oo and B(tg) = oco. Then any positive
solution of (7.30) must belong to one of the following classes:

C(0,+) = {(m,y) €C: lim a(t) =0, lim y(t) > o},

C(0,00) = {(x,y) eC: tlim x(t) =0, thm y(t) = oo}.
Proof. Let (x,y) be a positive solution of (7.30). Then y”(t) = —b(t)g(z(t)) <
for t > to. Hence y’ is monotone and either y'(¢) > 0 for t > ¢y or ¢/'(¢t) < 0 for
t > to. If the latter holds, then y(t) < y(to) for ¢ > to and y'(¢) < y'(to) < 0 for
t > tg, and so

t
y(t) < y(to) +/ y'(to)ds —» —o0 as  t — o0,

to
which contradicts the assumption y(t) > 0 for ¢ > t;. This means that
limy oo y(t) = o0 or lim; oo y(f) = B > 0. On the other hand, it follows from
(7.30) that x(t) > 0 for ¢ > to, which implies that 2’ is monotone and either
a'(t) > 0 for t > to or 2'(t) < 0 for t > tg. If the former holds, then z(t) > x(to)
for t > tg. By the second equation of 7.30 we have
¢

v (0 =y (1) [ He)ga(s)ds < o' (t0) ~g(a®) [ Ws)ds — —oc as tox,

to to
which implies that lim;_. ¢'(tf) = —oo and hence lim;_ y(t) = —oo. This
contradicts the assumption y(t) > 0 for t > t¢o. If the latter holds, then
lim; o xz(t) = o > 0. Since 2/(¢t) < 0 for ¢t > 9, we have z(t) > « > 0 for
t > tyg. If @ > 0, then
t

YO =5/ (t)~ [ be)gla(o)ds < y'(t0) ~ g(a) [ bshds ——00 a5 1o,

to to

which also contradicts the assumption y(t) > 0 for ¢ > t. O

In the following, in order to justify our classification scheme, we derive several
necessary and/or sufficient conditions for the existence of each type of positive
solution.
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necessary and

Theorem 7.6.12. Suppose that A(ty) < oo and B(tg) = oco. A
y) € C(0,4) is that

sufficient condition for (7.30) to have a positive solution (x,

(7.37) / / u)duds < oo
to S
and
(7.38) / / b(u (/ / feo drdv) duds < oo for some ¢g > 0.
to s

Proof. Let (x,y) be a solution of (7.30) such that lim; ... z(f) = 0 and
lim; 00 y(t) = B > 0. Then there exist two positive constants c¢j,co and M > ¢
such that ¢; < y(t) < ¢g for t > M. In view of the first equation of (7.30) and
lim;_, o z(t) = 0, we find

0=~ [ " a(s) fy(s))ds

oo > x(t / / ))duds > / / f(e1)duds.

Furthermore, we see from the second equation of (7.30) that

and so

and

oo > —l—// b(u ))duds
M Js
drdv) duds
/Ml

Conversely, suppose that (7.37) and (7.38) hold. Then there exists M > to such

that
/ / b(u (/ / f(2¢) drdv) duds < c.
M s

Let X be the Banach space of all real-valued, bounded, continuous functions y
endowed with the norm

v

\Y,
\
\
E
=
)

/\/\

—

8

8

g

a(r)f(c drdv) duds.

lyll = sup |y(2)]
t>M
and with the usual pointwise ordering <. Define a subset €2 of X by
Q:{yGX: c < y(t) <2, tzM}.

For any subset B of (), it is obvious that inf B € Q and sup B € (). Let us further
define an operator F : Q@ — X by

(Fy)(t)c+/]:[ /:Ob (/ / drdv) duds, t> M.
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The mapping F' satisfies the assumptions of Knaster’s fixed point theorem: F' is
increasing and maps (2 into itself. Indeed, if y € Q, then for t > M,

¢ < (Fy)t :c+// (/ / drdv)duds
H/M/s b(u (/ / £(2¢) drdv) duds < 2c.

By Knaster’s fixed point theorem, we can conclude that there exists y € ) such
that y = Fy. That is,

(t)ch/]:[/:ob (// drdv)duds, t> M.

/ / ))drds.
Then lim;_, o, () = 0 and

—c—l—// ) duds, t> M,
M

oo
tlim y'(t) = tlim / b(s)g(x(s))ds = 0.
— 00 —0 Jy
Hence lim; o y(t) = 8 > ¢ > 0 and (x,y) € C(0,+). O

Theorem 7.6.13. Suppose that A(tg) < oo and B(tg) = co. A sufficient condition
for (7.30) to have a positive solution (z,y) € C(0,00) is that

(7.39) / b(s (/ / (cv dvdu) ds < oo  for some ¢>0.

Proof. Suppose that (7.39) holds. Then there exists M so large that

/ (/ / f(2er) drdu> ds < c.

Let X be the set of all real-valued continuous functions y equipped with the norm
llyll = sup;> s [y(¢)/t]. Then X is a Banach space. We define a subset {2 of X by

A

IN

Set

and so

Q:{yeX: ctgy(t)§2ct,tzM}.

Then € is a bounded, convex, and closed subset of X. Let us further define an
operator F':  — X by

(Fy)(t) = ct + /N j / h < / / drdu> dsdv for t> M.

The mapping F' satisfies the assumptions of Knaster’s fixed point theorem: F' is
increasing and maps € into itself. Indeed, if y € €2, then

ct§(Fy)(t)§ct+/ b(s (// 26rdrdu>ds§20t for t> M.
M

By Knaster’s fixed point theorem, we can conclude that there exists y € ) such

that y = Fy. Set
/ / ))drds.
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Then
(t) =ct+ /t /OO b(w)g (z(u)) duds
and o
tlggo z(t)=0 and tll)rgoy( ) = oo.
Hence (z,y) € C(0,00). O

Remark 7.6.14. All above results also hold for the two-dimensional delay differ-
ential system

{x“() a(t)f(y(t — 7)),
y'(t) = —b(t)g(x(t — 8)),

where 7 and § are positive numbers.

7.7. Nonoscillation of Emden—Fowler Systems

The differential equation
u"(t) = a(t)|u(t)|* sgnu(t) with some A\ #1

is known in the literature as an equation of the Emden—Fowler type. Study of the
equation of this type began in connection with astrophysical investigations around
the turn of the century. The oscillatory and nonoscillatory behavior of solutions
of Emden—Fowler equations has been investigated by many authors. A survey on
such results and a fairly extensive bibliography of the earlier work can be found in
the book of Kiguradze and Chanturiya [145].

For the system of differential equations of the Emden—Fowler type

{ua (t) = a (£)|uz ()| sgn us(t),

(7.40) uh(t) = as(t)|uy (8)|*2 sgnuq (¢),

which is a generalization of the Emden—Fowler equation, considerably less research
work have been done. We refer to [224, 225, 226, 227, 228, 229] for oscillation
theorems and to [229, 249, 250, 254] for nonoscillation theorems.

Throughout this section we assume that the functions a;, i € {1,2}, are summa-
ble on each finite segment of the interval [0, 00), a;(t) > 0 for all t > tg and A; > 0,
i € {1,2}, MA2 = 1. We consider only those solutions of the system (7.40) which
exist on some ray [to,00), where ¢y > 0 may depend on the particular solution. A
nontrivial solution (x,y) of the system (7.40) is said to be nonoscillatory if we can
find ¢, > to such that u; and ug are different from zero on [t.,c0). The system
(7.40) is called nonoscillatory if all nontrivial solutions are nonoscillatory.

It is well known that the oscillatory nature of the system (7.40) and the existence
of solutions of the generalized Riccati equation

V(1) + Aar (O = aa(t)

are closely related. Namely, in 1980, Skhalyakho [249] has established the following
sufficient and necessary condition on the nonoscillation of the system (7.40).
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Theorem 7.7.1. The system (7.40) is nonoscillatory if and only if there exists a
function 6 € C*([tg, 0)) such that

0'(t) + Aaar (8) [0()" T —ag(t) <O for t>ty>0,
where Ay = 1.

The purpose of this section is to establish nonoscillation theorems for the system
(7.40) by the application of Theorem 7.7.1. In order to simplify notation, we define

A1
(1 + )\1)1+A2 ’

Theorem 7.7.2. Let g and v be two continuously differentiable functions on [tg, o0)
such that

£ = Oé:(l—F)\l))\z.

(r.41) 90 >0, g(H)Za(), ¥ as(t).
1f
(7.42) tim sup ([g())2 ()] ) <<

then the system (7.40) is nonoscillatory.

Proof. Since (7.42) holds, there exist T > tg and k € (0,¢) such that

(7.43) [g* [¢()] <k for t>T.
Let -
0(t) = —v(t) + algOP
Then \ \
ok <oe = (L WPy /\11)1“2 =iy <!
and
, , 1—ka 4¢'(¢ 1—ka aq(t
06) = ()~ i < aalt) = et
Accordingly,
0'(t) + Aoar (£) [0 — az(t)
ka—1 ai(t) 1— ko [N
< he—p wunH*2+A“““4‘¢“)+awanh
ko A +1
= g e [ - vl ]-

Now, (7.43) implies for all ¢t > T
0'(t) + Aga1 (£) [0(8) [ — az(t)

aq(t) 1 |1-ka
/\27[9(15)]1_”\2 [k a+‘ o +k

A1+1‘|
al(t)
SOk

The conclusion follows now from Theorem 7.7.1. O

(k—¢) < 0.
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Theorem 7.7.3. Let g and v be two continuously differentiable functions on [tg, o0)
satisfying one of the conditions

(7.44) 9(t) >0, ¢'(t) > ai(t), ¥'(t)<a(?),
(7.45) g(t) >0, ¢'(t) <-ai(t), ¥'(t) = —a2(t),
(7.46) g(t) >0, ¢(t) < —ai(t), ¥'(t) < az(t).

If (7.42) holds, then the system (7.40) is nonoscillatory.

Proof. The proof follows by similar arguments as in the previous theorem by taking

1—ka
0(t) = o(t) + Al
if (7.44) holds,
1—-ka
0(t) = —(t) — a0
if (7.45) holds, and
1—- ko
Y0 =00 P
if (7.46) holds. O

For the next two theorems, we refer to the fact that there exists a constant k > 0
such that

1+ 1
(7.47) [l w(t) - 4 kW 4k<e
or such that

1+ 1
(7.48) ’[g(t)]’\%b(t) + k‘ <k kT —k<e

Theorem 7.7.4. Let g and ¥ be two continuously differentiable functions on
[to,0). Then we have:

(i) (7.41) and (7.47) imply that the system (7.40) is nonoscillatory;
(ii) (7.44) and (7.48) imply that the system (7.40) is nonoscillatory.

Proof. To prove (i) let

k
Then, according to (7.41),
AN g/(t) a _ al(t)
0'(t) = —'(t) — k)2 (O] < as(t) — kg O
which implies
0'(£) + Aoar (1) [0()| " = as(2)
) I
< -Rhp |40 - o
= et (vl -6 4] <o

This proves the conclusion (i) by an application of Theorem 7.7.1.
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To show (ii), let

k
0(t) = (t) + oS
Using (7.44), we obtain
0'(t) < as(t) — mz[g(“t;&
and
0'(t) + Aoar (1) [0(6) | — ax (1)
_ a1(t) " kot
b + 500900+ g

B al(t) ) 1+

= nepaiis ([olor 1 - k) < o
which establishes the conclusion (ii). O

Theorem 7.7.5. Let g and ¥ be two continuously differentiable functions on
[to,0). Then we have:

(i) (7.45) and (7.48) imply that the system (7.40) is nonoscillatory;
(ii) (7.46) and (7.47) imply that the system (7.40) is nonoscillatory.

Proof. The conclusion follows according to Theorem 7.7.1 if we let

000 = ~410) = 7w
for (i) and
0(8) = 0(0) ~ e
for (ii). O

Theorem 7.7.6. Let g be a continuously differentiable function on [ty, c0) such that
g(t) >0 and ¢'(t) < —aq(t). If there exists a continuously differentiable function 1
on [tg,00) such that

(7.49) Jim W(t) exists  and ' (t) > —ao(t)[g(t)]2,
then the system (7.40) is nonoscillatory.
Proof. Since lim;_, o ¥(t) exists, there exist two numbers T > tg and M such that

O<M+¢it)<1 for t>T.

Then, for the function

- _M + ()
T
we obtain
R 4 ) M+9y(@) , M +9(t)
0 (t) - [g(t)])\2 + )‘2 [g(t)]l+)\2 g (t) S a?(t) - )‘2 [g(t)]1+>\2 a‘l(t)7



7.7. NONOSCILLATION OF EMDEN-FOWLER SYSTEMS 289

which implies
0'(t) + Aaaa (1) 10(8) " — as(t)
(M + () M +(t)
[g(t)]' 22 [g(t)]!+2

(M + (@) - (M +0)) = 0.

< )\Qal(t)

ar (1)
< g

This completes the proof by an application of Theorem 7.7.1. O

— )\Qal(t)

Theorem 7.7.7. Let g be a continuously differentiable function on [ty,00) such
that g(t) > 0 and ¢'(t) > a1 (t). If there exists a continuously differentiable function
P on [tg, 00) satisfying (7.49), then the system (7.40) is nonoscillatory.

Proof. The assumption (7.49) guarantees the existence of two numbers T' > ¢y and
K such that

O0<K-9t)<1l for t>T.

Taking 0(t) = g(;i;ﬁﬁt;, we get the conclusion as in the previous proof. O
Theorem 7.7.8. Let ax(t) > —[h(t)] 7172, where h € C([to, 00), (0,00)). If

1
. ! — d
th_yolo (h (t) —aq (t)) =L exists and L > I

then the system (7.40) is nonoscillatory.
Proof. Tt follows from the assumption (7.49) that there exists T' > ¢o with

B'(t) —ay(t) > L for t>T.
A2

Then the function 6(t) = [h(t)]~*? satisfies the condition of the Theorem 7.7.1,
since we have

W (t) ax(t)
' A+l _ 1
(1) + o (1) DO —aalt) = Mg + et — aa(t)
A2 1
< —= | -K(t t — .
S e ()+CL1()+)\2 <0
Hence we obtain the desired result according to Theorem 7.7.1. O

Theorem 7.7.9. Let ¢ be a monnegative continuously differentiable function on
[to, 00) such that V' (t) < as(t). If

[ e as < 5

then the system (7.40) is nonoscillatory.
Proof. Denote (3 = (1 + A2)*** and
0(0) = 0(0) + 228 [ [0 N ar(s)as.
Then
0'(t) = &' (t) = XaBl()] T ar(t) < az(t) — AaBlb ()] M an (8).
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Therefore,

0’ (t) + Aoay () |0()) T = as(t)
< arl®) ]w) a0 [ R (s)ds

Noar(8) ([0(8) + At (O] = BLe()] ) = 0.
Hence, by Theorem 7.7.1, the system (7.40) is nonoscillatory. O

A1+1

— Xl M a(t)

N

IN

Theorem 7.7.10. Let v be a nonnegative continuously differentiable function on
[to, 00) such that ¥’ (t) < as(t) and let

(o) s
o) = [T a e (w0 [P i) ds
t t
If p(t) < %, then the system (7.40) is nonoscillatory.

Proof. Denote v = (1 + A\2)* and 6(t) = 1 (t) + Aay(t). Then we get
/(1) = ¥/(8) + Do (1) < az(t) = oy (WO ax (1) + Ao (WO aa (1))

and consequently,

0/ (t) + Aaar (t) 0() M — ax(t)

< doan(0) [t + dore®)] T Aoy (DR (00) + dorol)
= Roar(t) (¥ + dave®)) (W) + dave ™ =A™
< doar(®) (V00 + 2ar0(®)) ([0(0) + A (O] = (@) = 0.
It follows from Theorem 7.7.1 that the system (7.40) is nonoscillatory. O

7.8. Notes

The results in Section 7.2 are based on Kordonis and Philos [152]; see also
Mirzov [224, 225, 226] and Kwong and Wong [161]. The treatment in Section 7.3
is from Li and Huo [198]. The results of Section 7.4 are taken from Li and Cheng
[194]. While Section 7.5 follows Li [185], Section 7.6 summarizes results by Li and
Yang [207]. The material in Section 7.7 is adopted from Manojlovi¢ [223].



CHAPTER 8
Oscillation of Dynamic Equations on Time Scales

8.1. Introduction

The study of dynamic equations on a time scale goes back to its founder Stefan
Hilger (1988), and is a new area of still fairly theoretical exploration in mathematics.
Motivating the subject is the notion that dynamic equations on time scales can
build bridges between continuous and discrete mathematics. Further, the study of
time scales has led to several important applications, e.g., in the study of insect
population models, neural networks, heat transfer, and epidemic models.

The development of the theory of time scales is yet in its infancy, yet as inroads
are made, interest is gathering steam. Of a great deal of interest are methods being
introduced for dynamic equations on time scales which now explain some discrep-
ancies that have been encountered when results for differential equations and their
discrete counterparts have been independently considered. The explanations of
these seemingly discrepancies are incidentally producing unifying results via time
scale methods. While there are currently many independent results on oscillation
of differential equations as well as on oscillation of difference equations, the occur-
ring discrepancies may suggest that a unification will be too hard or impossible.
However, all of the problems that have been tackled so far using the time scales
calculus led to a unification and hence shed light on the nature of the underlying
structures.

In addition to the unification aspect of the theory of time scales there is an ex-
tension aspect, which might even have a broader impact on the future of oscillation.
Instead of differential or difference equations, any other kind of dynamic equation
is also applicable to the theory (for example, so-called g-difference equations), and
it might be very important to understand oscillation properties of solutions of such
more general equations. The applicability of dynamic equations on time scales to
modeling phenomena of seasonal plant (or insect) population dynamics is of great
potential value. Results in this direction will undoubtedly attract the attention of
researchers in other disciplines such as the biological sciences.

In this chapter we present some first progress in direction of generalizing the
oscillation results given in the earlier chapters of this book to the time scales case. In
Section 8.2 we first give a general introduction into the theory of dynamic equations
on time scales. The reader may consult the books [53, 55] for further results. Then,
in Section 8.3, we present some oscillation results of second order nonlinear dynamic
equations on time scales. In Section 8.4, some oscillation criteria for perturbed
nonlinear dynamic equations are given. We then follow [197] and classify positive
solutions of nonlinear dynamic equations in Section 8.5 and discuss oscillation of
Emden-Fowler dynamic equations in Section 8.6. In Section 8.7 we present some
oscillation criteria for first order delay dynamic equations. Finally, in Section 8.8,

291
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we consider oscillation of symplectic dynamic systems, which contain as special
cases linear Hamiltonian dynamic systems and Sturm—Liouville dynamic equations
of any even order.

8.2. The Time Scales Calculus

In this section we introduce some basic concepts concerning the calculus on
time scales that one needs to know to read the remainder of this chapter. Most
of these results will be stated without proof. Proofs can be found in the books
by Bohner and Peterson [53, 55]. A time scale is an arbitrary nonempty closed
subset of the real numbers. Thus R, Z, N, Ny, [0,1] U [2,3], [0,1] UN, and the
Cantor set are examples of time scales, while Q, R\ Q, C, and (0,1) are not time
scales. Throughout this chapter we will denote a time scale by the symbol T. We
assume throughout that a time scale T has the topology that it inherits from the
real numbers with the standard topology.

The calculus of time scales was initiated by Stefan Hilger in [124] in order to
create a theory that can unify discrete and continuous analysis. Indeed, below we
will introduce the delta derivative f2 for a function f defined on T, and it turns
out that

(i) f2 = f’ is the usual derivative if T = R and
(ii) fA = Af is the usual forward difference operator if T = Z.

We now introduce the basic notions connected to time scales. We start by
defining the forward and backward jump operators.

Definition 8.2.1. Let T be a time scale. For ¢t € T we define the forward jump
operator o : T — T by

o(t) == inf{s eT: s >t} forall teT,
while the backward jump operator p : T — T is defined by
p(t) := sup {s eT: s< t} for all ¢ eT.

In this definition we put inf() = supT (i.e., o(M) = M if T has a maximum M)
and sup® = inf T (i.e., p(m) = m if T has a minimum m), where () denotes the
empty set. If o(t) > ¢, then we say that t is right-scattered, while if p(t) < t, then
we say that ¢ is left-scattered. Points that are right-scattered and left-scattered at
the same time are called isolated. Also, if ¢ < supT and o(t) = ¢, then ¢ is called
right-dense, and if t > inf T and p(t) = t, then ¢ is called left-dense. Points that are
right-dense or left-dense are called dense. If T has a left-scattered maximum M,
then we define T% = T — {M}, otherwise T* = T. Finally, the graininess function
p: T — [0,00) is defined by

w(t):=o(t)—t forall teT.

Remark 8.2.2. As in this book we are concerned with oscillatory behavior as
t — 00, we will assume for the remainder of this chapter that T is a time scale that
is unbounded above.

Now we consider a function f : T — R and define the so-called delta (or Hilger)
derivative of f at a point t € T".



8.2. THE TIME SCALES CALCULUS 293

Definition 8.2.3. Assume f: T — R is a function and let ¢t € T”. Then we define
fA(t) to be the number (provided it exists) with the property that given any ¢ > 0,
there is a neighborhood U of t (i.e., U = (¢t — §,t+ ) N'T for some ¢ > 0) such that

f(o(t) = f(s) = A1) (o(t) = s)| < elo(t) —s| forall seU.

We call f2(t) the delta (or Hilger) derivative of f at t.

Moreover, we say that f is delta (or Hilger) differentiable (or in short: differen-
tiable) on T* provided f2(t) exists for all t € T*. The function f& : T® — R is
then called the (delta) derivative of f on T*.

Some easy and useful relationships concerning the delta derivative are given
next.

Theorem 8.2.4. Assume f: T — R is a function and let t € T*. Then we have
the following:

(i) If f is differentiable at t, then f is continuous at t.
(ii) If f is continuous at t and t is right-scattered, then f is differentiable at t
with

(iil) If t is right-dense, then f is differentiable at t iff the limit
L T~ 5(5)
s—t t—s
ezrists as a finite number. In this case
A - f(t) = f(s)
t) = lim ————=.
FE@) = lim ———=

(iv) If f is differentiable at t, then
(8.1) FO@) =) +u@®) f2(t),  where f7:=foo.
Example 8.2.5. Again we consider the two cases T =R and T = Z.
(i) T = R, then Theorem 8.2.4 (iii) yields that f : R — R is delta differentiable

at t € R iff
_f() — f(s) :
Y —
@)= lLIr% — exists,
i.e., iff f is differentiable (in the ordinary sense) at t. In this case we then
have
A )= f(s) _
t) =lim ——————= = t
FA ) = im 1O — g
by Theorem 8.2.4 (iii).
(ii) If T = Z, then Theorem 8.2.4 (ii) yields that f : Z — R is delta differentiable
at t € Z with
flo®) = ft)  flt+1)— f(¢
pae = LOOD I JCHD =IO _ gy 1y - gy = arw),
p(t) 1
where A is the usual forward difference operator defined by the last equation
above.
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Next, we would like to be able to find the derivatives of sums, products, and
quotients of differentiable functions. This is possible according to the following
theorem.

Theorem 8.2.6. Assume f,g: T — R are differentiable at t € T*. Then:
(i) The sum f+g:T — R is differentiable at t with
(f +9)2() = F2(8) + g (1)
(ii) For any constant o, af : T — R is differentiable at t with
(@f)2(t) = af>(1).
(iii) The product fg: T — R is differentiable at t with
(82) (f9)2(t) = F2(D)g(t) + F(o(t)g™ () = f(t)g™ (1) + f2(8)g(o(t))-

(iv) If f(t)f(o(t)) #0, then % is differentiable at t with
A
(1> (t) — _&.

f f@)f(o(t))
(v) If g(t)g(o(t)) # 0, then 5 is differentiable at t and
I\ (= 2 09) — F0)g> ()
&) (5) o=

The following theorem enables us to differentiate polynomials.
Theorem 8.2.7. Let a be constant and m € N.
(i) For f defined by f(t) = (t — @)™ we have

m—1

A1) = Z (o(t) — a)’(t — )™ 177,
v=0

(ii) For g defined by g(t) = W we have

m—1
N 1
g (t) = E : (o(t) — a)mv(t — a)u+1’

v=0
provided (t — a)(o(t) — a) # 0.

In order to describe classes of functions that are “delta integrable”, we introduce
the following concept.

Definition 8.2.8. A function f : T — R is called rd-continuous provided it is
continuous at right-dense points in T and its left-sided limits exist (finite) at left-
dense points in T. The set of rd-continuous functions f : T — R will be denoted
by

Cia = Cia(T) = Cra(T, R).
The set of functions f : T — R that are differentiable and whose derivative is
rd-continuous is denoted by

Chq = Cl(T) = CL4(T,R).
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Definition 8.2.9. A function F': T — R is called an antiderivative of f : T — R
provided

FA2(t) = f(t) holds for all t e T*.

Theorem 8.2.10 (Existence of Antiderivatives). Every rd-continuous function has
an antiderivative.

Definition 8.2.11. Let f : T — R be rd-continuous, and let F' : T — R be an
antiderivative of f. Then we define the (Cauchy) integral of f by

/Sf(t)AtzF(s)—F(r) forall r,seT.

The following theorem gives several elementary properties of the delta integral.

Theorem 8.2.12. Ifa,b,ce T, a € R, and f,g € Cyq, then

@ LIIF) + IW Aumbwm
()kﬁ@d)tAﬁ—aff

(i) [ F)At=— [ f(
m)ﬁfwAﬁ—ﬁf@Aﬁhﬁﬂt

V) [F Fo(®)g> (A =cmx>—u><>13%umm t;
Vi) [YFDg> ()AL= (f9)(b) — (f9)(a) — [ FA(1)g(o(t)At;
(vii) [ f(t)At=0;
(vili) if f(t) >0 for alla <t < b, then f f(t)At > 0;

(ix) if [f(t)] < g(t) on [a,b), then

/abf(t)At < /abg(t)At.

The following simple theorem is useful.

Theorem 8.2.13. If f : T — R is an arbitrary function and t € T, then
o(t)
[ smar=uwso.
t

One can then easily prove the following theorem.

Theorem 8.2.14. Let a,b €T and f € Cyq.

(i) If T =R, then
b b
/ f(t)At:/ Ft)dt

where the integral on the right is the usual Riemann integral from calculus.
(i) If [a,b] consists of only isolated points, then

> ut)ft) if a<b

tela,b)

/f 0 if a=b
- > udf®) i a>b

telb,a)
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(i) If T=hZ = {hk: k € Z}, where h > 0, then

by
> f(kh)h if a<b
b k=%
/ fWOAt=1<0 if a=b
a £-1
= > f(kh)h if a>b.

h

(iv) If T = Z, then

b—1
> @) if a<b
b =a
/ f)AL = 6 if a=b
a a—1
=D f®) if a>b.
t=b

Now we will introduce the exponential function on time scales. In order to do
so, we first need to look at what is called the regressive group.

Definition 8.2.15. We say that a function p : T — R is regressive provided
(8.4) 1+ p()p(t) #0 forall teT”

holds. The set of all regressive and rd-continuous functions f : T — R will be
denoted by
R =R(T) =R(T,R).

Theorem 8.2.16. For p,q € R, define “circle plus” addition by

(P @ q)(t) :=pt) +q(t) + pt)p(t)q(t)  forall ¢ eT".
Then (R, ®) is an Abelian group, the so-called regressive group. The inverse of
p € R with respect to & is given by
p(t)

©n)) =T o0

If we define the “circle minus” subtraction & on R by
Peq@):={@e&(©9)(t) fordl teT",

then we have the formula

forall teT".

pP—q

1+ pg
If we define the set of positively regressive functions RT as the set consisting of
those p € R satisfying

pEq= forall p,geR.

14+ u(t)p(t) >0 forall teT,

then (R™,®) is a subgroup of the regressive group. If we define the “circle square”
ofpeR by

(p®)(t) = (=p()(©p(t))  forall teT,
then we have the formula [53, (2.8)]

(8.5) f+©f) =nfe.
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The main existence theorem for initial value problems with first order linear
dynamic equations now reads as follows.

Theorem 8.2.17. Suppose p € R and fix to € T. Then the initial value problem
(8.6) y> =p(t)y, y(to) =1
has a unique solution on T.

Definition 8.2.18. If p € R and tg € T, then the unique solution of the initial
value problem (8.6) is called the exponential function and denoted by e,(-,to).

In the following theorem we collect some important properties of the exponential
function. Their proofs can be found in [53, Theorem 2.36 and Theorem 2.39].

Theorem 8.2.19. Ifp,q € R, then

(i) eolt,s) =1 and ep(t,t) = 1;
ep(0(t),s) = (1 + p(t)p(t))ey(t; s);
epé’s) = ecp(t, 8);

(iV ep(t> 5) = ep(ils,t) = e@p(‘g’t);

(vi ep((t, )s)eq(t, $) = €paq(t, s);
o\ eplt,s) .

(vii eqts) epaq(t, s);

)
)
)
(V) eil)(tv S)ep(‘g?T) = el)(t’ T);
)
)
)

A
1 — __p@® .
(viti (()) SO
(ix) [ep(e, )] = —plep(e, )], where c € T.

There are two versions of variation of parameters results as follows.

Theorem 8.2.20. Suppose f € Cyq and p € R. Then the unique solution of the
inatial value problem

y® =p)y+ f(t), y(to) = wo
is given by

t
o(0) =wey(t.to) + [ epltolr)f(nAT
to
Also, the unique solution of the initial value problem

y® = —p()y” + f(1),  y(to) = vo
is given by

ymzm%Am®+/e@@ﬂﬂﬂNt

to

We now give some examples of exponential functions. These examples can be
verified easily by checking that the given functions satisfy the corresponding initial
value problems (8.6).

Example 8.2.21. (i) Let T=R and « € R be a constant. Then
ea(t,0) =e* forall teR;
(ii) Let T=R and p: T — R be continuous. Then

¢
ep(t, to) = exp {/ p(s)ds} forall teR;
to
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(iii) Let T=7Z and a € R be a constant. Then
ea(t,0) = (1+a)" foral teZ;
(iv) Let T=7Z and p: T — R be arbitrary. Then

t—1

ep(t, to) = H (1 +p(5)) for all te€Znlty,00);

s=tg

(v) Let T = hNp for h > 0 and o € R be a constant. Then
ea(t,0) = (1+ah)® forall teT.
(vi) Let T=NZ = {n?: n € Ng}. Then
e1(t,0) = 2‘5(\/{5)! forall teT.
(vii) Let T = {H,, : n € No}, where H, =) ;_, 1/k. If @ > 0 is constant, then

ea(Hp,0) = (
(viii) Let T=¢" = {¢* : k € No} and p € R. Then

ep(t,1) = H (1 + (¢ — 1)sp(s)) forall teT.
SETN(0,t)

n+ o
n

) forall neN.

8.3. Oscillation of Second Order Nonlinear Dynamic Equations

In this section we follow [58] and consider the nonlinear second order dynamic
equation

(8.7) (p(t)xA)A Y qt)(foa®) =0 for telab],

where p and q are positive, real-valued rd-continuous functions defined on the time
scales interval [a,b] (throughout a,b € T with a < b). Since we are interested
in oscillatory behavior, we suppose that the time scale under consideration is not
bounded above, i.e., it is a time scale interval of the form [a, c0). We suppose that
there exists a constant K > 0 such that f : R — R satisfies

(8.8) zf(x) >0 and f(z)> Kz forall x#0.

Let us first recall that a solution of (8.7) is a nontrivial real function z satisfying
(8.7) for t > a. A solution z of (8.7) is said to be oscillatory if it is neither eventually
positive nor eventually negative; otherwise it is called nonoscillatory. Equation
(8.7) is said to be oscillatory if all its solutions are oscillatory. Our attention is
restricted to those solutions of (8.7) which exist on some half line [t,,00) and
satisfy sup{|z(¢)| : ¢ > to} > 0 for any tg > t,.

The classical Riccati transformation technique for differential equations consists
essentially in “completing the square”. For dynamic equations we will need to
“complete the circle square”.

Lemma 8.3.1. For f,g € R we have
(8.9) (fe9)® =12+ f(o9) +(©f)g+4°.
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Proof. We have

(fog)®= (fe9)? _ % _ (f —9)?
L+p(feg) 1+pdst (+pf)(1+ng)
and hence
(f—9)? 2 g*

(feg)® -2 —g®

(L+pf)X+pg) L4+pf 1+pg
fP=2fg+9* = f*—uf’9—9* —ug’f
(14 pf)( + pg)
- 1+pf+1+pug
Y0+ uf)(1 + pg)
= f(eg)+(ef)y

implies (8.9). O

In the next lemma we collect some identities that are needed in the proof of our
Riccati transformation result. These identities follow easily from (8.1), and hence
we omit the proof.

Lemma 8.3.2. Suppose f is differentiable with ff% # 0 and define g = % Then

(8.10) 1+/¢g:ﬁ, @g:—ﬁ, and ¢9 = )
f fe fre

Theorem 8.3.3. Suppose that x solves (8.7) with x(t) # 0 for allt > to. Let z be

a differentiable function and define w on [tg,c0) by

2, A
(8.11) w=2PT
T
Then we have on [tg, 00)
ox?
(8.12) —ut = (22T B 4 (0 92,
where
A A
r= T and s= Z—.
x z

If additionally (8.8) holds and z(t)z? (t) > 0 for all t > ty, then on [ty,c0)

(8.13) —w?® > qK(29)% — p(z2)%
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Proof. We calculate

A AN A
o) (2]
T T

AN A A
(8.2) —282pr — 2° [z” (px ) +2Am1
x x
AA .
& _, zpr — (27)? {(px )7z — a7 }—Z ZPpr
xx’
AVA
(8.10) _(ﬂzﬂ + (27)2pr@ — 22 2pr — 27 2%pr
‘ro'
o o) A A
&1 (z")qu °2 +pz2° {Zr@ - ZT}
o z 29 z
o A A A
&1 (z”)quﬂ + p2z° [2+uz ®_Z - Zr}
2o z 2
2 (272l 2 T | e [ 1 pusr® — s 4 (S9)r]
(I/‘U
8.5 O.ro-
&2 (z”)qu? +p227 [r@ + s(er) + (0s)r]
%9 (z")quom +p2z7 [(r © 5)® — 52
x°
8.10
(8.10) (29)%q f —l—pzz (ros)@ —p(z*)?

where we simply “completed the square”. This proves (8.12). To obtain (8.13),
note that

200 )2
22%p(r o s)@ = Frr—=s) x(la 5)

holds (apply the formula in the proof of Lemma 8.3.1 and the identities (8.10) from

Lemma 8.3.2). This and (8.8) imply (8.13). O

8.3.1. The Case f:o ﬁAt = o0o. Now we assume

(8.14) /Oc p(l)At =

and present some oscillation criteria for (8.7). We start with the following auxiliary
result.

Lemma 8.3.4. Assume (8.14). Suppose that x is a nonoscillatory solution of
(8.7). Then there exists tg € T such that

(8.15) z(t)z®(t) >0  forall t>t.
Proof. Since x is nonoscillatory, it is either eventually positive or eventually nega-

tive. We only prove the lemma for the first case as the second case is similar and
hence omitted. Assume there exists ¢ty € T such that

xz(t) >0 forall ¢>t.
Define y = pz®. Let t > to. Then x(c(t)) > 0 and hence

y2(t) = —q(t) f(27(t)) <0
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so that y is decreasing. Assume that there exists t1 > to with y(¢1) =: ¢ < 0. Then
P(S)xA(S) =y(s) <y(t1)=c forall s>t

and therefore c
:EA(S) < —— forall s>t.
p

(s)

Let t > t1. Then

x(t)

z(t1) + /t 2(s)As

t1

toe
< x(t +/ ——As
( 1) ” p(s)
tAs
= x(t +c{/ }
+ey ), v
(8.14)
— —o0 as Tt — oo,

a contradiction. Hence y(t) > 0 for all ¢ > to and thus x2(¢) > 0 for all ¢ > g, i.e.,
(8.15) holds. O

Now we are ready to present the main results of this section.

Theorem 8.3.5. Assume that (8.8) and (8.14) hold. Furthermore, assume that
there exists a differentiable function z with

(8.16) lim sup/ [Kq(s)(27(s))? —p(s)(zA(s))2] As = oo.

t—o0

Then every solution of (8.7) is oscillatory on [a, o).
Proof. Suppose to the contrary that z is a nonoscillatory solution of (8.7). Then
(8.15) from Lemma 8.3.4 implies that there exists to € T such that

w(t) >0 forall t>tg,

where w is defined by (8.11). All assumptions from Theorem 8.3.3 are satisfied,
and hence we may integrate (8.13) from tg to ¢ > ¢y to obtain

w(te) > w(te) —w(t)

t
Z /
to

/N

Kq(s)(27(5))* = p(s)(z2(s))? ) As

(8.16)
— OO7
which is not possible. The proof is complete. O

Corollary 8.3.6. Assume that (8.8) and (8.14) hold. Furthermore, assume that
there exists a positive function & with

| : o 55 (s) N
(8.17) hftri)igp/ Kq(s)67(s) — p(s) NG OPNED) As = 0.

Then every solution of (8.7) is oscillatory on [a, o).
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Proof. Define z = v/§ and note that [53]

§A
a___ %
V6 + /67
Since (8.17) holds for §, we see that (8.16) holds for z = /5. Hence the claim
follows from Theorem 8.3.5. O

From Theorem 8.3.5 and Corollary 8.3.6 we can obtain different conditions for
oscillation of all solutions of (8.7) by different choices of . E.g., if 2(t) = §(¢) = 1,
then the following oscillation criterion appears.

Corollary 8.3.7. Assume that (8.8) and (8.14) hold. If

t
limsup/ q(s)As = 00,

t—o0

then every solution of (8.7) is oscillatory on [a, o).

If 6(t) = t, then Corollary 8.3.6 yields the following result.
Corollary 8.3.8. Assume that (8.8) and (8.14) hold. If

. K s
(8.18) hirisogp/a [Ka(s)q(s) - (\/§—|—p(\/)o?))2 As = oo,
then every solution of (8.7) is oscillatory on [a,0).
Example 8.3.9. Consider the Euler dynamic equation
(8.19) 281 T 00 for tell,o00).

to(t)
Here, p(t) =1, K =1, and ¢(t) = Lt) Then (8.18) from Corollary 8.3.8 reads

to(

t
limsup/ vt As = 0.
i i |5 (ot a9
Note that the estimate
v 1 v 1

STt VeR © s (Wt P
-y 1
s (24/5)2

implies the following result: If T is a time scale that satisfies

At
(8.20) / — =00,
1t

and if v > %, then (8.19) is oscillatory. Note that (8.20) holds for the time scales
T=Rand T=7 as

. =1
tlinololnt—oo and Z%—oo.
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It also holds for the time scale T = ¢o := {¢" : n € Ny}, where ¢ > 1, since for
this time scale

oo k oo
/ At_z/ Z(q qkl)q ~Y - 1)=
k=0 k=0 k=0
In fact, in [47] it is shown that (8.20) holds whenever T is a time scale that is un-
bounded above. Note that our result is compatible with the well-known oscillatory
behavior of (8.19) when T = R (see [172]) and when T = Z (see [303]). For the
case T = Z, it is also known from [303] that for v < 1/4, (8.19) has a nonoscillatory
solution. Hence, Theorem 8.3.5 and Corollary 8.3.8 are sharp. Finally note that
the results in [73, 86], i.e., Corollary 8.3.7, cannot be applied to (8.19) as

A
> _[TaAt (L T _1)
[ awai= [ = ( t) At‘”tlir?o(l t)‘”'

Example 8.3.10. Let 0 < p(t) < 1 for all ¢ (e.g., p(¢t) = t/(t + 1)) and consider
the nonlinear dynamic equation

(8.21) (p(t)arjA)A tofzt) 27(1+(z7)*) =0 for t>1.
Here, K =1 and ¢(t) = w(t) Then (8.18) from Corollary 8.3.8 reads
. "l p(s)
h{rligp/l S—W]ASZOO
Note that the estimate
QR [ N SN S et
TR s VAR s

implies that every solution of (8.21) is oscillatory when « > 1/4. Note also that
the results in [73, 86] cannot be applied to (8.21).

Theorem 8.3.11. Assume that (8.8) and (8.14) hold. Furthermore, assume that
there exists a differentiable function z and an odd m € N with

(8.22)  limsup tim / (t— 5™ (Ka(s)(=7()” ~ p(s)(z5(5))?) As = ov.

t—oo

Then every solution of (8.7) is oscillatory on [a, o).

Proof. Suppose to the contrary that z is a nonoscillatory solution of (8.7). Then
(8.15) from Lemma 8.3.4 implies that there exists to € T such that

w(t) >0 forall t>to,

where w is defined by (8.11). All assumptions from Theorem 8.3.3 are satisfied,
and hence we may multiply (8.13) by (¢ — s)™ for ¢t > s and integrate the resulting
inequality from tg to t > tg to obtain

t

[ (K62~ po) 207 a5 < — [ (0 sy

to to

- {—(t —to)mutto) = (1" [ 3 (ol = o) (- s)’"-”-lw<a<s>>As}

to =0

IN

(t —to)"w(to),
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where we have used the integration by parts formula from Theorem 8.2.12 (vi),
Theorem 8.2.7, and the fact that m € N is odd. Therefore

1 t " m
g [ o (Ka) 0 =202 ds < (122 o),
to
which is a contradiction to (8.22). The proof is complete. O
Remark 8.3.12. Note that when z(¢) = 1, then (8.22) reduces to
1 t

(8.23) lim sup ﬁ/ (t—s)"q(s)As = o0,

t—oo T

which can be considered as an extension of Kamenev type oscillation criteria for
second order differential equations; see [140]. When T = R, then (8.23) becomes

1 t
lim sup o / (t —s)™q(s)ds = o0,

t—o0 T
and when T = Z, then (8.23) becomes
=
lim sup o Z(t —8)"q(s) = oc.

t—oo s

8.3.2. The Case [~ ﬁAt < oo. In this subsection we consider (8.7), where

p does not satisfy (8.14), i.e.,

(8.24) /Oc I%At < o0.

In addition to (8.8), we impose the additional assumption
(8.25) f  is nondecreasing.
We start with the following auxiliary result.

Lemma 8.3.13. Assume (8.8), (8.24), (8.25), and

(8.26) / h % / ' 4(5)AsAL = oo,

Suppose that x is a nonoscillatory solution of (8.7) such that there exists t; € T
with
(8.27) z(t)z(t) <0  forall t>t.
Then

lim x(t) ewists and is zero.

t—o0
Proof. Since x is nonoscillatory, it is either eventually positive or eventually nega-
tive. We only prove the lemma for the first case as the second case is similar and
hence omitted. Assume there exists t; € T such that

(8.28) z(t)>0 and z2(t) <0 forall ¢>t.

Hence x is positive and decreasing, and therefore lim; o 2:(t) =: b clearly exists.
We have to show b = 0. Let us assume the opposite, i.e., b > 0. By (8.8), f(b) > 0.
Hence

z(o(t)) >b>0 forall ¢>1;
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implies by (8.25)
flz(o(t))) > f(b) >0 forall ¢>1.

Define y = pz® and integrate the inequality

y=(s) < —a(s)f(x(0(s))) < —a(t)£(b)

from t; to ¢ > t; to find

y(t) = y(tr) + / 42 (s)As < / Y2 (s)As < — / 4(3)f (D) As

t t t
so that
A e
x (t)g—f(b—/ q(s)As.
)P(t) t1
Now we integrate this inequality from ¢; to T > ¢; to obtain
T
z(T) = x(tl)—i—/ 2 (1) At
t
T 1 t
< 0 [ o [ alnsar
o pt) Jy,
(836) —oo as T — oo.
This is contradictory to (8.28), and the proof is complete. O

Using Lemma 8.3.13, we can now derive the following criteria.

Theorem 8.3.14. Assume (8.8), (8.24), (8.25), and (8.26). If there exists a differ-
entiable function z satisfying (8.16), then every solution of (8.7) is either oscillatory
or converges to zero.

Proof. We assume that z is a nonoscillatory solution of (8.7). Hence z is either
eventually positive or eventually negative, i.e., there exists tg € T with z(t) > 0
for all t > to or x(t) < 0 for all t > to. Let y = pz®. If there exists ¢; > ¢y with
y(t1) <0, then

y(t) <y(ty) <0 forall ¢>t
since y is decreasing, and hence z2(t) < 0 for all ¢ > t;. If, however, y(t) > 0 for
all t > tg, then 2(t) > 0 for all ¢ > ty. Altogether, either

z(t)z®(t) >0 forall t>ty,

in which case we can use Theorem 8.3.3 to derive a contradiction as in the proof of
Theorem 8.3.5, or

z(t)z®(t) <0 forall t>ty,
in which case we see from Lemma 8.3.13 that x(¢) converges to zero as t tends to
infinity. This completes the proof. O

Similarly we can prove the following theorem.

Theorem 8.3.15. Assume (8.8), (8.24), (8.25), and (8.26). If there exists a differ-
entiable function z satisfying (8.22), then every solution of (8.7) is either oscillatory
or converges to zero.
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8.4. Oscillation of Perturbed Nonlinear Dynamic Equations

In this section we follow [57] and provide some sufficient conditions for oscillation
of second order nonlinear perturbed dynamic equations of the form

(8.29) (a(t) (x2)? )A +F(t,a%) = G(t,a%,2>)  for  te[a,b],

where -y is a positive odd integer and « is a positive, real-valued rd-continuous func-
tion defined on the time scales interval [a,b]. Since we are interested in oscillatory
behavior, we suppose that the time scale under consideration is not bounded above,
i.e., it is a time scale interval of the form [a, 00). By a solution of (8.29) we mean a
nontrivial real-valued function x satisfying (8.29) for ¢ > a. A solution z of (8.29)
is said to be oscillatory if it is neither eventually positive nor eventually negative,
otherwise it is called nonoscillatory. Equation (8.29) is said to be oscillatory if all
its solutions are oscillatory. Our attention is restricted to those solutions of (8.29)
which exist on some half line [t,,00) and satisfy sup{|x(¢)| : t > to} > 0 for any
to > ty.

Throughout this section we shall assume that

(Hy) a: T — R is a positive and rd-continuous function;

(Hz) v € Nis odd;

(H3) p,q : T — R are rd-continuous functions such that ¢(t) — p(t) > 0 for all
te T,

(Hy) f:R — Ris continuously differentiable and nondecreasing such that

uf(u) >0 forall weR\{0};
(Hs) F:TxR —Rand G: T x R? - R are functions such that
uF(t,u) >0 and uG(t,u,v)>0 forall weR\{0},veR, teT;

(Hg) ZE% > g(t) and 55 < p(t) for all u,v € R\ {0} and all ¢ € T.

fu)
For simplicity, we list the conditions used in the main results as follows (tg > a):
At
(8.30) / — = 0,
to [a(t)]”
<At
(8.31) / - < 00,
to [a(t)]”

(8.32) / lalt) - p(t)] At = oo,

(833 g [ [T - sniar} as =,
(3.34) | a0 - onat > o

(8.35) /tooo {M L /S[q(t) —p(t)]At} As=—oco forall M >0,

a(s)  als) Jy,

(8.36) /t:o {a(ls) /tos [q(t) — p(t)]At — 05]245)}7 As=o00 forall M >0.
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Theorem 8.4.1. Assume (Hy)—(Hg). Suppose that (8.30) and (8.32) hold. Then
every solution of (8.29) is oscillatory on [a, 00).

Proof. Let x be a nonoscillatory solution of (8.29), say, x(t) > 0 for ¢t > ¢, for
some tg > a. We consider only this case, because the proof for the case that = is
eventually negative is similar. From (8.29), (8.2), (8.3), and the chain rule (as given
in [53, Theorem 1.87]), we have the identity (for ¢ > to)

(a(m%”)ﬂt)za(aw(w A1) F(ta(t)  f@a [20]

fou - -

[z (1)) [z (1)) fa®)f(x(e(®))

where £ is a number in the real interval [¢,o(¢)]. In view of (Hs), (Hy), (Hs), and
(Hg), we have for all ¢ > g

a(@®)\"
(8.37) (fom) (t) < p(t) —q(t).
Because of (Hg) and (Hs), from (8.29) we obtain for all t > ¢
S\ A
(8.38) (¢ @) @ < ~F(ale®))lalt) —p(t)] <0,

which implies that o (z)” is a decreasing function on [tg, 00). We claim that
z2(t) > 0 for all t > t; > to. If not, then there exists ¢ty > ¢; such that
a(t) [xA(t)Tf < a(ts) [LEA(tQ)]’Y = ¢ < 0. Hence

1
(8.39) pA () € ———
[a()]~
Integrating (8.39) from ¢ to ¢ provides
As  (8.30)

— —00 as 1t — oo,

t

(8.40) x(t) < z(te) + ¢ / .

t2 [a(s)]”

while the left-hand side of (8.40), i.e., z(t), is eventually positive. This contradiction
implies that 2 (t) > 0 for all ¢ > ¢;. Then, integrating (8.37) from ¢, to ¢ gives

alt) [#2®)]" _ alt) [=2@)]" [ (8.32)
(8.41) < - [ lats) = po)as o
f(=(t)) fz(t1)) t
as t — 0o, while the left-hand side of (8.41) is always nonnegative, a contradiction.
Therefore every solution of (8.29) oscillates. The proof is complete. O

Example 8.4.2. If T = R, then o(¢) = ¢ and u(t) = 0. Then (8.30) and (8.32)
become (the Leighton—Wintner type criteria)

< dt -~
/to [a(t)] =oco and /to [q(t) — p(t)]dt = .

If T =7Z, then o(¢t) = t+ 1 and p(t) = 1. Then (8.30) and (8.32) become (the
discrete analogue of Leighton—Wintner type criteria)
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Example 8.4.3. Let T C [1,00) be any time scale that is unbounded above. Some
of the examples included are T = [1,00), T=N, and T = {2* : k € Ngo}. On T, we
consider the perturbed nonlinear dynamic equation

11 2(,.0\2 %)’
(8.42) (tz2)A + 2° <t + 7 +t4(x7) ) = (@) JE 1)2(:#)2 )
Let . .
Oé(t) = t? Y= 17 f(u) =u, p(t) = %7 q(t) = Zv
and

Y L B =
F(t,U)U(t+t2+t“>’ Gl = T D T 1)

Then (8.42) is in the form (8.29) and the conditions (Hy), (Hs), (Hy), and (Hs) are
clearly satisfied. In [47, Theorem 5.11], it was shown that for an unbounded time
scale T C [1,00) with @ € T we have

1
(8.43) / FAL= .
Hence (8.30) is satisfied, and because of ¢(t) — p(t) = 1/(2t) > 0 and (8.43), (Hj)
and (8.32) are satisfied as well. Finally, (Hg) follows from
Ftu) 1 1
= — + —_—
flu) 2

1
+ t*u® > i q(t)

and
G(t,u,v) u? 1wt

1
flu)  2t(ut + (07 +1) S ATl o = p(t).

It follows from Theorem 8.4.1 that all solutions of (8.42) are oscillatory on [1, c0).
Note that the same statement is also true for the equation

: S\ A 1 1 (z9)°

3 (A 3) o1 L2 202 = .
() e (G +260") = s e

Theorem 8.4.4. Assume (Hy)—(Hg). Suppose that (8.30) and (8.33) hold. Then

any bounded solution of (8.29) oscillates on [a,o0).

Proof. Suppose that x is a bounded nonoscillatory solution of (8.29), say, x(t) > 0
for t > to for some ty > a. As in the proof of Theorem 8.4.1, since (8.30) holds,
we have x2(t) > 0 for all ¢ > t; > to and the inequality in (8.41) holds. Since the
left-hand side of (8.41) is nonnegative, we find

K B alty) [22(t1)]”
/tl[q“) (o)A < ST

and therefore for ¢ > ¢,

(8.44) / las) - pls)]s <

Integrating (8.44) from ¢; to t, we get

N R T Ay | S
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In view of (Hy4) we find that f(x(t)) > f(x(t1)) for all t > ¢;. Hence, it follows from
(8.45) that

[t [Tworwonse} a0 < [ 20058

/75 2 (s)A
t .’E(tl %

x(t) — x(t )
[f (@(t1))]

By (8.33), the left-hand side of the above inequality tends to oo as t — oo, while
the right-hand side is bounded, a contradiction. Therefore every bounded solution
of (8.29) oscillates on [a, o). O

IN

IN

[

—

2=

Theorem 8.4.5. Assume (H;)-(Hg). Suppose that (8.31), (8.34), (8.35), and
(8.36) hold. Then every solution of (8.29) is oscillatory or converges to zero on
[a,00).

Proof. Again suppose that z is a nonoscillatory solution of (8.29) that does not
converge to zero, say, x(t) > 0 for t > ¢y for some tg > a. From (8.38) we have that
« (:EA)V is a decreasing function on [tg, 00) and 2 is monotone and of one sign.

Case 1. Suppose that x® (t) >0 for all ¢ > t; > ty. As in the proof of Theorem
8.4.1 we get the inequality in (8.41). Let
Oé(tl) [J?A(tl)]7
fz(ty))
Then it follows from the inequality in (8.41) that for all t > t;
A Y t
[2(1)] M 1 /
< - [a(s) — p(s)]As.
@) ~alt)  alt) i,
Integrating (8.46) from ¢; to t we obtain

(8:47) / [;ZZ))]; Ass / {a) 5 / o) —ptrlar| Ao

By (8.35), the right-hand side of (8.47) tends to —oo as t — oo, whereas the
left-hand side is nonnegative, a contradiction.

Case 2. Suppose that z2(t) < 0 for all ¢ > t; > ty. Hence 2(t) — N > 0 as
t — oo, and by (Hy), f(z(t)) > f(N) > 0 for all ¢ > ¢;. From (8.46) it follows that
1

20" < —{a@) / [q(ﬂ—p(ﬂ]m—M)}f(x(t»

M =

(8.46)

t1 a(t
<~ [ f[qm ~pmjar- 20,

B18) B0 - PP { s [l - pean- 5

~
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Integrating (8.48) from ¢; to t, we have

/tlt {a(ls) /tlt[CI(T) —p(7)]AT — Oﬁ)}i As.

By (8.36), the right-hand side of (8.49) tends to —oo as t — oo, but this contradicts
the fact that x(t) is positive. This contradiction completes the proof. O

=

(8.49)  x(t) < x(t1) — [f(NV)]

Corollary 8.4.6. Assume (Hy)—(Hg). Suppose that (8.31), (8.34), and (8.35) hold.
Then any bounded solution x of (8.29) is oscillatory or converges to zero on [a,c0).

Proof. The condition (8.36) is used only in Case 2 of the proof of Theorem 8.4.5.
Let « be a bounded nonoscillatory solution of (8.29) that does not converge to zero.
In Case 2 of the proof of Theorem 8.4.5, we have z(t) > 0 and 2 (¢) < 0 for all
t >t > tg. Hence xz(t) — N > 0 as t — oo, and by (Hy), f(x(t)) > f(IN) > 0 for
all t > t;. From (8.46) we find

/ (25— /t:[qm ~plriar ) as

Y Y
S~
/N N
= | s
R
— |»

Y D!

By (8.35), the left-hand side of the above inequality tends to —oo as t — oo, hence
x(t) — —oo as t — oo, but this contradicts the assumption that z is bounded. O

Theorem 8.4.7. Assume (Hy)—(Hg). Suppose that (8.31), (8.32), and

(5.50) /: {5 /t:[q<s> —p(s)}As}i At = o0

hold. Then every solution of (8.29) is oscillatory or converges to zero on [a, o).

Proof. Let = be a nonoscillatory solution of (8.29), say, x(t) > 0 for t > to for some
to > a. As in the proof of Theorem 8.4.1 we see that 22 is either eventually positive
or eventually negative. If 22 is eventually positive, we can derive a contradiction
as in the proof of Theorem 8.4.1, since (8.32) holds. If 2 (¢) is eventually negative,
then lim; o 2(t) =: N exists. We prove that N = 0. If not, then N > 0, from
which by (H4) we have f(z(o(t))) > f(N) > 0 for all ¢ > ¢;. Hence, it follows from
(8.29) and (Hg) that

(851) (a @)")" 0+ o) - pO]F V) <0

Define the function
U=a (xA)7 .

Then from (8.51) for ¢t > t1, we obtain
u®(t) < ~[a(t) — p(t)]f(N).



8.4. OSCILLATION OF PERTURBED NONLINEAR DYNAMIC EQUATIONS 311

Hence, for t > t1, we have

t

u(t) < ulty) - F(N) / l4(s) — p(s)]As < — () / l4(s) — p(s))As,

t1 ty

where u(t1) = a(t) [mA(tl)p < 0. Integrating the last inequality from t; to ¢, we
find

2=

[eeas <yt [ (5 [T p(r)]ATf L

as t — oo, and so z(t) — —o0 as t — 00, a contradiction to the fact that z(¢) > 0
for t > tg. Thus N =0 and then z(t) — 0 as t — oo. O

Theorem 8.4.8. Assume (H;)—-(Hg). Suppose that (8.31), (8.35), and (8.50) hold.
Then every solution of (8.29) is oscillatory or converges to zero on [a, o).

Proof. Again suppose that z is a nonoscillatory solution of (8.29), say, z(t) > 0 for
t > to for some tg > a. Since (8.31) holds, we see from the proof of Theorem 8.4.4
that o2 is either eventually positive or eventually negative. If 22 is eventually
positive, we can derive a contradiction as in Case 1 of the proof of Theorem 8.4.5,
since (8.35) holds. If 2 (t) is eventually negative, we can prove as in Theorem 8.4.7
that x(t) converges to zero, and this completes the proof. O

In the remainder of this section, by means of Riccati transformation techniques,
we establish some oscillation criteria for (8.29) in terms of the coefficients. We shall
now assume besides (H;)—(Hg) that

(H7) there exists K > 0 such that f(u) > Ku for all u € R.

Theorem 8.4.9. Assume (Hy)-(H7). Suppose that (8.30) holds. Moreover assume
that there exists a differentiable function z such that for all constants M > 0,

t a(s)]V/ 2
(8.52) lim sup/ {K[q(s) —p(s)] [z (s)]) — % [ZA(S)] } As = 0.

t—oo

Then every solution of (8.29) is oscillatory on [a, o).

Proof. Suppose that x is a solution of (8.29) with x(t) # 0 for all ¢t and make the
Riccati substitution

(8.53) w=z
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We use the rules (8.2) and (8.3) to find
Ayy Ay A Ayy
N (o L { <a<x ) > L aa®) }

€T x

_ _ZAZOé(.’EA)’Y _ (20)2 { [a(xA)’Y]A a(xA)7+1 } _ zoZAa(‘TA)W

x x° xx? x

x° x° xx

— (%) {F(t,x") _ G(t,27,3%) } N (ZJ)QM

ANy ANy
—zAza(m ) _ZUZAa(‘r )

€T €T
_ (e FLe)  Gltat.a?)
x° g
oz (@) {Z”W _at Z%A}
z xx° 29 x zZ T
We put
A A
r= r and s= =
€T z
Then
o (A2 A LA A LA A
Z@I)T 2R 2Et 2 e (cs)r— s
z xx° 2% x zZ T z

= 7@ 4 usr® — s 4 (Os)r
r® 4 s(ur® —r) + (os)r
= r@ 4 s(er)+ (es)r

= (ros)®—-s2
= (r@s)@—@.

Altogether we have shown now that

z° 7,z
—wA = <Z0'>2 {F(ZU ) _ G(t, xav )}—&—azza(m‘A)'y_l(T@S)@—a(zA)Q(xA)'Y_l.

Hence, if zz? > 0, then we can estimate (apply (H;)—(Hz7))
(8.54) —w® > K(27)%(q —p) — a(2%)*(a®) 7.

Using these preliminaries, we now may start the actual proof of the theorem. As-
sume that z is a solution of (8.29) which is positive on [tg, 00) for some ¢ty > a (a
similar proof applies to the case when x is eventually negative). Define

(8.55) y = a(z®).
Then for t > tg, z(o(t)) >0, f(z°(¢)) > 0, and
y2(t) = G (t,27 (1), a®(1)) — F(t,27(t)) < f(2°(t)p(t) — ()] <0,

and therefore y is strictly decreasing on [tp,00). Assume that there exists t; > ¢
with y(¢;) =: ¢ < 0. Then

a(s) [:EA(S)P =y(s)<y(t1)=c forall s>t
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and so
c
[a:A(s)]7 < () forall s>t;.
Therefore
A Cl/'Y
x=(s) < W forall s>t;.

Integrating from ¢; to t > ¢; provides

z(t) —x(ty) = /t 22(s)As < /7 /t As

t o la(s)]/7
for all t > ¢1 so that

b As (830
1/ = _
z(t) <z(t1) + ¢ 7/ R = o0,

t1

contradicting the positivity of x on [tg,00). Therefore y(¢) > 0 for all ¢t > ¢, and
hence z2(t) > 0 for all t > t5. Now, since y is positive and decreasing on [tg, o0),
we find 0 < y(t) < y(to) for all t > tg. Let M = 1/y(to). Then

1 1
A A y—1
x=(t) < @M and hence  [z7(t)] < M=/
for all ¢ > ¢y. Using this in (8.54), we obtain
1/~
A o\2 @ A2
(8.56) —w™ 2 K(27)(a = p) = 3=, (27)%

Integrating (8.56) from ¢y to t > tg provides (note that w(t) > 0 for all ¢ > ¢ by
(8.53))

et [ ()] (8.52)
wite) > [ { KL Plate) - pio)] - SR fas B o,
0
which is impossible. The proof is therefore complete. O

We remark that in case v = 1, M'~1/7 =1 so that (8.52) is independent of the
number M. Similar remarks also hold for the results that follow.

Corollary 8.4.10. Assume (H;)-(H7). Suppose that (8.30) holds. Furthermore
assume that there exists a positive differentiable function § such that for all con-
stants M > 0,

(8.57)

t a(s)|V/ As ?
imsup [ KT(6) = (007 (0) = i (ﬁs f&m) e

Then every solution of (8.29) is oscillatory on [a, o).

Proof. Define z = v/é and note that
A % .
Vo + V67

If (8.57) holds for §, then (8.52) holds for z = v/§. Thus the claim follows from
Theorem 8.4.9. O
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From Theorem 8.4.9 and Corollary 8.4.10, we can obtain different conditions for
oscillation of all solutions of (8.29) by different choices of §(¢). For instance, let
d(t) =1 or 6(t) = t. By Corollary 8.4.10 we then have the following two results.

Corollary 8.4.11. Assume (H;)—(H7). Suppose that (8.30) holds. If

(8.58) lim sup/ [q(s) — p(s)]As = o0,

t—oo

then every solution of (8.29) is oscillatory on [a, o).

Corollary 8.4.12. Assume (Hy)—(Hy). Suppose that (8.30) holds. If for all con-
stants M > 0,

o ) ) a(s)] /7 _
(850 s | K0 =20l ) = G e e T

then every solution of (8.29) is oscillatory on [a, o).

Example 8.4.13. Again let T C [1,00) be a time scale which is unbounded above.
On T we consider the perturbed nonlinear dynamic equation

(1 1 B (29)°
860) 2% +a (m Tt ) ) " 20 (@) + @+ 1)
Let
1 1
Ck(t) =1, =1, f(u) =u, K=1, p(t) = 21*,0'(75)’ q(t) = m’
and
1 u?

1
Ftu) =u| —— + = +u? t = :
(,u) = u (to'(t) Tt ) Gl ) = S T 1)
Then (8.60) is in the form (8.29) and the conditions (Hy), (Hs), (Hy), (Hs), (Hr),

and (8.30) are clearly satisfied. Because of ¢(t) — p(t) = 1/(2to(t)) > 0, (Hs) is
satisfied as well. Next, (Hg) follows from
F(tbuy 1 1 , 1

10 —m"‘ﬁﬁ‘?'u 7%:(]@)

G(t,u,v) w2 3 L o
fl) " 2Ao(@@+ 2 +1)  20(t) T

Finally, (8.59) follows from the estimate
/ {[Q(S) —p(s)la(s) - m} As
[ s~ vmm)
a |28 (Vs+ \/@)Q
! 1
> s

1 /1
= Z/Q —As

(8.43)
— o0

and
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By Corollary 8.4.12, every solution of (8.60) oscillates. We remark that the same
statement is also true for the equation

_ d(ajo)?)
) (1) ((29)2 + (#2)2 + 1)

AA o c l o\2
L (ta(t)+t2+(m)

provided d > 0 and ¢ > d + 1/4.

Theorem 8.4.14. Assume (Hy)—(Hy7). Suppose that (8.30) holds. Moreover as-
sume that there exists a differentiable function z such that for all constants M > 0,

(8.61)
¢ a(s)]V/ 2
imsup o[ (¢ oy {tats) = o] 276 = LD 2091 2 = o

t—oo

where m € N is odd. Then every solution of (8.29) is oscillatory on [a, c0).

Proof. We proceed as in the proof of Theorem 8.4.9. We may assume that (8.29)
has a nonoscillatory solution z such that x(t) > 0, 22(¢t) > 0, (a(z®)")2() <0
for ¢ > to. Define w by (8.53) as before. Then we have w(t) > 0 and (8.56) holds.
Then from (8.56) we have, using integration by parts given in Theorem 8.2.12 (vi)
and Theorem 8.2.7

t a7
[ = { e Plats) - i) - s s

< - /t:@ o (5)As

=ttt = 0 [ 0o et
< (t—to)mwlto).
Hence
s 1 (0= 9 {0l ot = S 20} s < win
which contradicts (8.61). O

Note that when z(¢) = 1, then (8.61) reduces to

(8.62) lim sup tim / (t—s)"[q(s) — p(s)]As = o0,

t—oo
which can be considered as an extension of Kamenev type oscillation criteria for
second order differential equations. When T = R, then (8.62) becomes

lim sup tim / (t—s)"[q(s) — p(s)]ds = oo,

t—oo

and when T = Z, then (8.62) becomes
t—1

timsup -3 (¢ 5)"la(s) — pls)] = oo,

t—o00
s=a

Next, we give some sufficient conditions when (8.30) does not hold, which guar-
antee that every solution of (8.29) oscillates or converges to zero in [a, 00).
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Theorem 8.4.15. Assume (Hy)—(Hz7). Suppose that (8.31) and (8.50) hold. As-
sume there exists a differentiable function z such that (8.52) holds for all constants
M > 0. Then every solution of (8.29) is oscillatory or converges to zero in [a,o0).

Proof. We proceed as in Theorem 8.4.9 and assume that (8.29) has a nonoscillatory
solution such that z(t) > 0 for t > t9 > a. From the proof of Theorem 8.4.9
we see that there exist two possible cases of the sign of x(t). The proof when
x® is eventually positive is similar to the proof of Theorem 8.4.9 and hence is
omitted. Now suppose that z(t) < 0 for ¢ > t;. Then z is decreasing and
limy oo z(t) = b > 0. We assert that b = 0. If not, then z(o(t)) > b > 0 for
t > to > t;. Then there exists t3 > t2 such that f(x(o(t))) > Kb for ¢ > t3. Define

the function y by (8.55). Then from (8.52) for ¢ > t3, we obtain
y2(t) < —lg(t) = p(®))f (x(0 (1)) < —Kbla(t) - p(t)].

Hence, for t > t3 we have
t

y(t) < ylts) — Kb / l4(s) — p(s)|As < —Kb / la(s) — p(s)|As,

t3 t3

where y(t3) = a(t3) [at:A(tg)]AY < 0. Integrating the last inequality from ¢3 to t we

have
[ @as <~ [ (5 [ 1t = st " A

ts t5 \(s) Ji,
By (8.50) we get
z(t) > —c0 as ¢ — o0,
a contradiction to the fact that x(t) > 0 for t > ¢y. Thus b = 0 and z(t) — 0 as
t — oo. O

As in the proof of Theorem 8.4.15 we can prove the following theorem.

Theorem 8.4.16. Assume (Hy)—-(Hz7). Suppose that (8.31) and (8.50) hold. As-
sume there exists a differentiable function z such that (8.61) holds for all constants
M > 0. Then every solution of (8.29) is oscillatory or converges to zero in [a,o0).

8.5. Positive Solutions of Nonlinear Dynamic Equations

Here we give a classification scheme for the eventually positive solutions of a
class of second order nonlinear dynamic equations in terms of their asymptotic
magnitudes. Necessary as well as sufficient conditions for the existence of posi-
tive solutions are provided. Our presentation follows the recent paper [197]. We
consider the second order nonlinear dynamic equation

(8.63) yERO + () f (v (1) =0, teT

according to limiting behavior and then provide sufficient and/or necessary condi-
tions for their existence, where r € Cyq ([tg, 00), [0,00)), r(t) £ 0 for t € T, tg > 0,
and f(y) > 0 is nondecreasing for any y € R\ {0}.

We note that if T =R, then (8.63) becomes the differential equation
(8.64) y' () +rt) f(yt) =0, teR.
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The asymptotic behavior of solutions of (8.64) has been studied by several authors
under different conditions, see Naito [231, 233]. If T = Z, then (8.63) becomes the
difference equation
(8.65) A%y + 10 f(Ynse1) =0, ne€Z,
which has been discussed in detail by many authors, one can refer to [123, 171,
181, 193, 212].

Let y be a positive solution of (8.63). From (8.63) we have

y22 () = —r(Of (v (1) <0,
which implies that y® is nonincreasing. Thus we claim that
y2(t) >0 for t>t.

If not, then there exists a sufficiently large t; > to such that y*(¢) < —c for t > t;,
where ¢ > 0 is a constant. Hence, for ¢t > 1, we obtain
t

o(t) ~y(t) = [ s> a5 < [ (~o)as = —clt 1),

t1 ty
This means that lim;_, . y(t) = —oo, which contradicts y(t) > 0.
In view of (8.63), there are positive constants o and § such that
a<y(t) <pt for >t

From above, we can see that the set of positive solutions C' of (8.63) can be parti-
tioned in the following three classes:

Clmax] := {y eC: tlirgoyA(t) =a> 0} ,
Clint] == {y € lim y(t) = oo and Jim y(t) = o},
and
C[min] := {y €C: limy(t) = 5> o}.

In the following, we will give several necessary and/or sufficient conditions for the
existence of positive solutions of (8.63).

Theorem 8.5.1. FEquation (8.63) has a positive solution in the class Cmax] if and
only if
(8.66) / r(s)f (bo(s)) < oo  for some b > 0.

to

Proof. Let y € Cmax] be a solution of (8.63). Then
tlim y2(t)=a>0 for t>t.

Hence there exist a sufficiently large t; such that

1 3
§a<yA(t)<§a for t>1t

so that

1 3
§at <y(t) < iat for t>t;.
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Set b = %a. Then the nondecreasing property of f implies that

(8.67) fly(®)) = f(bt) and [ (y”(t)) = f (bo(t)).
Integrating both sides of (8.63) from #; to t, we see

yﬁ<m)gfyﬂ<w::”/ r(3)f (47(5)) As.

t1
Taking limits on both sides of the above equality, we get
t

lim [ r(s)f (y7(s)) As =y (t1) — v,

t=oo iy
which implies that
(8.68) /too r(s)f (y°(s)) As < 0.
From (8.67) and (8.68), it folli)ws that
/OO r(s)f (bo(s)) As < co.
t1

Conversely, assume that (8.66) holds. Then there exists a large number T such
that

(8.69) / r(s)f(bo(s))As < g for t>T.
¢
Consider the sequence {z,}52, defined by
xo(t) = g for ¢t>T

and for n € Ny,

Tt (t) = g + % /Tt /TOO r(s)f (O’(S).’EZ(S)) AsAr  for t>T.

In view of (8.69), the sequence {z,(t)}52, is well defined. In fact,

z1(t) = g + % /Tt /TOO r(s)f <ga(s)) AsAT

< g—&-ﬂ Oor(s)f(ba(s))AsAT
t Jr
< 5+ [ e tel)as
bbb,
< §+§—

and

x1(t) > xo(t) for ¢>T.
By induction and the nondecreasing property of f, we have
(8.70) Tpi1(t) > xp(t) for ¢>T, neNp.
Next, we will prove that {x,(¢)}°2, is bounded for ¢t > T'. First,

b
xo(t) = 3 < b and z1(f) <b.
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If we assume x,(t) < b for ¢ > T, then o(s)x%(s) < bo(s), and
Tnpi(t) = - + / / (s)) AsAT
g + - / / (s)) AsAT

b
< g+ [ ) to)as < b
2 Jr
for ¢ > T, which, by induction implies that {z,(¢)}22, is bounded for ¢ > T. In

view of (8.70), we know that {z,(¢)}22, is pointwise convergent to some function
x*(t). By means of Lebesgue’s dominated convergence theorem, we obtain

= g + % /Tt /TOO r(s)f (a(s)x”(s)) AsAr  for t>T

2*(t) < b.

IN

and

| o
IN

Setting y(t) = tz*(t), we find

*ft—|—// (s))AsAr  for t>T.

Obviously, y € C[max] is a solution of (8.63). O

Theorem 8.5.2. Fquation (8.63) has a positive solution in the class C[min] if and
only if

(8.71) / / d)AsAT < 0o for some d > 0.

Proof. Let y € C[min] be a solution of (8.63). Then
tlim y(t)=F>0 and tlim y2(t) =0 for t>to.
Hence there exists a sufficiently large ¢; such that
1 3
55 < y(t) < iﬂ for t>t;.

Set d = % (. Then the nondecreasing property implies

fy®) > f(d) and  f(y7(t) > f(d) for &>t
By integrating both sides of (8.63) from ¢ to co for ¢ > 1, we obtain

B—y(t1) / / (s)) AsAr,

/00 /O0 r(s) f(d)AsAT < o0,
i.e., (8.71) holds.

The rest of the proof of Theorem 8.5.2 is similar to that of Theorem 8.5.1, and
therefore we omit it here. The proof is complete. O

which implies
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Theorem 8.5.3. If (8.63) has a positive solution in C[int], then
(8.72) / r(s)f(a)As < oo for some a>0

¢

and

/ / )NASAT =00 for every b > 0.
to

Proof. Let y € CJint] be a solution of (8.63). Then lim; o y(t) = oo and
lim; .o, y2(t) = 0. Hence there exist two positive constants a and b and a suf-
ficiently large t; > to such that a < y(t) < bt for t > ¢1, which, in view of the
nondecreasing property of f, implies that

fy®) = fla) and  f(y7(t)) < f(a)

and

(8.73) fly@®) < fot) and  f(y7 (1) < f(bo(t)) for &>t

From equation (8.63) we have

(8.74) Y2 (1) +/ r(s)f (y7(s)) As = y2(t1) for t>t.

t1

In view of limy ., y®(t) = 0, (8.74) yields

| s ) as =),
and so

| rs@ns < .

t1

which implies that (8.72) holds.
Further, in view of lim;_,, y*(t) = 0, we obtain
(8.75) / r(s)f (y°(s)) As =y (s) for s> t.

Integrating both sides of (8.75) from ¢; to ¢, we obtain

y(t1) /t / ) AsAT < / / (s)) AsAT

for ¢ > t1. Hence, (8.73) and lim;_ ., y(t) = oo imply

/t1 / (s)) AsAT = 0

The proof is complete. O

Theorem 8.5.4. Equation (8.63) has a positive solution in Clint] provided that
(8.76) / r(s)f (ao(s)) As < oo for some a>0

to
and

(8.77) /00 /OO r(s)f(b)ASAT =00  for every b > 0.

to T
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Proof. In view of (8.76) and (8.77), there exist two positive constants a and b and
a sufficiently large ¢; such that

b
;<a and 7—|— // (s)) AsAT <a for t>t.

Consider the sequence {z,(t)}, -, defined by
Zo (t) =0

and for t > t1, n € Ny,

T (t) = Pt :7+ / / (5)) AsAT.

It is easy to see that {z,(t)},—, is well defined. In fact,
b (e
x1(t) = L <a and z{(t)<a for t>t
and

Ig(t) =

= gl OOT(S)f( (5)29(s)) Asar
/t / (s)) AsAT < a

for t > t;. Also, if we assume that z,(t) < a for t > ¢, then 22(t) < a and

et e ( o*(s)wZ(s)) AsAr
% / / (5) AsAT < a

o0

for t > ¢, which, by induction, shows that {x,(t)},_, is bounded, i.e.,

b
t
b
it

Tn+1 (t) =

IN

0<z,(t)<a for t>t;, neNy.
In view of z¢(t) < z1(¢t) and the nondecreasing property of f, we have
Tpi1(t) > xn(t) for t>1t1, n €N

Hence, Lebesgue’s dominated convergence theorem implies that

-2+1 ] [ 1 (o112 (019) dstr

for t > t;. Set y(t) = ta*(t). Then

—u—i—// (s)) AsAT  for t>t.
ty

It is easily verified that y € C[int] is a solution of (8.63). O
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8.6. Oscillation of Emden—Fowler Equations

In this section we explore the solution properties of
(8.78) u® () + p(t) u(o (1)) =

on a time scale T (unbounded above) which contains only isolated points (a so-called
discrete time scale), with the eventual goal of showing that if [ o (t)p(t)At = oo,
then equation (8.78) is oscillatory. The function p is defined on T and 7 is a quotient
of odd positive integers. Some of the proof techniques in this section are similar to
those in the book by Agarwal [2] on difference equations. The results presented in
this section are adopted from Akin-Bohner and Hoffacker [21, 22].

By a solution u of the given dynamic equation we shall mean a nontrivial solution
which exists on [a, 00) for some a € T. We now define oscillation and nonoscillation
in this setting.

Definition 8.6.1. A solution u is called oscillatory if for any t; € [a,00), there
exists to € [t1,00) such that u(te)u(o(tz)) < 0.

The dynamic equation (8.78) itself is called oscillatory if all its solutions are
oscillatory. If the solution u is not oscillatory, then it is said to be nonoscillatory.
Equivalently the following definition can be made.

Definition 8.6.2. The solution u is nonoscillatory if it is eventually positive or
negative, i.e., there exists t; € [a,00) such that u(t)u(o(t)) > 0 for all t € [t1, 0).

The dynamic equation (8.78) itself is called nonoscillatory if all of its solutions
are nonoscillatory.

Example 8.6.3. A given dynamic equation can have both oscillatory and nonoscil-
latory solutions. Take
8 4
(1) + Ut (1) + gu(t) =0,
where t € T = Z. Solutions to this difference equation are easily found (see [144]).
Two solutions are

w(t) = (<1)!  and ug(t):<§)t.

Clearly u; is oscillatory and us is nonoscillatory.

Example 8.6.4. Let T be a time scale such that u(t) > 1 for all t € T. The
dynamic equation
2 8 4
u® (t) + guA(t) + gu(t) =0
is regressive. Then for tg € T,

ei(t,to) and  e_1(t to)

are two solutions of the above dynamic equation. However

ey (tto)ey (o(0,t0) = (14 300)) ey (ot > 0

and
e-1(t,to)e—1(a(t),to) = (1 — p(t))[e-1(t,t0)]* < 0.
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Thus ey (¢,t0) and e_1 (¢, to) are nonoscillatory and oscillatory solutions of the above
dynamic equation, respectively.
The following are some basic properties of solutions of equation (8.78).
Lemma 8.6.5. If u is a nontrivial solution of equation (8.78) with
u(a)u(o(a)) <0  for some ae€T,
then either
u(a) #0  or wu(o(a)) #0.

Proof. Let t = p(a) for a € T and suppose u(a) = 0. We desire to show that
u(o(a)) # 0. By equation (8.78) we have ud’ (p(a)) =0, or expanding

u®(a) — u?(p(a))

p(p(a))

:O7

which implies that

p(a)p(p(a)) 12 (p(a))

However if both u(a) = 0 and u(o(a)) = 0, then it must be the case that u(p(a)) = 0.
This process can be continued for ¢t = p?(a), etc., implying that the solution w is
actually trivial. But this contradicts the assumption that our solution is nontrivial.
Similarly, if we assume u(o(a)) = 0, then it must be the case that u(a) # 0. Thus
either u(a) # 0 or u(o(a)) # 0. O

Remark 8.6.6. If in addition u(a) = 0, then

n(p(a))u(o(a)) = —p(a)u(p(a)).
Thus an oscillatory solution of equation (8.78) must change sign infinitely many
times.

u(o(a)) —u(a) _ u(a) —u(p(a)) _

Lemma 8.6.7. Assume p(t) < 0 for allt € T, and for every a € T, p(t) < 0 for
some t € [o(a),00). If u is a solution of equation (8.78) with

(8.79) u(p(a)) < u(a)
and
(8.80) u(a) >0

for some a € T, then u and u® are nondecreasing and nonnegative on [a, o).

Proof. We will show the desired result by mathematical induction on ¢. Let ¢t = p(a)
for a € T in equation (8.78). Then by our assumption on p, (8.79), and (8.80),

(8.81) u® (p(a)) = —p(p(a))u(@)]” = 0

and
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Therefore u”(a) > u®(p(a)) > 0. Suppose the desired result is true for t = 0"~ *(a)
for some n € N\ {1}, i.e.,

(8.82) u®(0™(a)) > u?(c" H(a)) >0
and
(8.83) u(o"(a)) > u(c" (a)) > 0.

We wish to show that the desired result is true for ¢t = o(6" !(a)) = 0" (a) for
some n € N\ {1}. By (8.82),

0 < u®(0"(a) =

Because of this and by (8.83),
w(e™(a)) > u(" (@) > 0.

Therefore ,

u® (0" () = —p(o"(a))[u(e" " (a))]" > 0
o a2 u?(0"*(a)) — ut (0" (a))

u” (0"(a)) = (0"(a)) >0
and (8.82),

uA(U”H(a)) > UA(O'TL((I» > 0.

Hence by induction the result holds.

Remark 8.6.8. Similarly, if p is as in Lemma 8.6.7, u(p(a)) > u(a), and u(a) <0
for some a € T, then v and u® are nonincreasing and nonpositive on [a, 00).

The next result follows immediately from Lemma 8.6.7.

Lemma 8.6.9. If p is as in Lemma 8.6.7, then all nontrivial solutions of equation
(8.78) are monoscillatory and eventually monotone.

Lemma 8.6.10. Assume that p(t) > 0 for allt € T, and for every a € T, p(t) > 0
for some t € [o(a),00). If u is a nonoscillatory solution of equation (8.78) such
that u(t) > 0 for all t € [a,0), then

(8.84) u(o(t)) >u(t) forall t>a
and
(8.85) 0 < uP(o(t)) <ud(t) forall t>a.

Proof. If u is a nonoscillatory solution of equation (8.78), then since u(t) > 0 for
t € [a,00), we have u(t)u(o(t)) > 0, which implies that u(o(¢)) > 0 on [a,0) as
well. Thus on [a, c0),

Using

we have
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and so for ¢ € [a, o)
(8.86) u®(o(t)) < u(t).

It remains to show that (8.84) holds which will imply that 0 < u®(c(t)). Assume
not. Then we have u(o(b)) < u(b) for some b € [o(a), c0). By (8.86) we have

(8.87) 0> u®(b) > uP(a(b) > --- > ul(c™(b) > ....

However there exists a sequence {t,}nen € T such that ¢, — oo and p(t,) < 0.
Thus

But
T (0 T (O
u(tn)
so infinitely many of the inequalities in (8.87) must be strict, contradicting the fact
that u(t) > 0 for all t € [a, 00). O

Remark 8.6.11. If instead u is a nonoscillatory solution of equation (8.78) such
that u(t) < 0 for all ¢ € [a,00), then

u(o(t)) <u(t) and 0>u®(o(t)) >u(t) forall t>a.

Remark 8.6.12. For a,t € T with ¢ > a we can write t = ¢™(a) for some n € N.
Thus we can write

n—1
t—o(a) =0"(a) —ofa) = Y u(o'(a)).
i=1
If instead ¢ < a, then we can write ¢ = p™(a) for some n € N, so
o(a) — t = o{a) — p"(a) = 3" u(pH(a).
i=0
Theorem 8.6.13. Assume p(t) < 0 for allt € T, and for every a € T, p(t) < 0

for some t € [o(a),00) and for some t € (—o0,p(a)]. Let u and v be solutions of
equation (8.78) satisfying

(8.88) u®d) <wvd) and u(o(d)) > v(o(d))
for some b € T. Then fort € [o(b),o0),
t—10
(8.89) u(t) = v(t) 2 o (ulo®) — (o 1))
and for t € (—o0,b],
o(b) —t
(8.90) u(t) —o(0) < = (u(b) - v(b)) .

In addition u(t) > v(t) for allt € [o(b),00), u(t) < v(t) for all t € (—o0, p(b)], and
u(t) — v(t) is nondecreasing for allt € T.

Proof. Fix r € T with r > b and let w(o™(r)) = u(c™ (b)) — v(c™(b)) for n € Ny.
From (8.88) it is clear that

w(r) =u(b) —v() <0 and w(o(r)) =u(o(b)) —v(c(b)) > 0.
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By induction we shall show that

|
-

n

plor' (1))
= w(e () >0,

p(a(b))

where n € N\ {1}. From equation (8.78) we have

-
Il

(8.91) w(o™(r)) >

3
|

~.
[=)

2

ut (b) = —p(B)[u(a (0))] > —p(B)[v(a (b)) = v™" (b),
and so it follows that for n = 2, t = o2(b),
w(o®(r)) = u(@®(b)) —v(a*(b))
= ( ( )) (o (b))UA(U(b)) v(o ( )) *M(U(b))UA(U(b))
= (a(b)) (’LLA((T ))
- (o(b)) <uA b) + — A (B) — u(b)o® (b))
w U( }

Y

u(a(b
11(b)

w(o(r)) > 0.

v

w(a(r)) +w(o(r))

) + o)

p(b)
Hence (8.91) is true for n = 2. Now suppose that (8.91) is true for some n > 2. We
wish to show that (8.91) holds for n + 1. As before we have that

P G () =R G (D)}

Hence

w(e" ™ (r) = u(@" (b)) = v(e" (b))
= U(U”(b)) ( ()) 2o ()) v(o ()) (o™ (b))v™ (™ (1))

= w(c"(r)) ) (u? (o " (b))
(

w( <r>}
> w
(o (1)
o) plen) &L
> w0 () +wlo" ()~ o) = (0™ (r))
1=0
n—2
> u(oi(b))
_ plo™(d)  p(e"(0) = wlo™(r
= M e T aemim) (")
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NE!
=
qs<
=

1
o
g
=N
Q
3
—
3
S~—
S~—
\Y
o

i
L

1]
=
5
=

I
=)

—~ =
0‘0

1ds for n+1 as well. From (8.91) and (8.88), it is clear that u(t) > v(¢)
), 00). Further we have

3
Thus (8.91)
forallt € [o

o ()

w(o"(r)) = g————w(o" " (r))

Y
<
(=)
[e=}

g
=
Q

i
[\V]

—~

=

S~—

=

Y

> —uw(o(r))

= w(a(r)),

which is the same as (8.89) for t = o™ (b).

For the last part of the theorem, we let w(p™(r)) = u(p™(b)) — v(p"™(b)) for
n € Nyg. By equation (8.78) we have

u? (p(0)) = —p(p(0))[u(®)]” < —p(p(b))[w(B)]” = v™" (p(b)).
In addition w(r) = u(b) — v(b) < 0 and w(o(r)) = u(c(b)) — v(c(b)) > 0. For
t = p(r) we have
w(p(r)) = u(p(b)) — v(p(b))
= () 1(p(b))u™(p(b)) — () 1(p
= = up(®)) (u2(b) = 1o B)u™’ (1))

+u(p(®)) (v2 (1) = wlo(b

u

~

I
g
—~
3
I
=
—
=
=
~— ~—
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) ) ue®)
- w0
1(p(b)) + 11(b)
= 1(b) r) <0
so w(p(r)) < 0 holds as well. We shall show that
S (e (b))
(8.92) w(p™(r)) < ;Zp———w(p" ' (r)) <0,
pD)

where n > 2. Using the same relationships as in the previous part of the proof we
have

|
<
—~
S
[ V)
—
=
~
~
I
<
—~
S
[ V)
—~
=
~
~

w(p?(r))

IN
g
—
)
—
=3
~
~—
|
=
—
i)
N
—
(=
~— ~—
N~—
/N
S <
= >
—
)
—
=
=
N
|
<
>
—
s
—
S
SN—
S—
N

I
g
—
=
—~
=3
~

<

(b) w(p(r)

so (8.92) is true for n = 2. Suppose (8
that it is true for n + 1. As before

u® (pH(B)) < vA (" (D)).

Thus
w(p™ ) = u(p" b)) = (" (B))
= ulp" () = (" O)uB (0" 1)) = w(p" (1) + (e ) (" (B))
= w(p"() = (" 0)) (uB (" (1) — v (" (1))
(e ) 0) (v (0 0) = oA (07 (1))
< w(p" () = p(p™ ) (1B (0" (0) — 02 (0" (1))
—wloi (e BT sy M O)
o O a0 MO EE)
e (b) (e (1) 2 (o' (1)
n+1 .
> nlp (b))
= ZTLO ‘ w(p”(r)) < 0
> 1(p'(b))
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and (8.92) holds for n + 1. As before we can use (8.92) to obtain

n a(b) - p"(b)
w(p™(r)) < ———w(r
((r) < T ()
for n € N, which is equivalent to (8.90). In addition u — v is nondecreasing on T
and u(t) < v(t) for all t € (—o0, p(b)]. O

Remark 8.6.14. In the case T = Z, (8.89) reduces to
mw—vupz@—m(mb+m—v@+1» for ¢>b+1.
In addition, (8.90) reduces to
mw—vuy;@+1—n(wm—vw» for ¢<b,
which is as expected from [2].

Remark 8.6.15. In Lemma 8.6.7 we assumed that u(a) > u(p(a)), u(
concluded that u was nondecreasing on [a,00). If we assume u(a) > u
then w is strictly increasing on [p(a), 00) and u(t) — oo as t — oo.

Proof. By assumption u®(p(a)) > 0. Using Lemma 8.6.7, u® is nondecreasing,
but this implies that u®(t) > 0 for t € [p(a),o0). Thus u is strictly increasing on
[p(a), ). Let z be a solution of equation (8.78) defined by

+(a) = 2(p(a)) = u(p(a)).
By Lemma 8.6.7, z is nonnegative on [a,00). Now apply Theorem 8.6.13 with

b = p(a). Since u(b) = z(b) and u(c(b)) > z(c (b)), we have from Theorem 8.6.13
that

ut) > mw—dwzt_mw(mw—zmﬁ

= S (@) - upl@).

where u(a) — u(p(a)) > 0. Thus u(t) — oo as t — oo. O

The following corollary is a direct result of Theorem 8.6.13.

Corollary 8.6.16. If p is as in Lemma 8.6.7 and u,v are solutions of equation
(8.78) satisfying u(a) = v(a) and u(b) = v(b) for some a < b with a,b € T, then
u(t) = v(t) for allt € T.

Lemma 8.6.17. If p is as in Lemma 8.6.7, then for any o(a) > b with a,b € T,
there exists a unique solution of equation (8.78) with u(b) = ug and u(o(a)) = 0,
where ug s any positive constant.

Proof. Let z be a solution of equation (8.78) such that z(c(a)) = 0. If z(a) > 0
and z(p(a)) < z(a), then Lemma 8.6.7 implies that z(c(a)) > z(a) > 0, which is a
contradiction. Thus z(p(a)) > z(a) > 0. Proceeding in this way we obtain

(8.93) z(b) > z(a(b)) > -+ > z(a) > z(o(a)) = 0.

Since z(o(a)) = 0, if 2(a) is also specified, then z(t) is uniquely determined for all
t € [b,0(a)] by equation (8.78). Thus in particular z(b) is determined by z(a). Let
f be the mapping from z(a) to z(b). From equation (8.78) it is clear that each
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z(t), t € [b, p(a)], continuously depends on z(a), and so the function z(b) = f(z(a))
is continuous. If we let z(a) = ug, then (8.93) implies that f(ug) > up; if we let
z(a) = 0 so that z(o(a)) = z(a) = 0, then z(¢t) = 0 by Lemma 8.6.7, so f(0) = 0.
Thus since f is continuous, there exists 8 € (0, ug), such that f(3) = up. Therefore
there exists a solution u of equation (8.78) determined by u(o(a)) = 0 and u(a) =
which must satisfy u(b) = ug. Finally the uniqueness of the solution follows from
Corollary 8.6.16. O

Theorem 8.6.18. If p is as in Lemma 8.6.7, then equation (8.78) has a posi-
tive monincreasing solution u and a positive strictly increasing solution v such that
v(t) — 00 as t — oo. In addition, the nonincreasing solution u is uniquely deter-
mined once u(a) is specified.

Proof. If we choose a € T, v(a) = 1 and v(o(a)) > 1, then the existence of an
increasing solution v satisfying the stated properties is an immediate consequence
of Remark 8.6.15. We wish to show the existence of a positive nonincreasing solution
u. It is clear from Lemma 8.6.17 that for each n € T, n > max{1,0(a)}, there is a
unique solution wu,(t), t € T of equation (8.78) such that

(8.94) up(a) = uq, up(n)=0.

Further, in view of (8.93) we know that for every n > max{1,o(a)},

(8.95) Ug = Up(t) > up(o(t)) >0 for t€ a,p(n).

We claim that for every n > max{1,o0(a)},

(8.96) Uy (n) () > un(t) for teo(a),o0).

For this, by Theorem 8.6.13 it suffices to show that

Uo(n)(0(a)) > un(o(a)).
By way of contradiction assume uq(ny(0(a)) < un(o(a)). If ugmy(o(a)) = u,(o(a)),
then since u,(a) = Uy(n)(a) = uq, the solutions u, and uy(,) are identically equal.
However uq(n)(0(n)) = un(n) = 0, so both u,, and u,(,,) are identically zero, which
contradicts un(a) = u, > 0. On the other hand, if uy,)(o(a)) < un(o(a)), then
from Theorem 8.6.13 we have u,(t) > s, (t) for all ¢ € [o(a),00). In particular
for t = n we find
0= un(n) > Ug(n) (Tl) > U (n) (O'(’I’L)) = Oa

which is also a contradiction. Hence (8.96) holds.

Combining (8.95) and (8.96), we find for each ¢t € [o(a), o), that the sequence

{un(t)},er is increasing, bounded above by u,, and eventually positive. For each
teT, let

u(t) = lm w,(t).
n—oo
Then 0 < u(t) < ug for t € T, and from (8.95) we have u(t) > u(o(t)). Now since
n € [o(a), o), u, is a solution of equation (8.78), and we have

ud () = —p(t) [un (o ()]

Thus as n — oo, we find that u is a nonincreasing positive solution of equation
(8.78).

Finally we show that the solution u is unique once u, is specified. For this let
z be any positive nonincreasing solution of equation (8.78) such that z(a) = u,.
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Then either z(o(a)) < u(o(a)), z(c(a)) > u(o(a)), or z(c(a)) = u(c(a)). In the
first case there exists n € T and a solution wu,, defined by (8.94) such that

z(o(a)) < up(o(a)) < u(o(a)).
Since un(a) = z(a) and u,(o(a)) > z(o(a)), Theorem 8.6.13 implies uy,(t) > z(t)
for all t € [0(a),00). In particular this implies 0 = u,(n) > z(n), which is a
contradiction. If instead z(o(a)) > u(o(a)), then Theorem 8.6.13 implies that
t—a
- > - f .
20— u(t) 2~ (2(0(@) ~ ulo(@))  for ¢ € fola),o0)

This means that z(t) becomes unbounded as t — oo since

t—a

— 00 as t — oo,

which is again a contradiction. Thus z(c(a)) = u(o(a)). By Corollary 8.6.16,
z(t) = u(t) for all t € T. O

Theorem 8.6.19. Let p be as in Lemma 8.6.10, a € T, a > 0, and v > 1. If
| otonat=c.
then the dynamic equation (8.78) is oscillatory.

Proof. Let u be a nonoscillatory solution of equation (8.78) and u(t) > 0 for all
t € [a,00). Multiply both sides of equation (8.78) by o(t)[u(c(t))]~7 to obtain

(&) [u(o ()] 7w (t) + o (t)p(t) = 0.

Using the integration by parts formula for k € [a, 00),
k
[ o) A = Kub)] " (k) - alu(e)] v (o)
k
- / (t[u(t)]_'y)A ud (H) At
yields

k A k
ku(k)] ™7 (k) — afu(a)] "4 (a) — / (t[u(t)ﬁ) u® () At + / o (t)p(t) At = 0.
In view of Lemma 8.6.10 and the hypothesis, it must be the case that
k A
(8.97) / (t[u(t)rV) uB (At — o0 as  k — oo.

We shall show that (8.97) is impossible.
Note that u?(t) > 0 implies (u~7)?(t) < 0. Thus

/ak (tlu() ) wtwar = /k (1o ()] + 1 )2(0)) ud () A

IN

[ luton) @,

and it suffices to show that

k
(8.98) / (o (£))] A () A < 0o,
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We define r(s), a continuous function on [t, o (t)] by
r(s) = u(t) + (s — yu(t).

Notice that r(t) = u(t), r(o(t)) = u(o(t)), and 7/(s) = u”(t) > 0. Hence r(s) is
continuous and increasing for s € [t, o (¢)]. From this we get

A - L U(t)ua A s
o) 7t ) = s [ ) 0
1 o(t) s
= | e s
o(t)
< | e
= 5= (oo - por-)
B N e 0)) L 0
11—~ pu(t)
1
= m(r )2 (t)

This implies that for k € T,
k
1
[ le@r et 0ar < 1 (00— ) ).
However since v > 1 and r is an increasing function, it follows that (8.98) holds,

completing the proof. O

Theorem 8.6.20. Let p be as in Lemma 8.6.10, a € T, a > 0, and v > 1. Then
the dynamic equation (8.78) is oscillatory if and only if

/ o (Op() AL = oo,

Proof. If [ o(1)p(I)Al = oo, then it was shown in Theorem 8.6.19 above that the
dynamic equation (8.78) is oscillatory. The other direction follows from the proof
of Theorem 8.6.22 below. O

Remark 8.6.21. Since all of the points in the time scale are isolated, one can
rewrite [ o(l)p(1)Al as ie(a,00) Do (D)p(l) (see Theorem 8.2.14 (ii)).

Theorem 8.6.22. Let p be as in Lemma 8.6.10. Then equation (8.78) has a
bounded monoscillatory solution if and only if

/00 a(D)p(HAl < oo,

where a € T, a > 0.

Proof. First suppose that equation (8.78) has a bounded nonoscillatory solution
u. Then there exists a € T with a > 0 such that u(t) > 0 for all ¢ € [a,00). In
view of Lemma 8.6.10, v is increasing on [a, 00). Therefore u(t) is bounded above
and below by positive constants for all ¢ € [a,00). Using the integration by parts
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formula in Theorem 8.2.12 (vi), we see that any solution u of equation (8.78) also
satisfies

(8.99) tuA(t) = auA(a) + u(t) —u(a) — / a(Dp(D)[u(e()]*Al

for all t € [a,00). If f Al — oo as t — oo, then the right-hand side of
equation (8. 99) must approach —o0. This implies that the left-hand side of equation
(8.99) is eventually negative. But this contradicts the fact that u is increasing.

To prove the converse, suppose [ o(1)p(I)Al < co. Using [53, Theorem 1.117],
it is easy to verify that any solution u of

(8.100) ut) =1— /t h (0(1) —t) p()[u(o (1) Al

is also a solution of equation (8.78). Choose a € T with a > 0 sufficiently large so

that
max {/too (0(1) —t) p()AL 27/:0 (a(z) —t) p(l)Al} < ;

Consider the Banach space L, of all bounded real functions z on [a, c0) with norm
defined by

[z = sup |2(t)].
t€la,00)

We define a closed and bounded subset S of L, as

| =

S = {xeLa: gx(t)gl}.
Let T : S — S be an operator such that
(T2)(t) = 1 /t (o) ~ ) pO (e AL 1> a.

To see that the range of T is in S, note that if x € S, then

(Tz)(t) > 1 - /too (0(5) - t) p()AL > %

Clearly (Tz)(t) < 1. We will show that T is a contraction mapping on S. To see
this, define r(k) = k7. By the (ordinary) mean value theorem,

‘kﬂ —N‘ < (max €Y ) Ik — 1.
k<<l

Thus for any =,y € S,

[zt = o) |

AN
N
=
o]
~

2
~
N~
B
—
ot
|
<
—
Nt

I
N
2
w
2
~
~—
B
—~
N
|
N
=
-

AN

[\
=2

8
=
<
~
-
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Therefore
o)) - @e] < [ (o0 =1) o0 [ - o] a1

IA

2 [ " (o)~ ) p0) oo 1) - (o) a1
< 2ol [ " (o) =) p)A

x .
2 Y

It follows that |7z — T'y|| < 3 ||z — y||, and hence T is a contraction mapping on S.
By the Banach contraction mapping principle (Theorem 1.4.26), T has a unique
fixed point in S, which is our desired bounded nonoscillatory solution of (8.100). O
Example 8.6.23. Consider
A2 1
u™ (t) = —W[u(a(t))]“’ for t>a>0.

Note that p(t) = W satisfies the conditions of Lemma 8.6.10 on [a,c0). Then

/:oa(s)p(s)ASZ/aoo wl(s)As:_/aoo C)AASZ % < .

Therefore by Theorem 8.6.22 this dynamic equation has a bounded nonoscillatory
solution on [a, o), regardless of the time scale chosen.

Example 8.6.24. Consider

WAt = ———[u(e(®))]” for t>a>0,

where v > 1. Note that p(t) =
[a,00). Then

a o . s

so(s)

Tl( o) satisfies the conditions of Lemma 8.6.10 on

So by Theorem 8.6.20 this dynamic equation is oscillatory on [a, 00), regardless of
the time scale chosen.

Theorem 8.6.25. Assume p is as in Lemma 8.6.10 and vy € (0,1). Then equation
(8.78) is oscillatory if and only if

[ o= o,
where a € T, a > 0.

Proof. Let u be a nonoscillatory solution of equation (8.78) such that u(t) > 0 for
all t € [a,00), where a € T, a > 0. By Lemma 8.6.10, u(t) is increasing and u® (t)
is positive and nonincreasing for ¢ € [a,0). Fix j € T such that j > 2a. Then for
all t € [, 00), we have

ult) = u(a) + /t uA ()AL > /t WAL= (8- a)ud () > Sud(),
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ie., u%?a(zg) > ”(t) . Dividing equation (8.78) by [u®(c(t))]”, using this inequality,

and integrating from j to t, we obtain

t uA2 t
(8.101) /J WCT((;)))]Al—s—; / PO AL <0, t>].

By hypothesis, the second integral in (8.101) approaches co as t — oo, so the first
term approaches —oo. But we will show that this is impossible. To see this, let

r(k) = u(l) + (k= Du(1),
I <k<o(l),l>a,so that r is positive, continuous, and increasing. Further, let
sy ) =)
(1)
so that s is positive and continuous. Since [ < k < o(1), we have
o(l) <k+pl) <20(l) -1

k>a

Therefore
) = w(o@®)+ (k+p0) - o) vt (@)
= u(o(l)) + (k — Du?(a(l)).

This implies that
) — M) = Do) —u) - (k= Q)

= wB(0) + (k= D)ud ().
Therefore s'(k) = u 2(l) < 0for! < k < o(l), which implies that s is nonincreasing
and 0 < s(k) < s(1) = u?(1). Then for [ < k < o(l) we have
ﬂ _ LY e
wer - ) meort
L a(l) S/(k)
> @), wewr™
B i o(l) Sl(k)
-l e
— LL s(o 1=y _ [g(D]—Y
= L= (seOI ™ = ls0r)
1,
= TR

It follows that

t UA2 ¢
l [uA<o((ll>)>] A= 1i /J ““”AU)AI:%([s(t)]lﬂ—[s(ml*v).

But [s(t)]'™ > 0and 0 < v < 1 for all ¢ > a, so f WAZ is bounded
below which gives a contradiction and completes the proof The necessity part is

contained in the sufficiency part of the next theorem. O
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Definition 8.6.26. A solution of equation (8.78) is said to have asymptotically
positively bounded differences if there are positive constants a; and as such that

a; <ut(t) < ap
for all ¢ € [a, 00) for some a € T.

Theorem 8.6.27. Let p be as in Lemma 8.6.10. Equation (8.78) has a solution
with asymptotically positively bounded differences if and only if

| plowrat <,
where a € T, a > 0.

Proof. Assume that [ p(I)[o(1)]7Al < oo, and fix a € T with a > 0 sufficiently
large so that [ p(I)[o(1)]YAl < %. Let u be the solution of equation (8.78) sat-
isfying u(a) = 0 and u(o(a)) = p(a) so that u®(a) = 1. We want to show that
1 <wuh(t) < 1forall t € [a,00). For this purpose, suppose that 1 < u®(t) <1 for
all ¢ € [a, m], where m € T with m > a. Then wu(t) > 0 for all t € (a,c(m)]. How-
ever from equation (8.78), u®”(t) = —p(t)[u(c(t))]” < 0for all t € [a, m]. Therefore
for all ¢t € [a,o(m)] it follows that

u(t) < u(a) + (t—a)u?(a) =t —a < t.

From equation (8.78) and the above inequalities we obtain

m

wm) = ub@) = [ pOle® =1 [T 0l s
Also u®(m) < u?(a) = 1. Therefore 1 < u®(m) < 1, and now by induction

2
1 A
g Sut() <1

N |

holds for all ¢ € [a, c0).

Conversely let u be a solution of equation (8.78) which has asymptotically pos-
itively bounded differences. Thus there exists a € T with a > 0 such that u(t) > 0
for all ¢ € [a,00). Then as in Theorem 8.6.25, we find that

t
u(t) > iuA(t) forall ¢>j>2a.
Therefore for all ¢t € [j,00) it follows that

WA B () = / p()u(o (D) AL

[ o0 (%) a

(?)vlzﬂﬂdUPAl>o.

\%

Y

If f;p(l)[a(l)]”fAl — 00 as t — oo, then it must be the case that u®(t) — —oo as
t — oo. However by Lemma 8.6.10, u®(t) > 0 for all ¢ € [a,00). This implies that
LZp)e(D] AL < oo. O
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It is interesting to note that the proof technique impacts whether or not the
theorem holds for T = R as well as for the time scales we are interested in. For
example, Theorem 8.6.22 uses the contraction mapping principle, and it is well
known that this result is true for T = R. This suggests that a modification of the
proof techniques would generate the results on a wider selection of time scales.

8.7. Oscillation of First Order Delay Dynamic Equations

In this section we follow [37] and present an oscillation criterion for first order
delay dynamic equations on unbounded time scales, which contains well-known
criteria for delay differential equations and delay difference equations as special
cases. We illustrate our results by applying them to various kinds of time scales.

As is well known (see Theorem 2.2.6 or [118, Theorem 2.3.1]), a first order delay
differential equation of the form
y'(t) +pt)y(t—7)=0
(where t € R, p is continuous and positive, and 7 > 0) is oscillatory provided

¢
1
lim inf p(s)ds > —
e

t—00 t—7

holds. It is also well known (cf. [118, Theorem 7.5.1]) that a first order delay
difference equation of the form
AYn + PaYn—k =0
(where n € Z, p,, > 0, k € N, Ay,, = Y11 — yn) is oscillatory if
n—1
. 1 k"
lim inf {ki_;k“} U

holds. In this section we present a generalization and extension of these two
results for first order delay dynamic equations (see also [299]) of the form

(8.102) y2 () + p(H)y(r(t) =0,

where t € T, T is a time scale, p is rd-continuous and positive, the delay function
7: T — T satisfies 7(t) < t for all t € T and lim; ., 7(t) = oo, and y2(¢) is the
delta derivative of y : T — R at t € T.

Now let us assume that (8.102) possesses a positive solution y. Then
y2(t) = —p(t)y(r(t) <0

so that y is decreasing and therefore
0 = —u® (¥ +pOY(T®) = v~ ylo(t) — sOPOY(rH)
<yt~ uopt) = (1= np®) ().

Hence 1 — u(t)p(t) > 0, which implies that —p € R™* and that there exists A > 0
such that —Ap € R*. The quantity

(8.103) a:=limsup sup {)\e_Ap(t, T(t))}
ttE?To —/\;fe%ﬁ

is therefore well defined. Now we can formulate the main result of this section.
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Theorem 8.7.1. If (8.102) has an eventually positive solution, then « defined by
(8.103) satisfies o > 1.

The following two easy lemmas are needed in the proof of Theorem 8.7.1.
Lemma 8.7.2. Suppose —p € R" and s € T. If
y2(0) +p(ty(t) <0 forall t>s,

then
y(t) <e_p(t,s)y(s) forall t>s.

Proof. We put f := y® + py and use Theorem 8.2.20 (see also [53, Theorem 2.77])
to solve

y> = —p(t)y + f(t), y(s) given.
Thus for ¢t > s,

t
o(0) = eplt.5)ys) + [ epltiotu) fu
The integrand is nonpositive as —p € R* and f < 0, so our claim follows. O

Lemma 8.7.3. For nonnegative p with —p € R* we have the inequalities
t t
1- / p(u)Au < e_p(t,s) < exp {—/ p(u)Au} forall t>s.

Proof. Fix s € T, denote y(t) = — fSt p(u)Au, and observe that

YA (t) = —p(t) < —p(t) — p(t)y(t).
We put f :=y> + py + p and use Theorem 8.2.20 to solve

y® = —pt)y+ f(t) —p(t), y(s)=0.
Thus for t > s,

W) = eopltoly(e) + [ emyltotu)) ()~ plu)] Au

< - [ ettopwa
= 6—P‘(t’ 5) - 17

where we have used Theorem 8.2.19 (ix) (see also [53, Theorem 2.39]) in the last
step. This establishes the left part of the asserted inequality. For the right part we
use the representation [53, (2.15)]

t
ep(t.5) =exp{ [ (ptu)au},
where we have for any p with —p € R*

gu(u)(_p(u)) = —p(u)
if p(u) =0, and if p(u) > 0,

(
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where f : (—=1,00) — R is defined by f(z) = z — In(1 + =) and hence satisfies
f(z) >0 for all z > —1. O

Some remarks follow.

Remark 8.7.4. Let s € T. If p is rd-continuous and nonnegative, then a similar
proof as in Lemma 8.7.2 can be used to show that if

z2(t) + p(t)x(o(t)) <0 forall t>s,
then
z(s) > ep(t,s)z(t) forall ¢>s.

Remark 8.7.5. If p is rd-continuous and nonnegative, then a similar proof as in
Lemma 8.7.3 can be used to show

t t
1 +/ p(u)Au < ey(t, s) < exp {/ p(u)Au} for all ¢ >s.

Remark 8.7.6. Denote P := fst p(u)Au for t > s, where p is nonnegative with
—p € R*. Then by Lemma 8.7.3, 1 — P < e_,(t,s) < ef’. For all A € (0, 1] we have
—Ap € RT and hence by Lemma 8.7.3, 1 — AP < e_y,(t,s) < e’ so that

A= AP < de_yp(t, s) < AP

and therefore 1

1

—~ < Ae_xp(t, } < —.

B o Penta)< 5
—ApeERT

Thus we always have

1
4liminfy_ o ff(t) p(s)As

—_

<ac< I
eliminf, oo [, p(s)As

and
IR 1
o < lim inf p(s)As < —.

Q@ t=oo J () eq
Now we have all the tools needed to prove our main result.

Proof of Theorem 8.7.1. Throughout we assume that y solves (8.102) and is even-
tually positive and that a < 1. We proceed in two parts showing

cy(r(t)
(8.104) hglolgf O
and

_Ly(T(t))
(8.105) htrglogf 0 <00

This contradiction shows o > 1 and hence finishes the proof. First we show (8.104).
Let 8 € (1,1/a). Then there exists Ty € T such that

1

Sup_)\;>eon+ {)\e—)\p(ta T(t))}

(8.106) >0 forall t>Ty.

As y is eventually positive, it is eventually decreasing and hence y(7(t)) > y(t)
eventually so that

0 =y2(t) + pt)y(r(1)) = y= (1) + p(t)y(t)
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implies by Lemma 8.7.2 that there exists 77 > T with
y(r(1)) L (B19)
> >
y(t)  — ep(t,7(1))

g forall t>Tj.

Thus
0 =y2(t) + p(t)y(r(1)) > y= (1) + Bp(t)y(t)

implies again by Lemma 8.7.2 that there exists T, > T} with
yoe®y) 1 g (8106)

y(t) —epp(t, (1) Pepp(t, (1)) T
Proceeding in this manner we obtain a sequence {7,,} C T with
y(r(t))

y(1)

This proves (8.104) as § > 1. Now we show (8.105). Let M € (1/4,1/(4«a)). By
Lemma 8.7.3 (see Remark 8.7.6) there exists 7' € T such that

8% forall t>Ts.

>pB" forall t>1T,.

¢
/ p(s)As>M forall t>T.
(1)

Now

o(t) t
/ p(s)As > / p(s)As > M forall t>T.
(t) ()

Let t > T. We consider the function f: T — R defined by

u

fw = [ peas-7
7(t)

and find f(7(¢)) < 0 and f(t) > 0. By the intermediate value theorem (as given

in [53, Theorem 1.115]) there exists t* € [7(¢),t) such that f(¢*) =0, or f(t*) <0

and f(o(t*)) > 0. Hence

o(t*)
(8.107) /(t) p(s)As=¥+ f(a(t*))Z%
and
o(t) o(t)
105 [ pls)as - /(t) poas - )+ 5 | = 5 1) 2
Now we can estimate
o(t)
o) = ey =slo®) [T pourenas
o(t) (8.108)
> ) [ a(9ds = )
o(t™)
> 3 (e -wewn) CE [ o aas
o(1%) (8.107) 2s2
> Gue) [ pess 2 e,

which proves (8.105). O
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Now we proceed to give some illustrative examples and applications.

Example 8.7.7. Clearly, if T = R, then we get

[t N ds 1
sup LAyt (1))} = sup {ae Mol - L
N A>0 e [-yp(s)ds

and hence Theorem 8.7.1 yields the well-known result cited at the beginning of this
section as

t
1
a<l —= liminf/ p(s)ds > —.
t—o0 T(t) e

We now consider a time scale of the form
(8.109) T=A{t,: neZ},

where {t,} is a strictly increasing sequence of real numbers such that T is closed.
For such time scales we present the following results.

Corollary 8.7.8. Consider a time scale as described in (8.109). If
y2 () +p(t)y(p(t)) =0 for teT

has an eventually positive solution, then

o~ =

lim inf {4 (t)p(t)} <

Proof. We let 7(t) = p(t), find
Xexp(t,7(8)) = A = Npu(r())p(T (1)),
maximize, and apply Theorem 8.7.1. O
Example 8.7.9. If
y(4t) = y(t) — u(t)p(t)y(t/4)  for te{4": neNo}
has an eventually positive solution, then
1
liminf {4"p(4™)} < —.
n—oo 12
Corollary 8.7.10. Consider a time scale as described in (8.109). If
y2 () +p)y(p(p()) =0  for teT
has an eventually positive solution, then
L NG + M) [N(o() + M ()]
3
tmee [N(t) + N(o(t) + M(2)]

>1

)

N(t) = p(p(t) and M) = /[NOP + Ne@)P - NON((0)).
Proof. We let 7(t) = p(p(t)), find
Xeaplt (1) = A (1= AN(p(p(1)))) (1= AN (p(1)))

maximize, and apply Theorem 8.7.1. O
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Example 8.7.11. Let h > 0. If
y(t+h) =y(t) — hpt)y(t —2h) for te{hn: neZ} =hZ
has an eventually positive solution, then

[p() + 21(0)] [t + ) + N1

3

lim inf >h

iei [p(t) +p(t+h) + M(t)}

)

where

=V[p(t)]? + [p(t + h)]> — p(t)p(t + h).

Theorem 8.7.12. Consider a time scale as described in (8.109). Let k € N and
T(tn) = tn—k for allm € Z. If (8.102) has an eventually positive solution, then

t k+1
. im i <|— .
(8.110) htlgg.}f /T(t) p(s)As < (k n 1)

Proof. We assume that (8.110) does not hold and show « < 1, which is a contra-
diction with Theorem 8.7.1. Note now that

Neopltnm(ta)) = A T (1= watop(t:)
i=n—k

tn
o afofae)
- k

= M1 -\9)F,
where we used the arithmetic-geometric inequality and put

/tn A Zz n— k( i+1 — tz)p(tz)
s = .
k‘ tn—k k‘

Now f(A) = A(1 — AS)¥ satisfies
) =0 =A9)F —kAS(1 - AS)F 1 = (1 - AS)F! (1 —(k+ 1)/\5)

so that

1 1 1 \" K
f<>\)§f<(k+1)5) T k+1)S (1_k+1> ~ S(k+ )T

k+1
k 1
Hence a < (k+1) lim inf; . oo f:(t)p(s)As <l H

Example 8.7.13. If we let T = Z in Theorem 8.7.12, then we get the following
result: Let k € N. If

yin+1)=y(n) —pn)y(n—k) for neZ
has an eventually positive solution, then

k k+1
ot 3 w0 < (75)

i=n—k
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Example 8.7.14. If T = ¢% := {¢" : k € Z} U {0} with ¢ > 1 in Theorem 8.7.12,
then we get the following result: Let k € N. If
y (@) =y (@) — (@ Dg"p(d")y (¢" %) for neZ
has an eventually positive solution, then
L ( k k+1
= o m)
lim inf 'p(q") < ————.
iminf ) ¢'p(q") < po

i=n—k
For the remainder of this section we consider the equation
(8.111) 22(t) + p(t)z(7(a(t))) = 0,

where p and 7 satisfy the same assumptions as before. Since Ap € R+ for all A > 0,
clearly the quantity

(8.112) o™ :=liminf inf {EW(O'(t)))}

t—oo  A>0 )\
teT
is well defined. Our main result about equation (8.111) reads as follows.

Theorem 8.7.15. If (8.111) has an eventually positive solution, then o* defined
by (8.112) satisfies o < 1.

Proof. Throughout we assume that a solves (8.111) and is eventually positive and
that a* > 1. We proceed as in the proof of Theorem 8.7.1 and show that z satisfies

a(r(o) _
(8.113) htrgggf @)
and

o) _
(8.114) liminf =55 < oo

This contradiction shows a* < 1 and finishes the proof. We first show (8.113). Let
0% € (1,a*). Then there exists Ty € T such that

: eAP(t7 T(t)) > 3* >
(8.115) }\I;fo {)\ >p* forall t>1Ty.

As z is eventually positive, it is eventually decreasing, and hence we conclude that
z(1(o(t))) > z(o(t)) eventually so that

0= a2 (t) +p(t)a(r(o(1) = (1) +p(t)a(o(t))
implies by Remark 8.7.4 that there exists T} > T with

M et o x(t) (8115 a(t) e
Therefore

0=a2(t) +p(t)a(r(o(t)) = a®(t) + B p(t)z(t),
implies again by Remark 8.7.4 that there exists T5 > T7 with

2(r(o(1))) ) epyltrle(t) )
oy - T ey = ST e o)

(8.115)
> (W)Qﬂ > (B*)? forall t>To.
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Proceeding in a way similar as in the first part of the proof of Theorem 8.7.1, we
obtain (8.113). Now we show (8.114). By Remark 8.7.5 (see also Remark 8.7.6)
there exists M > 0 and T € T such that

t
/ p(s)As > M forall t>T
(o (t))

so that
o(t) t
/ > / p(s)As>M forall t>T
T(o(t)) (o(t))
and hence
a(t)
(8.116) / >M forall t>T
T(o(t))

holds. As in the second part of the proof of Theorem 8.7.1 we find t* € [7(c(t)), )
such that

o(t*) o(t)
(8.117) / p(s)As > % and / p(s)As > %
T t

*

2(t) > ) —a(o() FEY / p(s)a(r(0(s)))As

a(t) 11

> alrlo) [ pas "2 Hatrio)

> (z(r(o(t)) — x(o(tY)) (Blll)M e s)x(t(o(s)))As

> ((r(o(t)) ~ 2(o(t"))) 5 ], PO

M a(t”) (8.117) Jf2

> —az(r(o(t” $)As >  —ua(r(c(tY))),

> Getrot)) [ poas = Aatriote)
(8.118) 2(#) > MTm(T(a(t*))).
Clearly (8.118) implies (8.114). O

We can improve the condition from Theorem 8.7.15 by imposing an additional
assumption. Define now

(8.119) & := liminf inf {M}
2y A0 A

Theorem 8.7.16. Assume that there exists K > 0 such that
t
(8.120) / p(s)As > K for all large t € T.
(o (1))

If (8.111) has an eventually positive solution, then & defined by (8.119) satisfies
<1

Qr
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Proof. We assume that x solves (8.111) and is eventually positive and that & < 1.
We proceed as in the proofs of Theorems 8.7.1 and 8.7.15 in two parts to show

L 2(T(M)
(8.121) htrgg.}f o) =00
and
(8.122) 1&@% < o0

With the same notation as in the proof of the first part of Theorem 8.7.15, we find

z(7(t)) (8115)
z(o(t)) Ze(t,7(o(t)) = p* forall 2T

and may proceed as in the proof of the first part of Theorem 8.7.15 to reach (8.121).
To show (8.122), note that there exists M > 0 and T € T such that (8.116)
holds. Therefore we can proceed with the same calculation as in the second part of
Theorem 8.7.15 to obtain (8.118). Observe now the estimate

2(r(o(t) > umwm—mo“ﬁ”/ p(s)z(7(0(s)))As
7(o(t))
S—— / p)as 2 Ka(r(t)
7(o(t))

for large ¢t € T, which combined with (8.118) yields (8.122). O

Example 8.7.17. For T = Z and 7(t) =t — 2 for t € Z, we have
exp(t, 7(1) _ [1+ Ap(t = 2)][1 + dp(t —1)]

A A ’

which is minimized for )
(VpE=2) + Vot —1)) .
Hence by Theorem 8.7.16,
lim inf (\/p(n) +/p(n + 1))2 >1
and there exists K > 0 with p(n) > K for all large n € N, then
(8.123) z(n+1)=xz(n) —pn)zx(n—1) for neZ

is oscillatory.

Example 8.7.18. For a more specific example of the kind as discussed in Example
8.7.17, consider (8.123) with

1/8 for n even
p(n) =
1/2 for n odd.

Here,

o 1 1

hnrr_l)loréfp(n) =3 <7
so the oscillation criterion from Corollary 8.7.8, i.e., the one known in the literature
for difference equations, does not apply. However,

lim in (\/p(m +v/p(n + 1)) - <\}§ + \%) > 1,
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so Example 8.7.17, i.e., Theorem 8.7.16 applies and shows that the equation (8.123)
is oscillatory.

A similar discussion as in Example 8.7.17, applying Theorem 8.7.16 for T = Z,
yields the statements given in the following last examples of this section. Of course
similar examples (e.g., of the forms as presented earlier) can also be given for other
time scales.

Example 8.7.19. Consider a difference equation of the form
(8.124) z(n+1)=xz(n)—pn)z(n—2) for neZ,
where p is three-periodic and takes values as follows:

p(1)=a, p(2)=a, p@B)=b, ... with a,b>0.
Then (8.124) is oscillatory provided

(3a+M)2a+M+26
>1
a+ M

5 ,  where M = +/a? + 8ab.

Example 8.7.20. Consider equation (8.124), where p is three-periodic and takes
values as follows:

p(l)=a, p(2)=0b, p38)=¢, ... with a,b,c>0.
Let

3 3/2
m = abe (ab+ac+bc> '

By the arithmetic-geometric inequality it can be shown that 0 < m < 1. Now
define ¢ € [0, 7/2) such that

m =cosy, and also put k= 2cos %

Another way to calculate k is to use the formula

1/3
k:(m—i—i\/l—mQ) —|—(m—|—i\/1—m2>
Then (8.124) is oscillatory provided

3(ab + ac + be) 1
5 |:l€ + k‘:| > 1.

~1/3

at+b+c+

8.8. Oscillation of Symplectic Dynamic Systems

In this section we investigate oscillatory properties of a perturbed symplectic
dynamic system on a time scale that is unbounded above. The unperturbed system
is supposed to be nonoscillatory, and conditions on the perturbation matrix are
given, which guarantee that the perturbed system becomes oscillatory. Examples
illustrating the general results are given as well. The results presented in this section
follow the recent paper [42].

We consider the symplectic dynamic system

(8.125) 22 = 8S(t)z,
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i.e., § is a symplectic and rd-continuous 2n x 2n matrix-valued function, along with
its perturbation

(8.126) 22 = (S(t) +8(1)z,

which is also supposed to be symplectic. Recall from [11, 78] that S is called
symplectic (with respect to T) if

(8.127) STW)T +TSEt) + u®)ST(#)TS(t) =0 forall teT,
0 I

where T is the time scale under consideration, J = , and the superscript
-1 0

T stands for the transpose of the matrix indicated. Since we are concerned with
the oscillatory behavior of the systems (8.125) and (8.126), we assume that T is
unbounded above.

The results presented in this section are quite general as systems (8.125) contain
a variety of important systems as special cases, e.g., linear Hamiltonian differential
systems, linear Hamiltonian difference systems, Sturm—Liouville differential equa-
tions (of any order) Sturm—Liouville difference equations (of any order), self-adjoint
matrix differential systems, self-adjoint matrix difference systems, and symplectic
difference systems. Our oscillation criteria presented below are new even in many
of theses special cases, as will be illustrated.

Example 8.8.1. In case T = R, symplectic (differential) systems (8.125) are of
the form
2 =H(t)z, where JH issymmetric, ie., JH =HT T
(these are so-called linear Hamiltonian differential systems). In case T = Z, sym-
plectic difference systems (8.125) are of the form
2(t+1) = S(t)2(t), where S is symplectic, i.e., STTS = J.

To begin with we recall some basic facts concerning symplectic dynamic systems
(8.125). As mentioned above, a symplectic dynamic system is a first order linear
dynamic system whose coefficient matrix satisfies (8.127). This identity implies
that the matrix I + u(t)S(t) is symplectic for each ¢t € T, i.e.,

(I+uS)T T +uS) =T

holds on T. This last identity is equivalent to (I + uS)J (I + uS)T = J, so a
symplectic dynamic system can be also characterized as a system (8.125) whose
coefficient matrix satisfies

(8.128) SHT +ITSTt) +ut)SH)TST(t) =0 forall teT.
A B

If we write S = with n X n matrix-valued functions A, B, C, and D,
C D

then (8.127) and (8.128) read
C—-CT+uATc-cTA) =0, C-CT+u(CDT - DCT)
(8.129) BT - B+ u(B"D -D"B=0), BT - B+ u(AB" — BAT)
AT+ D+ u(A"D -C"B) =0, A+ DT + u(ADT — BCT)

0,
0,
0.
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Next, if Z and Z are two 2n X n matrix-valued solutions of (8.125), then Z7 7 Z is
a constant n X n matrix (this is a so-called Wronskian type identity). A solution Z
is said to be a conjoined basis if rank Z = n and ZT JZ = 0. Oscillatory properties
of (8.125) are defined using the concept of focal points. A 2n x n matrix-valued
solution Z of (8.125) has no focal point in the interval Z = (a,b] C T if X (¢) is
invertible at all dense points t € Z and if

Ker X7(t) c Ker X(t) and X (t)(X°(t)'B(t) >0

on Z" (here,  denotes the Moore-Penrose generalized inverse). The system (8.125)
is called disconjugate on Z if the solution Z = ()U() given by the initial condition
X(a) = 0 and U(a) = I (the so-called principal solution of (8.125) at a) has no
focal points in Z. System (8.125) is called nonoscillatory if there exists T € T such
that it is disconjugate on (T, T3] for every Ty > T, and it is said to be oscillatory
in the opposite case.

In our treatment we will also need the concept of the principal and nonprincipal
solution of (8.125) at oo as introduced in [74] and studied in [43]. System (8.125)
is said to be eventually controllable if the trivial solution z = (i) = (8) is the
only solution for which z = 0 eventually. If (8.125) is eventually controllable
and nonoscillatory, then the first component X of any conjoined basis Z = (3})
is eventually nonsingular, and for every 1" € T there exists t; > T such that the
matrix

t
[ 0BT A
T

is positive definite whenever ¢t > t;. Among all conjoined bases of an eventually
controllable and nonoscillatory symplectic dynamic system one can distjnguish the
so-called principal solution at oo, which is the conjoined basis Z = ()5) with the
property that

(8.130) lim X~ Y(#)X(t) =0

t—oo

for any conjoined basis Z = (5) for which the (constant) matrix Z77Z is non-

singular. Any conjoined basis Z = (5) for which Z7 7Z is a nonsingular matrix

is called a nonprincipal solution at co. Note that the principal solution at oo is
uniquely determined up to a right multiplicative constant nonsingular n x n matrix
factor, and that (8.130) is equivalent to

-1

(8.131) lim (/t(XU)_l(T)B(T)(XT)_l(T)AT> =0.

t—o0

When investigating oscillatory properties of (8.125), a fundamental réle is played
by the so-called Reid roundabout theorem, which relates oscillatory properties of
(8.125) to solvability of a certain associated Riccati type equation and to positivity
of the quadratic functional

b
Faab)i= [ &7 {ST)C+KS(r) + u(n)ST(r)KS()  2(r)Ar
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0 0
with K = , over the class of pairs z = (7) such that Kz = KS(t)z

I 0
and z(a) = x(b) = 0. This roundabout theorem for (8.125) is established in the
recent paper [128]. Here we use only a part of this roundabout theorem, which is

formulated in the next proposition (in a slightly modified form; compare with [78]
or [128]).

Proposition 8.8.2. Suppose that for every T € T there exists a pair z = (2) such
that x € CL[T, 00), u € Cya[T, 00) piecewise, x> = A(t)x + B(t)u, suppx C [T, o0)
(i.e., x(T) = 0 and there exists Ty > T such that x(t) =0 for t > T1), and

F(5T,00) = / 7 (1) {87 (1)K + KS(r) + u(r)ST(KS(r) } 2(7)Ar < 0.
T
Then (8.125) is oscillatory.
A B
Note also that for S = and z = (Z), the functional F(z;a,b) takes
C D

the form

b (m)T CHI+pd)  pC'B (””) (r) AT,

F(x,u;a,b) ——/
BTC I+uD)TB
w ( pD)

a

Now we present a result concerning a certain transformation of (8.125); see
[78]. Let H,K : T — R™" be C!;-matrices such that H is nonsingular and

HTK = KTH, i.e., the matrix R = " ° is symplectic. Consider the
K (HT)_l
transformation
z =Rz
of the symplectic dynamic system (8.125). This transformation transforms (8.125)
into the system

N
[ou]]

(8.132) z2=8(t)z with S= :

Qi
wl]

which is again symplectic, and the matrices A, B, C, and D are given by the
formulas

H°)"Y(AH + BK — H?)

HU)*IB(HT)fl

K°)T(H” — AH — BK) — (H°)T(K® — CH — DK)

(
(
(
(H® - D"H° — B"K)"(H")™".

O QT o
I
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Consequently, if ()[j) is a solution of (8.125) such that X is nonsingular, setting
H =X and K = U, we have A = 0 and C = 0 (this is obvious) and D = 0 (this
follows from the fact that (8.132) is again symplectic, i.e., (8.129) hold for A, B,
C, and D).

In what follows we assume that the perturbation matrix S from (8.126) is of the
form

. 0 0
(8.133) S=

W({I+ pA) pyWB

Let us briefly explain why we choose S of the form (8.133). First we require that
the admissibility equation for the quadratic functional corresponding to (8.126),

~ - . . 0 0
K22 = K(S + 8S)z, is independent of S, i.e., KSz = 0 and hence S =
¢ D
This requirement is perhaps not strictly necessary, but it is reasonable from the
application point of view as we will see in the last section. Another requirement
is that the perturbed system (8.126) is again a symplectic dynamic system, i.e.,

(8.127) and (8.128) must hold. This means that
CT(I+ pA) = (I+pA)TC,
(I +pA)CT = uBDT,
(8.134) uD"B = BT D,
CI + uDTy — (I +uD)CT = w(DCT — DY),
DT(I + pA) = uB*C.
If 4 = 0, then obviously D=0and C =W isa symmetric matrix. Now suppose
w # 0. Then the fact that I + uS is symplectic implies

(I +pA)Y(I 4 pD)" —p2BCT =T  and  rank(I + pA, uB) = n.
Hence, since (I + pA)uBT = pB(I + pA)7,
uB"
Ker(7 A, uB) =1 .
atr 12 =t ("7 )
Now, the second identity in (8.134) implies that

(%)Gm<4ﬁilv)

i.e., there exists an n x n matrix W such that

DT =uB™W and CT = (I + pA)TW.
Substituting this into (8.134), we find that W must be symmetric, and then all
identities in (8.134) are satisfied.

Now we are ready to present our oscillation criteria for systems (8.126). We first
give conditions that imply, assuming nonoscillation of (8.125), that the perturbed
system (8.126) is oscillatory.
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Theorem 8.8.3. Suppose that (8.125) is nonoscillatory and eventually controllable,
and let (g) be its principal solution at co. If

(8.135) W(t) <0 forlarge teT

and if there exists a pair (Z) : T — R?™ such that

(8.136) feCly, @eCy, i*=(X2)'BXT")a,

and

(8.137) /Oo {ﬁT(X“)*lB(XT)*la + (i")T(X”)TWX”i"} (r)AT = —o0,
then (8.126) is oscillatory.

Proof. Consider the transformation z = Rz of (8.126) with

X 0
R:

Uo(XT)

This transformation preserves the oscillatory behavior of (8.126) and transforms
(8.126) into

0 B
(8.138) A =

W VB

o

where
B=(X)"'B(X")™' and W=(X°)TWX°.

To prove that (8.138) is oscillatory (and hence that (8.126) is oscillatory), according
to Proposition 8.8.2 it suffices to construct for every T' € T a pair z = (Z) such that
22 = Bu, x € Cl, u € Cyq piecewise on [T, 00), suppx C [T, 0), and

F(z,u) <0,

where
_ | T W VB N
F(z,u) = / (T)AT
T u PTT P 2 PTT P u
uB*W B+ u*B*WB

— /OO {uTBu + (z 4 pBu)"W(z + uBU)} (T)AT

oo

I
S

{uTBu + (m")TWxU} (T)AT.



352 8. OSCILLATION OF DYNAMIC EQUATIONS ON TIME SCALES

Define the pair (¥) by

0> if t<T
xl) i te[T,t]

(
(

(i): (i) ittty ta
(

z2) if 1€ [t ts]

(g) it t>ts,

where T € T is arbitrary, t3 > t3 > t; > T will be specified later, and (wl) and (””2)

uq (I5)

are solutions of 22 = Bu satisfying

xl(T) = 0, .’El(tl) = fi’(tl), SUQ(tQ) = fi’(tg), and Z'Q(tg) = 0,

ie.,
w(t) = (/;B(T)AT> (/Ttlé(T>AT>_lgz<tl),
w(t) = (/Tt B(T)AT) s,
() = (/ttSB(T)AT) (/th(T)AT>1x(t2),

us(t) = —(/t:SB(T)AT) ().

Note that controllability of (8.125) implies that f; B(7)AT is really invertible if ¢
is sufficiently large. Then

Flz,u) = /Ttl {ulTBul + (x‘{)TWx‘f} (1)AT
+/tt2 {aTBa + (@U)TW;%U} (r) AT
—i—/t:3 {uQTBuQ + (xg)TWxg} (T)AT
-1

(1) (/t B(T)AT) 1) + 27 (t) </tt B(T)AT) F(ts)

T

IN

ta
+/ {aTBa+(5;”)TW§:“}(r)AT.
ty

Here we have used (8.135). Now, let € > 0 be arbitrary and t; > T be fixed.
According to (8.137), t2 > t1 can be chosen in such a way that

/t2 {aTBa - (:EU)TW:F’} (AT < =T () (/t B(T)A7->l -

ty T
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Finally, since ()(5) is the principal solution of (8.125), we have

t2 t2
and hence t3 can be chosen such that

i3 _ -1
fg(tg) (/ B(T)AT) Lﬁg(tg) <e.
to
Summarizing the previous computations we see that

F(z,u) <0 if T <t <ty <tz are chosen as above,
and hence (8.138) is oscillatory. This means that (8.126) is oscillatory as well. O

Our next result offers another oscillation criterion for (8.126).

Theorem 8.8.4. Suppose (8.135) and let (}é) and (2) be as in Theorem 8.8.3;
however, instead of (8.137) we assume that the integral

/ N {@Ba+ (@7)"Wa | (r)ar
is convergent. Moreover, we suppose that
(8.139) () (/t B(T)AT) B Ft)—0 as t— o0.
If
(8.140) limsup [ {a"Ba+ (i")TWi_"l }(r)AT
tooe T (4) ( ftB(T)AT) 0

then (8.126) is oscillatory.

< -1,

Proof. First note that the lower limit of integration in the integral in the denomi-
nator of (8.140) is not important. Indeed, since
-1

(/tB<T)AT> —0 as t—o0

and (8.139) holds, we find for any a,b € T
~ t 5 -1 ~
77 (1) ( s B(T)AT) 0

# () (fy Brar) i

We use the same (z) as in the proof of Theorem 8.8.3. Using the computation given
there, we have

Flwu) < @T(t) (/Tt B(T)AT)

lim =1.
t—o0

-1 -1

#t) + 77 (t) (/: B(T)AT) F(ts)

+ / ; {@"Bi+ (57)"Wae | (AT

= zT(ty) (/tl B(T)AT) T(t1) (1 +T1 +Ty),

T
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where

and

2
~
—
~+
l\D
/N

FQ = ~ ) 1

(1) (fT B(r AT)

Now, let € > 0 be such that the limit superior in (8. 140) is less than —1 — 3¢. The
point ¢; > T is now chosen such that

f;j" {a"Bu+ (z7)"Wz°} (1)AT
_ —1
FT () ( o B(T)AT) (1)

and to > t1 such that

< —-1-2¢

[ {a" Bu+ (&7)" Wz} (r)Ar

Iy = 1 <—-1-—¢.
Z‘T tl (ftlB AT) f(tl)
Finally, t3 > to we take such that
ts -1
(12) (Jis B)AT) i(e2)
Iy = ) T <e.

(le )ar) i (n)
This is possible since ( AT — 0 as t — oo. Altogether, for these values
of t3 >ty > t; > T we have f(x, u) < 0, and hence (8.126) is oscillatory. O

If instead of the principal solution of (8.126) at oo we use its nonprincipal
solution at oo, then we get the following result.

Theorem 8.8.5. Suppose that (8.135) holds, let ( ) be a nonprincipal solution of
(8.125) at oo, and let ( ) be as in Theorem 8.8.4. Moreover, we suppose that

(8.141) Jim 1 (t) (/too B(T)AT) - i(t) = oo.
If

tf-Tp~ T
B Wi
(8.142) lim sup / {u Ll Cif x_% )
t—00 (f B(1)AT) ;E(t)
then (8.126) is oscillatory.

Proof. First of all note that since ()é) is the nonprincipal solution of (8.126) at oo,
the matrix integral

/OC B(T)AT = /°° {(XU)_lB(XT)_l} (T)AT
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is really convergent [74]. We use again the computations from the proof of Theorem
8.8.3. For the pair (i) defined in the proof of that theorem we have

-1 -1

Fau) < @) (/THB(T)AT) (1) + 37 (1) (/:B(T)AT) F(ts)

+ / ; {@"Ba+ (57)"Wae | (AT

-1

— #T(ty) (/tt B(T)AT) F(t2) (1+T5+Ty),

2

where
b, o ST B @)W} (AT
#(t2) (J2 BAT)  i(ta)
and 1
#T(t) (fy B(r)Ar i 1
Ty = (t1) ( T (1) ) (t1)

_ =1 :
i (t) ([ BIAT) i)
Let t1 > T be fixed and € > 0 be such that the limit superior in (8.142) is less than
—1 —3e. By (8.141) and (8.142), t3 > t; can be chosen in such a way that

fttf {a"Ba+ (2°)TWz° )} (1)AT

— < —1-—2¢
i (t) ([ B)AT)  i(ts)

and .
7T (t)) ( ;1 B(T)AT) (1)

_ -1
#(t2) (S B(r)AT) (e
Finally, we take t3 > t5 such that
[ {a" B+ (z°)TWz7} (1)AT

[y =24 <—-l-¢

() () B(T)m)_l #(t2)

< E.

and also )
. # (1) ( - B(T)Ar)_li:(tl) .
i (t2) ([ BAT) i)

Consequently, for these t3 > ty > t; > T we have F(x,u) < 0, and hence (8.126) is
oscillatory. O

In the remainder of this section we present some corollaries and examples for
applications of our general oscillation criteria given above.

(i) The formulation of Theorems 8.8.3, 8.8.4, and 8.8.5 simplifies if the pair (g)
appearing in these theorems is of the form (8), where v € R™ is a constant vector.
We formulate this simplification only for Theorems 8.8.3 and 8.8.4. Theorem 8.8.5
simplifies accordingly.
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Corollary 8.8.6. Suppose that (8.135) holds and let (5) be as in Theorems 8.8.3
and 8.8.4. If there exists v € R™ such that

/ vIW(T)wAT = —00
or
[0 IW (r)vAT

t < -1

)

/ vIW(r)vAT > —0c0  and  limsup —
t=oo 4T (ftB(T)AT> v

then (8.126) is oscillatory.

Proof. The statement follows immediately from Theorems 8.8.3 and 8.8.4 taking
into account that (8.139) is satisfied for Z(¢t) = v due to the fact that (5) is the
principal solution of (8.125).

(ii) Here we consider the case T = R, i.e., p = 0. In this case (8.126) is the
linear Hamiltonian system

(8.143) Cj)/ A b (i)

C+W =—AT

with symmetric matrices B, C, and W. Oscillatory properties of (8.143) in case
A = 0 (using the variational method presented above) were investigated in [75].
In that paper only the possibility (g) = (8) with a constant vector v € R™ was
considered, so the results presented are new even for linear Hamiltonian differential
systems.

(iii) The higher order Sturm-Liouville differential equation

L) = Y17 (noy) " =0

v=0
with r,(¢) > 0 can be written (using a suitable substitution) as the linear Hamil-
tonian system
' = A(t)x + B(t)yu, u =C(t)x— AT (t)u

with

1 if j=i+1,1<i<n-1

A(t) = (aij)i<ij<n,  where a;; = { )

0 otherwise

and

B(t) = diag {0,0,...,O, 7"711(t)} and C(t) = diag {ro(t),...,rn,l(t)} .

Oscillatory properties (with applications in spectral theory of differential operators)
of the equation

(8.144) L(y) +q(t)y =0

viewed as a perturbation of the nonoscillatory equation L(y) = 0 were investigated
in several recent papers, see e.g., [76, 127] and the references given therein. Writing
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equation (8.144) as a linear Hamiltonian system (8.143), the perturbation matrix
W is of the special form

W:diag{o,o,...,o,q}.

Using our method, one can investigate oscillatory properties of the equation

L(y)+ M(y) =0, where M(y)= Z(_l)y (ql,(t)y(”))(y)
v=0

with ¢, () > 0 and m < n. In this case the perturbation matrix W is

W:diag{qm...,qm,0,0,...,O}.

If the operator M is of higher or equal order than L, i.e., m > n, then this per-
turbation does not fit into our setting. However, in applications, the perturbation
operator is usually of lower order than the original one, and it is also a partial
justification why the perturbation matrix S is of the form as considered here.

As an example of the application of this general idea to fourth order differential
equations we give the following oscillation criterion.

Corollary 8.8.7. Consider the fourth order differential equation

(8.145) y" = (@(t)y) +a(t)y =0

with ¢1(t) <0 and qo(t) < 16% eventually. If there exist c1,co € R such that
o 9

s116)  [{a@we?+ (w0 - 1) 120 i = -

where h(t) = e tG=VI0/2 4 ¢, 13/2  then (8.145) is oscillatory.

Proof. As the “unperturbed” nonoscillatory equation we take the fourth order Euler
equation

9
8.147 " ——y=0.
( ) y oY
Equation (8.147) has solutions
yi(t) = tBVIN/2 o) = 32 i (t) = 32 Int, Go(t) = tBHVI0/2,
By a direct computation one can verify that

meo_

Y1 Y2 —Y Yo
X = . U=
Yo Yo vy

is the principal solution of the linear Hamiltonian system corresponding to (8.147),
and (8.145) can be written as a system (8.143) with

0 1 0 0 2.0
A— . B= CC= 16t ’
00 0 1 0 0

and
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C:

We take Z(t) = ¢ and 4(t) = 0 with ¢ = (c;) and apply Theorem 8.8.3. Then

o 9
FTWi =T XTWXe = (ary) + cayb)?an + (cryn + c2y2)? (qo - 16t4> ’

and (8.137) reduces to (8.146). O

Note that for the sake of simplicity in the previous corollary we used Theo-
rem 8.8.3 (with the special choice & = ¢ and @ = 0). Computing explicitly the
expressions

-1

T (/t{XlB(XT)l}(T)) ¢ and T (/too {XlB(XT)l}(T)>_1c

with

0 0 N g1 Yo
B = and X =
01 Ui U
(the functions §; and §» are given in the previous proof), one can formulate also
oscillation criteria which are special cases of Theorems 8.8.4 and 8.8.5. These
reformulations yield new results even for the special equation (8.145).

(iv) Now we deal with the discrete case T = Z. In this case, (8.126) reduces to
the symplectic difference system

(8.148) 2kr1 = (I + Sk) 2.

Basic properties of solutions of (8.148) (e.g., the Reid roundabout theorem) have
been established in [33, 40]. However, oscillation criteria for general symplectic
difference systems (in terms of the coefficient matrices I + A, B, C, and I + D of
(8.148)) have not been established yet; so the results of Theorems 8.8.3, 8.8.4, and
8.8.5 are new also for systems (8.148). We refer here to the papers [44, 62, 77,
90, 127, 238] and the references contained therein, where oscillatory properties of
special cases of (8.148) like discrete Hamiltonian systems or higher order Sturm-—
Liouville difference equations are investigated.

8.9. Notes

Most of the preliminary results given in Section 8.2 are from the books by
Bohner and Peterson [53, 55]. The reader may also refer to Hilger’s original paper
[124, 125]. Other interesting references concerning the time scales calculus contain
4, 5, 6, 7, 12, 13, 14, 15, 16, 17, 18, 19, 20, 26, 27, 32, 38, 39, 45, 47,
48, 49, 50, 51, 52, 54, 56, 69, 85, 86, 87, 88, 125, 126, 143]. The results
from Section 8.3 and Section 8.4 are adopted from Bohner and Saker [58] and [57],
respectively. For Section 8.5, see Huang and Li [197]. Results from the two papers
by Akin-Bohner and Hoffacker [21, 22] are presented in Section 8.6. Results related
to Section 8.7 can be found in [37, 299]. Finally, the contents of Section 8.8 is
taken from Bohner and Dosly [42].
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