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Preface

While scientists and engineers can already choose from a number of books on
integral equations, this new book encompasses recent developments including
some preliminary backgrounds of formulations of integral equations governing the
physical situation of the problems. It also contains elegant analytical and numerical
methods, and an important topic of the variational principles. This book is primarily
intended for the senior undergraduate students and beginning graduate students
of engineering and science courses. The students in mathematical and physical
sciences will find many sections of divert relevance. The book contains eight
chapters. The chapters in the book are pedagogically organized. This book is
specially designed for those who wish to understand integral equations without
having extensive mathematical background. Some knowledge of integral calculus,
ordinary differential equations, partial differential equations, Laplace transforms,
Fourier transforms, Hilbert transforms, analytic functions of complex variables and
contour integrations are expected on the part of the reader.

The book deals with linear integral equations, that is, equations involving an
unknown function which appears under an integral sign. Such equations occur
widely in diverse areas of applied mathematics and physics. They offer a powerful
technique for solving a variety of practical problems. One obvious reason for using
the integral equation rather than differential equations is that all of the conditions
specifying the initial value problems or boundary value problems for a differential
equation can often be condensed into a single integral equation. In the case of
partial differential equations, the dimension of the problem is reduced in this process
so that, for example, a boundary value problem for a partial differential equation in
two independent variables transform into an integral equation involving an unknown
function of only one variable. This reduction of what may represent a complicated
mathematical model of a physical situation into a single equation is itself a significant
step, but there are other advantages to be gained by replacing differentiation with
integration. Some of these advantages arise because integration is a smooth process,
a feature which has significant implications when approximate solutions are sought.
Whether one is looking for an exact solution to a given problem or having to settle
for an approximation to it, an integral equation formulation can often provide a
useful way forward. For this reason integral equations have attracted attention for



most of the last century and their theory is well-developed.

While I was a graduate student at the Imperial College’s mathematics department
during 1966-1969, 1 was fascinated with the integral equations course given by
Professor Rosenblatt. His deep knowledge about the subject impressed me and
gave me a love for integral equations. One of the aims of the course given by
Professor Rosenblatt was to bring together students from pure mathematics and
applied mathematics, often regarded by the students as totally unconnected. This
book contains some theoretical development for the pure mathematician but these
theories are illustrated by practical examples so that an applied mathematician can
easily understand and appreciate the book.

This book is meant for the senior undergraduate and the first year postgraduate
student. I assume that the reader is familiar with classical real analysis, basic linear
algebra and the rudiments of ordinary differential equation theory. In addition, some
acquaintance with functional analysis and Hilbert spaces is necessary, roughly at
the level of a first year course in the subject, although I have found that a limited
familiarity with these topics is easily considered as a bi-product of using them in the
setting of integral equations. Because of the scope of the text and emphasis on
practical issues, I hope that the book will prove useful to those working in application
areas who find that they need to know about integral equations.

I felt for many years that integral equations should be treated in the fashion of
this book and I derived much benefit from reading many integral equation books
available in the literature. Others influence in some cases by acting more in spirit,
making me aware of the sort of results we might seek, papers by many prominent
authors. Most of the material in the book has been known for many years, although
not necessarily in the form in which I have presented it, but the later chapters do
contain some results I believe to be new.

Digital computers have greatly changed the philosophy of mathematics as applied
to engineering. Many applied problems that cannot be solved explicitly by analytical
methods can be easily solved by digital computers. However, in this book I have
attempted the classical analytical procedure. There is too often a gap between the
approaches of a pure and an applied mathematician to the same problem, to the
extent that they may have little in common. I consider this book a middle road where
I develop, the general structures associated with problems which arise in applications
and also pay attention to the recovery of information of practical interest. I did not
avoid substantial matters of calculations where these are necessary to adapt the
general methods to cope with classes of integral equations which arise in the
applications. I try to avoid the rigorous analysis from the pure mathematical view
point, and I hope that the pure mathematician will also be satisfied with the dealing
of the applied problems.

The book contains eight chapters, each being divided into several sections. In
this text, we were mainly concerned with linear integral equations, mostly of second-
kind. Chapter 1 introduces the classifications of integral equations and necessary
techniques to convert differential equations to integral equations or vice versa.
Chapter 2 deals with the linear Volterra integral equations and the relevant solution
techniques. Chapter 3 is concerned with the linear Fredholme integral equations



and also solution techniques. Nonlinear integral equations are investigated in
Chapter 4. Adomian decomposition method is used heavily to determine the solution
in addition to other classical solution methods. Chapter 5 deals with singular integral
equations along with the variational principles. The transform calculus plays an
important role in this chapter. Chapter 6 introduces the integro-differential equations.
The Volterra and Fredholm type integro-differential equations are successfully
manifested in this chapter. Chapter 7 contains the orthogonal systems of functions.
Green'’s functions as the kernel of the integral equations are introduced using simple
practical problems. Some practical problems are solved in this chapter. Chapter 8
deals with the applied problems of advanced nature such as arising in ocean waves,
seismic response, transverse oscillations and flows of heat. The book concludes
with four appendices.

In this computer age, classical mathematics may sometimes appear irrelevant.
However, use of computer solutions without real understanding of the underlying
mathematics may easily lead to gross errors. A solid understanding of the relevant
mathematics is absolutely necessary. The central topic of this book is integral
equations and the calculus of variations to physical problems. The solution
techniques of integral equations by analytical procedures are highlighted with many
practical examples.

For many years the subject of functional equations has held a prominent place in
the attention of mathematicians. In more recent years this attention has been directed
to a particular kind of functional equation, an integral equation, wherein the unknown
function occurs under the integral sign. The study of this kind of equation is
sometimes referred to as the inversion of a definite integral.

In the present book I have tried to present in readable and systematic manner the
general theory of linear integral equations with some of its applications. The
applications given are to differential equations, calculus of variations, and some
problems which lead to differential equations with boundary conditions. The
applications of mathematical physics herein given are to Neumann’s problem and
certain vibration problems which lead to differential equations with boundary
conditions. An attempt has been made to present the subject matter in such a way
as to make the book suitable as a text on this subject in universities.

The aim of the book is to present a clear and well-organized treatment of the
concept behind the development of mathematics and solution techniques. The text
material of this book is presented in a highly readable, mathematically solid format.
Many practical problems are illustrated displaying a wide variety of solution
techniques.

There are more than 100 solved problems in this book and special attention is
paid to the derivation of most of the results in detail, in order to reduce possible
frustrations to those who are still acquiring the requisite skills. The book contains
approximately 150 exercises. Many of these involve extension of the topics presented
in the text. Hints are given in many of these exercises and answers to some selected
exercises are provided in Appendix C. The prerequisites to understand the material
contained in this book are advanced calculus, vector analysis and techniques of
solving elementary differential equations. Any senior undergraduate student who



has spent three years in university, will be able to follow the material contained in
this book. At the end of most of the chapters there are many exercises of practical
interest demanding varying levels of effort.

While it has been a joy to write this book over a number of years, the fruits of this
labor will hopefully be in learning of the enjoyment and benefits realized by the
reader. Thus the author welcomes any suggestions for the improvement of the text.

M. Rahman
2007
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1 Introduction

1.1 Preliminary concept of the integral equation

An integral equation is defined as an equation in which the unknown function u(x)
to be determined appear under the integral sign. The subject of integral equations is
one of the most useful mathematical tools in both pure and applied mathematics. It
has enormous applications in many physical problems. Many initial and boundary
value problems associated with ordinary differential equation (ODE) and partial
differential equation (PDE) can be transformed into problems of solving some
approximate integral equations (Refs. [2], [3] and [6]).

The development of science has led to the formation of many physical laws,
which, when restated in mathematical form, often appear as differential equations.
Engineering problems can be mathematically described by differential equations,
and thus differential equations play very important roles in the solution of prac-
tical problems. For example, Newton’s law, stating that the rate of change of the
momentum of a particle is equal to the force acting on it, can be translated into
mathematical language as a differential equation. Similarly, problems arising in
electric circuits, chemical kinetics, and transfer of heat in a medium can all be
represented mathematically as differential equations.

A typical form of an integral equation in u(x) is of the form

B(x)
u(x) =f(x)+ A /( ) K(x, t)u(t)dt (1.1)

where K (x, ¢) is called the kernel of the integral equation (1.1), and «(x) and B(x) are
the limits of integration. It can be easily observed that the unknown function u(x)
appears under the integral sign. It is to be noted here that both the kernel K(x, ¢)
and the function f(x) in equation (1.1) are given functions; and X is a constant
parameter. The prime objective of this text is to determine the unknown function
u(x) that will satisfy equation (1.1) using a number of solution techniques. We
shall devote considerable efforts in exploring these methods to find solutions of the
unknown function.



2 INTEGRAL EQUATIONS AND THEIR APPLICATIONS
1.2 Historical background of the integral equation

In 1825 Abel, an Italian mathematician, first produced an integral equation in con-
nection with the famous tautochrone problem (see Refs. [1], [4] and [5]). The
problem is connected with the determination of a curve along which a heavy par-
ticle, sliding without friction, descends to its lowest position, or more generally,
such that the time of descent is a given function of its initial position. To be more
specific, let us consider a smooth curve situated in a vertical plane. A heavy particle
starts from rest at any position P (see Figure 1.1).

Let us find, under the action of gravity, the time 7 of descent to the lowest
position O. Choosing O as the origin of the coordinates, the x-axis vertically upward,
and the y-axis horizontal. Let the coordinates of P be (x,y), of Q be (&, 1), and s
the arc OQ.

At any instant, the particle will attain the potential energy and kinetic energy at
O such that the sum of which is constant, and mathematically it can be stated as

K.E.+ P.E. = constant
%mv2 + mg& = constant
or %v2 +gt=C (1.2)

where m is the mass of the particle, v(¢) the speed of the particle at O, g the
acceleration due to gravity, and & the vertical coordinate of the particle at Q. Ini-
tially, v(0) =0 at P, the vertical coordinate is x, and hence the constant C can be
determined as C = gx.

Thus, we have

%vz +g& =gx
v =2g(x — §)
v==12g(x—%) (1.3)
X P(x,y)
Q(E, n)
s
O y -

Figure 1.1: Schematic diagram of a smooth curve.
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Butv= % = speed along the curve s. Therefore,

d
= =256 — 6.

Copsidering the ne.:gative value of % and integrating from P to Q by separating the
variables, we obtain

/th__fQ ds
P P 28(x —§)
t:_fQL
P /2g(x —§)

The total time of descent is, then,

Od 0} ds
/p = ‘/P /258G -8
(1.4)

T—/P ds
~Jo V2g(x— &)

If the shape of the curve is given, then s can be expressed in terms of £ and hence ds
can be expressed in terms of &. Let ds = u(&)dé&, the equation (1.4) takes the form

r— Y u(g)dE
0 V2g8(x—§)

Abel set himself the problem of finding the curve for which the time 7' of descent is
a given function of x, say f'(x). Our problem, then, is to find the unknown function
u(x) from the equation

o [ e
0 V2g(x—§)
X
- [ &eueweras. (15)
This is a linear integral equation of the first kind for the determination of u(x).
Here, K(x,&)= \/ﬁ is the kernel of the integral equation. Abel solved this

problem already in 1825, and in essentially the same manner which we shall use;
however, he did not realize the general importance of such types of functional
equations.



4 INTEGRAL EQUATIONS AND THEIR APPLICATIONS
1.3 An illustration from mechanics

The differential equation which governs the mass-spring system is given by (see
Figure 1.2)

d*u

mﬁ +hku=f() (0<t<o0)

with the initial conditions, #(0) = ug, and % =1y, where k is the stiffness of the

string, f(¢) the prescribed applied force, ug the initial displacement, and g the

initial value. This problem can be easily solved by using the Laplace transform. We

transform this ODE problem into an equivalent integral equation as follows:
Integrating the ODE with respect to # from 0 to ¢ yields

du t t
m— —mu'o+k/ u(t)dt = / f(oydr
dt 0 0

Integrating again gives
t pt topt
mu(t) — mug — mugt + k[ / u(t)dtdr = / / f(v)dtdr (1.6)
0 JO 0 Jo

We know that if y(t) = [, [y u(t)dtdz, then Li{y(t)}=L{[, [y /(v)dtdT}=
Sizﬁ{u(t)}. Therefore, by using the convolution theorem, the Laplace inverse is

obtained as y(t) = fot (t — t)u(t)dt, which is known as the convolution integral.
Hence using the convolution property, equation (1.6) can be written as

u(t) = up + ot + l / (t—o)f(r)dr — E / (t — Du(r)dr, (1.7)
m Jo m Jo

which is an integral equation. Unfortunately, this is not the solution of the original
problem, because the presence of the unknown function u(#) under the integral
sign. Rather, it is an example of an integral equation because of the presence of
the unknown function within the integral. Beginning with the integral equation, it
is possible to reverse our steps with the help of the Leibnitz rule, and recover the
original system, so that they are equivalent. In the present illustration, the physics
(namely, Newton’s second law ) gave us the differential equation of motion, and it

u(t)
f(t)
k

Figure 1.2: Mass spring system.
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was only by manipulation, we obtained the integral equation. In the Abel’s problem,
the physics gave us the integral equation directly. In any event, observe that we
can solve the integral equation by application of the Laplace Transform. Integral
equations of the convolution type can easily be solved by the Laplace transform .

1.4 Classification of integral equations

An integral equation can be classified as a linear or nonlinear integral equation as we
have seen in the ordinary and partial differential equations. In the previous section,
we have noticed that the differential equation can be equivalently represented by
the integral equation. Therefore, there is a good relationship between these two
equations.

The most frequently used integral equations fall under two major classes, namely
Volterra and Fredholm integral equations. Of course, we have to classify them as
homogeneous or nonhomogeneous; and also linear or nonlinear. In some practical
problems, we come across singular equations also.

In this text, we shall distinguish four major types of integral equations — the
two main classes and two related types of integral equations. In particular, the four
types are given below:

e Volterra integral equations
Fredholm integral equations
¢ Integro-differential equations
e Singular integral equations

We shall outline these equations using basic definitions and properties of each type.
1.4.1 Volterra integral equations
The most standard form of Volterra linear integral equations is of the form
d(x)u(x) =f(x) + 1 / ’ K(x, t)u(t)dt (1.8)
a
where the limits of integration are function of x and the unknown function u(x)

appears linearly under the integral sign. If the function ¢(x)=1, then equation
(1.8) simply becomes

u(x) =f(x)+ 1 /’C K(x, tH)u(t)dt (1.9)

and this equation is known as the Volterra integral equation of the second kind;
whereas if ¢(x) = 0, then equation (1.8) becomes

FE)+ A / ’ K(x, Hu(t)dt = 0 (1.10)

which is known as the Volterra equation of the first kind.



6 INTEGRAL EQUATIONS AND THEIR APPLICATIONS
1.4.2 Fredholm integral equations

The most standard form of Fredholm linear integral equations is given by the form

b
¢ u(x) = f(x) + A f K(x, Hu(t)dt (1.11)

where the limits of integration a and b are constants and the unknown function
u(x) appears linearly under the integral sign. If the function ¢(x) =1, then (1.11)
becomes simply

b
u(x) =f(x)+ A/ K(x, Hu(t)dt (1.12)

and this equation is called Fredholm integral equation of second kind; whereas if
¢(x) =0, then (1.11) yields

b
FO)+ A / K(x, u(t)dt = 0 (1.13)

which is called Fredholm integral equation of the first kind.

Remark

It is important to note that integral equations arise in engineering, physics, chem-
istry, and biological problems. Many initial and boundary value problems associated
with the ordinary and partial differential equations can be cast into the integral
equations of Volterra and Fredholm types, respectively.

If the unknown function u(x) appearing under the integral sign is given in
the functional form F(u(x)) such as the power of u(x) is no longer unity, e.g.
F(u(x)) =u"(x),n # 1, orsin u(x) etc., then the Volterra and Fredholm integral equa-
tions are classified as nonlinear integral equations. As for examples, the following
integral equations are nonlinear integral equations:

u(x) = f(x) + A / ' K(x, ) u? (f)dt
u(x) = f(x)+ 2 /x K(x, t)sin (u(?)) dt
u(x) = f(x) + A / ' K(x, £)In (u(t)) dt

Next, if we set /(x) = 0, in Volterra or Fredholm integral equations, then the result-
ing equation is called a homogeneous integral equation, otherwise it is called
nonhomogeneous integral equation.
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1.4.3 Singular integral equations
A singular integral equation is defined as an integral with the infinite limits or when

the kernel of the integral becomes unbounded at a certain point in the interval. As
for examples,

u(x) = f(x) + )»/OO u(t)dt
f(x):/ox (x_lt)au(t)dt, O<a<l (1.14)

are classified as the singular integral equations.

1.4.4 Integro-differential equations

In the early 1900, Vito Volterra studied the phenomenon of population growth, and
new types of equations have been developed and termed as the integro-differential
equations. In this type of equations, the unknown function u(x) appears as the
combination of the ordinary derivative and under the integral sign. In the electrical
engineering problem, the current /(¢) flowing in a closed circuit can be obtained in
the form of the following integro-differential equation,

d 1 [t
Ld—i +RI + 5/0 I(v)dT =f(t), 1(0)=1, (1.15)

where L is the inductance, R the resistance, C the capacitance, and f(¢) the applied
voltage. Similar examples can be cited as follows:

() = £() + A f " u(tydt, u(0) = 0,4/(0) = 1, (1.16)
0
1

u'(x) =f(x)+ k/ GHu)dt, u0)=1. (1.17)
0

Equations (1.15) and (1.16) are of Volterra type integro-differential equations,
whereas equation (1.17) Fredholm type integro-differential equations. These
terminologies were concluded because of the presence of indefinite and definite
integrals.

1.5 Converting Volterra equation to ODE

In this section, we shall present the technique that converts Volterra integral equa-
tions of second kind to equivalent ordinary differential equations. This may be
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achieved by using the Leibnitz rule of differentiating the integral fatgf)) F(x,t)dt

with respect to x, we obtain

d ("™ b) §F db
3 F(x,)dt = / 050 4 1+ P9 b b))
dx Jae) o) Ox dx
d
00 e ae), (1.18)
dx

where F(x,t) and %(x, t) are continuous functions of x and ¢ in the domain
a<x<p and 7y <t <t; and the limits of integration a(x) and b(x) are defined
functions having continuous derivatives for « <x < 8. For more information the
reader should consult the standard calculus book including Rahman (2000). A
simple illustration is presented below:

% /0 ’ sin(x — Hu(t)dt = /0 ’ cos(x — Hu(t)dt + <%) (sin(x — x)u(x))
— <@> (sin(x — 0)u(0))
dx

= /x cos(x — Hu(t)dt.
0

1.6 Converting IVP to Volterra equations

We demonstrate in this section how an initial value problem (IVP) can be trans-
formed to an equivalent Volterra integral equation. Let us consider the integral
equation

) = fo S(@)dt (1.19)

The Laplace transform of £'(¢) is defined as L{f (¢)} = fooo e S (t)dt = F(s). Using
this definition, equation (1.19) can be transformed to

1
Liyt)}= ;ﬁ{f(l)}~
In a similar manner, if y(¢) = fot fot f()dtdt, then
1
L)} = 5 LI (1)}
s

This can be inverted by using the convolution theorem to yield

t
() = /0 (t - 1Y (D)
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If

y(f)=/Ot/0t~--/0tf(t)dtdt---dt

n-fold integrals

then L{y(t)}= Sinll{f (9)}. Using the convolution theorem, we get the Laplace
inverse as

_ t (t _ .[)n—l
(1) = /0 @

Thus the n-fold integrals can be expressed as a single integral in the following

manner:
t pt t t (4 n—1
/0 /0 /0 f(dudr---di = | %f(r)dr. (1.20)

n-fold integrals

This is an essential and useful formula that has enormous applications in the
integral equation problems.

1.7 Converting BVP to Fredholm integral equations

In the last section we have demonstrated how an IVP can be transformed to an
equivalent Volterra integral equation. We present in this section how a boundary
value problem (BVP) can be converted to an equivalent Fredholm integral equation.
The method is similar to that discussed in the previous section with some exceptions
that are related to the boundary conditions. It is to be noted here that the method
of reducing a BVP to a Fredholm integral equation is complicated and rarely used.
We demonstrate this method with an illustration.

Example 1.1

Let us consider the following second-order ordinary differential with the given
boundary conditions.

V'(x) + POy (x) + Q()y(x) = £ (x) (1.21)
with the boundary conditions

x=a: ya=«a
y=b: yb)=p (1.22)

where « and f are given constants. Let us make transformation

y'(x) = u(x) (1.23)
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Integrating both sides of equation (1.23) from a to x yields

Y@ =y(a) + /‘x u(t)dt (1.24)

Note that y’(a) is not prescribed yet. Integrating both sides of equation (1.24) with
respect to x from a to x and applying the given boundary condition at x = a, we find

y(x) = y(a) + (x — a)y'(a) + / / u(t)dtdt

= o+ (x —a)y/(a)+ / ) / ) u(t)dtdt (1.25)

and using the boundary condition at x = b yields

b b
yb) =B =a+(b—a)y(a)+ / / u(t)drdt,

and the unknown constant j’(a) is determined as

B b b
Yay=P"%_ la / / w(t)dtdt. (1.26)

b—a b-—

Hence the solution (1.25) can be rewritten as

— 1 b rb
J’(x)zoz—k(x—a){i_Z—m/ / u(t)dtdt}

+ [ u(t)dtdt (1.27)
[

Therefore, equation (1.21) can be written in terms of u(x) as

u(x) = /() — P(x) {y/(a) + / u(r)dr}

—0®x) {oz (= ap/(a) + / ) / ' u(t)dtdt} (1.28)

where u(x) = y” (x) and so y(x) can be determined, in principle, from equation (1.27).
This is a complicated procedure to determine the solution of a BVP by equivalent
Fredholm integral equation.



INTRODUCTION 11

A special case

Ifa=0andb=1,ie. 0<x<1,then
X X
y(x) = a +x/(0) + / / u(t)dtdt
o Jo

=a+x(a)+ /x (x — Hu(t)dt
0

And hence the unknown constant j’(0) can be determined as
1
YO = (== [ (1= outo

X 1
=B—a)— /0 (1 = Hu(t)dt — /x (1 = Hu(t)dt
And thus we have

u(x) = f(x) — P(x) {y/(O) + /(; u(f)dt}
—0(x) {(x +x'(0) + /x (x — t)u(t)dt}
0

1
u(x) = f(x) = (B — )(P(x) + x0(x)) — «Q(x) + /0 K(x, Du(t)dt

(1.29)
where the kernel K(x, 7) is given by
K1) = {(P(X)+tQ(X))(1 —¥) 0=r=x (130
(Px) +xQ)(1 —1) x=<t=1

It can be easily verified that K (x, #) = K (¢, x) confirming that the kernel is symmetric.
The Fredholm integral equation is given by (1.29).

Example 1.2

Let us consider the following boundary value problem.

V') =fx,yx), 0<x<1
¥(©0) =yo, y(1)=xn (1.31)

Integrating equation (1.31) with respect to x from 0 to x two times yields
X X
50 =0+ 'O+ [ [ o

=yo+x/(0)+ /(; (x = 0O)f (t,y(2))dt (1.32)
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To determine the unknown constant y'(0), we use the condition at x=1, i.e.
y(1)=y1. Hence equation (1.32) becomes

1
Y1) =1 =30 +(0) + /O (1 — 0f (t.y(0))dr,

and the value of )’(0) is obtained as

1
Y(0) = 0 —y0) — /0 (1 — 0 e p(e))d.

Thus, equation (1.32) can be written as

1
v =3 +3x01 =0 — [ Ky Caou, 0sxs1 (13
0
in which the kernel is given by

t(l—t) 0<t<x

x(1—1) x<t<l. (1.34)

K(x,t) = !

Once again we can reverse the process and deduce that the function y which satisfies
the integral equation also satisfies the BVP. If we now specialize equation (1.31)
to the simple linear BVP )" (x) = —Ay(x), 0 < x < | with the boundary conditions
y(0)=y0,y(1)=y1, then equation (1.33) reduces to the second kind Fredholm
integral equation

1
&) = F() + f KGopdr, 0<x=<1
0

where F(x) =y +x(y1 —yo0). It can be easily verified that K(x, 1) = K(¢,x) con-
firming that the kernel is symmetric.

Example 1.3
As the third example, consider the following boundary value problem

V') +yx)=x, 0<x<m/2
yO) =1, y#/2)=n (1.35)

The analytical solution of the above problem is simply y(x)=cosx+
7 sinx 4 x. We want to reduce it into Fredholm integral equation.
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Integrating the differential equation with respect to x from 0 to x twice and using
the boundary conditions, we obtain

3 X prx
y(x) = xy'(0) + % - /0 /O y(1)drdt

3

= 0/0)+ % - /0 (x — Dy (o)de

Using the boundary condition at x= 7, the unknown constant )'(0) can be
obtained as

22 2 [
Y(0)=2——+ = / (/2 — tyy(t)dt.
24 T Jo
With this information the equation for y(x) can be put in the form of Fredholm
integral equation

/2
s =f@+ [ Kesopto,
where f(x) =2x — %x + %3 and the kernel is given by

L(m/2—1) 0<t<x

5 (1.36)
Z(w/2—x) x<t=<m/2,

K(x,t) = {

which can be easily shown that the kernel is symmetric as before.

1.8 Types of solution techniques

There are a host of solution techniques that are available to solve the integral
equations. Two important traditional methods are the method of successive approxi-
mations and the method of successive substitutions. In addition, the series method
and the direct computational method are also suitable for some problems. The
recently developed methods, namely the Adomian decomposition method (ADM)
and the modified decomposition method, are gaining popularity among scientists
and engineers for solving highly nonlinear integral equations. Singular integral
equations encountered by Abel can easily be solved by using the Laplace transform
method. Volterra integral equations of convolution type can be solved using the
Laplace transform method. Finally, for nonlinear problems, numerical techniques
will be of extremely useful to solve the highly complicated problems.

This textbook will contain two chapters dealing with the integral equations
applied to classical problems and the modern advanced problems of physical
interest.
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1.9 Exercises

1. Classify each of the following integral equations as Volterra or Fredholm integral
equation, linear or nonlinear, and homogeneous or nonhomogeneous:

1
(@) u(x)=x+ / (x — 0)2u(r)dt
0
(b) ulx) =€ + / ’ 2t (0)dt
0

/2
(¢) u(x) =cosx+ / cosxu(t)dt
0

x 111
(d) u(x)=l+Z/(; x+t%dt

2. Classify each of the following integro-differential equations as Volterra integro-
differential equations or Fredholm integro-differential equations. Also deter-
mine whether the equation is linear or nonlinear.

(@) Wx)=1+ / ’ e 2 (Hde,  u(0) =1
0
2 X
b)) u'(x)= % — / (x — O (t)dt, u(0)=1,14/(0)=0
0
/2
(¢) u"(x)=sinx —x+ / xtu' (£)dt
0
u(0) = 1,4/(0) = 0,u”(0) = —1

3. Integrate both sides of each of the following differential equations once from 0
to x, and use the given initial conditions to convert to a corresponding integral
equations or integro-differential equations.

(@) u'(x)=u*(x), u(0)=4
b) W' (x)=4x’(x), u(0)=2,u(0)=1
() u'(x)=2xu(x), u(0)=0,u(0)=1.

4. Verify that the given function is a solution of the corresponding integral
equations or integro-differential equations:

(@) u(x)=x-— /x (x —Hu(t)dt, wu(x)=sinx
0
(b) f ’ (x — D?u(t)dt =x°, u(x) =73
0
(c) f ' V& = udt =32, u(x) =3/2.
0



INTRODUCTION 15

5. Reduce each of the Volterra integral equations to an equivalent initial value
problem:

(@) u(x)=x—cosx+ /x (x — u(t)dt
0

(b) u(x)=x*+x>+2 / ’ (x — 1Y u(t)dt
0

(¢) ulx)=x>+ é /0 ’ (x — ) u(f)dt.

6. Derive an equivalent Volterra integral equation to each of the following initial
value problems:

(@ Y'+5 +6y=0, y0)=1)y(0)=1

(b) Y'+y=sinx, »0)=0,)'0)=0

() V'+4'=x, y0)=0,)(0)=0,)'(0)=1
dty d%

d) -5+ -5 =2 »0)=2,y'(0)=2,y"(0)=1,y"(0) = 1.
dx dx

7. Derive the equivalent Fredholm integral equation for each of the following
boundary value problems:

(@) y'+4y=sinx,0<x <1, p0)=0,y(1)=0
b V' +2xy=10<x<1, p0)=0,y1)=0
(¢ V' +y=x0<x<1, »0)=1y1)=0
d YV'+y=x0<x<1, yp0)=1,y()=0.
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2 Volterra integral equations

2.1 Introduction

In the previous chapter, we have clearly defined the integral equations with some
useful illustrations. This chapter deals with the Volterra integral equations and their
solution techniques. The principal investigators of the theory of integral equations
are Vito Volterra (1860—1940) and Ivar Fredholm (1866—1927), together with David
Hilbert (1862—1943) and Erhard Schmidt (1876—1959). Volterra was the first to
recognize the importance of the theory and study it systematically.

In this chapter, we shall be concerned with the nonhomogeneous Volterra
integral equation of the second kind of the form

u(x) =f(x)+ A /Ox K(x, Hu(t)dt (2.1)

where K(x,?) is the kernel of the integral equation, f(x) a continuous function
of x, and A a parameter. Here, f(x) and K(x,t) are the given functions but u(x)
is an unknown function that needs to be determined. The limits of integral for
the Volterra integral equations are functions of x. The nonhomogeneous Volterra
integral equation of the first kind is defined as

/ ’ K(x, Ou(t)dt = f(x) 2.2)
0

We shall begin our study with this relatively simple, important class of integral
equations in which many features of the general theory already appeared in the
literatures. There are a host of solution techniques to deal with the Volterra integral
equations. The Volterra integral equations of the second kind can be readily solved
by using the Picard’s process of successive approximations.

2.2 The method of successive approximations

In this method, we replace the unknown function u(x) under the integral sign of
the Volterra equation (2.1) by any selective real-valued continuous function ug(x),

17
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called the zeroth approximation. This substitution will give the first approximation
ui(x) by

ur(x) =f(x)+x /Ox K(x, Hyug(t)dt (2.3)

It is obvious that u;(x) is continuous if f(x), K(x,?), and ug(x) are continuous.
The second approximation u>(x) can be obtained similarly by replacing ug(x) in
equation (2.3) by u(x) obtained above. And we find

P
wx)=fx)+r / K(x, tyuy (¢)dt (2.4)
0
Continuing in this manner, we obtain an infinite sequence of functions

uo(x), u1(x), uz(x), . . ., Up(x),. ..

that satisfies the recurrence relation
X
i) =1 @)+ [ K10 2.5)
0

forn=1,2,3,... and up(x) is equivalent to any selected real-valued function. The
most commonly selected function for ug(x) are 0, 1, and x. Thus, at the limit, the
solution u(x) of the equation (2.1) is obtained as

u(x) = Hm u,(x), (2.6)

so that the resulting solution u(x) is independent of the choice of the zeroth approx-
imation ug(x). This process of approximation is extremely simple. However, if we
follow the Picard’s successive approximation method, we need to set ug(x) =f(x),
and determine ] (x) and other successive approximation as follows:

u(x) =f(x)+ A /Ox K(x, t)f (t)dt

wx)=f(x)+xr /Ox K(x, tyuy(t)dt

Up—1(x) = f(x) + 4 /0 K (x, Dup—2(1)dt

() = £) + /0 " Kx Dttp (1)d @7
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The last equation is the recurrence relation. Consider

X t
ur(x) —u(x) = )L/O K@, D[ f() + Afo K(t, )f (v)dt]dt
— K d
)L/o (x, )f (t)dt

X t
_ 42
=A /0 K(x,t)[o K(t,0)f (v)dtdt
= 22Y(x) (2.8)

where

Yo (x) = /0 " K, i /0 t K(t, 0)f (v)dt (2.9)
Thus, it can be easily observed from equation (2.8) that
un(x) = 2"_;) A" Y (x) (2.10)
if o(x) = (x), and further that
Y(x) = /0 * K O (0, 2.11)

where m=1,2,3,... and hence ¥ (x) = f(')x K(x, 0)f (t)dt.
The repeated integrals in equation (2.9) may be considered as a double integral
over the triangular region indicated in Figure 2.1; thus interchanging the order of

A

Y

Figure 2.1: Double integration over the triangular region (shaded area).
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integration, we obtain
Yo(x) = /xf(r)dr /x K(x,H)K(t, t)dt
0 T
= /Ox Ky(x, )f (v)dt

where K>(x, 1) = . tx K(x,)K(t, t)dt. Similarly, we find in general

Ym(x) = /(;me(x, ) (v)dt, m=1,2,3,... (2.12)

where the iterative kernels K (x, ) =K(x, 1), Ka(x, t), K3(x,1),... are defined by
the recurrence formula

Kpi1(x,£) = / K&, O)Kn(z,t)dt, m=1,2,3,... (2.13)
t

Thus, the solution for u,(x) can be written as
n
un(X) =f () + D K" Ym(x) (2.14)
m=1

It is also plausible that we should be led to the solution of equation (2.1) by means
of the sum if it exists, of the infinite series defined by equation (2.10). Thus, we
have using equation (2.12)

) =1+ 32" [ Kot f e

m=1

=f(x)+ /O ' {Z A Ko (x, 1:)} f(o)dr; (2.15)
m=1

hence it is also plausible that the solution of equation (2.1) will be given by
as n— 0o

Jim uy(x) = u(x)

= /() + /O :Z A" Kon(x, ) ]f(r)df

m=1

=f(x)+ X fox H(x,t; \)f (v)dt (2.16)



VOLTERRA INTEGRAL EQuaTions 21

where

H(x,1:0) = Y M"Kn(x, 7) (2.17)

m=1

is known as the resolvent kernel.

2.3 The method of Laplace transform

Volterra integral equations of convolution type such as

u(x) =f(x)+ A /Ox K(x — Hu(t)dt (2.18)

where the kernel K (x — ¢) is of convolution type, can very easily be solved using
the Laplace transform method [1]. To begin the solution process, we first define the
Laplace transform of u(x)

L{u(x)} = /Oooe”‘u(x)dx. (2.19)

Using the Laplace transform of the convolution integral, we have

L {/x K(x — t)u(t)dt} = L{K(x)}L{u(x)} (2.20)
0
Thus, taking the Laplace transform of equation (2.18), we obtain
L{u(x)} = LI (0} + ALK ()} L{u(x)}

and the solution for L{u(x)} is given by

L ()}

L{u(x)} = ToALKO)

and inverting this transform, we obtain

u(x) = fo Y(x — Of (H)dt .21

where it is assumed that £ [#{K(x)}} =(x). The expression (2.21) is the
solution of the second kind Volterra integral equation of convolution type.
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Example 2.1

Solve the following Volterra integral equation of the second kind of the convolution
type using (a) the Laplace transform method and (b) successive approximation
method

u(x) =f(x)+ 2 /x e u(t)dt (2.22)
0
Solution

(a) Solution by Laplace transform method
Taking the Laplace transform of equation (2.22) and we obtain

L{u(x)} = LI (0} + 2L{e L{u(x)},

and solving for L{u(x)} yields

Llu) = (1 + L) LY.
s—1—A

1

The Laplace inverse of the above can be written immediately as
X
u(x) = / {8(x — 1) + 2 TE0Y £()dy
0
X
=f(x)+r / TP )y (2.23)
0

where 8(x) is the Dirac delta function and we have used the integral property [7] to
evaluate the integral. Because of the convolution type kernel, the result is amazingly
simple.

(b) Solution by successive approximation
Let us assume that the zeroth approximation is

up(x) =0 (2.24)
Then the first approximation can be obtained as

ur(x) = f(x) (2.25)

Using this information in equation (2.22), the second approximation is given by

ur(x¥) = f(x) + A /0 ' S (ndt (2.26)
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Proceeding in this manner, the third approximation can be obtained as

w3(x) = f(x) + A /x ey (t)dt
0
=f(x)+ A /x e’ {f(t) + A /t E[Tf(‘l,')d‘l,'} dt
0 0
X X pt
_ x—t 2 X—T
_f(x)+)»[0 e (Hdt + & /(; [0 e f(v)drdt
=f(x)+ A / ' ST (H)dt + A2 f ' (x — e (1)dt
0 0

In the double integration the order of integration is changed to obtain the final result.
In a similar manner, the fourth approximation u4(x) can be at once written as

X X
us(x) = f(x) + )»/ ST ()dt + 22 / (x — e (t)dt
0 0
X —t 2
e / C =D eyt
0 2!
Thus, continuing in this manner, we obtain as n — 0o
u(x) = lim u,(x)
n— o0
* 1
=f(x)+ A {/ &t (1 +Ax—1)+ 5xz(x —1 4 )f(t)dt}
0 .
X
=f(x)+ 2 / XD M0t
0
X
=f(x)+ A / IHNE=D () gy (2.27)
0
which is the same as equation (2.23). Here, the resolvent kernel is H(x, ;1) =

IR0,

(c) Another method to determine the solution by the resolvent kernel
The procedure to determine the resolvent kernel is the following: Given that

X
u(x) = f(x) + k/ e u(t)dt.
0
Here, the kernel is K (x, ) = ¢*~'. The solution by the successive approximation is

u(x)=f(x)+ 1 /OX H(x,t; )f (¢)dt
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where the resolvent kernel is given by

H(x,t:0) =Y A"Kppa(x,1)
n=0

in which
X
Kyr1(x,1) =f K, 0)K,(v)dt, n=1,2,3,...
t

It is to be noted that K (x, 1) = K (x, 1).
Thus, we obtain

X
Kz(x,t):/ e e dr
t

X
= 4/ dt

t
=@x—t)e"’

Similarly, proceeding in this manner, we obtain

Ks(x, 1) = /x (e e (t —t)dt

= 1)?
- T
3
Ka(r,t) = o130
3!
Ky1(x, 1) = e . ;l )

Hence the resolvent kernel is

H(x,t:2) = > A"Knp1(x,1)

n=0
e (=0
= € 4 ; T

— NG

Once the resolvent kernel is known the solution is obvious.
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Example 2.2

Solve the following linear Volterra integral equation

u(x) =x+ /x (t = x)u(t)dt. (2.28)
0

Solution

(a) Solution by Laplace transform method
The Laplace transform of equation (2.28) yields

L{u(x)} = Li{x} — L{x}L{u(x)}
1 1
=3~ S—Zﬁ{u(x)}

which reduces to L{u(x)} = H_;Sz and its inverse solution is u(x) = sinx. This is
required solution.

(b) Solution by successive approximation
Let us set up(x) = x, then the first approximation is

uy(x, 1) =x+fx(t—x)tdt
0

X3

= X— —

3!

The second approximation can be calculated in the similar way that gives
3 S L .
up(x)=x— 53 + ’g—S, Proceeding in this way, we can obtain without much difficulty

uy(x)=x — §—3, + )g—s, — ot (—1)”(2""2”—:11)!. The final solution is

) = i

2n+1

o0 ) X
=2 (=D @2n+ 1)

n=0

= sinx
This is the same as before.
2.4 The method of successive substitutions

The Volterra integral equation of the second kind is rewritten here for ready
reference,

u(x) = f£(x) + A /O ' K(x, fyu(t)dt (2.29)
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In this method, we substitute successively for u(x) its value as given by equa-
tion (2.29). We find that

X t
u(x) = f(x) + A /0 K(x,1) {f(t)k /0 K(t, tl)u(tl)dtl}dt
X X t
=f(x)+ A /O K(x, O)f ()dt + 2* /0 K(x,1) /0 K(t, t)yu(ty)dt dt

X X t
:f(x)+k/O K(x,t)f(t)dt+k2f0 K(x,t)/o K(t, 0)f ())dndt

+ A" /XK(x,t)ftK(t,tl)m
0 0

th—2
X / K(tn72:tn71)f(tn71)dtn71 e dtldt +Rn+l(x)
0

where

X t th—1
Ryt =?~”+]/ K(x,t)/ K(t,tl)'“/ K(tn—1, to)ultp)dty - - - dtrdt
0 0 0

is the remainder after n terms. It can be easily shown that (see Ref. [8]) that
lim,— o Ry+1 = 0. Accordingly, the general series for u(x) can be written as

u(x) = f(x)+ A /0 K(x, )f (t)dt
X t
+ 12 /0 /0 K(x, )K(t, t)f (t1)dt, dt

X t H
It / / f K 0Kt 1)K (61, ) ()diaddi
0 0 Jo
T (2.30)

It is to be noted here that in this method the unknown function u(x) is substituted
by the given function f'(x) that makes the evaluation of the multiple integrals easily
computable.

Theorem 2.1
If

(a) ux)=f(x)+Ar fj K(x, Hyu(t)dt, a is a constant.

(b) K(x,1)is real and continuous in the rectangle R, for whicha <x <b,a <t <b,
|K(x,8)| <M in R, K(x,1) #0.

(¢) f(x)#0, is real and continuous inl : a<x <b.

(d) A, a constant.
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then the equation (2.29) has one and only one continuous solution u(x) in I, and
this solution is given by the absolutely and uniformly convergent series (2.30).

The results of this theorem hold without change for the equation
X
u(x) = f(x) + / K(x, Hu(t)dt, fori = 1.
0

Example 2.3

Solve the following linear Volterra equation
X
u(x) =cosx —x — 2+ / (t — x)u(t)dt. (2.31)
0

Solution

(a) The Laplace transform method
Take the Laplace transform of equation (2.31), and we obtain

L{u(x)} = L{cosx} — L{x} — 2L{1} + L{ / ’ (t — x)u(t)dt)
0

s I 2 1

STre 2 2ol

Simplification of the above equation yields

$3 1 2s
1+5%)? 1452 1442

L{u(x)} =

The Laplace inverse of ﬁ needs the knowledge of partial fraction and the
convolution integral. The result can be computed as

3
£ {(1j—s2)2} = cosx — gsinx

and hence the solution is

. X .
u(x) = —cosx — sinx — 7 sin x.

This result can be verified easily by putting the solution in the integral
equation (2.31). The problem in here is to calculate fg (t —x)(—cosx — sinx —
t/2 sin x)dt which is equal to x — 2 cosx — sinx —x/2 sinx + 2, and simply add to
cosx —x — 2. This reduces to the desired result.
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Example 2.4
Solve the integral u(x) =14 [y u(r)d:.

Solution

Sl 7. The inverse is

(a) By the Laplace transform method, we have L{u(x)}=
simply u(x) = e* which is the required solution.
(b) By the method of successive substitution, we obtain

X X X X X X
u(x):l/ dt+f / dt2+f / f dr +- -
0 0 JO 0o Jo JO

2 3

-1 X X
=l+x+ 454

=eé.

These two solutions are identical. Hence it is the solution.

2.5 The Adomian decomposition method

The Adomian decomposition method appears to work for linear and nonlinear dif-
ferential equations, integral equations, integro-differential equations. The method
was introduced by Adomian in early 1990 in his books [1] and [2] and other related
research papers [3] and [4]. The method essentially is a power series method similar
to the perturbation technique. We shall demonstrate the method by expressing u(x)
in the form of a series:

u(x) =Y up(x) (2.32)
n=0

with up(x) as the term outside the integral sign.
The integral equation is

u(x) =f(x)+ A /Ox K(x, t)u(t)dt (2.33)

and hence

uo(x) = f(x) (2.34)
Substituting equation (2.32) into equation (2.33) yields

D u(x) = (x) + A / ' K(x, 1) {Z u,,(t)} dt (2.35)
n=0 0 n=0
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The components uo(x), u1(x), uz(x), . . . uy(x) ... of the unknown function u(x)
can be completely determined in a recurrence manner if we set

ug(x) = f(x)
ur(x) = A /x K(x, tHyuo(t)dt
0

w(x) = A /: K(x, t)uy (t)dt

up(x) = A /: K(x, Hyup—1(t)dt (2.36)

and so on. This set of equations (2.36) can be written in compact recurrence
scheme as

uo(x) = f(x)

Up+1(X) = A /Ox K, Ouy(t)dt, n>0 (2.37)

It is worth noting here that it may not be possible to integrate the kernel for many
components. In that case, we truncate the series at a certain point to approximate
the function u(x). There is another point that needs to be addressed; that is the
convergence of the solution of the infinite series. This problem was addressed by
many previous workers in this area (see Refs. [5] and [6]). So, it will not be repeated
here. We shall demonstrate the technique with some examples.

Example 2.5
Solve the Volterra integral equation u(x) =x + /(;C (t — x)u(t)dt by the decomposi-
tion method.

Solution

Consider the solution in the series form u(x) = Y, u,(x). Then substituting this
series into the given equation, we have

> () =x+ / (t—x) Y un(t)dt.
n=0 0 n=0

Now decomposing the different terms in the following manner, we get a set of
solutions

up(x) = x

u(x) = /Ox (t — x)up(t)dt
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= /Ox (t — x)tdt
3

3!

() = fo (1 — (e

X l‘3
_ /0 (t = (=5

x>

51
Continuing in this way we obtain a series

XX

u(x)—x—§+——~-~—smx
which is the closed- form solution of the given integral equation. By the ratio test
where u,(x)=(—1)" (2); +1),, it can be easily shown that |x| < co that means the
series is convergent for all values of x in a finite domain. By taking the Laplace
transform of the integral equation, it is easy to see that L{u(x)} = ﬁ and so

u(x) = sinx.

Example 2.6

Solve the integral equation u(x)=f(x)+ A fg e 'u(t)dt by the decomposition
method.

Solution

Let us consider u(x) = Y.~ u,(x) is the solution of the equation. Hence substitut-
ing into the equation we have

D un(x) =f(x) + A / " > un(tdt.
n=0 0 n=0

Hence equating the like terms we have
ug(x) = f(x)
X
up(x) = A / ! (tdt
0

uy(x) = A /Ox e uy(dt
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= A/()x &t {)»/Ote’_t‘f(tl)dt]}dt

X X
=2 / F(t)dn / &l hdr
0 I3

:kz * x—t] _ d

/0 & — 1) ()

=2 T S (L.
/0 (= 0 F(1)dt

Note here that ux(x) =22 [ [y € 'f(t)dtdt =22 [ (x — t)e*'f (£)dt.
Similarly, we have

uz(x) = A /‘x ey (t)dt

0
=5 Ox %e’“’f(t)dt.
Thus, the decomposition series becomes
uo(x) + u(x) + ua(x) + uz(x) + - - -
20— 0

:f(x)+A/Ox{1+)\(x—t)+A +m}eth(t)dt

2!
=f(x)+ A / ) D (fdt
0

=f(x)+ A /O ) Dyt

2.6 The series solution method

We shall introduce a practical method to handle the Volterra integral equation

u(x) =f(x)+ A /OX K(x, u(t)dt.

31

In the series solution method we shall follow a parallel approach known as
the Frobenius series solution usually applied in solving the ordinary differential
equation around an ordinary point (see Ref. [9]). The method is applicable provided
that u(x) is an analytic function, i.e. u(x) has a Taylor’s expansion around x = 0.

Accordingly, u(x) can be expressed by a series expansion given by

u(x) = Z apx”" (2.38)
n=0
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where the coefficients a and x are constants that are required to be determined.
Substitution of equation (2.38) into the above Volterra equation yields

00 X 00
D ax" =f(x)+ 2 / K(x,0) ) ayt"dt (2.39)
n=0 0 n=0

so that using a few terms of the expansion in both sides, we find

ao+aix+ax’ + a3+ +ax"+ -

X X
=f(x)+ X / K(x, t)aodt + )»f K(x,t)a tdt
0 0
X X
+ A / K(x, art®dt + -+ - + A f K(x,ant"dt + -+ (2.40)
0 0

In view of equation (2.40), the integral equation will be reduced to several tradi-
tional integrals, with defined integrals having terms of the form ", » > 0 only. We
then write the Taylor’s expansions for f(x) and evaluate the first few integrals in
equation (2.40). Having performed the integration, we equate the coefficients of like
powers of x in both sides of equation (2.40). This will lead to a complete determi-
nation of the unknown coefficients ag, aj, az, . . . ay . . .. Consequently, substituting
these coefficients a,,n >0, which are determined in equation (2.40), produces
the solution in a series form. We will illustrate the series solution method by a
simple example.

Example 2.7

Obtain the solution of the Volterra equation u(x) =142 sinx — fé‘ u(t)dt using the
series method.

Solution

We assume the solution in the series form u(x)= Y -, a,x". Hence substituting
the series into the equation and the Taylor’s series of sinx, we have

e e]

n+1
> an” _1+2Z( 1)"(2 T /Zoant”dt

n=0

2n+1 o0 xn+1
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Comparing the coefficients of the same power of x gives the following set of values:

a():l
ar =2 —ag
ai
az——E
2 ar
TR
as
a4=—4—!

and so on. Thus, the values of the coefficients can be computed to be ap=1,

a=1,a, = —%,ag = —%,a4 = %, .... Hence the solution is given by

x2 Xt ¥oox
u(x):<I—E+Z—~~)+<x—§+§—”'>

= cosx + sinx

By the Laplace transform method it can be easily verified that

1 1
Liu(x)} = cte S—zﬁ{u(x)}
and hence simplifying we get
s+1
L{u(x)} = m

the inverse of which simply is u(x) = cosx + sinx. These two solutions are iden-
tical confirming that this is the required solution.

2.7 Volterra equation of the first kind

The relation between Volterra integral equations of the first and the second kind can
be established in the following manner. The first kind Volterra equation is usually
written as

/x K(x, Hu(t)dt = f(x) (2.41)
0

If the derivatives % =f"(x), % = Ky(x, ), and % = K;(x, t) exist and are continu-
ous, the equation can be reduced to one of the second kind in two ways. The first
and the simple way is to differentiate both sides of equation (2.41) with respect

to x and we obtain the equation by using the Leibnitz rule

K(x,x)u(x) + /x ke (x, Du(Hdt = £ (x) (2.42)
0
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If K(x, x) # 0, then dividing throughout by this we obtain

K(x,x)u(x) + / ' ke Cx, Du(t)dt = f/(x) (2.43)
0
* ke, 1) S
u(x) + X K(x)x)u(t)dl_ o) (2.44)

and the reduction is accomplished. Thus, we can use the method already given
above.

The second way to obtain the second kind Volterra integral equation from the
first kind is by using integration by parts, if we set

f u(ddt = 9(x)
0

t
or equivalently, / w(&)dg = ¢(t) (2.45)
0

We obtain the equation by integration by parts,

t X X t
[K(m) /O u(&)ds] - /0 K1) ( fo u(é)d5> dt = £(x)
t=

which reduces to
K000 ~ [ Kitx. 0t = £
and finally we get
Kix)p) — K 00) — [ Kiwopnde =100 (246

It is obvious that ¢(0) = 0, and dividing out by K(x,x) we have

() (K
o) = {K(x,x)} +/o {K<x,x>}¢(’)d’

= F(x) + /0 ' G(x, H(t)dt (2.47)

where F(x) = Kf(ﬁjfl) and G(x, 1) = &3,
For this second process it is apparently not necessary for £ (x) to be differentiable.
However, the function u(x) must finally be calculated by differentiating the function

¢(x) given by the formula

¢(x)={ /) }+/XH(x,t; 1){ S0 }dt (2.48)
0

K(x,x) K{(t,1)
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where H(x,t : 1) is the resolvent kernel corresponding to ﬁ’(gg To do this f(x)
must be differentiable.

Remark

If K(x,x) vanishes at some point of the basic interval (0 <x <b), for instance at
x =0, then the equations (2.44) and (2.47) will have a peculiar character, essentially
different from that of equation of the second kind. These equations are called by
Picard the equation of the third kind. However, if K(x,x) vanishes identically,
it is sometimes possible to obtain an equation of the second kind by previous
transformations.

A special case of Volterra integral equation

In the second kind Volterra equation if the kernel K(x,¢) is assumed to be
K(x, )= ’% such that the equation takes the form

FAX)

u(x) = f(x) + A /0 mu(t)dt (2.49)

and upon dividing throughout by 4(x) yields

ux)| _ [/ T u@)
Vot =t [ L)« 220
Now define % =wu1(x) and % =f1(x) and equation (2.50) can be written as
ur(x) = fi(x) + )»/ u(t)dt (2.51)
0

Assuming that uy(x) = fg u1(t)dt, equation (2.51) can be reduced to an ordinary
differential equation

‘;ﬂ — Ay = fi(x) (2.52)
X

the general solution of which can be obtained as

uy(x) = /Ox MO (de + € (2.53)

Using the initial condition u7(0) = 0 at x = 0, the equation (2.53) reduces to

us(x) = /0 "N (.
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But u1(x)= ‘% and so the above equation can be reduced to an integral equation
in terms of u; by differentiating according to the Leibnitz rule to yield

u(x) = A fo ' ROt + fi(x) (2.54)

Hence the solution to the original problem can be obtained multiplying throughout
by A(x)

u(x) = f(x) + A /O ’ 0 ()dt (2.55)

Obviously, this formula can also be obtained by the previous method of successive
approximation.

2.8 Integral equations of the Faltung type

In this section, we shall be concerned with another type of Volterra integral equation
of the second kind. If the kernel K(x,#)= K(x — ¢) then the second kind and the
first kind will take the following forms, respectively,

ux) =f(x)+x /Ox K(x — tyu(t)dt (2.56)

fx) = /0 ) K(x — Hu(t)dt 2.57)

Equations (2.56) and (2.57) are very important special classes of Volterra integral
equations, which Volterra called the equations of the closed cycle because the
operator

Vi{u(x)} = /x K(x, t)u(t)dt

carries any periodic function u(f) with arbitrary period 7 into another periodic
function with the same period 7, if and only if K(x, t) = K(x — t). Today, they are
usually called equations of the Faltung type because the operation

Ukxv= /x u(x — t)v(t)dt
0

= /x u(t)v(x — t)dt (2.58)
0

is generally called Faltung (convolution) of the two functions » and v. In fact, setting
x — t =t such that dt = —dt, we obtain

u*v:/ u(tv(x — ) dt =v*u
0
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Finally, we notice that it is often convenient to set u x u = ux®; uxu*? =ux> and so

on. Using the Faltung sign, the integral equations (2.56) and (2.57) can be written,
respectively, as

u(x) = f(x) + AK(x) * u(x) (2.59)
f(x) = K(x) * u(x) (2.60)

The main device in dealing with such equations is the Laplace transformation

o0
L{u(x)} = / e u(x)dx (2.61)
0

because, under some restrictions, this operator transforms the convolution into an
ordinary product

LK (x) * u(x)} = L{K(x)}L{u(x)}. (2.62)
In this way, the integral equation can be transformed into an algebraic equation, and
then solving L{u(x)}, and inverting the transform we obtain the desired solution.
Example 2.8

Solve the convolution type Volterra integral equation

u(x) = x/o (t — x)u(t)dt.

Solution

By taking the Laplace transform of the given equation, we have
L{u(x)y = L{x} — L{x} L{u(x)}
which reduces to

1
L = .
) = 5
The inverse is given by
u(x) = sinx

which is the required solution.

Example 2.9
Solve the following Abel’s problem of the Faltung type

X x 1
—_—= 1)dt.
> /0 Nkl
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Solution

Taking the Laplace transform of the given equation yields

ﬁ{?} =z:{/0x \/)%u(t)dt},

which simply reduces to

Jrol
Therefore, the inverse transform simply gives
u(x) = /x.

It is to be noted here that the recurrence relation of Gamma function is
I(x+ 1)=xI(x)and [(}) = /7.

Example 2.10
Solve the Abel’s problem

X
fx) = /0 mu(t)dt.

Solution
Taking the Laplace transform of the given equation yields

1

ﬁﬁ{u(x)}} .

ﬁ{f(X)}=£{

This transformed equation reduces to

Li{u(x)} = \/gﬁ{f(X)}'

Inversion of this problem is performed as follows:

_ b [sLY )
uw =t { 75 }

:Liﬁ—l{ﬁ{f(x)}}
V7 dx Vs
_ld " fndt
‘;E/O N

which is the desired solution of the Abel equation.
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Remark

It is clear that the Leibnitz rule is not applicable to the above solution because the
integrand is discontinuous at the interval of integration. To determine the solution
in another form, we first integrate because the integrand is the known function. Put
x — t = 72, and with this substitution, it is obvious that

VIO RNIN A 2
/(;?—2/0 f(x—‘r)d‘t.

Thus, we obtain
2d [V~
ux) = = — fx —)dt.
7T dx 0

Thus, using this information, the solution for u(x) can be written as

f() /X J'@)
0

ulx) =—=+ mdt.

X
Example 2.11

Find the solution of the integral equation of Faltung type

u(x) = 2x%* + / sin 4tu(x — t)dt.
0

Solution

Taking the Laplace transform of both sides,
L{u(x)} = 2L{sin 41} L{u(x)},
after reduction, we obtain

4(s> + 16)

The inverse Laplace transform is obtained by partial fraction

u) — £ { 4(s® + 16) }

$3(s2 +12)

. 1+16+ s
- 9s 353 9(s2+12)

1 8% 1
=—§+%+§cos(2~/§x)

which is the desired solution.
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2.9 Volterra integral equation and linear differential equations

There is a fundamental relationship between Volterra integral equations and ordi-
nary differential equations. In fact, the solution of any differential equation of
the type

n n—1

d"y

s y + - Fan(x)y = F(x) (2.63)

+ al(x)

with continuous coefficients, together with the initial conditions

(0) = 0,y (0) = ¢1,)"(0) = ¢, ...,y D(0) = ¢y (2.64)

can be reduced to the solution of a certain Volterra integral equation of the
second kind

X
u(x) + / K(x, Hu(t)dt = f(x) (2.65)
0
In order to achieve this, let us make the transformation
d"y
T = u(x) (2.66)

Hence integrating with respect to x from 0 to x

dn—ly
dxnfl

X
= f u(t)dt + cp—1
0

Thus, the successive integrals are

dn—2 X px
dx”_); = / / u(t)dtdt + cp—1x + cp—2

dn—3
/ / / u(t)drdtdt + ¢, 1 +c,, 2X 4+ Cp_3

dxn—3

Proceeding in this manner we obtain

y(X)=fx/x/x-~-/xu(t)dtdtdt-~-dt
0o Jo Jo 0

n-fold integration

X" 1 xn72
+cu— 1( — ) +c (n—Z)' +.--+cix+co
(x )n 1 xnfl xn72
AT u(t)dt—i—c,,_l(n_ 0l +Cn_2(n—2)! + -4 c1x+co
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Returning to the differential equation (2.63), we see that it can be written as

(x —t)? (x—¢t)y!

u(x) + fox {al(x) + ax(x)(x — 1) + a3(x) TR an(x)m} u(t)dt

=F(x) — cp—1a1(x) — (ch—1 + cp—2)az(x) — - - -

n—1
(n—1)!

and this reduces to

—(cn—1 + -+ 4 c1x + co)an(x)

u(x) + /: K(x, Hu(t)dt = f(x)

where
K(x,f) = Z a (x)M (2.68)
’ — U (w =1 ’
and
Sx) = F(x) — cp—1a1(x) — (ca—1 + cn—2)az(x) — - -
n—1
- (cn_1 (nx_ et co> an(x). (2.69)

Conversely, the solution, i.e. equation (2.65) with K and f given by equations (2.68)
and (2.69) and substituting values for #(x) in the last equation of equation (2.67), we
obtain the (unique) solution of equation (2.63) which satisfies the initial conditions
(equation (2.64)). If the leading coefficient in equation (2.63) is not unity but ag(x),
equation (2.65) becomes

X
ao(x)u(x) + / K(x, Hu(t)dt = f(x) (2.70)
0
where K and f are still given by equations (2.68) and (2.69), respectively.

Remark

If ag(x) # 0 inthe interval considered, nothing is changed; however, if ag(x) vanishes
at some point, we see that an equation of the type (2.70) is equivalent to a singular
differential equation, at least, when K (x, ¢) is a polynomial in ¢.

Example 2.12

Reduce the initial value problem
V'(x) +4y(x) = sinx;  at x = 0,»(0) = 0,)'(0) =0

to Volterra integral equation of the second kind and then find its solution,
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Solution

Volterra equation can be obtained in the following manner:
Let us consider

Y'(x) = u(x)

Yo = [ uwa
0
y(x) = /x /x u(t)dr?
0 Jo
= /x (x — Hu(r)dt
0
Then the given ODE becomes
u(x) + 4 /x (x — Hu(t)dt = sinx
0

which is the Volterra integral equation. The solution can be obtained using the
Laplace transform method and we obtain

L{u(x)} + 4L{x} L{u(x)} =

5241

which reduces to

§2

2+ 1)(s2+4)

By partial fraction, the inverse is obtained as

L{u(x)} =

1 2
u(x) = —3 sinx + 3 sin 2x.

Therefore, the solution for y results in
X
y(x) = / (x — Hu(r)dt
0

" I . 2 .
= (x—t)y—=sint+ = sin2¢t¢ dt
0 3 3
1(. 1 .
= — {sinx — — sin 2x
3 2

Note that this solution agrees with that obtained from the differential equation.
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2.10 Exercises

1. Solve the following Volterra integral equations by using decomposition method
or modified decomposition method:

(@ ux)=14x—x>+ /x u(t)dt
0

b)) ux)=14+x+ /x (x — Hu(t)dt
0

X

2 X
(¢) ux)=1+ o fo (x — Hu(t)dt
(d)  u(x) = sec®x + (1 — e ¥)x —i—x/x e y(tydt, x < m/2
0
() ux)=x"—-x>+5 / ' tu(t)dt.
0

2. Solve the following Volterra integral equations by using series solution method:

X
(@) u(x) =2x+2x>—x+ / u(t)dt
0
X
®) ux)=-1- / u(t)dt
0
X
(¢) ux)y=1—-x-— / (x — Hu(t)dt
0
X
(d) u(x) =xcosx —i—/ tu(t)dt.
0
3. Solve the following Volterra integral equations of the first kind:
X
(a) xe* = / e u(t)dt
0
X
(b) 5% +x° = / (5 4 3x — 30)u(t)dt
0
X
(¢) 2coshx —sinhx — (2 —x) = / (2 —x+ Hu(t)dt
0

(d) tanx —In(cosx) = /x(l +x —Hu(t)dt, x < /2.
0

4. Solve the linear integral equation u(x) =1+ fg (t —x)u(t)dt.
5. Solve the linear integral equation u(x) =9 + 6x + f(f (6x — 61+ S)u(t)dt.
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6.
7.

8.

10.

11.

Solve the linear integral equation u(x) = cosx —x — 2 + fg (t —x)u(t)dt.

Using the method of successive approximations find five successive approxima-
tions in the solution of exercises 1, 2, 3 after choosing u((x) = 0.

Show that
u(x)=a+bx + /Ox{c + d(x — H)}u(t)dt
where a, b, ¢, d are arbitrary constants, has for solution
u(x) = ae™ + pe’™,

where a, B, A, v depend upon a, b, ¢, d.

Solve the linear integral equation u(x) = 32ﬁ - ’% - % + % f(;c tu(t)dt.
The mathematical model of an electric circuit that contains the elements L, R,
and C with an applied e.m.f. Ej sin wt is given by the differential equation

’Q  dQ  Q .
LW +RE + E =Eosma)t,

where Q is the charge and / = % is the current flowing through the circuit. Given
that L=0.5, R=6, C =0.02, £y =24 and » = 10 with the initial conditions
0(0)=0and 7(0)=0 at r =0, find the charge Q(¢) for =0 to 10 s with a step
size h=1s. Compare the numerical result with that of the analytical solution.
(Hint: Express the given equation as a pair of first-order equations and then use
the fourth-order Runge—Kutta method.)

The motion of a compound spring system is given by the solution of the pair of
simultaneous equations

d*y1
mi—a =~k — k(1 = y2)
d*y
22 _
i 2(v1 —»2)

where y; and y; are the displacements of the two masses from their equilibrium
positions. The initial conditions are

1) =a, M0)=48 0=y, y0)=3.

Express as a set of first-order equations and then determine the numerical solu-
tions using the fourth-order Runge—Kutta method.

(Hint: Use some suitable values of the parameters to calculate the
displacements.)
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12. For a resonant spring system with a periodic forcing function, the differential
equation is
d’y /
—5 + 9y =4cos3t, y(0)=)(0)=0.
dt
Determine the displacement at f = 0.1 through ¢t = 0.8 with 2= 0.1 by using the
Runge—Kutta method. Compare to the analytical solution %t sin 3¢.

13. In Exercise 1, if the applied voltage is 15 volts and the circuit elements are
R=50hms, C =1000 microfarads, # =50 millihenries, determine how the
current varies with time between 0 and 0.2 s with A7 =0.005s. Compare this
computation with the analytical solution.

14. In the theory of beams it is shown that the radius of curvature at any point is
proportional to the bending moment

/!

_ S
[T+ 0777

where y is the deflection from the neutral axis. For the cantilever beam for
which y(0) =3'(0) =0, express the equation as a pair of simultaneous first-
order equations. Then with suitable numerical values of £, I, and M, determine
the numerical solution for the deflection of the beam extending from x =0 to
x =15 feet.

El = = M(x)
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3 Fredholm integral equations

3.1 Introduction

In this chapter, we shall be concerned with the Fredholm integral equations. We
have already discussed in previous chapters the evolution of integral equations that
have enormous applications in the physical problems. Many initial and boundary
value problems can be transformed into integral equations. Problems in the math-
ematical physics are usually governed by the integral equations. There are quite a
few categories of the integral equations. Singular integral equations are very use-
ful in many physical problems such as elasticity, fluid mechanics, electromagnetic
theory, and so on.

In 1825 Abel first encountered a singular integral equation in connection with
the famous tautochrone problem, namely the determination of the shape of the curve
with given end points along which a particle slides under the action of gravity in a
given interval of time. An equation of an unknown function u(x), of a single variable
x in the domain a <x < b is said to be an integral equation for u(x), if u(x) appears
under the integral sign and the integral exists in some sense. For examples,

b
ux) = f(x)+ A/ K, Hu@®dt, a<x<b 3.D
b
fx) = / K, Hu(t)dt, a<x<b (3.2)
b
u(x) = f(x)+ A/ K@, ){u@®)y?dt, a<x<b 3.3)

are all Fredholm integral equations. Equation (3.1) is defined as the nonhomo-
geneous Fredholm linear integral equation of the second kind; equation (3.2) is
the Fredholm linear integral equation of the first kind; and equation (3.3) is the
Fredholm nonlinear integral equation of the second kind. In all these examples,
K(x,t) and f(x) are known functions. K(x,?) is called the kernel of the integral
equation defined in the rectangle R, for which a <x <b and a <t <b and f(x) is

47



48 INTEGRAL EQUATIONS AND THEIR APPLICATIONS

called the forcing term defined in a <x <b. If f(x) =0, then the equations are
homogeneous. The functions u, f, K may be complex-valued functions. The linear
and nonlinear integral equations are defined when the unknown function appears
linearly or nonlinearly under the integral sign. The parameter A is a known quantity.

3.2 Various types of Fredholm integral equations

Associated with the integral equation (3.1), the following meaning of various forms
are used:

e If the kernel K(x, ¢) is such that

b pb
/ / K (x, 1)|>dxdt < 0o
a a

has a finite value, then we call the kernel a regular kernel and the corresponding
integral is called a regular integral equation.
o Ifthe kernel K(x, ) is of the form

H(x,1)

K(x,t) = 1

where H(x,t)isboundedin R, a <x <banda <t <b with H(x, ) #0, and « is
a constant such that 0 <« <1, then the integral equation is said to be a weakly
singular integral equation.

o Ifthe kernel K(x, 7) is of the form

K(x, 1) = Hx (f’ ?

where H(x,t) is a differentiable function of (x,¢) with H(x,?)#0, then the
integral equation is said to be a singular equation with Cauchy kernel where
the integral [ ab Mu(t)dt is understood in the sense of Cauchy Principal Value

x—t

(CPV) and the notation P.V. fab is usually used to denote this. Thus

b x—e b
PV / 40 4 — tim { f “0 gy f u(t) dt}
a X—1t e—=01J, x—t x4e X — 1

e Ifthe kernel K(x, ) is of the form

H(x,1)
(x —1)?

K(x,t) =
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where H(x,?) is a differentiable function of (x, ) with H(x,?) #0, then the
integral equation is said to be a hyper-singular integral equation when the integral

b H(x, 1)
e )2 u(t)dt

is to be understood as a hyper-singular integral and the notation fab is usually
used to denote this. Thus,

u(t)
£t

x—e b _
. { / ZONP / up) . ucte)tulx—e)

60 (x — 1)? e (= 1) 2¢

o If the limits of the integral, @ and b are constants, then it is a Fredholm integral
equation. Otherwise, if a or b is a variable x, then the integral equation is called
Volterra integral equation.

In the following section we shall discuss the various methods of solutions of the
Fredholm integral equation.

3.3 The method of successive approximations: Neumann’s
series

The successive approximation method, which was successfully applied to Volterra
integral equations of the second kind, can be applied even more easily to the basic
Fredholm integral equations of the second kind:

b
u(x) =f(x)+ A / K(x, Hyu(t)dt (3.4)

We set ug(x) =f(x). Note that the zeroth approximation can be any selected real-
valued function ug(x), a <x < b. Accordingly, the first approximation u;(x) of the
solution of u(x) is defined by

b
ur(x) =f(x) + A/ K(x, yug(t)dt (3.5)

The second approximation u>(x) of the solution u(x) can be obtained by replac-
ing uo(x) in equation (3.5) by the previously obtained u;(x); hence we find

b
uy(x) = f(x) + A/ K(x, tyui(t)dt. (3.6)
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This process can be continued in the same manner to obtain the nth approxima-
tion. In other words, the various approximations can be put in a recursive scheme
given by

up(x) = any selective real valued function

b
up(x) = f(x) + k/ K(x, uy—1dt, n=>1. 3.7

Even though we can select any real-valued function for the zeroth approximation
up(x), the most commonly selected functions for ug(x) are up(x) =0, 1, or x. We
have noticed that with the selection of up(x) =0, the first approximation u(x) =
f(x). The final solution u(x) is obtained by

u(x) = Hm u,(x) (3.8)

so that the resulting solution u(x) is independent of the choice of ug(x). This is
known as Picard’s method.
The Neumann series is obtained if we set u#o(x) = f(x) such that

b
() = £ () + f K (e, (e

b
=f(x)+ A / K(x, 0)f (t)dt
=)+ Ay1(x) (3.9)

where

b
Y1 (x) = / K(x, O)f (t)dt (3.10)

The second approximation u,(x) can be obtained as

b
ur(x) = f(x) + A/ K(x, t)ui(t)dt

b
— G / K(e,0) (/) + M (0) di
— () + A1) + A 29a() 3.11)

where

b
Ya(x) = f Ko, 0y (e (3.12)
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Proceeding in this manner, the final solution u(x) can be obtained

u(x) = f£(x) + 21 (x) + 222 (x) 4+ -+ A Yu(x) + - -

=)+ ) 1Y), (3.13)
n=1
where
b
V) = f K, Wmrdt 1> 1 (3.14)

Series (3.13) is usually known as Neumann series. This infinite series can be
shown to be absolutely and uniformly convergent but in this text we do not want to
pursue this matter; rather the interested reader is referred to the standard textbook
available in the literature.

Remark

It can be later seen that the Neumann series is identical with the Adomian decom-
position method for the linear Fredholm integral equation. And the successive
approximation is identical with the Picard’s method. For ready reference we cite
below:

Picard’s method:

u(x) = lim u,(x) (3.15)
n—oQ
Neumann’s series method:
u(x) =f(x) + lim Y " 3y (x). (3.16)
n—o0 1

Example 3.1

Solve the Fredholm integral equation

1
ux) =1+ / xu(t)dt
0

by using the successive approximation method.
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Solution

Let us consider the zeroth approximation is uy(x) =1, and then the first approxi-
mation can be computed as

1
ui(x) =1 +/0 xuo(t)dt

1
=1+/ xdt
0

=1+x

Proceeding in this manner, we find
1
w(x) =1 +/ xuy(t)dt
0

1
=1+/ x(1 4 0)dt
0

1
=1 14 =
—|—x< +2>

Similarly, the third approximation is

1
u3(x):1+x/0 (1+%)

Thus, we get

1 1 1 |
u,,(x)=1+x{1+§+2_2+2_3+...+_}

and hence
u(x) = lim wuy(x)
n— 00
n

. 1
=l fimx) o

=0

1!
=1 1— =
+x( 2)

=1+42x

This is the desired solution.
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Example 3.2

Use the successive approximation to solve the following Fredholm integral equation

/2
u(x) = sinx + / sinx cos fu(t)dt.
0

Solution

Let us set ug(x) = 1. Then the first approximation is

/2
u1(x) = sinx + sinx/ costdt
0

= 2sinx

The second approximation is

/2
up(x) = sinx + sinx f 2 sin ¢ cos tdt
0

= 2sinx

Proceeding in this way, it can be easily recognized that the sequence of solutions
can be written without formal computation as

u3(x) = 2sinx,us(x) = 2sinx. .., u,(x) = 2sinx.
Hence the final solution is
u(x) = lim u,(x) = 2sinx.
n—0o0

This is the desired solution. We shall see later that this solution can be obtained
very easily by the direct computational method.

3.4 The method of successive substitutions

This method is almost analogous to the successive approximation method except
that it concerns with the solution of the integral equation in a series form through
evaluating single and multiple integrals. The solution by the numerical procedure
in this method is huge compared to other techniques.

We assume that

b
u(x) = f(x) + Af K(x, t)u(t)dt (3.17)
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In equation (3.17), as usual K(x, ) # 0, is real and continuous in the rectangle
R, for whicha <x <b and a <t < b; f(x) # 0 is real and continuous in the interval
1, for which a <x < b; and A, a constant parameter.

Substituting in the second member of equation (3.17), in place of u(t), its value
as given by the equation itself, yields

b b b
u(x) = f(x) + Af K(x,0)f (t)dt + AZ/ K(x, t)/ K(t,t))u(t))dndt (3.18)
a a a
Here, again we substitute for u(¢1) its value as given in equation (3.17). Thus, we get
b
) =1 @)+ [ Ko e
a
b b
+ 212 / K(x, 1) / K(t,0)f (t1)dt dt
a a
b b b
+23 f K(x,1) / K(t,t1) / K(t1, b)u(ty)dtrdt dt (3.19)
a a a
Proceeding in this manner we obtain
b
) =1 @)+ [ Ko e
a
b b
+22 / K(x, 1) / K(t, 0)f (11)dndt
a a

b b b
+23 / K(x,1) / K(t,11) / K(t1, 02)f (t2)dtrdt dt
4. (3.20)

We note that the series solution given in equation (3.20) converges uniformly in
the interval [a, b] if A\M (b — a) < 1 where |K(x,t)| <M. The proof is very simple
and can be found in Lovitt [7]. From equation (3.20), it is absolutely clear that
in this method unknown function u(x) is replaced by the given function f(x) that
makes the evaluation of the multiple integrals simple and possible. The technique
will be illustrated below with an example.

Example 3.3

Using the successive substitutions solve the Fredholm integral equation

1 /2
u(x) = cosx + 3 / sin xu(t)dt.
0
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Solution

Here, 1= %, f(x)= cosx, and K(x,?)= sinx and substituting these values in
equation (3.20), yields

1 /2 1 /2 /2
u(x) = cosx + — / sin x cos tdt + —/ sinx/ sin ¢ cos tydty dt
2 Jo 4 Jo 0

1 /2 /2 /2
+ —/ sinx/ sint/ sin ¢y cos tydtrdtydt + - - -
8 Jo 0 0

1 1 1
:cosx+§sinx+zsinx+gsinx+-~-

= cosx + sinx

This result can be easily verified by the direct computational method to be considered
in the later section.

3.5 The Adomian decomposition method

The decomposition method was recently introduced by Adomian [1] in a book
written by him. The method has much similarity with the Neumann series as has
been discussed in the previous section. The decomposition method has been proved
to be reliable and efficient for a wide class of differential and integral equations of
linear and nonlinear models. Like Neumann series method, the method provides
the solution in a series form and the method can be applied to ordinary and partial
differential equations and recently its use to the integral equations was found in
the literature (see Ref. [9]). The concept of uniform convergence of the infinite
series was addressed by Adomian ([2], [3]) and Adomian and Rach [4] for linear
problems and extended to nonlinear problems by Cherruault et a/ [5] and Cherruault
and Adomian [6]. In this book, we do not want to repeat the convergence problems.

In the decomposition method, we usually express the solution of the linear
integral equation

b
u(x) = f(x)+ A/ K(x, tyu(t)dt (3.21)

in a series form like regular perturbation series (see Van Dyke [8]) defined by

u(x) =Y up(x) (3.22)
n=0
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Substituting the decomposition equation (3.22) into both sides of equation (3.21)
gives

0 b o0
D u(x) =f(x) + A / K(x, 1) !Z un(t)} dt (3.23)
n=0 a n=0

The components uo(x), u1(x), u2(x), u3(x) . . . of the unknown function u(x) are
completely determined in a recurrence manner if we set

up(x) = f(x)
b
ui(x) = A/ K(x, Huy(t)dt

b
ur(x) = A/ K(x, tyui(t)dt

b
uz(x) = A/ K(x, Hu(t)dt

b
Up(x) = A / K(x, tun_1(1)dt, (3.24)

and so on. The main idea here like perturbation technique is to determine the
zeroth decomposition up(x) by the known function f(x). Once uo(x) is known, then
successively determine w1 (x), ua(x), u3(x), ..., and so on.

A compact recurrence scheme is then given by

up(x) = f(x) (3.25)

b
Upy1(x) = A/ K(x, Hu,(t)dt, n>1 (3.26)

In view of equations (3.25) and (3.26), the components uy(x), ui(x), uz(x),
u3(x) ... follow immediately. Once these components are determined, the solution
u(x) can be obtained using the series (3.22). It may be noted that for some problems,
the series gives the closed-form solution; however, for other problems, we have to
determine a few terms in the series such as u(x) = Zﬁ:o uy(x) by truncating the
series at certain term. Because of the uniformly convergence property of the infinite
series a few terms will attain the maximum accuracy.
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Remark

Sometimes it may be useful to decompose the f(x) term into f(x) =f1(x) + f2(x)
such that

uo(x) = f1(x)
b
u1(x) = fo(x) + k/ K(x, Hyuo(t)dt

b
up(x) = k/ K(x, t)ui(¢)dt,

and so on. This decomposition is called modified decomposition method. We
illustrate them by examples.

Example 3.4

Solve the Fredholm integral equation

1
u(x) =¢e" — 1 +[ tu(t)dt
0

by the decomposition method.

Solution

The decomposition method is used here. We have

up(x) =e* — 1

1 1
ul(x)=/0 tuo(t)dt=/0 t(e' — l)dtzé

1 1 ¢ 1
= tu1 (t)dt = —dt = —
o = [ o= [ Zar =
1 1 t 1
= | tup(dt= | —dt =,
u3(x) /0 us (1) /0 7 3
and so on. Hence the solution can be written at once
. 1 1 1 .
ux)=e" —1l+-4+-+-+---=¢".

2 4 8
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By the modified decomposition method, we set that #o(x) = e* and
1 1
up(x) = -1+ / tug(Hdt = —1 + / te'dt =0
0 0

1
ur(x) = / tui(t)dt =0
0
uy(x) =0

The solution is u(x) = ¢*. By direct computation, we obtain u(x)=¢* — 1 +«,
where o= ]01 tu(t)dt. Using the value of u(x) under the integral sign yields,

a= fol e — 1 +a)dt= %(1 + @). Hence the value of o = 1. Thus, the solution
is u(x) = ¢* which is identical with the decomposition method.

3.6 The direct computational method

There exists an efficient method to solve certain type of Fredholm integral equations
and this method is usually known as the direct computational method. In this
method, the kernel K(x, f) must be separable in the product form such that it can
be expressed as

K(x,t) = g(x)h(t) (3.27)

Accordingly, the Fredholm equation can be expressed as
b
ux) = f(x)+ A/ K(x, tHyu(t)dt
a

b
= f(x) + Ag(x) / h(H)u(t)dt (3.28)

The integral equation (3.28) is a definite integral and we set

b
a= / h(tyu(t)dt (3.29)

where « is an unknown constant that needs to be determined. It follows that equa-
tion (3.28) can be written as

u(x) = f(x) + rag(x) (3-30)
It is thus obvious that the solution u(x) is completely determined provided « is
known from equation (3.29).
Remark

It is to be noted here that the direct computational method determines the exact
solution in a closed form, rather than a series form provided the constant « has
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been determined. The evaluation is completely dependent upon the structure of the
kernel K(x, t), and sometimes it may happen that the value of & may contain more
than one. The computational difficulties may arise in determining the constant « if

the resulting algebraic equation is of third order or higher. This kind of difficulty
may arise in the nonlinear integral equation.

Example 3.5

Solve the linear Fredholm integral equation

e 1 1 [!
u(x):ex———i———f——/ u(t)dt.
27272,

Solution

Let us set o = fol u(t)dt. Then we have

e 1 «
= S4-42
u(x) 2+2+2

Replacing the value of u(x) in the above integral yields

1
, e 1 o
= — =+ =+ =)dt
o /O<e 2+2+2>
1 e o
=(e—1 )+
(e )+(2 2)-!-2
e

and this reduces to 5 =7 — % Therefore, the solution is u(x) = ¢e*. This solution
can be verified easily.

3.7 Homogeneous Fredholm equations

This section deals with the study of the homogeneous Fredholm integral equation
with separable kernel given by

b
u(x) = A /O K(x, tyu(t)dt (3.31)

This equation is obtained from the second kind Fredholm equation

b
u(x) =f(x)+ )L/ K(x, Hyu(t)dt,

setting f(x) =0.
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It is easily seen that u(x) = 0 is a solution which is known as the trivial solution.
We look forward to a nontrivial solution of equation (3.31). Generally speaking, the
homogeneous Fredholm integral equation with separable kernel may have nontrivial
solutions. We shall use the direct computational method to obtain the solution in

this case.
Without loss of generality, we assume that

K(x, 1) = g(0)h() (3.32)

so that equation (3.31) becomes

u(x) = Ag(x) / bh(t)u(t)dt (3.33)
Let us set
o= / bh(t)u(t)dt (3.34)
such that equation (3.33) becomes a
u(x) = Aag(x) (3.35)

We note that o = 0 gives the trivial solution u(x) = 0, which is not our aim in this
study. However, to determine the nontrivial solution of equation (3.31), we need to
determine the value of the parameter A by considering o 7 0. This can be achieved
by substituting equation (3.35) into equation (3.34) to obtain

b
a= Aa[ h(t)g(t)dt (3.36)
a
or equivalently,

b
=2 / h(t)g(t)dt (3.37)

which gives a numerical value for A # 0 by evaluating the definite integral in equa-
tion (3.37). However, determining X, the nontrivial solution given by equation (3.35)
is obtained.

Remark

The particular nonzero values of XA that result from solving the algebraic system
of equations are called the eigenvalues of the kernel. And corresponding to each
eigenvalue we shall have solutions that are called eigen solutions or eigenfunctions.
These solutions are nonzero solutions within a finite interval (a, b).
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Example 3.6

Find the nontrivial solutions of the following Fredholm integral equation

/2
u(x) = k/ cos x sin tu(t)dt.
0

Solution

The equation is rewritten as
/2
u(x) = A cosx f sin tu(t)dt
0

Let us set

/2
o= / sin tu(t)dt.
0

Then
u(x) = Aa cosx.

Hence the value of A can be obtained putting the expression of u(x) into the
« integral which reduces to give for a # 0, A = 1. Thus, with this value of A the
solution is obtained as u(x) =« cosx known as the eigen function where « is an
arbitrary constant.

Example 3.7
Find the nontrivial solution of the following homogeneous Fredholm integral

equation

/4
u(x) = A / sec? xu(t)dt.
0

Solution

u(t)dt in the given equation, we have u(x) = Aa sec? x and there-
fore, @ = Ao foﬂ/4 sec? tdt = . If & # 0, then A = 1, and hence, the solution of the

homogeneous Fredholm equation is simply u(x) =« sec? x and « is an arbitrary
constant.

If we seta = 0”/4

Example 3.8

Find the nontrivial solution of the Fredholm homogeneous integral equation

u(x) = %A /0” cos (x — Hu(t)dt.
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Solution

Given that

u(x) %k /0 ! cos (x — tu(t)dt

2 b4
—k/ {cosx cos t + sinx sin ¢ }u(t)dt
T Jo

2 2 )
= —Aacosx + —AfBsinx
T b
where o= [ costu(t)dt and B= [ sin tu(r)dr. Hence using the value of u(x)

under the integral signs of & and 8, we obtain a simultaneous algebraic equation
given by

2X T )
o= — cost(acost + Bsint)dt
7 Jo

2) T
B=— {/ sint(acost+ﬁsint)dt}
7 1Jo

After performing the integrations and reduction, the values of & and § are found
tobe a =Xia and B=AB. If « #0 and B #0, then A = 1. Therefore, the desired
solution is

2
u(x) = —(acosx + Bsinx),
7

where o and § are arbitrary constants.

3.8 Exercises

Solve the following linear Fredholm integral equations:

Lour) =34+ 1 [ e,
u(x)= sec’>x + A fol u(t)dt.

u(x) = sec’> xtanx — A fol u(t)dt.
u(x)= cosx+ A [y xtu(t)dt.
u(x)=e"+ A fol 2e*e u(t)dt.

wokwn

Solve the following homogeneous integral equations:

6. u(x)= [ ut)dt.
7. u(x)= [ (=Du(t)dt.
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8. u(x)=1 [ sinxu(t)dt.
9. u(x)= ﬁ Oloxtu(t)dt.

10. u(x) = =5 [, 2e%e'u(r)dt.
Solve the following integral equations:

1L u()=x+2 fy (1+x+ u(bdr.

12 u()=x+ 2 f (x — Du(t)dr.

13. u(r)=x+ 2 f) (= 0)u(r)dt.

14. u(x)=x+A [y (1+ sinxsin Hu(t)dt.

Solve the following Fredholm equations by the decomposition method:

15. u(x)=x+ sinx —x fon/z u(t)dt.

16. u(x)=1+ sec>x— [7/* u(t)dr.

17. u(x)= 15 + 2xsinh (/4) —x [1, ™ tu(r)dt.

Find the nontrivial solutions for the following homogeneous Fredholm integral
equations by using the eigenvalues and eigenfunctions concepts:

18. u(x) =1 f; xe'u(r)d.

19. u(x) =1 [, 20u()dr.

20. u(x)=»x foﬂ/3 sec x tan fu(f)dt.
21, u(x)=»x f0”/4 sec x tan tu(1)dt.
22, u(x)=»xr fol sin™! xu(t)dt.

23. u(x)=A [* cosx sin fu(t)dt.
24. u(x)= 22 [§ sin (x — Hu(t)dt.
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4 Nonlinear integral equations

4.1 Introduction

In the previous chapters, we have devoted considerable time and effort in study-
ing the solution techniques of different kinds of linear integral equations. In this
chapter, we shall investigate the solution techniques for the nonlinear integral
equations. We have already mentioned that nonlinear integral equations yield a
considerable amount of difficulties. However, due to recent development of novel
techniques it is now possible to find solutions of some types of nonlinear integral
equations if not all. In general, the solution of the nonlinear integral equation is
not unique. However, the existence of a unique solution of nonlinear integral equa-
tions with specific conditions is possible. As we know there is a close relationship
between the differential equation and the integral equation. We shall see in the
next section some classical development of these two systems and the methods of
solutions.

We first define a nonlinear integral equation in general, and then cite some
particular types of nonlinear integral equations. In general, a nonlinear integral
equation is defined as given in the following equation:

u(x) = £(x) + A /0 ' K(x, )F (u(t))dt @A.1)

and

b
u(x) = f(x) + A / K(x, t)F (u(t))dt 4.2)

Equations (4.1) and (4.2) are called nonlinear Volterra integral equations and
nonlinear Fredholm integral equations, respectively. The function F'(u(x)) is non-
linear except F'=a constant or F(u(x))=u(x) in which case F is linear. If

65
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F(u(x))=u"(x), for n> 2, then the F function is nonlinear. To clarify this point
we cite a few examples below:

u(x) = x + A / ' (x — O (t)dt (4.3)
0

1
u(x) = x4 A / cos xu> (1)dt (4.4)
0

Equations (4.3) and (4.4) are nonlinear Volterra and Fredholm integral equations,
respectively.

4.2 The method of successive approximations

We have observed that solutions in finite closed form only apply to certain special
types of differential equations. This is true for the integral equations also. If an
equation does not belong to one of these categories, in which case analytical solu-
tions are not possible to obtain, we need to use approximate methods. The phase
plane method, with graphical depiction of Chapter 4 of Applied Numerical Analysis
by Rahman [8], gives a good general idea of the nature of the solution, but it cannot
be relied upon for numerical values.

In this chapter, we shall consider three approximate methods: the first one is the
Picard’s method to obtain successive algebraic approximations. (E. T. Picard, Pro-
fessor at the University of Paris, one of the most distinguished mathematicians
of his time. He is well known for his researches on the Theory of Functions,
and his Traite d’ analysis is a standard textbook). By putting numbers in these,
we generally get excellent numerical results. Unfortunately, the method can only
be applied to a limited class of equations, in which the successive integrations be
easily performed.

The second method is the Adomian decomposition method. Adomian [1]
recently developed the so-called Adomian decomposition or simply the decomposi-
tion method. The method was well introduced and well presented by Adomian in his
recent books (Refs. [2], [3] and [4]). The method proved to be reliable and effective
for a wider class of linear and nonlinear equations. This method provides the solu-
tion in a series form. The method was applied to ordinary and partial differential
equations, and was rarely used for integral equations. The concept of convergence of
the solution obtained by this method was addressed by Adomian in two books [1,3]
and extensively by Cherruault et al (Ref. [5]) and Cherruault and Adomian [6] for
nonlinear problems. With much confidence, however, the decomposition method
can be successfully applied towards linear and nonlinear integral equations.

The third method, which is extreme numerical and of much more general appli-
cations, is due to Runge. (C. Runge, Professor at the University of Gottingen,
was an authority on graphical method.) With proper precautions it gives good
results in most cases, although occasionally it may involve a very large amount of
arithmetical calculation. We shall treat several examples by these methods to enable
their merits to be compared.
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4.3 Picard’s method of successive approximations
Consider the initial value problem given by the first-order nonlinear differential

equation % = f'(x, u(x)) with the initial condition u(a) = b at x = a. This initial value
problem can be transformed to the nonlinear integral equation and is written as

u(x) =b+ /xf(x, u(x))dx.

For a first approximation, we replace the u(x) inf'(x, u(x)) by b, for a second approx-
imation, we replace it by the first approximation, for the third by the second, and
so on. We demonstrate this method by examples.

Example 4.1

Consider the first-order nonlinear differential equation % =x+ u?, where u(0)=0

when x = 0. Determine the approximate analytical solution by Picard’s method.

Solution

The given differential equation can be written in integral equation form as

u(x) = /0 ’ (x + 2 (x))dx.

Zeroth approximation is u(x) = 0.
First approximation: Put u(x) = 0 in x + #*(x), yielding

x 1
u(x) = / xdx = =x7.
0 2

Second approximation: Put u(x) = )‘72 in x 4 12, yielding

x 52 2oS
u(x) /0(x+4>x 2%
Third approximation: Put u = %2 + ’2‘—3 in x + u?, giving

I
o\;‘
=
+
NN
+
l\)|><
(e} -
+

g

(e} —
S| o
~—

2 7201 160 T 2200
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Proceeding in this manner, Fourth approximation can be written after a rigorous
algebraic manipulation as
Fourth approximation:

) x2 +x5 . x8 n 7x!1 n 3x14 n 87x!7
ux) = — + — + —
2 20 160 8800 49280 ' 23936000
x20 x23

+ 7040000 + 445280000’

and so on. This is the solution of the problem in series form, and it seems from its
appearance the series is convergent.

Example 4.2

Find the solution of the coupled first-order nonlinear differential equations by
converting them to nonlinear integral equations

du  dv 3( +v)
e WY
subject to the initial conditions #(0) =1, and v(0) = % when x = 0.

Solution

The coupled differential equations can be written in the form of coupled integral
equations as follows:

ux) =1 +/ vdx
0

v(x) = % +/0xx3(u+v)dx

Performing the integrations as demonstrated in the above example, we obtain
First approximation:

X
=14z
u(x) = 14 3
1 3t
W=ty
Second approximation:
x  3x
= 1 —_ _—
u(x) + 2 + 20
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Third approximation:

X 3x5 6 9
u(x):]—i—z—‘rm‘l‘@‘f‘@
v(x)=l+ﬁ+£+ﬁ+ﬁ+ﬁ’

2 8 10 64 360 256

and so on. Thus, the solution is given by the above expressions up to third order.

Example 4.3

Find the solution of the nonlinear second-order ordinary differential equation
u(o () = (u'(x))°

with the initial conditions #(0) =1 and #’(0)=1 at x =0 by converting it to the

integral equation.

Solution

The given equation can be transformed into a couple of first-order differential
equations

v2

u'(x) = v(x); V(x) = —
u

with the initial conditions: #(0)=1 and v(0) =1 at x =0. The integral equations
are the following:

ux) =1+ fx v(x)dx
0

X V2
vix) =1+ —dx
0o u

By Picard’s successive approximation method we obtain
First approximation:

u(x)=1+f dx=1+x
0

X
v(x)=1+/ dx=14+x
0

Second approximation:

X 2
u(x)=l+/ (l+x)dx=1+x~|—%
0 .
X x2
v(x):l—l—/ (l+x)dx=1+x~|—5
0 :
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Third approximation:
$2 3

X
PR

X x2
u(x):l—i—/o (l—i—x—l—Z)dx—l—i—x—i— 3l

X 2 2 3
v(x):l—i—/ l4x+ o dx—l—i—x—i—x + T
0 21 31

So continuing in this way indefinitely we see that

23 4
u(x)—1+x+—+§+ +-
= ex
which is the desired solution of the given nonlinear initial value problem.

Remark

It is worth mentioning here that it can be easily seen that the general solution of
this second-order nonlinear ODE has the solution u(x) = €™ where —oo < m < 0.
For any real number of m, " is a solution which means that it has infinitely many
solutions of exponential type. Therefore, the solution is not unique. On the other
hand, if we consider two particular solutions, namely e and e** for m = —1 and
m =2, although they individually satisfy the differential equation, but the general
solution formed by the linear combination u(x) =cie™ + c2e® where ¢ and ¢; are
arbitrary constants will never satisfy the differential equation. This phenomena is
observed in the nonlinear problem. However, it is not the case when the problem is
linear. This can be easily verified by considering the linear second-order ODE given
by u” — ' — 2u = 0 that has two particular solutions e~ and %" as cited above and
the linear combination is a solution also. (see Ref. [7]).

4.4 Existence theorem of Picard’s method

In the previous section, we have studied the successive approximations of Picard’s
method. Mathematicians always hope that they would discover a method for
expressing the solution of any differential equations in terms of a finite number
of known functions, or their integrals. When it is realized that this is not possible,
the question arises as to whether a differential equation in general has a solution at
all, and, if it has, of what kind.

There are two distinct methods of discussing this question, but here we will
discuss only one. The first method due to Picard has already been illustrated by
examples in the previous section. We obtain successive approximations, which
apparently tend to a limit. We shall now prove that these approximations really do
tend to a limit and that this limit gives the solution. Thus, we prove the existence of
a solution of a differential equation of a fairly general type. A theorem of this kind
is called an Existence theorem. Picard’s method is not difficult, so we will proceed
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with it at once before saying anything about the second method. Our aim is now to
prove that the assumptions made in obtaining these solutions were correct, and to
state exactly the conditions that are sufficient to ensure correctness in equations.

Picard’s method of successive approximations

If % =f(x,u) and u = b and x = a, the successive approximations for the values of
u as a function of x are

u =b+/xf(x,b)dx
uy = b+fxf(x,u1)dx

uy = b—i—/ S (x,un)dx

Upy1 = b+/ S (x, uy)dx,

and so on. We have already explained the applications of this method in the
examples of the previous section. We reproduce the solution of the example where
f(x,u)=x+u?: with b=a=0, and find,

x2
uy = E
x2 )CS
I
xZ XS xS xll
=745 T 160 T 3200
X2 X x3 7x ! 3xl4
“=5 72" T60 T 8800 " 29280
87x17 x20 x23
+ + +

23936000 7040000 445280000

These functions appear to be tending to a limit, at any rate for sufficiently small
values of x. It is the purpose of the present article to prove that this is the case, not
merely in this particular example, but whenever f (x, «) obeys certain conditions to
be specified. These conditions are that, after suitable choice of the positive number
h and k, we can assert that, for all values of x between a — 4 and a+ 4, and for all val-
ues of u between b — k and b + k, we can find positive numbers M and 4 so that (i)
If (x,u)| <M, and (ii) |/ (x, u) — f (x,u')| < A|lu — |, u and o/’ being any two values
of u in the range considered. In our example 1 (x, ) = x + 2, condition (i) is obvi-
ously satisfied, taking for M any positive number greater than |a| + & + (|b] + k).
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Also, |(x +u?) — (x +u?)| = |[u? —u?| = |u + o'||u—u'| <2(1b] + k)|lu —u/|. So,
condition (ii) is also satisfied, taking 4 =2(|b| + k).

Now returning to the general case, we consider the difference between the
successive approximations. We know that u; —b= f; f(x,b)dx, by definition;
but |f(x,b)| <M by condition (i), so |uy —b|<| [ f(x,b)dx|<| [} Mdx| <
Mx — a| < Mh.

Also in a similar manner, it is easy to show that

X
= = [ () —f b
a
but we have
If (x,u1) — f(x,b)| < Aluy — b| < AM|x — a| by conditions (i) and (ii).
And so we obtain
X
lup —uy| < |/ AM (x — a)dx|
a

1 2

< =AM (x — a)
2
1 2

< —AMh
2

Proceeding in this way, we can write
1 n—1lgn
luy — up—1| < —MA" " h".
n!
Thus, the infinite series

1 1
b+Mh+EMAh2+-~-+—‘MA”‘1h"+-~-
n
M 1 1
=b+—{Ah+ —(Ah? + -+ —4h)" +---
A 2 n!
M
=b+—[e" -1
+1 ]

is convergent for all values of 4, 4, and M.
Therefore, the infinite series

b+ —b)=@—u)+ w3 —u)+ -+ Wy —tty—1)+---

each term of which is equal or less in absolute value than the corresponding term
of the preceding, is still more convergent.



NONLINEAR INTEGRAL EQuaTIONS 73
That is to say the sequence

uy=b+ @ —0b)
up =b+ i —b)+ (u2 —u),
and so on, tends to a definite limit, say U(x) which is what we wanted to prove.
We must now prove that U(x) satisfies the differential equation. At first

sight, this seems obvious, but it is not so really, for we must not assume without
proof that

X X
lim / S, up—1)dx =/ f(x, im w,_1)dx.
n—oo a a n— 00

The student who understands the idea of uniform convergence will notice that the
inequalities associated with this proof that we have used to prove the convergence
of our series really proves its uniform convergence also. If, f(x, u) is continuous,
uy,uy, ... etc., are continuous also, and U is uniformly convergent series of con-
tinuous functions; that is, U is itself continuous, and U — u,,_; tends uniformly to
Zero as n increases.

Hence, condition (ii), f(x, U) — f(x, u,—1) tends uniformly to zero. From this
we deduce that

/ @ U) — f(x i)} d

tends to zero. Thus, the limits of the relation

X
u, =b +[ S e, up—1)dx
a
is
X
U=b+ [ fe U
a

therefore,

dUu
E :f(x’ U)9

and U = b when x = a. This completes the proof.
4.5 The Adomian decomposition method
The decomposition method is similar to the Picard’s successive approximation

method. In the decomposition method, we usually express the solution u(x) of the
integral equation

u(x) =b+ /xf(x, u)dx 4.5)
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in a series form defined by
[0.¢]
u(x) =Y up(x) (4.6)
n=0

Substituting the decomposition equation (4.6) into both sides of equation (4.5)

yields
Zyﬂn=b+[3<n23mm>w
n=0 4 n=0

The components uo(x), u1(x), uz(x), . . . of the unknown function u(x) are completely
determined in a recurrence manner if we set

up(x) = b

mm=/3mmw
mm=/7mmw

mm=/?mmm

and so on. The above decomposition scheme for determination of the components
uo(x), up(x), ua(x), . .. of the solution u(x) of equation (4.5) can be written in a
recurrence form by

up(x) =b
wﬂm:/fwwm

Once these components are known, the solution u(x) of equation (4.1) is readily
determined in series form using the decomposition equation (4.2). It is important to
note that the series obtained for u(x) frequently provides the exact solution in closed
form. However, for certain problems, where equation (4.2) cannot be evaluated, a
truncated series Zﬁ:o uy(x) is usually used to approximate the solution u(x) if
numerical solution is desired. This is exactly what we have described in Picard’s
method. However, with this type of decomposition, we have found some drawbacks.
Hence we propose in the following a simple decomposition method not exactly like
the Picard method.

In this new decomposition process, we expand the solution function in a
straightforward infinite series

u(x) = uo(x) + w1 (6) + u2(6) + -+ -+ tp(x) + -
=D @) (4.7)
n=0

assuming that the series converges to a finite limit as n — oo.
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Next we expand the function f'(x, #) which contains the solution function u(x)
by Taylor’s expansion about u((x) keeping x as it is such that

£t = £ Ceo) + (1 — oVt 0) + 2 e )

_ 3 _
= O s uo)+%fum(x,uo>+m 48)

We know that Taylor’s expansion is absolutely and uniformly convergent in a
given domain. Now using equation (4.7) into equation (4.8), yields

feeu) = fe,u0) + Y un(x) fulx, up)

n=1
2

IS ) )

3

+ l Z u,,(x) fuuu(x’ u())

4

+ % Z U (x) fuuuu(X, ug) + - - - (4.9)

which can subsequently be written as

Sx,u) = Ao(x) + A1 (x) + A2(x) + A3(x) + - - + Ap(x) + - -
=) A, (4.10)

We define the different terms in 4,(x, u) as follows:
Ao = f(x, u0)
A1 = uy fulx, ug)
Ay = up fu(x,up) + %”%fuu()ﬁ uo)
Az = u3 fil(x,u0) + 5 (uru2)fou (¥, 10) + 2103 fru(x, o)
Ag = ua f,,(x,ug) + %(2u1u3 + u%)fuu(x, up)
+ § Guiuz) fuun (¥, 10) + 550} frnas (5, o) @.11)

Substituting equation (4.10) and equation (4.6) into the integral equation

u(x) =b+ /xf(x, u)dx (4.12)
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we obtain

D u(x)=b+ f ' > An(x)dx
n=0 4 n=0

or simply
up(x) + ur(x) + up(x)+---=b+ /x [Ao(x) + A1(x) + A2(x) + - - - 1dx.

The components u(x), u1(x), u2(x), . . . are completely determined by using the
recurrence scheme

up(x) =b

ul(x):/ Ao(x)dx=/ Ao(t)dt
up(x) = /xAl(x)dx = /xAl(t)dt
13 (x) = / Ay (x)dx = /  Ax(1)dt

us(x) = /xA3(x)dx = [xAg(t)dt

U1 () = /xAn(x)dx = /xAn(r)dt,n > 1. (4.13)

Consequently, the solution of equation (4.11) in a series form is immediately
determined by using equation (4.6). As indicated earlier the series may yield the
exact solution in a closed form, or a truncated series Zﬁ:l u(x) may be used if a
numerical approximation is desired. In the following example, we will illustrate the
decomposition method as established earlier by Picard’s successive approximation
method.

Example 4.4

Solve the integral equation

x 2 X
u(x) = /0 (x + 12)dx = % + /O W (0)dt

by the decomposition method.
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Solution

With the decomposition method, we can write the equation in series form
00 2 x 00
u(x) = g Un(x) = > + /0 gAn(t)dt
in which we can decompose our solution set as

x2

up(x) = —

ui(x) = fOon(t)dt

WM=AAWW

up(x) = fox Ap—1(t)dt (4.14)

We know f(u)=u?, and so f’(u)=2u and f"(u)=2. All the higher-order
derivatives will be zero. Thus, we obtain

) 4
flu) =i ="
f'(uo) = 2up = x*

S (o) =2

Thus, with these information, we obtain

4
X
Ao(x) = y

A1(x) = ux?
Ar(x) = upx® + u%
Az(x) = u3x2 + 2uiuy.
Hence the different components of the series can be obtained as

42
up(x) = 5
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x 44 XS

t
—dt = —
4

ui(x) = /Oon(t)dl‘ = 20

0

ur(x) = /0 xAl(t)dtz /O xul(t)dtz /0 xul(t)tzdt

X t5 8
=/ D) ar= 2
o \2 160

uz(x) = fo xAg(t)dt: /0 ’ lua(t)* + 3 (1)} dt

_/x t8 ) th _ 7)611
= — |t —dt =
0 160 400 8800

Thus, the solution up to the third order is given by

u(x) = uo(x) + ur(x) + uz(x) + uz(x) + - - -
_x2+x5+x8 +7x11
T2 20 160 8800

Example 4.5

(4.15)

Obtain a solution of the following initial value problem by the Picard method and

verify your result by the method of decomposition:

d—x:x—i—u

with  u(0) = 0.

Solution

(a) Picard’s method:

Given that Z—Z =x+u, and integrating with respect to x and using the initial

condition we obtain
u(x) = / (x + u)dx.
0

The first approximation is

X )C2
ul(x):/() xdxz?.

The second approximation is

x X 2 2 3
uz(x>=f0 <x+u1)dx=fo (x+%)dx=;—!+%.
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Proceeding in this manner, the nth approximation can be written at once
o $2 . 3 - ol
U, (x) = — J— . ———
" 2 3! (n+ 1)

and so on. Thus, the desired solution is

x2 33 Xl
u(x)=?+§+...+m+...
=e —(1+x). (4.16)

(b) The decomposition method
The given integral equation can be written as

x 2 X
u(x) = fo (x + w)dx = % n fo u(t)d.

Let u(x) be decomposed into a series as

[e.¢]
u(x) = uo(@) + 11 () + 1w + - A U)o = Y ().
n=0
Substituting this series into the above integral equation,
oo _X2 x ©©
D uy(x) = 5+ /0 > (.
n=0 n=0
Now equating term by term, yields
2
up(x) = 5
X X [2 x3
u1(x) =/0 uo(t)dt=/0 Edt: 3
X X t3 x4
= Ndt= | —dt="=—,
o = [ o= [ Sa=
and so on. Thus, the solution is
x2 x3 n
ux)=—=4+—=+-+—+---=e"— (1 +x). (4.17)
21 3! n!

Hence we get the identical results from these two methods. The analytical solution
of this initial value problem is u(x) = ¢* — (1 +x).
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Example 4.6

Find the solution of the initial value problem by (a) Picard’s method, (b) the
decomposition method, % =xu, u(0)=1.

Solution

(a) Picard’s method
The initial value problem can be put in the integral equation form

ux)=1+ /x tu(t)dt.
0

The first approximation is
X X2
ur(x) =1 +/ t(Hhdt =1+ TR
0

The second approximation is
2

x 2 21 /2
=1 t{1+=)dt=14+—+=-(—=) .
uz(x) +/0 <+2!> +2+2!<2>

Proceeding in this manner, we can derive the nth approximation as
The nth approximation is

) 1+x2+1 X n +1 x2\"
Uy(x) = —+ == et == .
" 2 2\ 2 n! \ 2

Thus, when n — oo
u(x) = lim up(x) = /2. (4.18)
n—oQ

(b) The decomposition method
We decompose the solution in a series as u(x) = Y o, u,(x). Substituting this
series into the integral equation, we obtain

0]

D ux) =1+ /x {tiun(t)} dt.
0 n=0

n=0
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Equating the different order of terms of this series, we construct a set of integral
equations

up(x) =1

X X 2
u(x) = /0 tuo(t)dt = /0 t(l)dt:x?

Thus, the solution is

2

()—i W1 L () o (4.19)
ux—nzounx— 7 (3 = /°. .

Solutions, i.e. equations (4.18) and (4.19) are identical and agree with the
analytical solution u(x) = 2,

Remark

It is worth noting that the decomposition method encounters computational diffi-
culties if the nonhomogeneous term f(x) is not a polynomial in terms of x. When
the f(x) is not polynomial we use the modified decomposition method to mini-
mize the calculations. In the following example, we shall illustrate the modified
decomposition method for handling the Volterra type integral equation.

Example 4.7

Obtain the solution of the following nonlinear nonhomogeneous integral equation
of Volterra type,

xS X
u(x) =x + — — / e (f)d.
5 0

Solution

By inspection, it can be observed that u(x) =x is a solution of this integral equa-

tion. Because f(;‘ H(3)dt = %5, and hence u(x) =x + ’%5 —-F=x

By the modified decomposition method, this is easily accomplished. In this
method, the solution is expressed in a series which is given by u(x) = Y o tn(x),
and (1) = u® such that f'(u) = 3u?, f" (1) = 6u, and /(1) = 6, and all the higher-

order derivatives greater than the third order are zero.
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By Taylor’s expansion about © = ug, f(u) can be expressed as

f) = f(uo) + (w1 +uz +uz + -+ ) f'(uo)

1
+ 5(“1 +up 4 s+ P (o)

1
530 ) o)

where we define the decomposition coefficients as
Ao = f (o) = 13
A1 = wif'(uo) = 3uguy

1
4 = wuaf (o) + 511 1 (o) = wx(Bus) + i (o)

1
Az = usf"(up) + urua £ (uo) + gu%f”(uw

= u3(3u%) ~+ uyur(6ug) + u?

Let us consider ug(x) =x. Then the subsequent terms of the series can be
obtained as follows:

up(x) =x

x5 X
u(x) = — —/ tAo(t)dt

5 0

5 x 5 5

:x__/ (P)dt =" - =0

5 0 5 5

ur(x) = —/ tA1(t)dt =0  because ui(x) = 0.
0

Similarly, u,(x) =0, for n > 2. And hence the solution is u(x) =x.
But with the usual procedure, if we set the zeroth component up(x) =x + ’%5,
then the first component is

5\ 3

ui(x) = —/OxtAo(t)dtz—/oxt(t+%> dt
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The second component is given by

Ur(x) = — fo " [()dt

fx3t t+15 2 x5+x9+3x13+ ¥17 W
0 5 5 15 325 2125 ’

. . . 5 5
It can be easily observed that cancelling the noise term % and —% between

up(x) and u; (x), and justifying that the remaining term of uo(x) satisfies the equation,
leads to the exact solution u(x) = x.

Example 4.8

Use the decomposition method or the modified decomposition method to solve the
following nonlinear Volterra integral equation by finding the exact solution or a few
terms of the series solution, u(x) = sinx + % sin (2x) — 3 + % f(f u?(f)dt.

Solution

By inspection it can be easily seen that u(x) = sinx is an exact solution. Let us
confirm the result by the modified decomposition method. For this reason we split
f(x)=sinx+ % sin (2x) — % between the two components uo(x) and 1 (x), and here
we set up(x) = sinx. Consequently, the first decomposition component is defined by

1 x 1 [
ui(x) = 3 sin (2x) — 1 + 3 fo Ao(t)dt.

Here, Ag(x) = u(z) = sin®x. Thus, we obtain

()—1 in (2x) x+1/x'2tdt
ulx_gsm X) =5+ Osm

1.(2) x+x 1.(2)_0
8smx 1 2 8s1nx =

This defines the other components by u;(x)=0, for k> 1. The exact solution
u(x) = sinx follows immediately.

Example 4.9

Use the decomposition method or the modified decomposition method to solve the
following nonlinear Volterra integral equation by finding the exact solution or a few
terms of the series solution

1 . X Yoo dt
u(x) =tanx — —sin2x — — + _—
4 2 o 14+u2(®)
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Solution

By inspection it can be easily seen that u(x) = tanx is an exact solution. Let us
show this result by the modified decomposition method. To accomplish this we
split f(x) = tanx — Al‘ sin 2x — 5 between the two components uo(x) and u; (x), and
we set up(x) = tan x. Consequently, the first component is defined by

1. X *
u(x) = ~7 sin 2x — 3 + ; Ao(t)dt

1 . X x 1
= ——sin2x — - + —dt
4 2 Jo 1+tan?¢
1 X
= ~7 sin 2x — %C —l—/o cos? tdt
_ 1 . ) x+l - +x
= 4smx 7 4s1nx 5
=0.

This defines that the other components by u;(x) =0, for £ > 1. Hence the exact
solution u(x) = tanx follows immediately.

In the following example we shall deal with Fredholm type nonlinear integral
equation by using the direct computational method.

Example 4.10

Use the direct computational method to solve the given nonlinear Fredholm integral
equation and verify with the method of decomposition

1
u(x) = %x + % / xtu?(t)dt. (4.20)
0

Solution

(a) Direct computational method
Setting

1
o= / n(f)dt 4.21)
0
where « is a constant, the given integral equation can be written as
u(x) = Ix + xa. (4.22)

Buta= [y 1 (3 +§) =1 G +9)"
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Now solving this quadratic equation in o, we obtain o = % 4T Accordingly,

we get two real solutions of the given integral equation

u(x) = ——i—%:x,
and

()_7x+x49_7

! g 24

(b) The decomposition method
In this method the Adomian polynomials for the nonlinear term /(1) = u? are
expressed as
Ao(x) = u
A1(x) = 2uguy
Ap(x) = 2uour + 1}
A3(x) = 2upuz + 2uiup

where the different components are calculated from f(u)=u?, f'(u)="2u,
1" (u)=2, f"(u)=0. Under the recursive algorithm, we have

up(x) = <

1
X
ui(x) = 5/0 tAo(t)dt = 512

343
X
16384

1
1 (x) = %c /0 14, (£)dt =

and so on. The solution in the series form is given by

N N B
MO =T 512" T T638a™

X X.

This is an example where the exact solution is not obtainable; hence we use a few
terms of the series to approximate the solution. We remark that the two solutions
u(x) =x and u(x) = 7x were obtained in (a) by the direct computational method.
Thus, the given integral equation does not have a unique solution.

Remark

It is useful to note that the direct computational method produces multiple solutions
for nonlinear integral equation. By using Adomian decomposition method, multi-
ple solutions of nonlinear integral equation, if exist, cannot be determined which
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appears to be the drawback of this method. However, the decomposition method is
easier to use.

Example 4.11

By using the decomposition method, find the solution of the initial value problem
1" (x) + 21/ (x) + 2 sin u = 0 subject to the initial conditions u(0) = 1, #(0) = 0. This
is a practical problem governed by the oscillation of a pendulum.

Solution

The given initial value problem can be put into Volterra integral equation
X X
ux)=1+2x-2 / u(t)dt — 2 / (x — ) sinu(t)dt.
0 0

Letus consider the solution in a series formas u(x) = Y- u,(x), and f (1) = sin .
Expanding /(1) = sin u by Taylor’s expansion about u# = uy, yields

S(u) = sinug + Z 1, (x) cos ug

n=1
3

1 [ ? 1 [
—3 <Z u,,(x)) sinug — 3 <Z u,,(x)) cosug + - - -
n=1 n=1
=do+A1+ A2+ A3+
where

Ap(x) = sinug

A1(x) = uj(x)cosug

1
Ar(x) = up(x) cosug — Eu%(x) sin u

1
A3(x) = uz(x) cosug — uy(x)uz(x)sinug — gu? (x) cos ug

Let us consider ug(x)=1. Then the subsequent terms of the series can be
obtained as follows:

up(x) =1

up(x) =2x —2 /Ox uo(H)dt — 2 /Ox (x — ) Ao(t)dt

X X
=2x—2/ (l)dt—Z/ (x — f)sin 1dt
0 0
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= 2x — 2x — x%sin 1

= —x%(sin1)

wa(x) = —2 / u()de — 2 / (x — )41 (t)dt
0 0
=2sin1/“ tzdt+2sin1c051/ (x — D)i2dt
0 0

= %(Sin 1)x® 4 (sin2) / (x — )idt
0

2 1
5( sin 1)x® + E( sin 2)x*.
Thus, up to the second-order decomposition, the solution is

u(x) = uo(x) + u1(x) + uz(x)

=1 — (sin x? + 2(sin 1)x* + $5(sin2)x.

Remark

By using the differential equation with its initial conditions, we can solve this
problem using the decomposition method as follows: Equating the different order
of decomposition yields

uy +2uy =0

Ul +2u) = =24,
uy + 2up = —24,
uy +2uy = =24,

with the initial conditions
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The solutions of this set of initial value problems can be obtained as follows:

up(x) =1
in 1
u(x) = %(1 2 — e )
in 2
uy(x) = % {3 —4x+2x2 -3+ 2x)e‘2x}

Thus, the solution up to second-order decomposition term is given by

u(x) = uo(x) + uy(x) + uaz(x)
=1+ (%) (1—2x— efzx)

in2
+ I B+ 2 - G+ 2067

It can be easily verified that the solutions obtained from the integral equation

are identical with those obtained from the differential equation up to the order x*.

Example 4.12

Find the solution of the Klein—Gordon partial differential equation of the following
form with the given initial conditions

Uy — Uy —2u = —2sinxsint
u(x,0) =0,
uy(x,0) = sinx (4.23)

Solution

The term 2 sin x sin # will be shown to be a noise term. To solve this problem we
first define the linear operators

92u
Lt(u) = 8t2
92u
Ly(u) = Pl (4.24)

Integrating the equation (4.23) with respect to ¢ partially two times from 0 to ¢
and using the initial conditions we obtain

u(x,t) = tsinx 4 L7 (Ly(u) + 2u) + L7 (=2 sin x sin 7) (4.25)
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If u(x,t)=Y o un(x, ), then the various iterates can be determined as
up(x,t) = tsinx + L[_l(—Z sinx sin #)
t t
=tsinx + / / (—2 sin x sin t)dtdt
0 Jo

= 2sinxsin¢ — ¢sinx

=sinx (2sint — 1) (4.26)
The u1(x, ¢) term can be obtained from the following
ur(x, 1) = Ly {Lyx(uo) + 2uo}
_ /0 t /0 ' (Lato) + 20} drdt

t pt
/ / {2sinxsint — ¢ sin x} drdt
0 Jo

3
= —2sin¢sinx + 2¢sinx — 3 sinx

A
= sinx (—2 sint 4 2t — 5) (4.27)
In a like manner, we find
up(x, 1) = Ly {Ly(u1) + 2u1}
t t
— [ [ ot + 201 dra
0 Jo
£ £
= 2sinxsint — 2¢tsinx + — sinx — — sinx
3! 5!
. . B P
= sinx <2 sint — 2t + i 5) (4.28)

and

up(x, 1) = Ly {Ly(u2) + 2up}

t t
//MM»MMMr
0 0

L _ . 25 i
= —2sinxsint + 2¢sinx — — sinx + — sinx — — sinx
3! 5! 7

. " 5 B3 20 7 426
=sinx | —2sint + t_§+§_ﬂ (4.29)
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Upon summing the iterates, we observe that

3 B? 57
Pa(x, 1) = gui(x, f) = sinx (r 3ty %> (4.30)

This explains the phenomena that 2 sin x sin ¢ is the self-cancelling noise term.
Further cancelling the noise term we obtain inductively the exact solution to
equation (4.23) given by

u(x,t) = sinxsint. 4.31)

Example 4.13

Consider the following nonlinear pendulum like ordinary differential equation

d*u .
e =sinu (4.32)
with the following initial conditions:
d
w0) = 7, %(0) -2 (4.33)

Solution
We shall show, using decomposition method, how to obtain solutions that coincide

with implicit solution of equations (4.32)—(4.33) given by

Lu
sin — = secht.
2

. . . 2 .

Here, the nonlinear function is N (1) = sinu. If we set L;(u) = dTQ‘, then equation
(4.32) can be expressed in operator form after integrating two times with respect to
time ¢ from 0 to ¢

t t
u(t)y=m — 2t + L7 'N(u) = — 2t + / / N@())dide — (4.34)
0 JO

Thus, writing

e ¢]

u(t) =Y un(t)

n=0

N(u) = sinu=Y_ A(t),

n=0
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the various iterates are given by

Uns1 (1) = /0 t /O tA,,(t)dtdt, n>0 (4.35)

with
ug(t) =m — 2t (4.36)

For N(u) = sin u, we have the following formulas

A() = sinuo
A] = Ui Cosuy
ur
Uy COsSupy — E S U

A
3

. u
A3 = uz cosug — ujuy sinug — 3—1‘ coSs 1

...... — (4.37)

Therefore, since ug is known, equations (4.35)—(4.36) provide the series solution
Y2 o tn, Where

Uy =mw — 2t

t pt
uy :/ / Aodtdt

t t
Unyl = / Ay drdt (4.38)
0 JO

Using equation (4.38) the various iterates are given as

1 .
7 Sin 2t

t —

uy =

e 1

sin2t + ¢ Ltcos2t — 64 sin 2¢ cos 2¢, (4.39)

1
Uy = 3

and so on, where the identities cos (7 — 2¢) = —cos 2¢ and sin (7 — 2¢) = sin 2¢ are
used. Higher iterates can be determined similarly. Upon combining the first six
iterates and expanding in Taylor’s series around ¢ = 0, we obtain

2 10 61 2770 103058
u=m =2+ ——14+ —1 — £+ '

4.40
315 7 91 T (4.40)
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which coincides with Taylor expansion of sin 5 = sech z. We observe that each time
an iterate is added, the Taylor expansion coincides to the next higher term.
Example 4.14

Solve the D’Alembert’s wave equation with the given initial conditions by the
decomposition method

Uy = iy
u(x,0) = o(x)
uz(x,0) = ¥(x)

Solution

The D’Alembert’s wave equation can be transformed into the integral equation by
using the given initial conditions as follows:

t
e, 1) = @) + f et
0

t t
u(x, 1) = ¢(x) + 1 (x) + / / Uucdtdt (4.41)
0 JO
Consider the infinite series
o
(e, 1) =Y u(x, 1) (4.42)
n=0

which is known as the decomposition series. Using this series solution into the
equation (4.41) we have

r; Un(x, 1) = P(x) + 19(x) + /O t /O t z:% (un)xxdtdt (4.43)

Now the various iterates are obtained as

uo(x, ) = ¢(x) + 19(x)

t pt
uy(x,t) = 02/ / (ug)xxdtdt
0 Jo

t t
up(x, 1) = 02/ f (1 )xxdtdt
0 JO

t t
uz(x,t) = 02/ / (u2)xxdtdt
0 JO
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Performing the indicated integrations, we can write the solutions of each iterate
as follows:

2 3
0 = 5o + L]
4 5
00 = (P | 20000 + %w“)(x)}

us(x, 1) = () f¢<6>(x> + iw“)(x)}
6! 7!

n(x, ) = (c?)" —¢<2">< )+ w@")( )}

(2 +1)

Hence the solution can be written as

u(x,t) =ug+u +up+ -y =---

€ o (ct)?"+! ;
Z{Z an e )} {Z e’ )(x)}

x+ct

- % [p(x + ct) + p(x — c1)] + i /x W(s)ds. (4.44)

—ct

The compact form of the D’Alembert’s wave solution, i.e. equation (4.44) can
be very easily verified by using Taylor’s expansion of ¢(x £ ct) and ¥ (x = ct) about
ct with little manipulation.

Remark

The reader is referred to the work of Rahman ([ 7], [8]) for further information about
D’Alembert’s wave solution by the Characteristic method and also by the Fourier
transform method.
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4.6 Exercises

1. Use the decomposition method or otherwise to solve the following nonlinear
Volterra integral equations:

(@) u(x)=x*+ éxS - /0 ’ u?(t)dt.

1 ¥ 1
(b) u(x):tanx—‘—‘sin(Zx)—g—i- \/0 Tuz(t)dt, x<%.

1 1 *
(¢) u(x)=e" ——xe¥+ -—x+ / xud(t)dt.
3 357 ),

2. Use the direct computation method to solve the following nonlinear Fredholm
integral equations:

1
(a) ulx)= l+kf n(f)d.
0

1
(B) ulx)=1+x / Put(t)dt.

0

©) u(x) = sinx — % + % /0 2t

1
(d) u(x)=x— g + fo (u(t) + u())dt.

3. Use the decomposition method or otherwise to solve the following Fredholm
nonlinear equations:

1
X 2.3
(@) ux)=1 3 + /0 xt“u’(t)dt.
1
() u(x) = 1+A/ Put(de, A < 1.
0
1
(¢) u(x)=sinhx—1+ / (cosh? (1) — u?(¢))dt.
0

1
(d) u(x) =secx —x+ / x(u?(f) — tan® (0))dt.
0
4. The Klein—Gordon nonlinear hyperbolic partial differential equation with the
initial conditions is given by

utt+ozuxx+,8u+yu2=0; a<x<b, t>t
u(x,0) = Btan (kx)
uy(x,0) = Be sec? (kx),
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where ¢, «, 8, v are constant, and B = \/g k= 2(07—4{352) Show by decomposi-
tion method that a closed-form solution is

u(x,t) = Btan (k(x + ct)).

. Consider the Klein—Gordon partial differential equation in the form

w2 YL
ut,—uxx—i-ju:x sin 7

u(x,0) =0
X
ut(x’ 0) = 7

Show by decomposition method that the exact solution is

n= . Tt
u(x,t) = xsin (7) .

. Consider the hyperbolic equation

2ou® =0,

Uy — Vi + Pt — &
where y, ¢, o are appropriate physical constants, with the initial conditions
u(x,0) = coskx, u(x,0) =0, —00 <x < 0.

Show by decomposition method that the solution exists in the following manner
for(0<ek 1)

9 . o
u(x, 1) = cos wt cos kx + &2 {Ttsm wt + ———(coswt — cos 3wt)} cos kx
1)

128w

3
+ &2 { T;;kz(cos wt — cos At) + 12262 (cos At — cos 3a)t)} cos 3kx

+0(e),
where A2 =9y2k? + 2.

. Using the solution of the D’Alembert’s wave equation with the given initial
conditions

2
Uy = C Uxx

u(x,0) = ¢(x)
ur(x,0) = Y(x),

determine the wave solution if ¢(x) = H-;rz and ¥(x) = sec’x.
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5 The singular integral equation

5.1 Introduction

This chapter is concerned with the singular integral equation that has enormous
applications in applied problems including fluid mechanics, bio-mechanics, and
electromagnetic theory. An integral equation is called a singular integral equation
if one or both limits of integration becomes infinite, or if the kernel K(x, ), of the
equation becomes infinite at one or more points in the interval of integration. To be
specific, the integral equation of the first kind

B)
fx) =2 / . K(x, Hu(t)dt, .1)

or the integral equation of the second kind

B)
u(x) = £(x) + A / . K(x, Du(t)dt, (5.2)

is called singular if «(x), or B(x), or both limits of integration are infinite. Moreover,
the equation (5.1) or (5.2) is also called a singular equation if the kernel K(x,?)
becomes infinite at one or more points in the domain of integration. Examples of
the first type of singular integral equations are given below.

u(x) = & + f - K (x, tyu(t)dt (5.3)
0
Flux)} = / - e y(x)dx (5.4)
L{u(x)} = /00 e u(x)dx (5.5)
0

97
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The integral equations (5.4) and (5.5) are Fourier transform and Laplace transform
of the function u(x), respectively. In fact these two equations are Fredholm equ-
ations of the first kind with the kernel given by K (x, w) = e ¥ and K (x, s) = e,
respectively. The reader is familiar with the use of Fourier and Laplace transforms
in solving the ordinary and partial differential equations with constant coefficients.
Equations (5.3)—(5.5) can be defined also as the improper integrals because of the
limits of integration are infinite.

Examples of the second type of singular integral equations are given by the
following:

x o
fx) = /0 u(t)dt (5.6)

xX—1

o
fx) = /0 u(t)dt (5.7)

(x—1)*

u(x) = £(x) + /0 ' u(t)dt (5.8)

1
X —t
where the singular behaviour in these examples is attributed to the kernel K(x, ?)
becoming infinite as x — oo.

Remark

It is important to note that the integral equations (5.6) and (5.7) are called Abel’s
problems and generalized Abel’s integral equations, respectively, after the name
of the Norwegian mathematician Niels Abel who invented them in 1823 in his
research of mathematical physics. Singular equation (5.8) is usually called the
weakly-singular second kind Volterra integral equation.

In this chapter, we shall investigate the Abel’s type singular integral equation,
namely where the kernel K (x, #) becomes infinite at one or more points of singu-
larities in its domain of definition. We propose to investigate the following three

types:
e Abel’s problem,

o Generalized Abel’s integral equations,
e The weakly-singular second kind Volterra-type integral equations.

5.2 Abel’s problem

We have already established the integral equation of Abel’s problem. The integral
equation is given by equation (5.6), and we here reproducing it for clarity.

tu@
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The solution of this equation is attributed by using the Laplace transform method.
Taking the Laplace transform of both sides of the above equation yields

*u(t) B
L {'/(; \/x_—tdt} = L{f (x)}.

Using the convolution theorem and after a little reduction, the transformed equation
can be written in a simple form

L{u(x)} = %E{f@}-

Here, we have used the result of F(%): /7. The above transform cannot be
inverted as it stands now. We rewrite the equation as follows:

Clu) = [%cv(xn} .

Using the convolution theorem, it can be at once inverted to yield

u(x) = %ﬁ—l {s [%E{f(x)}“

f i / NG J_f (1)
oy
T mdx Jﬁ

Note that the Leibnitz rule of differentiation cannot be used in the above integral.
So, integrate the integral first and then take the derivative with respect to x. Then
this gives

1d *
u(x) = — {—2(«/}6 —0f I + 2/0 Vx — tf’(t)dt}

_ L[, S
_n{ﬁ+/0 x__tdt}.

This is the desired solution of Abel’s problem.

5.3 The generalized Abel’s integral equation of the first kind

The integral equation is given by

* u(t)dt
0o (x—0¥

=f(x), O0<a<l 5.9
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Taking the Laplace transform of both sides with the help of convolution theorem,
we obtain

LY L{ul)} = LIf ()}

or %E{u(x)} = L{f(x)} (5.10)

Thus, rearranging the terms we have
{()}—F : 10 {f( )} ( 11)
L{u(x (1 )S 5 L{f(x 5.

Using the convolution theorem of Laplace transform the equation (5.11) can be
obtained as

1 o
= e |y ¢ 0%

sin (ma) d { (x — 1)

T dx
sin (o) d { (x)*

SOl + — / (x— t)“f(t)dt}

1)+ - / (x— 1f" (r)dr}

T dx
sin(ma) [£0) [ f(odi
= - { - +/0 (x—t)l"‘} (5.12)

This is the desired solution of the integral equation. Here, it is to be
noted that I'(o)I'(1 — ) = % The definition of Gamma function is I'(n) =
JoZ e x" L.

5.4 Abel’s problem of the second kind integral equation

The second kind Volterra equation in terms of Abel’s integral equation is written as
X
uw) = £+ [ Koot
0

X w(t)d
=f(x)+/0 55)%, (5.13)

The solution of this integral is attributed by the convolution theorem of Laplace
transform. Taking the Laplace transform of both sides of the equation yields

Llu)) = LYY + £ { \lf} L{u)

— L) + %ﬁ{u(x)}
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and after reduction this can be expressed as

Vs
V5=

— ctreo)+ |

Llu(o) = { }E{f(X)}

T
NN

The inversion of equation (5.14) is given by

} L{f (x)} (5.14)

u(x) =f(x)+ fo gO)f (x — t)dt (5.15)

where g(x)=L£"! { S{Eﬁ .
With reference to Rahman [1], the Laplace inverse of { Vel

Js—m

} can be obtained

3

from the formula

In our problem, a =0, b = /7 and so

P ]

Here, it is noted that er fc(— +/7x) = er fc(/mx). And hence

=L {%} - ﬁ{% t ﬁe’”erfc(ﬁ)} |

Thus, the solution of the problem is given by equation (5.15).

5.5 The weakly-singular Volterra equation

The weakly-singular Volterra-type integral equations of the second kind, given by

u(x) =f(x)+ /(;x u(t)dt (5.16)

A
=i
appears frequently in many mathematical physics and chemistry applications such
as heat conduction, crystal growth, and electrochemistry (see Riele [3]). It is to
be noted that A is a constant parameter. It is assumed that the function f(x) is
sufficiently smooth so that a unique solution to equation (5.16) is guaranteed. The

kernel K(x, )= \/)% is a singular kernel.
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We have already seen the use of convolution theorem of the Laplace transform
method in the previous section. In this section, we shall use the decomposition
method to evaluate this integral equation. To determine the solution we usually
adopt the decomposition in the series form

oo
u@) =Y un(), (5.17)
0
into both sides of equation (5.16) to obtain

o o o
n = n d .
;uu) 1) /0 m(;um) : (5.18)

The components ug, uy,us, ... are immediately determined upon applying the
following recurrence relations

uol) = /),
ui() = fo 2
() = Ox w%ul(z)dt,
u,,(x)_/ox mun,l(t)dt (5.19)

Having determined the components ug(x), #1(x), u2(x), ..., the solution u(x) of
equation (5.16) will be easily obtained in the form of a rapid convergence power
series by substituting the derived components in equation (5.17).

It is important to note that the phenomena of the self-cancelling noise terms,
where like terms with opposite signs appears in specific problems, should be
observed here between the components uo(x) and u(x). The appearance of these
terms usually speeds the convergence of the solution and normally minimizes the
size of the computational work. It is sometimes convenient to use the modified
decomposition method.

Example 5.1

Determine the solution of the weakly-singular Volterra integral equation of second
kind

) = Vr+ = f ’ w(r)dt. (5.20)

1
2 0 VX —t
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Solution

Using the recurrent algorithm, we set

Uo(x) = VX + ? (5.21)
which gives
X \/; + %l
= — dt 5.22

The transformation 7 = x sin 6 carries equation (5.22) into

/2
u(x) = — f (2x sin? 6 + 7x>/? sin® 0)d6
0

2
= —E — —n'x3/2. (523)

2 3
Observing the appearance of the terms ZF and —7%* between the components
up(x) and u;(x), and verifying that the non-cancelling term in uo(x) justifies the

equation (5.20) yields
u(x) = /x (5.24)

the exact solution of the given integral equation.
This result can be verified by the Laplace transform method. By taking the
Laplace transform of equation (5.20) yields

ety = £ + 32w - £ {72} etuton
rG2) = T(/2)
= g1 toa- NG Lfu(x)}

and after simplification we have

JT N T
25(\/s + /) 2832(\ s + /7)
T [ﬁ + 7 ]

Li{u(x)} =

TR | st ym
_ T
T 232
The inversion is simply
_ [
u(x)=L |:2s3/2] = Jx. (5.25)

These two results are identical confirming the desired correct solution.
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Example 5.2
Solve the Abel’s problem

1

Wi [ s

u(t)dt.

Solution
Taking the Laplace transform of both sides of the equation yields
1

4E{«/§}=E{ﬁ

} Liu(x)},

which reduces to

r'G3/2) I(1/2)
oz = gz )

4
After simplifying it becomes
L{u(x)} =2/s,

the inversion of which yields u(x) = 2. This is the desired result.

5.6 Equations with Cauchy’s principal value of an integral
and Hilbert’s transformation

We have seen in the previous section that a Volterra or Fredholm integral equation
with a kernel of the type

F(x,t)

K==,

O<a<l

where F is bounded, can be transformed into a similar one with a bounded kernel.
For this, the hypothesis that & < 1 is essential. However, in the important case, o = 1
in which the integral of the equation must be considered as a Cauchy principal value
integral; the integral equation differs radically from the equations considered in the
previous sections. It is important to define the Cauchy principal value integral at
the beginning of this section.

The Cauchy principal value integral of a function f(x) which becomes infinite
at an interior point x = xy of the interval of integration (a, b) is the limit

fa = lim ( / Ty / :+8>f(x)dx,

where 0 < & <min(xg —a,b —xp). If f(x)= ngx)zo, where g(x) is any integrable

function (in the sense of Lebesgue), then the above limit exists and is finite for
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Figure 5.1: The actual path of a moving particle and possible variation of the path.

almost every xp in (a, b); and if g(x) belongs to the class L, with p > 1, the principal
integral also belongs to L. (See, for example, Titchmarsh [4]).

One of the oldest results in this field consists of two reciprocity formulas which
D. Hilbert deduced from the Poisson integral. He showed the following analysis to
arrive at these formulas. We know that the Cauchy’s integral formula in complex
variables round a closed contour C is given by (see Rahman [1, 2])

D(z) = R f *® 4
C

T 2w t—z

Here, the function ®(7) is analytic in the given domain and ¢# =z is a simple pole.
Now, if we consider a semi-circular contour of infinite radius (see Figure 5.1) then
we can evaluate the integral around this contour by using the residue calculus as
follows:

0 (1) (1) R ow
/CR dt+/ —dt—i—/cf dt—i—/x —2dt =0. (5.26)

t—z _R t—z t—z qel—z

If we let R — oo and ¢ — 0, then

d(t
/ ()dt
Cr t—z

/ it)dt = —mid(z),
Ce

t—z

-0

and

and equation (5.26) reduces to the Cauchy’s principal value (CPV)

Oz) = %P.V. / U (5.27)

ol —zZ
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where ®(z) = u(x,y) + iv(x, y). If the pole z =x + i0, then

D(x + i0) = %PV/OO un+ @,

—0 t—x

which implies that

u(x) + iv(x) = %BV/‘” u() + v(0)

— 00 t—x

Now, equating the real and imaginary parts we obtain (we drop PV as we
understand that the integrals are in the sense of Cauchy’s principal value)

1 (1)
u(x) = - /_Oo t—xdt (5.28)
v(x) = —% /;OO tui—t)xdt (5.29)

These two formulas are defined as the Hilbert transform pairs, and usually
denoted by

u(x) = Hv() = ~ / SO 4 (5.30)
TJ)_olt—X
v =~y = [~ (531)

Remark

It is worth noting here that

; . L [ ()
() = Re(®(x +i0)) = H{Im(O(x +i0))) = — f M0 g
v(x) = Im{®(x + i0)} = —H{Re(P(x + i0))} = _% /‘oo tuit)xdt

Next, we shall discuss four important theorems concerning the Hilbert trans-
formations.

Theorem 5.1: (Reciprocity theorem)

If the function ¢(x) belongs to the class Ly(p > 1) in the basic interval (—o0, 00),

then formula (5.30) defines almost everywhere a function f (x), which also belongs

to Ly, whose Hilbert transform H[ f] coincides almost everywhere with —¢(x).
That is, for any L, function

H(H[P]) = —¢. (5.32)
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Theorem 5.2: (Generalized Parseval’s formula)

Let the functions ¢1(x) and ¢»(x) belong to the classes L, and L,,, respectively.
Then if

1 1
— =1,
P1 P2
we have
/_ 1 ()P (x)dx = /_ Hpy (O] H[2(0))db.
Proof

The functions ¢;(x) and ¢»(x) belong to L, and L,, class, respectively, which
means that

/ 61 P dx < Ky

—00

and

oo
/ [p2(x)1P2dx < K>,

where K| and K are finite real constants.
To prove this theorem, we consider

$1(x) = vi(x)
$2(x) = va(x)
Hig1(D)} = u1(x)
Higa(0)} = ua(x)

Cauchy’s integral formula gives us

) +inw = py [ OO,

i —00 t—x
! > uy(t) + iyt
up(x) + iva(x) = EP'V/ %dr
—00

Equating the real and imaginary parts we obtain

 vi(t)

1
) =~V / )

—00

(1)

() = PV / dt = Hy[va(0)]

—00
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V(x) = —%P.V / ” :“(‘) dt = —Ha[ur ()]

.
va(x) = —%PV/_OO ?2_(261” = —Hyluz(1)]

We know that

P10 = i) =~ PV f o g

/ BN = PV f / bl )[ﬁdt] .
%PV/Z i (£) /Z [fzfx:dx} dt

= /OO uy (Huy(t)dt

- f Hol (O Mo (1)
Hence Parseval’s theorem
| e = [ mioionmionoax

is proved.

Theorem 5.3

Let ®(x +iy) be an analytic function, regular for y > 0, which, for all values of y,
satisfies the condition

/ |®(x + iy)IPdx < K(p > 1),
—00

where K is a positive constant. Then as y — +0, ®(x + iy) converges for almost all
X to a limit function:

O(x +i0) = u(x) + iv(x)

whose real and imaginary parts u(x) and v(x) are two Ly-functions connected by
the reciprocity formulas in equations (5.28) and (5.29).
Hence, in particular, we have almost everywhere

Re{|®(§ 4 i0)} = He[Im{D(§ 4 i0)}].
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Conversely, given any real function v(x) of the class L, if we put
u(x) = Hx[v()],

then the analytic function ®(z) corresponding to the pair (u,v) can be calculated
by means of the formula

1
P(z) = —

 u(t) + iv(t)
2nif ————dt (Im(z) > 0),

e 1—

and it satisfies the condition given in Theorem 5.3.
To these theorems we add another, which plays an important role similar to that
of the convolution theorem in the theory of Laplace transformations.

Theorem 5.4

Let the functions ¢1(x) and ¢»(x) belong to the classes L, and L,,, respectively.
Then if

1 1
—+ — <1,
P P2

i.e. if p1 +p2 <p1p2, we have
HAp1H[p2] + g2 H[p2]} = HIp1]Hp2] — P12
almost everywhere.
Proof
To prove this theorem, we define the following analytic functions. Let
O(x 4 i0) = u(x) + iv(x)
Q1 (x +i0) = uy(x) + ivi(x)
Dy (x + i0) = ua(x) + iva(x)
Define
Y(x +i0) = Py (x 4 i0)D2(x + i0)
= (1(x) + v1(0))(u2(x) + iv2(x))
= (uiuz — viv2) + i(u1v2 + uavy)
Hence we have
Re[V(x +i0)] = uqjup — vivy
Im[¥(x 4+ i0)] = u1va + upvy
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Therefore, by definition of Hilbert transform we have
H[Im(¥(x + i0))] = Re[W(x + i0)]

or Hluivy +upvi] = ujup — vivy

Let us set
vi = ¢1(x)
V2 = ¢2(x)
ur = Hlpi]
uy = H[¢s]

Hence we obtain

Hipr1H{ga} + paH{g1}] = Hig1)Higa) — d1¢2

which is the required proof.

Note that by definition
ui(x) = Hin(®)] = %PV/OO Vft))cdt
() = H [ ()] = _%}W/m ;ﬂfx)dx
ur(x) = H[va(1)] = %PV/OO vZ_(t))Cdt

V() = H ' [ur(x)] = —%P.V/OO )

o X —1
Hence it is obvious that

HH[v(t) = Hlu(x)] = —v(2).

Theorem 5.5

(5.33)

The Hilbert transform of the derivative of a function is equivalent to the derivative

of the Hilbert transform of the function, that is
du

d

Proof

By the definition of Hilbert transform we have

Hu(t)] = %PV / o

—oo L —X

dt.
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If we substitute s = ¢ — x such that ds = dt, then the right-hand side becomes

1 oo
H[u(t)] = —PV / us ) 4
b4 —co S
and then apply the derivative to both sides
d 1 o0 /
“Hlu(n)] = PV, / uls £ 4o
dx b4 o s
1 /(¢
= —PV / w0 4
T oo I —X

du
=H|—|.
K
This is the required proof.

Theorem 5.6

If we assume that f(t) and H[f (¢)] belong to Ly class, then the Hilbert transform
of (tf(¢)) is given by

1 o
H[zf (D] = ;/_ S(@Odt +xH[f ()]

Proof
Consider the Hilbert transform of (¢ /(¢))

H[tf ()] = %P.V/OO ZAUP

oo I —X
_ 1oy / x9N0,
T —0o t—x
= l/wf(t)dt+le.V - O 4
T J_oo T ot —X
1 o0
= / F(O)dt + xH[ f(1)].
T J-—c0

This is the required proof.

Example 5.3
Show that

(a) H[sint]= cosx,
(b) H[cost]= —sinx.
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Solution

Both (a) and (b) can be proved if we consider the analytic function ®(x +i0) =
e¥ = cosx+isinx. Re[P(x+i0)]= cosx, and Im[P(x+i0)= sinx. Hence
according to the definition of Hilbert transform, we have
1 [° cost+isint

Ldt

cosx +isinx = —
Tl J 0o t—x

Now, equating the real and imaginary parts yields

. 1 [ sint
cosx = H[sint] = — dt

T) t—x

[e¢]
sinx = —H][cost] = —l/ COStdt
TJ olt—Xx

Hence the proof follows.

The same problem can be directly solved by the semi-circular contour with the
radius infinity. We consider the integral ffooo %dt. Here, the integration is done
around the closed semi-circular contour. By using the Cauchy’s integral formula
we have

[e'e) it
/ dt = mi(residue at the pole t = x)
oo I —X
= mie™
= mi(cosx + isinx)

Equating the real and imaginary parts we obtain

1 [ cost .
—/ dt = —sinx

TJ) ot —X

1 [ sint
—/ dt = cosx

TJ t—Xx

Hence the results follow.

Example 5.4
Find the Hilbert transform of ().

Solution

H(8(1)) = % / O

oo I —X
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Example 5.5
Find the Hilbert transform of the function S’Tnt

Solution

We consider the function as % and integrate this function around the infinite semi-

circular contour and use the residue calculus. The integral is [, t(f—ix)dt. Note that
there are two poles, one at # = 0 and the other at # = x. Both the poles are on the real
axis (the path of integration). So, we will get two residues Rg and R corresponding

to the two poles, respectively.

o0 ett
/ dt = mi(Ry + Ry)

oo Ht —X)
—1 ¥
(324
X X
Equating the real and imaginary parts we obtain

1 /‘X’ (cost/t)dt_ sinx

TJ)o [—X X
1 [ (sint/t cosx — 1
L[ G, cosx
TJ)x [—X X
Thus,
cost sinx
o)
t X
and
sin ¢ cosx — 1
)
t X
Example 5.6
Determine the Hilbert transform of H-;ﬂ
Solution
o0 dt

The integral to be considered is [~ 70— We consider the infinite semi-
circular contour again. The poles are at # =x on the real axis, i.e. on the path of

integration, and the other pole is at # =i inside the contour. The residue at t =x is
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Ro= lsz, and the residue at t =i is R = 21(1 Thus
/Oo dr iRy + 2miR
— =i i
oo (T + 2)(t —x) 0 !

. 1 ) 1
=i (—1 +x2> + 2mi <—2i(i — x))

Equating the real part we obtain

1/'00 dt . X
)+t —x)  1+4x2

Hence the

2 1 =X
1+2| 1+4x2

5.7 Use of Hilbert transforms in signal processing

Signal processing is a fast growing field in this cutting edge technology. The effec-
tiveness in utilization of bandwidth and energy makes the process even faster. Signal
processors are frequently used in equipment for radio, transportation, medicine,
and production. Hilbert transform is a very useful technique in signal processing.
In 1743, a famous Swiss mathematician named Leonard Euler (1707-1783) devel-
oped the formula e™ = cos x + i sin x. One hundred and fifty years later the physicist
Erthur E. Kennelly and the scientist Charles P. Steinmetz used this formula to intro-
duce the complex notation of harmonic wave form in electrical engineering, that is
e/ = cos (wt) + i sin (wt). In the beginning of the twentieth century, the German
scientist David Hilbert (1862—-1943) finally showed that the function sin (w¢) is the
Hilbert transform of cos (wt). This gives us the 77/2 phase-shift operator which is
the basic property of the Hilbert transform. A

A real function f'(¢) and its Hilbert transform H{f(7)} =f(¢) are related to each
other in such a way that they together create a so-called strong analytic signal.
The strong analytic signal can be expressed with an amplitude and a phase where
the derivative of the phase can be identified as the instantaneous frequency. The
Fourier transform of the strong analytic signal gives us a one-sided spectrum in the
frequency domain. It can be easily seen that a function and its Hilbert transform
are orthogonal. This orthogonality is not always realized in applications because of
truncations in numerical calculations. However, a function and its Hilbert transform
have the same energy and the energy can be used to measure the calculation accuracy
of the approximated Hilbert transform.

The Hilbert transform defined in the time domain is a convolution between the
Hilbert transformer % and a function f(¢).
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Definition 5.1
Mathematically, the Hilbert transform f (#) of a function f'(¢) is defined for all 7 by

” f(—r)dt

oo I — T

jy= 2y ,
i

where PV. stands for the Cauchy’s principal value. It is normally not possible to

evaluate the Hilbert transform as an ordinary improper integral because of the pole

T =t. However, the PV. in front of the integral defines the Cauchy principal value

and it expands the class of functions for which the Definition 5.1 exist.

The above definition of Hilbert transform can be obtained by using the Cauchy’s
integral formula using a semi-circular contour of infinite radius R and the real x-axis.
If (z) is a function that is analytic in an open region that contains the upper-half
plane and tends to zero at infinity at such a rate that contribution from the semi-circle
vanishes as R — oo, then we have

o
PV f(ﬁdé = mif(x) (5.34)
o §—x
This result can be attributed to the residue calculus in which the residue at the pole
& =x is nothing but f'(x). If we express f(x) as

J(x) = g(x) + ih(x),

on both sides of equation (5.34) with arguments on the real x-axis and equating real
and imaginary parts, then we obtain for the real part

1 o h
glx) = ——PV/ ﬁd%‘ = —H{h(x)},
T x—&

—00

and for the imaginary part

1 o0
hx) = —PV. / 86 e Hig(x)). (5.35)

o X—E&
From Definition 5.1, we have that 4(x) in equation (5.35) is the Hilbert transform of
2(x). We also note that g(x) = H ! {A(x)} with 7! as the inverse Hilbert transform
operator. We see that H{Re f(x) =Imf(x). Here, it is worth noting that the usual
definition of Hilbert transform using the concept of the Cauchy’s integral formula,

i.e. equation (5.34) is HIm f(x) = Ref(x). It is hoped that the reader will not be
confused with these two terminologies.

Definition 5.2

A complex signal f(x) that fulfills the condition of the Cauchy’s principal value
is called a strong analytic signal. For a strong analytic signal f(x) we have that
HRef(x)=Imf(x).
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5.8 The Fourier transform

The Fourier transform is important in the theory of signal processing. When a func-
tion f'(¢) is real, we only have to look on the positive frequency axis because it
contains the complete information about the waveform in the time domain. There-
fore, we do not need the negative frequency axis and the Hilbert transform can be
used to remove it. This is explained below.

Let us define the Fourier transform F(w) of a signal f'(¢) by

F(w) = [ ” f (e dt (5.36)

This definition makes sense if ffooo | (?)|dt exists. It is important to be able
to recover the signal from its Fourier transform. To do that we define the inverse
Fourier transform as

A 1 o0 .
f()= E/ F(w)e™®dw. (5.37)

—00

If both f and F are integrable in the sense that ffooo f(H)|dt <K; and
ffooo |F(w)ldw < K exist where K| and K, are two finite constants, then f(¢) is
continuous and bounded for all real # and we have f ()=f(¢), that is

f(t) = % / ” F(w)e'®dw. (5.38)

—00

Equation (5.38) is known as the inverse Fourier transform. The discrete form of
the inversion formula is that if / belongs to L!(3), f is of bounded variation in the
neighbourhood of # and £ is continuous at ¢, then

1 [ :
f(t) = lim —/ F(w)edw.
T—o0 27T -T

This means that equation (5.38) is to be interpreted as a type of Cauchy principal
value. There is also a discrete formula for the Fourier transform when /" belongs to
L?(N), and in this case we define the Fourier transform as

N
F(w)=lim [ N f(e @ dt.

Theorem 5.7
Iff. g and G belong to L'(R) or if f and g belong to L*(N) then

o0 1 o0
/_ g =5 /_ " F)G @
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Proof
We know

1 [ :
f() = E/_ F(w)e™dw

1 [ 4
g(t) = E/ G(w)e™ dw

—00

Then multiplying f/ by g* and integrating both sides with respect to ¢ from —oo
to 0o, we obtain

°° 1o o0 .
/_oof(f)g*(f)df = E/—OOF(CU) /_OO [g*(t)e dfldw
= % /_: F(0)G*(w)dw

This is the required proof.
Note: If /(¢) is a real function then /() =f(¢) and hence

1) = RS f ” F(w)e™ dw
2 J o

e ¢]

= — F(—w)e ®dw
27 J_o

1 o0 .

()= — / F*(w)e " dw

21 J_ o
1 o :

= — F*(— w)edow

27 Jo

Therefore, it is obvious that F'(w) = F*(—w) or F(— w) = F*(w) in the frequency
domain and we see that /' for negative frequencies can be expressed by F* for
positive one.

Theorem 5.8
If (1) is a real function then

f() = % /0 ” [F*(w)e ™" 4+ F(w)e' ldw.
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Proof

The inverse Fourier transform of a real function f'(¢) is given by

1 [ .
S =5 / F(w)e dw

—00

1[0 . 1 [ .
= —/ F(w)e™dw + — / F(w)e®dw
2w —00 2 0

1 o0 : 1 o :
= — F(—w)e ™dw+ — / F(w)e'' dw
2w 0 2 0

1 o . .
=5 [F*(w)e ™" + F(w)e"|dw
T Jo

Hence the theorem is proved. This result implies that the positive frequency
spectrum is sufficient to represent a real signal.

5.9 The Hilbert transform via Fourier transform

Let us define a function Sy(w) which is zero for all negative frequency and 2F(w)
for all positive frequencies

Sr(w) = F(w) + sgn(w)F (o) (5.39)
where the function sgn(w) is defined as
1 forw>0
sgnw)=149 0 forwo=0
-1 forw<0

and F(w) is the Fourier transform of the real function f'(¢). It can be easily visu-
alized that the spectrum Sy(w) is twice the measure of the spectrum F(w), that is
Sr(w) =2F (). The inverse transform of Sy(w) is therefore given by

| ; 1 [ ;
sp() = — Sp(w)e''dw = — F(w)e™ dw, (5.40)
27 J_ T Jo

where s¢(f) is a complex function of ¢ in the form

sp(0) =1(0) +ig(®) (541

From equations (5.39) and (5.41) we have that

oo

1 .
F0)+ig) = 5 f [F(@) + sgn(@) F()]e“do

1 *© : 1 o .
= — / F(w)e'dw 4+ i— / (—isgn(w))F(w)e dw
27 J_ o 27 J_ o

(5.42)
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from which it is absolutely clear that as F{f(¢)} = F(®), the Fourier transform of
g(t) must be (—isgn(w))F (w). That means

1 > . iot
g(t) = Z/_ (—isgn(w))F (w)e'” dw.

It is a standard result that the inverse Fourier transform of (—isgn(w)) = % Thus,
using the convolution integral with this information we have

gty =F! {f{i}f{f(t)}}
Tt

1
= f(t) * -

1 o0
= —PV &dr
T ot —T

= H{f (1)) =f() (5.43)

and we see that g(#) can be written as f (¢) which is known as the Hilbert transform
of f(¢) . Further more g(z) is real.

5.10 The Hilbert transform via the £ /2 phase shift

The Hilbert transform can be defined by the convolution of two functions f'(¢) and
h(t) where f is a regular continuous function and % is the response of an impulse
function, and usually represented by the formula

oo
YO =10 ko) = [ 1 Do
—00
By the Fourier transform property, we see that

Fiy@)}) = Fr O} F(h@)}.

Thus, this impulsive response function /(¢) plays a very important role in producing
the Hilbert transform. We shall illustrate below the ways to obtain this important
function.

Let us consider a spectrum in the frequency domain defined by

—i=e? forw>0
H(w) = —isgn(w) = 0 forw =0
i=e™?  forw<0

The pm/2 phase shift is interpreted in the frequency domain as a multiplication
with the imaginary value +i as defined above. 4(w) is unfortunately not a property
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of Fourier transform but the problem can be solved by expressing H(w) as a limit
of a bounded function G(w), that is

—ie™ ¥ forw >0
Gw) =1 ..
ie forw <0
where

lin}] G(w) = H(w). (5.44)
a—
It is now possible to use the inverse Fourier transform on G(w), thus
g() = F~'G(w)
1 0 oo

1 -~ .
_ leaw lwtdw+_ —ije aa)eta)tdw
2 J_ 2w

i [ . )
v / ’ef(aJrzt)w _ ef(afzt)w] dw
2 0
i e—(a+it)w e—(a—it)w o

=—|-—+—

2 a+it a—it 0
. t
(a4 12)

where g(¢) — h(t) when a — 0 and the inverse Fourier transform of the impulse
response of H(w) is
1

A convolution between f'(¢) and the impulse response 4(¢) gives us

o =jw=— [ e

oot_

where f (#) is known as the Hilbert transform. It is worth noting that this integral
shall be considered as a principal value integral, a limit that corresponds to the limit
in equation (5.44). To make a rigorous presentation of this problem we should apply
the distribution theory but we shall not pursue this approach in this text. Thus, we

can clearly define the Hilbert transform of /(#) with the kernel K (¢, 7) = ﬁ as

@) =] ()= PV f O,

where PV stands for the Cauchy’s principal value as defined before.
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5.11 Properties of the Hilbert transform
Some important properties of the Hilbert transform are discussed in this section. We
assume that F'(w) does not contain any impulses at w =0 and f'(¢) is a real-valued
function. Some of the properties are to be interpreted in a distributional sense.

5.11.1 Linearity

The Hilbert transform that is a Cauchy principal value function is expressed in the
following form

HIf (1)) = %PV /_ tf f)rdr.

This definition is in accordance with the convolution integral of Fourier transform,
and the notation for the Hilbert transform is used in a simple and understandable
manner. Later we shall use another notation f (1) =H{ f(t)}. We write the function
f(t)=c1 f1(t) + c2f2(¢), where ¢| and ¢; are two arbitrary constants. It is assumed
that the Hilbert transform of f1(¢) and f5(¢) exists and therefore,

Hf ()} = Hic/h(D) + c2f2(0)}
1 /‘” ah(@+ah@

= —PV
bis oo t—t

1 o0 1 o0
_ cl—P.V/ @ 40 +cz—P.V/ L0 4.
T o I —T T el —T

= a’{/1(D} + 2 H{/2(0)}
This is the linearity property of the Hilbert transform.
5.11.2 Multiple Hilbert transforms and their inverses
In this section, we shall show that if we take the Hilbert transform twice on a real

function it yields the same function it with a negative sign. Let us consider the
Cauchy’s integral formula

1 o0 j
f@)+igt) = —_PV/ Mdr Cauchy’s sense
Tl 00 T—1

1 © j
= ——PV '/Mdr Fourier’s sense
Tl —00 t—r

oy (T /i@,
T

e t—T

L (i) —g()
= nPV/ dt

—00 r—1
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Equating the real and imaginary parts we obtain

fioy=——p¥ / 80 e = g0y

oo P —

1 o0
o) = <PV / SO 4e — i)
bid oo b —T

These definition of Hilbert transform are due to Fourier.
Hence it is obvious that

—f() = H{g(} = HH{f (1)}

Thus, we see that the Hilbert transform used twice on a real function gives us the
same real function but with altered sign.

HH =1,

with I as an identity operator. The Hilbert transform used four times on the same
real function gives us the original function back

HH =H =1 (5.45)

A more interesting property of multiple Hilbert transforms arises if we use the
Hilbert transform three times, it yields

HH=1

which implies that
H=H"

This tells us that it is possible to use the multiple Hilbert transform to calculate the
inverse Hilbert transform.

As we have seen before the Hilbert transform can be applied in the time domain
by using the definition of Hilbert transform. In the frequency domain, we simply
multiply the Hilbert transform operator —isgn(w) to the function F(w). By multi-
plying the Hilbert transform operator by itself we get an easy method to do multiple
Hilbert transforms, that is

HYf()} = (—isgn(w))"F (o), (5.46)

where 7 is the number of Hilbert transforms.
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5.11.3 Derivatives of the Hilbert transform

Theorem 5.9

The Hilbert transform of the derivative of a function is equal to the derivative of
the Hilbert transform, that

d ~
') = 2T 0.

Proof

Consider the definition of the Hilbert transform

f(t)—lePV/;oo AU

t—t

1 ® f(t—1)

o T

Now, differentiating with respect to ¢ both sides we have
d 1 ® (-
L) = _pV/ fa-0,
dt T o T

1 o0 /
= —PV &dr
T Co T

= Hf'(0).

Hence the theorem is proved.

5.11.4 Orthogonality properties

Definition 5.3

A complex function is called Hermitian if its real part is even and its imaginary
part is odd. From this definition, we infer that the Fourier transform F(w) of a real
function f'(¢) is Hermitian.

Theorem 5.10

A real function f(¢) and its Hilbert transform f (¢) are orthogonal if f, f , and F
belong to L\(R) or if f and f belong to L*(R).
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Proof

By using the Parseval’s identity we have that
o0 N 1 o0
| rwiwa =5 [ Fox-ienere) do

o0 27 J_ o
l' oo

= — / sgn(w)F(w)F*(w)dw
21 J_ o
l' oo

5 | seir)rdo

2 J_ oo

where sgn(w) is an odd function and the fact that F(w) is Hermitian gives us that
|F(w)|? is an even function. We conclude that

00 A
| _raiwd=o.
—0o0
and therefore a real function and its Hilbert transform are orthogonal.

5.11.5 Energy aspects of the Hilbert transform

The energy of a function f(¢) is closely related to the energy of its Fourier transform
F(w). Theorem 5.7 which is known as the Parseval’s theorem is called the Rayleigh
theorem provided g(¢) = (¢). It will help us to define the energy of f(¢) and F(w)
as given below

o0 1 oo
Er = / N |f(O)dt = o /_ N |F(0))*dw. (5.47)

Here, it is usual to assume that / belongs toL?(%) which means that Ey is finite.
The same theorem can be used to define the energy of the Hilbert transform of /()
and F(w), that is

E; = /_ Z ( f’(t)‘zdt - % /_ Z ‘—isgn(a))F(a))  do, (5.48)

where | —isgn(w)|> =1 except for w=0. But, since F(w) does not contain any
impulses at the origin we get £; = Ef.

A consequence of equation (5.48) is that / in the space L?(%) indicates that
f belongs to L2(R). The accuracy of the approximated Hilbert transform operator
can be measured by comparing the energy in equation (5.47). However, a minor
difference in energy always exists in real applications due to unavoidable truncation
error.
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5.12 Analytic signal in time domain

The Hilbert transform can be used to create an analytic signal from a real signal.
Instead of studying the signal in the frequency domain it is possible to look at a
rotating vector with an instantaneous phase 6(¢) and an instantaneous amplitude
A(?) in the time domain, that is

2(t) = f(0) + if (t) = A(t)e” .

This notation is usually called the polar notation where A(r)=/f2(t)+£2(¢) and
0(t) = arctan ]%} . If we express the phase by Taylor’s expansion then

0(t) = 6(t0) + (t — 1)0'(t0) + R,
where R is small when ¢ is close to #p. The analytic signal becomes

Z(t) — A(t)eie(t) — A(t)ei(Q(to)—to@’(to))eite/(to)eiR’

and we see that 6'(#o) has the role of frequency if R is neglected. This makes it
natural to introduce the notion of instantaneous angular frequency, that is

do

The amplitude is simply
B(t) = A(t)ei((’(lo)—l()@’(to))'

As for example if z(#) =f(¢) + if(t) = cos wot + i sin wot = A(t)e’’ such that

A(t)= \/ cos? (wot) + sin? (wot) =1 and the frequency is w(t) = w,. In this par-
ticular case, we see that the instantaneous frequency is the same as the real
frequency.

5.13 Hermitian polynomials

The numerical integration works fine on smooth functions that decrease rapidly at
infinity. But it is efficient when a function decreases at a slow rate at infinity. In this
section, we describe Hermite polynomials to calculate the Hilbert transform. First
we need to take a look at the definition of the Hermite polynomials.
The successive differentiation of the Gaussian pulse e generates the nth order
Hermite polynomial which is defined by Rodrigues’ formula as
r2

d}'l
H,,t:—l”tz—_.
()= (~1)'e" e
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It is also possible to calculate the Hermite polynomials by the recursion formula
Hy(t) = 2tH,_1(t) — 2(n — DHy—2(1), (5.49)

withn=1,2,3,... and the start condition Hy(¢t) = 1.
Let us define the weighted Hermite polynomials that is weighted by the
generating function e~ such that
n t2

2 d
(1) = Hy(t)e™ =(—1)"We- )

The weighted Hermite polynomials g,(¢) do not represent an orthogonal set in L,
since the scalar product

/ " g Ogn(idt = /_ Y B OH (e 1,

is in general different from zero when n = m. The solution is to replace the weighted
function e~ with e=*/2, that is

0 for n #m

oo
Ho(O)Hp(t)e ™" di =
[m W(DHp(1)e {2nngﬁ for n = m.

By that the weighted Hermitian polynomials fulfil the condition of orthogonality.
The weighted polynomial e=*/2H,(¢) divided by their norm v/27n!./7 yields a set
of orthonormal functions in L, and is called the Hermite function

e 2 H\(1)

@n(t) = ,—Z”Yl!ﬁ

If we combine equations (5.48) and (5.49), we get the recurrence algorithm

2(n — 1! —2)!
e LR B P | A G 1

which can be used to derive the Hilbert transform of the Hermite functions by
applying the multiplication by ¢ theorem.

(5.50)

Theorem 5.11

If we assume that f (t) and f (t) belong to Ly then the Hilbert transform of t f(t) is
given by the equation

N 1 0
Hitf () = 170~ ~ /_ Fdr.
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The second term on the right-hand side with integral is a constant defined by the
function f(t). For odd functions this constant equal to zero.

Proof
Consider the Hilbert transform of # £ (¢)

Hitf () = 2PV / RZAps

T t—1
1 (R (—Df—1)
_;ny,wfdt

1 % 11t — 1) | [

1 [e.¢]
=) - - [ -
T J-o00
and the theorem is proved. From Theorem 5.11 and equation (5.51) we have that

Higa(D)} = (1)

2(n—1)! 1 o0
,/M{ (t)——/ on l(n)dn}

—(n—1) wn 2(2), (5.52)
where n=1,2,3,... . The first term ¢(¢) can be obtained by using the Fourier
transform on the equation

po() =7~ ie "2,

Thus, the Fourier transform of ¢o(¢) = ﬁn% e=@/2,

In the frequency domain, we multiply the Hermite function ¢o(#) by the Hilbert
transform —isgn(w) and finally we use the inverse Fourier transform to get the
Hilbert transform of the Hermite function, that is

Higo ) = o) = Vart [~ e P (isgntanedo.

—00

2
Since sgn(w)e™ 2 is odd we have

2

o0
Qo(t) = 2327 / e T sin (wt)dw, (5.53)
0

which can be used in equation (5.52) to derive the rest of the Hilbert transforms.
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Example 5.7

Determine the Hilbert transform of the Gaussian pulse e by using Hermite
polynomial.
Solution

To determine the Hilbert transform of the Gaussian pulse we need to first get the
Fourier transform and then multiply this transform by (—isgn(w)) and obtain the
inverse Fourier transform which will result in the Hilbert transform. Let us do it.

o0
.7:{6_’2} =/ e eiol gy

—00

00 5
:/ e—(t +twt)dt
—00

o2 © i0\2
= e_Tf e_(H'T) dt

—00

N
=e 4 e Tdn
—00
o

:ﬁe 4

Now, we determine the Hilbert transform

2 1 o0 W2
He ™) = o [ (—isgn(@)(VTe™ 5 ) do

= % /_Z sgn(w)e*%z[ sin (wt) — i cos (wt)]dw

= — e 4 sin(wt)dw
NG /0

It is worth noting that sgn(w) is an odd function and hence sgn(w) sin wt is an
even function, and sgn(w) cos wt is an odd function. Hence the sine function will
survive.

Remark

Another method to 1calczulate the Hilbert transform of the Hermite function
(Gaussian pulse) 7~ 3e /2 is to multiply the Hilbert transformer (—isgn(w)) by
the spectrum of the Hermite function and use the inverse Fourier transform. No
infinite integral is needed in the calculations of the Hermite functions. Therefore,
the error does not propagate.

A little note, as we have already seen before, that the Hilbert transform of the
delta pulse §(¢) gives us the Hilbert transformer % and the Fourier transform of the
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Hilbert transformer gives us the sign shift function (signum) (—isgn(w)), that is

5] — % /00 PVa(r) 1

— 00 -7 nt

]:{L} = (—isgn(w)).

Tt

This information is very important in our study of the Hilbert transform and the
related Fourier transform. We next turn our attention to the study of finite Hilbert
transform.

5.14 The finite Hilbert transform

We shall now study equations with Cauchy’s principal integrals over a finite interval.
These equations have important applications, for example, in aerodynamics.
Of fundamental importance in this study is the finite Hilbert transform

Lo ) 4

t—x

Sx) = —PV (5.54)

where we assume the basic interval ( — 1, 1). Until recently this transformation, in
contrast to the infinite one, has received little attention. A few of its properties can
be deduced from the corresponding properties of the infinite transformations, by
supposing that the function ¢ vanishes identically outside the interval (—1, 1).

For instance, from Parseval’s theorem 5.2, we obtain

1
/—1 {100 Hx{p2(D} + P2(0)Ho{h1(D)}} dx = O, (5.55)

provided that the functions ¢(x) and ¢;(x) belong to the classes L,, and L,,,
respectively, in the basic interval (—1, 1), and that

—+— <. (5.56)

Similarly, if pil + pi2 < 1, we obtain from Theorem 5.4

Hipr1H{ga} + o H{g1}] = Hig1}H{ga} — d10. (5.57)

In other case, however, the transformation # requires special treatment. For
inversion formula, in L, space

- tff) dt (5.58)

P(x) = —%RV./W

which can be immediately deduced from Theorem 5.1, is not satisfactory because
its use requires knowledge of the function f(x) outside of the basic interval
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(—1,1), where it generally does not vanish. One difficulty in the study of the
finite Hilbert transform is that there exists no simple reciprocity theorem like
Theorem 5.1; in fact, the transformation has no unique inverse in the L,-space
(p > 1). For more information the reader is referred to Tricomi [5].

For instance, the finite Hilbert transform of the function (1 —x2)_%, which
belongs to the class 2-0, vanishes identically in the basic interval (—1, 1); for if we

puty = EH;Z;, we find

1 Lo
O
—1 —_

T yry—x

ZPV./OO dt
7 " Jo (1—x)—(1+x)?

1 ) V1 —x4+ 1+ xt
n
V1 —x2 VT —x =1 +xt

} =0. (5.59)
0

However, outside of the interval (—1, 1) we have

i =t L —

dt
Z_E/O x— 1)+ (x+ D2

2 |:tanl( x+1t):|oo
a/x2 —1 V=171,
- (5.60)
x2 —1

Note that as a consequence of equation (5.59), we obtain

1 L1432 ¢
Hol(1 =] = =BV —y 2
T _ 1_y2y—x
=——PV/
1— 2y —x
——lPV — x4 dy
T ) 1—y2 y—x
1 1
— PV y+x2dy
T 11—y
1
d
T —14/1 =2

S (5.61)
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The main problem for the finite Hilbert transform is to find its inversion formula
in the L,-space (p > 1), that is to solve the airfoil equation (5.54) by means of

L,-function (p > 1). It must, of course, be assumed that the given function f(x)
itself belongs to the class L.

5.14.1 Inversion formula for the finite Hilbert transform

To find an inversion formula we can use the convolution Theorem 5.4, which can
be applied to the function pair

$1(x) = p(x),  da(x) = (1 —x)2,

because the second function, being obtained, belongs to any class, even for very
large p;. We thus obtain the equality

Hal =) + /1 =32 f (] = =xf (x) = V1 = x2¢(x). (5.62)
On the other hand, we have

1y—x+x

1 1!
Hobpo = 2K [ s0xy = [ s0xy 370

Hence from equation (5.62) it follows that necessarily

1
2 [ oo [ 1= 20| = VTP,

that is
V1 —x2¢(x) = —Hy |: 1 —yzf(y)] + C, (5.63)

or, more explicitly,

/ 1—y C
P(x) = ——PV/ 1_x2 f(y) — (5.64)

Here, in view of equation (5.59) the constant

1 1
= /;1 o(y)dy (5.65)

has the character of an arbitrary constant.
The significance of the previous result is the following: if the given equation
(5.54) has any solution at all of class L, (p > 1), then this solution must have the
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form as in equation (5.64). Consequently, the only nontrivial solutions of the class
L, (p > 1) of the homogeneous equation

Loy [ 40

Ay =0 (5.66)
/4 —1y—Xx

1
are C(1 —x?)72.
In view of the identities

1—y2\ 1+x 1—y y—x
\/(1—x2)‘\/<1—x>\/<1+y><1+1+x>
_ 1 —x 14y 1 y—Xx
~(ENE) =)
solution (5.64) can be put into the two further alternative forms

1+x 1— f(V) Ci

o0 = V f\l 1+y V1 =x2

/ /1+y f(y) &)
d(x) = —— 1+x / = N (5.67)

5.14.2 Trigonometric series form

Some authors use trigonometric series form to solve the airfoil equation. This
method is theoretically less satisfying than the present one; however, it may be
useful in practice.

Using the finite Hilbert transform we can prove the following identities:

. .
P.V./ _costm) LSS 0125 ) (5.68)
o cosn—cosé& sin &

P.V/n sin((n + Dmysinn 0 coson + e, (5.69)
0

cosn —cosé&

These pair of results show that the finite Hilbert transform operates in a particularly
simple manner on the Tchebichef polynomials

sin(n + 1)

Tn(cos§) = cos (n), Un(cos§) = —

To be precise, we have the finite Hilbert transform

H{(1 = )2 Tp(0) = Upoi(x)  (n=1,2,3,...) (5.70)
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Hence, by expanding f(x) in a series of polynomials U,(x), we can immediately
deduce (at least formally) a corresponding expansion of ¢(x) in series of poly-
nomials 7y,(t), if we neglect the factor (1 — t2)’%. Formula (5.70), as well as the
similar one

1
Hal(1 = )2 U1 (0] = = To(), (5.71)
can be readily proved with the help of Theorem 5.3, by starting with the analytic
functions
n
D)= —(1—-2)2 |:z —-Ja- zz):| and
n

P(z) = |:Z —4/(1 _22){| ,

respectively.

5.14.3 An important formula

Using the same method we can also prove the important formula

H 1—1¢ « _ 1—x “« 1 0 1 5.72
x|:(l_+t) i|_cotg(om)<l+x> ~ S’ 0 <laf <1). (5.72)

We start with the analytic function

z—1\*
D(z) = <2+ 1) -1, (5.73)

which satisfies the condition ffooo |®(x + iy)|Pdx <K for (p > 1), where K is a
positive constant. Because of |z + 1| > 2 we have

() — 2 o 2\ ([« 2 \°
@=—77\1 (z+1> 3 (z+l) e

Equation (5.72) is then an immediate consequence of Theorem 5.3, because on
the real axis the function, i.e. equation (5.73) reduces to a function ®(x + i0) which
is real outside of (—1, 1), and for —1 <x < 1 we have

1—x\% .
<I>(x+i0)=< x) T _

14+x

_ (i%)a cos(ma) — 1 + i (i%)a sin(ra).  (5.74)

Furthermore, equation (5.72) is interesting because it shows that in some cases
a function ¢(y) which becomes infinite like A(1 —y)™® or A(1+y) “0<a <1
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as y — =1 is carried by the finite Hilbert transform into a function with similar
behaviour, if we neglect the fact that 4 is replaced by + A4 cot g(wwr). That this
behaviour is common and shown by Tricomi [5] using asymptotic theorem.

Remark

Some explanation with regard to the result (5.72) is given below.

1 _ o
Re®(x 4 i0) = (ﬁ) cos(mar) — 1
X

Im®(x + i0) = (ﬁ) sin(ra)

Hy[ImD(x + i0)] = ReD(x + i0)
1 1 1— o - 1— o
_/ (_y) sin (mx)dy _ (_x) cos(ra) — 1
) i \1l+y y—x 1 4+x

1 (Y /1=p\* dy 1 —x\“ 1
— = cot(ma) — —
mJa\l+y/) y—x 14+x sin(mwor)

Hence the result (5.72) follows.

5.15 Sturm-Liouville problems

Variational methods can be used to study the solution procedures of differential
equations. We have in the meantime observed that the problem of extremizing an
integral leads to one or more differential equations. Let us turn our attention to
study the boundary value problems by using the variational calculus. Although this
cannot always be done, it is possible to investigate in some very important cases.
By way of illustrating, we obtain with the general second-order Sturm—Liouville
equation

[T + [g(x) + Ap()]y = 0, (5.75)

where the functions r, p, and g are continuous, 7(x) # 0 and p(x) > 0 on a fundamen-
tal interval [a, b]. Multiplying equation (5.75) by y throughout, and then integrating
from a to b, and subsequently solving for A algebraically we have

- S q@? + ey Tdx _I (5.76)

P pyy2dx

Now, if y is a solution of equation (5.75), ¢y is a solution also, where c is an
arbitrary constant. In fact, since p(x) > 0 on [a, b], every solution of equation (5.75)
is expressed in terms of solutions that satisfy the normalized condition.

<

b
J = / plx)y?dx = 1. (5.77)
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Imposing this constraint, the last equation in equation (5.76) becomes

b
- / (G0 +y[ry T )dx = 1,

or, integrating y[r(x)y’] by parts,

b
I =/ (r(x)y? — gxp)dx + r(a)(a)y' (a) — r(b)(b)y (b). (5.78)

For a Sturm—Liouville problem consisting of equation (5.75) and a pair of fixed
end-point conditions

; EZ; z 8 } . (5.79)

The last two terms in equation (5.78) vanish leaving

b
I= f () — ). (5.80)

The problem of reducing this integral stationary, subject to the constraint in
equation (5.77), and relative to functions that vanish at x =a and x = b, is clearly
an isoperimetric problem, Its corresponding Euler—Lagrange equation is

af* d [of* —o
ay  dx\dy )

>

where f* =r(x)(y')*> — g(x)y* — Ap(x)y*. Tt is easily verified that these relations
yield equation (5.75).

af*
[ ay

= —2q(x)y — 2Ap(x)y

of* d [of*
L= wd g (00) =200

and so (r(x)y')" +(q(x) + Ap(x)y)y = 0]-

Thus, the functions that solve our isoperimetric problem must be normalized
solutions of the Sturm—Liouville problem consisting of equations (5.75) and (5.79),
the normalized being with respect to p(x). Of course, these solutions are just the
normalized characteristic functions y1, y» . . . v, that correspond to the characteristic
rules of the Sturm—Liouville problem. With the characteristic values A1, A2 ... A
arranging in increasing order, it is possible to show that A; is the minimum of
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the integral equation (5.80) relative to the suitable differentiable functions y that
satisfies equations (5.79), (5.77), and the £ — 1 orthogonality relations

b
/ px)yiydx =0 i=12,...k—1.
a

The 7 of equation (5.80) that takes on the values of A when y is replaced by yx
can be established as follows. First, replace y by y¢ in the integral of /. Then integrate
the term r(x)(y}()2 by parts, observing that y;(a) = yp(a) = 0. The result of all this is

b
= / @)W — qGy2lds

b b
— [y ) / Vsl — / lrCoy,) dx — f g(y2dx

a a

b
= [r@)y; ye)]] —/ [ (i ()} + g()yildx
b
== [ ettty + geomar
Since [r(x)y,] + q(x)yi(x)] = —Aep(x)yx and fab p(x)y,%dx =1, we have

b
1 :/ )ka,%p(x)dx = Ak
a

Summary of Sturm-Liouville problems

A Sturm—Liouville problem consisting of equation (5.75) and two free end-point
conditions

arr(a)y'(a) + azy(a) =0 } (5.81)

bir(b)y'(b) + b2 y(b) = 0

can also be related to an isoperimetric problem. In this case, we may set h =ay/a
and k = b, /b1 and utilize equation (5.81) to write equation (5.78) as

b
1= f @0 — g0y dx + bA(B) — (@) (5.82)

The last two terms of this equation can be incorporated into the integral by intro-
ducing any continuously differentiable function g(x) on [a, b] for which g(a)=h
and g(b) = k. Indeed, this enables us to express equation (5.82) as

b d
I= f [r(x)(y/)z—q<x>y2+a(gy2>} dx. (583)
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The isoperimetric problem requires that this integral be rendered stationary, sub-
ject to equation (5.77), and relative to continuously differentiable function defined
on [a,b]. Also it has equation (5.75) as its Euler—Lagrange equation because
%(gyz) is an exact derivative. This can, of course, be verified directly. Hence
the choice of g has no effect on the stationary values of /. Since no conditions
have been imposed on the comparison functions at the end-points of the specified
interval [a, b], a natural boundary condition

a*
f —o
ay’

where
d
fr= [r(x)(y’)z — gy’ + 5@%)} = Ap(y?,

must hold at x =a and at x = b. Differentiating /* partially with respect to )/,
we find

VA d
BLy’ =3 [r(x)y’2 — q(x)y* + a(gyz)}

= 2r(x)y’ + 2gy

and so the condition r(x)y’ + gy =0 must hold at each end of [a, b]. Substituting
x =a and x = b, in turn, into this equation we get equation (5.81). The choice of g
is again of no consequence so long as g(a) =ay/a; and g(b) = b, /b;.

Example 5.8: A practical application

In many practical applications, a variational formulation of the problem being inves-
tigated is easy to derive. To illustrate, we shall find an isoperimetric problem that
when solved yields the natural frequency of a string of weight w(x) stretched under
tension 7 between x =0 and x =/ and vibrating transversely about a horizontal
x-axis in the xy plane. If the change in length of the string during its motion is
so small that 7' can be assumed constant, the potential energy stored in the string
by virtue of the work done against 7 is equal to 7 times the change of length in

the string:
!
PE. = T/ [,/1 +y2 — 1} dx.
0

Here, ds = \/dx2 + dy? = \/1 +y2dx and ds — dx is the change of the elemen-
tary length. If, furthermore, the variation is such that |)’| <« 1, then by expanding
/142 by the binomial expansion and retaining only the dominant term in the
integrand, we have
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Some mathematical formulas
By binomial expansion,
1_
1 (% _ 1)0}/2)2 1

1 =
1 /2%21 e, 2
(1+y") +7+ o +

(14" =14 Cl'x+Cx% + -

1 1
(42?2 =1+ Clx+Cix2 4

1
=1+§—§x2+~-~
1 X 3 5
1 R T < S T
1+x) 2+8x 16x+

The potential energy stored in the string by virtue of its elongation can be

expressed as
T 1
- / (/)2dx.
2 Jo

If the string is also subjected to a disturbed force of magnitude per unit length
in the x direction |f(x)y| acting vertically [for example, an elastic restoring force
(—ky)], then the string has additional potential energy given by

-/ 1 / " fsdsdr = - / l S G,

which is the work required due to the disturbed force, to change the deflection curve
of the string from the segment [0, /] of the x-axis into the curve determined by y.
Thus, the total potential energy of the string is

1 i
3 | o —renias

Similarly, the total instantaneous kinetic energy of the string is
1 !
1 / W) 2
2Jo g

The displacement y that we have been considering is actually a function of x and ¢
of the form y = X (x) cos wt. Hence, substituting into the two energy expressions,
and applying the principle that during free vibrations the maximum value of the
kinetic energy is equal to the maximum value of the potential energy, we obtain

(K.E)max = (P-E)max
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! / YO (%2 — )2 sin? wr)dx = ~ f [T(X" cos i)’ — f(x)X* cos® wrldx
2 Jo

W2 = fo [T(X')? — f(x)X?]dx
fo (W(x)) s >

where | cos? wt|=1 and |sin® w¢| = 1. This equation is satisfied by a nontrivial
function X if and only if it is satisfied by cX, where c is a nonzero parameter. Thus,
we need consider only function X that is normal with respect to %. The problem
of extremizing the integral

l
I= / [T(X')> — f(x)X?]dx,
0

subject to the constraint

w(x) 2
J = Xdx =1,
[

and relative to the appropriate comparison functions, is obviously an example of
an isoperimetric problem like those just discussed. With

/5 =T = fx?] - [W(x)}xz
g
we find, in the usual way, that the corresponding Euler—Lagrange equation is

[7X'] + [f(x)+a)2 {%”X:O (5.84)

d [dfr* .
dx | dX’ ox

[TQX)] +2f ()X + o? ( wlx )> (2X) = 0.

Therefore, after some reduction we obtain (7X') + [f(x)—}—a)z(%)])( =0.
This is precisely the equation for the space factor X that results when the par-
tial differential equation governing the vibration of a nonuniform string is solved
by the method of separation of variables. If both ends of the string are fixed on the
x-axis, so that

y0,t) =y(,t)=0 forall¢,
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then all comparison functions of the isoperimetric problem, and in particular, the
solutions of equation (5.84) must satisfy the fixed-end conditions X (0) =X (/) =0.
On the other hand, if at both ends of the string the displacement y is unspecified,
then all comparison functions, and in particular the solutions of equation (5.84),
must satisfy natural boundary conditions of the form

af*

BX’:zTX/ZO at x=0 and atx =1,

given 27T # 0, these reduce to the free-end conditions
X'0)=0 and x'()=0.
More general free-end conditions of the type

TX'(0)+ hX(0) =0 and

(5.85)
TX'() + hX(I) = 0

might also apply. Such conditions, arise, for instance, when each end of the string
is restrained by a nonzero restoring force ¢ proportional to the displacement, say
@(0) =ayy and ¢(I) = by;. The potential energy stored in the system by virtue of
the work done against these forces is

savg + 3byi,

and hence the total potential energy of the system is now

1! 1 1
3 | 7 e Jad - sirk
0

To incorporate the last two terms into the integral, let g(x) be an arbitrary
differentiable function of x such that

2(0)=—a and g()=0>b. Then

d
Jo g0yl = g0yl
= g(y? — g(0)y}
= by,2 + ayg.

Hence the expression for the instantaneous potential energy of the string can be
rewritten in the form

1! d
: /0 {T(y/)z —Fe + E(g(x»z)} dx.
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Again setting y = X(x) cos wt and equating the maximum values of the potential
energy and the kinetic energy, we are led to an isoperimetric problem in which

4 d
1:/'P1Vf—fumﬂ+——@@uﬂﬂdn
0 dx
while J is unchanged. With
fF={TX)? —f(0)X? + ¢ ()X + 2g()XX"} — o [w(x)/g]X?

we find the natural boundary conditions

of*
ox’

TX' +gX =0,

=0 giving

which, when evaluated at x =0 and at x =/, yields conditions on x of general-form
solution in equation (5.84).

Example 5.9

Let us finally consider a general nonhomogeneous second-order linear differ-
ential equation

ao(x)y" + a1(x)y’ + ax(x)y = ¢(x),

which is normal on an interval [a, b]. We know all such equations can be written in
the form

[rCp'T + gy = W(x). (5.86)

This equation will be the Euler—Lagrange equation for an integral of the type
b
1= [ renraas
a

if % = r(x))y’ and % = W(x) — q(x)y. From the last two relations we get

[ =3r@0) +ux,y) and
[ =Wy — 3q6)* +v(x,y).

Sufficient conditions for these two representations of /' to be identical are that

u(x,y) = W)y — 3q(x)y* and
v(x,y) = 5r(0)0),
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in which case / becomes the variational integral

= 2= g+ Wy |d 5.87
— [ [0 = Jacor? + o] ax. (58)

It is a simple matter to verify that equation (5.86) is the Euler—Lagrange equa-
tion for this integral. In fact, if an exact derivative % [g(x, )] is added to the integral
of' equation (5.87), equation (5.86) is still the corresponding Euler—Lagrange equa-
tion. By defining /™ as usual, with —A /2 as the Lagrange multiplier, it is easy to
show that the isoperimetric problem involving the integral equation (5.87) and an
integral constraint

b
J = / p(x)y*dx, J a constant, (5.88)
a
and p(x) # 0 on [a, b] has as its Euler—Lagrange equation,

[T + [g(x) + Ap(x)]y = W (x). (5.89)

Of course, equations (5.86) and (5.89)will be accompanied by prescribed or
natural boundary conditions, describing on how comparison functions of the related
variational problems behave at the end points of [a, b].

5.16 Principles of variations

A real-valued function f whose domain is a set of real functions {y} is sometimes
called a functional or, more specifically, a functional of a single independent
variable. Functionals of several independent variables are also of interest. With
ordinary functions, the values of independent variables are numbers. However,
with functional variables, the values of the independent variables are functionals.
In general, the value of a function changes when the values of its independent
variables change. So, we need to estimate the value of changes of a functional. To
see how this could be done, let us consider a function F(x, y, ") that, when x is held
fixed, becomes a functional defined on a set of functions {y}, and let us develop an
estimate for the change in F' corresponding to an assigned change in the value of
y(x) of a function y in {y} for a fixed value of x. If y(x) is changed into

y(x) + en(x),

where € is independent of x we call the change en(x), the variation of y(x) and
denote it by
8y = en(x). (5.90)
Moreover, from the changed value of y we define that the changed value of
V' (x)is
V' (x) + en(x).
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Hence we have the comparison formula
8'(x) = en'(x) (5.91)
for the variation of y’(x). Corresponding to these changes we have the change
AF = F(x,y +en,y +en') — F(x,,)").

If we expand the first term on the right in a MacLaurin’s expression in powers
of €, we have

AF = F( Nt oF +8F, N 3*F 2+282F ,+82F o) €

= x: 9 N P € PR A A ) 1
»Y By}7 E)y/}7 ay2” 8y8y/77 8y/2r’ 2!
+o = F(x,p,))

or, neglecting powers of € higher than the first,

oOF oF

AF = —(en) + —(en)
ay 9y’
oF oF

AF = —§ —§.
ay v+ ay’ Y

By analogy with the differential of a function, we define the last expression to
be the variation of the functional " and denote it by 6F.

aF OF
OF = —38y + —8y'. (5.92)
ay a9y’

Remark

By strict analogy with the differential of a function of three variables, we must have
expressed the definition 6F = %Sx + %Sy + g—;Sy’ if x is a variable parameter. It
is worth noting that in its simplest form the differential of a function is a first-order
approximation to the change in the function as x varies along a particular curve,
whereas the variation of a functional is a first-order approximation to the change
in the functional at a particular value of x as we move from curve to curve. It is
interesting and important to note that variations can be calculated by the same rules
that apply to differentials. Specifically

8(F) + Fy) = 8F, £ 6F> (5.93)

8(F1F) = F18F; + Fr0F, (5.94)

F F>0F) — F16F:
3<_1> _ FdF — FioFy (5.95)
F, F3
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S(F™) = nF"'$F. (5.96)

These relations are easy to prove by means of equation (5.92). For example, with
F replaced by F'1 F>, equation (5.92) yields

d 0
S(F1F,) = $(F1F2)3y + a—y,(Fle)(Sy/

an 3F1 oF,
Fi + Fy s+ \|Fi| — |+ F
£ ay a9y’

oF» oF» oF or
=F|—96 8y | —36 1)
l[anyra/ }+2[8 y+3y/y]

= F16F; + F»6F],

oF
(&)
ay’

as asserted by equation (5.94). Proofs of equations (5.93), (5.95), and (5.96) can
be performed following the above steps. From the definite relations, i.e. equations
(5.90) and (5.16), and with D = d , we have

8Dy = &' = en = eDn = D(en) = D(8y),

and hence § and D commute; that is, taking the variation of a function y(x), and
differentiating it with respect to its independent variables are commutative oper-
ations. We can, of course, consider functionals of more than one function, and
the variations of such functionals are defined by expressions analogous to equation
(5.92). For instance, for the functional F(x,u, v, u’,v") we have

oF aF aF

Similarly, we can consider variations of functionals that depend on functions of
more than one variable. The functional F'(x, y, u, uy, u,), for example, whose value
depends, for fixed x and y, on the function u(x, y), we have

8F—8F8 +8F8 —G—BFS (5.97)
= u o Uy ou, uy. .

For a functional expressed as a definite integral, say the integral
b
10)= [ e,
a

of the kind we discussed already, we have, first

AT = I(y + en) — I(y).
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If the limits of / do not depend on y, we have furthermore,
b b
a1 = [ ey eny +eniax— [ ey
a a
b
= [ Uy eny’ + ey~ flay.yas
a

b
= / Af (x,y,y)dx.

The variation of / is now defined as the expression resulting when Af in the
last integral is replaced by the first-order approximation Jf; that is

b
8l = / 8 (x, v, )dx. (5.98)

Writing equation (5.98) as

b b
5 / FCryay s = / 5 (x, .y ),

a

we see that integrating a functional f(x, y,)’) over an interval [a, b] and taking the
variation of f(x, y,)’) are commutative operators, i.e. the operator symbolized by

b
/(.)dx and & commute.
a

From calculus we recall that a necessary condition for a function to have an
extremum is that its differential vanishes. We can now show, similarly, that a neces-
sary condition for a functional / to have an extremum is that its variations vanish.
In fact, using the results of the preceding discussion, we write

b
1 = f 8 e,y )
b
= / (8y + fi-8y")dx
b d
:/a |:fy8y+fy/a(6y)j| dx.

Now, integrating the last term by parts, we obtain

b d bd
[ (5 ) as=ponts - [ Lo
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when we assume that at x =a and at x = b either the variation §y = en(x) is zero
because 7(x) is, or a natural boundary condition holds so that F,, vanishes, it follows
that the integral portion of the last equation is equal to zero. Hence we have

b d
8l = / [fy — E(fy,)] Sydsx,

since we have already seen that f, — di(fy/) =0 is a necessary condition for an
. . X

extremum of /, it follows that 8/ is also zero at any extremum of /. Conversely,

since 8y is an arbitrary variation in y, the condition §/ = 0 implies that

d
Sy = 2 1=0,

which is the Euler-Lagrange equation.

5.17 Hamilton’s principles

Although Newton’s law of motion forms the basic foundation for the investigation
of mechanical phenomena still over the years there have been refinements and
extensions of his law that often provide more effective methods to study the applied
problems. In this section, we will take a brief look at two of these,

(a) Hamilton’s principle and
(b) Lagrange’s equations

(a) Hamilton’s principle

Let us consider a mass particle moving in a force field F. Let r(¢) be the position
vector from the origin to the instantaneous position of the particle. Then, according
to Newton’s second law in vector form, the actual path of the particle is described
by the equation

. _ —F. (5.99)

Now, consider any other path joining the points where the particle is located
at t=1; and at  =1,. Such a path is, of course, described by the vector function
r + ér, where ér|,, =dr|;, =0.

If we form the scalar product of the vector ér and the terms of equation (5.99),
and integrate from ¢ to t,, we obtain

5]
/ (m¥ - 8r — F - §r)dt = 0. (5.100)
4]
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Applying integration by parts to the first term in equation (5.100), we obtain

15}
mi- - 8t} —m/ I - Skdr.

t

The integrated term vanishes because of the properties of ér. Moreover,

mi- - r = (%) (i - F)dt

-5(3%)

— 5T,

where T is the kinetic energy of the moving particle of speed v. Hence equation
(5.100) can be rewritten

153
/ (8T +F - 8r)dt = 0. (5.101)
1

This is Hamilton’s principle in its general form, as applied to the motion of a
single mass particle in a force field that can be either conservative or nonconserva-
tive. If F is conservative, Hamilton’s principle assumes an even simpler form. Force
F is conservative, then there exists a scalar function ¢(x, y, z) such that F - §r = d¢
or equivalently, F = V¢. The function ¢ is called the potential function, and —¢
is (to within an additive constant) the potential energy of the particle in the field.
[Note: F is conservative meaning V x F =0 that implies that F = V¢, because
curlgradeg = 0 automatically and ¢ is called the potential function.] Now,

F= Vo
ap, 9P, 3P
B+ 25+ Dy
o Tty

We know that ér = 8xi + 8yj + ézk, and hence the dot product of two vectors

¢ ¢ 00
Foor=Por+ Loy s
=R TR
= é¢,

and therefore, the equation
153
/ (6T +F-érydt=0
14l

can be rewritten frtlz 8T + ¢)dt=0, or § fttlz (T + ¢)dt=0. And finally, since
¢ = —V, where V is the potential energy of the system,

3/: (T — Vdt = 0. (5.102)
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This is Hamilton’s principle for a single mass particle in a conservative
field. The principle can, of course, be extended to a system of discrete particles by
summation and to continuous systems by integration.

Remark

In many elementary problems, a dynamical system is described in terms of coor-
dinates that are distances. Such a choice of coordinates is not always the best one;
however, sometimes, problems involving another can be showed more conveniently
by choosing other quantities as coordinates, for instance, angles or even areas. In
the particular case of a system of P discrete particles, the effect of geometric con-
straints, assumed to be constant in time, is to reduce the numbers of variables
required to specify completely the state of the system at any given instant. To see
that a set of constraints actually has such an effect, observe that these rectangular
coordinates suffice to determine the position vector (x;,;,z;) of each mass parti-
clem;,j=1,2, ...p. If the constraints can be described by k(<3p) constraint and
independent equations

GV 21 X Yprzp) =0 i=1,23,.. k (5.103)

these £ equations may be used, at least theoretically, to eliminate k£ of the position
variables thus leaving only 3p — k independent coordinates. As has been mentioned,
the variables employed in a particular problem need not be rectangular coordinates.
They may be any 3p — k =n variables q1,q2, . ..q, that are independent of one
another, which are well suited to a mathematical investigation of the problem at
hand, and in terms of which the position of the p particles can be expressed by
means of 3p equations

xj = xi(q1,92, - - - qn)
Yi =i(q1,92, .. - qn) j=123,...p. (5.104)
zj = zj(q1,92, - - - qn)

These 3p equations in effect ensure that the constraints in equation (5.98) are
all compiled with.

Variables ¢1,q2, ... g, of the kind just described are called generalized coor-
dinates. A set of generalized coordinates for any particular mechanical system is
by no means unique; however, each such set must contain the same number of
variables.

(b) Lagrangian equations

Let us investigate the behaviour of a system of p particles a little further. By
differentiating equation (5.104) with respect to #, and substituting the results
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we obtain

. n E)xj .
Y= Zi:l a1

gi
. n 3yj .
=7 i1 g, (5.105)

. n 82_, .
5= it 3. ¥

into the expression

I~ 2o
T = 5 ;mj ()Cj2 +yj2 +Zj2) , (5.106)

we find that the kinetic energy T of the system can be written as a quadratic form
T =4¢"4q, (5.107)

where ¢7 =[41, g2, . . . g,] and the symmetric matrix 4 is expressed solely in terms
of g1,92, ...q,. Of course, this implies that 7 is a homogeneous function of
degree 2 in generalized velocity components g1, g2, . .. g,. Now in a conservative
system, by definition, the potential energy ¥ depends only on the position of the
particles. Hence V' =V (q1, ¢2, - .. ¢») must be a function of the generalized coor-
dinates alone. The function L =T — V' is usually referred to as the Lagrangian or
the kinetic potential. Hamilton’s principle, when extended to a conservative system
of the particles, may be stated as follows:

During an arbitrary interval [#], ,], the actual motion of a conservative system of
particles whose Lagrangian is T — V = L(q1,92, - - - gn, 41,42, - - - gn) 1S such that
Hamilton’s integral

b %)
/ (T—V)dt:/ Lt (5.108)
I3t 31

is rendered stationary relative to continuously twice-differentiable functions
q1,92, - - - qn that take on prescribed values at #; and #,.
From this principle discussed previously, we obtain

5]
[:/ f(t,xl,xz,x,,,...,x'l,x'z,...x',,)dt

t
o d o\ .
0x; dt \ 0x; -

i=1,2,3,...,n.

It follows that if ¢1, g2, . . . g, are generalized coordinates of a conservative system
of particles they must satisfy the system of Euler—Lagrange equations

oL d (oL .
BNy i=12,...n (5.109)
dg; dt \ 9q;
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These equations are known as Lagrange’s equations of motion or simply as
Lagrange’s equations. Since the Lagrangian L of a conservative system does not
explicitly involve ¢, a first integral of system (5.109) is

oL
Y i —L=E, (5.110)
i

where E is a constant. Recalling that V' is not a function of the generalized velocity
components, we have % = a%(T -N= % The series in equation (5.110) thus
becomes Y i, q',-g—g. Using the fact that 7 is a homogeneous function of degree 2
in q1,42,...4g, and applying Euler’s homogeneous function theorem, we find

that the sum of the preceding series is 27. We may, therefore, write equation
(5.110) as

2T —(T—V)=T+V =E. (5.111)

This result shows that a conservative particle system, when in motion, must move
in such a way that the sum of its kinetic and potential energies remains constant.
The total energy E of the system is determined when the initial values of all the ¢;
and ¢; are assigned. As our earlier expression F - §r = ¢ for the potential energy
of a single particle indicates, in a conservative system of discrete particles, in work
done by the various forces when the generalized coordinates {g;} of the system
under small changes {dq;} is

= Q1891 + 02892 + - -+ + Ondqn,

where we have introduced the conventional symbol Q; for —g—qVi. The typical term

in this expression, Q;8¢; is the work done in a displacement in which 8¢; is different

from zero but all other 8¢’s are equal to zero, since g; is not necessarily a distance,

Q; is not necessarily a force. Nonetheless, the Q's are referred to as generalized

forces. Using the relation L=T -V, g—V =0, and % = —(;, we find that system
qi qi

(5.104) can be written

d [V aV .
(EN_Z g i=1,2,....n (5.112)
dt 0q; aq;

In a nonconservative system, V" as well as 7 may involve the generalized coor-

dinates, in which case, the relation g—;./_ =0, and no loss occurs. Nonetheless,
1
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equation (5.112) is still correct, although we shall not prove the fact, the only

difference being that in a nonconservative system the generalized forces cannot be
derived from a potential function.

5.18 Hamilton’s equations

A particle of mass moving freely with velocity V has momentum mV and kinetic
energy T = %mV-V. In three dimensions, each rectangular component of the
momentum equals the derivative of the kinetic energy

1
T = om(E +57 +2),

with respect to the corresponding velocity components, i.e.

oT .
— = mx
ox

oT .
= m

P
oT .
— = mz
0z

For a system of particles having generalized coordinates ¢;, | <i <n, and kinetic
energy

T(q1,.92, - > qn- 41,92, - . . Gn), the variables
T (5.113)

— =p; 1<i<n,
3d: Di =1 =

are by analogy, referred to as generalized moments or generalized momentum
coordinates, although those quantities may or may not have the dimensions of
momentum. The kinetic energy T of the system is a quadratic form

T=¢"4qg 4=4", (5.114)

in the generalized velocity components ¢; thus, Euler’s homogeneous function
theorem, in conjunction with equation (5.109), yields

n

" .T
E Gim— = E piqi = 2T, (5.115)
pri [
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which shows that each product p;g; has the dimensions of energy regardless of the
nature of the generalized coordinates.

0 g1
.. Rl 42
T = I:QUqZ"-'nqnd 0 ann .0 X
Ann .
qn
air qi
.. 1] 92 a2
2[611,Q2, q] . R
(] qn

and thus we obtain

T = qianq1 + g2a24> + - - - + Gnangn]

. oT ..
4i— = 24;a;iq;
aq;

n

. 0T .
qu'—. = 22%’61[1‘6]:’ =2T.
o di

Differentiating equation (5.115) with respect to ¢; and noting that a;; = aj;,
we get

oT
3_q'i =Di
0

O Ty
= 5-@DG+4'4
qi

(@)

. T T
=[allalz--~a1n](1+q [allalz---aln]
=2[angiang: ... augy | 1=isn (5.116)

In matrix form, these n equations read

p = 244. (5.117)

Both equations (5.116) and (5.117) determine each p; as a linear homogeneous
function of g1, g2, . . ., gx. Solving equation (5.117) for ¢,

g=147"p. (5.118)
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Let us denote these functions by

Gi =1i(q1,92, 935 - - - s 4n>P1,02, 035 - - - »Dn)- (5.119)

For a conservative system of particles having total energy E, potential energy
V', and Lagrangian L,

E=T+V=2T—(T—-V)=2T—1, (5.120)

or substituting from equation (5.115) for 27,
n
E=Y pii—L. (5.121)
i=1

When each ¢; in the right-hand member of this equation is replaced by the
corresponding function f; of equation (5.119), the total energy E is transformed
into a function A of the variables q1,42,93,...,4n,P1,P2,P3,- - - ,Pn called the
Hamiltonian particle system. Thus,

H(QI,QL(]%- . '5qn9p19p2ap39' . 'apn)

n
= Zplql _L(qlan:v q3a LI Bq}’la ql,qu 51.3» e a‘in), (5~122)

i=1
where in the right-hand member of the equation, each ¢; stands for the correspond-

ing function fi(q1, 92,93, - --»qn,P1,P2,P3, - - - , Pn) of equation (5.119). Moreover,
from the first of equation (5.120)

H(ql:q29' .. :Qn»pl,pZ:- . "p}’l)
=T(41,92, > qn:S1:S25 - S) + V(q1,92, -+ qn), - (5.123)

that is to say, the Hamiltonian of a conservative system is the sum of the kinetic
and potential energies when the kinetic energy is expressed in terms of g; and p;
instead of the ¢; and ¢g;. Differentiating the Hamiltonian equation (5.117) partially
with respect to p;, we have

oH " ag; . 0L 0g;
_Zq.+ D= — L —
opi =17 pi -1 9gj 9pi (5.124)
ey [ BL} dd; '
=qi =1\~ 55 | 5.
Y ag ] ops
Since no ¢; in an argument of V,
oL dT . oL 0 1<i<
— = - =Dj 1.€.pj — — = <j<n.
3qj aqj / / aq]'
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Hence, equation (5.124) reduces to

oH

—=q 1=Zi<n (5.125)
opi

The n equations show that the partial derivatives of the Hamiltonian with respect
to p; in the ith component f; of vector function ¢ set from equation (5.118) as a
solution of equation (5.116) or equation (5.117). However, until the Hamiltonian is
known, the components of g, as given by equation (5.125), remain indeterminate.
The most convenient way of forming the Hamiltonian of a given system is

e Express the potential energy V' in terms of ¢; and the kinetic energy 7 in terms
of g; and g;.

e Form and solve the n equations, i.e. equation (5.117) of the ¢; in terms of the ¢;
and p;.

e Substitute for the g; in T to obtain

H=T+4+V intermsof g¢i,92...qn, P1,P2---Pn-

Using equation (5.122) to express the Lagrangian in terms of the Hamiltonian,
we get

n
L=Y pdi—H,
i=1

the related Hamilton integral is

%) n
/{Zmﬁﬁn (5.126)
o =1

According to Hamilton’s principle, this integral is rendered stationary by the
2n continuously differentiable functions g1,¢> . . . ¢», p1,p2 - . . by that characterize
the actual motion of the system of particles and satisfy the constraints provided by
equation (5.125), namely

. oH
i~ =0
ap;

To derive the differential equations of motions satisfied by the ¢g; and p;, we
form the modified Lagrangian

n n 8H
L= "pigi —H+ Y _ pilt) (Cii - —> ,
i=1 i=1

api
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where w1, m2, ..., M, are undetermined functions. For 1<i<n, we have
doL*/dp; = 0. Thus, the two sets of Lagrangian equations
oL* d [OL*
— —— | —=—)=0 1<i<n (5.127)
dq;  dt \ 9q;
oL* d (oL*
- — —)|=0 1<i<n, (5.128)
dpi  dt \ 9p;

yield, in turn,

’ n O ” d[ +w]=0 l1<i<
_ = - — = i<n
3q: < M dqi.ap;  dr Pi T I =i=n, (5.129)
and
or n () > 1<i< 5.130
— — Wi = <i<n. .
% ap; J ap;.op; ( )

Because of the constraint, equation (5.130) reduced to

n 2

Z a;{j,g[ wi(t)=0 1<i<n (5.131)
The coefficients matrix
Bz[azH} 1<i<n (5.132)
op;.op;
of this system of linear equations in w1, 2, . . ., i, iS the matrix %A_l of equation

(5.118) and is therefore nonsingular. Hence, for 1 <i<n, u;(¢) =0 and equation
(5.129) becomes

oH
—— —p;=0.

aqi

These n equations, together with equation (5.125), form a system of 2z first-
order differential equations

. O0H )
= 1<i<a (5.133)
api
. oH .
pi=—— 1<i<n, (5.134)
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known as Hamilton’s equations, or the canonical form of the equations of motion.
As we noted earlier, equation (5.133) of Hamilton equations is automatically given
by the solution of equation (5.116) for ¢; in terms of ¢; and p;. Once H is known,
these n equations may be checked by computing the partial derivatives of H with
respect to the p;. The other » Hamilton’s equations (5.134) require that H be found
before their determination. Collectively, Hamilton’s equations provide a basis for
more sophisticated mathematical techniques applicable to advanced problems of
dynamics, celestial mechanics, and atomic structure.

5.19 Some practical problems

In this section, we shall demonstrate the usefulness of the calculus of variations to
a number of practical problems in its simplest form.

Example 5.10

Find the shortest distance between two given points in the x—y plane.

Solution

Let us consider the two end-points as P(x1,y1) and Q(x2,y2). Suppose PRQ is any
curve between these two fixed points such that s is the arc length PRQ. Thus, the
problem is to determine the curve for which the functional

0
1) = /P ds (5.135)

is a minimum.
Since ds/dx =+/1 4 (y")?, then the above integral equation becomes

1(y) = /xxz J1+ ()2dx. (5.136)

In this case, the functional is /' = /1 + (3)?, which depends only on )’ and so
df /oy = 0. Hence the Euler—Lagrange equation is

d (of\
. <5> -0, (5.137)

which yields after reduction y” = 0, and the solution of which is the straight line
y=mx+ c. This is a two-parameter family of straight lines. Hence the shortest
distance between the two given points is a straight line.
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Example 5.11

Determine the Laplace equation from the functional

I(u) = / fs {uf + u3)dxdy, (5.138)

with a boundary condition # =f(x,y) on S.

Solution

The variational principle gives

8l = 5/ [{uf + ul}dxdy = 0. (5.139)
S
This leads to the Euler—Lagrange equation
Uy + iy =0 in S. (5.140)

Similarly, the functional /{u(x,y,z)}= [ [ [. g (u? + ui + u?)dxdydz will lead
to the three-dimensional Laplace equation.

Example 5.12

Derive the equation of motion for the free vibration of an elastic string of length ¢.

Solution

The potential energy V' of the string is

1 4
V= ET/(; uldx, (5.141)

where u = u(x, ) is the displacement of the string from its equilibrium position and
7 is the constant tension of the string.
The kinetic energy T is

1 l
T=- / pu>dx, (5.142)
2 Jo

where p is the constant line-density of the string.
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According to the Hamiltonian principle

1—5/ (T — V)dt

—3/ / —(pu? — tu?)dxdt

(5.143)
which has the form § ftrlz f(f L(uy, uy)dxdt in which L = %(,out2 — ).
The Euler—Lagrange equation is
aL 9 (oL a (oL
——_(=)-=(=—=] =0, (5.144)
ou  Jt \ ouy ox \ Juy
which yields
0 d
el - — =0. .14
(o) = = (71,) = 0 (5.145)
or
Uy — ity = 0, (5.146)

where ¢ = 4/7/p is the speed of the string-wave. This is the equation of motion of
the elastic string.

Remark

The variational methods can be further extended for a functional depending on
functions of more than one independent variable in the form

Hu(x,y)] = / /l;f(x,y, U, Uy, uy,)dxdy, (5.147)

where the values of the function u(x, y) are prescribed on the boundary C of a finite
domain D in the x—y plane. We consider the functional f is differentiable and the
surface u = u(x, y) yielding an extremum is also twice-differentiable.
The first variation 8/ of [ is defined by
8l(u,e) = I(u+¢€) — I(u), (5.148)

which is by Taylor’s expansion theorem

8l (u,€) = f /;){efu + ey + €fgldxdy, (5.149)

where € = €(x, y) is small and p =u, and g =u,.
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According to the variational principle, §/ = 0 for all admissible values of €. The
partial integration of the above equation together with € = 0 yields

0 0
0:81://I){ﬁ,—£ﬁ7—5@}edxdy. (5.150)
This is true for all arbitrary €, and hence the integrand must vanish, that is
of 0 0
— — —(f,) — — =0. 5.151
i =) (s.151)

This is the Euler—Lagrange equation, that is the second-order PDE to be satisfied
by the extremizing function u(x, y).

We have used this information in our previous example.

If the functional f* = f(¢,x,y,z,u, u;, uy,uy, u;) where the dependent variable
u=u(t,x,y,z) in which ¢,x,y, and z are the independent variables, then the
Euler—Lagrange equation can be written at once as follows:

of 9
u ot

d d d

(fu) + —=(fu) + — () + —(far.) (5.152)
ox ay 0z

Example 5.13

In an optically homogeneous isotropic medium, light travels from one point to
another point along a path for which the travel time is minimum. This is known as
the Fermat principle in optics. Determine its solution.

Solution

The velocity of light v is the same at all points of the medium, and hence the
minimum time is equivalent to the minimum path length. For simplicity, consider
a path joining the two points 4 and B in the x—y plane. The time of travel an arc
length ds is ds/v. Thus, the variational problem is to find the path for which

7 B ds
_/A @
.

= / 2f(y,y’)abc (5.153)

is a minimum, where )’ = %, and v =v(y). When f is a function of y and y’, then
the Euler—Lagrange equation is

d o
E(f_yfy,) =0. (5.154)
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This follows from the result
d / _ d ’ Z / d /
2=y = S0 =yt =y ()
d
=V Yy =y =y ()
d
— 1/ - ,
-t
= 0.
Hence integrating, we obtain

[ —=Vfy = constant
V1+0)? V2
\ v/l + 0/)2

After a reduction, the solution becomes

= constant.

1
—~——= =constant. In order to
va/l +(y/)2
give the simple physical interpretation, we rewrite this equation in terms of the
angle ¢ made by the tangent to the minimum path with vertical y-axis so that

sin¢ = m Hence, % sin ¢ = constant for all points on the minimum curve.
For a ray of light, 1/v must be directly proportional to the refractive index n of the
medium through which the light is travelling. This equation is called the Snell law

of refraction of light. Often, this law can be stated as 7 sin ¢ = constant.

Example 5.14

Derive Newton’s second law of motion from Hamilton’s principle.

Solution

Let us consider a particle of mass m at a position r =xi+ yj + zk that is mov-
ing under the action of an external force F. The kinetic energy of the particle is
T= %ml"z, and the variation of work done is W =F-ér and 6V = —6W. Then
Hamilton’s principle for this system is

[5)
0= 5/ (T — V)dt
I3l

= /[2 (6T — 8V)dt

h

15)
=/ (m¥ - 8r + F - 8r)dt.
151
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Using the integration by parts, this result yields
15}
/ (m¥ — F) - érdt = 0. (5.155)
n

This is true for every virtual displacement ér, and hence the integrand must
vanish, that is,

mi = F. (5.156)

This is Newton’s second law of motion.

5.20 Exercises

1. Solve the following Abel’s integral equations:

(@) tx+1)= ' \/lTu(t)dt.
(b) x+x* = / \/_u(t)dt
(¢) sinx = A mu(t)dt.

S
d) x* = /O mu(t)dr.

2. Using the method of Laplace transforms or otherwise, solve the following second
kind Volterra integral equations:

o
(@) u(x)=+/x—mx+2 | mu(t)dt.
(b) u(x) = 1 —Vx+ ' \/lTu(t)dt.
(0) uw) =25 — / Fu(t)dt
(d) u() = x+ ox} — / ! (i)
3 0 X — '
(e) u(x)=1+2yx— / u(t)dt.

3. Show that the solution of the integral equation

/ VXN
0

i u(ndt =f(x), O=x=<1)
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is
/ t fdt
nzdx /'[—_x dr JaE=1
4. Show that the solution of the integral equation

fl u(t)dt _1L 0<x<D)
0

lx — 2]V

u(x) =

where 0 <v <11is

u(x) = —cos(”z){x(l )<”*‘>/2}.

5. Show that the solution of the integral equation

1 1
/ lx—fu@ydt =1, O<x<1)
0
is
u(x) = x_%(l —x)_%/(n«/z), O<x<l1)
6. Show that the solution of the following integral equation

U u(t)dt

,uu(x):x+/0 O<x<l

where = —m cot (7v) in which (0 < v < %) is

sin (7Tv)

u(x) = X(Il=x)""(v—x), (0<x<]l).

7. Show that the solution of the following integral equation

1
,uu(x):x~|—/ u(t)dt’ O<x<1
0o I—Xx

where © = —m cot (7v) in which (0 <v < %) is

sin (7rv) o

u(x) = (1-x)w+x), O<x<l).

8. Show that the minimization of the variational integral
aT\*  [oT\?
1:// or* —ai(—) + (= ds
S ox ay
://f(T,TX,Ty)dS,
S



10.

11.

12.

13.

14.
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where T'(x,y) is the temperature distribution on the surface S, « is the thermal
diffusivity, and Q is a constant rate of heat generation, is equivalent to solving
the differential equation

d oT n d oT L OT =0
— — — a— =
o\ ox y \ dy ’

with the same boundary conditions. [Hint: Use Euler—Lagrange equation to
obtain this heat conduction equation.]

Show that the maximum and minimum values of the function f'(x, y,z) = xyz on

the unit sphere x? +y* +2z2 =1 are 3ﬁ and—}\f

When a thermonuclear reactor is built in the form of a right circular cylinder,
neutron diffusion theory requires its radius and height to satisfy the equation

(2.4;)48)2 N (%)z k

where £ is a constant. Show by Lagrange’s principle of extremizing a functional
that the values of » and / in terms of £, if the reactor is to occupy as small a

volume as possible, are » =2.4048,/3/(2k) and h=m/3/k.

xy+x2
2241

Find the maximum value of f(x,y,z)=
¥4 —x?) =y

subject to the constraint

Derive the Poisson equation V21 = F(x,y) from the variational principle with
the functional

I(u) = / / {u)% + u}z, + 2uF (x,y)}dxdy,
D

where u =u(x, y) is given on the boundary C of D.

Show that the Euler—Lagrange equation of the variational principle

St = [ [ 7ttty i, sy = 0
D
is
d
Jum i) = (fuy>+ - 2(fuw>+ (fug)+ X Ly
Derive the Boussinesq equation for water waves
Uy — czuxx — MlUxxtr = %(uz)xx

from the variational principle § | | Ldxdt =0,
where

1,2 122 1, .2 1,3
L= 3¢ —2¢°¢x + 30y — 59%
and ¢ is the velocity potential defined by u = ¢,.
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15. Determine the function representing a curve that makes each of the following
equations maximum:

1
(@) I(y(x)) = /O 0% + 12x0)dx,  p(0) = 0,%(1) = 1.

/2
(b) I(x) = /O 0% = yHdx,  y(0) = 0,y(n/2) = 1.

16. From the variational principle 8 [ [}, Ldxdt =0 with

L=—p /;1 {d)t + %(V(ﬁ)2 —I—gz} dz
derive the basic equations of water waves
V2 =0, —h(x,y)<z<nxy),t>0
n+Vo-Vn—¢, =0, onz=n
¢ + %(V¢)2 4+gz=0, onz=n
¢. =0, onz=—h,

where ¢(x,y,z,t) is the velocity potential and n(x,y,?) is the free surface
displacement function in a fluid of depth 4.

17. A mass m under the influence of gravity executes small oscillations about
the origin on a frictionless paraboloid Ax? 4+ 2Bxy + Cy*> =2z, where 4 >0
and B> <AC, and the positive direction of z-axis is upward. Show that
the equation whose solution gives the natural frequencies of the motion is
w* — g(4+ C)»* + g*(AC — B?) =0. There are two values of w? unless A = C
and B = 0. [Hint: Use x and y as the generalized coordinates and take 2> =0.]
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6 Integro-differential equations

6.1 Introduction

This chapter deals with one of the most applied problems in the engineering sci-
ences. It is concerned with the integro-differential equations where both differential
and integral operators will appear in the same equation. This type of equations
was introduced by Volterra for the first time in the early 1900. Volterra inves-
tigated the population growth, focussing his study on the hereditary influences,
where through his research work the topic of integro-differential equations was
established (see Abramowitz and Stegun [1]).

Scientists and engineers come across the integro-differential equations through
their research work in heat and mass diffusion processes, electric circuit problems,
neutron diffusion, and biological species coexisting together with increasing and
decreasing rates of generating. Applications of the integro-differential equations in
electromagnetic theory and dispersive waves and ocean circulations are enormous.
More details about the sources where these equations arise can be found in physics,
biology, and engineering applications as well as in advanced integral equations
literatures. In the electrical LRC circuit, one encounters an integro-differential
equation to determine the instantaneous current flowing through the circuit with
a given voltage E(¢), and it is written as L% +RI + é fot I(t)dt = E(t), with the
initial condition /(0)=1/y at t=0. To solve this problem we need to know the
appropriate technique (see Rahman [3]).

It s important to note that in the integro-differential equations, the unknown
function u(x) and one or more of its derivatives such as u/(x),u”(x), ... appear
out and under the integral sign as well. One quick source of integro-differential
equations can be clearly seen when we convert the differential equation to an integral
equation by using Leibnitz rule. The integro-differential equation can be viewed
in this case as an intermediate stage when finding an equivalent Volterra integral
equation to the given differential equation.

The following are the examples of linear integro-differential equations:

u'(x) =f(x) — /Ox (x — Hu(t)dt, u(0)=0 (6.1

165
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u”(x) = g(x) + /x (x — Hu(t)dt, u(0) =0, u'(0)=—1 (6.2)
0
1
W(x)=¢e"—x —i—/ xtu(t)dt, u(0) =0, (6.3)
0

u'(x) = h(x) + /O ' ud (Odt,  u(0) = 0, /' (0) = 1. (6.4)

It is clear from the above examples that the unknown function u(x) or
one of its derivatives appear under the integral sign, and the other derivatives
appear out the integral sign as well. These examples can be classified as the
Volterra and Fredholm integro-differential equations. Equations (6.1) and (6.2)
are the Volterra type whereas equations (6.3) and (6.4) are of Fredholm type
integro-differential equations. It is to be noted that these equations are linear
integro-differential equations. However, nonlinear integro-differential equations
also arise in many scientific and engineering problems. Our concern in this chap-
ter will be linear integro-differential equations and we will be concerned with
the different solution techniques. To obtain a solution of the integro-differential
equation, we need to specify the initial conditions to determine the unknown
constants.

6.2 Volterra integro-differential equations

In this section, we shall present some sophisticated mathematical methods to
obtain the solution of the Volterra integro-differential equations. We shall focus
our attention to study the integral equation that involves separable kernel of
the form

n
K(x,0) =Y gr(x)h(t) (6.5)
k=1

We shall first study the case when K (x, ) consists of one product of the functions
g(x) and A(t) such that K (x, t) = g(x)A(¢) only where other cases can be generalized
in the same manner. The nonseparable kernel can be reduced to the separable kernel
by using the Taylor’s expansion for the kernel involved. We will illustrate the method
first and then use the technique to some examples.

6.2.1 The series solution method

Let us consider a standard form of Volterra integro-differential equation of nth
order as given below:

u"(x) = f(x) + g(x) / ’ hou@ydt, u™ =by, 0<k<(@m—1). (6.6
0
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We shall follow the Frobenius method of series solution used to solve ordinary
differential equations around an ordinary point. To achieve this goal, we first assume
that the solution u(x) of equation (6.6) is an analytic function and hence can be
represented by a series expansion about the ordinary point x =0 given by

ux) =y arx*, (6.7)
k=0

where the coefficients a; are the unknown constants and must be determined. It
is to be noted that the first few coefficients a; can be determined by using the
initial conditions so that ag = u(0), a; =u/(0),a; = %u”(O), and so on depending
on the number of the initial conditions, whereas the remaining coefficients a; will
be determined from applying the technique as will be discussed later. Substituting
equation (6.7) into both sides of equation (6.6) yields

[ee) (n) X 00
(Z akxk> = f(x) + g(x) /0 (Z aktk) dt. (6.8)
k=0 k=0

In view of equation (6.8), equation (6.6) will be reduced to calculable integrals
in the right-hand side of equation (6.8) that can be easily evaluated where we
have to integrate terms of the form #",n >0 only. The next step is to write the
Taylor’s expansion for f(x), evaluate the resulting traditional integrals, i.e. equation
(6.8), and then equating the coefficients of like powers of x in both sides of the
equation. This will lead to a complete determination of the coefficients ag, a1, a2, . . .
of the series in equation (6.7). Consequently, substituting the obtained coefficients
ay, k>0 in equation (6.7) produces the solution in the series form. This may give
a solution in closed-form, if the expansion obtained is a Taylor’s expansion to a
well-known elementary function, or we may use the series form solution if a closed
form is not attainable.

To give a clear overview of the method just described and how it should be
implemented for Volterra integro-differential equations, the series solution method
will be illustrated by considering the following example.

Example 6.1

Solve the following Volterra integro-differential equation
X
u”(x) = x coshx — / tw@)dt, u(0)=0, u'0)=1, (6.9)
0

by using the series solution method.
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Solution

Substitute u(x) by the series
oo
u(x) = Z apx”", (6.10)
n=0

into both sides of the equation (6.9) and using the Taylor’s expansion of cosh x, we
obtain

o o0 2k X o
n(n — Dax"2 =x ( x_) — t ( a,,t") dt. (6.11)
2 2 (k) /0 g

n=2 k=0
Using the initial conditions, we have ap =0, and a; = 1. Evaluating the integrals

that involves terms of the form #”, n > 0, and using few terms from both sides yield

2 4
2a2+6a3x+12a4x2+20a5x3+---=x(l+%+%+-~>

x3+1 -
—_— — _ax ... .
347

(6.12)

Equating the coefficients of like powers of x in both sides we find a, =0,
ay = %,a4 =0, and in general ay, =0, for n>0 and az,+1 = Qn;ﬂ)!’ for n>0.
Thus, using the values of these coefficients, the solution for u(x) from equation
(6.10) can be written in series form as

3 5

x x
u(x)=x+§+§+~~, (6.13)

and in a closed-form
u(x) = sinh x, (6.14)

is the exact solution of equation (6.9).

Example 6.2

Solve the following Volterra integro-differential equation

1 1 *
u'(x) = COth+4_1_4_l cosh 2x+/ sinh tu(t)dt, u(0)=1,4'(0)=0. (6.15)
0

Solution

Using the same procedure, we obtain the first few terms of the expression u(x) as

u(x) = 1+ axx® + asx® + agx* +asx” + - (6.16)
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Substituting equation (6.16) into both sides of equation (6.15) yields

2ay + 6aszx + 12a4x2 + 2Oa5x3 + .-

x2 Xt 1
=l1+=+—4+-)+-

20 4 4
1 2x)?  (2x)*

— |1
4< toyt e

X t3 t5
+/ <t+§+§+o~->(1+a212+a3t3+~')dt. (6.17)
0 ! !

Integrating the right-hand side and equating the coefficients of like powers
of x we find aqg=1,a; =0,a; = %,a3 =0,a4 = %,a5 =0, and so on, where the
constants ag and a; are defined by the initial conditions. Consequently, the solution
in the series method is given by

2 4 x6

X
w =1+ + T+ T (6.18)

which give u(x) = cosh x, as the exact solution in a closed-form.

6.2.2 The decomposition method

In this section, we shall introduce the decomposition method and the modified
decomposition method to solve the Volterra integro-differential equations. This
method appears to be reliable and effective.

Without loss of generality, we may assume a standard form to Volterra integro-
differential equation defined by the standard form

u™ = f(x)+ / ' K(x, Hut)dt, uP0)=0b;,0<k<m—1) (6.19)
0

where (" is the nth order derivative of u(x) with respect to x and b; are constants
that defines the initial conditions. It is natural to seek an expression for u(x) that
will be derived from equation (6.19). This can be done by integrating both sides of
equation (6.19) from 0 to x as many times as the order of the derivative involved.
Consequently, we obtain

n—1 X
ux) =Yy %bkxk + L)+ L7 ( / K(x, t)u(t)dt) , (6.20)
k=0"" 0

where ZZ;(I) %bkxk is obtained by using the initial conditions, and L~ is an n-fold
integration operator. Now, we are in a position to apply the decomposition method
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by defining the solution u(x) of equation (6.20) on a decomposed series

0]

u(x) = uy(x). (6.21)

n=0

Substitution of equation (6.21) into both sides of equation (6.20) we get

00 n—1
Y w0 =Y mhet + L7
n=0

k=0 "

+L7! (/x K(x,1) (Z u,,(t)) dt) (6.22)
0 n=0

This equation can be explicitly written as
n—1 1
uo(x) + 11 () + (@) + - = Y b + L7 ()

k=0

+L7! ( [ K(x, t)uo(t)dt)
0

+L17! ( / K(x, t)ul(t)dt)
0

+L7! ( f K(x, t)uz(t)dt)
0

+L7! ( / K(x, t)u3(t)dt>
0

+... (6.23)

The components ug(x), u1(x), u2(x), u3(x), ... of the unknown function u(x) are
determined in a recursive manner, if we set

n—1
i) =3 )
u(x) =L < / xK(x, t)uo(t)dt> ,
0
ur(x) = L7} ( / ' K(x, t)ul(t)dt> ,
0
u3(x) = L7} < f ' K(x, t)uz(t)dt> ,
0
= )

us(x) = L7! /0 ' K (x, Hyuz(t)dt
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and so on. The above equations can be written in a recursive manner as
n—1 1
_ Lk -1
up(x) = kz e LT ) (6.24)
=0

Upp1(x) = L1 ( /0 ' K(x, t)un(t)dt> , n>0 (6.25)

In view of equations (6.24) and (6.25), the components ug(x), u1(x), u(x), . . .
are immediately determined. Once these components are determined, the solution
u(x) of equation (6.19) is then obtained as a series form using equation (6.21). The
series solution may be put into an exact closed-form solution which can be clarified
by some illustration as follows. It is to be noted here that the phenomena of self-
cancelling noise terms that was introduced before may be applied here if the noise
terms appear in ug(x) and u(x). The following example will explain how we can
use the decomposition method.

Example 6.3

Solve the following Volterra integro-differential equation
X
W' (x)=x+ / (x — Hu(t)dt, u0)=0,u'(0)=1, (6.26)
0
by using the decomposition method. Verify the result by the Laplace transform

method.

Solution

Applying the two-fold integration operator L~

L ') = /0 ' /O ' ()dx dx, (6.27)

to both sides of equation (6.26), i.e. integrating both sides of equation (6.26) twice
from O to x, and using the given linear conditions yield

u(x) =x + = + L~ </ (x — t)u(t)dt) (6.28)
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Following the decomposition scheme, i.e. equations (6.24) and (6.25), we find

X3

uo(x)—x—i—y
B
e /0 (x — Ouo()dr
x5 x7
=5t
(o)
ua() /O (x — D (Hdr
_x9 xl]
o T

With this information the final solution can be written as

x3 xS x7 X9 l 1

= —t =4+ =4+ =4+ — 6.29
u(x) = Xttt +9'+11’+ (6.29)
and this leads to u(x) = sinh x, the exact solution in closed-form.
By using the Laplace transform method with the concept of convolution and
using the initial conditions the given equation can be very easily simplified to

1
L) = 5—

and taking the inverse transform, we obtain u(x) = sinh x which is identical to the
previous result.

Example 6.4
Solve the following Volterra integro-differential equation

u'(x) =1+ / x(x—t)u(t)dt, u0) =1, u(0)=0, (6.30)
0

by using the decomposition method, then verify it by the Laplace transform method.

Solution

Integrating both sides of equation (6.30) from 0 to x and using the given initial
conditions yield

u(x)_1+ ~|—L ( / (x—t)u(t)dt) (6.31)
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where L~! is a two-fold integration operator. Following the decomposition method,
we obtain

2
uo(x)=1~|—%
(i)
n (x) /O (x — Duo()dr
)C4 x6
PTIN]
-
a() /O (x — D (e
)C8 xlO
~ %100

Using this information the solution u(x) can be written as

2 x4 x6 x8 xlO

X
D VI A A SOV ST 6.32
TR T TR T (6.32)

and this gives u(x) cosh x the exact solution.
By using the Laplace transform method with the concept of convolution and
using the initial conditions, we obtain

Li{u(x)} =

sz —1

and its inversion is simply u(x) = cosh x. These two results are identical.

6.2.3 Converting to Volterra integral equations

This section is concerned with converting to Volterra integral equations. We can eas-
ily convert the Volterra integro-differential equation to equivalent Volterra integral
equation, provided the kernel is a difference kernel defined by K(x, ) = K(x — ¢).
This can be easily done by integrating both sides of the equation and using the
initial conditions. To perform the conversion to a regular Volterra integral equation,
we should use the well-known formula described in Chapter 1 that converts multi-
ple integrals into a single integral. We illustrate for the benefit of the reader three
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specific formulas:

i ) J = %/j -
L xu(t)dt (x_t)n Lty
0 Jo 0 1)|

n-fold integration

Having established the transformation to a standard Volterra integral equation,
we may proceed using any of the alternative methods discussed before in previ-
ous chapters. To give a clear overview of this method we illustrate the following
example.

Example 6.5
Solve the following Volterra integro-differential equation

2

wmzz—%+%ﬂn@@ u(0) = 0. (6.33)

by converting to a standard Volterra integral equation.

Solution

Integrating both sides from 0 to x and using the initial condition and also converting
the double integral to the single integral, we obtain

u@y_m—-—+ /‘/ummm

3

_m—i+1/@—m@m

It is clearly seen that the above equation is a standard Volterra integral equation. It
will be solved by the decomposition method. Following that technique we set

3

uo(x) = 2 = 5. (6.34)
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which gives

1~ £
= - -2t — —)dt
=g [[a=n (a3 )a
X3 XS

== - —. 6.35
12 240 (6.35)

We can easily observed that % appears with opposite signs in the components
ug(x) and u((x), and by cancelling this noise term from u(x) and justifying that
u(x) = 2x, is the exact solution of equation (6.33). This result can be easily verified
by taking the Laplace transform of equation (6.33) and using the initial condition
which simply reduces to L{u(x)} = %2 and its inversion is u(x) = 2x.

6.2.4 Converting to initial value problems

In this section, we shall investigate how to reduce the Volterra integro-differential
equation to an equivalent initial value problem. In this study, we shall mainly
focus our attention to the case where the kernel is a difference kernel of the form
K(x,t)=K(x —t). This can be easily achieved by differentiating both sides of the
integro-differential equation as many times as needed to remove the integral sign.
In differentiating the integral involved we shall use the Leibnitz rule to achieve
our goal. The Leibnitz rule has already been introduced in Chapter 1. For ready
reference, the rule is

1=b(x)
Let y(x) = / f(x, t)dt

t=a(x)

A R db(x) da(x)
then — = /[:a(x) af(x, t)dt + Wf(b(x),x) — Wf(a(x), X).

Having converted the Volterra integro-differential equation to an initial value
problem, the various methods that are used in any ordinary differential equation can
be used to determine the solution. The concept is easy to implement but requires
more calculations in comparison to the integral equation technique. To give a clear
overview of this method we illustrate the following example.

Example 6.6

Solve the following Volterra integro-differential equation
X
W) =1+ / u(t)ydt, u(0)=0, (6.36)
0

by converting it to an initial value problem.
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Solution

Differentiating both sides of equation (6.36) with respect to x and using the Leibnitz
rule to differentiate the integral at the right-hand side we obtain

i (x) = u(x), with the initial conditions u(0) = 0, 1/(0) = 1, (6.37)

where the derivative condition is obtained by substituting x = 0 in both sides of the
equation (6.36). The solution of equation (6.37) is simply

u(x) = Acoshx + Bsinhx,

where 4 and B are arbitrary constants and using the initial conditions, we have
A =0 and B =1 and thus the solution becomes

u(x) = sinh x.

This solution can be verified by the Laplace transform method. By taking the
Laplace to equation (6.36) and using the initial condition, we have after reduction

L) = 5—

and its inversion gives us #(x) = sinh x which is identical to the above result.
Example 6.7
Solve the following Volterra integro-differential equation

2

W(x)=2— xz + % fo ' u(t)dt, u(0) = 0. (6.38)

by reducing the equation to an initial value problem.

Solution

By differentiating the above equation with respect to x it can be reduced to the
following initial value problem

u'(x) — qu(x) = =%, u(0) = 0,4/(0) = 2, (6.39)

The general solution is obvious and can be written down at once
u(x) = Acosh(x/2) 4+ Bsinh (x/2) + 2x.

Using the initial conditions yields 4 = B = 0 and the solution reduces to u(x) = 2x.
This result can also be obtained by using the Laplace transform method.
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6.3 Fredholm integro-differential equations

In this section, we will discuss the reliable methods used to solve Fredholm integro-
differential equations. We remark here that we will focus our attention on the
equations that involve separable kernels where the kernel K(x, #) can be expressed
as the finite sum of the form

K@, t) =Y gr(x)hi (). (6.40)
k=1

Without loss of generality, we will make our analysis on a one-term kernel K (x, 7)
of the form K (x, #) = g(x)A(?), and this can be generalized for other cases. The non-
separable kernel can be reduced to separable kernel by using the Taylor expansion
of the kernel involved. We point out that the methods to be discussed are introduced
before, but we shall focus on how these methods can be implemented in this type
of equations. We shall start with the most practical method.

6.3.1 The direct computation method

Without loss of generality, we assume a standard form to the Fredholm integro-
differential equation given by

1
uM(x) = f(x) + / K, Hu)dr, u® =b(0),0<k<(n—1), (6.41)
0

where 1" (x) is the nth derivative of u(x) with respect to x and by are constants that
define the initial conditions. Substituting K(x,#) =g(x)A(¢) into equation (6.41)
yields

1
uM(x) = f(x) + g(x) f huyde, u® =b,0<k<@m—1). (642)
0

We can easily see from equation (6.42) that the definite integral on the right-hand
side is a constant «, i.e. we set

1
o= / h(t)u(t)dt, (6.43)
0
and so equation (6.42) can be written as
U (x) = f(x) + ag(x). (6.44)
It remains to determine the constant « to evaluate the exact solution u(x). To

find @, we should derive a form for u(x) by using equation (6.44), followed
by substituting the form in equation (6.43). To achieve this we integrate both
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sides of equation (6.44) n times from 0 to x, and by using the given initial
conditions u) = b;,0 <k < (n— 1) and we obtain an expression for u(x) in the
following form

u(x) = p(x; ), (6.45)
where p(x; «) is the result derived from integrating equation (6.44) and also by
using the given initial conditions. Substituting equation (6.45) into the right-hand
side of equation (6.43), integrating and solving the resulting algebraic equation
to determine «. The exact solution of equation (6.42) follows immediately upon

substituting the value of « into equation (6.45). We consider here to demonstrate
the technique with an example.

Example 6.8

Solve the following Fredholm integro-differential equation
/2
u"'(x) =sinx —x — / xtu' (¢)dt, (6.46)
0

subject to the initial conditions u(0) =1, #/(0) =0, «”(0)=—1.

Solution

This equation can be written in the form
W (x)=sinx —(1+ax, uw0=1, «0)=0 u"(0)=-1, (6.47)
where
/2
a= / ' (¢)dt. (6.48)
0

To determine «, we should find an expression for u/(x) in terms of x and « to be
used in equation (6.47). This can be done by integrating equation (6.47) three times
from 0 to x and using the initial conditions; hence, we find

1
u"(x) = —cosx — + g
2!
u'(x) = —sinx — +ax3
3!
I+oa 4

u(x) = cosx — 1
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Substituting the expression for #/(x) into equation (6.48), we obtain

/2 1
a:/ (—tsint— +at4>dt
0 3!

Y (6.49)

Substituting o = —1 into u(x) = cosx — 1%x* simply yields u(x) = cosx which

41
is the required solution of the problem.

6.3.2 The decomposition method

In the previous chapters, the Adomian decomposition method has been extensively
introduced for solving Fredholm integral equations. In this section, we shall study
how this powerful method can be implemented to determine a series solution to the
Fredholm integro-differential equations. We shall assume a standard form to the
Fredholm integro-differential equation as given below

1
u"x) = (x) + / K, Du(dt, u® =bp(0),0 <k <(n—=1), (6.50)
0
Substituting K (x, t) = g(x)h(t) into equation (6.50) yields
1
u"(x) = f(x) + g(x) / h(tyu(t)dt. (6.51)
0
Equation (6.51) can be written in the operator form as

1
Lu(x) = f(x) + g(x) /0 h(tyu(t)dt, (6.52)

where the differential operator is given by L = d{:" . It is clear that L is an invertible

operator; therefore, the integral operator L™ is an n-fold integration operator and
may be considered as definite integrals from 0 to x for each integral. Applying L~!
to both sides of equation (6.52) yields

1 1
u(x) = by + bix + ibzx2 +o mb,,_pc"*‘

1
+ L7 (x) + ( /0 h(t)u(t)dz) L™ (g(x)). (6.53)

In other words, we integrate equation (6.51) n times from 0 to x and we use the
initial conditions at every step of integration. It is important to note that the equa-
tion obtained in equation (6.53) is a standard Fredholm integral equation. This
information will be used in the later sections.
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In the decomposition method, we usually define the solution u(x) of equation
(6.50) in a series form given by

ux) =Y up(x). (6.54)
n=0

Substituting equation (6.54) into both sides of equation (6.53) we get

0 n—1
1 -
Do) =Y bt + L7 w)
n=0 k=0
1
+ (/ h(t)u(t)dt) L~ (g(x)), (6.55)
0
This can be written explicitly as follows:
n—1 1
uop(x) + 1 (x) + 1 (¥) + -+ = Y —=bx* +L7(f(x)
= k!

1

+ ( /O h(t)uo(t)dt> L™ (g(x))
1

+ < /0 h(t)ul(t)dt) L7 (g(x)

1
+ ( | h(f)uz(t)df) L7 (g)

0
+ - (6.56)
The components up(x), u1(x), u2(x), . . . of the unknown function u(x) are deter-

mined in a recurrent manner, in a similar fashion as discussed before, if we
set

n—1

w() = Y bt + L7700
k=0

1
i (x) = ( /O h(f)uo(f)dt> L (g)

1
ua(x) = ( /0 h(t)ul(t)dt> L (g()

1
us(x) = ( /O h(f)uz(f)df> L (g)
...... N (6.57)



INTEGRO-DIFFERENTIAL EQuaTtions 181

The above scheme can be written in compact form as follows:
n—1 1
to(x) = /; bt L7 6)

1
Unt1(X) = (/0 h(t)un(f)df> L\ (g(x), n=0. (6.58)

In view of equation (6.58), the components of u(x) are immediately determined
and consequently the solution u(x) is determined. The series solution is proven
to be convergent. Sometimes the series gives an exact expression for u(x). The
decomposition method avoids massive computational work and difficulties that
arise from other methods. The computational work can be minimized, sometimes,
by observing the so-called self-cancelling noise terms phenomena.

Remark

The noise terms phenomena

The phenomena of the self-cancelling noise terms was introduced by Adomian and
Rach [2] and it was proved that the exact solution of any integral or integro-
differential equation, for some cases, may be obtained by considering the first
two components ug and | only. Instead of evaluating several components, it is use-
ful to examine the first two components. If we observe the appearance of like terms
in both the components with opposite signs, then by cancelling these terms, the
remaining noncancelled terms of #y may in some cases provide the exact solution.
This can be justified through substitution. The self-cancelling terms between the
components #y and u; are called the noise terms. However, if the exact solution is
not attainable by using this phenomena, then we should continue determining other
components of u(x) to get a closed-form solution or an approximate solution. We
shall now consider to demonstrate this method by an example.

Example 6.9

Solve the following Fredholm integro-differential equation
/2
u"(x) =sinx —x — / xt'(Hdt, u(0) =1, (0)=0, u"(0)=—1, (6.59)
0

by using the decomposition method.

Solution

Integrating both sides of equation (6.59) from 0 to x three times and using the initial
conditions we obtain

4 4 a2

u(x) = cosx — % ~ ) o (6.60)



182 INTEGRAL EQUATIONS AND THEIR APPLICATIONS
We use the series solution given by

0]

u(x) = uy(x). (6.61)

n=0

Substituting equation (6.61) into both sides of equation (6.60) yields

4
Zun(x) = cosx — 7 — ﬁ (Z u (t)) dt. (6.62)

This can be explicitly written as

4 4 /2
up(x) + u1(x) + up(x) + - - - = cosx — T (/ tu6(t)dt>
0

41 4
4 /2 4 /2
- ( / ) (t)dt) _ ( / tué(t)dt)
41\ Jy 41\ Jy
4+ (6.63)
Let us set
4
up(x) = cosx — Ik (6.64)
o _ A
ul(x)z—m A t(—smt—§>dt
x* ° 4
= — 4+ ——x". 6.65
RN (6.65)

Considering the first two components u(x) and 1 (x) in equations (6.64) and (6.65),
we observe that the term ’2—1 appears in both components with opposite signs. Thus,
according to the noise phenomena the exact solution is u(x) = cosx. And this can
be easily verified to be true.

6.3.3 Converting to Fredholm integral equations

This section is concerned about a technique that will reduce Fredholm integro-
differential equation to an equivalent Fredholm integral equation. This can be easily
done by integrating both sides of the integro-differential equation as many times as
the order of the derivative involved in the equation from 0 to x for every time we
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integrate, and using the given initial conditions. It is worth noting that this method is
applicable only if the Fredholm integro-differential equation involves the unknown
function u(x) only, and not any of its derivatives, under the integral sign.

Having established the transformation to a standard Fredholm integral equation,
we may proceed using any of the alternative method, namely the decomposition
method, direct composition method, the successive approximation method, or the
method of successive substitutions. We illustrate an example below.

Example 6.10

Solve the following Fredholm integro-differential equation
1
W'(x)=¢e"—x+ x/ w@)dt, u(0)y=1, u'(0)=1, (6.66)
0
by reducing it to a Fredholm integral equation.

Solution

Integrating both sides of equation (6.66) twice from 0 to x and using the initial
conditions we obtain

B3l
ux)=¢e" — — + — tu(t)dt, (6.67)
3 31 )
a typical Fredholm integral equation. By the direct computational method, this
equation can be written as

3 3
— Y g
ux)=-e 3 + o IR (6.68)
where the constant « is determined by
1
o= / tu(t)dt, (6.69)
0

Substituting equation (6.68) into equation (6.69) we obtain

1 3 3
t t
a:/ tle — = +a=)dt,
0 3173

which reduces to yield « = 1. Thus, the solution can be written as u(x) = ¢*.

Remark

It is worth noting that the main ideas we applied are the direct computation method
and the decomposition method, where the noise term phenomena was introduced.
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The direct computation method provides the solution in a closed-form, but the
decomposition method provides the solution in a rapidly convergent series.

6.4 The Laplace transform method

To solve the linear integro-differential equation with initial conditions, the method
of Laplace transform plays a very important role in many engineering problems
specially in electrical engineering circuit. We shall discuss a fundamental first order
integro-differential equation arising in the LRC circuit theory. We shall demonstrate
its solution taking a very general circuit problem.

The current flowing through a LRC electric circuit with voltage E(¢) is given by
the following integro-differential equation

dl I
Ry Y / [(t)dt = E(t), 1(0) = I (6.70)
dt ClJo

where /(t) is the current, £(¢) the voltage, L the inductance, R the resistance, and
C the capacitance of the circuit. Here, L, R, C are all constants. And /(0) = I is the
initial condition with /y a constant current.

Now to determine the instantaneous current flowing through this circuit, we
shall use the method of Laplace transform in conjunction with the convolution
integral. We define the Laplace transform as L{/(¢)} = fooo e *(t)dt. Thus, taking
the Laplace transform to both sides of the equation (6.70) and using the Laplace
transform property that £{ %} =sL{I(t)} — Iy, we obtain

LSL{I(0)) — LIy + RLU(1)) + & LU0} = LIE@)). (6.71)

Solving for L£{I(¢)}, we obtain

S N
L@} = [ %{E(t)} + (Llo)m (6.72)

To invert the Laplace transform of - we need special attention. In the

N
Ls?+Rs+ ¢
following we show the steps to be considered in this inverse process.

s 1 s
L2 +Rs+ & L|s2+ 84 L

- 7 2
LG+ 5+ (e = 34p2)
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To find the Laplace inverse of the above transform we need to consider three
important cases.

(@ R=2

(b) R <2

(c) R>2

SEESERNE

The Laplace inverse in case (a) R= 2\/% is obtained as

| K I _r 4 s—%
LT Ee T e\
(s +357)
| Rt
= e u(1-=— (6.73)
L 2L

The Laplace inverse in case (b) R < 2\/% is the following:

Letw=,/ Ll — %, then we obtain

1 s 1 & s— &

L S S Y L [T

L +2P+e?| L 2+ o?
1 _ &

R
= —¢ 2« | coswt — — sin wt
L < 2Lw )

The Laplace inverse in case (¢) R > 2\/% is the following:

Let A=,/ % - L%’ then we obtain

1 -1 N 1 _RLq S_%
L —%u [~ 7¢ AL 3
(s+ 37 =2 L §5— A

1 ; R
= —e_% cosh At — ——sinh Az ).
L 2L\

~|

Hence the solution to the linear integro-differential equation for the circuit
problem can be written immediately as follows:
The solution in case (a) is

1 ' ke Rt m Rt
() = (Z)fo e (1 _ Z) E(t — vt + lye <1 - Z) (6.74)
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The solution in case (b) is

1 ' ke R .
I =1{- e L |coswt — — sinwt | E(t — t)dT
L 0 2Lw

; R
+ [oe*% (cos wt — —— sin a)t) (6.75)
2Lw

The solution in case (c) is

1 ! v R
HOEN = / ¢ (cosh At — —— sinh At E(t — t)dt
L)) 2LA

, R
1 lpe~ 3 (cosh At — —— sinh At (6.76)
2Lw

Some special cases

If E(t) = Ey a constant, then the solutions for the cases (a), (b), and (c) are given by

(@) I(t) = (% +1o <1 - f—Z)) e
_(Eo\ _m
®) 1(1) = <E> e

. _Re R .
L sin wt + Ipe™ 2L | coswt — —— sin wt
2Lw

|

R
(c) I(t) = ( > e~ 3 sinh Az + lpe™ o <cosh wt — Ix sinh kt)

IfE(¢) = Eo(¢), then the solutions for the cases (a), (b), and (c) are, respectively,

given by
iy R | Rt
ofe = 2L
+1I)e - B inor
o)e coswl — ——sinw

w
() I(t) = +1 % (cosh At — - sinh 2t
c ole cos S sin

=

S
=

(@) I() = (

e

=

~|& =&

(b) I(t) = (

These solutions are, respectively, called (a) the critically damped, (b) the
damped oscillatory, and (c) the over damped.
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6.5 Exercises

Solve the following Fredholm integro-differential equations by using the direct
computation method:

Low()=%— [ xu(t)dt, u(0)=1.
2 xtu()de,  uw(0)=0,u'(0)=1.

3. u/(x)=2sec> xtanx —x+ [T/ xeu(r)dr, u(0)=1.

2. u'(x)=—sinx+x—

Solve the following Fredholm integro-differential equations by using the
decomposition method:

4. W(x)=xe"+e" —x+ fol xu(t)dt, u(0)=0.
o xtu()de,  w(0)=0,u'(0)=1.

6. u”(x)=—cosx+x+ [77xu"(H)dt, u(0)=0,1/(0)=1,u"(0)=0.

5. u'(x)=—sinx+x—

Solve the following integro-differential equations:

7.0/ (x)=1—-2xsinx+ [; u(t)dt, u(0)=0.

8. u'(x)=1—x(cosx+ sinx)— [y tu(t)dt, u(0)=—1,1/(0)=1.
9. u'(x)=% —xcoshx— [Fau(rdt, u(©0)=1,u'(0)=—1.

Solve the following Volterra integro-differential equations by converting
problem to an initial value problem:

10. W'(x)=e"— [y u(t)dt, u(0)=1.
1. ' (x)=—x— ’5—2, + Jo = Du@)dt, u0)=1,1/(0)=1.
12. W/(x)=14 sinx+ [y u(t)dt, u(0)=-1.
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7 Symmetric kernels and orthogonal systems
of functions

7.1 Development of Green’s function in one-dimension

Green’s functions serve as mathematical characterizations of important physical
concepts. These functions are of fundamental importance in many practical prob-
lems, and in understanding of the theory of differential equations. In the following
we illustrate a simple practical problem from mechanics whose solution can be
composed of a Green’s function, named for the English mathematical physicist
George Green (1793-1841).

7.1.1 A distributed load of the string

We consider a perfectly flexible elastic string stretched to a length / under tension
T. Let the string bear a distributed load per unit length w(x) including the weight
of the string. Also assume that the static deflections produced by this load are all
perpendicular to the original, undeflected position of the strings.

Consider an elementary length Ax of the string as shown in Figure 7.1. Since
the deflected string is in equilibrium, the net horizontal and vertical forces must
both be zero. Thus,

Ficosay = Fycosapr =T (7.1
Frsinapy = Fpsina; — w(x)Ax (7.2)

Here, the positive direction of w(x) has been chosen upward. We consider the
deflection to be so small that the forms F';, F, will not differ much from the tension
of string T, i.e. T = F| = F,. So, we obtain approximately

Tsinay = Tsina; — w(x)Ax

189
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A

y

o

X  X+AX /

Y

Oy W(X)AX

F

Figure 7.1: A stretched string deflected by a distributed load.

which is
A
tanay = tano] — @) Ax (7.3)
T
(Using sin & >~ tan « if o is small.) But we know
d
tanop = £|X+Ax
t @,
anw| = —
1 dx X
Hence rewriting equation (7.3), and letting Ax — 0, we obtain
d d
lim aTilirAx - d_);|x _ _U)(X)
Ax—0 Ax T
d?y
or, Tﬁ = —a)(x) (74)

which is the differential equation satisfied by the deflection curve of the string. This
equation is obtained using the distributed load of the string.

7.1.2 A concentrated load of the strings

We now consider the deflection of the string under the influence of a concentrated
load rather than a distributed load. A concentrated load is, of course, a mathematical
fiction which cannot be realized physically. Any nonzero load concentrated at a
single point implies an infinite pressure which may break the string. The use of
concentrated load in the investigation of physical systems is both common and
fruitful.

It can be easily noticed from equation (7.4) that if there is no distributed load
(w(x)=0) then y” =0 at all points of the string. This implies that y is a linear
function which follows that the deflection curve of the string under the influence of
a single concentrated load R consists of two linear segments as shown in Figure 7.2.
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Figure 7.2: A stretched string deflected by a concentrated load.
Resolving the forces acting on the string can be given as

F>cosay = Ficosuay

Fisina) + Fpsinay = —R (7.5)

When the deflection is small we can assume that F, cosap =Fcosa; =T, or
simply Fi =F> =T and

sin o >~ tan o

sinay 2 tan oy
Then equation (7.5) becomes

tano) +tanay =

|
8
+
|
[,
|
NIz Nl

and

where § is the transverse deflection of the string at x = 7.
With the deflection B known, it is a simple matter to use the similar triangles to
find the deflection of the string at any point x. The results are

S0,
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also
yx) _ B
l—x [I—n
S0,
R(l — x)n
= — - <x<|
y(x) Tl <x<
Thus, the results are
R(I ]—7 n)x <x<n
yx,m) = (7.6)
R(I —x)n
— n=<x=lI
Tl

It is worth mentioning that y(x,n) is used rather than y(x) to indicate that the
deflection of y depends on the point  where the concentrated load is applied and
the point x where the deflection is observed. These two points are, respectively,
called the ‘source point’ and the ‘field point’.

It can be easily observed from equation (7.6) that the deflection of a string
at a point x due to a concentrated load R applied at a point 7 is the same as the
deflection produced at the point 1 by an equal load applied at the point x. When
R is a unit load it is customary to use the notation G(x, 1) known as the Green’s
function corresponding to the function y(x, ). Many authors call Green’s function
an influence function. It is observed that this Green’s function is symmetric in the
two variables x and 5 such that

G(x,n) = G(n,x) (7.7)

Thus, for this problem, in terms of unit positive load, Green’s function is given by

] —
( Tln)x 0<x<n
G(x,n) = 7.8
(x,m) (- (7.8)
n<x<l
Tl

The symmetry of G(x,n) is an important illustration discovered by Maxwell and
Rayleigh known as Maxwell-Rayleigh reciprocity law which holds in many physical
systems including mechanical and electrical. James Clerk Maxwell (1831-1879)
was a Scottish mathematical physicist. Lord Rayleigh (1842—-1919) was an English
mathematical physicist.

Remark

It is interesting and important to note that with Green’s function G(x, ) an expres-
sion of deflection of a string under an arbitrary distributed load can be found without
solving equation (7.4). To see this point clearly, we divide the interval 0 <x </ into
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n subintervals by the points no =0, 11, n2,...,n, =/ such that An; =n; —n;_1.
Let & be an arbitrary point in the subinterval A#n;. Let us also consider that the
position of the distributed load acting on the subinterval An;, namely w(&;)An;, is
concentrated at the point = &;. The deflection produced at the point x by this load
is the product of the load and the deflection produced at x by a unit load at the point
n=§;, which is
(w(€)Ani)G(x, &)

Thus, if we add up all the deflections produced at the point x by the various con-

centrated forces which together approximate the actual distributed load, we obtain

the sum
n

> oG &) A,

i=1
This sum becomes an integral when in the limit An; — 0, and the deflection y(x)
at an arbitrary point x is given by

i
W) = /0 (MG, ) (1.9)

Hence, once the function G(x, ) is known, the deflection of the string under any
piecewise continuous distributed load can be determined at once by the integral
equation (7.9). Mathematically, it is clear that equation (7.9) is a solution of the
ordinary differential equation

T = o)
because
82 1
V' = pwe) o(m)G(x, n)dn
X Jo
I 2
°G
- L (x,n)d
| o g
and so

! G
f w(1n) (T_a 5 (x, n)) dx = —aw(x)
0 X

This is only true provided

92G
Tﬁ(x, n) = —38(x—1n)

such that
l
fo () — 80 — )dn = —(x)

where 8(x — n) is a Dirac delta function.
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7.1.3 Properties of Green’s function

This generalized function §(x — n) has the following important properties (see
Lighthill’s [9] Fourier Analysis and Generalized Function, 1959, and Rahman
[12]):

0 x#n
00 x=7n

L 6(x—n)= {

o
1L / d(x —n)dx =1
oo

1. Iff(x) is a piecewise continuous function in —oo < x < 00, then

/_ F 30— nydx = f(n)

Thus, integrating 7G,, = —8(x — n) between x = n + 0 and x =  — 0 we obtain,

n+0 n+0
T f Gydx = —/ S(x — n)dx
7 n—0

-0
— 1
n—0

[ G
T R
ox
Hence the jump at x = 5 for this problem is

n—0 r)’

which is the downward jump. Thus, when the tension 7' = 1, this downward jump
is—latx=mn.

G

0x

n+0

G

oG
ox

B

n+0

Definition 7.1

A function f(x) has a jump A at x =7 if, and only if, the respective right- and
left-hand limits f'(n 4+ 0) and f'(n — 0) of /' (x) exists as x tends to 1, and

S +0)—f(n—=0)=2

This jump A is said to be upward or downward depending on whether X is positive
or negative. At a point x =  when f(x) is continuous, the jump A is, of course, zero.
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With this definition of jump, it is an easy matter to show that % has a downward
jump of —% at x = n because we observe from equation (7.8) that

. oG . -n n

Im — = lim —=—-——
x—n+0 Ox x—n+0 [T IT

. l—m I—n

Im — = lim — = ——
x—>n—0 0x x—n—0 [T IT

It is obvious that these limiting values are not equal and their difference is

which is a downward jump as asserted. As we have seen G(x, ) consists of two
linear expressions, it satisfies the linear homogeneous differential equation 73" =0
at all points of the interval 0 <x </ except at x = 7. In fact the second derivative

?:T?(x, n) does not exist because %(x, n) is discontinuous at that point.

The properties of the function G(x,n) which we have just observed are not
accidental characteristics for just a particular problem. Instead, they are an important
class of functions associated with linear differential equations with constants as
well as variable coefficients. We define this class of functions with its properties as
follows:

Definition 7.2

Consider the second-order homogeneous differential equation
V' + Py + Q(x)y =0 (7.10)

with the homogeneous boundary conditions

x=a: aya)+ay(@=0
x=b: Pyb)+py(b)=0

(7.11)

where o1 and o both are not zero, and 8; and S, both are not zero.
Consider a function G(x,n) which satisfies the differential equation (7.10)
such that

Gy + P(x)Gy + O(x)G = —6(x — 1) (7.12)

with the following property
x=a: a1G(a,n)+ arG(a,n) =0 (7.13)
x=0b: B1G(,n)+ B2Gx(b,n) =0 (7.14)

x=1n G(x,n) iscontinuousina <x <b (7.15)
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and
G G
Iim — — 1 — =

im =—1 (7.16)
x—n+0 0x  x—n—0 Ox

has a jump —1 atx=1n.

Then this function G(x, n) is called the Green’s function of the problem defined
by the given differential equation and its boundary conditions.

In the following, we shall demonstrate how to construct a Green’s function
involving a few given boundary value problems.
Example 7.1
Construct a Green’s function for the equation y” +y=0 with the boundary
conditions y(0) =y(5)=0.
Solution

Since G(x, n) satisfies the given differential equation such that
G+ G=—-38(x—n)

therefore a solution exists in the following form

Acosx+ Bsinx 0<x<n
G(x,n) = . -
Ccosx + Dsinx n<x=<7%
The boundary conditions at x=0 and x =7 must be satisfied which yields

G(0,7)=A=0and G(Z,n)=D =0. Hence we have

Bsinx 0<x<p

s
Ccosx n<x=<3

G(x,n) = {

From the continuity condition at x=7, we have Bsinn=Ccosn such that
cos7 = siny = Thus, B =« cos n and C = « sin n where « is an arbitrary constant.

The Green’s function reduces to

acosnsiny 0 <ux

IA
=

Goe=1
asinncosx N =<x

IA
SIE|

Finally to determine o, we use the jump condition at x = n which gives

oG
ox

G

ox

n+0 n—0

of sin? i) + cos? n]=1
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and, therefore o« = 1. With o known, the Green’s function is completely determined,
and we have

cospsinx 0<x<n

cosxsinng n=<x<7%

G(x,n) = {

Example 7.2

Construct the Green’s function for the equation y” 4 v>y =0 with the boundary
conditions y(0) =y(/) =0.

Solution

Since G(x, n) satisfies the given differential equation such that
G + VZG = —d(x — 1),
therefore a solution can be formed as

Acosvx + Bsinvx 0<x<np
Ccosvx +Dsinvx n<x<1

G(x,n) = {
The boundary conditions at x=0 and at x=1 must be satisfied which yields
G(0,n)=A4=0 and G(l,n)=Ccosv+Dsinv=0 such that £~ ==L =q
which gives C =asinv and D = —a cosv. Substituting these values, G(x,n) is

obtained as :

Bsinvx 0<x<np

asinv(l —x) n<x<1

Gx,n) = :

where « is an arbitrary constant. To determine the values of B and @ we use the
continuity condition at x = 5. From the continuity at x =, we have

Bsinvy = asinv(l — n)

such that
B o
: = - =V
sinv(l —n) sinvy

which yields
a = ysinvny
B =ysinv(l —n)

where y is an arbitrary constant. Thus, the Green’s function reduces to

ysinv(l —n)sinvx 0<x<n
G(x,n)== )

ysinvysinv(l —x) n<x<1
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Finally to determine y, we use the jump condition at x = n which is

G oG —
ax n+0 a.x n—0
From this condition, we can obtain
1
" vsiny’

With y known, the Green’s function is completely determined, and we have

sin vx sin v(1 — 1)

- 0<x=n
vsinv
Gx,m =1 . ,
sin vy sin v(1 — x)
, n=<x=<l1
vsinv
This is true provided v#nw,n=0,1,2,.... It can be easily seen that

G(x,n) = G(n,x) which is known as the symmetry property of any Green’s func-
tion. This property is inherent with this function. However, it should be noted that
for some physical problems this Green’s function may not be symmetric.

Example 7.3

Find the Green’s function for the following boundary value problem:

Vvl =0; p(0)=y(1); (0)=y(1)

Solution

As before the Green’s function is given by

Acosvx + Bsinvx 0<x<n
Glx,n) = ,
Ccosvx +Dsinvx n<x<1

The boundary conditions at x=0 and x=1 must be satisfied which yields,
respectively,

A= Ccosv+ Dsinv
vB = —Cvsinv+ Dvcosv v #0
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Solving for C and D in terms of 4 and B, we obtain

A sinv

B cosv )
C = =Acosv— Bsinv

cosv sinv

—sinv  cosv

cosv A
—sinv B

D= = Asinv + Bcosv

cos v sin v

—sinv cosv

After a little reduction, the Green’s function can be written as

Acosvx —Bsinvx 0<x<n
Acosv(l —x) —Bsinv(l —x) n<x<1

G(x,n) = {

Now using the continuity condition at x = 7, the constants 4 and B are determined as
A = a(sinvy + sinv(l — n))
B = a(—cosvn + cosv(l — 7))

where « is an arbitrary constant.
Hence the Green’s function is given by

af[(sin vy + sinv(1 — n)) cos vx

+(cosv(l —n) —cosvp)sinvx], 0<x<n
a[(sin vy + sinv(1 — n))cos v(1 — x)

—(cosv(l —n) —cosvp)sinv(l —x)], n<x<1

G(x,n) =

Now to determine the value of «, we use the jump condition at x =17

G G _
8x n+0 ax n—0
And after considerable reduction, we obtain 2av(l — cosv)=—1 such that
-1
O =500 = cosv)
With o known, the Green’s function is completely determined, and we have
Gx.n) afsinv(n —x)+sinv(l —n+x)} 0<x<np
x’ = . .
" afsinv(x —n) +sinv(l+n—x)} n<x=<I1
where o = =1

2v(l — cosv) "
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7.2 Green’s function using the variation of parameters

In this section, we shall explore the results of the method of variation of parameters
to obtain the Green’s function. Let us consider the linear nonhomogeneous second-
order differential equation:

V' + Py + 00y =fx) asx=<b (7.17)
with the homogeneous boundary conditions

x=a: ap@)+ay/(a=0 (7.18)
x=b: Piyb)+ By (b)=0 (7.19)
where constants oy and o, and likewise 8; and B;, both are not zero. We shall

assume that f(x), P(x), and Q(x) are continuous in a <x < b. The homogeneous
part of equation (7.17) is

Y+ P(x)y + O(x)y =0 (7.20)

Let y1(x) and y,(x) be two linearly independent solutions of equation (7.20). Then
the complementary function is given by

Ye = Ay1(x) + By2(x) (7.21)

where 4 and B are two arbitrary constants. To obtain the complete general solution
we vary the parameters 4 and B such that

Y = Ax)y1(x) + Blx)ya(x) (7.22)

which is now a complete solution of equation (7.17). Using the method of variation
of parameters (see Rahman [14]), we have the following two equations:

Ayi+ By, =0
7, o (7.23)
Ay1 +By2 =f(x)
solving for A" and B’, we have
A= o =Y (7.24)
w w
where
W = Yz _ Wronskian

oy
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Let us now solve for 4 and B by integrating their derivatives between a and x and
x and b, respectively.
The integration of these results yields, using 1 as dummy variable

4= _/x ya(f ) ,
a wn)

_[Fif()
B= [ My

_ /”yl(n)ﬂn) i

7.25
wn) (7.25)

Thus, a particular solution can be obtained as

ot [ [,

Now moving y;(x) and y,(x) into the respective integrals, we have

_ »1(x)y2(n) Y2(x)y1(n)
y=- [/ A G +fx - f()d} (7.27)

(7.26)

which is of the form

b
y=- [ G (28
where
J%E’Z)(”) a<n<xie n<x<b
S , (7.29)
J}Z(;CV)—Z;)(H) x<n<bie a<x=<n.

From the way in which y|(x) and y,(x) were selected, it is clear that G(x, n)
satisfies the boundary conditions of the problem. It is also evident that G(x, n) is a
continuous function and at x =1 : G(n+ 0, n) = G(n — 0, n). Furthermore, except
at x =n, G(x, ) satisfies the homogeneous form of the given differential equation
since y1(x) and y»(x) are solutions of this equation. This can be seen as follows:
Equation (7.28) must satisfy the equation (7.17) which means

b
- f (Gar + P()Gy + Q0)G) f(m)dn = £ (x)

The quantity under the bracket must be zero except at x = 7 and thus it follows that
G + P(X)Gy + O(x)G = —48(n — x) (7.30)

where 8(n — x) is a Dirac delta function.
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Finally, for %(x, 1) we have

y’l(;;/)(yz)(n) p<x<b
Gie,my=1{
Ya@)y1(n) L
w(n) =r=T
Hence,
G| Gyl =) _
A P R P W (n)

which shows that %(x, n) has a jump of the amount —1 at x = n. This result can be
shown to be true from the relation (7.30) by integrating from n+0to n — 0,

n+0 n+0 n+0
/ Gyedx + / (P(x)Gx + O(x)G)dx = — / 8(x — n)dx
n—0 n—0 n—0

G

G
ox

i =1
0x

n+0 n—0

Because

n+0 oG 10 5G
[ pea=rpeo [ S =Pt ~ Gormml =0
n—0 X n—0 ax

n+0 n+0
and O(x)Gdx = O(n) Gdx =0,
n—0 n—0

since G(x, n) is a continuous functioninn—0<x <n+0.

Definition 7.3

Consider, the second-order nonhomogeneous differential equation.

V' Py + 0y =f(x) (7.31)

with the homogeneous boundary conditions

x=a: apy(a)+ay/(a=0

x=b: Piyb)+ By (b)=0

(7.32)

where a1 and «; both are not zero, and 1 and 8, both are not zero.
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Consider a particular solution which satisfies the differential equation (7.31) in
the following form

b
y=- [ Gensonan (733)
a
where G(x, ) satisfies the differential equation (7.31) such that
Gy + P(x)Gy + O(x)G = —8(n — x) (7.34)

with the following properties:

(I) Boundary conditions:

x=a: o1G(a,n)+ arGy(a,n) =0
x=b: B1G(b,n)+ BGx(b,n) =0

(7.35)

(IT) Continuity condition:
x=mn, Gm+0,n7)=GH-0n), (7.36)

i.e. G(x,n) is continuous at x=nona <x <b.

(IIT) Jump discontinuity of the gradient of G(x, n) at x = n that means,

oG
ox

oG

— =—1.
x=n+0 dx

x=n—0

Then a particular solution of the given boundary value problem, i.e. equations
(7.31) and (7.32) can be obtained as

b
y= —/ G(x,n)f(ndn

where G(x, ) is the Green’s function for the boundary value problem.

Remark

It is worth mentioning here that the Green’s function obtained through this pro-
cedure may or may not be symmetric, which means there is no guarantee that
G(x,n) = G(n,x).
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Example 7.4
Find the Green’s function of the homogeneous boundary value problem y” +y =0,
y(0) =0 and y'(;r) = 0. Then solve the nonhomogeneous system
Y'+y=—3sin2x
y(0)=0
V(m) =0

Solution

The Green’s function is given by

Acosx+ Bsinx 0<x<n

Ccosx+Dsinx n<x<m

G(x,n) = {

Using the boundary conditions, we have

Thus, we obtain

Bsinx 0<x<np

Ccosx n<x<m

G(x,n) = [

G(x, n) is a continuous function at x = 5. Therefore, B sin n = C cos n from which
we have B =« cosn and C = « sin i, where « is an arbitrary constant.
The Green’s function is then given by

acosnysiny 0<x<np
G(x,n) = .
asinncosx n<x<m
This arbitrary constant « can be evaluated by the jump condition
oG oG _
) o P S o M
or, oz[—sin2 n— cos? n]=-1

and hence o = 1. Therefore, the required Green’s function is

cosnsinx 0<x<np

sinncosx n<x<m

Gx,n) = {
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Hence the solution of the nonhomogeneous boundary value problem is

y=— /0 G, )f ()

- [ aemrwan+ [ Genrcoan|
X J T
=— |:/ sin n cos x(—3 sin 2n)dn + / sinx cos n(—3 sin Zn)dn]
0 X
=3 |:cosx / sin n sin 2ndn + sinx/ cosn sinzndn]
0 x

Performing the indicated integration, we obtain

y = 3[3][cosxsin®x + sinx(1 + cos’ x)]

= 2sinx + sin 2x

Using the elementary operator method, the solution of the nonhomogeneous ODE
is given by

y = Acosx + Bsinx + sin 2x

With the given boundary conditions, we obtain 4 = 0 and B = 0, and hence the
solution is

y = 2sinx + sin 2x

which is identical to the Green’s function method.

Example 7.5

Find a particular solution of the following boundary value problem by using the
Green’s function method:

y'=—x; y(0)=0,y(1)=0

Solution

The Green’s function is obtained from the homogeneous part of the differential
equation and is given by,

Ax+B 0<x<n

G(x,n) = Wt p n<x<l
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Using the boundary conditions, we obtain
0= B and o = —p and hence

Ax 0<x<n

G(x’”)z{ﬁ(l—x) psx<

Now continuity condition yields 4n= (1 —n) which can be written as
lf;n = g =y such that 4 =y(1 —n), where y is the arbitrary constant. Hence
we have
1— 0<x<
Gy = | Y —mx 0=x=n
y(l—x)n n=x=<1

From the jump condition at x = 1, we obtain

oG
ox

G

- =1
n+0 ox

n—0
or, y[-n—(0-n]=-1

such that y =1.
Hence the Green’s function is determined as

_Jd=mx 0=<x=<n

Changing the roles of x and », we have

I-xn 0<=n=x

gl = G0 = {(l—n)x x<n<l

Thus, a particular solution of this boundary problem is obtained as:
1
s == [ Genso

X 1
=—[ /O G, )/ () + / G, n)f(n)dn}

X

X 1
- [ / (1 — Xn(—mdn + f (1- n)x(—n)dn}
0

X
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7.3 Green’s function in two-dimensions

We already saw the application of Green’s function in one-dimension to boundary
value problems in ordinary differential equations in the previous section. In this
section, we illustrate the use of Green’s function in two-dimensions to the boundary
value problems in partial differential equations arising in a wide class of problems
in engineering and mathematical physics.

As Green’s function is always associated with the Dirac delta function, it is
therefore useful to formally define this function. We define the Dirac delta function
8(x — &,y —n,z — ¢) in two-dimensions by

_Joo. x=&y=n
Loa=by-mz=-0= { 0 otherwise (7.37)
1. // S(x — &,y —n)dxdy = 1R, : (x — &> + (y — n)* < & (7.38)
R
1. / /}; FOe)S(x — £,y — )dvdy = f (&, ) (7.39)

for arbitrary continuous function f(x,y) in the region R.

Remark

The Dirac delta function is not a regular function but it is a generalized function as
defined by Lighthill [9] in his book “Fourier Analysis and Generalized Function”,
Cambridge University Press, 1959. This function is also called an impulse function
which is defined as the limit for a sequence of regular well-behaved functions having
the required property that the area remains a constant (unity) as the width is reduced.
The limit of this sequence is taken to define the impulse function as the width is
reduced toward zero. For more information and an elegant treatment of the delta
function as a generalized function, interested readers are referred to “Theory of
Distribution” by L. Schwartz (1843—-1921).
If 8(x — &) and 8(y — n) are one-dimensional delta functions, then we have

/ /R Fe)8(x — £)5(y — n)dxdy = (£, m) (7.40)

Since equations (7.39) and (7.40) hold for an arbitrary continuous function f, we
conclude that

Sx—&y—mn) =58x—88(y—n) (7.41)

which simply implies that the two-dimensional delta function is the product of one-
dimensional delta functions. Higher dimensional delta functions can be defined in
a similar manner.
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7.3.1 Two-dimensional Green’s function

The application of Green’s function in two-dimension can best be described by
considering the solution of the Dirichlet problem.

V2u = h(x,y)  in the two-dimensional region R (7.42)

u=f(x,y) ontheboundary C (7.43)

where V2= 83722 + day_zz Before attempting to solve this boundary value problem
heuristically, we first define the Green’s function for the Laplace operator. Then,
the Green’s function for the Dirichlet problem involving the Helmholtz operator
may be defined in a similar manner.

The Green’s function denoted by G(x, y; €, ) for the Dirichlet problem involv-
ing the Laplace operator is defined as the function which satisfies the following
properties:

(i) V*G=68x—&y—mn) inR (7.44)
G=0 onC (7.45)

(i) G is symmetric, that is,

Gx,y:&m) = G, n;x,) (7.46)

(iii) G is continuous in x, y; &€, n but %—f the normal derivative has a discontinuity
at the point (&, n) which is specified by the equation

oG
lim —ds=1 (7.47)
e=>0Jc, on

where 7 is the outward normal to the circle

Co: (x—&*+(—n)?=¢

Remark

The Green’s function G may be interpreted as the response of the system at a
field point (x,y) due to a delta function §(x,y) input at the source point (§,1). G
is continuous everywhere in the region R, and its first and second derivatives are
continuous in R except at (£, ). Thus, the property (i) essentially states that VG = 0
everywhere except at the source point (£, ).

Properties (ii) and (iii) pertaining to the Green’s function G can be established
directly by using the Green’s second identity of vector calculus [1]. This formula
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states that if ¢ and i are two functions having continuous second partial derivatives
in a region R bounded by a curve C, then

/ /R GV — YV2p)ds = / (¢i” - wa¢) (7.48)

where dS is the elementary area and ds the elementary length.
Now, let us consider that ¢ = G(x,y;&;n) and = G(x,y; E*n*) then from
equation (7.48)

f R{G(x,y; E,MV2G(x,y;E0%) — G(x,»; £, 1"V G(x,y; &, 1)}dS

/C{G(xy,én) (6, E5,10%) — Gx, ; £, n)—(xy,é n)}
(7.49)
Since G(x,y;E,n) =0 onC

and G(x,y;&*,n")=0 onC
also V2G(x,y;&,n") =8(x—& y—n) inR
and V2G(x,y; € ,0%) = 8(x — &,y —n*) inR

Hence we obtain from equation (7.49)

f / Gl ys £, m8(x — £,y — n*)dvdy = f / Gl y: £, 11")(x £y — n)dxdy
R R

which reduces to

GE 0" 6m) =GEn &1
Thus, the Green’s function is symmetric.

To prove property (iii) of Green’s function, we simply integrate both sides of
equation (7.44) which yields

// VZGdS=//R S(x — &,y — n)dxdy = 1

where R, is the region bounded by the circle C;.

Thus, it follows that
lim // V2GdS =1

and using the Divergence theorem [1],

oG
lim —ds =1
e=0 Jc, on
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Theorem 7.1

Prove that the solution of the Dirichlet problem
V2u = h(x,y) inR (7.50)
subject to the boundary conditions
u=f(xy) onC (7.51)
is given by

0G
u(r,y) = / /R G,y & (e, n)didn + fc Foas (7.52)

where G is the Green's function and n denotes the outward normal to the boundary
C of the region R. It can be easily seen that the solution of the problem is determined
if the Green's function is known.

Proof

In equation (7.48), let us consider that

P&, n) = G, n;x,y) and (&, n) = u&,n),

and we obtain
f [R [G(&, n;x,y)V2u — u(€, n)V>Gldédn
d G
- / [G(E,n;x,y)a—u e, n)—]ds (7.53)
C n on

Here, VZu = h(&,n) and V>G = §(€ — x, n — y) in the region R.
Thus, we obtain from equation (7.53)

/ /R (GG, w52, 39h(E, 1) — u(E, MO —x,1 — y))dEdn
ou G
- / GEmx) 2 — ey s (7.54)
C on on
Since G =0 and u =f on C, and noting that G is symmetric, it follows that

aG
u(x,y) = // G(x,y; &, n)h(é,n)dédn+/fa—ds
R c on

which is the required proof as asserted.
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7.3.2 Method of Green’s function
It is often convenient to seek G as the sum of a particular integral of the non-

homogeneous differential equation and the solution of the associated homogeneous
differential equation. That is, G may assume the form

G(& mx,p) = gn(§, m;x,y) + gp(§,1; X, ) (7.55)
where gz, known as the free-space Green’s function, satisfies
V2g, =0 inR (7.56)
and g, satisfies
Vig, =8 —x,n—y) inR (7.57)
so that by superposition G =gy, + g, satisfies

V3G =86 —x,n—y) (7.58)

Note that (x, y) will denote the source point and (&, n) denotes the field point. Also
G = 0 on the boundary requires that

and that g, need not satisfy the boundary condition.

In the following, we will demonstrate the method to find g, for the Laplace and
Helmbholtz operators.

7.3.3 The Laplace operator

In this case, g, must satisfy

Vg, =8 —x,n—y) inR

Then for r = /(€ —x)2 +(n —y)? > 0, that is, for £ #x, and n# y, we have by
taking (x, ) as the centre (assume that g, is independent of )

10 g,
V2g, =0, o, ——(r=2)=0.
& of ror (r or )

The solution of which is given by

gp=a+Blnr
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Now, apply the condition

9 27
lim | 2245 = lim (E>rd9 =1
0

e=>0Jc, on e—0 r

Thus, = % and « is arbitrary. For simplicity, we choose oo =0. Then g, takes the
form

g =5 Inr (7.60)

This is known as the fundamental solution of the Laplace’s equation in
two-dimension.

7.3.4 The Helmholtz operator
Here, g, satisfies the following equation
(V2 +2%)g, =8 —x.n—y) (7.61)

Again for » > 0, we find

1a /9
— (rﬁ> + Azgp =0

r or or

or (g + H(gp)r + A1y =0 (7.62)
This is the Bessel equation of order zero, the solution of which is
gp = aJo(Ar) + BYo(Ar) (7.63)
Since the behaviour of Jy at » = 0 is not singular, we set « = 0. Thus, we have
g = BY( o(Ar)

But for very small r, Y = % Inr.

Applying the condition, lim,_,¢ |, C. %ds =1, we obtain

3,
lim f B s =1
C; ar

e—0

21 2 1
im [ (_) <—>rd9 -
e—=>0 Jo T r



SYMMETRIC KERNELS AND ORTHOGONAL SYSTEMS OF FuNcTions 213
Thus,
g = 1 Yo(Ar) (7.64)
Since (V2 4 42) — V? as A — 0, it follows that § Yo(Ar) — 5= In7 as A — 0.

Theorem 7.2: (Solution of Dirichlet problem using the Laplace operator)

Show that the method of Green's function can be used to obtain the solution of the
Dirichlet problem described by the Laplace operator:

V2u=h inR (7.65)
u=f onC (7.66)

and the solution is given by
e = [[ Gonyiemmemdedn + [ 15 ds (7.67)

where R is a circular region with boundary C.

Proof

Applying Green’s second formula

/ / @V — YyV2g)dS = / (qb% — ¢8—¢)ds (7.68)
R C on on

to the functions ¢(&, n) = G(&, n; x,y) and (&, n) = u(&, ), we obtain
// (GV?u — uV?G)dS = / (G% - u§>ds
R c on on

But V2u = h(£, )
and V’G=68E—x,n—y) inR
Thus, we have

/ /R (G, mix, )h(E 1) — (&, S(E — x,1 — ))dS

0 G
_ / {G(s,n;x,y)a—”—u(s,m—}ds (7.69)
c n on
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Because G =0 and u =f on the boundary C, and G is symmetric, it follows that
oG
ux,y)= [ | Ge.y:&mh(Emdédn + | f=ds.
R C n

which is the required proof as asserted.

Example 7.6

Consider the Dirichlet problem for the unit circle given by
V2u=0 inR (7.70)
u=f(6) on C (7.71)

Find the solution by using the Green’s function method.

Solution
We introduce the polar coordinates by means of the equations

x=pcosf E=ocosp

y=psinfd n=osinp

so that
==&+ @ —n)? =0+ p* —2p0cos(p — 0).

To find the Green’s function, let us consider G(x,y) is the solution of the sum of
two solutions, one regular and the other one singular. We know G satisfies

V3G = 85 —x,n —y)
andif G =g; + gp,
then Vzgp =38&—x,n1—y)
and V2gh = 0.

These equations in polar coordinates (see Figure 7.3) can be written as

19 [ dg 1 g,
—— (2 )+ ==L =50 —p,—0 7.72
pap(p3p>+,02 502 (c—p,B—10) (7.72)
19 (9 1 &

and —— (o281} 4 I8 _ (1.73)
o do do o? 982
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A

unit circle

Y

Figure 7.3: A unit circle without an image point.

By the method of separation of variables, the solution of equation (7.73) can be
written as (see Rahman [13, 15])

o0
8h = az_o + Z o"(ay cosnp + b, sinnp) (7.74)

n=1

A singular solution for equation (7.72) is given by
g = % In? = % In[0? + p> — 2po cos (B — )]
Thus, when o = 1 on the boundary C,
gh=—g = —3 In[1+ p* —2pcos (B — )]

The relation
2 o 0" cosn(B — 6)
In[l4p* —2pcos(B—0)] = -2 ———— (7.75)
n
n=1

can be established as follows:
In[1+ o> — p(e?=? + 7P~ = In{(1 — pe'P)(1 — peP=N)}
=1In(1 — p'#) 4 In(1 — pe B9
= —[pe P~ £ Z2F0 4.1y
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— [pe~iB0) _ %26—21'(/3—0) 4]

- Z p*cosn(B —0)

n
n=1

When o =1 at the circumference of the unit circle, we obtain

1 <= p"cosn(B—0 > .
EZ#:Z‘I”COS"'B_’_%SIH”’B

n=1 n=1

Now equating the coefficients of cos nf and sin nf to determine a, and b,,, we find

n

0
a, = cos nb
" 2mn

n

b, = p sin no
n

It therefore follows that equation (7.74) becomes
1 o (po)"
glp,6;0,p) = - ; =~ cosn(f—6)

= — gz In[1 + (pa)> — 2(po) cos (B — 6)]

Hence the Green’s function for this problem is

G(p,0,0,B) = gp + gn

% In[o? + p* — 20p cos (B — 6)
— 2= In[1 + (po)* — 2(po) cos (B — 0)] (7.76)
from which we find

oG
on

_ (3G 1 1—p?
onC \do ). 27| 1+ p*—2pcos(B—0)

If 4 =0, the solution of the problem reduces to

1 2 1 — :02
u(p,0) = 27 /0 14+ p2 —2pcos(B— G)f('B)d'B

which is the Poisson’s Integral Formula.
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Theorem 7.3: (Solution of Dirichlet problem using the Helmholtz operator)

Show that the Green's function method can be used to solve the Dirichlet problem
for the Helmholtz operator:

Viu+22u=h inR (7.77)
u=f onC (7.78)
where R is a circular region of unit radius with boundary C.

Proof

The Green’s function must satisfy the Helmholtz equation in the following form
VG + 212G =8 —x,n—y) inR
G=0 onR (7.79)

We seek the solution in the following form

G, m;x,y) = gn(€, s x,y) + gp(E,m3 X, )

such that (V2 +%)g;, = 0 (7.80)
and (V24 2%)g, =8¢ —x,n—) (7.81)

The solution of equation (7.81) yields equation (7.63)

g = %Yo(/\r) (7.82)

where
r=[¢ =0+ -y

The solution for equation (7.80) can be determined by the method of separation of
variables. Thus, the solution in polar coordinates as given below

X = pcosé E=ocosp
y = psinf n=osinf

may be written in the form

gi(p,0;0,B) =Y _ Ju(ho)[a, cos nf + b, sin nf] (7.83)
n=0
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But on the boundary C,

gh+g =0
Therefore,
gn =g = —3Yo(wr)
where r=[p*+ 0> —2pocos(B — 9)]%
andato = 1, r=1[1+p> —2pcos(B—O)]2

Thus, on the boundary (o = 1), these two solutions yield

—%Yo(kr) = ;J,,(A)[an cosnf + b, sinnp]

which is a Fourier expansion. The Fourier coefficients are obtained as

_ _SnJlo(x) /_7; Yo _)\\/1 02 = 20co5(8—0)|dp
1 T ]
a, = ~ T /_ﬂ Yo _A\/l + p% —2pcos(B— 9)_ cosnfdp
1 T ]
b= 30 /_ Yo _x\/l +02 = 2pcos (8- 0) | sinnpp
n=1,2.3,...

From the Green’s theorem, we have

//{G(V2 + 22U — u(V? + 1G4S = f {G (%> —u <E> }ds
R Cc on on

But we know (V2 +1%)G=8( —x,n—y), and G=0 on C, and (V> +A>)u=h.
Therefore,

G
wtv) = [ [ e mGmrdedn+ [ renla
R c n
where G is given by
G(sa ’7’ xay) = gp + gh

1 o
= ZYo(kr) + ;Jn()\a){an cosnf + b, sinnp}
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7.3.5 To obtain Green’s function by the method of images

The Green’s function can be obtained by using the method of images. This method
is based essentially on the construction of Green’s function for a finite domain.
This method is restricted in the sense that it can be applied only to certain class of
problems with simple boundary geometry.

Let us consider the Dirichlet problem to illustrate this method.

Let P(&, n) be the field point in the circle R, and let O(x, y) be the source point
also in R. The distance between P and Q is r = /0 + p2 — 2p0 cos (B — 6). Let O’
be the image which lies outside of R on the same ray from the origin opposite to
the source point Q as shown in Figure 7.4 such that

(00)(0Q') = o*

where o is the radius of the circle through the point P centered at the origin.
Since the two triangles OPQ and OPQ’ are similar by virtue of the hypothesis
(00)(0Q') = 62 and by possessing the common angle at O, we have

= (7.84)

Then taking the logarithm of both sides with a multiple of %, we obtain

%m(ﬁ) =0

r

P(EM)

r

unit circle

D
_\_\
o

Y

Figure 7.4: A unit circle with an image point.
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or %lnr—%lnrq-%ln%:() (7.85)

This equation signiﬁes that % In (:—;) is harmonic in R except at Q and satisfies the
Laplace’s equation

V3G = 8(5 —x,n — ) (7.86)

Note that In7’ is harmonic everywhere except at Q’, which is outside the domain
R. This suggests that we can choose the Green’s function as

(7.87)
Given that Q' is at ( %, ), G in polar coordinates takes the form
G(p,0;0,B) = 7= In(c” + p* — 2p0 cos (B — 0))
~L 1n(GL2 + 02— Leos(B - 9)) +Lml (789
which is the same as before.

Remark

Note that in the Green’s function expression in equation (7.87) or equation (7.88),
the first term represents the potential due to a unit line charge at the source point,
whereas the second term represents the potential due to negative unit charge at the
image point and the third term represents a uniform potential. The sum of these
potentials makes up the potential field.

Example 7.7

Find the solution of the following boundary value problem by the method of images:
Viu=h inn>0
u=f onn=20

Solution

The image point should be obvious by inspection. Thus, if we construct

G = gz In[(€ —)° + (0 —»)’] = g7 [ =) + (1 +2)*] (7.89)
the condition that G =0 on n =0 is clearly satisfied. Also G satisfies

V3G =8 —x,n—y)
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and with % lc=[— %]nzo, the solution is given by
oG
R c on

Ly [0 J©ds (E—x)2+(n—y)2}
B / (é—X)Zer // {(5—)6)2+(77+y)2

X h(&, n)d&dn

7.3.6 Method of eigenfunctions

Green’s function can also be obtained by applying the method of eigenfunctions.
We consider the boundary value problem

Viu=h inR
u=f onC (7.90)
The Green’s function must satisfy
2G=8E—-x,n—y) inR
G=0 on C (7.91)
and hence the associated eigenvalue problem is
Vi +1p=0 inR
¢=0 onC (7.92)

Let ¢, be the eigenfunctions and 1, be the corresponding eigenvalues. We then
expand G and § in terms of the eigenfunctions ¢,

GEmx,Y) =YY am(x,2)B(E n) (7.93)

8 m %) =Y > bun(,Y)bmn(E, 1) (7.94)

where

mn

8 ’ mn d d
||¢mn||2/f (& 15X, 9)mn(§, n)dEdn
_ Pmn(x,)

= Dmnin2) 7.95
| pmnll? 7:99)
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in which [|¢m 1> = [/, ¢2,dEdn. Now, substituting equations (7.93) and (7.94)
into equation (7.91) and using the relation from equation (7.92),

Vzgbmn + }Lmnd)mn =0

we obtain

- Z Z Amn@mn(X, Y)Pmn(§, 1) = Z Z W

Therefore, we have

—Pmn(X,y)
Y= —— 2 7.96
) = bl 790
Thus, the Green’s function is given by
. Bmn(X,)Pmn(§, 1)
Gmxy) = =) ) =5 (7.97)
m n

We shall demonstrate this method by the following example.

Example 7.8

Find the Green’s function for the following boundary value problem
V2u=h inR

u=0 onC

Solution

The eigenfunction can be obtained explicitly by the method of separation of
variables.
We assume a solution in the form

d(&,n) =X(EY(n)

Substitution of this into V2¢ +A¢ =0 in R and ¢ =0 on C, yields
X'+ a’X =0
Y +(h—a®)Y =0

where o is a separation constant. With the homogeneous boundary conditions
X(0)=X(a)=0and Y(0)=Y(b)=0,X and Y are found to be

X(6) = Apsin ™= and Y,(n) = B, sin "2

a
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We then have
2 2 .
Jm =7 (% + 55 with o=

Thus, the eigenfunctions are given by

Gmn(§, 1) = sin ans sin ?

2”77
déd
//sm 5 didn

so that the Green’s function can be obtained as

Hence

2
|1 @mnl|

y mn%‘

- nmn
Sin 5

' 4ab & . sin 72 gin 2 gin
G(ga na-x:y) = 7T2 Z Z (mzbz + a2 2)
m=1 n=1

7.4 Green’s function in three-dimensions

Since most of the problems encountered in the physical sciences are in three-
dimension, we can extend the Green’s function to three or more dimensions. Let us
extend our definition of Green’s function in three-dimensions.

Consider the Dirichlet problem involving Laplace operator. The Green’s func-
tion satisfies the following:

@) V2G = 8(x — £,y — 1,z — ©) inR] (798)
G = 0 onsS.
(i) Gx,y,2;6,1,0) = G, n,8;x,y,2) (7.99)
(iii) lim / / s =1 (7.100)
e—0 S,

where 7 is the outward normal to the surface
Se:(x =82+ (-0’ + (-0 =¢
Proceeding as in the two-dimensional case, the solution of Dirichlet problem
V2¢p=h inR

¢ =f onS

(7.101)
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IS ulr,y,z) = / / /R GhdR + / fs 1GdS (7.102)

To obtain the Green’s function, we let the Green’s function to have two parts as

G(S) 779 ;a xayaz) = gh(é;:a 77» é‘;xayaz) + gp(ga T}, g;xryaz)

where Vzgh =8(x—-&y—n,z—¢) iInR
and V?g,=0 onS

G=0, ie. g,=—g, onS

Example 7.9

Obtain the Green’s function for the Laplace’s equation in the spherical domain.

Solution

Within the spherical domain with radius a, we consider

V2G =8 —x,n =0 ~2)
which means

Vg =8 —x,n—y,{ —2)
and

v? g =0
For
r=1E—x+0 =+ =2 >0

with (x, y, z) as the origin, we have

1 d dgp
Vigh=—=—(r=2)=0
=2y, <r dr)

Integration then yields
gh:A—i-g forr > 0

Applying the condition (iii), we obtain

lim f/ G,dS = lim // (gn)dS =1
e—>0 S e—>0 S,
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from which we obtain B = — % and 4 is arbitrary. If we set 4 =0 for convenience
(this is the boundedness condition at infinity), we have

To obtain the complete Green’s functions, we need to find the solution for g,. If we
draw a three-dimensional diagram analogous to the two-dimensional as depicted in
the last section, we will have a similar relation

P (7.103)

where 7’ and p are measured in three-dimensional space.
Thus, we have

and hence

—1 %
G = o + Tor? (7.104)

which is harmonic everywhere in r except at the source point, and is zero on the
surface S. In terms of spherical coordinates:

E=rtcosyYsine x = pcos¢sinf
n=rtsinysine y=psin¢sinf
{=7t1cosa z=pcosh

G can be written in the form

~1 1
G = + 1 (7.105)

4n(t? + p* — 2ptcos y)% 4m( IZQ’Z +a? —21pcosy)?

where y is the angle between r and r’.
Now differentiating G, we have

[BG} _ a+p
0T Jiza  4ma(a® + p? — 2apcosy)?
Thus, the Dirichlet problem for 2 = 0 is

a(a —p?) / f(o, ¥) sinadadyr
a=0 (a% + p? —2a,ocosy)5

u(x,y,z) = (7.106)

where cosy = cosacosf+ sinasinfcos (¥ —¢). This integral is called the
three-dimensional Poisson integral formula.
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7.4.1 Green’s function in 3D for physical problems

It is known, concerning the distribution of singularities in a flow field, that it is
possible for certain bodies to be represented by combinations of sources and sinks
and doublets. The combination of these singularities on the surrounding fluid may
be used to represent complex body structures. We may think of a particular body as
being composed of a continuous distribution of singularities: such singularities on
the body surface will enable us to evaluate the velocity potential ¢ on that surface.

To deduce the appropriate formula, we consider two solutions of Laplace’s
equation in a volume V of fluid bounded by a closed surface S. Consider two
potentials ¢ and ¢ such that ¢ and 1 satisfy Laplace’s equation in the following
manner:

V2 =0 (7.107)
and
V23 = §(F — ro) = 8(x — £,y — 0,z — 0), (7.108)

where ¢(x,y,z) is a regular potential of the problem and ¥ (x,y,z;&,7,¢) is the
source potential which has a singularity at 7 = 7. Here, § is a Dirac delta function
defined as

0 when7 #ry

oo when7 =7

6(7—70)={

The source point 7o = (§, 1, ) is situated at the body surface or inside the body.
The point 7 = (x, y,z) can be regarded as the field point. There are three cases to
investigate.

Casel

The field point (x,y,z) lies outside the body of surface area S and volume V
(see Figure 7.5).

* (x,Y,2)
S

Figure 7.5: An arbitrary body surface.
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By applying Green’s theorem,

/. [‘P——‘ﬂaﬂcﬁ— JJ[ 3@¥n—vioar

_ / / 6V + @00 v - G
—0 (7.109)

Case 11

The field point(x, y,z) lies inside the body of surface area S and volume V' (see
Figure 7.6). In this case

// [qﬁ_ﬂﬂ}ds /// (VY — YV glay
= / / S @ViY

_ / @200 = €y =z = )
=@ n,0) (7.110)

Now, changing the roles of (x, y,z) and (&, n, ¢), we obtain from equation (7.110)
oy
P(x,y,2) = ¢>(S, , C)a—n(x,y,z; £1,0)

—v(x,y,2§, 17,4“) (E n, C)}ds (7.111)

Referring to Figure 7.7 note that in (a) the point is interior to .S, surrounded by
a small spherical surface S;; (b) the field point is on the boundary surface S and S,
is a hemisphere.

Figure 7.6: Surface integration for Green’s theorem.
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(a) (b)

Figure 7.7: Singular points of surface integration for Green’s theorem (inside and on the
boundary).

Case 111

The field point (x, y, z) lies on the body surface S within the volume V.
Referring to the work of Newman [11] on this subject, we may write:

]Y[¢_‘_w } /X/¢@yﬁﬁ@—€y nz—¢ WV——M&UO

Changing the roles of (x, y,z) and (&, n, £), we obtain

0 0
o, 7,2) = 2 / [ toteon O (1,256, B,0) = Ye, 1,221, 8) o, )1
(7.112)

Alternative method of deducing cases II and II1

Consider the source potential

_1
2

Y=t = @&+ -+ -0

where the field point (x,y,z) is well inside the body S. Then with reference to
Figure 7.7, Green’s divergence theorem yields

MR

where S; is a sphere of radius r. It follows that

e
R A
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Now using the concept of an outward normal, n, from the fluid,

01 a1 1
e |

omr  orr r

The right-hand side integral becomes

L0 e
dm JJs, | on \r r on 4w JJs, r \ on
1 g(p.2)
- Lt ) s
_L.l(%> /f as
4T r \ on s. JJs.

_ L #p) o 1<@>(%ﬂ)
4 r? 4w r \on /g

¢
= ¢(x,y,z) — <&> r.
Se
Thus, when r — 0, (%)S r— 0.

Combining these results, we have

__ ! o1 1
¢(x’y’z)__4n_/:/|:¢8nr r8n¢:|

This is valid when the field point (x, y, z) is inside S. The velocity potential ¢(x, y, z)
at a point inside a boundary surface S, can be written as (see Figure 7.8)

N N AP (1
¢(x’y’z)_4n//sr<8n)ds 471,//S¢Bn (r)dS

We know that the velocity potential due to a distribution of sources of strength

m over a surface S is
m
—ds,
sr

and of a distribution of doublets of moments w, the axes of which point inward

along the normals to S, is
a (1
S on \ r
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n

wn

S¢

Figure 7.8: Singular point inside the surface integration.

Figure 7.9: Singular point on the boundary of the surface.

Thus, the velocity potential ¢ at a point (x, y,z), as given above, is the same as if
the motion in the region bounded by the surface S due to a distribution over S of
simple sources, of density (%)(%) per unit area, together with a distribution of
doublets, with axes pointing inwards along the normals to the surfaces, of density
(%) per unit area. When the field point (x, y,z) is on S, as shown in Figure 7.9, the

surface S, is a hemisphere of surface area 2772
When ¢ — 0, fsz %dS = 27¢(x,y,z), then

1 al 109
P(x,y,2) = o // |:¢5; - ;£¢:|ds

Summary

Thus, summarizing all these results, we obtain
(i) When the point (x, y, z) lies outside S, then

[ (o212 Yas -
s\ onr ron

(ii) When the point (x, y, z) lies inside S, then

1 91 13
o= [ (05,0 =15 )as
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(iii) 'When the point (x, y, z) lies on the boundary S, then

__ 91 _ 19
Px.y.2) = 27 //S <¢8n roor Bn)ds’

where ¢ is known as the velocity potential of the problem.

Note that the last equation is frequently used for obtaining the velocity potential
due to the motion of a ship’s hull. The normal velocity, %, is known on the body, so
that the last equation is an integral equation for determining the unknown potential;
this may be done by numerical integration.

In many practical problems, however, the body may move in a fluid bounded
by other boundaries, such as the free surface, the fluid bottom, or possibly lateral
boundaries such as canal walls.

In this context, we use Green’s function

G,y z:6,0,0) = L + H(x,y,2:£,1,0), (7.113)
where
VPH =8(x — &,y —n,2— ) (7.114)

Green’s function, defined above, can be stated as
0
// <¢— - G— ) ds = { —2n¢(x,y,z) (7.115)
—4ng(x,y,z)

for (x,y,z) outside, on, or inside the closed surface S, respectlvely
If a function H can be found with the property that =0 on the boundary
surfaces of the fluid, then equation (7.106) may be rewrltten as

0
0
/ fS G, 2,238,m,0) 26, m, 045 = | 2705.7.2) (7.116)
Arp(x,y,z)

for (x,y,z) outside, on, or inside the closed surface S, respectively. Here,
%(5, n,¢)=Q0(&,n, ¢) is defined to be the unknown source density (strength) and
has to be evaluated by numerical methods from the above integral. Once the source
density is known, the field potential ¢(x, y,z) can be easily obtained.

7.4.2 Application: hydrodynamic pressure forces
One of the main purposes for studying the fluid motion past a body is to predict the

wave forces and moments acting on the body due to the hydrodynamic pressure of
the fluid.
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The wave forces and moments can be calculated using the following formulae:

F= / /S B (PHdS) (7.117)
M = f /S B P(FX71)dS, (7.118)

where Sp is the body of the structure and 7 is the unit normal vector, which is
positive when pointing out of the fluid volume.
From Bernoulli’s equation, we know that
o 1
P = —p|:a—(f+§(v¢)2+gzi|, (7.119)

where ‘3—": is the transient pressure, %(qu)2 the dynamic pressure, and gz the static
pressure. Then using equation (7.110) with equations (7.108) and (7.109), we obtain

F=—p /f [% + l(v¢>)2 +gzi| ndS (7.120)
sy L Ot 2

. o 1 -

M=—p /f [— + = (Vo) +gzi| (FX7)dS (7.121)
sy L Ot 2

In the following section, we shall deduce Green’s function which is needed
in the evaluation of the velocity potential from the integral equation (7.107). The
solution is mainly due to Wehausen and Laitone [17].

7.4.3 Derivation of Green’s function

We will obtain Green’s function solution (singular solution) for the cases of infinite
depth and of finite depth. Mathematical solutions will be first obtained for the
infinite depth case, and then extended to the case of finite depth.

Case I: Infinite depth
Consider Green’s function of the form
G(x,y,2;€,1,¢,1) = Re{g(x,y,2; €,1,0)e "}, (7.122)

where Re stands for the real part of the complex function, and g is a complex
function which can be defined as

g06,,2:6,1,0) = Q1(6,3, 26,1, ) + iga(x, 3, 2,1, §) (7.123)
Here, g1 and g are real functions. Thus,

G(x,y,2;6,n,8,1) = g1 cos ot + g sinot (7.124)
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G satisfies Laplace’s equation except at the point (&, n, {), where

PG PG PG
V2G= ax_2+v+¥=8(x:yﬂzaéan’§) (7125)

From the above, the equations and conditions to be satisfied by g and g, are as
follows:

Vg = 8(x,3,2;61,0), Ve =8(x,p,2:£n,0) (7.126)

The linear surface boundary condition given by

’G G
W—i_gg =0, forz<0, (7.127)
yields to
3 2 9 2
Bl _ T g—0, B2 _T,_0 atz=0 (7.128)
Jz g 0z g

The bottom boundary conditions for the infinite depth case are

lim Vg =0, lim Vg =0. (7.129)
zZ—>—0Q

zZ—>—00

The radiation condition can be stated as

. g -
Jim VR (8_R - lkg) =0, (7.130)
which yields
lim VR (2% +kg ) =0, lim VR Oz — kg1 ) =0. (7.131)
R—o00 oR ’ R—o00 oR

Here, £ is the wavenumber and R is the radial distance in the x—y-plane and is given
by B = (x — £ + (v — )2

We shall now assume a solution of G, as given in equation (7.115) to be in the
following form:

G = (L +go) cosot + g sinot

= Lcosot + ggcosat + gy sinat, (7.132)

r

where 2 =(x — &>+ —n)’+(z—¢)* andg =1 +g—0.
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Denoting the double Fourier transform in x and y of g by g* as
1 00 T ) .
donzsno =5 [ [ ghozen e, (1133
T Jo —
we then can write
1 o0 T . .
arzin0 =5 [ [ gitozgn ol O, (1154
T Jo -
and
1 oo T . .
By 26,1, = f f & (k,0,2; 8,1, ) O dgdk. - (7.135)
T Jo -

Note that functions go and g» happen to be regular functions of x,y,z, and
satisfy Laplace’s equation.

Applying the double Fourier transform in x and y of gy yields

L /oo /-71 BZgE'; _ kzgak gikxcosO+ysind) go gr 0,
2 0 — 322

and consequently, we obtain

82 *
% — kg = 0. (7.136)
Solving equation (7.127) we get
2o = A(k,0)e" + B(k,0)e™". (7.137)

Since g; must be bounded as z — —oo, then B =0, and the solution becomes

gt = A(k,0)e" (7.138)
We know that
1 1 0o pm ) )
- / / efklzlezk(xcoseﬂz sm9)d9dk. (7'139)
Vi 422 2mlo Jen



SYMMETRIC KERNELS AND ORTHOGONAL SYSTEMS OF FuNcTIONS 235
Extending this result, we obtain

1 1

rVE =P G-

1 0o ) )
_ / / e—k|z—§|etk((x—é) cos 0+(y—n) sin G)dgdk
-

1 0o pT ) )
o / / efklzfql efzk(é cos ¢+ sin 6)
T Jo -1

% eik(x cos 0+ sin Q)dedk
1 [ele] T 1 * .

. / / (_) ezk(x Ccos 9+y sim Q)dedk, (7140)
T Jo —z \I

(l)* — e—klz—;le—ik(écosé+n sin(?). (7.141)

7

where

Taking the double Fourier transform of the surface boundary condition, equation
(7.119) yields

* * 2 *
{aaﬁ_kG) }_“_ <g;; (l) >:o atz=0 (7.142)
iz r g r

Rearranging the terms yields

8 £ 2 2 1 *
%0 _ "_g;; - (k + "_) <_> atz=0 (7.143)
0z g g r

From equation (7.134) and the boundary condition, i.e. equation (7.129), we have

2
A(k, 9) — k+o /g eké'e—ik(%'cose-‘rn sin 0) (7144)
k—o?/g
Therefore,
k
gak — + Gz/g k(z+¢) 71k(.§cos€+rz sin 6) (7.145)
—o0°/g

Inverting this function gives

/ / k +o /g k(z+{) lk((x &) cos 0+(y—mn) Sme)d@dk. (7146)
- az/g
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If we define %2 = v, then the potential g; may be written as

g1(x,,2) =+ + go(x,y.2)

=_+_ [ / k+U k(z+§‘)
- —U

« e F((x—§) cosO+(y—n)sind) yg 17 (7.147)

This may be written as

k(z+¢)
Q1(x,»,2) = Ly Ly vpy / ” / T ) os o) sin) g
7 roorn 0

s k—v
(7.148)
where

ro= =8P+ = P+ e+ 02

Here, PV stands for the Cauchy principal value. Note that g; satisfies all the given
boundary conditions except the radiation condition. To satisfy the radiation condi-
tion, we need the asymptotic expansion of g;. The solution, i.e. equation (7.148)
may be written in the form

1 1 ekE+o)
g1(x,y,z) = — + + PV/ / cos (kR cos 0)dOdk,  (7.149)

where R=/(x —£)2+ (v — ). But cos§#=2x and —sinfdd=dx, which on
substitution into equation (7.149) yields

1 e+ kR
gi(6,y,2) = — + -+ —Pvf / °°j( e )dkdk (7.150)
We know that

2 cos (kR))
3

d = Jo(k
- \/1——A Jo(kR),

and hence

0o Lk(z+¢)
Jo(kR)dk
— vV

1 1
g1(x,y,z) = -+ — +2APV/
r rl 0

1 © k
=-+PV / k—i——vek(”ojo(kR)dk. (7.151)
0 — U

7
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To determine the asymptotic form of g1, when R goes to infinity, we will use
the following Fourier integrals:

[ TR0 e +0 (%)

— Xo
cos R(x — xp) d

PV/ fx )—Xo X = 0(}{)

for a < x¢ < 0co. We know that when R — oo

1 1 1
r R 71 R

4u oo rl k(z+¢)
gl(x,y,z):—P.Vf f —_—
T o Jo V1-22 k—v

[ cos (RAv) cos RA(k — v) — sin (RAv) sin RA(k — v)]dAdk + O () .

(7.152)

and

Using the formulas (7.152), this equation can be reduced to

1 .
sin (riv) 1
106, 3,2) = —4)Le“(z+0/ ——dA+0 (—) ,
g1(x,,2) . i R

which subsequently (see Rahman [13]) can be reduced to the following:

[ 2 1
21(x,y,2) = —2m7ve’¢+o) 0 sin (RU — Z) +0 < ) (7.153)

From the radiation conditions, we can at once predict the asymptotic form of
22(x,y,z), which is

2 1
o(x,y,z) = 27wev(z+§),/ ——¢os (Rv — —) +0 (7.154)
TR 4 R

Thus, the asymptotic form of G = g| cos ot + g» sin ot is

2
—2mue’E+O [ = sin (Rv ot — —) ) (7.155)
TRvu 4

It can be easily verified that g; has the same asymptotic behaviour as
—27ve" O Yy(Rv),
and therefore the function g»(x, y, z) will be

2 = 2mveCH0 Jy(Rv) (7.156)
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which satisfies all the required conditions. Here, Jy(Rv) and Yy(Rv) are the Bessel

functions of the first and second kind, respectively.
Combining all these results, the final real solution form of G is

1 %k
G(x,y,2;6,n,8,1) = [; + PV /0 k_'_—Zek(z“)Jo(kR)dk] cosat

+ 2710eVF9) Jo(uR) sin ot (7.157)
The complex form is
g=g +ig

1 % k
— [— +PV / ﬂe“Z“)Jo(kR)dk}
r 0o k—v

+ i27rve’CHO gy (vr) (7.158)

Case II: Finite depth case

Consider Green’s function of the form
G = Re{ge '} = gj cosot + gy sin ot, (7.159)

where
gl =7+ +2xy,2)
and
B=0-9+0-n+¢+2h+0]

The function g satisfies Laplace’s equation
Vg =0,
and therefore
V(L4 L +g)=0
We can easily verify that

v? (%) =0 and V? (i) =0

r
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Therefore,
V2gy =0 (7.160)

Applying the double Fourier transform

1 0o pm ) )
s = o [ [ itk gy
T Jo -

to Laplace’s equation (7.160), we obtain

aZg*
3220 — kgt =0, (7.161)
the solution of which can be written as
* kz —kz
gy =Ade™ + Be ™. (7.162)

The constants 4 and B must be evaluated using the bottom boundary conditions
and the free surface boundary condition.
The bottom boundary condition is given by

3
Bl kyz=—h)=0 (7.163)
0z

d (1 1 a
— <_ + —) + (_go) =0 atz=-—h
iz \r m 0z

It can be easily verified that

Thus,

if we choose
1B=0—&+ -’ +@E+2h+0)>

Thus, the bottom boundary condition to be satisfied by gy is

9
%0 _0 atz=—h (7.164)
0z

The double Fourier transform of equation (7.164) yields

L)

=0 atz=—h (7.165)
0z
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Using this condition in the solution (7.162), we obtain B = Ae~ " and hence

gi = Ae M[FCHD L o=kEHD] = Ccosh k(z + h)

(7.166)

where C =24e " a redefined constant. To evaluate C, we have to satisfy the free

surface condition

0
ﬂ—Ug1:O atz =0,
0z

that is

Jd (1 1 1 1
—|-+—+g)—-v|-+—+g ) =0 atz=0.
r mn

iz \r n

Taking the double Fourier transform of equation (7.167), we obtain

ogy 1 1\*
%—vg(’)“:(k+v)<—+—> atz = 0.
z roon

Using this condition in equation (7.166), we obtain

c k+v 1+1 * _o
= ksinhkh—vcoshkh \r " 1) T

We know that

% TP .
(l) —e kl|z {le ik(& cos 041 sin 0)

I

and

(i>* — o KlzA2h+¢] ,—ik(§ cos 6-+1 sin 6)
z

Hence, atz=0
(%)* — ekée—ik(écosa+n sin 6)
and

(é)* — k& g=2kh y—ik(E cos Oy sin )

Therefore,

(l)* n (l>* _ e—kh(ek(h+{) + e—k(h+{))e—ik(écos9+n sin 0)

— Zefkh cosh k(h 4 é-)efik(?jcosf)‘l*n sin 9).

(7.167)

(7.168)

(7.169)
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Substituting this into equation (7.166) yields

_ 2e_kh(k + U) cosh k(h + é’) —ik(& cos 0+n sin 0)
. e , (7.170)
k sinh kh — v cosh kh
and consequently
gt = 2(k + v)e*kh. cosh k(i + ¢) cosh k(z + h) o—ik(Ecos +nsin6) 7171)
k sinh kh — v cosh kh
Inverting this expression, we can write the g; solution as
1 1 1 [ [ 2k +v)e ¥ coshk(h + )
g=—-+—+— -
r 27 Jo J_r  ksinhkh — vcoshkh
x cosh k(z + h)e”Hx=§)cosO+(y=msin6) yq g (7.172)
which can subsequently be written as
11 ® 2(k + v)e ¥ cosh k(h + ¢) cosh k(z + ¢)
=4 — Jo(kR)dk
&1 r+r2+/0 k sinh ki — v cosh kh okR)

To satisfy the radiation condition we must first obtain the asymptotic expansion
(R — o0) for gj.
Consider the integral

1 /00 /” 2(k + v)e ™ cosh k(h + ¢) cosh k(z + h)
o=l ). k sinh kh — v cosh kh

% eik((x—é) cos +(y—n) sin Q)dedk
Since x — & =R cos § and y — n = R sin §, then
R=(x—&)cosd+ (y—mn)siné

= Ja—o2+ -2

Also

eik(x—é) cosO+(y—n)sinf) _ eikR cos (0—96)

e o
and hence/ kR eos(60=9) g — 4/2 cos (kR cos 0)d6
0

—TT
:4f‘Mdk
0 1 — A2

= 27Jo(kR),
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where
2 (! cos (kR
Jo(kR) = = / CosCRY) 4y
T Jo 1 —22
Thus,
2 (U [ 20k + v)e M cosh k(z + ¢) cosh k(h + )
£0= ™ 0 0 (k sinh /;{hfnz; cosh kh)
—mo
1 cosh (kRk)) :|
X dk |dx,
V1 — A2 ( k —my
where

cos (kRA) = cos (ARmyg) cos AR(k — mg) — sin (ARmyg) sin AR(k — my).
Using the Fourier integrals in the form, i.e. equation (7.152) gives

_ —4(mg + v)e"™" cosh mo(z + ¢) cosh mo(h + )

- (k sinh kh—v cosh kh)
k—mo

U sin (RAmyg) 1
[ B o (_) ,
/0 1 — A2 R

where my is a root of mgh tanh moh = vh. Now,

1imR—> m

. ksinhkh — vcoshkh
lim
k—my k — my
= lim [kh cosh kh + sinh kh — vh sinh kh)

k—)mo

= moh cosh moh + sinh moh — vh sinh moh
vh cosh? moh + sinh? moh — vh sinh? moh
sinh moh

vh + sinh? moh
sinh mgh

Therefore, the asymptotic behaviour of gg(x,y,z) as R — 0o is

4(mg + v) cosh mo(z + ¢) cosh mo(h + ¢) sinh moh
vh + sinh? moh

U sin (RAmq) ( 1 )
x | ——=dr+0| =
/o V1 =22 R

80 =
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However, the asymptotic behaviour of the integral term is given by

! sinh (ARmy) x| 2 T 1
———dr="= in(Rmg—=)+0|(~ 7.173
/o V1 =22 2\ wRmy Sm( o 4) - (R) ( )

Thus,

27(mg + v)e """ sinh moh cosh mo(z + ¢) cosh mo(h + ¢)
vh + sinh® moh

2 g (R ”) +of! (7.174)
X mn _ — —_ .
amoR S\ T g R

Now, using the radiation condition

80 =

0,
VR [% + mogg] =0, asR— oo, (7.175)
we obtain
27(mg + v)e ™" sinh moh cosh mo(z + ¢) cosh mg(h + ¢)
& =

vh + sinh? moh

1 b 1
x | — cos (Rmo — Z) +0 (1_3) .

It can be easily verified that the function

_ 2m(moh)e™"™" sinh moh cosh mo(z + ¢) cosh mo(h + )
B vh + sinh® moh

e Jo(moR)  (7.176)

will satisfy all the required boundary conditions including Laplace’s equation.
Thus, combining these results, the final form of the velocity potential G may be
expressed as

G(x,y,z;6,m,8,1) = [% + % + PV /0 ” Xk,{;:})lekhkh_czsroghkz )
x cosh k(z + h)Jy(kR)dk] cos ot
N 27(mg + v)e ™" sinh moh cosh mo(h + ¢)
vh + sinh? moh
x cosh my(z + h) Jo(moR) sin ¢, (7.177)

where

o2
motanh moh = v = —.
g
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The above results are due to Wehausen and Laitone [17]. John [7] has derived
the following Green’s function in terms of the infinite series:

vz—m%
G(x,y,z;6,n,0,1) =2n————————coshmy(z + h
(,,2;6,1,8,1) i — R 1o oz +h)

x cosh mo(h + &)[Yo(moR) cos ot — Jo(moR) sin o¢]

+4 Z hmkm—];— Z_UU cos my(z + h) coshmy(h + ¢)

X Ko(mkR) cos at, (7.178)

where my, k > 0 are the positive real roots of m tan mh + v =0, and Ko(myR) is the
modified Bessel function of second kind of zeroth-order.

7.5 Numerical formulation

Green’s function provides an elegant mathematical tool to obtain the wave loadings
on arbitrarily shaped structures. We know that the total complex velocity potential

o(x,y,z,1), in diffraction theory, may be expressed as the sum of an incident wave
potential ¢; and a scattered potential ¢g in the following manner:

®(x,y,z,1) = Re{p(x,y,z)e """}, (7.179)

where @ is the real velocity potential, ¢(x, y,z) the complex potential, and o the
oscillatory frequency of the harmonic motion of the structure. Thus,

¢ =¢r+¢s (7.180)

The complex potentials should satisfy the following conditions:

Vip =0 in the fluid interior
2_(5 —vp=0 on the free surface
0 0
% = ;;S on the fixed structures (7.181)
82;% = 8;% =0 on the sea bottom
limg— oo VR (— — lk¢5) at far field

R is the horizontal polar radius.
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Hydrodynamic pressure from the linearized Bernoulli equation is

0
P=- (8—‘f) — pReliod] = pRelio(¢r + ¢5)] (7.182)

The force and moment acting on the body may be calculated from the formulae

F= —// PrdS (7.183)
S

M=- / /S P(FX7)dS (7.184)

In evaluating the wave loading on the submerged structures, we first need to find
the scattered potentials, ¢5, which may be represented as being due to a continuous
distribution of point wave sources over the immersed body surface. As indicated
earlier, a solution for ¢g at the point (x, y, z) may be expressed as:

1
Bs,7,2) = o / /S &1, G (x,y. 7 €., 0)dS (7.185)

The integral is over all points (&, 1, ¢) lying on the surface of the structure, Q(&, n, ¢)
is the source strength distribution function, and dS is the differential area on the
immersed body surface. Here, G(x, y,z; &, 1, ¢) is a complex Green’s function of a
wave source of unit strength located at the point (&, 1, ¢).

Such a Green’s function, originally developed by John [7] and subsequently
extended by Wehausen and Laitone [17], was illustrated in the previous section.

The complex form of G may be expressed either in integral form or in infinite
series form.

The integral form of G is as follows:

1 1
G(xayaz;ga 1, é-) = ; + Z

Y /00 2(k + v)e " cosh (k(¢ + h)) cosh (k(z + h))
b k sinh kh — v cosh kh

» (mo + v)e 0" sinh moh cosh mo(h + ¢) cosh mo(z + h)
vh + sinh® moh

Jo(kR)dk — 2ri

Jo(moR)  (7.186)

Since

e~ ginh moh _ my — v
vh + sinh?> moh — (m3 — v)h + v’

(7.187)
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then equation (7.186) may be expressed as

1 1
G(x’yaz; ga n, C) =—-+—
r r

00 —kh
PV / 2(k 4+ v)e ™ cosh (k(¢ + h)) cosh (k(z + h))Jo(kR)dk
0

k sinh kh — v cosh kh

2 2
i my — v

Tl m cosh mO({ + h) cosh mo(z + h)J()(moR) (7 1 88)

The second form of Green’s function involves a series representation

2 2

vt —m
G(x,y,z;&€,n, =27—— O coshmg(z+h
. »,2;8,1,8) = Ph+ o oz + 1)

. o (m{+1?)
x coshmo(h + ¢)[Yo(moR) — iJo(moR)] + 4 ; =
x cos my(z + h) cos my(h + )Ko(myR), (7.189)
for which my, k > 0 are the positive real roots of
mtanmh 4+ v =0 (7.190)

We must find Q(&, n, ¢), the source density distribution function. This function
must satisfy the third condition of equation (7.181), which applies at the body
surface. The component of fluid velocity normal to the body surface must be equal
to that of the structure itself, and may be expressed in terms of ¢g. Thus, following
the treatment illustrated by Kellog [8], the normal derivative of the potential ¢g in
equation (7.185) assumes the following form:

G 0
200, y,2) + / / O 1,00 (5,0, 6,1, ) = — L, 1,2) x 4
S n on
(7.191)

This equation is known as Fredholm’s integral equation of the second kind, which
applies to the body surface S and must be solved for Q(§, n, ¢).

A suitable way of solving equation (7.191) for unknown source density Q is the
matrix method. In this method, the surface of the body is discretized into a large
number of panels, as shown in Figure 7.10. For each panel the source density is
assumed to be constant. This replaces equation (7.191) by a set of linear algebraic
equations with Q on each being an unknown.

These equations may be written as

N
Y A4;0;=a; fori=12,...,N (7.192)
j=1

where N is the number of panels.
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Figure 7.10: Boundary condition at panel i due to source density over panel ;.

The coefficients a; and 4;; are given, respectively, by

— 8;) (xi,vi,2i) (7.193)

Ay = —8; + e // (x,,y,,z,,éj,nj,gj)dS (7.194)

where §;; is the Kronecker delta, (8;; =0 for i #/, 8;; = 1), the point (x;, y;, z;) is the
centroid of the ith panel of area AS;, and n is measured normal to the surface at
that point. Assuming the value of 5= ‘)G is constant over the panel and equal to the
value at the centroid, the expression for Ajj can be approximated as

AS; 8G
2w
AS; [8G oG oG }

nZ ’

= 5+ —S |2 -~ it
it |ty T %

Al] = _81] + (xlsylzzlaéjjs 77], {])

(7.195)

in which ny, n,, and n, are the unit normal vectors defining the panel orientation.
Note that when i =j,d;; =1 and the last term in equation (7.195) is equal to
zero, and therefore may be omitted.
The column vector g; in equation (7.193) may be evaluated as

3 3
a=—2|%, 9%, | (7.196)
ox 0z

where

A .
¢ = g_cosh k(z =+ h)COSh khelkx
o
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Thus,

(7.197)

o cosh kh x cosh kh

G— 2 (gAk) ik |:i cosh k(z + h) n sinh k(z + h) z:|

Once 4;; and a; are known, the source distribution O; may be obtained by a
complex matrix inversion procedure.

We then obtain the potential ¢g around the body surface by using a discrete
version of equation (7.185) which is

bs(xiyinzi) = Y _ ByQ;, (7.198)

J=1

where

1
Bi— — G(xi,vi,2i3 €, 17, £)dS
ij - //AS, (xi, i, zi Ej nj ;j)

AS;

= 4—‘G(xi,yi,zi;$j,nj,§/). (7.199)
7T

But when i =, there exists a singularity in Green’s function; however, we can still

evaluate B;; if we retain the dominant term in Green’s function as follows:

1 das
By = / / =, (7.200)
TT AS; r

This may be integrated for a given panel.

Once the potentials, ¢s and ¢y, have been determined, we can obtain the pressure
force P, surface elevation, 7 , forces, F', and moments, M, in a sequence.

The matrix equation (7.198) may be solved using a standard complex matrix
inversion subroutine, such as that available in the IMSL library. The numerical pre-
diction can then be compared with available experimental measurements. Hogben
et al [6] have published a number of comparisons between computer predictions
and experimental results. Figure 7.11 shows the comparisons of computed and
measured forces and moments for both circular and square cylinders reported by
Hogben and Standing [5]. More comprehensive published results dealing with off-
shore structures of arbitrary shapes can be found in the works of Van Oortmerssen
[16], Faltinsen and Michelsen [1], Garrison and Rao [3], Garrison and Chow [4],
and Mogridge and Jamieson [10].

Fenton [2] has applied Green’s function to obtain the scattered wave field and
forces on a body which is axisymmetric about a vertical axis. Starting with John’s
[7] equations, he expressed them as a Fourier series in terms of an azimuthal angle
about the vertical axis of symmetry. He obtained a one-dimensional integral equa-
tion which was integrated analytically. Fenton [2] then applied his theory to a right
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Figure 7.11: Comparison of computer prediction with experimental data of Hogben and
Standing [5] for horizontal wave forces on circular and square columns.
(a) circular, #'/h=0.7, (b) square, #'/h=0.7, (c) circular, surface-piercing,
(d) square, surface-piercing. Here, /' is the height of the cylinder.

circular cylinder fixed to the ocean bed, in water of depth 4; the cylinder was
0.7h and had a diameter of 0.4/4. He compared his theoretical computations with
the experimental results of Hogben and Standing [5], and his results are repro-
duced in Figure 7.12. Fenton recorded that convergence of the Fourier series for
Green’s function was extremely rapid, and he was able to achieve an accuracy
0f 0.0001.

7.6 Remarks on symmetric kernel and a process
of orthogonalization

For a symmetric kernel, that is, for a kernel for which

K(x,t) = K(t,x) (7.201)
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Figure 7.12: Variation of (a) dimensionless drag force and (b) dimensionless vertical force
with wavenumber for a truncated circular cylinder of height 7' =0.74 and
diameter D =0.4h, where h is the water depth. Experimental results from
Hogben and Standing [5] are with dots, and Fenton’s [2] computer predictions
are with bold line.

the associated eigenfunctions v, coincide with the proper eigenfunctions ¢j,. It
follows from the orthogonality property that any pair ¢ (x), ¢x (x) of eigenfunctions
of a symmetric kernel, corresponding to two different eigenvalues, Az, Mg, satisfy
a similar orthogonality condition

b
(P> d1) = / n(X)pr(x)dx =0 (h # k) (7.202)

in the basic interval (a, b). Because of this connection between symmetric kernels
and orthogonal systems of functions, namely

{Pn} = ¢1(0), p2(x), p3(x) . ... (7.203)

which satisfies equation (7.202), it is suitable to begin our study of the symmetric
Fredholm integral equation with a brief survey of orthogonal functions.
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We shall assume throughout that every function ¢, of our orthogonal systems
is an Lp-function which does not vanish almost everywhere, i.e.

b
llnll* = / $2(x)dx > 0. (7.204)

Thus, we can suppose that our functions are not only orthogonalized but also
normalized, i.e.

(7.205)

(Pn, Ox) = {0 (h 7 B, }

1 (h=k).

Such a system will be called orthonormal system. The functions of any orthonormal
system are linearly independent; for, if there exist constants ¢y, 3, ¢3, . . . ¢, which
are not all zero and are such that

c191(x) + c2¢2(x) + - - + cppy = 0, (7.206)

almost everywhere in the basic interval (a,b), then multiplying by ¢, (x)(h=
1,2,3...,n) and integrating over (a, b), we have

b
o [ Seax=o.

which, by equation (7.204), implies that c; =0, i.e.ci =c;=--- =c—n=0.1Itis
amazing that linear independence is not only necessary for orthogonality, but, in a
certain sense, also sufficient. This is clear because we can always use the following
procedure.

7.7 Process of orthogonalization

Given any finite or denumerable system of linearly independent L,-functions
Y1(x), Yo (x), ¥3(x), . .., it is always possible to find constants 4,5 such that the
functions

d1(x) = Y1(x),

d2(x) = ha1yn(x) + Y2 (x),

$3(x) = h31¥1(x) + haza(x) + ¥3(x),

¢n(x) = hnlwl(x) + hn2'(//2(x) +--+ hnn—l'(ﬁn—l(x) + '(/fn(x)a
......... e (7.207)
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are orthogonal in the basic interval (a, ). We prove this by mathematical induction.
Observe first that the system (7.207) can be readily resolved with respect to the
functions 1, ¥, .. ., i.e. it can be put to the equivalent form

d1(x) = ¥1(x),
d2(x) = ko191(x) + Y2 (x),
@3(x) = k3191(x) + k3o (x) + ¥3(x),

......... R (7.208)

We shall suppose that for n — 1 functions the coefficients &, have already been
determined i.e. we know k. for 1 <s <r<mn—1. We shall now show that the
coefficients for the nth function k5 (s =1, 2,3, ...,n — 1) can be readily calculated.
In fact, from the n — 1 conditions

0= (‘Pns ¢v)
= nl(¢l’¢s) + kn2(¢2, ¢s) +-F knn—l(‘bn—l»(bs) + (wm ¢s)
= kns(Ps> @s) + (Un, s) (s=1,2,...,n—1)

and we get

G0
(¢S7 ¢§)
These coefficients are well defined; (¢, ¢5) 7 0 because ¢y is a linear combination

of the linearly independent functions y1, ¥, . . ., ¥, and hence cannot be equal to
zero almost everywhere. We illustrate the theory by an example below.

(7.209)

ns

Example 7.10

Determine the orthogonal set of functions {¢,} given that ¥r|(x) =1, ¥ (x) =x,
Y3(x) =x%, Ya(x) =x3 ..., ¥, (x) =x""! defined on the interval (0, 1).

Solution

The orthogonal set of functions is defined by equation (7.208) and its coefficients can
be obtained by using equation (7.209). And hence we obtain using ¢ (x) = Y1 (x) = 1
the coefficient

_ ooy _ 1

(¢1,¢1) 2
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Thus, ¢r(x) =x — % With this value of ¢, (x) we are in a position to determine the
coefficients k3 and k3;. They are given by

ot — (Y3.¢01) 1

31 =— =—=
(¢1,01) 3

kyy = W) _
(2, 92)

Thus, the expression for ¢3(x) can be obtained as ¢3(x) =x*> —x + %. The process
of orthogonalization can be continued in this manner. It can be easily verified that
the set of functions ¢1(x), ¢»(x), and ¢3(x) are orthogonal over the interval (0, 1).

Example 7.11

Show that the boundary value problem y”(x)+ Ay(x)=0 with the boundary
conditions »(0)=0, y(1)=0 has the eigenfunction {y,(x)}= B, sinn’7*x for
n=1,2,3,...and this set of functions are orthogonal over the interval (0, 1). Verify
that the kernel associated with this boundary value problem are symmetric.

Solution

The general solution of this differential equation for A >0 is simply y(x)=
A cos (v/Ax) 4 B sin (v/Ax). Using the boundary conditions its solution can be writ-
ten as the eigenfunction { y,(x)} = B, sin (nwx) forn=1,2,3 ..., where the eigen-
values are given by A, = 72 forn=1,2,3,.... These solutions are orthogonal set
of functions over the interval (0, 1).

The given differential equation with its boundary conditions can be transformed
into an Fredholm integral equation. This can be accomplished by integrating two
times with respect to x from 0 to x and using the condition at x = 0 yields

y(x) + A /0 /0 y()dtdt = xy'(0).

This can be reduced to the following after using the condition at x = 1 and replacing
the double integrals by a single integral

X 1
y(x) + )L/O (x — Hy(t)dt = Xx/o (1 = t)y(t)dt

which can be very simply written in the integral form

1
v = [ Kooy
0
where K (x, ) is called the kernel of the equation and is given by

1—-xy 0<t<x<l1
(1—tx 0<x<t<l.

K(x,t) = {
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It can be easily verified that K(x, ) = K(¢,x) indicating that the kernel associated
with this integral equation is symmetric.

7.8 The problem of vibrating string: wave equation

The partial differential equation that governs the vibration of an elastic string is
given by
N = CPijx (7.210)

The boundary and initial conditions associated with this problem are

(0,1 =0,

n(l,7) = 0; (7.211)
n(x,0) = f(x),
(%, 0) = gx) (7.212)

where

f0)=0,/()=0
8(0) =0, g(1)=0.

C is the real positive constant and physically it is the speed of the wavefront.
For general case, C can be a function of (x, #) also. In that case the string is not
homogeneous.

Using the separation of variables method, we try for a solution of the form
n(x, t) = u(x)@(t). Substitution of this expression for n in equation (7.210) gives

u@)e" (1) = Cru"(X)p(r)
which can be separated as
¢'() ')
CHp(t)  u(x)’
But the left-hand side is a function of ¢ alone, the right-hand side member is a

function of x alone; they are equal, hence equal to the same constant, say —A. We
are thus led to two ordinary differential equations:

' (x) + Au(x) =0 (7.213)
with the boundary conditions

u(0) = 0,u(1) = 0, (7.214)
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and
¢"(1)+ C*ad(t) = 0 (7.215)

with the initial conditions

n(x,0) = u(x)p(0) = f(x), ni(x, 0) = u(x)¢;(0) = g(x) (7.216)
For the boundary value problem, i.e. in equations (7.213) and (7.214), all of the
characteristic constants are positive. Green’s function K(x, #) of this problem can

be written at once

1-x¢ 0<t=<x<l1
(1—tx 0<x=<t<l.

K(x,t) = {
The boundary value problem, i.e. equations (7.213) and (7.214) is equivalent to

1
u(x) = k/ K(x, tyu(t)dt.
0

In this integral the kernel is symmetric. This boundary value problem has an
infinitude of real positive characteristic constants, forming an increasing sequence:

O<Ai <Ay <---
with corresponding normalized fundamental functions
up(x) = V2 sin(nmx),

forn=1,2,3,....
We return now to equation (7.216) with A = A,:

¢"(t) + C?rnp(t) = 0. (7.217)
Since A, > 0, the general solution of equation (7.217) is
B(1) = Ay, cos(Cy/Ant) + By sin(C/ant).
Therefore, a solution of equation (7.210) which satisfies equation (7.211) is
00
N(x,1) = Y (Ay c0S(Cy/dnt) + By in(Cy/Ant)) n(x)
n=1

= Z (4, cos(nmCt) + By, sin(nnCt))«/E sin(nmx). (7.218)

n=1
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Now using the initial conditions at # =0, we obtain

fx) = Z V24, sin(nrx)

n=1

gx) = Z V2nnCB, sin(nmx)

n=1

These are sine series for /(x) and g(x). For the development of an arbitrary function
in trigonometric series we need to know only that the function is continuous and
has a finite number of maxima and minima. These conditions are not so strong as
those obtained by means of the theory of integral equations which were demanded
for the development in series of fundamental functions. The coefficients 4, and B,
can be obtained as

1
Ay / f (x)(«/z sin(nmx))dx;
0

1 1
By=—o /O 2(x)(v/2 sin(nmx))dx.

The time period 77 = % is the fundamental period of vibration of the string. The
general period 7, = % = %, and the amplitude is \/A42 + B2. Upon the intensity of
the different harmonics depends the quality of the tone. The tone of period % iscalled

the nth harmonic overtone, or simply the nth harmonic. For the nonhomogeneous
string the period is %

7.9 Vibrations of a heavy hanging cable

Let us consider a heavy rope of length, AB =1 (see Figure 7.13) suspended at one
end 4. It is given a small initial displacement in a vertical plane through AB’ and
then each particle is given an initial velocity. The rope is suspended to vibrate in a
given vertical plane and the displacement is so small that each particle is supposed
to move horizontally; the cross-section is constant; the density is constant; the
cross-section is infinitesimal compared to the length.

A

Figure 7.13: Vibrations of a heavy hanging cable.
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Let AB’ be the position for the rope at time ¢ and P any point on AB’. Draw PM
horizontal and put MP =1, BM =x.
Then the differential equation of the motion is given by

92 d (9
h_ 22 (2 (7.219)
or? ax U ox

where C? is a constant, with the boundary conditions

n(1,6) =0, n(0,1)is finite (7.220)
nex,0) =f(x), n(x,0) = g(x). (7.221)

By the separation of variables method, we try for a solution of the form
n(x, 1) = u(x)¢(0).

Substituting this expression for 1 in equation (7.219), we obtain

d ( d
w0 = o (x5).

This can be separated as

(1) & (x%>
C2p()  u(x)

= —A, constant.

That is
¢" (1) + C*hg(1) = 0,
and
d du
— [ x— = 222
p <xdx>+)»u 0 (7 )

and the boundary conditions derived from equation (7.220);
u(0) finite wu(1)=0. (7.223)

The differential equation (7.222) can be solved using the transformation x = % and

the equation reduces to the well-known Bessel equation

d*u  ldu

i =0. 7.224
dz?2  zdz tu ( )

The general solution of this equation is

u(x) = C1Jo(2vVax) + C2Yo(2+/Ax), (7.225)
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where C; and C; are two arbitrary constants. Here, Jy and Yy are the zeroth-order
Bessel functions of first and second kind, respectively. Since the solution must be
finite at x = 0, the second solution Y can be discarded because it becomes infinite
at x = 0. Therefore, we have

u(x) = C1Jo(2+/2x)

is the most general solution of equation (7.222), which satisfies the first initial
condition. We have the further condition #(1) =0, hence

Jo(2Vx) = 0.

The solution of the equation gives us the eigenvalues. We know corresponding to
each eigenvalue, there is an eigenfunction and the set of eigenfunctions are

un(x) = CnJO(ZV AnX)

forn=1,2,3,.... There are infinitely many eigenfunctions as there are infinitely
many eigenvalues. These eigenfunctions are defined over the interval (0, 1) and they
are orthogonal.

We next construct the Green’s function K (x, ¢) for the boundary value problem,
i.e. equations (7.222) and (7.223) satisfying the following conditions:

(a) K is continuous on (0,1).

(b) K satisfies the differential equation 4 (x%) — 8(x — £) on (0,1).
(c) K(0,7) finite, K(1,7)=0.

d) K'(t+0)—K'(t—0)=1.

Integrating the differential equation in (b), we obtain

aplnx + By, (0,7)

Ko = {oq Inx+ 1. (1,1)

But K(0, 7) is finite, therefore g =0, and K(1, ) =0, therefore 81 = 0. Hence
we have

KO(x’ t) = 507 (O’ t)

K()C,t) = {Kl(x,l‘)=051 lnx, (tsl)

From condition (a) By =« In ¢. Also from the condition (d), since K'(t — 0) =0
and K'(¢ 4 0) = <%, we obtain o} = 1. Therefore,

Ko(x,t) =Int, (0,1

(7.226)
Ki(x,t)=Inx, (1)

K(x,t) = {

We observe that K(x, t) is symmetric.



SYMMETRIC KERNELS AND ORTHOGONAL SYSTEMS OF FuncTiONs 259

Equivalence with a homogeneous integral equation

We now form the integral equation that will be equivalent to the differential equation
(7.222)

e \"d

In differential operator symbol L we can write the above equation with the kernel
equation as

d ( d”) Fau=0 (7.227)

L(u) = —
LK)=0

Multiplying first of these by —K and the second by u and adding we have
ul(K) — KL(u) = MuK.

This equation can be explicitly written as
d b
—{x(uK" —u'K)} = AKu.
dx
Integrate both members of this expression fromx =0tox =¢ — 0 and fromx =740
to x = 1 with respect to x.
x=t—0
x(u(x)K'(x, 1) — u' ()K (x, )12, =0 = A/ K(x, H)u(x)dx
x=
x=1
x(u()K'(x, 1) — ' (x)K (x, l‘))|Y 0 = A / K (x, t)u(x)dx

x=t+0

Adding these two equations yields

1
[x(uK' = KY\2 0 + (2K — u K)[Z) = 4 / K(x, Hu(x)dx  (7.228)
0

The second term of the first expression of equation (7.228) on the left-hand side
is zero because of the continuity of K. That means K(t — 0) = K(¢ + 0) = K(¢). But
the first term yields

x=t—0

[x@KHZ) g = (t = Oyu(t — 0)K'(t — 0) — (¢ + 0)u(t + OK'(t + 0)
= u)[K'(t — 0) — K'(t + 0)]
-1
= tl/l(l‘)T

= —u(?)
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The second term on the left-hand side of equation (7.228) is zero because
u(0)=0,u(1)=0; and K(0)=0, K(1)=0.
Therefore the integral equation can be written as

1
u(t) = —)L/(; K (x, t)u(x)dx (7.229)

Hence, changing the role of x and ¢, and that the kernel is symmetric, we can write
the above equation as

1
u(x) = — fo K(x, tyu(t)dt (7.230)

This is the Fredholm integral equation which is equivalent to the ordinary differential
equation (7.227).

Now coming back to the original problem, the eigenvalues will be given by the
roots of Jo(2+/A) = 0, and these roots can be defined from k, = 2+/A,,. The first four
values of k,, are

ki = 2.405,ky = 5.520,k3 = 8.654, ks = 11.792,
and generally (n — %) 7 < ky, < nm. Therefore,
up(x) = C1Jo(2v/ Anx) = ClJ()(kn\/)_C).

These fundamental functions u,(x) will become orthogonalized if we choose

1

NN '

But fol J§ (kin/%)dx = m Therefore,

C =

JO(kn\/)_C)
up(x) = —5——
Jokn)
> Chnt . Chnt
n(x,t) = n; <A,, cos —=+ B, sin 3 ) Un(X).

This expression for n(x, ¢) satisfies equations (7.219) and (7.220). We now determine
A, and B, if possible, in order that equation (7.221) may be satisfied. This gives
us the two equations

D A (x) = [ (%)
n=1

o]

Ck,
D Battn(x) = g(x)

n=1
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Because the series on the left-hand side is composed of the set of orthogonal

functions, we can evaluate the coefficients 4,, and B,, as follows:

Jolka /) |
A, = () dx =
/f(x)u (X)dx = /f() i
2! 2 (1 Jolken/X)
B, = C_k,, g(@)uy(x)dx = a g(x)m x

Once these coefficients are determined the problem is completely solved.

7.10 The motion of a rotating cable

With reference to Figure 7.14, let F'G be an axis around which a plane is rotating with
constant velocity; a cable AB is attached at a point A4 of the axis and constrained
to remain in the rotating plane. The velocity of the rotation is so large that the
weight of the cable can be neglected. Then the straight line AB perpendicular to
FG is a relative position of equilibrium for the cable. Displace the cable slightly
from this position 4B, then let it go after imparting to its particles initial velocities
perpendicular to AB. The cable will then describe small vibrations around the

position of equilibrium.

Let APB’ be the position of the cable at the time ¢, P one of its points, PM is
perpendicular to AB. Put AM =x, MP = n, and suppose AB = 1. Then the function

n(x, t) must satisfy the partial differential equation

Py 2la- )877
a2 ox |’

where C is a constant. The boundary conditions are

n(0,6) =0
n(1,1) = finite.

The initial conditions are

n(x,0) = f(x)
n:(x,0) = g(x).

Figure 7.14: The motion of a rotating cable.

(7.231)

(7.232)

(7.233)
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Putting n(x, #) = u(x)¢(¢), we obtain two ordinary differential equations
d d
Cla-HZ sau=0 (7.234)
dx dx

with boundary conditions #(0) = 0, u(1) = finite. The ¢(¢) satisfies

d*¢

- T AC2p = 0. (7.235)

The general solution of the equation (7.234) can be written at once if the eigenvalues
=n(n+1)forn=0,1,2,3,... as the Legendre’s polynomials P,(x) and Q,(x)

u(x) = APy(x) + BOy(x) (7.236)

where 4 and B are two arbitrary constants. Here, the second solution is obtained
from the Abel’s identity

On(x) = Pp(x) / = (7.237)

2)1"2()6)

We can at once indicate some of the eigenvalues and the corresponding fundamental
eigenfunctions from the theory of Legendre’s polynomials:

—{( - ).

Py(x) = i di

Using this formula, we can evaluate the different components of the Legendre’s
polynomials

Po(x) =1
Pi(x) =x

Py(x) = 3(3x* — 1)

P3(x) = 3(5x° — 3x)

Py(x) = §(35x* —30x% + 3)
Ps(x) = £(63x° — 70x* + 15x)

We see that P,(1)=1, and P,(—1)=(—1)" for all values of n. The Legendre
polynomial P,(x) is finite in the closed interval —1 <x <1.
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Hence Qp(x) and Q1 (x) can be very easily calculated as

dx 1 14+x
= —:—1
Qo) /1—x2 2 M T =

dx 14+x
00 = [ T = 1

1—x

Thus, it is easy to see that Q,(x) is a singular solution at x = +1, and hence B =0.
The solution, i.e. equation (7.236) takes the form

u(x) = APy(x). (7.238)
P, (x) is a rational integral function of degree n, satisfying the differential equation

d

- [(1 —x2)j—ﬂ +n(n+ Du=0.

Furthermore, P,, is an even function and P,,(0) # 0; however, Py,—1(x) is
an odd function and P,,—_1(0)=0. Therefore, 1, =2n(2n— 1) is an eigenvalue
and P,_1(x) a corresponding fundamental eigenfunction. Therefore, only the odd
Legendre’s polynomials will satisfy the given boundary condition of the present
problem. It is worth noting that the Legendre polynomials form an orthogonal set
of functions defined in the closed interval —1 <x < 1. Therefore, the orthogonality
property is satisfied, that means

1
f Pon1(x)P2n—1(x)dx = 0,
—1

for m #n. Or more explicitly, this orthogonality property is valid even for the
interval 0 <x < 1 such that

1
/ Pru_1(x)P2m—1(x)dx = 0,
0

for m # n. Thus, the orthonormal set of functions can be constructed as

Po,_1(x)

on(x) = —,
v fol P%nfl (x)dx

forn=1,2,3.... But

/ | P3 (x)d. :
X)dx = ——,
0 -1 4n — 1
as shown in the theory of Legendre’s polynomials. Therefore,

@n(x) = VAn — 1Py 1 (x),

is the orthonormal set of Legendre’s polynomials.
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Equivalence with integral equation

We construct the Green’s function as before and obtain

11
Elnl—i—x, 0<x<t
— X
KeD=91 14x
=1 , t<x<1.
2Ty 5FE

K (x, T') is symmetric, but has one point of discontinuity and that is forx =7=1.
Proceeding as in the previous problem, we find that the boundary value problem is
equivalent to the integral equation:

1
u(x) = )»/ K(x, u(t)dt.
0
Now, the final solution of this rotating cable problem can be obtained using

the initial conditions and then evaluating the unknown constants. The final general
solution is

(e, t) =Y [Ancos(Cy/ant) + By sin (Cy/Aut)]Py1 (x). (7.239)

n=1

Using the initial conditions, we obtain

fG) =) AP2r1(x)

n=1
o
g(0) = D (Cy/An)BuP2y1 (%)
n=1
where the coefficients 4, and B,, are obtained

1
Ay = (dn—1) /O F )P ()

4n—1) !
B, = (Cn\/)T) A g(x)P2y—1(x)dx.

Thus, the problem is completely solved.

7.11 Exercises

1. Show that the solution of
y// =f(x),y(0) =y(1) =0 is

1
y= /O G, ) (n)dn
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where

nx—1) 0=<=n=<x

Gtem = {x(n—l) x<p=<l

. Discuss how you might obtain G(x, n) if it were not given.

[Hint: One possibility is to write

X 1
y= /O G, m)f ()l + / G, mf ()

and substitute into the given equation and boundary conditions to find suitable
conditions on G in the two regions 0 <n <x,x <n <1.]

. Apply your method in Exercise 2 to solve

V'+y=fx), »0)=y1)=0.

. Find the deflection curve of a string of length £ bearing a load per unit length

W (x) = —x, first by solving the differential equation 73" = —x with the boundary
conditions y(0) = y(£) = 0 and then by using the Green’s function for the string.

. Construct the Green’s function for the equation y” + 2y’ +2y =0 with the

boundary conditions y(0) =0, y(5)=0. Is this Green’s function symmetric?
What is the Green’s function if the differential equation is

¥y 4 267y + 2%y = 0?

Is this Green’s function symmetric?

Find the Green’s function for each of the following boundary value problems:

6.
7.
8.
9.
10.
11.

V'+y=0; »(0)=0, y'(r)=0.

V'Y =0, p(0)=0, y'(7)=0.

V'=0; »(0)=0, y(1)=0.

V'=0; »(0)=0, ) (1)=0.

V'+a7y=0; A#0,3(0)=x(1), y'(0)=y'(1).

Y 4+22y=0; A0, if the boundary conditions are

(@) »(0)=y'(b)=0,
(b) ¥'(0)=x(b)=0,
() Y'(a)=y'(b)=0,
(d) y(@)=y(a), (b)=0
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12. Find all Green’s functions corresponding to the equation x?y” — 2xy’ +2y =0
with the boundary conditions y(0)=y(1). Why does this differential sys-
tem have infinitely many Green’s functions? [Hint: Where is the differential
equation normal?]

13. Find the Green’s functions for the following problems:

(@ (1—x" =2 =0; y0)=0,y(1)=0.
b V' +2ry=0; »0)=0y1)=0

14. Show that the Green’s function G(z,n) for the forced harmonic oscillation
described by the initial value problem

$+ 2%y =dsinwt;  y(0) =0, 5(0) =0
is G(t,n) = £ sin A(t — ).

Here, A is a given constant. Hence the particular solution can be determined as

A t
y=— / sin A(t — n) sinwndn
A Jo
15. Determine the Green’s function for the boundary value problem

V' =—fx); y(=1)=yQ1),y(=1)=)y1)

16. Determine the Green’s function for the boundary value problem

' +y =—fx)
y(1)=0, 1in}) ()| < oo.
xX—

17. By using the Green’s function method solve the boundary value problem
¥’ +y=—1;9(0)=y (%) =0. Verify your result by the elementary technique.
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8 Applications

8.1 Introduction

The development of science has led to the formation of many physical laws, which,
when restated in mathematical form, often appear as differential equations. Engi-
neering problems can be mathematically described by differential equations, and
thus differential equations play very important roles in the solution of practical prob-
lems. For example, Newton’s law, stating that the rate of change of the momentum
of a particle is equal to the force acting on it, can be translated into mathematical
language as a differential equation. Similarly, problems arising in electric circuits,
chemical kinetics, and transfer of heat in a medium can all be represented mathe-
matically as differential equations. These differential equations can be transformed
to the equivalent integral equations of Volterra and Fredholm types. There are many
physical problems that are governed by the integral equations and these equations
can be easily transformed to the differential equations. This chapter will examine a
few physical problems that lead to the integral equations. Analytical and numerical
methods will be illustrated in this chapter.

8.2 Ocean waves

A remarkable property of wave trains is the weakness of their mutual interactions.
From the dynamic point of view, the interaction of waves causes the energy trans-
fer among different wave components. To determine the approximate solution of
a nonlinear transfer action function we consider a set of four progressive waves
travelling with different wave numbers and frequencies and this set, which is called
a quadruple, could exchange energy if they interact nonlinearly. Three analytical
methods due to Picard, and Adomian, and one numerical integration method using
a fourth-order Runge—Kutta scheme are used to compute the nonlinear transfer
action function. Initial conditions are used from the JONSWAP (Joint North Sea
Wave Project) spectrum. The results obtained from these four methods are compared
in graphical forms and we have found excellent agreement among them.

269
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8.2.1 Introduction

The wave—wave interactions of four progressive waves travelling with four different
wave numbers and frequencies has been studied extensively by many previous
researchers including Webb [22], Phillips [14], and Hasselmann [5]. This set of
four waves, called a quadruple, could exchange energy if they interact nonlinearly
such that resonant conditions are satisfied.

In the present work, we shall proceed with the approximate solution of non-
linear transfer action functions that satisfy a set of first-order ordinary differential
equations using the JONSWAP spectrum as initial conditions. For this situation, we
consider the energy balance equation by Phillips [2] to show the various physical
processes that cause the change of energy of a propagating wave group. For the input
energy due to wind, we take the parameterizations proposed by Hasselmann et al
in the WAM model (see Refs. [6], [9], and [10]). The empirical formulation of the
change of energy due to wave interaction with ice floes has been described by
Isaacson [8], Masson and LeBlond [12] within MIZ (marginal ice zone). For
nonlinear transfer between the spectral components, we take the parameteriza-
tions proposed by Hasselmann et al [6] where the energy spectrum is actually
proportional to the action spectrum and the proportionality constant is given by
the radian frequency w. Four simple methods are demonstrated in this section to
compare the nonlinear transfer action function. Three of them are analytic due to
Picard, Bernoulli, and Adomian, one is numerical integration using a fourth-order
Runge—Kutta scheme and the results are compared in graphical form.

8.2.2 Mathematical formulation

As suggested by Masson and LeBlond [8], the two-dimensional ocean wave spec-
trum E(f,0;x,¢) which is a function of frequency f (cycles/s, Hz) and 6, the
direction of propagation of wave, time ¢, and position x satisfies the energy balance
equation within MIZ, i.e.

(% +Cy- v) E(f,0) = (Sin + Sas)(1 — ) + Sn1 + Sice, (8.1)

where Cg is the group velocity and V the gradient operator. The right-hand side of
the above equation is a net source function describing the change of energy of a
propagating wave group. Here, Sj, is the input energy due to wind, Sy is the energy
dissipation due to white capping, Sy is the nonlinear transfer between spectral
components due to wave—wave interactions, Sic. is the change in energy due to
wave interactions with ice floes and f; is the fraction of area of the ocean covered
by ice. Equation (8.1) can be written as

dEg’ 9) = (Sin + Sds)(1 _ﬁ) + Sui + Sice (82)
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where % denotes the total differentiation when travelling with group velocity. The
wind input source function Sj, should be represented by

Sin = BE(/,0), (8.3)

as parameterized in the WAM model of Hasselmann ef a/ [6] and Komen et al
[9] where

p=max{0,0252 (28% cos ()~ 1)} o, (8:4)

and w =2nf angular frequency. Z—V”V is the ratio of densities of air and water. 6 is
the angle between the wind vector and wave propagation direction. Many authors,
including Komen et al. [10], have modified the formulation of 8 to simulate the
coupling feedback between waves and wind. The dissipation source function used
in WAM model is of the form (see Komen et al [9])

A 2
Sgs = —Cas (A“ ) (%)ZaE(f,e) (8.5)

oappm

wheret & = mow* /g2, and my is the zeroth moment of the variance spectrum and @
is the mean radian frequency,

[ [ E(w,0)dwdo
Etotal

w =

: (8.6)

in which
Eora = E(f,0)df dO (8.7)

is the total spectral energy. Tuning is achieved by a filtering parameter, Cqs and
& /@y is the overall measure of steepness in the wave field. The empirical formu-
lation for the change in energy due to wave interaction with ice floes, Sjc, has been
described by Isaacson [8], Masson and LeBlond [12]. With the MIZ, the ice term

. . . )
Sice 18 expressed in terms of a transformation tensor 7 f{

S(A, 0)ice = E(fo )T, (8.8)

where the space x and time ¢ coordinates are important, and summation is over all
j angle bands of discretization. The transformation tensor 7, lej is expressed as

Ty = A[BID(O)> A0 + 8(0)(1 + e D(O)*) + 8t — Ol D)L, (8.9)
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where § is the Dirac delta function and A6 is the angular increment in 6 and
0;; = |6; — 6;]. Other parameters arising in this formulation have been described by
Masson and LeBlond [12], and will not be repeated here. The formulation of the non-
linear transfer between spectral components due to wave—wave interactions, Sy,
is rather complicated. It was demonstrated by Hasselmann et al [6] that the energy
spectrum E(f, 6) is actually proportional to the action spectrum N(f', 6) such that
E(f,0)=wN(f,0), where the proportionality constant is the radian frequency w.
Hence, equation (8.2) can be written in two ways:
For energy:

dE
E = (Snl + Sds)e(l _fl) + (Snl)e + (Sice)e- (8~10)

For action:

dN
E = (Snl + Sds)(l _fl) =+ St + Sice- (8~1 1)

Equation (8.11) is most basic because Sy is expressed in terms of action. We
shall proceed with the evaluation of the nonlinear wave—wave interaction Sy; with
the use of the following approximate nonlinear simultaneous differential equations.
Hasselmann et al [6] constructed a nonlinear interaction operator by considering
only a small number of neighbouring and finite distance interactions. It was found
that, in fact, the exact nonlinear transfer could be well simulated by just one mirror-
image pair of intermediate-range interaction configurations. In each configuration,
two wave numbers were taken as identical k; = k; = k. The wave numbers k3 and k4
are of different magnitude and lie at an angle to the wave number k, as required
by resonance conditions. The second configuration is obtained from the first by
reflecting the wave numbers ks and k4 with respect to the k axis (see Ref. [9],
p- 226). The scale and direction of the reference wave number are allowed to vary
continuously in wave number space. For configurations

W =wy=w
o3 =w(l+X)=wy
ws =0l -2 =0w_, (8.12)

where X = 0.25, a constant parameter, satisfactory agreement with exact computa-
tion was found. From the resonance conditions, the angles 63 and 64 of the wave
numbers k3(ky) and kg(k_) relative to k are found to be 3 = 11.5°, 63 = —33.6°.

The discrete interaction approximation has its simplest form for deep ocean for
the rate of change in time of action density in wave number space. The balance
equation can be written as

N -2

d

TN =11 Cg 3f°[N> (N, + N_) — 2NN,.N_]AK, (8.13)
N_ 1
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where dd—];/, %, and d%, are the rate of change in action at wave numbers k, k., and
k_, respectively, due to the discrete interactions within the infinitesimal interaction
phase-space element Ak and C is the numerical constant. The net source function
Sn1 can be obtained by summing equation (8.12) over all wave numbers, directions,
and interaction configurations. Equation (8.12) is only valid for deep-water ocean.
Numerical computations by Hasselmann and Hasselmann of the full Boltzmann
integral for water of an arbitrary depth have shown that there is an approximate
relationship between the transfer rate for deep-water and water of finite depth. For
a frequency direction-spectrum, the transfer for a finite depth ocean is identical to
the transfer of infinite depth, except for the scaling factor R:

Sn(finite depth) = R(kh)Sy (infinite depth), (8.14)

where k is the mean wave number. This scaling relation holds in the range k% > 1,
where the scaling factor can be expressed as

Rx) = 1422 (1= %) exp (), ®.15)

with x = %%h. The WAM model uses this approximation.

8.3 Nonlinear wave—wave interactions

This section will be devoted to the solution technique of the nonlinear wave—wave
interactions. To determine the nonlinear wave—wave interaction Sy, we can rewrite
the equation (8.12) explicitly with their initial conditions in the following form

dN 5
—r =N (Ny + N — 2NN N ] (8.16)
dN.
T: = ap[N*(Ny + N_) — 2NN,.N_] (8.17)
dN_ 5
— =@V (Ny +N-) = 2NNy N, (8.18)

where
o] = —2Cg_8f19Ak
ay = Cg™5f" Aky

az = Cg 819 Ak_. (8.19)
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The initial conditions are

N(O.f) = No(f)
0:  Ni(0.) = Nyo(f3)
N_(0.f) = N_o(f2)- (8.20)

at t

The specific algebraic forms of these initial values will be stated later.

8.4 Picard’s method of successive approximations

It can be easily observed that equations (8.16), (8.17), and (8.18) are related to each
other as follows

dN+ (0%} dN

—=—)— 8.21
dt (Oll) dt ( )

dN_ o3 dN

— == —. 8.22
dt <Ol1> dt ( )

Thus, if we can determine the solution for N(¢,f), then solution for N4 (¢,f) and
N_(t,f) can be easily determined by interaction from the equations (8.21) and
(8.22). However, we shall integrate equations (8.16), (8.17), and (8.18) using
Picard’s successive approximation method.

8.4.1 First approximation

Since the equation is highly nonlinear, it is not an easy matter to integrate it at one
time. In the first approximation, we shall replace the source terms on the right-hand
side of the equation by their initial values, which will be integrated at once. For
instance equation (8.16) can be written as

dN
—r = NG (Vo + N-o) — 2NoN4oN o] (8.23)

The right-hand side of equation (8.23) is a constant and can be integrated
immediately, with respect to time from r =0to r =1:

N(t,f) = No(f) + a10t, (8.24)

where

a10 = 1 [Ng(N+0 + N_0) — 2NoN 10N o). (8.25)



APPLICATIONS

Similarly, the solutions for equations (8.17) and (8.18) give

where

Equations (8.24), (8.26), and (8.27) are the first approximate solution.

275

N4 (2,f) = Nyo(f4) + oot (8.26)
N_(t,f) = N-o(/~) + a3ot, (8.27)
@20 = aa[N§(No + N—o) — 2NoNoN_o] (8.28)
30 = a3[Ng(N40 + N—o) — 2NoN4oN_o]. (8.29)

8.4.2 Second approximation

To determine the second approximate solutions we have to update the source func-
tions by the first approximate solutions and then integrate. For this we need to
calculate the expression {N*(N; 4+ N_) — 2N, N_}, and this gives

N*(Ny + N-) = 2NNy N_ = [Ng(N1o + N—g) — 2NoN1oN—o]

+ [Ng (a0 + @30) + 2010No(N40 + N—o)

— 2{No(a30N+0 + a20N—0) + @10N+0N—0}]t
+ [2a10(@20 + @30)Np + a3(Nyo + N—o)
—2{02030No + t10(e30N 40 + 20N-0)}1>

+ [3 (020 + @30) — 2102003011 (8.30)

Hence, the differential equation (8.16) can be written as

where

dN
o= ai[N*(Ny + N_) — 2NN, N_]
=ap+ ait + at* + a3, (8.31)
ag = a1[N§(N+o + N—g) — 2NoN1oN_o] = a1
ar = a1[N§ (@20 + a30) + 2a10No(N+0 + N_o)
— 2{No(a30N+0 + 020N_0) + a10N+0N—o}] (8.32)

ay = a1[2a10(e20 + a30)No + afo(N1o + No)
— 2{anoa30No + a19(a30N10 + 20N _0)}]

2
az = ay[ajg(an + @30) — 2a100200030].
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Integrating equation (8.31) with respect to 7 from # =0 to t = ¢, we obtain

N(t.f) = No(f) + aot + a1 5 + @y + a3’y (8.33)
It is worth noting that at t =0, N(0, /) = No(f) and

dN

| =a= 1[N (N1o + N—g) — 2NoN1oN—o] = at1. (8.34)
t=0

The integrals for Ny (¢,f) and N_(t,f’) are simply

2 3 4
N = Nolf) + (2) [aor +ars + @b +a]  839)

N_(t,f) = N_o(f_) + (gj—j) [aot +aS +arh + a3§] . (836)

Equations (8.33), (8.34), and (8.35) are the second approximate solutions. These
are nonlinear.

8.4.3 Third approximation

In this approximation, we shall update the differential equations (8.16), (8.17), and
(8.18) by new values of N, N, and N_ obtained in equations (8.33), (8.35), and
(8.36). The differential equation (8.37) becomes

dN
o= a1[N*(Ny + N_) —2NN,N_]

= [ {Ng(N0 + N—o) — 2NoN1oN o}

+ 2No(N4o + N—o)

N2(ay + @
+{ ()(2 3)
ai

N
-2 <N+0N—o + <a—0) (a3N4o + ozzN—o)) }A
1

2N +
n { oot + a3)
ol

+ (M40 + N_o)

(x% o]

2
I <a2+0£3 . 0!22063}143}’
o o[l

s <N00l2063 n Nyoas +N—00l2) } 22
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or we can write the above equation as

where

dN
— =lbo+pa+ prA® + B34%],
Bo = N3(N1o + N—g) — 2NoN4oN—_g
B1 = 2No(N4o + N—o) + N3 (o2 + @3)
—2{ NN + () (@3N + V)]

2No(a2 + a3)

B2 = (Nio+N_o)+ o
Noax o 3N+ apN_
_2{ 0 ; 3+ 30V40 2 0}
o o]
o) + o3 2003
pr=2"0 2

o] o]
2 3 4
A = a0t+a1’7 +a2% +a3%.
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(8.37)

(8.38)

Integrating equation (8.37) with respect to time ¢, from t =0 to t = ¢, we get

N(t,f) = No(f) + a1 |:,30t + B /(; Adt + ,32/0 Axdt + 53/0 A3dti| , (8.39)

we show the calculation as follows

t ) t t2 l3 t4
Acdt = t — — — dt
/0 /0<a0 +a12+a23+a34>

t t t2 [3 t4
Adt = t — — — ) dt
/0 /(;(ao +a12+a23+a34>

2 P& t4 I
Sagy tagtaep ey

2

o 4 20 15

2
apas alaz) 6 ajas as 7
— + — |t — + = |t
+( PR +<28 +63>
aza3t8 a%tg
48 144

2.3 4 2
agt apait a 2apa
=+t +(—1+ 02>t5
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t ; t 2 3 A 3
Adt = t — — — ) dt
/(; /(; (ao +a12+a23+a34>

_ a3i n 3a(2)a11‘5 aoa% n a(2)a2 6
04 10 8 6
3
aj 3agas  apaiaz )\ 4
+ =+
(5 28 7 )
3apaas a%az aoa% 3
8.40
+< 32 32 24 ( )
2 2
aopdrds a1a2 ala3 9
t
+< 18 + 54 + 48)
3 2 3
+ a0a3 ajaxas a_z tlo
160 40 270
3a1a§ a§a3 1 azag 12
352 132 192
3
+ ) (13

Similarly, we can write the integrals for N, (¢,f) and N_(¢,f) in the
following form

t t t
N (t,f) = Nyo(f)+ay [ﬂoz+ﬂ1 /0 Adt + B> /0 A%dt + B3 fo A3dt:| (8.41)

t t t
N_(t,f) = N_o(f-)+a [ﬁot+ﬂ1 /0 Adt + B, /0 A%dt + Bs /0 A3dt] (8.42)

Equations (8.39), (8.41), and (8.42) are the third approximate solutions and
are highly nonlinear in 7, a polynomial of degree thirteen. The parameters defined
above are functions of Ny, N4¢, and N_, i.e. they are a function of frequency f.

8.5 Adomian decomposition method

We have the following relationship from equations (8.16), (8.17), and (8.18) as

dN+ - (052) dN

— 8.43
dt o dt ( )

dN_ az\ dN
—_— == )— 8.44
dt (Ot] ) dt ( )
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To determine the solution for N, integrating equations (8.43) and (8.44) with respect
to time fromt=0to t =¢, i.e.

! dN+ (0%) ! dN
g =(2) | Eu 8.45
0 dt (0{1 ) 0 dt ( )
L dN_ o3 L dN
o= (2) | Za, 8.46
[ =G LG (40
we obtain
No=2N_q (8.47)
o
N=%BN_0( (8.48)
o
where
o
Cr = 2Ny — Nyo (8.49)
o
Cy = BNy —Noo. (8.50)
o]

Substituting equations (8.47) and (8.48) into equation (8.16), we get

”;—]j = AN(1,f) + BN?(t,f) + CN(t,f), (8.51)
where
A= (@ +az) — 2220 (8.52)
B =203C) +2w,Cy —a1C3,  C3=C1 +C; (8.53)
C = —201C\C,. (8.54)

Integrating equation (8.51) with respect to time fromz = 0 to t = ¢, i.e.

th _ t 3 t 5 t
/0 —rdi=4 fo N3(t,f)dt + B /0 N2(t,f)dt + C /0 N@t.f)dt  (8.55)

= N(t,f)—N(,f)=4 /0 [N3(t, f)dt + B /O [Nz(t, fdt +C /0 t N(t,1)dt

= N(t.f) = N(O0,f)
+4 / tN3(t,f)dt+B / th(t,f)dt+C / tN(t,f)dz. (8.56)
0 0 0
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The above equation is in canonical form, where N (0, () is known.
Let us expand the N(z,f) in the following manner

o0
N(t.f) =) Ny=No+ N +Np+Ns+ - (8.57)
n=0

Substituting equation (8.57) into equation (8.56) we get
No+Ni+Ny+N3+---=N(0,f)

+ [Afot(No+N1+Nz+N3+~--)3dt
+B/0[(N0+N1+N2+N3+-~-)2dt
+C/()I(N0+N1+N2+N3+-~-)dt}
=N(0,f)+A[ /0 tNgdt+ /0 t(3N02N1 + 3N?Np
+N)dt + /O [ (3NZN; 4 3NENy + 6NoN1 N2

t
+3NEN, + 3NZN; + N3 )dt + f (3NZN;3
0

+ 6NoN1N3 + 6NoN2N3 + 3NoN7 + 3NN,
+ 6N N2N; + 3N\ N3 + 3N5N; + 3N2 N3

t
+N33)dt+~~-}+3[/ NZdr
0
t t
+ / (2NoN; + N})dt + / (2NoN, + 2NiN,
0 0

t
+ N3)dt + / (2NoN3 + 2NiN3 + 2N N3

0
t t
+N32)dt+~~-}+C[/ Nodt+/ N dt
0 0

t t
+fN2dt+fN3dt+-‘-:|.
0 0 (8.58)

Comparing the terms of the left- and right-hand series sequentially, we have
No =N(0,f) = ap. (8.59)
From the above known term we can find N; as
t t t
Ny :A/ Ngdt+3f Ngdt+c/ Nodt
0 0 0

= (AN§ + BN§ + CNy)t
=ait  where  a; = AN} + BN + CN. (8.60)
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Similarly,
t
Ny = 4 / (3NZN1 + 3NENy + Ni'dt
0
t t
+B/ (2NoN; ~|—N12)dt+C/ Nidt
0 0
t
=4 /() (Badart + 3dapt® + ait’)dt
t t
+B/ (zaoa1t+a%t2)dr+cf oy dt
0 0
3 1
= A | Zafait? + adaot® + —ajtt (8.61)
2 4
1 1
+B [aoaltz + goc%t3i| +C [Ealtz]
1 1
= —Aa? A+ Aot%oco + —Bot% £
4 3
2
=&t + &1 + &1

3 2 1 2
+ | zdagoy + Bagay + ECoq t

1 3
sl = ZAOll

1
£ = Addag + gBa%

3 1
& = EAOl(z)O(l + Bagay + ECOll

t
Ny =4 / (BNZN; 4 3NZNy + 6NN N2
0
t
+3NZN, + 3N2N; + N3)dt + B / (2NoN2
0
t
+ 2NNy + N})dt + C / Nodt
0

t

=4 / {3a5(élt4 + &1 + &31%) + 3ap(E11* + E21° + £317)?
0

x 6o t(E11* + &6 + £36%) + 3032 (E 11 + &1 + &)

(8.62)

+3a1t(E11 + E28 + EPY + (G 6P + $3t2)3}
t
+B / [2ao(slt4 + 68 + &) + 21151t + 68 + &17)
0

+ &+ 6 + §3t2)2}dt + C/ (it + &8 + &1%)dr.
0
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Expanding all the terms and arranging like terms we get

N3 = HA&13 + 486112 + F 48 & + &)
+ {58} + 75A(68168 + &)} 11°
+ {4008} + 3o £1& + TAE I8 + E283)
+ $BE} O + {3 Awok1Er + 3401 (26155 + £3)
+ 3468 + 1BE &) 18 + 24002615 + £D)
+3 4038 + SAoib2ks + S48 ‘o
+ 1BQ& & + 8D} 1T + {Aaogats + Aage £1 e
+ 3436 + 18 + Bl + E8)}
+ {24(cdE1 + o8 + 03&3) + S,
+ 1B(aok1 + a12) + H(BE + CE} P
+ {24038 + 3A0gai & + SB(ooks

+ a183) + SE ) + {4odEs + 2Bagts + 1CE ) P

Thus, the approximate solution for N will be the sum of the above four terms
and is highly nonlinear in ¢

N =Ny + Ni+ Ny, + N;. (8.64)

8.6 Fourth-order Runge—Kutta method

In this section, we shall try to determine the solutions of equations (8.16), (8.17),
and (8.18) with their initial conditions [equation (8.20)]. The numerical scheme
that is required to solve the initial value problem will be discussed very briefly.
For a given set of initial conditions, we will try to solve these highly nonlinear
first-order ordinary differential equations. The scheme is as follows: Rewriting
equations (8.16), (8.17), and (8.18) in the functional form, we have

dN
a =f(t,N,N4,N-) (8.65)
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ddit* = g(t,N,N{,N_) (8.66)
d% = h(t,N,N4,N_), (8.67)
where
f = ai[N* (N4 + N_) — 2NN, N_] (8.68)
g = ap[N*(Ny + N_) — 2NN, N_] (8.69)
h = a3[N*(Ny 4+ N_) — 2NN, N_]. (8.70)

The fourth-order Runge—Kautta integration scheme implies the solution of the
(j + 1)th time step as

N = N 4 Lk + 2ky + 2k + ka) (8.71)
N = N L+ 2k + 205 + 1) (8.72)
NJ:H =N+ %(ml + 2my + 2m3 + my), (8.73)

where
ki = (ANOf(t,N,Ny,N_)
I = (At)g(t,N,N+,N_) (8.74)
my = (AHh(t,N,Ny,N_)

kz_(At)f(t—i-Az’,N—i- Ny + 4, N_+%)
b = (Ang (r +A NN AN+ %) (8.75)
mz—(At)h(t A N+A N+, N_+%)
k3_(At)f(t+A2’,N+ Ne+ 5N+
I = (Ang (z BNy + 5N+ %) (8.76)
m3_(At)h(t+A2f,N+ Ny +4, N_+%)
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ks = (ADf (t + At,N + k3, Ny + I3, N_ + m3)
Iy = (A (¢ + At,N + k3, Ny + 13, N_ +m3) ¢ . (8.77)
mg = (A (t + At,N + k3, Ny + 3, N_ 4+ m3)
Equations (8.71) to (8.73) specify the action transfer in the air—sea momentum

exchange. Once the values of N, N+ and N_ at the (j + 1)th time step have been
determined, the time derivative ( V') can be obtained from the equation

dN Jj+1 )
(E) = a|[N*(Ny + N_) — 2NN, N_]/"1, (8.78)

We shall carry out this numerical integration for the range from =0 to
t=2000s.

8.7 Results and discussion

We shall discuss our results in graphical form and compare the graphs obtained from
the numerical method with the analytical one. The initial conditions used in these
calculations are as follows: At =0, we use the JONSWAP spectrum as the initial
condition. The expression for this spectrum is given below (see Rahman [15, 17])

f exp ‘Z;f”iz
N(f):ag o exp{ (f) } U }, (8.79)

where o =0.01, y=3.3, t=0.08, and f, =0.3. Here, f, is called the peak fre-
quency of the JONSWARP spectrum. Similarly, the initial conditions for N, N_ are
the following:

Ni(fp) = N + 1)) (8.80)

N_(f2) = N((1 — »)). (8.81)

The corresponding spreading of the directional spectrum (f, #) was found to depend
primarily on }f;

N(f,6) = EN(f)sech’ (6 — (), (8.82)

where 6 is the mean direction

2.61 (
F=1108 (

1.24 otherwise.

13 f
) for 0.56 < — < 0.95
T
(8.83)

SHS S

1.3
) for 0.95 < Ji < 1.6
Jp
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The parameters involved in this problem for the one-dimensional deep ocean case
are given by

o) = —2Cg 80 Ak
ay = Cg 8 Aky
a3 = Cg 319Nk

C =3x 10’
g =9.8m/s?,
in which
2
A
Ak = TIAS
g
872f(1 + 1) A
Ak, = STSA A
8721 (1 ¢ VEAS
ANk = —F =

g

The frequency range is taken as f=0.0Hz to f =2Hz with step size of
Af =0.001. The graphical results of the four methods by taking all the param-
eters stated above are presented in Figure 8.1. Figures 8.2 and 8.3 show the
plots between y =2 and y =4, respectively, keeping other parameters constant.

035 T T T T T T T T T
Picard &
Bernoulli +
0.3 E Adomian O
'1' R-Kutta x
0.25 | 34 1
02| % _
z ¥
0.15 E
0.1 | E
0.05 E
0 1

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Frequency (Hz)

Figure 8.1: Nonlinear transfer action function N(f) versus the frequency f using all the
parameters stated above.
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0.2 T T T T T T T T T

Picard ¢
0.18 Bernoulli +
Adomian o
R-Kutta x
0.16

0.14}
012}
z 01}
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0.06 |
0.04 |

0.02 -

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Frequency (Hz)

Figure 8.2: Nonlinear transfer action function N(f') versus the frequency f using y =2
keeping other parameters constant.
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03} s ]
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0.15 | 1 -
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0.05 | -
O 1
0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8 2

Frequency (Hz)

Figure 8.3: Nonlinear transfer action function N(f) versus the frequency f using y =4
keeping other parameters constant.
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Figure 8.4: Nonlinear transfer action function N(f) versus the frequency f using
C =3 x 10? keeping other parameters constant.

The plots in Figure 8.4 are obtained at C =3 x 102, where for each case time is
taken as 2000 s. All the results show excellent agreement. To determine the net total
action transfer, N1, we use the following formula:

2r  poo
Niotal = / N(f, 9) df dob. (884)
6=0 Jf=0

But in a practical situation, the limit of the infinite integral takes the finite
values

2 p2
Niotal = / N(f,6)df do. (8.85)
6=0 Jf=0

The upper limit of the f-integral is assumed to be 2 Hz, which seems to be a realistic
cutoff frequency instead of infinity, with the understanding that the contribution to
the integral from 2 to infinity is insignificant. The N (f') at a certain time for different
frequencies is highly nonlinear. Thus, to plot N, in the time scale, we first obtain
the values at different time scale and then graph these values against time. From the
analytical solution for N(f) we can find the values for Ny, using either Gaussian
quadrature or the % Simpson’s rule of integration. This analysis is valid only for
deep-water ocean.
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8.8 Green’s function method for waves

The application of Green’s function in calculation of flow characteristics around a
submerged sphere in regular waves is presented in this section. We assume that the
fluid is homogeneous, inviscid, and incompressible, and the fluid motion is irro-
tational and small. Two methods based on the boundary integral equation method
(BIEM) are applied to solve the associated problems. The first is the flat panel
method (FPM) using triangular flat patches to model the body and the second is
using the modified form of the Green’s function in order to make it nonsingular and
amenable to apply directly the Gaussian quadrature formulas.

8.8.1 Introduction

A combination of two independent classical problems should be considered in
order to find the hydrodynamic characteristics of motion of a body in time har-
monic waves. One is the radiation problem where the body undergoes prescribed
oscillatory motions in otherwise calm fluid, and the other is the diffraction problem
where the body is held fixed in the incident wave field and determines the influence
of it over the incident wave. These boundary value problems can be formulated
as two different types of integral equations. The so-called direct boundary integral
formulation function as a superposition of a single-layer and double-layer poten-
tials. Another is referred to as the indirect boundary integral formulation, which
represents an unknown function with the aid of a source distribution of Green’s
function with fictitious singularities of adjustable strength, Yang [25].

One of the most widely used BIEM is that of Hess and Smith [7], in which
the indirect method is used to solve the problem of potential flow without the
free surface effect. Hess and Smith [7] subdivided the body surface into » quadri-
lateral flat panels over which the source strength distribution was assumed to be
uniform. Webster [23] developed a method that can be regarded as an extension
of Hess and Smith’s method by using triangular patches over which the source
strength distribution is chosen to vary linearly across the patch and the panels are
submerged somewhat below the actual surface of the body. A modification of the
Hess and Smith [7] method that is devised by Landweber and Macagno [11]. The
method mainly differs in the treatment of the singularity of the kernel of the integral
equations and applying the Gaussian quadrature to obtain numerical solutions.

The application of Green’s function in calculating the flow characteristics around
a submerged sphere in regular waves is presented in this section. It is assumed that
the fluid is homogeneous, inviscid, and incompressible and the flow is irrotational.
Such a boundary value problem can be recast as integral equations via Green’s the-
orem. Therefore, the associated problems with the motion of submerged or floating
bodies in regular waves can be solved with BIEM. There are two approaches in
solving such a problem with BIEM: the Green function method (GFM) and the
Rankine source method (RSM). In the RSM, the fundamental solution is applied
and the whole flow boundaries (the body surface, the free surface, and the bottom
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R

Direction of prop:

Figure 8.5: Sketch of the problem geometry and coordinates definition.

surface) are discretized and the boundary conditions are imposed to find the solu-
tion. It has the advantages of: the influence matrix can be evaluated easily and it
can be extended to a nonlinear free surface conditions. In the GFM, a function is
found by considering all the boundary conditions except the body surface boundary
condition and then by imposing the body boundary condition to the discretize body
surface, the associated integral equations are solved numerically to find the velocity
potentials and the flow characteristics. The advantages of GFM in comparison with
the RSM are that the integral equations should only be solved around the surface
of the body and no restriction applied to the free surface to implement the radiation
condition.

The direct boundary integral formulation along with the GFM is applied to find
the hydrodynamic characteristics of the motion of a sphere in time harmonic waves
by two different methods. In the first method, the original form of the free-surface
Green’s function is used to find the solutions by modelling the body as a faceted
form of triangular patches. In the second method, the nonsingular form of the free
surface Green’s function along with the Gauss—Legendre quadrature formula are
applied to find the solutions for the associated problems.

8.8.2 Mathematical formulation

Two sets of coordinate systems were considered (see Figure 8.5). One is a right-
handed coordinate system fixed in the fluid with oz opposing the direction of gravity
and oxy lying in the undisturbed free surface. The other set is the spherical coordinate
system (r, 6, 1) with the origin at the centre of sphere. The total velocity potential
may be written as

®(x,y,2,1) = R[o(x, y, z)e "], (8.86)
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where ¢ is the time-independent velocity potential. It can be decomposed in the
general case as

6
P(r,3,2) = D 0jj(x,,2) + A(br + ¢p), (8.87)

j=1

where 7; is the amplitude for each of the six degrees of freedom of the body
and ¢; is the time-independent velocity potential corresponding to each mode of
oscillation of the body of unit amplitude. Due to the geometrical symmetry of
the sphere, there are only three modes of oscillations responding to disturbance
from any given direction. These three modes of motion are surge, heave, and pitch
(j=1,3,5) considering the incident wave propagates along the x-axis. ¢y is the
spatial incoming wave velocity potential with unit amplitude and ¢p is the spatial
wave diffraction velocity potential of unit amplitude. Based on the assumption of
linearized theory, the complex spatial part of the velocity potentials, ¢, must satisfy

V2%p=0 for r>r, z<0 (8.88)
K¢ — % _y atz =0, (8.89)
0z
3p/0z =0 for z— —o0 (8.90)
x/ﬁ{a%—iK}qb:O for R— oo (8.91)
% =—iwn; j=13,5 (8.92)
on :

3
(&) wrrom -0 w9

n

where K = w? /g is called the wavenumber, R = \/x2 + y2, n the outward unit nor-
mal vector of the body surface to the fluid , n; = sinfcosy, n3 = cos6, and
ns = 0. Equations (8.92) and (8.93) are the kinematic boundary conditions on the
body surface of the sphere for the radiation and diffraction problems, respectively.

The other boundary conditions on the body are the equations of motion of the
body. It is supposed that the sphere is hydrostatically stable. This means that the
centre of mass of the sphere should be under its centre of volume. The forces and
moments acting on the body are the gravity force and the reaction of the fluid. The
forces and moments of the fluid on the body can be determined from the following

formulas:
F n
{,M}://sP{rxn}dS (8.94)
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The dynamic pressure P can be determined by applying the linearized Bernoulli’s
equation. It may be written as

; od
P(x.y.2.0) = Np(x.y. 20 ] = —p (8.95)
where p is the fluid density and the spatial pressure, p, can be related to the spatial
velocity potential with p =ipw¢. We can express the equation of motion of a body

in waves by using indicial notations as

ml]a] = —C,‘jaj - ,0/ / <I>tn,- dS, (896)
N

where m;; are the mass matrix coefficients, g; the linear or angular displacements of
the body, a; = R[n;(x, y,z)e”'*'], and ¢;; the restoring force coefficient. Considering
equation (8.87), the ®; may be written as:

6
D,(x,y,2, 1) =N 3 —iw | Y 1¢y(x.y.2) + A(pr + ¢p) [ e § . (8.97)
j=1

Taking into account equation (8.92), the integral in equation (8.96) for a
component of radiation velocity potential ®; becomes

. A
lij=p / f ®;,n;dS = pR [nje"‘” / / qﬁ_;% dS] (8.98)
S S n

The component of force and moments for radiation problem can be written in the
form of

6
Fr=901> nie ™ f;t, (8.99)
j=1

where f;; is a complex force coefficient,

fij = oy — iwpy = —iwp f / qu% ds. (8.100)
So on
ay; is the added mass coefficient and Bj; the damping coefficient. For the sphere,
all the complex force coefficients are vanished due to the geometrical symmetry
except for the surge and heave motions.

The exciting forces and moments on a body can be obtained by integration of
the hydrodynamic pressure associated with the incident and diffraction velocity
potentials over its surface. If we consider ®;p = ®; 4+ ®p, and substitute it in the
last term of equation (8.96), the exciting forces and moments are obtained,

:Fei}zi}i[—iwp//(¢l+¢0)|s{ 5 }dS]e"w’. (8.101)
Mei S r X n;
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Considering that F,; = 0i[f,;e~"*'] and equation (8.92), the complex exciting force
fei can be calculated by

Jei —p//quls—dS (8.102)

Taking into account equations (8.96), (8.99), and (8.101), the equations of motion
for a submerged sphere in a time harmonic wave are

—*(M + ay)n — ioprin — w*MZgns = f.,  for surge motion
— (M + a33)n3 + i0B33n3 = fez for heave motion (8.103)
—a)zMng — w?Mk*ns + MgZsns =0 for pitch motion ,

where 711, 13, and ns are the surge, heave, and pitch amplitudes, M is the mass
of the sphere, Z; is the position of the centre of gravity with respect to the centre
of the sphere, 11 and o33 are added mass coefficients for surge and heave, 8;;
and B33 are the damping coefficients, f,, and f., are the complex exciting forces
and k is the radius of gyration. The linear motions along the x direction (surge) and
rotational motion about y-axis (pitch) are coupled with each other but they are not
coupled with the linear motion along z-axis (heave) of the sphere.

8.8.3 Integral equations

The radiation and diffraction problems are subjected to the Laplace equation in
the fluid domain, linearized free-surface boundary condition, bottom condition
indicates that there is no flux through the bottom of the fluid, radiation condition at
infinity, and the Neumann condition at the mean position of the body. The potential
for a unit source at ¢(&, n, ¢) defines the Green function G. The Green function with
its first and second derivatives is continuous everywhere except at the point g. It
can be interpreted as the response of a system at a field point p(x, v, z) due to a delta
function input at the source point g(&, n, ¢). This solution can be applied with the
Green second theorem to derive the integral equation for the velocity potentials on
the surface of the body,

279(p) + / ¢()8G(” D s - | /SBG(" )%ds (8.104)

The free surface Green function that satisfies all boundary conditions except the
body boundary conditions is defined, Wehausen and Laitone [24], as

11 ]
G=-+—+2KPV. / ——— M) Jo(kR)dk
ror 0o k—K

— 2mike®XCE) Jy(KR), (8.105)
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where

=@ g2 0=+ - o

= Je— 2+ 0 =P+ 40P

R=\J&c-82+0—np. (8.106)

In the radiation problem, the velocity potential for each mode of motion of the body
can be obtained by solving the integral, equation (8.104) and imposing the body
surface boundary condition, i.e. equation (8.92).

In the diffraction problem, the scattering velocity potential, ¢p, can be cal-
culated with the integral equation (8.104), and then adding the incident velocity
potential to find the diffraction velocity potential, ¢;p. The integral equation for ¢p
can be written

6P, q) o _ 9¢n(q)
2n¢p(p) + / /SquD(q) ) ds = / G(p.9)— on0) ds.  (8.107)

If the second Green’s theorem applied to the ¢; on the interior of the surface Sp,
the integral equation is in the form of

3G 3
—27T¢1(p)+/ o1(9) (f)q) dS:/ G(p,q) ¢’((")) ds.  (8.108)

Combining equations (8.107) and (8.108) and considering the body surface
condition for the diffraction problem, equation (8.93), it follows that

aG}E”’ D 4 = drepy (). (8.109)

dnip(p) + / /S a0

Flat panel method

The integral equations (8.104) and (8.109) are discretized by subdividing the surface
of the sphere, Sp, into N triangular panels, Sp. It is assumed that the distribution of
the velocity potential and its normal derivative are constant on each panel and equal
to their values at the panel centroid. The discretized formula for each component
of the radiation velocity potentials is

2n¢1+2¢]ffs —dSb gf’//S G dSy, (8.110)
q b
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and for the diffraction velocity potential is

al 3G
A, + Y _ i, / / —dsp = 4ny,. (8.111)
=1 Sp 8nq

The results are systems of N complex linear algebraic equations with N unknowns.
It is necessary to deal with a global coordinate system O; — x1y1z; fixed in the
body and a set of local coordinate systems, O — Xyz for each triangular patch. It is
convenient to assume that the triangular panel lies in the X, y coordinate plane. The
system of linear algebraic equations may be presented in matrix form as

[A]{x} = (B}, (8.112)

where [A4] is the coefficient matrix formed by the integration of the derivative
of Green’s function along the surface of each panel. {B} is a vector formed by
multiplication of the integration of the Green’s function along the surface of each
panel and the body surface boundary condition for the radiation problem. For the
diffraction problemits elements are B; = 4m¢;,. {x} is the unknown vector of velocity
potentials around the body. The main tasks are

a) finding the elements [4] and {B},
b) solving the system of complex linear algebraic equations.

The Green’s function consists of Rankine singularities, its image, and wave parts
due to the free surface condition and the radiation condition. The parts of 4;; and
Bj; concerned with the Rankine singularity and its image may be computed by
transferring the surface integral to the line integral using Green’s lemma. These
parts of the 4;; and Bj; due to the wave are calculated for the centroid of the panel
and assumed to be constant on each panel. For the accurate evaluation of the wave
part of the Green’s function and its gradient, see Refs. [3], [13], [15] and [21].

Nonsingular method

The Green’s function may be written in the form of G(p, ¢) = % + H(p, q), where the
term % is the singular part and H (p, ¢) is the harmonic part of it. The type of singu-
larity of the % and its derivative are of the weak singularity. This type of singularity
can be removed by adding and subtracting a proper function from the integrand
so that the kernel becomes nonsingular. The method proposed by Landweber and
Macagno [11] for the calculation of the potential flow about ship forms are pre-
sented as such an idea. The treatment of singularity in such a way will result in a
regularized formulation of BIEM. These nonsingular forms of integral equations
can be solved numerically by applying the standard quadrature formulas directly
without the conventional boundary element approximation. It can be written by
introducing the Gauss’s flux theorem that

/fs a_zq (%) dSy = —2m, (8.113)
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and defined such a source distribution, o(g), that make the body equipotential of
potential ¢.

fff(q)ldS = Q. (8.114)
Sp r

Considering equations (8.113) and (8.114), the integral equations yield the
form of

0 1 E)H(p,q)
4”¢/(p)+//SB [¢j(q)_¢/(p)]87 (;) dSq+//sB¢j(q) ong dsy

B / / [8¢>j(q) ¢ (p) U(q)} 1
- sy L Ong on, o(p) a4

d;(q) de 09;(p)
+ / /S .75 s, — S (8.115)

0 1
4npip(p) + / /5 [¢1p(q) — ¢ID(IJ)]§ (;) dSg
B q

S,
+ / /S d0(a) a(qu)dsq=4n¢,(p). (8.116)

The source distribution, o(q) can be calculated through the iterative formula

k 1 _ k 9 1
ook +//SB< "o (—)—%Tq(—»dsq, (8.117)

and since ¢, is constant in the interior of an equipotential surface, its value may
conveniently be computed by locating point p at the origin. For more explanation
of the method, see Ref. [9],

9q
Pe = //SB md&z (8.118)

The solution of the radiation and the diffraction velocity potentials with this method
are obtained by discretizing the integral equations (8.115) and (8.116) and the
relations (8.117) and (8.118) by applying the Gaussian quadrature. The source
distribution, o(g), to make the body equipotential and ¢, may be calculated through
the discretized formulas

N
1 T rij.n;
Ui(kﬂ) = O‘i(k) 2 E (cr;k)—lj3 -+ cri(k)—lj3 j) Asjwy
Ttz \ i T

N
1
P = Z oj(sz —i—yjz + zjz)_f Asjwj, (8.119)
Jj=1
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where As; is a scale factor with respect to the integration parameters, w; the
weighting function for the Gauss—Legendre formula, and N the number of Gaus-
sian quadrature points. The discretized equations for the radiation and diffraction
problems are linear systems with N unknowns of velocity potentials. They can be
represented in the matrix form as equation (8.112). The coefficient matrix and also
the body surface boundary conditions are dependent on the geometry of the body.
If the exact expression for the geometry can be used in the numerical computation
the accuracy of the results will be highly improved. This is one of the most import-
ant features, using the exact geometry, of the nonsingular method in treating the
integral equations. The elements of the coefficient matrix, [4], are

N l','j . llj 3H,','
A =4 + Z P Asja)_/ + %As,’w,‘
i

j=Lj# Y

r;.n; 0

3 ,
rii on;

The elements of {B} for the diffraction problem are B; =4m¢;,. For the radiation
problem,

3
{B}:[C]{%}, (8.121)

where the elements of the matrix [C] are

e oj 1
Cii = I-IiiAs,-w,- _— = ——Asjwj
o o Vi
bog=tA Y
1
C,'j =\ — +Hij Asja)j. (8122)
Fij

8.8.4 Results and discussion

. . . -1
The results of calculation for nondimensional added mass, w; =a;; (‘3—‘ pnr%) ,

and nondimensional damping coefficient, A;; = o; (%‘ pa)nrf)_l, for the surge and
heave motions of a sphere are shown in Figures 8.6 to 8.9 as a function of Kry
for % =1.5. The solid lines are the analytical solutions derived by the method of
multipole expansion by Rahman [17].

The calculations by FPM were performed by subdividing the surface of the
sphere into 512, 1024, and 3200 triangular panels. The figures show that it is nec-
essary to have a large number of elements to find accurate solutions. This is a
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Figure 8.6: Surge added mass calculated with different methods in //r; = 1.5.
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Figure 8.7: Heave added mass calculated with different methods in 4/r; = 1.5.

drawback of the FPM. The solutions with the nonsingular method were computed
by distributing of 16 x 32 Gauss—Legendre quadrature points at the surface of the
sphere. The comparison of the results with this method and with the analytical
results obtained by Rahman [16] show that the differences between them are at the
fourth decimal point. This shows that the nonsingular method with much less dis-
cretization gives better results that the FPM. This is due to using the exact geometry
in the calculation of the hydrodynamic characteristics of the flow.
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Figure 8.8: Surge damping coefficients calculated with different methods in //r; = 1.5.
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Figure 8.9: Heave damping coefficients calculated with different methods in 4/r; = 1.5.

The relative error for the added mass in surge and heave motion are calculated
and shown in Figures 8.10 and 8.11. The relative error is defined as

. [numerical result — analytical result|
Relative error =

8.123
analytical result ( )

These figures also demonstrate the accuracy of the nonsingular method.
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Figure 8.10: Relative error for surge added mass in 4#/r; = 1.5.
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Figure 8.11: Relative error for heave added mass in //r; = 1.5.
8.9 Seismic response of dams
In this section, we investigate an analytical solution of the seismic response of
dams in one-dimension. In a real-life situation, the seismic problem is of three-
dimensional nature. However, for an idealized situation, we can approximate the

problem to study in one-dimension. The results obtained in this section should be
treated as preliminary to obtain the prior information of the real problem.

8.9.1 Introduction

In order to analyze the safety and stability of an earth dam during an earthquake,
we need to know the response of the dam to earthquake ground motion so that the
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inertia forces that will be generated in the dam by the earthquake can be derived.

Once the inertia forces are known, the safety and the stability of the structure can

be determined. A geometrical configuration of a dam is sketched in Figure 8.12.
The inertia forces generated during an earthquake will depend on

i) The geometry of the dam
ii) The material properties
iii) The earthquake time history

The reality of the problem is that an earth dam is a three-dimensional structure,
usually multizoned with variable properties in each zone. The material properties are
nonlinear inelastic and the earthquake time history is a time-varying phenomenon.
The problem is, therefore, very complex and a proper solution requires the use of a
finite element program, which can deal with nonlinear inelastic material properties.
The earthquake is the travelling-wave phenomenon, which arrives at the base of the
dam through the foundation rock. Since the foundation is not rigid, part of the
energy, which vibrates the dam, is lost through the foundation causing radiation
damping. The analytical solution to such a problem is not at all possible. However, it
is often necessary to have approximate solutions that can be used to understand the
behaviour of the dam during earthquakes. In order to make the problem amenable to
analytical solution, some approximations are made to create a mathematical model.
Such a model in this case is known as the shear beam model (SB) of earth dams.
There are several such solutions that differ in their approximations to the problem.

8.9.2 Mathematical formulation

The first set of approximations refers to the geometry of the dam.

Assumptions:

e The length of the dam is large compared to height. In this case, the presence of
the abutments will not be felt except near the ends (L > 4H). This removes the
third dimension and deals with the dam cross-section only.

e Slopes of the dam are fairly flat and the section is symmetrical about the z-axis.

e Amount of oscillations due to bending is small. The shear strain and shear stress
along a horizontal line is the same everywhere and is equal to the average at
the corresponding level. Therefore, subjected to horizontal loading in shear, the
response is assumed to be in shear only.

e The wedge isrigidly connected to the base. The rigidity ofthe foundation material
is much greater than that of the dam.

e The base is acted upon by an arbitrary disturbance given by the displacement
function a(¢) in the horizontal direction only. With the above assumptions, only
the z dimension and the shear stress is pertinent. Therefore, it is called one-
dimension shear-beam analysis.
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e As regards the material properties, the material in the wedge is assumed to be
viscoelastic.

For homogeneous material properties with constant shear modulus, the solution
is readily available, see Refs. [1], [2], [19], and [20]. For nonhomogeneous shear
modulus for the material, when the modulus varies with the level, an analytical
solution is given by Dakoulas and Gazetas [4]. However, the solution as given in
the paper appears to have some drawbacks. The error may simply be in printing the
equation in the paper or it may be a genuine error. The solution for the radiation
damping is not clearly explained in their paper. Our aim in this section is to solve
the equations using a different technique from that used by Dakoulas and Gazetas
and check their solution.

Dakoulas and Gazetas used the nonhomogeneous model for material properties
in which the shear modulus is a function of the level z. This gives:

G(z) = Gp(z/H)", (8.124)
where

G = shear modulus at the base of the dam, and

m = a parameter of the model.

It is generally assumed that m = 0.5 but experimental data suggests that m can vary
considerably. It is to be noted that in a dam the depth of material at a given level
varies and the above equation generally relates to a constant overburden pressure
corresponding to the level z as in a soil layer. Dakoulas and Gazetas provide a
detailed examination and verification of the model.

In a viscoelastic material, the shear stress 7 relates to the shear strain and the
strain rate by the following:

r = G() [Bu n n?] (8.125)

In this expression, the displacement u(z, ¢) is measured relative to the base atz = H.
Therefore, referring to Figure 8.12, the shear force Q at the depth z is

0 = 2Bz

Hence, considering an elemental slice of width dz, the net force acting on the
element is dQ and therefore the net force must equal the inertia force on the element.
Thus, considering the equilibrium of the element

ZBZdZ,O(.LZ +a) — {2322 [G(z) < + ﬂ?)] + 2B [G(Z) <3u + n?)] } dz

8u out Ju
or p(ii + a) = |:G( z) ( az)i| [G( z) < + 773—>:| . (8.126)
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v G,=Gyz/H)"

| L | | G,—
Figure 8.12: Dam cross-section and distribution of shear modulus with depth.

In the above equation, ii + a represents the absolute acceleration, where d is the
base acceleration. In earthquake engineering, the acceleration is the basic data and
not the displacements. Using equation (8.126) and noting that G /p = CZ% where
Cy is the shear wave velocity at the base level, we obtain

2 2 .
W e (Z\"[ (07U o°u m+ 1 ou ou
(it +a)=Cy (—) |:<_322 + n—azz> + ( - P + n—az . (8.127)

The boundary conditions are u=0 at z=H, the dam is rigidly connected
to the base, and =0 at z=~A, the top surface is stress free. This condition is
derived from the shear beam model of the dam. The initial conditions are at rest,
ieu=u=0att=0forallh<z<H.

8.9.3 Solution

This initial boundary value problem can easily be solved by using the Laplace trans-
form method. The definition of the Laplace transform is available in any standard
engineering textbook. And here we cite the definition for ready reference only (see
Rahman [18])

L{u(z, )} = [000 u(z, e S'dt = u(z, s),

and its inverse is given by

1 y+ico
u(z,t) = — / u(z, s)e’' ds.
27i y—ioo
Applying the Laplace transform to equation (8.127), we obtain

m [ 3*u I
S2i+a=C(1 +77s)(%) [a + (’"—H> 0 ] (8.128)

322 z ) oz



where s is the Laplace parameter and
u=L(u) and a= L(a),

in which £() represents Laplace operation on ().
Changing the dependent variable u to U where

U=:"""%
4k SHm/2
an =
Cp/1 +1s

leads to

PU  dU m? ak?
/2—2 2 (2 22— _
ZM |:z—+z— ( + k°z ’")U]_ 2

9z2 dz 4

The complementary function is obtained from the solution of

92U  dU 2
e 4z <m_ + k222—m) U =0.
Z

4
Changing the independent variable z to i where

w=2k/@2 —m)z'="?

leads to
*U dUu
2 2 2
— —_— = U=0,
W +/ch“ (" +9°)
where
g =m/(2—m),

and therefore
w=k(l+q)z' "2
The solution is, therefore,
U = Al,(n) + BK, ().

The particular integral is

Uu=—

E}

2| =l

and therefore the complete solution is

7= LAl G0+ BK ()] —
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(8.129)

(8.130)

(8.131)

(8.132)

(8.133)

(8.134)

(8.135)

(8.136)

(8.137)

(8.138)

(8.139)

(8.140)
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T=Ci1+ ns)pg
= C2(1 + n9)pllz " (AL(10) + BK.()IK(1 + g)(1 — m/2)
— %z‘l_m/z(/llq(u) + BK, (1)} (8.141)
Note that:
L) = I () + % (W) and Ko(u) = —Kgai () + LKq(1)- (8.142)
Applying the two boundary conditions, i.e. at z=h, 7 =0 gives
Algar(un) — BK g1 () = 0 (8.143)
and atz=H,u =0 gives

H™"2(Aly(wu) + BK () = Sa;z (8.144)

Therefore, solving for 4 and B from equations (8.143) and (8.144) and replacing
in equation (8.140), the solution becomes

N|
Il

H

a [( z )_m/2 [Kg+1(un)lg(pn) + Ly 1(pnn)Kq(1)]

2 (K1 (M) + L1 (i Kg ()]

1} . (8.145)

where py =k(1 + ¢)h'~"/? and uy =k(1 + g)H'="/2. The solution u will be
obtained from the Laplace inversion of equation (8.145). Equation (8.145) can be
written as

W =aF(z,s). (8.146)
From equation (8.129),
L7 @) = a(@r).
If
L7YF)=1(z1), (8.147)

then using the convolution integral,

u= /t a(r) f{(t — v),z}dr. (8.148)
0
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The problem is to solve equation (8.147) to obtain f'(z, t).

1 [(i)"’/z [Kg+1(1n)lg() + 1g1(nn)Kq(n)] _ 1]
H ]

F=— (8.149)
[Kq—H (Mh)lq(MH) + Iq+1(Mh)Kq(l/vH)

2
The inverse of the transform can be obtained by using the residue calculus

fet)=LTHF(@zs)
1 y+ioco

— F(z,5)e" ds
= 2ni y—ioo

= Z Residues at the poles of F(z, s)e™.

It can be easily noted that s = 0 is a double pole. The other poles can be determined
from the roots of the following equation

Kot g (i) + Ly (un)Kgarr) = . (8.150)

First, we determined the residue at the double pole s =0, which is found to be
Ry =t. Next the residues corresponding to the single poles

O(wn)
wnP(wy)

and R = L) iy (8.151)

: wnP(wy)

R, =

(ie"")

Therefore, the total residues are

O(wn)
wnP(wy)

- _2%:)”; (Sm On ) . (8.152)

R+ Ry = [i(e = e7']

Detailed calculations of the residues can be found in the work of Rahman [22].
The solution for f(z, ) can be written as

wy) sin (wyt)

f@ ) =—=2{z/Hy ™"y X Pado, (8.153)
n=1 n n

where
O(wn) = Jg(@g' ™) Ygr1(ad! ") — Yy (ag'™" g1 (ar! "2
P(wy,) = akl—m/Z{Jq(aAl—m/Z)Yq(a) _ Yq(akl—m/Z)Jq(a)}
g1 (@Y1 (@ ™" = Y@y (@277, (8.154)
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and the characteristic equation is
Jgr1(@h =" Y (@) = Jg(@)Yqr1(ar! =) = 0, (8.155)

in which§=z/H, a= %(1 +¢q), and A =h/H. Once we know the time history
of the earthquake, we can obtain the complete solution by the convolution integral
equation (8.148).

8.10 Transverse oscillations of a bar

The transverse oscillations in a bar is a technically important problem. This prob-
lem can be studied under very general conditions by considering the influence
function G(x, ). This influence function is usually called the Green’s function.
Mathematically, we define it as a kernel of the problem.

Let us suppose that, in its state of rest, the axis of the bar coincides with
the segment (0, £) of the x-axis and that the deflection parallel to the z-axis of a
point of x at time ¢ is z(x, ) (see Figure 8.13). This is governed by the following
integro-differential equation

8%z
ot2

J4
z(x,t) = /0 G(x,n) [p(n) — () } dn, (0<x<4), (8.156)

where p(n)dn is the load acting on the portion (1, n + dn) of the bar in the direction
of Oz, and w(n)dn the mass of the portion.
In particular, in the important case of harmonic vibrations

2(x, 1) = Z(x)e™" (8.157)

of an unloaded bar (p(17) = 0), we obtain

£
Z(x) =w2/0 G(x, mu(mZ(ndn, (8.158)

which is the homogeneous integral equation. Equation (8.158) shows that our vibra-
tion problem belongs properly to the theory of Fredholm integral equations. In some
cases it is possible to obtain quite precise results, even by means of the more ele-
mentary theory of Volterra integral equations. For instance, this happens in the

Figure 8.13: Transverse oscillations of a bar.
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case of uniform bar p(x) = u = constant clamped at the end x =0 and free at the
end x = £. Its transverse oscillations are governed by the partial differential equation

9z " 8%z

— 4+ —=——=0 8.159
x4 + j ot? ( )

where j = EI is the constant bending rigidity of the bar, together with

0z
z(0,t) = 5(0, H=0

92z 9z
@(ﬁ,t) = 8x—3(£J) =0 (8.160)

as conditions on the ends. If use is made of the previous statement, i.e. equation
(8.157), we obtain for the transverse harmonic vibrations of frequency

V= — (8.161)

the ordinary differential equation

d*z

K7 =0 with k* =422t (8.162)
dxt
together with the end conditions
Z(0)=27'(0)=0
7)) =7"()=0. (8.163)

Neglecting momentarily the second condition of equation (8.163) at x = ¢, equation
(8.162) together with the condition of equation (8.163) at x = 0, can be transformed
into a Volterra integral equation of the second kind by integrating successively. In
this way, if we put Z”(0) = ¢, Z"'(0) = c3 we obtain the equation

3
(x) = #/( ¢®m+“G5r”%0 (8.164)

Hence we obtain an equation with special kernel. Now to evaluate the function
¢(x), we use the Laplace transform method. Thus, taking the Laplace transform of
both side of equation (8.164) and after a little reduction yields

1
Lipx)} = k* {cz <s4j—k4) +c3 <m>}

_ples o b e Lo
22 [s2— k2 S2H k2] 2K [s2—k2 2+ kP
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The Laplace inverse of the above transform yields

k? k
P(x) = CZT (cosh kx — cos kx) + % (sinh kx — sin kx)

= o (cosh kx — cos kx) + B (sinh kx — sin kx) (8.165)
where o and B are the two redefined constants. It is interesting to note that solving the
fourth-order differential equation (8.162) we obtain the same solution, i.e. equation

(8.165). Now satisfying the other two conditions at x = ¢, we obtain two equations
to determine the constants « and 8. And they are

o (cosh k€ + coskl) + B (sinh k€ + sinkf) = 0
a (sinh k¢ — sin k€) + B (cosh k€ + coskl) = 0

Thus, if the determinant of the coefficients is different from zero, the unique solution
of this system is « = 8 =0, and the corresponding solution of the given equation is
the trivial one

d(x) = Z(x) = 0;

but if the determinant vanishes, then there are also nontrivial solutions to our
problem. This shows that the only possible harmonic vibrations of our bar are those
which correspond to the positive roots of the transcendental equation

sinh? (k) — sin? (k€) = [ cosh (k€) + cos (k0)]?,

that is, after a little reduction,
coshécosé+1=0 (8.166)

where
E=kt (8.167)

This transcendental equation can be solved graphically (see Figure 8.14) by means
of the intersection of the two curves

1

n=cos&andn cosh&

From the graphical solution, we find explicitly the successive positive roots
&1,& ... of equation (8.166) as

& = 1.875106, & =4.6941,....
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1 M= cos &

3 €2

o
ol
a
N
a
g

-1 n=-1/cosh ¢

Figure 8.14: Graphical solution of equation (8.166).

By means of equation (8.167) and the second equation of equation (8.162), we
obtain the corresponding natural frequencies of our bar

NTPAY:
=—|l=)= =1,2,3,... 8.16
Vn 27_[ <M)£2 (n > 73’ ) ( 8)

Contrary to what happens in the case of a vibrating string, these frequencies are not
successive multiples of the first and are inversely proportional to the square of £,
instead of £ itself. In spite of the thoroughness of the previous results, its interest
from the point of view of the theory of integral equations is not great because the
key formula, i.e. equation (8.165) for ¢(x) (or the equivalent one for Z(x)) can
also be obtained directly (and more rapidly) from the linear equation with constant
coefficients, i.e. equation (8.162).

From the point of view of the theory of integral equations, it is more interesting
that from the integral equation (8.164) itself we can deduce a good approximation
for the first eigenvalue

e (g_1>4 12362
Y\ ) T

because the same device can be used even if the integral equation is not explicitly
solvable.

8.11 Flow of heat in a metal bar

In this section, we shall consider a classical problem of heat flow in a bar to
demonstrate the application of integral equations. The unsteady flow of heat in
one-dimensional medium is well-known. The governing partial differential equation
with its boundary and initial conditions are given below.

T 2T
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the boundary conditions are
T0,0)=T(,1)

oT oT
—(0,1) = —(,1) (8.170)
ox 0x

and the initial condition is
T(x,0) =f(x). (8.171)

where T'(x,t) is the temperature at any time and at any position of the bar, «
the thermal diffusivity, ¢ the heat loss through the bar, x =0 the left-hand side
of the bar and x = ¢ the right-hand side of the bar, and ¢ the length of the bar. 7 is
the time.

This problem can be solved by using the separation of variable method. There
are two ways to select the separation constant, and this constant will later on turn
out to be the eigenvalue of the problem with the eigenfunction as the solution. Our
aim is to find a kernel of the ordinary differential equation which will represent the
Green’s function or simply the influence function of the problem.

Solution of the problem

Let us consider the product solution in the following manner (see Rahman [15, 16])
T(x, 1) = u(x)p(t) (8.172)
Using this product solution into the equations, we obtain from equation (8.169)

P v 5
60— 0 n = - (8.173)

where g = h?, and A is a separation constant. The two ordinary differential equations
can be written as

d*u 2

Wﬁ'(k—h )u:O (8174)
d
d—‘f +arp =0 (8.175)

The separation constant (A > 0) is assumed to be positive to obtain an exponentially
decaying time solution for ¢(¢). The boundary conditions are

u(0) = u(t); ' (0) = u/'(£) (8.176)
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There are three cases to investigate:

Casel

Let us consider A — 42 = v2 = 0, that means A = h2. Here, v is a real number. Thus,

v? is a positive real number.

The general solutions of equations (8.174) and (8.175) are given by

u(x) = A+ Bx
o(t) = Ce! (8.177)

The boundary conditions, i.e. equation (8.176) yields that
u(x) =4 (8.178)
Thus, the temperature solution is
To(x) = ACe™ "t = oo, (8.179)
where A is a redefined constant.

Case 11

Let us consider A — > =1? > 0. The general solutions of equation (8.174) and
(8.175) are given by

u(x) = A cosvx + Bsinvx

P(t) = Ce™ M (8.180)

The boundary conditions, i.e. equation (8.176) give the following two equations for
the determination of 4 and B.

A(l — cosvl) — Bsinvl =0
Asinvl + B(1 —cosvl) =0 (8.181)

These two equations are compatible for values of 4, B both not zero, if and only if

1 —cosvl —sinvl _0
sin vf 1 —cosve|

That is, if 2(1 — cos v€) = 0, which implies that
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For these values of v, equation (8.180) is satisfied by all values of 4 and B. For
other values of v, the only solution is the trivial one u(x) = 0. The eigenvalues are
then

4n’m?
Ao =h + o n=1,23,....
Hence eigenfunction solutions are
2nmx . 2nmx
uy(x) = A, cos + By, sin

The ¢(7) solution is

2.2
4n-m
bl

o(t) = Cefoz(thr

Hence the temperature solution is

2 2 ]
To(x, ) = [A,, cos$+3n sin ”Zx} |:Ce o+ )’}, n=12..)

2 2 _ 4?2
= |:An cos nérx + B, sin ngmci| |:e o+ )t:|, (n=12,...).

(8.182)

Here, the constant C is merged with 4, and B,. The complete solution up to this
point can be written as

T(e,t) =Y Tu(x,1)

n=0
= 2nmx 2nmx 2y 42
= Z[Ancos 7 + B, sin 7 i| |:e°‘( +[2)li|’ (n=1,2,...).
n=0
(8.183)
Case 111
Let us consider A — h> = —v* < 0. The general solutions of equations (8.174) and
(8.175) are given by
u(x) = A cosh vx 4+ Bsinh vx
(1) = Ce M (8.184)

The boundary conditions, i.e. equation (8.176) give the following two equations for
the determination of 4 and B.

A(1 — cosh vl) + Bsinhvf =0
—Asinh vl + B(1 — coshvf) =0 (8.185)
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These two equations are compatible for values of 4, B both not zero, if and only if

1 — cosh V¢ sinh v{ _
—sinhve¢ 1 —coshve|

That is, if cosh v¢(1 — coshvl) =0, which implies that either coshvf =0 or
cosh v¢ = 1. For real v the first condition cannot be satisfied, and the second con-
dition can be satisfied only when v=0. However, v=0 is considered already in
case (I). Thus, only possibility is that both 4 and B must vanish implying that
the solution is a trivial one u(x)=0. The eigenvalues of the problem are then
oy =h2+ el 0,1,2,... with normalized eigenfunctions

ZZ )
1 \/5 2ntx |2 . 2nmx
—=,4/ = €0s ——,,/ —sin S,
Jeve 14 ¥4 b4

. 4 . .
and since [, cos 27% sin 24y =0, the complete normalized orthogonal

system is
1 \/5 2nmx \/5 . 2nmx
—,,/—-Cc0S ——,,/—sin S,
Jeve l £ L

with the eigenvalues A, =/ + 4"22”2 ,n=0,1,2,....
Thus, the complete solution of the problem is to satisfy the initial condition
T(x,0) =f(x). Therefore, using this condition, we obtain

0]

2 2
fo=>" (An cos = + B, sin "Zx) (8.186)

n=0

which is a Fourier series with Fourier coefficients 4,, and B,,. These coefficients are
determined as follows:

2 ¢ 2

A, = —/ f(x)cos dd dx
¢ Jy ¢
2 ¢ 2

B, =- / f(x)sin dl dx
N 14

¢
Ay = %/0 f(x)dx.

Equivalence with the integral equation

The ordinary differential equation is

')+ — =0
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and so the Green’s function must satisfy the equation
Ko — K = —8(x — ).
The boundary conditions for the Green’s function are
K(0) = K(¢);
Ku(0) = Kx(0);
K(n—0)=K(n+0);
Ki(n—0)—K,(n+0)=1.

The solution is written as

A cosh (h Bsinh (A 0<x<
K(x,p) = | Acosh () + Bsinh (), -0 <x < (8.187)
C cosh (hx) + Dsinh (hx), n<x <¢
Applying the first two boundary conditions we obtain
C cosh (hx + €h) + D sinh (hx 4+ £h), 0 <x <
Koy = | CoSh O+ ) Dsinh (hx +h), 0 =x=m g g
C cosh (hx) 4+ D sinh (hx), n<x<¢

Using the continuity condition at x=n (the third boundary condition), the
constants C and D can be determined as

C = y (sinh (nh) — sinh (nh + £h))
D = y (cosh (nh + €h) — cosh (nh))

Substituting the values of C and D in equation (8.188) and after simplifications we
obtain the Green’s function as

KGem) y (sinh (nh — hx — £h) — sinh (nh — hx)), 0<x<n
X, 1) = ) .
D= (sinh (ch — nh — €h) — sinh (ch — nh)), 5 <x <&
Next using the jump discontinuity condition (the fourth boundary condition) we
find that the value of y is simply

1

Y= 201 = cosh (¢h))"

Hence inserting the value of y in the above equation and after some reduction, we

can construct the Green’s function as follows:
cosh i(n—x—%)
“ohen @ 0 VST

K(x,n) = 2 (8.189)

cosh h(x—n—%)
i n<x=<¢
2hsinh & °
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and the boundary value problem is equivalent to the integral equation

¢
u(x) = )L/o K(x, nu(n)dn. (8.190)

It is worth mentioning here that this integral equation (8.190) will be very hard
to solve. It is advisable, therefore, that the boundary value problem in differential
equation form will be much easier to obtain the solution of this complicated heat
transfer problem.

8.12 Exercises

1. Find the function u(x) such that, for x >0
X
u(x) = sinx — / u(x — )t costdt.
0

2. Solve the integro-differential equation

d X
_u:3/ u(x — t)cosh tdt
dx 0

for x > 0, given that u(0) = 1.

3. Find the two solutions of the equation

/0 [ —0f(0)dt = x>

and show that they hold for x < 0 as well as x > 0.

4. Let f(x) have a continuous differentiable coefficients when —7 <x <. Then
the equation

/2
fx) = 3/ u(x sin 6)do
T Jo

has one solution with a continuous differential coefficient when —7 <x <,
namely

/2
u(x) = £(0) + /o ' (x sin 6)d6.

5. Show that, if f(x) is continuous, the solution of

(1 B % Az”) u(x) = f(x) + A /0 ” 1(t) cos (2xt)dt,

assuming the legitimacy of a certain change of order of integration.
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6.

10.

11.

Show that even periodic solutions (with period 27) of the differential equation
d*u

72 + (A% 4+ Kk cos® x)u(x) = 0

satisfy the integral equation
m
u(x) = A/ ok cosx cos Du(t)dt.
-7
Show that the Weber—Hermite functions

—(_ 1\ lxzﬂ —1y2
W) = (= 1'ei (e : )

satisfy
0
u(x) = X/ ez™u(t)dt
—o0
for the characteristic value of A.

Show that, if |4] < 1, the characteristic functions of the equation

e (1
M=o _ﬂl—thos(t—x)—i—hzu

are 1, cos mir, sin m, the corresponding numbers being 1, hlm, %, where m takes

all positive integral values.
Show that the characteristic functions of

(1 , 1

u(x) = A —((x =) — =|x — | p u(t)dt
7514 2

are

u(x) = cos mx, sin mx,
where A = m? and m is any integer.

Show that
X
u(x):/ T u(t)dt
0

has the discontinuous solution u(x) = kx*~!.

Show that a solution of the integral equation with a symmetric kernel

b
f(x) 2/ K(x, tyu(t)dt
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is
o0
u(x) = Z an) uy (x)
n=1

provided that this series converges uniformly, where A, u,(x) are the eigenvalues
and eigenfunctions of K(x, ) and Y oo | a,u,(x) is the expansion of f(x).
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Appendix A Miscellaneous results

Some Fourier series

Let f(x)= In2(1 — cosx) a periodic function defined in 0 <x <2m such that
f(x+2m)=f(x). Then f(x) can be expanded in terms of cos and sin functions
as a Fourier series given by

fx) = %ao + Z{an cos (nx) + b, sin (nx)}, (0 <x < 2m).

n=1
The Fourier coefficients a,, and b,, can be obtained as

1 2
ap = — f(x) cos (nx)dx
T Jo

1 2
by, = — f(x) sin (nx)dx
7 Jo

It can be easily verified that b, = % 02 ™ £(x) sin (nx)dx = 0 since £ (2w — x) = f(x)
in (0 <x < 2m). The coefficient a, can be calculated as follows:

1 2
ap = — f(x) cos (nx)dx
T Jo
1 2
= — / In2(1 — cosx) cos (nx)dx
T Jo

2 2
= — /0 In (2 sin %C) cos (nx)dx

4
4 b4

= — / In (2 sinx) cos (2nx)dx
T Jo

2 (7 cosxsin (2nx)
———dx

- (A1)
nr Jg sinx

319
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The last result is obtained using integration by parts.

Now let
C - /” sin(2.n — l)xdx,
0 sin x

then it can be easily noted that
T
Cot1 —Cy = 2/ cos (2nx)dx = 0.
0

Since C; = m, we therefore have C,, = w and from equation (A.1)

G +Cy _ 2

a, = .
nmw n

We also require

1 2 4 T
ap = —/ In2(1 — cosx)dx = —/ In (2 sin x)dx.
7 Jo

T Jo

Therefore,

8 /2
ag = — / In (2 sin x)dx
T Jo

8 /2
— / In (2 cos x)dx
T Jo

Adding these two expressions we have
8 /2
2ap0 = — / In (2 sin 2x)dx
T Jo

4 [T
=— / In (2 sinx)dx
0

T

and reference to equation (A.2) now show that ¢y = 0.
We have proved that

1 >, cos (nx)
—Ean(l—cosx)zz pa— (0 <x < 2m).

n=1

It follows that

ln{Zsin%(x—Ft)} — _ZM

=1

S

O<x,t<mx+t#0,x+1t#2m)

(A.2)

(A.3)
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and that

i cos{n(x — 1)}

ln{Zsinl(x—t)}z— , 0O<t=x=m (A.4)
2 n

n=1
Adding equations (A.3) and (A.4), we find that

o0

2
In{2(cost — cosx)} = — E (—) cos(nx)cos(nt), (0<t<x<m)
n
n=1
and, by symmetry,

e e]

In{2]| cosx — cost|} = — Z (%) cos(nx)cos(nt), (0<x<t<m).

n=1

Subtraction of equation (A.4) from equation (A.3) similarly gives

sin %(x + 1)

In|—
sin 5(x — )

= Z (%) sin (nx)sin (nt), (0 <t <x <m).

n=1

It is worth noting that In{2|cosx+ cost|}=—) oo, (%) (—1)" cos (nx)
cos (nt), (0 <x,t <m,x +t # ) and hence that

COSX + COoS ¢
In|——

> 4
= cos{(2n — 1)x} cos{(2n — 1)t}
; 2n —1

O <x,t <mx#tx—+1t#m).

COSX — cost

A further Fourier series is easily established. First note that
1
In(1 —ae™) = —Z —a"eé™, (0<a<1,0<x<2n)
n=1 n

and take real parts to give
(2
In(l —2acosx+a*)=—> (—) d"cos(nx) (0 <a<1,0<x<2n).
n
n=1

The gamma and beta functions

The gamma function is defined by

I(x) = /0 ” e 'Fldr (x> 0)
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and the beta function is defined by

1
B(x,y) = /0 A=y ldr (x> 0,y > 0).

It is easily shown that I'(1) = 1 and an integration by parts gives the recurrence
relation

F'x+1)=xI'(x) (x> 0),
from which it follows that
F'n+1)=n!

The gamma and beta functions are connected by the relationship

r'(x)r
B(x,y) = B(y,x) = % x>0,y > 0). (A.5)

This formula, and others following, are derived in many texts on analysis or calculus.
The reflection formula for gamma functions is

I'x)I'(1 —x) = wcosec(mx) (0 <x < 1) (A.6)
and from equation (A.5) we see that
B(x,1 —x) = mcosec(mx) (0 <x < 1).

is called the duplication formula. From this and also from equation (A.5),
we see that T'(3) =./m. Other values of I' are I'(})=3.6256... and
I'(3) =v2r/T(3) =1.2254....

A further function which is sometimes useful in evaluating integrals is v
(digamma) function:

V)= Inlx) = o)

j e - o (A7)

The other definition is

W(x):/()oo{e—_t—l}dl (x> 0). (A.8)

t 1 —e!
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A Cauchy principal value integral

Let

oouyfl
Cy:/o I du O<y<l)

—u
where the integral is to be interpreted as a Cauchy principal value. Now setting
u=¢e’ we have

—& Vs 0 s
= lim / - ds + / ds
e=>0 | J_o 1 — € e 1—¢e

00 —ys Vs
— lim {e +-¢ }ds

e—0 J, l—e> 1—¢°

Therefore, the integrals can be simplified as

qzﬂwﬂﬂﬁ;ﬁﬁm

sinh (3) (A.9)

and in particular

= /Oo Wiy,
2 0 1—u
Note from equations (A.6) and (A.7) that for 0 <x <1, psi(l —x)—Y(x)=
- % In{l"(x)I"(1 — x)} = 7 cot (;rx) and therefore, using equation (A.8)

oo (e—xt _ e—(l—x)t)

7 cot (mx) = / dt

0 1 —e™!

B 2 sinh { (% — x) ¢}
_/O Wdt O<x<1).

We conclude that C,, = cot (7ry).
The integral in equation (A.9) can be evaluated in other ways, using contour
integration, for example.

Some important integrals

2 2

X
dx=arcsin—+C, x

1
1. e
/\/az—xz a

<a

1
2. /ﬁdx=arccosh;—i+C=1n|x+\/x2—a2|+C, a? <x?
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3./

2

5 dx:arcsinh)—c—i-C:
a

Injx++va?—x%2+C

a2 —
1 1 — 1
4. /—dx:—ln r—d +C=——arctanh)—C+C, azzx2
x2 — g2 2a |x+a a a
1 1 — 1
5. f—d =—1In 1r—a +C=——arctanh)—c+C, a2§x2
x2 —a? 2a |x+a a a
(a+bx)"t! [a+bx a
6. bx)" dx = - c, —1,-2
/x(“+ %) dx »2 nt2 axi|TE "7
Vatbx—Ja :
[ i | R+ a0
x/a+bx Farctan,/%+€ ifa<0
1 i va—+bx b(2n —3) 1 i
——dx=— - 29
x"Ja+bx an—Dx"=1  2an—1) ) x—1/a+bx
9/' X P 2x"/a + bx / d
) X = — X
va+bx b2n+1)  b2n+1)) Ja+bx
10 /'\/a+bx _ (a+ bx)3/? b(2n—5) «/a—{—bx
' " Ca(n— 11 2a(n—1) xn—1
2
11. f\/a2+x2dx:; az—l—xz—i-a?arcsinh)—c—i—C
a
4
12. /xz\/az—l—x2 dx:%(a2+2x2)\/a2+x2— %arcsinh)—c—f—C
a
2
13. /\/az—xzdx:; az—xz—i—%arcsin)ﬁ—f—c, w2 <a?
a
14 / ! d. arcsec‘x +C 1arccos‘a‘—i-C 2 <x?
| ——=dx=- - =— - , a-<x
x/x? —a? a a X
15/ al arctan +C
(a? +xz)2 2a2(a +x2)
/2
/ sin” x dx
16. 0
/2
:/ cos” x dx
0
1‘3.5~~(n—1)' b4

546, 2» 1fnisaneveninteger > 2
2.4.6--(n—1)

35T if n is an odd integer > 3



17.

18.

19.

20

21

22

23

24.

25.

26.

27.

28.

29

30

/ sin” ax cos™ ax dx
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sin"axcos" tax m—1 [ 2
= sin" axcos” “axdx, m# —n
a(m + n) m-+n
sin" ' axcos™t (ax)  n—1
a(m + n) m-+n

ax

ax

/ dx _ -2
' b+CSil’la)C_a bz—cz

/ e™ sin bx dx = ﬁ(a sinbx — b cos bx)+ C
a

/ e™ cosbxdx = ﬁ(d cosbx + bsinbx)+ C
a

/ sin" 2 axcos" axdx, n# —m

bh—
arctan |/ —— tan (z - %> +C, P>
b+c 4 2

¢+ bsinax + v/ c2 — b? cos ax

/ dx _ —1
") b4esinax g2 —p2

In
b+ csinax

/ dx
"] b+ccosax

In

/ dx _ 1
") b4ccosax gz — b2

/ sec” ax tan

]
| pma=-2_ 4
f = me O

) /x”b“xdxz

csc
/ cscax dx =

f csc’ax cot ax dx = —

b+ ccosax

a(n—1)

n—2

axcotax n-—2

n—1

a(n—12)

-1
cot"™" ax
/ cot"axdx = ———

)
sec" “axtanax n—2 _
/sec” ax dx = + fsec” Zaxdx, n#1

/csc”*zax dx, n#l

a1 /cot”_zaxdx, n#1

n

sec” ax
axdx = +C, n#0
na
csc”ax
C, n#0
na
bax
b>0, b#1

x"b** n

alnb alnb

/ % dx, b>0,

b#1

+C, b <c?

2 [b—
> 2arctan|: b—+ctan %i| +C, b*>c?
a —c c

¢+ bcosax ++/c2 — b2 sinax

+C, b <
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31. /lnaxdx=xlnax—x+C

xn+1 xn+1
32 /x"lnaxdx:mlnax—m—l-c, I’l;ﬁl

1 1
33. / B = ~(Inax) +C
X 2

1
34. / dx=In|lnax| +C
xInax

inh"~! h —1
35. /sinh” axdr =1 areosmar _n /sinh”_2 axdx, n#0

na n

n
36. /x" sinh ax dx = pl cosh ax — 1 /x"_l cosh ax dx
a a

cosh” ! ax sinh ax 4 n—1

37. / cosh” ax dx =
na n

/ cosh" 2 axdx, n#0

X ebx efbx
38./e"xsmhbxabc:7 pory Sy +C, a*#b?
e ebx e—bx
39. [ ™ cosh bxdx=— C, o #b?
/e cosh bx dx 2|:a+b+a—b]+ , a #
t hn—l
40. /tanh”axdx:—u+ /tanh”*zaxdx, n#l
(n—"1a

coth” ! ax

41. /coth”axdx:—
(n—1Da

+ / coth" 2axdx, n#1

Walli’s formula

[m—1)(m—3)---20r1][(n — 1)(n—3)---20r 1]
m+n(m+n—-2)---2orl *

/2
/ sin” @ cos” 0dh =
0

%, if m and n are both even

where o= )
1, otherwise.



Appendix B Table of Laplace transforms

Laplace transforms F(s) = Lf (t) = [ o e *'f ()dt

Table B.1: General properties of Laplace transforms.

F(s) @)

1. | aFi(s)+ bFa(s) afi(1) + bfa(2)

2. | F(as)(a>0) @/a)

3. | F(s/a) af (at)

4. | F(s—a) e“f (1)

5 | F(s+a) e f (1)

6. | F(as—b) Lebtiaf(t/a)

7. | %[F(s —ia) — F(s + ia)] f(t)sin at

8. | S[F(s —ia)+ F(s +ia)] f(t)cosat

9.| $[F(s—a)— F(s+a)] f(t)sinh at
10. | 1[F(s—a)+ F(s +a)] f(t)coshat
1. | eosF(s) {](;(’ —9) ; -
R | T
13. | sF(s)—£(0) S0
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Table B.1: (Continued)

F(s) f(@)
14. | s2F(s) — s/ (0) — /7(0) S0
15. | s"f(s) —s"~1£(0) £
—s"72£7(0) - - £ 1(0)
16. | F'(s) —tf ()
17. | F7(s) (=% (1)
18. | F(s) (=) (1)
F(s) /
19. | —= Sf(oydz
S 0
F(S) t t
_ t (t _ .L.)n—l
= ./o P f(t)dt
21. | F(s)G(s) fof (Mgt —Ddr=f*g
22.| [ F(o)do @
23.| [ [CF(o)do” ft(,f)
x+ioo
24. ZL Fi(0)Fa(s — o)do S1(0) - f2(0)
Tl Jx—ico
k —st
25. M fO=f(t+k)
1 —eks
F(\/E) L * —12 /4t
26. — JE/o e Sf(oydt
27.| 1R (1) JoZ Jo2/Tt)f (tydt
28. | SF (1) 2 [ T ALV (T)dT
2. | FEL Jy h@y/T= D) (D)
30. % /OOO 325 A (1)de G
F(Ins) * 1'f(v)
P
3. ﬁ . Y (P(ak)/ Q' (ak))e

% P(s) = polynomial of degree less than n,
O(s)=(s —a)(s —az)...(s—an),ar,a

..... a, are all distinct.
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Table B.2: Special Laplace transforms.

329

F(s) S(0)
33.| 1 (1)
1
34, | - 1, u(t)
s
1
35. 2 t
1 tn—l
36. | — =1,2,3,... _— =
Sn b n b 2 2 (n _ 1)! 2
1 1
37.| —, n>0
s" ['(n)
38. e
s—a
39. ! le—f/a
14+ as a
1 tn—l
40. , n=1,2,3, —e, 0l=1
(s —a)y (n—1)!
41. ! i at
(s —a) I'(n)
a .
42. e sin at
s
43, o cosat
a bt .:
44, G T a e’ sin at
45 s—b e cos at
| (s —b)?+a?
46. | 5= sinh ar
47. ﬁ cosh at
a bt .:
48. (s—b)—Z—aZ e tSlIlh at
—-b
49 | 272 e cosh at
(s —b)?* —a?
1 1
50. —(e" —1)
s(s —a) a
1
51| — 1 —et/a
s(1 4 as)
1 et — ebt
52| —m, b
(s—a)s—>b) a7 a—>b

(Continued)
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Table B.2: (Continued)

F(s) ()
1 —tla _ ,—t/b
3. ————— a#b e e
(14 as)(1 4+ bs) a—>b
54 ! Lebrsi t
. —e 'sinw
52 4 2bs + (b2 + 0?) 1)
s s beb! — gett
| (s—a)s—b) b—a
56 1 sin at — at cos at
’ (sz + a2)2 243
s ¢t sin at
57. | —————
(s2 +a?)? 2a
58 52 sin at + at cos at
| (s2+ad?)? 2a
$3 at .
59. —(s2 Y cosat — > sin at
2 2
sc—a
60. m tcosat
61 1 at cosh at — sinh at
| (52 —d?)? 2a3
& s t sinh at
| (52 —ad?)? 2a
63 §2 sinh at + at cosh at
| (2 —a?)? 2a
$3 ar .
64. m COSh at + 3 Slnh at
2, 2
s“+a
65. m t COSh at
1 (3 — a*t*)sinat — 3at cos at
06. (s> +a%)? 8a°
7 s ¢ sin at — at® cos at
’ (sz + a2)3 8a3
6 s (1 +d?*) sin at — at cos at
’ (Sz + a2)3 8a3
69 53 3¢sinat + ar® cos at
| (52 +a?)? 8a
70 st (3 — d??) sin at + Sat cos at
| (52 +ad?)? 8a

(Continued)
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Table B.2: (Continued)

331

F(s) f(0)
7 s (8 — a*t?) cos at — Tat sin at
| (s> +a?)? 8
7 352 —d? t?sin at
" (2 +d?)? 2a
s> —3a‘s L,
73. ) —t“ cos at
74 s> —a’s #3 sin at
T (2 4a?)t 24a
75 1 (3 4 a*t?) sinh at — 3at cosh at
: (Sz _ a2)3 8a’
76 s t? cosh at — t sinh at
’ (Sz _ a2)3 8a3
77 s at cosh at + (a*t*> — 1) sinh at
: (Sz _ a2)3 8a3
8 s 3t sinh at 4 at* cosh at
| (2 —a?)? 8a
79 st (3 4 a*t?) sinh at + Sat cosh at
" (52 —a?)? 8a
%0 5 (8 4+ a*t?) cosh at + 7at sinh at
T (2 —ad?)? 8
32 +a? t? sinh at
81. (s2 —a?)3 2a
82. —SZ 24 cos? at
s(s2 +4a?)
§* —2a?
83. & add) cosh? at
24%
84. N sin® at
24°
85. & —ad) sinh? ar
86. % & {3 sin @ — cos Viat + e3a’/2}
s3+a 3a? 2 2
- P oa1/2 { faz + Jisin \/_at _3[”/2}
$3+ad 3a

(Continued)
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Table B.2: (Continued)

F(s) ()
2
s 1 ﬁat
1) —a 1/2
88. P 3 {e a4+ 2e%/= cos > }
1 e—at/2 \/gat \/3
3at/2 _ _ in —
89. PR R e cos 7 3 sin > at
s e—at/2 V3at V3at
. 3at/2
90. g 3 {ﬁsm 7 —cosT—i-e“/
2
s 1 V3at
t —at/2
ol g §[ea +2e7/% cos 2 }
92 ! ! (sin at cosh at t sinh at)
B E—— ——(sin at cosh at — cos at sin
s* +4a* 4a3 ¢ ! ¢ “
93 s sin at sinh at
| ost 4 4at 242
% 1 .
94. Al Z(smatcoshat+ cos at sinh at)
S3
95. | ———~ cos at cosh at
s+ 4at
96 1 1 (sinhat — sin ar)
. ——(sinhat — sina
st —at 243" ;
97.| - L (coshar )
. —(coshat — cos
st —at 242 “ ¢
s 1 . .
98. R Z(smhat—i— sin at)
$3 1
99. " E(coshat—i- cosat)
100 ! :
' NE VTt
1
101. | —= 2t/
s4/s /
142
102, s+a + 2at
sy/s NET)
1 e—at
103.
s+a Tt
bt at
e’ —¢
104. S—a—A/s—
2t/ Tt

(Continued)
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Table B.2: (Continued)

333

F(s) S(0)
105 1 e—bt —emat
| sta+/s+b 2(b—a)Vrt
106 1 erf«/a
| s s+a ﬁ
107 1 everf/at
| Vs(s—a) Va
1 1 2
108, | — e“’{——beb ter{ fo(b/t
’s—a—}—b \/E {f( “/—)}
1
109. | —— Jo(at)
A§? +a?
1
110. — Io(ar)
/2 2 _ o\t
111. %, n>—1 a'J,(at)
s“+a
S22\
112. u, n>—1 a'l,(at)
2 a2
ebls— V5T +a?)
113 W Jo(a,/l‘(l‘—i-Zb))
4 embvsttad Jo(aV/Z=D?), t>b
' «/52 —+ az 0, t<b
1 4"n!
115. — 12
s"\/s @2n)\\/
1 tJi(at)
116. —(s2 PP —
K
2
s
118. m Jo(at)—atJl(at)
1 tI1(at)
119. —(s2 —apn —
K
120. m tIo(at)
2
s
121. m Io(at)+at11(at)

(Continued)
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Table B.2: (Continued)

F(s) S
Ins
122. | — —(Int+y), y=Euler'sconstant,
s
=0.5772156
|
123, | s Int
s
T Int
124. | — [Z(In4s+ —
\/: ( ¥) 7
1 2 2
125, | {09 (Int+yP— =
K b
1 00 trfl
126. | — / dt
Ins o TI'(»)
2 1 2
17| Ty EGS In? ¢
65 K
 d H-T 11
g | Lot D=l Dins =y g,
Sn+1
_ 1— at
129. | In (S “) ¢
K t
s—a ebt_eat
130. | In
s—b t
n[(s2 + ) /a2 oo
131. In[(s" +a7)/a’) C,-(at)z/ CosT 1.
2S at T
1 o0 —T
130, | Inls+a)/d] Ei(at) = / e
s? +a? 2(cos at — cos bt)
133. | In ——— e
s2 4+ b2 t
134, | e 8t —a)
—das
135. | & u(t — a)
s
e—a2/4s
136. Jo(av/t)
s
in at
137. | tan! (f) sma
s t
tan—! P
13, | A0 (@/s) S,-(at):/ T e
S 0 T

(Continued)



APPENDIX B TABLE OF LAPLACE TRANSFORMS

Table B.2: (Continued)

335

F(s) (@)
e/s e—ZJE
139. erfc(Ja/s)
Vs Vit
2a 2,2
140. | e/4 er fe(s/2a) —e 9!
JT
5% /4a? 2
141. %’M er f(at)
4 e“er foi/as 1
' Vs /7t +a)
1
143. | e Ej(as) T a
144 1 o—a /s cosan/t
Vs i
145 @ sin av/t
C | 24/ms3? 7
1/s
146. ef —Cosi‘[z*ﬁ
S t
1/s :
147. | £ = Smil/%‘/;
NG, 7
—a/s a —a? /4t
148. | e 2ﬁt3/ze
| —eavs
149, | —¢ © erf (i>
s 2.4/t
—as
149a. | £ erfc( ; \/_>
s
150, | <2 L oty
Vs Vit
151. e MO+ gy o ( b/t + -
V(5 +b) 24/t
e_“‘/g 1 . a
152. _ — —bittab b/t + —
RUENG) o (2«/) b ”fc( J+2ﬁ>
—as )
152a. | & ie‘“z/‘” — aer fc (L)
s+/s Nad 2Vt

(Continued)
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Table B.2: (Continued)

F(s) S
efx\/as2+bs+c 0 Oftf\/ax
2
153. _ o~ (bx/24/a) p—/axs b ;4"“ ye—b/20)
a
Vbr—dca <
11 T - —ax
, t=yax
2 — ax?
154 1 . a sinh +/2at sin
.| —=sin—
\/E N V11
155 1 a cosh +/2at sin
| —= sm -
s\/s Jarw
156 1 a cosh +/2at cos
.| —=rcos -
SA/S N At
157 1 a sinh v/2at cos +/2at
| spees T
s\/s Jam
_lsz—as—b e —1 |
158. | tan sin bt
ab
2 2
159. | tan~! ﬁ n sin at cos bt
160. %ﬁe(s/z)zerfc<§> et
inh 1)" t
161. 51. SX x+ ZOO (— ) sin nITXx cos ni
s sinh sa a a a
sinh sx 4 (— 1)” @2n—Drx . (2n— D)nat
162. | —— o
s cosh sa b4 PR -1 24 0T 2a
cosh sx (— 1)" nwx . nmt
163 | Sinhsa Lt S o i
cosh sx 4 (— 1)” (2n — Dmx 2n— )t
164. | —— 1 >
scosh sa I 7 Lo m—1° 20 07 2a
sinh sx xt ( 1)” nwx . nmt
165 | Zsinhsa T i i
sinh sx 8a (— 1)” 2n—1)mx 2n—1)nt
166. | —— — >
52 cosh sa D T

(Continued)
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Table B.2: (Continued)

F(s) ()
cosh sx t2 o (- 1)" nix nit
167. 52 sinh sa 2a n2 Z S 1= cos a
cosh sx 8a (—1)" 2n—Dmx . (2n—)mt
168. | —— t+—>%°
52 cosh sa F ol G ST, STy
1 164> (-1
(R4t — ) — 0o
169 cosh sx 2(t e ) 7 Laml 2n—1)3
" | s3coshsa 2n — l)nx @n— Dt
X €OS cos >
a
170. % 2—7; Zzil (_1)”n€_n2n2t/a2 sin @
sinh a4/s a a
T oo n—1 —n—127t/4a>
171 coshx\/E _22n=1 (_1) (211— 1)6
" | coshay/s X COS @n = Dmx
2a
172. —\/finhi*/f[ 2y (Lpyple-@ue il gy G0 D > D
s cosh ay/s a a
coshx./s 1 2 22,2 ATX
173. m ;+;Ziil (—1)"6 nrt/a COST
174. —Sinhx*/} Xy iy CF 1) e~rtal g X
s sinh a/s a 7
175. COShhx\f/E_ 1+ i Zflo 1; 1) (2n71)2n2t/4azcos (27[; l)JTx
s cosh ay/s T n— a
176, | Smhxvs X2 s (D l)n — e gin T8
s2 sinh a./s a 7T3 a
1 164>
177 coshx./s SO7 =)+ - 3 PR
" | s2cosha/s =" - n it o (21— Dmx
(2n — 1)3 2a
1 as . .
178. | — tanh ( 2 ) Triangular wave function
as
1 as .
179. | — tanh <?) Square wave function
s
180. % coth(czz—s> Rectified sine wave function
a’s? 47
Ta . . .
181. Half-rectified sine wave function

(a2s2+7r2)(1 _e—as)

(Continued)
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Table B.2: (Continued)

F(s) S(0)
1 1
182, | — — —— Saw tooth wave function
as?  s(1 —e®)
e—as
183. Heaviside’s unit function u(f — a)
s
—as(| _ g—€s
184. w Pulse function
s
1 .
185, | —— Step function
s(1 —e=%)
e=s +e—2s )
186. m f(t):n,n§t<n+l,n=0,1,2,...
l—e™*
187. | —— fO=r,n<t<n+1,n=0,1,2,...
s(1 —re™)
a(l +e%) sin(nwt/a) 0<t<a
188. | ——— )=
a’s? + n? /0 {0 t>a
Table B.3: Special functions.
189. | Gamma function| T'(n)= [~ u" e "du, n>0
C(m)I"
190. | Beta function | B(m,my= [} un=1(1 — uy=tdu= L o
I'(m+n)
n 2
Tnl) = 2nrx 1 {l T2 2x 2
191. | Bessel function (n+1) (2n +x4)'
Y atn et d }
x" x?
192. | Modified Bessel | I,,(x) =i7"J,(ix) = { 1+ + - }
function 2'C(n+ 1) 22n+2)
. 2 (.
193. | Error function | erf(t)=—= | e “du
V7 Jo
2 [ _»
194. | Complementary | er fe(t)=1—erf(t)= — e du
error function v Ji

(Continued)
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Table B.3: (Continued)
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o e—u
195. | Exponential integral Ei(t)= / du
t u
: -
196. | Sine integral Si(t) = / wa’u
0 u
oo
197. | Cosine integral Ci(t)= f cos udu
t u
t
198. | Fresnel sine integral S(t)= / sin u?du
0
t
199. | Fresnel cosine integral C(t)= / cos u’du
0
e d"
200. | Laguerre polynomials L,(t)=——({"e", n=0,1,2,...

n! dt"
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Appendix C Specialized Laplace inverses

Laplace transforms F(s) = Lf (t) = [ o e *'f ()dt

Note that we write ¢ = ./s/a, o and x are always real and positive, kK and &

are unrestricted.

Table C.1: Advanced Laplace transforms.

F(s) Q)
1 e X e—x2/4at
2./ (matd)
, | <" (g)eﬂczmm
q t
—gx
3. ¢ erfc al
s 2,/ (at)
4.|¢ - 2 <a—t)e_x2/4"” — xer fc il
sq T 2\/@
e ¥ x? X t 2 2
5. 3 {t+—}erfc —x(—) e ¥ /4t
s 2a 2/(at) o
6. | em9x, s!Han (4t)%”i"erfc al
n=0,1,2,... 2/t
e ¥ o 2 2 X
7. (—)e_" fAt _ poeh et o op fe {— +hy/(at }
q+h nt % 2t (@
o | < wetoa o o b X g
q(qg+h) 2./ (at)

(Continued)
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Table C.1: (Continued)

F(s) f()
9. e ¥ lerfc - lehx'"""h2 X er fc + hy/(at)
s(qg+h) h 2/(at) h 2‘/
e 2 [fat\ _» (14 hx) X
- = - x° /4ot __
10 sq(q +h) h ( w )e el c2a/(ozt)

1 2
+ _ehx-i-otth erfc

X
h? 2./(ar)

e o 2
11. ehx+o{th erfc {

"t g+h) | (=h) 2 /(ar) " }
_Ln [ 2h,/(at] i"er fe——— m

—gx
12. (:_—h)z —2h / _x2/4a’ + a(1 + hx + 22 at)el e’
q

+h\/(ott)}

xerfc{ +hw/(ozt)}

e ™ 1 2 at 2
- I - - —x° /4o
13. ST P hzerf 5 (at) ~7 <7‘[)e t

1
— {1 — hx — 2R ar}e+et’

X
X er fc +hy/(at
]
—gx
14.| £ lek’ e_x\/zk/"‘)erfc nE—/
s—a 2 2/(at)
+ e"“/zk/“)erfc al + Vkt
2,/ (at)
5. | Lo L2 Yoo, (2
51 m\ \2t/a 1\ Sat
16. iKz (gx) 1 e /Batg, ( 2)
g 2\/5 Sat

(Continued)
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APPENDIX C  SPECIALIZED LAPLACE INVERSES

Table C.1: (Continued)

F(s) S(0)
17. | L(gx)K,(gx), %ef(’ﬁ*xlz)/““’lv <%) , v>0
x>x
1,(gx)Ky(gx"),
x<x
18. | Ko(gx) %efxz/“""
19. éex/s lo[2/(x0)]
et L I PR
20. G—a) 26 {(z‘ 3 (ka))
o JETD X
X e erfc |:2 ) (kt):|
X ST X
+ (t + 5 _(ka)> e* erfc |:2 @ + (kt)]
e Lo [(%Y ] pei/@rm X G
21. G5 >€ (k) {e erfc 2\/@ (kt)
() X
e erfc |:2\/@+ (kt)]}
e 1 @’ X
2. — Y2 R VACIL)) _ Sk
]‘(;— kh)2(q +h) ‘ { ot Ak e [2, [(at) m}
o @z X
_* ke T
+ha%—k% erfc|:2 _(ott)+ (t):|
_ ha hx+h2a .
—hzoz—ke ler fc |:2\/@+h,/(at):|
23. | 1Ins —In(Ct), InC=y=0.5772...
1, XV o
24. | 52K, (x4/5) QT /4
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Answers to some selected exercises

Chapter 1

1(a). Nonhomogeneous linear Fredholm integral equation.
1(b). Nonhomogeneous nonlinear Volterra integral equation.
1(c¢). Nonhomogeneous linear Fredholm integral equation.
1(d). Nonhomogeneous nonlinear Volterra integral equation.
2(a). Nonlinear Volterra integro-differential equation.

2(b). Nonlinear Volterra integro-differential equation.

2(c). Linear Fredholm integro-differential equation.

3(a). u(x)=4+ [y u(t)dt.

3(h). W(x)=1+4 fg w(tdt,  u(0)=2.

3(¢). Wx)=1+2 fg w(tydt,  u(0)=0.

5(a). u'(x)—u(x)=cosx, u(0)=-1,4(0)=1.

5(b). u"(x) —4u(x)=24x, u(0)=0,4'(0)=0,u"(0)=2.
5(c). u”(x)—u(x)=0, u(0)=u'(0)=0,u"(0)=2,u"(0)=0.
6(a). u(x)=—11—6x— fg 5+ 6(x — t))u(t)dt.

6(b). u(x)= sinx — fg (x — tyu(t)dt.

6(c). u(x)=-3x—4 [ (x — Hu(t)dr.

6(d). u(x)=2e¢"*—1—x— f(f (x — Hu(t)dt.

7(a). u(x)= sinx+ fol K(x, t)u(t)dt, where the kernel K(x, ¢) is defined by

4t(l —x) 0<t<x

K(x,t) =
(x, 1) 4x(1 —¢t) x<t<I.
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7). u(x)=1+ fol K(x, t)u(t)dt, where the kernel K(x, t) is defined by

2xt(l —x) 0<t<x
(1 —1t) x<t<l.

K(x,t) = {

7(c). u(x)=Q2x—1)+ fol K(x, t)u(t)dt, where the kernel K(x, ¢) is defined by

t(l—x) 0<t<x
x(1—¢1) x<t=<l.

K(x,t) = i

7(d). ux)=(x—1)+ fol K(x, t)u(t)dt, where the kernel K(x, ¢) is defined by
K(x,t) = {t O=t=

X x=<t=<

Chapter 2

1(a). u(x)=1+42x.

1(b). u(x)=e".

1(¢). u(x)=2coshx—1.
1(d). u(x)= sec?®x.

1(e). u(x)=x.

2(a). u(x)=2x+3x%.
2(b). u(x)=e".

2(c). u(x)= cosx — sinx.
2(d). u(x)= sinx.

3(a). u(x)=e™*.

3(b). u(x)=2x.

3(c). u(x)= sinhux.

3(d). u(x)= sec?x.

4, u(x) = cosx.

5. u(x) = 6—7()e6x + %e‘x.

6. u(x)= —%x sinx — cosx — sinx.
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8. Hints: Take the Laplace transform of both sides and determine the inversion
of the resulting transform. Here, the constants are related to: A 4+v=c;
ar+b av+b
w=—d;a= ; B= .
A—v v—A
9. u(x)=e".
Chapter 3
1. u(x)=x.
2. u(x)= sec’x+ * tan 1
. = T .
3. u(x)= sec’xtanx — tan 1.
2(14+4)
4. u(x)= cosx+ ’5‘()»2 2 _4)).
5. u(x)=e"+2 e —1
.oux)= — ).
HO=E T 20 o
6. u(x)=A4, a constant.
7. u(x)=0.
8. ux)=4 %, where 4 is an arbitrary constant.
9. ux)=A—— where A tant
. u(x)=A-——, where 4 is a constant.
1000
10. u(x) does not have a solution.
AM10+ (64 A)x)
11. = _
U =X T a2
Ax(6—A)—4)
12 u(x) =X + 12——}-)9
14 u() N A [ 2w — Am? 48 207 sinx
Cux)=x+ —{——— —_—
2 | 2-3rm 4 A2n? 2 —3Am + A2m?
15. u(x)= sinx.
16. u(x)= sec®x.
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17. u(x)= T

18. u(x) = Cx, where C is an arbitrary constant.
19. u(x)=C, where C is an arbitrary constant.
20. u(x)= Csecx, where C is an arbitrary constant.

21. u(x)=C secx, where C is an arbitrary constant.
22, u(x)= %C sin~! x, where C is an arbitrary constant.
23. u(x)=C cosx, where C is an arbitrary constant.

24, uj(x)= %C( sinx + cosx), and up(x)= %C( sinx — cosx), where C is an
arbitrary constant.

Chapter 4

1(a). u(x)=x>.
1(b). u(x)= tanx.

1(c). u(x)=¢€".
1+1-2x 1 1
2(a). u(x)= ——— , A < —. Here, A =0 is a singular point, and A = 3 isa
bifurcation point and at this point u(x) = 2.
24+24/1—2
2(b). u(x)=————,1<1. Here, A =0 is a singular point, and A =1 is a

bifurcation point and this point u(x) = 2.
2(c). u(x)= sinx.

2(d). u(x)=x,x—1.

3(a). ux)=1.
A A2
3(b). =l4+—-4+—+---.
(). u(x) + ) + 3 +
3(¢). u(x)= sinhx.
3(d). u(x)= secx.
7. D’Alembert’s wave solution is given by

1 1 1 1
u(x,t)= 5 |:1 y—— + 1 +(x+ct)2i| + Z[tan (x + ct) — tan (x — ct)].
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Chapter 5
1
l(a). u(x)=2x+ 7
1(h). u(x)=—— 2vx <l+§ )
1(c). u(x):%}.
128 -

2.

1(d). u(x):35 X
2(a). u(x)=/x.

2(b). u(x)= l
2(c). ulx)= T (1 —e™er fe(/7x)).
2(d). u(x)=x.
2(e). u(x)=1.
Chapter 6
L ou(x)= 42+ 1.
2. u(x)= sinx.
3. u(x) = sec?x.
4. u(x)=xe".
5. u(x)= sinx.
6. u(x)= sinx.
7. u(x)=xcosx.
8. u(x)= sinx — cosx.
9. u(x)=1-— sinhux.

10. u(x)= %(cosx+ sinx + e").
11. u(x)=1+ sinx.
12. u(x) = 1(e" —3e™* —2cosx).
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Chapter 7
sin(n.— 1)sinx <x<n
sin (1)
3. Gem=4_ .
sinnsin (x — 1) <y <]
sin (1) =*=

The solution will be
y(x)= fol G(x, n)f (n) dn where G(x, n) is given above.

4. Given that 7”(x)=—f(x), where f(x)=x. The boundary conditions are
y(0) =y(£) = 0. Using Green’s function method, the solution of this boundary

value problem can be obtained as y(x) = f(f G(x, n)f (n)dn provided G(x, n)
satisfies the following differential equation with its four boundary conditions:

TGy = —8(x — 1)
G0O0,n) =0
G, n) =0

G(n+,n) = G(n—,n)
T(Gxly+ — Gxlp-) = —1.

The solution of the given ODE satisfying the boundary conditions is simply
¥(x)=1/6Tx(¢> — x?). The Green function is obtained as

Gix )_1 x—-n), 0<x<n =
PETE e -y, nex=<t

Thus, the solution by Green’s function method is

¥4
) = fo G, ) (n)dn

1

X L
= 2o [ e =oman-+ [ xce — monn]

1 2 2
= gpX(£7 —x7).
It is obvious these two solutions are identical.

—eT™ cospsinxy 0<x<n

—e"sinncosx n<x<7%

5..()Glx,m= {
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Not symmetric.

. —e TFcosnysinx 0<x<np
(ii) G(x,m:{ s ==
—e sinncosx n=<x<7%
Green’s function now symmetric.
6. Gr.n)= closnsinx 0<x<n
sinncosx n<x<m.
Nl —e* 0<x<
7. Gg= o) O=x=n
el(l—e ™) npn<x=<m
1-— 0<x<
8. G,m= | 7mx O=x=n
(I-x)n n=x=1
<
9. G(x,n)= ror=n
n o ox>n.
cosi(n—x—1
—% 0<x=<n
sin %
10. = 2
0. Gx,m) cos A(x — —%)
————— 5 n=x=L
2)sin 5
s1n)u;cos);f§—n) 0<x<y
_ cos
1. (@) Glx,m = sin An cos A(b — x)
n<x<b
AcosAb
2n—1
wherekyéu.
b
cos)u)c\sm);féy—@ 0<x<y
cos
(b) G(x,m) = .
cos Ansin A(b — x)
17<x<b
AcosAb
2n — 1
wherekyéu.
b
cosAMa—x)cosA(b—1) e
% sin Ma — b) =r=1
(c) G(x,n)=
cos AMa—mn)cosA(b—x) <

<
»sini(a—b) N=r=
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B {X cosA(a —x)— sinA(a—x)}sin A(b — 1)

- < <r]
_ Al sin A(b — a) — A cos AM(b — a)] -
(d) Gx,n) = {AcosA(a—n)— sinA(a—n)}sin A(b —x) “x<h
_ X
M[sin (b —a) — & cos Mb — a)] h=%=
1 1
—§1n<1+x) 0<x<p
13. (@) G(r,n)= 7
1 (1—}—17)
—In{—— n=x=<l.
2 1—n
sin A(K_- llsm Ax <x<n
sin
(b) G(x,n)= g A — 1
sin nsu.l x—1) ey <1
Asin A -
Ax+B
15. G(x,n)=
() {—Ax+B

Note: Cannot determine the constants with the given conditions.

3
x3§+x%—9x§+x 0<x<é¢
16. G(x,&)=
3
x3§+x%—9x§+§ E<x<l

17. Green’s function is

sinxcosé x<&

cosxsiné x>&

G(x,§) = {

So that the solution becomes

X /2
) = /0 G, )/ (E)E + / G, £ ()de

X /2
=/ cosxsinédé—i—/ sinx cos £ d&
0 X

y(x) = —1+sinx + cosx
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Chapter 8
_1 2
L u(x)=53 <x+ 7 sm(«/gx).
2. u(x)= % + 3 cosh 2x.
\/Ex, x>0
3 S0 = {—\/Ex, x <0.

Given that f(x)=2 [T/ u(xsin 6)d6. It can be easily seen that f(0) = u(0).
In addition we see that f'(x)=2 [ 2
f(0)= %u’ (0). Hence rewriting in a systematic way

sin Ou/(x sin 9)df. Then we have

/2
flx) = % f i (x sin 0) sin 6d6
0
u(0) = f(0)

W(0) = 3£'0).

Let us write x sin 1 for x, and we have on multiplying by x and integrating

/2
x/ f'(xsinn)dn
0

2x /2

/2
{/ 1/ (x sin 1 sin 0) sin GdG} dn.
v n=0 [

=0

Change the order of integration in the repeated integrals on the right-hand side
and take new variable ¢ in place of 1, defined by the equation

sin ¢ = sin @ sin 7.

Then the above integral equation takes the following form:

/2
x / f'(xsinn)dn
0

/2 0 / .
=2_x {f u(xsm¢)cos¢d¢}d9
@

T Jo=0 =0 cosn

X /2 i/e u’(xsin¢)sin9cos¢d¢}d€
¢

7 Jo—o |Je=0 sin® 6 — sin® ¢
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Changing the order of integration again, we obtain with the special observation
that 0 <0 <m/2;0<¢p<O<m/2,

/2
x / f'(xsinn)dn
0

o P { /nﬂ 1/ (x sin @) sin@cosqbd@} 0o
2

T J¢=0 =¢ sin® 6 — sin® ¢

Now it is easy to see that

/”/2 sin 6d6 .1 (cos@)
-  — _sin
0=¢ /cos? ¢ — cos2 0 cos ¢

Hence our solution reduces to

/2

T
6 2
/2 /2
x/ f(xsinn)dn = x/ 1/ (x sin @) cos pdep
0 0

/2
=x / 1/ (x sin ¢)d(sin ¢)
0

= u(x sin ql))|g/2

= u(x) — u(0) = u(x) — f(0).

Thus, we must have

/2
u(x) = £(0) + x/o f'(x sin 6)d6;

and it can be verified by substituting that this function is actually a solution.
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Abel, 3 eigenfunctions, 221, 310
Abel’s problem, 98 Energy aspect, 124
Adomian, 269 equations
Adomian decomposition, 55, 66 differential, 1
Adomian decomposition method, 13, 28 Laplace, 292
Adomian method, 278 Volterra, 17
Analytic signal, 125 Existence theorem, 70
approximation, 274, 275
arbitrary, 134, 146, 149 Faltung, 36
Fermat principle, 159
Bernoulli’s equation Finite Hilbert transforms, 129
linearized, 245 first kind, 33
boundary conditions, 289 flat panel method, 288, 293
boundary integral formulation Flow of heat, 309
direct, 289 Fourier transform, 118
indirect, 288 Fredholm, 5, 166, 177, 269

Fredholm integral equations, 47
Fredholm’s integral equation
second kind, 246
Frobenius method, 167
Frobenius series, 31
function
arbitrary, 140
Dirac delta, 272
Green, 288
functional, 142

boundary value problem, 315

calculus of variations, 156

Cauchy kernel, 48

Cauchy Principal Value, 48, 104, 236
Cauchy principal value integral, 104
Classification of integral equations, 5
closed cycle, 36

concentrated load, 190

convolution, 36

convolution integral, 4, 21 Gaussian quadrature formula, 288

generalized coordinates, 148—152, 164

decomposition method, 73, 169 Green’s function, 189, 192, 211, 288, 310
Direct computational method, 58 Helmholtz operator, 212
Dirichlet problem, 217 infinite series, 244

Laplace operator, 211
eigen solution, 60 method of eigenfunctions, 221
eigenvalues, 60, 221, 310 method of images, 219
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Green’s function (Continued)
properties, 194
symmetric, 209
in three dimensions, 207, 223
in two dimensions, 207
variation of parameters, 200

Hamilton’s equations, 151, 156
Hamilton’s integral, 149
Hamilton’s principles, 146, 147
Hamiltonian particle system, 153
Helmholtz operator, 212
Hermitian polynomials, 125
Hilbert transforms, 114
homogeneous, 48, 59
hyper-singular, 49

indirect method, 288

influence matrix, 289

initial value problem, 8, 175

integral equation, 1, 259, 292, 313, 315

integro-differential equations, 7, 165, 306

inviscid, 288
irrotational, 288

JONSWAP, 284
jump discontinuity, 314

kernel, 1, 3, 307
Kronecker delta, 247

Lagrange’s equations, 146, 150
Lagrange’s principle, 163
Lagrangian, 149, 153, 154
Lagrangian equations, 148
Laplace transform, 4, 5

Laplace transform method, 21, 184
Leibnitz rule, 4, 8, 33

MIZ, 270
modified decomposition, 57
multipole, 296

Neumann condition, 292

Neumann’s series, 49

Newton’s Law, 1, 269

Newton’s second law, 4, 146, 160, 161
nonhomogeneous integral, 6, 47

nonlinear, 6, 47, 65
nonsingular method, 294
numerical computation, 273
numerical formulation, 244

orthogonal systems, 189

Picard’s method, 35, 50, 67, 274
Poisson’s Integral Formula, 216
potential function, 147

principles of variations, 142
properties of Hilbert transform, 121

Rankine source method, 288
recurrence scheme, 29
regular perturbation series, 55
residue, 305

resolvent kernel, 24, 35
rotating cable, 261
Runge—Kutta method, 282

second kind, 33
seismic response, 299
series solution, 31
Singular integral equations, 7, 47, 97
singularity, 288
solution techniques, 13
special functions

Dirac delta function, 207
Sturm-Liouville, 134, 135, 136
successive approximations, 17, 66
successive substitutions, 25, 53

tautochrone, 2, 47

third-kind, 35

three dimensional Poisson Integral
Formula, 225

transverse oscillations, 306

unique, 70
variation of parameters, 200

vibrations, 256
Volterra, 269

Volterra integral equation, 5, 86, 165, 307

Walli’s formula, 326

wave, 269

wave—wave interaction, 273
weakly-singular, 101
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