9 Hadamard-Stieltjes Fractional Integral Equations

9.1 Introduction

If u is a real function defined on the interval [a, b], then the symbol \/2 u denotes
the variation of u on [a, b]. We say that u is of bounded variation on the interval
[a, b] whenever \/2 u is finite. If w: [a, b] x [c, b] — R, then the symbol \/?:p w(t, s)
indicates the variation of the function t — w(t, s) on the interval [p, q] c [a, b], where
s is arbitrarily fixed in [c, d]. In the same way we define \/Zzp w(t, s). For the properties
of functions of bounded variation we refer the reader to [204].

If u and ¢ are two real functions defined on the interval [a, b], then under some
conditions (see [204]) we can define the Stieltjes integral (in the Riemann-—Stieltjes

sense)
b

[ uerdpe

a
of the function u with respect to ¢. In this case we say that u is Stieltjes integrable on
[a, b] with respect to ¢. Several conditions are known guaranteeing Stieltjes integrabil-
ity [204]. One of the most frequently used requires that u be continuous and ¢ be of
bounded variation on [a, b].

If u is Stieltjes integrable on the interval [a, b] with respect to a function ¢ of

bounded variation, then

b b ¢
| uwdg) < [ mold (\/ <p) -

If u and v are Stieltjes integrable functions on the interval [a, b] with respect to a
nondecreasing function ¢ such that u(t) < v(¢t) for t € [a, b]. Then

b b
j u(H)do(t) < Jv(t)d(p(t) .

In the sequel we consider Stieltjes integrals of the form
b
| uwdsece.s
a

and Hadamard-Stieltjes integrals of fractional order

1

i jt (108 §>q_1 u(s)dsg(t, s) ,
1

where g: [1, 00) X [1, 00) — R, g € (0, c0), and the symbol ds indicates the integration
with respect to s.
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9.2 Existence and Stability of Solutions for HSFIEs = 271

Definition 9.1. Letrqy, 7, > 0,0 = (1,1) and r = (r1, r2). For w € L1(J, R) define the
Hadamard-Stieltjes partial fractional integral of order r by the expression

asr Y ) W(s 2 dig2(y, t)dsga(x, s) ,

xy
Tw)(x,y) = TaoTts) r( ) “ log og;
11

where g1, g2: [1, 00) x [1, 00) — R.

9.2 Existence and Stability of Solutions for Hadamard-Stieltjes
Fractional Integral Equations

9.2.1 Introduction

We give some existence results and Ulam stability results for a class of Hadamard-
Stieltjes integral equations. We present two results, the first one an existence result
based on Schauder’s fixed point theorem, and the second one about the generalized
Ulam-Hyers—Rassias stability.

This section deals with the existence of the Ulam stability of solutions to the
Hadamard-Stieltjes fractional integral equation

u(x,y) = u(x,y)

Xy
X\t Y\ (s, toucs, b)) o
+1JIJ<10g E) (108 ?> mdtgz(y, tydsgi1(x,s); if(x,y)e],

(9.1

where J := [1,a] x [1,b], a,b > 1, r1,r; > O,and pu:J] - R, f: JxR - R,
g1:[1,a]> - R,and g>: [1, b]*> — R are given continuous functions.

Our investigations are conducted with an application of Schauder’s fixed point
theorem for the existence of solutions of integral equation (9.1). Also, we obtain some
results on the generalized Ulam—-Hyers—Rassias stability of solutions of (9.1). Finally,
we present an example illustrating the applicability of the imposed conditions.

9.2.2 Existence and Ulam Stabilities Results

In this section, we discuss the existence of solutions and present conditions for the
Ulam stability for the Hadamard integral equation (7.1).

The following conditions will be used in the sequel:
(9.2.1) There exist functions p1, p» € C(J, R;) such that for any u € R and (x, y) € J

pZ(Xa Y)

1 Iu(x,y)llu(x’ i,

lfx, v, wl < pi(x,y) +
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272 — 9 Hadamard-Stieltjes Fractional Integral Equations

with
-1 pi(s’ t)

—_—; i=1,2.
stI'(ry)I(r2)

r
|10 Y-
t

p; = sup sup |log
(x,y)€] (s,t)€[1,x]x[1,y]

(9.2.2) For all xq, x, € [1, a] such that x; < x; the function s — g(x», s) — g(x1, s) is
nondecreasing on [1, a]. Also, for all y1, y» € [1, b] such that y; < y, the function
s +— g(y2, t) — g(y1, t) is nondecreasing on [1, b].

(9.2.3) The functions s — g1(0, s) and t — g,(0, t) are nondecreasing on [1, a] and
[1, b], respectively.

(9.2.4) The functions s — g1(x, s) and x — g1(x, s) are continuous on [1, a] for each
fixed x € [1,a] and s € [1, a], respectively. Also, the functions t — g,(y, t)
and y — g2(y, t) are continuous on [1, b] for each fixed y € [1,b] or t € [1, b],
respectively.

(9.2.5) There exists Ap > 0 such that for each (x, y) € ] we have

HBro)(x,y) < 1o@(x,y) .

Set

g = sup \/ 820y, k) \/ g10x, k) .
Y)ET fp=1 Ky =
Theorem 9.2. Assume (9.2.1)-(9.2.4); then integral equation (9.1) has a solution defined
on]j.

Proof. Let p > 0 be a constant such that

p > llpleo + 8% (P71 +p3) .

We will use Schauder’s fixed point theorem [149] to prove that the operator N: C — C
defined by

(log )’2 Lf(s, t, u(s, t)

log SIT(r)I(ry)

(NU)(x, y) = p(x, y) + j deg2(y, )dsg1(x, 5)
1

b—”—\<

9.2)
has a fixed point. The proof will be given in four steps.

Step 1: N transforms the ball B, := {u ¢ C: |lullc < p} into itself. For any u € B, and
each (x, y) € ] we have

XYy
y rz—l
(N, )1 < G P+ s )r(r2> J 1] \log og ¥
< 2150146509, 015105, 91
r—1

ri-1

y
log Z
|0gt

XYy
R J J =
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9.2 Existence and Stability of Solutions for HSFIEs = 273

pa(s, Hlu(s, t)|
st(1 + |u(s, t)])

Xy
< e + r(rl)r(m m"g

pl(s t) + pa(s, t)pd
st

|deg2(y, Hdsgi(x, s)|

y r—1

t
\/ 82(y, k2)ds \/ 81(x, k1)

k=1 =1

t

de \/ 00, ka)ds \/ g1(x, ky)

>=1 k=1

< lullc + (p1 +p3)

«_‘x
[ ——

N % =

<llplc +g*(p1 +p3)
<p.

Thus, [[(Nu)llc < p. This implies that N transforms the ball B, into itself.
Step 2: N: B, — B, is continuous. Let {un}nen be a sequence such that u, — uin
B,. Then

r-1

XYy
(Nun)(x, ) = (N0 VI < s 1)r( - j”log" llog?
11

™ |f(s; t, un(sx t)) _f(s, t, u(S, t))l

st dega(y, tydsga(x, s)
(Slzl)p] |f(s’ t, un(s, t)) —f(s’ t, u(s’ t))l
- I'(r))I(r2)

Xy
xjj|lo X
gS

11

<8I w5 un(e D) = £ uls Nlc -

ri-1 r—1 t s
|10g)—t/l de \/ g2, k2)ds \/ g1(x, kz)
k=1 ki=1

From Lebesgue’s dominated convergence theorem and the continuity of the function f
we get
|(Nup)(x,y) = (Nu)(x,y)l - 0 as n — oo.

Step 3: N(Bp) is bounded. This is clear since N(B,) ¢ B, and B, is bounded.
Step 4: N(B,) is equicontinuous. Let (x1, y1), (X2, ¥2) € J, X1 < X2,¥1 < y2. Then

[(Nu)(x2,y2) — (Nu)(x1, y1)| < |p(x1, y1) = p(x2, y2)|

1 ya|27t  f(s, t, u(s, t)
F(rl)F(rz) j I |log llOg X p dig2(y2, t)dsg1(x2, 5)
1 T -1 nelf(s, t,u(s, 1)
Xq |t yi|*™ S, L, u(s,
TaITs) J”log S |108 ; X p digr(y1, t)dsg1(x1, S)
11
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274 =— 9 Hadamard-Stieltjes Fractional Integral Equations

X2Y2
1 Xy |11 -1 |f(s, t, u(s, t
+ m J J log ?2 103)/72 wmgz(h, t)dsg1(x2, s)|
! 2 X1 Y1
1T -1 Rt |f(s, t, u(s, £)|
X2 | Y22~ S, L, u(s,
+ e JJ log . log ; <t |dtg2(y2, t)dsg1(x2, S)|
10
1 n-1 neL (s, t, u(s, )|
X2 |1 )/2 2= S, L, u(s,
+ T J J log 5 10g7 T|dtg2()/2, t)dsg1(x2, s)| .
X1 1

Thus, we obtain

[(Nu)(x2,y2) = (Nu)(x1, y1)l < |u(xq, y1) — p(x2, y2)|

X1)1 t s
v @i +p) [ [ld \/ &200.00ds \/ g100. k)
11 k=1 k=1
t s
-d; \/ 201, ka)ds \/ g1(x1, ky)
kz_ kl_
X2Y2
+(p1 +p3) J jdt \/ 82(y2, k2)ds \/ 81(x2, k1)
Xiyp k=t
X1)2
+(p1 +p3) J Jdt \/ 82(y2, ka)ds \/ 81(x2, k1)
1y =l
X2 Y1
+(p1 +p3) _[ Jdt \/ 82(y2, k2)ds \/ 81(x2, ky) .
a1 k=l

Hence, we get
|(Nu)(x2, y2) = (Nu)(x1, y1)I < [u(x1, y1) = u(xz, y2)l
Y1 X1 Y1 X1
+ @07 +3) |\ 8202, k) \/ g10x2, k1) = \/ 82001, k2) \/ g1(x1, ka)

ky=1 ki=1 k=1 ki=1
Y2 X2
+@;+p3) \/ 8202.k) \/ g1(x2, k1)
kr=y1 ki=x1
Y2 X2
+@1+p3) \/ 52000, k) \/ 81002, kn)
ka=y1 k=1
Y2 X2
+(p1 +p3) \/ g2(¥2, k2) \/ g1(x2, k1) .
k=1 k1=x1

As x; — x; and y; — y3, the right-hand side of the preceding inequality tends to zero.

As a consequence of Steps 1-4, together with the Ascoli—Arzela theorem, we
can conclude that N is continuous and compact. From an application of Schauder’s
theorem [149] we deduce that N has a fixed point u that is a solution of integral
equation (9.1).
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9.2 Existence and Stability of Solutions for HSFIEs == 275

Now we are concerned with the stability of solutions for integral equation (9.1). Let
€>0and @: J — [0, co) be a continuous function. We consider the inequalities

lu(x,y) -(Nw)(x,y)l<e; (x,y)e], 93
[u(x,y) - (Nw)(x, )| < P(x,y); (x,y) €], (94)
[u(x,y) - (N, )|l < e®@(x,y); (x,y)e]. (9.5)

Theorem 9.3. Assume (9.2.1)-(9.2.5). If there exist q; € C(J, R,); i = 1, 2 such that for
each (x, y) € ] we have

pi(x,y) < qi(x, y)D(x,y) ,
then integral equation (9.1) is generalized Ulam—-Hyers—Rassias stable.

Proof. Let u be a solution of inequality (9.4). By Theorem 9.2, there exists v that is a
solution of integral equation (9.1). Hence,

Xy
_ X\t Y\ fls, t,v(s, 1)
vx,y) = u(x, y) + J J (log g) (10g ?) mdtgz(y, t)dsg1(x,s) .

By inequality (9.4) for each (x, y) € ] we have

X y -1
u(x,y)—/u(x,y)—H 10g log;)
11

f(s, t,u(s, t))

StF(rl)F(rz) dth(Ys f)dsgl(X, 5) < CD(X, y) .
Set
g; = sup gi(x,y); i=1,2.
el
For each (x, y) € ] we have
lu(x, y) — v(x, y)|
XYy
y rz—l
< u(x,y)—;u(x,y)—JJ 10g log?>
11

f(s, t,u(s, t)
 StTr)I(r2)

dega(y, t)dsgi(x, s)

£ 1 1
x| y r—
+ J J |log S |log ;
11
If(s, t, u(s, t)) - f(s, £, v(s, 1))l
X St (L) digo(y, dsgi(x, s)
1 ri—1 1 y -1
< o0, +_”|o og?
S Feran | 185s8

. glu(s, ) qZIV(s,t)I>@(s,t)
<2q1 Tl + Tl <t dig>(y, t)dsg1(x, s)
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276 —— 9 Hadamard-Stieltjes Fractional Integral Equations

< D(x,y) +2(q; + ¢5)BLLD)(x, y)
< [1+2(q] + q5)Ap]1D(x, y)
= CN,0P(X, y) .

Hence, integral equation (9.1) is generalized Ulam-Hyers—Rassias stable. O

9.2.3 An Example

As an application of our results we consider the Hadamard-Stieltjes integral equation

Xy
ra-1 t t
u(x,y) =pux,y) + II log 10g ) %mgz(% t)dsg1(x, s) ;
11
x,y)e[1,elx[1,e],
(9.6)
where
ri,r2 >0, o y)=x+y%  (qy) ell,elx[1,el,
gl(X,S):S, gZ(ys t):t’ S,tG [1a e]’
and

7 ulx,y)
fo,y, u y)) = xy? (e T w—yfs> , (wy ell,elx[1,e].
Condition (9.2.1) is satisfied with p1(x, y) = xy*e”7 and p3 = eﬁ% We can see that
the functions g; and g, satisfy (9.2.2)-(9.2.4). Consequently, Theorem 9.2 implies that
Hadamard integral equation (9.6) has a solution defined on [1, e] x [1, e].

Condition (9.2.5) is satisfied by

1

_ .3 _ _
Pxy) =€’ and Ao = pa—— R

Indeed, for each (x, y) € [1, e] x [1, e] we get

e3

TTA+r))IA+ry)
= Ao D(x,y) .

HBroyx,y) <

Consequently, Theorem 9.3 implies that equation (9.6) is generalized Ulam-Hyers—
Rassias stable.
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9.3 Global Stability Results for Volterra-Type Fractional HSPIEs = 277

9.3 Global Stability Results for Volterra-Type Fractional
Hadamard-Stieltjes Partial Integral Equations

9.3.1 Introduction

This section deals with the existence and global stability of solutions of a new class of
Volterra partial integral equations of Hadamard-Stieltjes fractional order.

Recently, Abbas et al. [47, 33, 38] studied some existence and stability results for
some classes of nonlinear quadratic Volterra integral equations of Riemann-Liouville
fractional order. This section deals with the global existence and stability of solutions to
the nonlinear quadratic Volterra partial integral equation of Hadamard fractional order

Bt) x
1 ﬁ(t) )I‘ll( X>r21
’ = ’ ’ 9 ’ ’ N l —_— l —_
u(t, x) = f(t, x, u(t, x), u(a(t), x)) + TrOT) J i|’<og S 0g€
d , §dsg(t,
x h(t, x, s, & u(s, &), u(y(s), &) $82x i)s; g1t,5) , (txej, 9.7

where J := [1,00) x [1, b], b > 1,711,172 € (0,00), a, B, y: [1,00) — [1,00), f: ] x Rx
R->R,g1: A1 2R, g2: Ay > R,and h: J; x R x R — R are given continuous func-
tions, A1 ={(t,s): 1<s<thay={(x,&): 1<&<x<b},J1={(t,x,5,8:(t,S) € A,
and (x, &) € Ay}

In this section we provide some existence and asymptotic stability of such a new
class of fractional integral equations. Finally, we present an example illustrating the
applicability of the imposed conditions.

9.3.2 Existence and Asymptotic Stability Results

In this section, we are concerned with the existence and asymptotic stability of solutions
to the Hadamard partial integral equation (9.7).
Let us introduce the following conditions:
(9.4.1) The function a: [1, co) — [1, co) satisfies lim;_,«, a(t) = co.
(9.4.2) There exist constants M, L > 0 and a nondecreasing function 1, : [0, c0) —
(0, c0) such that M < £,

M(luy — uz| + vy = v2l)

11, v) = 620100, V2l < e oy @+ s~ + vs —vaD)

and
If(t, x1, u, v) = f(tz, X2, u, v)| < (It1 = t2| + Ix1 = x2) Y1 (Jul + |v])

for each (t, x), (t1, x1), (t2,x2) € Jand u, v, uy, vi, U, v € R.

Brought to you by | UCL - University College London
Authenticated
Download Date | 2/10/18 4:03 PM



278 =— 9 Hadamard-Stieltjes Fractional Integral Equations

(9.4.3) The function t — f{(t, x, 0, 0) is bounded on J with

fr= sup  f(£,x,0,0)
(t,x)€[1,00)x[1,b]

and
lim |f(t, x,0,0)| =0; x € [1, b] .
t—o0

(9.4.4) There exist continuous functions ¢: ] — Ry, p: J1 — R, and a nondecreasing
function ¥, : [0, co) — (0, co) such that

[h(t1, x1, 8, & u, v) = h(ta, x2,8, &, u,v)| < @(s, E)(It1 — ta] + |x1 = x2 )2 (lul + v])

and
p(t, x,s, &
1+ a(t)+ |ul+|v|
for each (t, s), (t1, S), (t2, 8) € A1, (X, &), (x1, &), (x2, &) € Ay and u, v € R. More-
over, assume that

. B(t) x ﬁ(t)
Jim I I

for each x € [1, b].

(9.4.5) The functions s — g1(t, s) and & — g»(x, &) have bounded variations for each
fixed t € [1, 00) or x € [1, b], respectively. Moreover, the functions s — g1(1,s)
and ¢ — g»(1, &) are nondecreasing on [1, co) or [1, b], respectively,

(9.4.6) For each (t, s), (t1, S), (t2, S) € A1, (X, &), (x1, &), (x2, &) € A, we have

|h(t, x,s, &, u,v)| <

r- rz

pﬂXS&ngmkm&Vngﬂ
k=1

log —= log

§

X2 t; X1 t
\ 8200, k) \/ g1tz k) = \/ 82001, k2)ds \/ ga(t1, k1) — 0

k=1 k=1 k=1 k=1

ast; — t, and x; — Xx3.
(94.7) g1(t,1) = g2(x,1) = Oforany t € [1, co) and any x € [1, b].

Theorem 9.4. Assume (9.4.1)—(9.4.7). Then integral equation (9.7) has at least one solution
in the space BC. Moreover, solutions of equation (9.7) are globally asymptotically stable.

Proof. Set d* := sup; s d(t, x), where

r-

1pt,x,s, )

d(t, x) = ‘lgﬁ() 1°g)‘( T(r)I(r2)

4 s
de \/ 8205, ka)ds \/ ga(t, ky).
kzzl k1=1

From condltlon (9.4.4), we infer that d* is finite. Let us define the operator N such that,
for any u € BC,

i B\ x\"
(Nu)(t, X) = fit, x, u(t, %), u(a(t), X)) + J 1J(log > <log£>

dego(x, §)dsg(t, s)
s&M(r)I(ry)

x h(t, x, s, & u(s, &), u(y(s), &) , (t,x)e]. (9.8)
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9.3 Global Stability Results for Volterra-Type Fractional HSPIEs = 279

By considering the conditions of this theorem, we infer that N(u) is continuous on J.
Now we prove that N(u) € BC for any u € BC. For arbitrarily fixed (¢, x) € ] we have

|(Nu)(t, )| < If(L, x, u(t, x), u(a(t), x)) - f(t, x, 0, 0)| + If(£, x, 0, 0)|

1 ﬂ(t) X ﬁ(t) r1—1 X rz_]_
" Tolw) J J Jos 2| Jos
d ’ dS t)
< IRt x, 5, £ u(s, ), u(y(s), &) 2£82% i){ g1(t, )l

M(Ju(t, )| + [u(a(t), x)|)
T A+ a(®))(L A+ Jult, )|+ [u(a(t), X))

ﬂ(
1 B(D)
T J ‘1 Y

p(t,x,s, &)
T+ a0 + [uls, O+ lu(y(s), &)

M(lu(t, x)| + lu(a(t), x)|) P ed
lu(t, )| + [u(a(t), x)| ’

+1f(t, x,0,0)]

- rz—l

log E

4 s
| ds \/ 8206, ka)ds \/ g1(t, kr)
ko=1

ki=1

Thus,
INWlpc <M+ f* +d*. (9.9)

Hence, N(u) € BC. Equation (9.9) yields that N transforms the ball B, := B(0, n) into
itself, where n = M + f* + d*. We will show that N: B, — B, satisfies the conditions of
Theorem 1.42. The proof will be given in several steps and cases.

Step 1: N is continuous. Let {un}nen be a sequence such that u, — u in By. Then for
each (t, x) € ] we have

[(Nupn)(t, X) - (Nu)(t X)| < If(t, x, un(t, x), up(a(t), x)) - f(¢, x, u(t, x), u(a(t), x))|

1 (l’) ri— X -1
- 1 Miog X
T(H)F(rz) l B [®F
X (s%pjlh(t, X, S, & un(s, &), un(y(s), &) — h(t, x, s, & u(s, &), u(y(s), )|
y |deg2(x, §)dsga(t, s)l
s§
<M
=77 n BC
1 O g2
_ - 1 1 X
Tl ) 1 SR B
x |h(t, x, ., ., un(-’ D un(y(.), ) —h(t, x, ., ., u(., ), u(y(.), Nlac
3 s
xde \/ g20x,ka)ds \/ ga(t, ki) . (9.10)
k=1 ki=1
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280 —— 9 Hadamard-Stieltjes Fractional Integral Equations

Case1.1f (t,x) € [1, T] x [1, b], T > 1, then, since u, — uasn — oo and h, y are
continuous, (9.10) gives

IN(un) - N(w)|lpc = 0 as n — co.

Case 2. If (t,x) € (T, 00) x [1,b], T > 1, then from (9.4.4) and (9.10), for each
(¢, x) € J, we have

2M
|(Nun)(, x) = (Nu)(t, )| < ——llun - ullc
B(t)

2 0
" TI(n) J J llog s

& s
xpt,x, 5, Ode \/ g20x, ka)ds \/ g1(t, ka).
k2:1 k1=1

ri-1 X -1
log =

§

< %IIun —ullpc +2d(t, x) .
Thus, we get
[(Nun)(t, x) - (Nu)(¢, x)| < %/Illun - ullpc +2d(t, x) . (911)
Since u, — uasn — coand t — co, then (6.6) gives

IN(un) — N(u)llpc = 0 as n - 0.

Step 2: N(By) is uniformly bounded. This is clear since N(B;) ¢ By and By, is
bounded.

Step 3: N(By)) is equicontinuous on every compact subset [1, a] x [1, b] of J,a > 0.
Let (t1, x1), (t2, x2) € [1, al x [1, b], t1 < t5, X1 < X2, and let u € By,. Also, without loss
of generality, suppose that S(¢1) < B(¢2). Then we have
[(Nu)(t2, x2) — (Nu)(t1, x1)|

< If(tZ’ X2, u(t21 XZ)a U(a(tz), XZ)) _f(tZ’ X2, u(tla Xl)’ u(a(tl)’ Xl))l
+|f(t2, x2, u(ty, x1), u(a(ts), x1)) — f(t1, x1, u(ty, x1), u(a(ts), x1))!
B(t2) x,
X2

*Foor | J|1°gl¥ g

X |h(t2’ X2, S, 'fr U(S, 5)’ u(Y(S)x 'f)) - h(tlx X1, S, 67 M(S, {)’ u(Y(S): f))|
x |dgga(x2, &)dsgi(ta, S)I
B(t2) x,

m i[ J(log@)rl_l <10g%>,2_1

X h(tl’ X1, S, é‘y u(s; {)y U(Y(S), ‘f))dfgz(X29 ‘f)dsgl(t2; s)

ri-1 -1

log

+
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9.3 Global Stability Results for Volterra-Type Fractional HSPIEs = 281

t1) x;

B(
B 1 ﬁ(t2)>r11< X_z>r21
T(r)I(r2) J J <1°g s log %

Xh(t1’ X1, S, ga u(S’ '{)’ U(Y(S), {))dng(XZ’ é’)dsgl(tZ’ S)l
Bt1) x;

1 IM>I’11< ﬁ>r21
T(r)I(r) J J <l°g s log %

><h(t1’ X1, S, £a u(S’ f)’ U(Y(S), {))(dfgz(XZ’ '{)dsgl(t21 S) - dng(le f)dsgl(tl’ S))|
B(t1) x,

1 B(t2)\"* xp\* !
* TGI(n) J H(log s ) (log?>

- (log ﬁ(stl) )rl_l <1og X_£>r2_1

x |dega(x1, &)dsgi(ty, s)| .

+

|h(t1; X1, S, ‘f’ u(s, {)’ U(Y(S), g))l

Thus, we obtain
[(Nu)(t2, x2) = (Nu)(t1, x1)|

< %(W(l‘z, x2) — u(ty, x1)| + [u(a(tz), x2) — u(a(ty), x1)I)

+(It2 = t1] + Ix2 = x1 D1 (2llullze)
B(t2) x,

1 B(t2)
*TGI(n) J J ‘log s

1

ri—-1 Xa r—1
log —

3

4 s
x @(s, O)(Ita — t1l + 2 = xa)Pa22llulipe)ds \/ g2(x2, ka)ds \/ g1(t2, ka)
ko=1 k=1

B(t2) x,

* mﬁf J os 552

(t) 1

ri—-1 Xs r—1
log —

3

4 s
x |h(ty, X1, & u(s, &), u(y(s), Olds \/ g20x2, ka)ds \/ g1(tz, kn)

ko=1 k=1
/3(12) X2

1 B(t2)
FTI(r) J J ’k’g s

'3 s
x |h(ty, x1, 5, & u(s, &), u(y(s), O)lds \/ g200, ka)ds \/ gi(ta, k1)

r-1 X2 -1
log —=

§

k=1 ki=1
1 Bit2) x; ﬁ(tZ) ri—1 X5 r—-1
b J J log log —
I(r)I'(r2) s §
B(t) X1
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282 —— 9 Hadamard-Stieltjes Fractional Integral Equations

£ s
x |h(t1, x1,'5, & u(s, &), u(y(s), lds \/ g2002, ka)ds \/ gi(ta, kr)

ka=1 k=1
. 1 B(t1) xq log B(tZ) ri-1 log Xo ra-1
I(ri)I(r2) ] §

x |h(ty, x1, 8, &, u(s, &), u(y(s), O)ldsg2(x2, §)dsgi(ta, s) — deg2(x1, &)dsg1(t1, )|

1 B(t1) x, : B(t) r-1 | X2 r-1
+Hnmm)JJ<% s) <%5>

(b))

3 s
x dg \/ 82(x1, kp)ds \/ g1(t1, k1) .
ky=1 k=1

|h(t1’ X1, S, {y u(s, ‘f)y U(Y(S), {))l

Hence, we get

[(Nu)(t2, x2) — (Nu)(t1, x1)|
< %(W(fz, x2) — u(ty, x1)| + [u(a(tz), x2) — u(a(ty), x1)l)

+ (It = t1] + [x2 = x11)p1(21)
(It2 = t1] + 1x2 — x1 D2 (21m)

I'(r)I(ry)
B(t2) x5
£) 1 ¥, |21 $ s
xjﬂmm” log 2" (s, Odg \/ 82002, k)5 \/ 81(t2, ko)
1 1 S 5 k=1 k=1
N— ﬁ(f)ﬂlo B " g 22|
T(r)I(r2) &7 8%
B(t1) 1
£ .
Xp(tlyxl’ S, {)df \/ gZ(XZ’ kz)ds \/ gl(tz’ kl)
k=1 k=1
TG $7s 5

1 x1

¢ s
x pt1, x1,5,8)dg \/ 8200, ka)ds \/ g1(ta, k1)
ko=

1 k=1
B(t2) x>
1 B(tz) Yl—l XZ Tz*l
+ == 10 10 —
rmwm)JI’gs 8%
B(t1) X1

§ s
x pt1, x1,5,8)dg \/ 8200, ka)ds \/ ga(ta, k1)
k=1 ki=1
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9.3 Global Stability Results for Volterra-Type Fractional HSPIEs = 283

1 B(t1) x;
T Tr)I(r) J J

I3 s 3 s
xldg \/ 8200, k)ds \/ g1(ta, k1) - ds \/ g2(x1, k2)ds \/ ga(ts, ko))
k2=1 k1=1 k2=1 k1=1

. 1 B]{l)]}‘(lo B(tz) >T1—1 (10 )2)?’2—1
Iy ) V%8s 3

Bt ! x1\"?*

_<log s ) (1 o8 5)

From the continuity of a, 8, ¢, p and as t; — t; and x; — X, the right-hand side of
the preceding inequality tends to zero.
Step 4: N(By) is equiconvergent. Let (t, x) € J and u € By; then we have

lu(t, x)| < |f(t, x, u(t, x), u(a(t), x)) - f(t, x, 0, 0) + f(¢, x, 0, 0)|
Bt) x

1 ﬁ(l’) r-1 X r—1
M) || <1°gT) (IOg E)

1 1
d , Hdsgi(t,
x h(t, x, s, & u(s, &), u(y(s), &) :82(x ?{ g1(t,s)

Mlu(t, )] + Ju(a(®), )
S Tr aO) + ult, 01+ @@, o /X 0.0

|| () (o)
Ierorr) ) JU% s ogf)

p(t X, S, §)
* T+ al) + [uls, Ol + lu(y(s), &I

M
< Ta(t) + |f(t’ Xy 01 0)|

r-
x|
10 —

€

B(t2)

log— p(tl,xlys){)

p(t1, x1, 8, §)d \/ 82(x1, k2)ds \/ gi(t1, k1) .

1

dego(x, &)dsg(t, s)

B(t) x ﬁ(t) e X ra-1
F(rl)F(Tz)(1+a(t)) J J ( ) <1°g3>

S

x p(t, x, s, §)dg \/ g206k2)ds \/ gi(t, ki)
k=1 ki=1

M d*
< Ta(t)+|f(t,x,0,0)|+ra(t) .

Thus, for each x € [1, b] we get

|lu(t,x)| > 0, as t - +oo.

Hence,
lu(t, x) — u(+oo,x)| > 0, as t - +0o.
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284 —— 9 Hadamard-Stieltjes Fractional Integral Equations

As a consequence of Steps 1-4, together with Lemma 1.57, we can conclude that N: B, —
By, is continuous and compact. From an application of Theorem 1.42, we deduce that N
has a fixed point u that is a solution of the Hadamard integral equation (9.7).

Step 5: Uniform global attractivity. Let us assume that ug is a solution of integral

equation (9.7) with the conditions of this theorem. Consider the ball B(uo, ) with

n* = £, where

®

r- Tz—].
® 10g ﬁ( ) IOg—

§
x |h(t, x, s, & u(s, &), u(y(s), &)) — h(t, x, s, &, uo(s, &), uo(y(s), &))I

——

1
= —— Su
Tl oy J

3 s
Xdé' \/ g2(x, ky)ds \/ gi(t,k1); ue BC} .
k=1 k=1

Taking u € B(ugp, n1*), we then have

[((Nu)(t, x) — uo(t, x)| = [(Nu)(t, x) — (Nuo)(t, x)|
< |f(t9 X, u(t; X), u(a(t)y X)) _f(ta X, uO(t’ X)’ uo(a(t), X))l

B
F(rl)F(rz)

ri— r—1

log X

4
X |h(t’ X, S, é” M(S, {)’ U(Y(S), '{)) - h(t’ X, S, {1 uO(S’ {)’ UO(Y(S)’ {))l

3 s
xde \/ 8205, ka)ds \/ gi(t, k)
k2:1 k1=1

2M .
< Tllu - Ugllpc + M
2M
< Tl’l* +M* = TI*

Thus we observe that N is a continuous function such that N(B(uo, n*)) < B(uo, n*).
Moreover, if u is a solution of equation (7.1), then

lu(t, x) — uo(t, x)| = [(Nu)(t, x) — (Nug)(t, x)|
< |f(t’ X, u(t’ X) u(a(t)! X)) _f(t: X, U()(t, X)s uo(a(t), X))l

B(t)

ri— -1

_L_
T TDI) )

X
log =
¢

X |h(t’ X, S, 5’ u(s, 5)’ U(Y(S), '{)) - h(t’ X, S, 51 uo(S, 5): UO(Y(S), ‘f))l

[ st

4 s
xdg \/ 8206, ka)ds \/ ga(t, kz) .
k=1 ki=1
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9.3 Global Stability Results for Volterra-Type Fractional HSPIEs =—— 285

Thus,

M
lu(t, x) — ug(t, x)| < f(lu(t, X) — up(t, x)| + |u(a(t), x) - up(a(t), x)|)

) x

1 B 1 B(t) r-1 1 X r—-1
+ 0g — og -
Fmﬁm>JJ‘gs L
21
3 s
xp(t, x5, )dg \/ 206, ko)ds \/ g1(t, k) . (9.12)
kzil k1=1
By using (9.12) and the fact that a(t) — oo as t — oo, we get
Bt) x -
. X
lim Ju(t, %) - uo(t, )| < Jim F(rl)mz)(L o j Hlog— log
1 1

S

xp(t,x, s, §)ds \/ 2206 k)ds \/ g1t k1) =
k=1 ki=1

Consequently, all solutions of the Hadamard-Volterra—Stieltjes integral equation (7.1)
are globally asymptotically stable. O

9.3.3 An Example

As an application of our results we consider the partial Hadamard Volterra—Stieltjes
integral equation of fractional order

t x _2 2
tx X\3
u(t, x) = 10(1+t+t2H3)(1+2sm(u(t » X)) + ” log <10g¢—y>
-1
In(1 +2x(s9) (s, D .0, (x, degat,s) (913)

“Ar e+ 20uls, D21+ x2 + t4)
(6, x) € [1,00)x[1, €],
wherery =r; = 3, a(t) = B(t) = y(t) = t, g1(t,s) = 5, §2(x, &) = & 5, £ € [1, €],

tx(1 + sin(u) + sin(v))
10(1 +t)(1 +¢2)

flt,x,u,v) =

and
In(1 + x(s&)~1(|ul + [v]))

(L +t+ |ul+vD2(1 +x2 + t4)
for (¢, x), (s, &) € [1,00) x [1,e],and u, v € R.

We can easily check that the conditions of Theorem 9.4 are satisﬁed In fact, we
have that the function f is continuous and satisfies (9.4.2), where M = 10 ,L=1.Also, f

h(t,x,s,&u,v) =
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286 —— 9 Hadamard-Stieltjes Fractional Integral Equations

satisfies (9.4.3), with f* = ;5. Next, let us notice that the function h satisfies (9.4.4),

where p(t, x, s, ) = m Also,
t x X %2 { s
lim J”log log—‘ p(t,x,s, &)ds \/ g2(x, k2)ds \/ g1(t, k1)
t_>001 1 { k=1 k=1
t x _
= lim — 25— ”l‘"g \ log | S ds \/ 9206, k2)ds vlglu k)
t x d{d
S
- lim |1 7 log X
tioo1+xz+t4_1[1j %85 o8 f Sf

- lim 9x(log t)§ _
t5o0 1+ x2 + t4
Hence, by Theorem 9.4, the Volterra—Stieltjes equation (9.13) has a solution defined on
[1, 00) % [1, e], and solutions of this equation are globally asymptotically stable.

9.4 Volterra-Type Nonlinear Multidelay Hadamard-Stieltjes
Fractional Integral Equations

9.4.1 Introduction

This section deals with the existence and global attractivity of solutions for Volterra—
Stieltjes quadratic delay integral equations of Hadamard fractional order.

In [24, 25, 32, 30], the authors studied the existence and stability of solutions for
some integral equations. Motivated by the aforementioned papers, in this section we
establish some sufficient conditions for the existence and attractivity of solutions of the
class of Volterra-type delay fractional order Hadamard-Stieltjes quadratic integral
equations,

t x

_ flt, x, u(t, x) N o\l

u(t, x) = u(t, x) + TaoTn) I I (log 5) <10g ;>
11

xh(t,x,s,y,u(s—11,¥y-&1),...,u(s —Tm, ¥y — &m))

x %dygz(x, y)dsgi(t,s); if (t,x) e J:=[1,+00)x[1,b], (9.14)
u(t,x) = @(t,x) if(t,x) € J := [T, 00) x [-&, bI\(1, 00) x (1, ] , (9.15)
where b > 1, 11,7 € (0,00), T3, ¢ > -1;i=1...,m, T = .glax {ri}, & = grllax {&i1,

u:J > R f:JxR > R,g1: A1 » R, g2: 27 » R, h: J' x R™ - R are given
continuous functions, A1 = {(t,s): 1 < s < t}, A = {(x,y):1 <y < x < b},
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9.4 Volterra-Type Nonlinear Multidelay HSFIEs =— 287

Ji={t,x,s,¥): (t,s) e aAyand (x,y) € Az}, and @: ] — R is continuous with
u(t,1) = d(t, 1) foreach t € [1, +00) and u(1, x) = d(1, x) for each x € [1, b].

We use the Schauder fixed point theorem for the existence of solutions of problem
(9.14)-(9.15), and we prove that all solutions are uniformly globally attractive.

Let@ + Q c BC,let G: Q — Q, and consider the solutions of the equation

(Gu)(t, x) = u(t, x) . (9.16)

Definition 9.5 ([35]). The solutions of equation (9.16) are locally attractive if there
exists a ball B(ug, 1) in the space BC such that, for arbitrary solutions v = v(¢, x)
and w = w(t, x) of equations (9.16) belonging to B(ug, ) | Q, we have that, for each
x € [1, b],

tllglo (v(t,x) —w(t,x))=0. (9.17)

When the limit (9.17) is uniform with respect to B(uo, 1), the solutions of equation (9.16)
are said to be uniformly locally attractive (or, equivalently, that solutions of (9.16) are
locally asymptotically stable).

Definition 9.6 ([35]). The solution v = v(t, x) of equation (9.16) is said to be globally
attractive if (9.17) holds for each solution w = w(t, x) of (9.16). If condition (9.17) is
satisfied uniformly with respect to the set Q, then solutions of equation (9.16) are said
to be globally asymptotically stable (or uniformly globally attractive).

9.4.2 Existence and Attractivity Results

Let us start in this section by defining what we mean by a solution of problem (9.14)—
(9.15).

Definition 9.7. By a solution of problem (9.14)—(9.15) we mean every function u € BC
such that u satisfies equation (9.14) on J and equation (9.15) on J.

The following conditions will be used in the sequel.
(9.9.1) The functions u and @ are in BC. Moreover, assume that

tlim u(t,x)=0; xel[l,b].

(9.9.2) There exist a positive function P € BC and a nondecreasing function ; : [0, co) —
(0, c0) such that

Iftt, x,u) - fle, x, V) < P(t, )lu—-v|; (6, x) €], u,veR
and

If(t1, x1, w—f(t2, x2, W)l < (Jt1—t2|+Ix1-x2DP1(Jul);  (¢1,x1), (t2,x2) € J, u € R.
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288 —— 9 Hadamard-Stieltjes Fractional Integral Equations

(9.9.3) The function t — f{(t, x, 0) is bounded on J, and tlim f(t,x,0)=0; x € [1, b].

(9.9.4) The functions s — g1(t, s) and y — g>(x, y) have bounded variations for each
fixed t € [1, 00) or x € [1, b], respectively. Moreover, the functions s — g1(1,s)
and y — g»(1, y) are nondecreasing on [1, co) or [1, b], respectively.

(9.9.5) For each (t1, s), (t2, S) € A1, (x1, V1), (X2,¥2) € A, we have

X1 t1 X1 t
\ 8200, k2) \/ g1(t2, k1) = \/ g200,k2) \/ ga(ts, ka))| - 0
k=1 k=1 k=1 k=1
ast; — tp and X1 — X2.
(9.9.6) g1(t,1) = g2(x, 1) =0 forany t € [1, co) and any x € [1, b].
(9.9.7) There exists a continuous function Q: /' — R, and a nondecreasing function
Y, : [0, 00) — (0, co) such that

t, x,s, .
[h(t, X, S, ¥, U1y ..o s Um)| < Q(—my); t,x,s,y)eJ],ujeR,i=1...m,
1+ Y il
and
|h(tl9xlysy,Vaul,---,um)_h(tZ,XZysyy’ul,--"um)'

< (s, V)t = tal + I = 2D (Z |ui|) ;

i=1
(t1,8), (t2,8) € A1, (X1,¥), (X2, ¥) €20, ujeR, i=1...m

Moreover, assume that

r1—1
lim J llogf Qt, x,s,y)
t—o00 S S
1

dsGa(t,s) =

for each (x, y) € Ay, where G1(¢, s) = \/i1=1 g1(t, ky).

Remark 9.8. Set

* *

u* = sup u(t,x), @*:= sup @(t,x), f*:= sup f(t,x,0), p*:= sup P(t,x)
(t,x)€] (t,x)e] (t,x)€] (t,x)€J

and

x|"71 Q(t, x, s,y)

yl  syL(r)I(ra)

log y dyGy(x,y)dsG1(t, s) ,

t
(tX)]1

where G, (x,y) = {2:1 g2(x, k). From our conditions we infer that u*, @*, f*, p*, and
q" are finite.

R t— ¢

|10g

Now we prove the following theorem concerning the existence and attractivity of
solutions of problem (9.14)-(9.15).
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9.4 Volterra-Type Nonlinear Multidelay HSFIEs = 289

Theorem 9.9. Assume (9.9.1)-(9.9.7). If

pqt<1, (9.18)

then problem (9.14)—(9.15) has at least one solution in the space BC. Moreover, the solutions
of problem (9.14)—(9.15) are uniformly globally attractive.

Proof. Define the operator N such that, for any u € BC,

P, (t,x) €],
t x
fit, x, u(t, x)) (1 f>rz—1
N0 =1 R J J %%y
x h(t, x, s, Y, U(S—T1,y—€1), e US—Tm, Y —&m))
kxédng(X, y)dsga(t, s), (t,x) € J.
(9.19)

The operator N maps BC to BC. Indeed, the map N(u) is continuous on J for any u € BC,
and for each (¢, x) € ] we have

r—1

t x
0
[(Nu)(t, x)| < |pu(t, x)| + Jf((t ))}( ?) J”log
11

log -
y

dygo(x,y)dsg1(t, s)
sy

x|h(t, x, s, y,u(s =71,y = &1), ..., U(S = T, ¥ — &)l

r—1

X
log -
y

t x
|f(t, X, u(ta X)) _f(t’ X, 0)'
' TrIr) J J pos 5[

xh(t, x,s,y,u(s =11,y —&1), ..., u(s = T, ¥ — {m))dy G2 (x, y)dsG1(t, )

t x
. f t
=K T TeI(n) J J llogE
Q(t, x,s,y)
1+211|u(s Tl,y—s‘i)l

ri-1 r-1

b
log —
y

dsz(X, )’)dsGl(t’ s)

X
P(t, x)|u(t, x)| JJ| tn-t -1
T T log — log =
reore) ) I%sh [y
x Q(t, X, 5,y)dyGa(x, )dsGa(t, )
r-1 r-1

b
log —
y

N t x
sy*+mjlﬂlogg

X Q(t! X, S, }’)dsz(X, )’)dsG1(t, S)
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290 —— 9 Hadamard-Stieltjes Fractional Integral Equations

t x
P*lullsc J”
N ) ]
XQ(t; X, S’Y)dsz(X,)’)dsGl(t, S)
<Pt +q"(f* +p*lulse) -

-1

log -
y

Thus, for each (¢, x) € J we have
I(Nu)(t, )l < p* + q" (F* + p™llullac) - (9.20)
Also, for (¢, x) € ] we have
I((Nu)(t, X)| = |D(¢, x)| < @™ .

Thus,
INullpc < max{®@*, u* + q*(f* + p*lulpc)} .

Hence, N(u) € BC. This proves that the operator N maps BC to itself.

The issue of finding the solutions of problem (9.14)—(9.15) is reduced to finding the
solutions of the operator equation N(u) = u. We can show that N transforms the ball
By := B(0, n) into itself, where n = max{®*, n*} and n* > ’%. We will show that
N: By — By, satisfies the conditions of Theorem 1.42. The proof will be given in several
steps and cases.

Step 1: N is continuous. Let {un}nen be a sequence such that u, — u in By. Then for
each (t, x) € [-T, co) x [-&, b] we have

[(Nuy)(t, x) = (Nu)(t, x)|

t x -1
< If(t, %, tn(t, 1)) — (£, X, u(t, )| j j |1og log§
11
d x,y)d t,s
X |h(t, %, 8, Y, un(S = T1, ¥y = &1)s o o o, Un(S = T, ¥ — &m))I yg;;n)r/z);(i() )
X r2—1

+ |f(t, x, u(t, x))| JE j( |log log -
11

X |h(t’ X, S, )’, un(s - ley - ‘{1); ey un(s - Tm,y - fm))
dyg>(x, y)dsg(t, s)

- h(t9 X, S, y9 u(s _ley_ {1)’ ey u(s -Tm,y— {m))l

SyI'(ry)I(r2)
F* e plulse [ [ [ tft]  xp
q* lun(t, x) —u(t, x J”lo— log —
P q" lun(t, x) — u(t, x)| + F(rl)l"(rz) )] gs gy

X |h(t’ X, S, )’, un(S - Tl;y - 51)) ey un(s - Tm:y - fm))
- h(t’ X, s, y’ u(s - le )’ - ’fl)’ ce ey u(s - Tﬂhy - fm))ldyGZ(X; y)dSGl(t’ s)
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9.4 Volterra-Type Nonlinear Multidelay HSFIEs = 291

r—1

t x
< P77 lun(t, 20 —ult, Ol + Frspers )r(r2>H|log

log -
y

X |h(t! X, S, Y, un(s —le)’— {1)’ ceey un(s - Tm,y_ fm))

-h(t,x,s,y,u(s =711,y = €1), .. ., u(S = Tim, ¥ = &m))|dy G2(x, y)dsG1(t, s) .
(9.21)

Case1.1f (t,x) e Ju[1, a] x [1, b], a > 1, then, since u, —» uasn — co and his
continuous, (9.21) gives

IN(un) — N(u)|lgc — 0 as n — oo .
Case 2.If (t, x) € (a, 00) x [1, b], a > 1, then from (9.9.6) and (9.21) we get
[(Nuyp)(t, x) = (Nu)(t, X)|

t x
<P q" lun(t, x) —u(t, x)| + =—L L m )m ; J’Hlogg
11

x2Q(t, x, s, y)dyG2(x, y)dsG1(t, s)

t
<p'q Iun(t,X)—u(t,x)I+%j lOgy Hlogg
L1
x Q(t,x,s,y)dsGi(t,s) | dyGa(x,y). (9.22)

Thus, (9.22) gives
[N(un) = N(u)llpc — 0 as n — oo.
Step 2: N(By) is uniformly bounded. This is clear since N(B;) ¢ By and By, is
bounded.
Step 3: N(By) is equicontinuous on every compact subset [-T, a] x [, b] of

[-T, 00) x [-&, b]; a > 1. Let (t1, x1), (t2,x2) € [1,a] x [1, b], t1 < tz,X1 < X2, and let
u € By. Then we have

[(Nu)(t2, x2) — (Nu)(t1, x1)| < |u(t2, x2) — u(ty, x1)|

ri—-1 Yz—l

L ft2, X2, u(tz, x2)) - f(t1,X1,u(t1,X1))|J”1 oz 2" |log 2

I(ry)I(r2)

x [h(t2, x2, 8, Y, u(s =71, ¥ = &1), ..., u(S — T, ¥ — Em))lldyg2(x2, y)dsgi(ta, S)I

-1 X2 rz—l

log —=

If(tlaxlyu(tlixl))l
T T J J llg

X |h(t21 X2, S, y’ u(s _ley_ 51), ey u(s - Tm,y— fm))
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292 —— 9 Hadamard-Stieltjes Fractional Integral Equations

—h(ty, x1, s,y u(s =71,y =&1), ..., u(s = Tm, ¥y — &m))I
x |deg2(x2, §)dsgi(ta, S)|

-1 -1

If(t1, x1, u(ty, x1))|
+l T(r)I(r2) J J llog

log —=
y

X h(tl,Xl, S’y’ u(s —ley—gl 3 ey U(S—Tm,y—fm))dfgz(xzy {)dsgl(tZ’S)
t1 X1
If(t1, x1, u(ts, x1))l JJ t ”_1< X2 >r21
- log = log —
) ) (10s )" (s 3
Xh(tl,Xl, S, y’ u(s _Tlay_gl)’ ceey u(S—Tm,y_'fm))dng(Xz, y)ngl(tZas)l
t1 X1
If(t1, x1, u(ts, x1))| JJ’ t ”_1< X2 >r2—1
+ log = log —=
[ rrof) ) 1( 55) &y
xh(ty, x1, S, u(s =71,y = &1)y o, U(S = T, ¥ = &)

x(dyg2(x2,y)dsg1(ta, s) — dyga(x1, y)dsgi(t, 5))|

t1 x1
Ifts, x1, u(ts, x1)l tr ( X2 )1 (et 1( X1 >1
+ TarOI) Jlj (log ) log " (log p ) log y

x |h(ty, x1,8,y,u(s =11,y = &1), .. ., U(S = T, ¥ — Em))dyg2(x1, y)dsgi(t1, S)| .

Thus, we obtain

[(Nu)(t2, x2) — (Nu)(t1, x1)| < |u(t2, x2) — u(te, x1)|

(Its = tal + Ixa = xa )1 (|ul) xRt
* T(r)I(ry) J J |1 log y

x Q(t2, X2, 5, y)ldyg2(x2, y)dsg1(t2, 8)|

[P(t1, x1)lul + |f(t1, x1, 0)| - x|t
* T(r)I(ry) J”l 8 log y

x (s, y)(It1 - &2 + Ix1 - x2D)2 (Z |u|) |dsg2(x2, §)dsg1(t2, 9]

i=1

-1 r-1

[P(t1, x1)lul + If(t1, X1, 0)]
* T(r)I(r) J J |1°g

X2
log —=
y

x Q(t1, X1, S, Y)ldeg2(x2, §)dsgi(ta, )l

r-1 -1

t) X
|[P(t1, x1)lul + |f(t1, x1, 0)] t
¥ T(rI(r) J [foss

X2
log —=
y

X Q(tl, X1, S, y)ldng(XZ’ Y)dsgl(tz, S)l
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9.4 Volterra-Type Nonlinear Multidelay HSFIEs =——— 293

- -1

log —2
y

[P(t1, x1)lul + |f(t1, x1, 0)]
T(r)I(r2) J J llog

x Q(t1, X1, S, Y)ldyga(x2, y)dsg1(ta, s)|

P(ts, xDlul + [fEn, x, O 17\, xa\
+ 1, X1 1, X1, JJ(IOg_Z) <log—2>
S y
11

I'(ri)I(r2)
x Q(t1, X1, S, Y)dyga(x2, y)dsg1(ta, s) — dyga(x1, y)dsg1(t1, s)|

t1 x1
[P(t1, x1)lul + |f(t1, X1, 0)]
I(r)I(r2) JJQ(h,Xl,s,y)

11

=) s ) s 2) 1w )
X <log ?) <log7 - log? 10g7

x |dyga2(x1,y)dsgi(t1, )| .

Hence, we get
[(Nu)(tz, x2) — (Nu)(t1, x1)| < |pu(t2, x2) — pu(ty, x1)|

(It1 — 2] + Ix1 = x21)p1 (1)
* Fr)I(r) J J ll"g

-1

log X2
y

x Q(tz, x2, 5, Y)dyGa(x2, y)ds G1(t2, S)

(p N+t - tal + Ix1 — x21)p2(mn)
T(r)I(r) J J los 2

r—-1

X2
log —=
y

x @(s, y)dyGy(x2,y)dsG1(t2, 5)

P pn+fr

tog 2" og 2| d d
08 — 0g — Qt,X,S, G X2, G t’s
T(r)I(r2) j I gy (t1,x1,S,y)dyG2(x2,y)dsG1(t2, S)

t
+ t ri—-1 X r-1
rl f Jj IOg;Z 10g72 Q(t1’X1’ S, )’)dyGZ(XZ,Y)dsGl(tz, S)
]

F(H)T(Tz
p rl+f* X2 fz ri-1 X5 r-1
log = log = Q(t1, x1, s, V)|dyGa(x2,y)dsG1(t2, s
F(rl)F(rz )J 8 g y (t1, x1, S, Y)dyGa(x2, y)dsGi(ta, s)
pin+f [( tz>’1‘1< Xz)’z‘l ]
+ su log = log —= Q(t1, x1, S,
TIDIT) et impie L\ 8 s 5y (t,x1,5,)
X1 X1 t
\/ 82(x2, k2) \/ g1t k) - \/ g200, ka)ds \/ g1(ts, ka)
k=1 k=1 ky=1 k=1
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294 — 9 Hadamard-Stieltjes Fractional Integral Equations

t1 x1
S
ey J J QA1 x1,5,7)

t ri—-1 Xa r-1 t1 ri—-1 X1 r-1
) () o) (o)
X (og S 0g y 0og S 0g y

x dyGa(x1, y)dsGi(t1, S) .

From the continuity of u, Q, g1, 8> and as t; — t; and x; — x», the right-hand side of
the preceding inequality tends to zero. The equicontinuity for the cases t; < t; < 0,
X1 <x3<0andt; <0< ty, x1 <0 < x;, is obvious.

Step 4: N(By) is equiconvergent. Let (t, x) € ] and u € By; then we have

-1

D%
log -
y

t x
Ift, x, 0)]
(N (&, 01 < it )+ peosms J 1[ ’log

x|h(t,x,s,y,u(s =711,y =&1), ..., u(s = tm, ¥ — Em))lldyg2(x, y)dsg1(t, s)|

-1

t x
|f(t’ X) u(tr X)) _f(ty X! 0)|
* T(r)I(r) J J llog

X
log -
y

x|h(t,x,s,y,u(s =711,y =&1), ..., u(s = tm, ¥ — Em))lldyg2(x, y)dsg1(t, s)|

t x
£ t
< It 01+ s J 1j og ¢

Q(t, x,s,y)
X m
1+ Y0 lui(s — 15,y = &)

Pt O] [ (1t
2 I I ’log -
S
11

ri—-1 X r—1

log —
y

dyGZ(X, )/)dsGl(ta S)

-1

D%
log —
y

I'(r1)I(r2)

x Q(t, x, s, y)dyGa(x, y)dsG1(t, s)
t

< u(t, )] + m j j og &

x Q(t, x, 5, y)dyGa(x, y)dsG1(t, s) .

-1 -1

X
log —
y

Thus, for each x € [0, b] we have
|(Nu)(t,x)] — 0, as t — +co.
Hence, for each x € [0, b] we get
|(Nu)(t, x) — (Nu)(+00,x)] = 0, as t - +00.

As a consequence of Steps 1-4, together with Lemma 1.57, we can conclude that N: B, —
By, is continuous and compact. From an application of Schauder’s theorem, we deduce
that N has a fixed point u that is a solution of problem (9.14)-(9.15).
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9.4 Volterra-Type Nonlinear Multidelay HSFIEs =—— 295
Step 5: Uniform global attractivity of solutions. Let us assume that u and v are two

solutions of problem (9.14)-(9.15). Then for each (t, x) € ] we have

u(t, x) - v(t, )| = [(Nu)(t, x) - (NV)(¢, x)]

t x
* % f*+p ||u||BCJJl
< u(t, x) —v(t,x)| + lo
p g lu(t, x) - v(t, x)| TGOI(r) ) 83

-1

log -
y

x 2Q(t, x, s, y)dyG2(x, y)ds G1(t, ) .

2(f* + p*lullsc)

<PUqult, ) = V(6 01+ —F ey

t
o] fost
8 S
1 1
Thus, for each (t, x) € ] we get

2(f* + p*lullac)
v(t, x)| < A-pq )F(rl)F(i’z)

X -1 t r1
< J og
1 1

Using (9.23), we deduce that for each x € [0, b] we get

rl—l

X
log —
y

Q(t, x, s, y)dsG(t, S)l dyGa(x,y) .

lu(t, x) -

-1

x|
log —
y

Q(t, x, s, y)dsG(t, S)] dyGy(x,y) .

(9.23)

lim |u(t,x) - v(t,x)|=0
t—o0

Consequently, all solutions of problem (9.14)—-(9.15) are uniformly globally attractive. [

9.4.3 An Example

As an application and to illustrate our results, we consider the problem of fractional
order Volterra—Stieltjes quadratic multidelay Hadamard integral equations

t x
— f(t x, u(t, x)) t\1-1 x ra-1
u(t, x) = u(t, x) + TaIr) IJ J <log ;) <log ;>

1 2
xh(t,x,s,y,u(s—1,y—2),u<s—E,y—§)>

x %dygxx, Ydsg(t,s) i (t,x) € J = [1, +o0) x [1, €], (9.24)

2

u(t, x) = (2 +t2)(2 +x2)

if (t,x) € J := [-1,00) x [-2, e]\(1,00) x (1, €], (9.25)
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296 —— 9 Hadamard-Stieltjes Fractional Integral Equations

where
1 1 1
rn=-—, r;=-—, t,x) = ; (t,x)e],
1= 2=5, HLX) =g (LX) €]
e tu
f(t,x,u)=1+#; (t,x)e], ueR,
1+ |ul

gi(t,s)=s; (t,8) €[1,+00)?, g(y)=y; (x,y)ell,el?,

-3
cxs7 |u|sin Vtsins
h(t, x,s,y, us, uy) = s (Gx,s,y) e, ul,up eR,
( Y, Ui, U2) A7 2 +y)Q+ L+ 1n) ( y)eJ, u, up

c=————and J'={(t,x,s,y): 1<s<t, 1<y<x<e}.
16eT' (1) g g
Set
‘r—l‘r—1 & =2 f—zanch(tx)— 2 s (t,x) €]
1=4 2_25 1= ) 2—5 s _(2+t2)(2+X2)’ ) .

Then T =eand ¢ = 2.

1
First, we can see that for each x € [1, e] we have lim ———— = 0. Then (9.9.1) is
t—+00 2 + 2 + X2
_2

satisfied by u* = £, and @* = 2
Next, the function f is continuous, f* = 1, and

Ift, x,u) = flt, x, V) < e lu-vl; (t,x) €], u,veR.

Then (9.9.2) is satisfied by P(t, x) = e¥%; (t,x) € J, and then p* = e2. Also, we can
easily see that the function g satisfies conditions (9.9.3)-(9.9.5). Also, the function h
satisfies condition (9.9.6). Indeed, h is continuous and

Q(t, x,s,y)

PR (t,X,S,Y)ef,, ulsu2€R7
L+ |ug + |ual

|h(t, X, S, ya ui, u2)| <

where L '
Q(t,x,s,y) = %Xiims , (tx,s,y)e].
Then
‘ t"1 Q(t, x,s,y) ‘ T )
”logg fdsgl(t, s)| < j ’10g 5’ cxs7 | sin Vtsin s|dsGq(t, s)
1 1

IN

t -3
cx|sin Vi J |10g £| " s7ds
1
sin Vt
Viogt

— 0 as t— o0

_ar(l)
i
2 (1
3 exI’? (1)

~ yJmlogt
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and

x|t Q(t, x, $Y) guds
Sy y

t x
= lo
1 (txe]F(H)F(Tz)ljlﬂ 55
1
4

< sup 1 oxI'(%) |sin vE 2ecF(%) 1
xe I'(3) Va

\log ¢t T 8"

Finally, we can see that p*g* < % < 1. Consequently, by Theorem 9.9, problem (7.4)—
(9.25) has at least one solution in the space BC([-1, co) x [-2, e]), and all solutions of
(9.24)—(9.25) are uniformly globally attractive.

9.5 Notes and Remarks

The results of Chapter 9 are taken from Abbas et al. [4, 3]. Other results may be found
in [19, 18, 16, 30, 33, 38].
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