7 Partial Hadamard Fractional Integral Equations
and Inclusions

7.1 Introduction

The fractional calculus represents a powerful tool in applied mathematics for studying
many problems in various fields of science and engineering, with many breakthrough
results found in mathematical physics, finance, hydrology, biophysics, thermodynamics,
control theory, statistical mechanics, astrophysics, cosmology, and bioengineering [242].
There have been significant developments in ordinary and partial fractional differential
and integral equations in recent years; see the monographs of Abbas et al. [35, 35],
Kilbas et al. [181], and Miller and Ross [200], the papers of Abbas et al. [24, 25, 43],
Vityuk et al. [247], and the references therein.

In [119], Butzer et al. investigated the properties of the Hadamard fractional integral
and derivative. In [120], they obtained the Mellin transform of the Hadamard fractional
integral and differential operators, and in [220], Pooseh et al. obtained expansion
formulas of the Hadamard operators in terms of integer order derivatives. Many other
interesting properties of those operators and others are summarized in [239] and the
references therein.

This chapter deals with the existence and uniqueness of solutions to several classes
of Hadamard partial fractional integral equations. We present results based on Banach’s
contraction principle and others on the nonlinear alternative of Leray—-Schauder type.
This chapter initiates the study of Hadamard integral equations of two independent
variables.

7.2 Functional Partial Hadamard Fractional Integral Equations
7.2.1 Introduction

This section deals with the existence and uniqueness of solutions to the Hadamard
partial fractional integral equation of the form

u(x,y) = u(x, y)

(f 71 f(s, t, u(s, b)) .
F(rl)F(rz) ” 10g 10g ) le‘ds; if(x,y) e,

(7.1)

where J := [1,a] x [1,b],a,b > 1, 11,712 > O, u: ] —> R, f: ] x R —> R are given
continuous functions.
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216 —— 7 Partial Hadamard Fractional Integral Equations and Inclusions

We present two results for integral equation (7.1). The first one is based on Banach’s
contraction principle and the second one on the nonlinear alternative of Leray-Schauder
type. This section initiates the study of Hadamard integral equations of two independent
variables.

7.2.2 Main Results

Definition 7.1. A function u € Cis said to be a solution of (7.1) if u satisfies equation (7.1)
on].

Further, we present conditions for the existence and uniqueness of a solution to
equation (7.1).

Theorem 7.2. Make the following assumption:
(7.2.1) For any u, v € C and (x, y) € ], there exists k > O such that
Ifx, y, w) = fix, y, V)| < kllu - vlc .

If
_ k(log a)* (log b)"

- F(1+r1)F(1+r2)

then there exists a unique solution of equation (7.1) on J.

(72)

Proof. Transform integral equation (71) into a fixed point equation. Consider the
operator N: C — C defined by

(Nw)(x,y) = u(x, y)
' (log %)rlil wdtds . (@3)

xy
r(rl)r(rz) J J (10g 5 st

Let v, w € C. Then for (x, y) € ] we have

-1

I(NV)(x, y) = (Nw)(x, y)| <

-1
|10 y
t

mmg

o If(s, t,u(s t))—f(s t,v(s, t))ldtd

rz—l

'"rl‘<

XYy
r(mr(rz) J J ’10g

% Mdtds

S
k(log a)" (log b)™
T T +r)If1+r)

lv-wlc

Brought to you by | UCL - University College London
Authenticated
Download Date | 2/10/18 4:07 PM



7.2 Functional Partial Hadamard Fractional Integral Equations = 217

Consequently,
IN(v) - Nw)lic < Lllv-wlc.

From (7.2), N is a contraction, so N has a unique fixed point by Banach’s contraction
principle. O

Theorem 7.3. Make the following assumption:
(7.3.1) There exist functions p1, p> € C(J, R,) such that

If(x, v, w)l < p10x, y) + pa(x, Yulx, )| foranyu e Rand (x,y) €] .
Then integral equation (7.1) has at least one solution defined on J.

Proof. Consider the operator N defined in (7.3). We will show that the operator N is
continuous and completely continuous.

Step 1. N is continuous. Let {u,} be a sequence such that u, — uin C. Let 5 > 0 be
such that |[u,|c < . Then

-1

r-1
y

log Z

|0gt

XYy
|(Nun) (%, y) = (N6 Yl < Fosres 1)r j”mg
11

|f(s t, un(s, t));f(S, t, u(s, t))ldtd
y

F(T1)F(T2) 1[ Jros 5]

% Sup(s,t)e] |f(s’ t’ un(s; t)) _f(s, t, M(S, t))l
st

"f('y (3] un(-, ')) _f(‘) 3] u(" '))"C .

-1

1 4
Jos

dtds

(log @)™ (log b)"
T T +r))I'A+ry)
From Lebesgue’s dominated convergence theorem and the continuity of the function f
we get
|(Nun)(x, y) = (Nu)(x,y)| > 0 as n — co.
Step 2. N maps bounded sets to bounded sets in C. Indeed, it is enough to show
that for any n* > 0 there exists a positive constant £ such that, for each u € By = {u ¢
C: |lullc < n*}, we have [[N(u)|¢ < ¢. Set

p; = sup pilx,y); i=1,2.
x,y)e]
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218 = 7 Partial Hadamard Fractional Integral Equations and Inclusions

From (7.3.1), for each (x, y) € ] we have

-1

I(Nu)(x, Y)I < [u0x Y)l + ==~

y
log
IOgt

xy
I(ry )F(Tz) J J ll"g

. P1s, D) +1;§(S, Dllulle 5,46

(log a)* (log b)"
F(l +I’1)F(1+T2)

< lplloo + (p1 +p351°)
=¢.
Hence,
INWlc<e.

Step 3: N maps bounded sets to equicontinuous sets in C. Let (x1, y1), (x2,¥2) €

(1, al x (1, b], x1 < x2, ¥1 <2, By be abounded set of C as in Step 2, and let u € By:.
Then

[(Nu)(x2,y2) — (Nu)(x1, y1)| < |p(x1, y1) — p(x2, y2)|

X1 Y1

1
1 X |y ” Xy |- Y1 rz_l]
T J J [llog S| s |1°g ‘l"g n
11
o If(s, t,u(s,t))ldtd
st
1 1 n-1 (s, t, u(s, £))
X2 "™ Y2 | S, L, uls,
- log 22 log 22 LASIR R Sd 0]
" I'(ri)I(r2) JJ %5 08 st dtd
X1 Y1
1 -1 n-1 (s, t, u(s, 6)
X2 1= yz 2= s’ ’ u s’
——— | | og 22| g 2|7 LS U414
T T J J 85 8% st s
1y
T . ] yj log 22| flog 22| WS L UGS, O 4
T(r)I(ry) P &% St
X1 1
Thus,
[(Nu)(X2,y2) = (Nu)(x1, y)| < [u(x1, y1) = u(xa, y2)l
1 Xz |~ Vol Xq |- 1|2
L lo |10 Y2 llo |1 ]
r(rl)r(rz)J J “ 5% g g g8
o wdtds
; J' J | g - |log )2 et Mdtds
F(rl)F(fz) t st
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7.2 Functional Partial Hadamard Fractional Integral Equations =— 219

F(rl)F(rz J J

F(rl)l"(rz) J ”

pi+pan”
T TA+r))IA+ry)

x [2(logy,)"*(log x2 —log x1)" + 2(log x,)" (log y> — log y1)"™
+ (log x1)" (log y1)"? — (log x2)" (log )"
- 2(log x, —logx1)"(logy, —logy1)"] .

PP s
st

Y2
log 22
|Ogt

_ *
r-1 D1 +p;rl*

dtds
st

Y2
log 22
|0gt

As x1 — x2 and y; — y, the right-hand side of the preceding inequality tends to zero.
As a consequence of Steps 1-3, together with the Ascoli—Arzela theorem, we can
conclude that N is continuous and completely continuous.
Step 4. A priori bounds. We now show that there exists an open set U ¢ C with

u + AN(u) for A € (0,1)and u € oU. Let u € C be such that u = AN(u) for some
0 < A < 1. Thus, for each (x,y) € ],

XYy
_ r2-1 f(s, t, u(s, t))
MO =) R ) )r(r)” log5)" " (10g¥ ) L g Do
11
This implies that for each (x, y) € J we have
xy
[ [hos 5[ pos3[™
u(x, < |u(x, + 0 =
lu(x, y)I < [u(x, y)l e 1)” ) J ) g ;
o pi(s, t)+pz(ts, Hlu(s, t)Idtd
<1l pi(oga)(logb)"
= Wleo ™ T T + 1)
(' 11 fu(s, D)
y =1 u(s,
F(rl)F(rz J j |1°g e st dids-
11
Thus, for each (x, y) € ] we get
pi(oga)™(log b)"
[u(x, )| < lulleo + T+ 1)1 1)
0 1| ( t>|
y u(s,
lo = dtds
T(Tl)F(fz)J J l s &%

q(x, y, s, Hlu(s, Ol ,

IN

a

+
)—'%X
)—'%%

Brought to you by | UCL - University College London
Authenticated
Download Date | 2/10/18 4:07 PM



220 — 7 Partial Hadamard Fractional Integral Equations and Inclusions

where
R , Piloga)" (log b)™
= WMleo ¥ AT DT + 12)
and . .
j2 ‘
=—2_ | 1
q(x,y, s, t) STaI) og 0g ~

From Lemma 1.56 we obtain

Xy
lu(x, y)| < cexp <J jB(s, t)dtds> s
11

where

X
B(x,y)=q(x,y,x,y) + Iqu(X, ¥, S,y)ds
1

y
+ Jqu(x, Y, X, t)dt +
1

P —

y
JDlDZQ(X, y, s, t)dtds
1

p;

ri—1 -1
< m(bg X) (logy)

Hence,

Xy
ri-1 -1
lu(x, y)| < cexp <1J J stF(rl)F( 2)(logs) (logt) dtds)

<p2(10g a)" (log b)" )
<ce
ITA+r)IA+ry)

:=R.

Set
U={ueC:|ulleoc <R+1}.

By our choice of U, there is no u € oU such that u = AN(u) for A € (0,1). As a
consequence of the nonlinear alternative of the Leray—Schauder type [149], we deduce
that N has a fixed point u in U that is a solution of our equation (7.1). O

7.2.3 An Example

Consider a partial Hadamard integral equation of the form

u(x,y) = u(x,y)

J log " 1(log >r2 1)wdtds; (x,y)e[1,e]x[1,€],

i StT(r)I(r2)

H'—X

1
(74)
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7.3 Fredholm-Type Hadamard Fractional Integral Equations = 221

where
ri,12>0, uGGy)=x+y% Gy ell,elx[1,e]
and )
cu(x,
fx,y,ulx, y) = eX+Y+)2/ i (py)ell,elx[1,e],
with

ot
c:= ?F(1+r1)1"(1+r2).
Foreach u,u € Rand (x, y) € [1, e] x [1, e] we have
_ c _
If(x, ¥, u(x, y)) = fOx, y, u(x, )| < Ellu -l .

Hence, condition (7.2.1) is satisfied by k = e% Condition (7.2) holds witha = b = e.

Indeed,
k(log a)" (log b)"> c 1 <1
TA+r)I(A+r)) e T(A+r)I(1+ry) 2 )

Consequently, Theorem 7.2 implies that integral equation (7.4) has a unique solution

defined on [1, e] x [1, e].

7.3 Fredholm-Type Hadamard Fractional Integral Equations

7.3.1 Introduction

The qualitative properties and structure of the set of solutions of the Darboux problem
for hyperbolic partial integer order differential equations have been studied by many
authors, for instance, [43, 123, 146]. In [110], Bica et al. initiated the study of the Fredholm

integral equation
a

X =0 + [ (e, 5. (), ¥ (5))ds (75)
0
in a Banach space setting. In [213], Pachpatte studied the qualitative behavior of
solutions of equation (7.5) and its further generalization. Inspired by the results in [110,
212, 213], Pachpatte in [214] studied the Fredholm-type integral equation
ab
u(x,y) = f(x,y) + J jg(x, v, S, t,u(s, t), Dyu(s, t), Dyu(s, t))dtds , (76)
00
where u is an unknown function. Recently, in [24], Abbas and Benchohra studied some
uniqueness results for the Fredholm-type Riemann-Liouville integral equation

ab
1
u(6Y) = p6Y) + oy [ [@-ortw-om
00
x f(x,y, s, t,u(s, t), (CDgu)(s, t))dtds; if(x,y)e]:=[0,a]x]|[0,b],

(7.7)
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222 — 7 Partial Hadamard Fractional Integral Equations and Inclusions

where a, b € (0, 00), 68 = (0, 0), CDg is the standard Caputo’s fractional derivative of
orderr = (r1,72) € (0,1] x(0,1], u: J > R", and f: J xJ x R" x R" — R" are given
continuous functions.

This section deals with the existence and uniqueness of solutions to the Fredholm-
type Hadamard partial integral equation

ab
1 a ri—-1 b -1
U(XJ’):H(XJ’)"‘mJi"OD;) <ln?>
Hpr
Joxyss, tuls, ), ( Dgu)(s,t))dtds; iF00y) €] = [1,a] x [1,b]

st
(7.8)

wherea, b € (1, 0),0 = (1,1),H Dy, is the standard Hadamard fractional derivative of
orderr = (r1,r2) € (0,1] x (0,1], u: J > R, and f: J x ] x R" x R* — R" are given
continuous functions.

7.3.2 Main Results

Define the space E = E(J, R") by
E:={weC(J): “D'w existsand D’ w ¢ C(J)}.
For w € E, use the notation
Iwe, Yl = Iwee vl + 1T Dpw(x, Il

In the space E we define the norm

Iwlg = sup [lw(x, y)l1 .
x,y)el

Lemma 7.4. (E, | - |g) is a Banach space.
Proof. Let {uy}52, be a Cauchy sequence in the space (E, || - ). Then
Ve > 0, AN > 0 such that for all n, m > N we have ||u, — unlg < €.

Thus, {un(x, )}, and {TDLun)(x, V)i, are Cauchy sequences in R". Then
{un(x, y)};2, converges to some u(x, y) in R", and {H Dfun}i, converges uniformly to
some v(x, y) € E. Next, we need to prove that u € Eand v = H D u. According to the
uniform convergence of {(* Djuyn)(x, y)}ne o and the dominated convergence theorem,
we obtain

v(x, y) = lim ("Diun)(x, ) .

Thus, {# Djup};2, converges uniformly to H Djuin E. Hence, u € E and

v(x,y) = #Diu)(x,y) . O
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7.3 Fredholm-Type Hadamard Fractional Integral Equations = 223

Definition 7.5. By a solution to equation (7.8), we mean every function w € E such that
w satisfies (7.8) on J.

Next we present conditions for the existence of solutions of integral equation (7.8).

Theorem 7.6. Make the following assumptions:

(76.1) There exist 0 < r3 < min{ry, r2}, functions p1: J x ] — R, ¢: ] —» R*, with
P16, Y, ), @ € L%(]), and a nondecreasing function i : [0, co) — (0, c0) such
that

If(x, y, s, 6 u, VI < pa(x, y, s, Olull + v (79)

and
"f(Xl, Y1, S, t, u,V) _f(X27 Y2, S, t,u, V)”

< (s, H(Ix1 = x2| + lyr = y2Ddlull + IvI)
foreach (x,y), (s, t), (x1,y1), (X2,¥2) € Jand u,v € R" . (7.10)

(7.6.2) There exist nonnegative constants a, 1, B, such that for (x,y) € ] we have
G V)l <a,
fla Jlb E(X y, s, t)dtds < Bf , (711)
1
I: jl 2 (x,y, s, tdtds < B

where
P26, ¥, ) € L5 () and pr(x,¥, 5, 1) = (1Dsp1)(x, 5, ).
¥ (w1+1)(1-13) (w2+1)(1-13)
1+1)(1-13 2+1)(1-13
t= (ﬁleﬁj¥;giz)(w2 + 1)(1("12)?(T1)T(7’2) <b (712)
where w1 = 7= _— Low, = —Hadamard integral equation (7.8) has at

least one solution on ] .
Remark 7.7. It is clear that condition (7.9) implies
IEDLAGG Y, s, tu, VI < pa(x, v, s, O(lull + V) - (713)

Proof. Let u € E, and define the operator N: E — E by

(NW)(x y) =06 y) + m——~m— T )F(rz) jj(lng)n_l (ln§>r2 1

Hnr
><f(x,y,s,t, u(s, t), ( Dgu)(s,t))dtd

o (7.14)
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224 =— 7 Partial Hadamard Fractional Integral Equations and Inclusions

Differentiating both sides of (7.14) by applying the Hadamard fractional derivative, we
get

ab
ri—-1 b -1
D50 y) Dot ) + o [ [ (1nf) (1n;)
11

HD’f(x v, s, t,u(s, t), (ADLu)(s, t))

<f (7.15)

Set a
M:ﬁ and D={ucE: |ulg < M}.

Clearly, D is a closed convex subset of E. Now we show that N maps D to itself. Evidently,
N(u), "D’ p(Nu) are continuous on J. From (7.11) and using (7.6.1) and (7.6.2), for each
(x,y) € ] we have

I(Nw)(x, Y)llx < Iu(x, Yl

ab
R J J i

ey s, tues, ), HDru)(s, t)) ”
st

ab e r-1
r(rl)r(rz) J J <1“ %) 1 <1“ ?)

HDrf(x,y, s, t, u(s, t), A DLu)(s, 1)
st

b Y2—1

dtds

X

II dtds

< IuCx, Yl

ab 1 b -1
a 1 73 1-r3
ml)mz) (J 1j o e gl dtds)

ab r3
x (j j 1, v, s, £, u(s, ), DLu)(s, t))nédtds>
11

ab 1 ,2_1 1-r3
a -3
F(rl)r(rz) (J j E‘ s dtds)
11

ab L&}
x <J J IEDLfx, v, 5, 6, u(s, £), (ADLu)Gs, t))llfladtds> .
11

In 2

1r3
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7.3 Fredholm-Type Hadamard Fractional Integral Equations =——— 225

Then for each (x, y) € ] we obtain

(In q)@1+DA-13)(In p)(@2+1)(1-13)
(w1 + 1)) (wy + 1)A-T)I(r)I(r;)

[/ ab I3 ab
x (”,J .y, 5, Olus, DI dtds> +<Hp 9,5, Olu(s, O dtds)
11 11

(In q)@1+D(A-13)(]n p)@2+1)(1-T3)
(w1 + DI (W + 1)ETII(r)I(r2)

[ a E] ab
« ||u||E<H 5 (X, 1, 5, t)dtds> +||u|E< jpj X, 9,5, t)dtds)
1

1 00
(MB1 + MB)(In a) )@1+1)(A-13) (] p)(@2+1)(A-73)
(w1 + 1)) (wy + 1)ATI(ry)(r)

I(Nw) O, It < llpx, il +

r3

IA

r3

<a+

=a+Me.
From (7.12) and the definition of M we get
INWllg <M.

Hence, N(u) € D. This proves that the operator N maps D to itself. Next we verify that
the operator N satisfies the assumptions of Schauder’s fixed point theorem. The proof
will be given in several steps.

Step 1. N is continuous. Let {u,} be a sequence such that u, — uin D. Then
b -1

ln—
t

ab
1 a
M), ) = W) Y = s )mz) ”3 lln -

X ”f(X, )’, S’ t, un(s, t)’ (Hnyun)(S, t))
~f,y, s, touls, t), DLu)(s, t))lldtds

ri- b r—1
ln —

1
st S t

ab
F(r1)F(rz) ”

x [EDLf(x, y, s, t, un(s, t), (FDLuy)(s, t))
~ADIf(x,y, s, t,u(s, t), IDLu)(s, t) | dtds .
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226 —— 7 Partial Hadamard Fractional Integral Equations and Inclusions

Thus,

r—1

b

t

1 a
st

ab
I(Nun) (6, y) = (N6 Yl < Fosmes )r<r2) J J
11

x sup |If (x, ¥, 5, t, un(s, ), #Dhun)(s, t))
(s,0)€]

—f (%, y»s, tus, ), #Dju)(s, ) ldtds

r- r—-1

b

t

a

ab
F(rl)T(rz)JJitl s
11

x sup I7D5f (x, v, 5, t, un(s, O), ("DGun)(s, 1))
s,t)e

~"DLf (%, 5, t, uls, ), ("DGu)(s, ) ldtds

(Ina)"*(In b)™ Hpr
STA+rI(A+12) (||f (X, Yo Un(s, ), (CDgun)(, '))

—f (%55 ut, ), DR, )
+ 19DLf (%, 5 s s un(, ), (FDGun)(, )
“HDLF (%, v, uts ), DLW, ) )

(Ina)"*(In b)™ Hor
B m"f (X, Vs Un(s ), (" Dgln) (-, '))

—f (%955 uC, ), DGw)E, ) N

Hence, from Lebesgue’s dominated convergence theorem and the continuity of the
function f we get

I(N(un) = N)|lg — 0 as n — oo.

Step 2. N(D) is bounded. This is clear since N(D) ¢ D and D is bounded.
Step 3. N(D) is equicontinuous. Let (x1, y1), (x2,¥2) € (1,a] x (1, b], x1 < X2,
y1 < Y2, and let u € D. Then

I(Nu)(x2, y2) = (Nu)(x1, y)ll < [puxa, y1) - pxz, y2)llh

r- r—-1

b

t

a

ab
1
F(rl)F(rz) 1Jlj_t| s
x If(x2, y2, s, t,u(s, t), DLu)(s, t))
~ fx1, y1, 8, tu(s, £), FDLu)(s, t)ldtds ,

ri- r-1

b

t

1 a
st

ab
F(rl)F(rz) JJ

X ||HDgf(X21 Y2, S, t’ u(s, t), (HDrau)(S! t))
~HDIf(x1,y1, 5, t, u(s, t), EDLu)(s, O)|dtds .
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7.3 Fredholm-Type Hadamard Fractional Integral Equations = 227

Thus,

[(Nu)(x2,y2) = (Nu)(x1, Y1)l < lu(xq, y1) — px2, y2)l1
(In q)@1+DA-13)(In p)@2+1)(1-T3)
(w1 + 1)) (wy + 1)) (r1)I(r,)

ab
x <j j 1f(x2, 2, 5, £, u(s, ), FDLu)(s, £)
11
—f(x1, 1,8, t, u(s, t), DT u)(s, t))IIédtdS>
ab
" <j j 17D f(x2, 2, 5, t, us, ), (DL u)(s, 0)
11

r3
—HDrf(X Hpr %
0. 1, Y1, S, t, u(S, t))( Do'u)(S’ t))” 3dtd$

Hence,

[(Nu)(x2, y2) = (Nu)(x1, y)ll1 < lux1, y1) = p(x2, y2)lh
(In @)@r+D(A-13)(]p p)@2+1)(1-13)
(w1 + 1)) (wy + 1) (r1)I (1)
x (Ix1 = x2| + ly1 = y2D¢(lull1)

ab r3
x (”Ikp(s, t)||édtds>
11
ab r3
+ <j J I D) (s, t)||rsdtds>
11

< luxa, y1) = uxz, y2)lla
(In @)@r+D(A-13)(]p p)@2+1)(1-13)

(w1 + 1)) (wy + 1) (r1)[ (1)

x (gl 307 + (DGl 4 ) T

x (Ix1 —x2l +ly1 = y2l) -

As x1 — x3 and y; — y», the right-hand side of the preceding inequality tends to zero.

As a consequence of Steps 1-3, together with the Ascoli—Arzela theorem, we can
conclude that N is continuous and completely continuous. From an application of
Schauder’s theorem [149], we deduce that N has a fixed point u that is a solution of
integral equation (7.8). O
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228 —— 7 Partial Hadamard Fractional Integral Equations and Inclusions

Now we define the Banach space
X:={weC(: "D} w,"DP? w existand "D} w, "D we CU)},

with the norm

Iwlx = sup lw(x, V)1,
x.y)e

where
Iw(x, il = Iwee I+ ITDE,woe I+ 17D wix, y)ll
Corollary 7.8. Consider the Fredholm-type Hadamard integral equation

ab

1 (O

11
x f(x,y, s, tu(s, £), (TDu)(s, t), (DR u)(s, t))dtds 5 (7.16)
if(x,y)eJ:=1[1,al x[1,b].

Make the following assumptions:

(7.8.1) There exist 0 < r3 < min{ry, 3}, functions p1: ] xJ] —» R*, p: ] — R*, with
p1(x,y,+ ), @ € L (]), and a nondecreasing function i: [0, c0) — (0, co) such
that

IfCc v, st u, v, Wl < pr(x, y, s, Ol + [IvIE+ Iwl) (717)

and
”f(Xl, Y1, S, ty u,v, W) _f(XZy Y2, S, ty u,v, W)”

< (s, )(Ix1 = x2| + ly1 = y2Ddlull + vl + [wll) (718)
foreach (x,y), (s, ), (x1,y1), (x2,¥2) € Jand u,v,w € R".

(7.8.2) There exist nonnegative constants a, 1, B2, B3 such that for (x, y) € ] we have

G, Y)lla <a,

Iy jlbp{%(x, v, s, tdtds < B{% ,
If jlb pz'%‘(x, y,s, t)dtds < ,8;3 ,
fla jlbpﬁ(x, y, s, t)dtds sBj} ,

(719)

where
PZ(X, y9 S, t) = (HD’i,Xpl)(X’ y’ S, t)’ ande(Xy )’, S, t) = (HD);[’ypl)(X9 y’ S, t) .
If

(B1 + B2 + B3)a@r*D-13) plwr+1)(1-T3)
<
(1 + DO (w2 + 1A TI(r1)I(r2)

1, (7.20)

where w1 = %, W) = 22:,1, then equation (7.16) has at least one solution on J in X.
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7.3 Fredholm-Type Hadamard Fractional Integral Equations = 229

7.3.3 An Example

As an application of our results we consider the Fredholm partial Hadamard integral
equation

_1f(X7 )’, S, t! u(S, t)) H(DZ—U)(S, t))

stI'(ri)I(rp) duds

u(x,y) = ux,y)+ J J(l ~Ins)" (1 -1nt)”
11

(721)

for (x,y) € [1,e] x [1, e], where r1, 1> > 0, u(x, ¥) = x + y%; (x,y) € [1, €] x [1, e], and

u(x,y) + vix,
fO6 Y, s, 6 u(x, y), v(x, ) = c(x +y)st? N VY gy, yell,elx[1,el,
eX+y+5
with
N CS, 1)) (wy + 1)) (ry)I(r2)
T 2e73 (1+ 1 ) ’
(I(1+r1))3 (I (1+12))"3 TF(1-r))I(1-ry)
r-1 r,-1
0<r3 <min{ry,r}, wp= ! , andw; = 2 .
1-r3 1-r3

Foreach u,v € Rand (x, y) € [1, e] X [1, e] we have
If(x, y, u, V)| < 2ce”(Ju| +[v]) ,
and for each (x, y), (s, t), (x1, y1), (x2,¥2) € [1,e] x [1, e], and u, v € R we have
(X1, y1, 5, t,u, V) = fX2,y2, 5, t, u, V)| < 2ce”>(Ix1 = X2l + ly1 = ya)(ul + [v]) .

Hence, condition (7.6.1) is satisfied by
_ e B ce™3

Pr=ce s P2 F -1’
Also, (7.6.2) is satisfied by

— 2 1 = e_3
aslere )<1 ’ m) h ey aay

(s, t)=2ce™, PHx)=1.

and
o3
Br=c .
TF(A-r)I (A -r)I'(A+ 1)) I(1 +12)"
Condition (7.12) holds with a = b = e. Indeed,

(B1 + B2)(In a)@1+D)(A-13) (| p)(w2+1)(1-73)
(w1 + DI (W, + 1)ATIT(r)I(r)

,3 L

_ C(I‘(1+r1))’e3(1“(1+r2))'3 (1 + I’(l—rl)l’(l—rz)>
(w1 + 1)) (wy + 1)) (ry)I(r;)
1

==x<1.
2

Consequently, Theorem 7.6 implies the Fredholm—Hadamard integral equation (7.21)
has at least one solution on [1, e] x [1, e].
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7.4 Upper and Lower Solutions Method for Partial Hadamard
Fractional Integral Equations and Inclusions

7.4.1 Introduction

In this section, we use the upper and lower solutions method combined with Schauder’s
fixed point theorem and a fixed point theorem for condensing multivalued maps to
Martelli to investigate the existence of solutions for some classes of partial Hadamard
fractional integral equations and inclusions.

The method of upper and lower solutions has been successfully applied to study the
existence of solutions for ordinary and partial differential equations and inclusions. See
the monographs by Benchohra et al. [101], the papers of Abbas et al. [25, 20, 17, 15, 29],
Pachpatte [211], and the references therein.

In this section, we use the method of upper and lower solutions for the existence of
solutions to the Hadamard partial fractional integral equation

u(x, y) = p(x, y)

([ -1 f(s, t, u(s, t)) .
F(rl)F(rz) ” 10g log > ——_———dtds; if(x,y)e],

st
(7.22)

where J := [1,a] x [1,b],a,b > 1,717,712 > O, u: J - R,f: ] x R — R are given
continuous functions. Next we discuss the existence of solutions to the Hadamard
partial fractional integral inclusion

u(x,y) - u(x,y) € AR (x, y, u(x, y)); (x,y) €7, (7.23)

where 0 = (1,1), F: ] x R — P(R) is a compact-valued multivalued map, HI{TF is
the definite Hadamard integral for the set-valued function F of order r = (r1, 1) €
(0, 00) x (0, 00), and u: J — Ris a given continuous function; additionally, P(R) is the
family of all nonempty subsets of R.

This section initiates the application of the upper and lower solutions method to
these new classes of problems.

7.4.2 Existence Results for Partial Hadamard Fractional Integral Equations

Let us start by defining what we mean by a solution of integral equation (7.1).

Definition 7.9. A function u € Cis said to be a solution of (7.1) if u satisfies equation (7.1)
on]j.
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7.4 Existence Results for PHFIEs = 231

Definition 7.10. A function z € C is said to be a lower solution of integral equation (7.1)
if z satisfies
(f 1 f(s, t, u(s, )
y 2_ s’ ’ u s’
pzutns [ [ (08 ) ™ (1og2) T ALUG D g, ey,
u(x, y) < p(x, y) + JI og ; STTUrOL(r) dtds; (x,y)e]
11

The function z is said to be an upper solution of (7.22) if the reverse inequality holds.
Further, we present our main result for equation (7.1).

Theorem 7.11. Assume

(7.11.1) There exist v and w € C, lower and upper solutions to equation (7.1) such that
vVw.

Then integral equation (7.22) has at least one solution u such that

v(x,y) < u(x,y) <w(x,y) forall (x,y)e].

Proof. Consider the modified integral equation

Xy
-1 g(s, t,u(s,t
ux,y) = u(x,y) + F(rl)I"(rz) J J log log )—t/) Wdtds, (7.24)
11
where

g0y, ulx,y) = fix,y, h(x, y, u(x, y))) ,
h(x, y, u(x, y)) = max{v(x, y), min{u(x, y), w(x, y)}}

foreach (x,y) € J.
A solution of (7.24) is a fixed point of the operator N: C — C defined by

log >r2 1M dtds .

XYy
(N y) = KON+ 15y )r(mJ J log st

Notice that g is a continuous function, and from (7.11.1) there exists M > 0 such that

lg(x,y,u)l <M, foreach(x,y)e], andueR. (7.25)
Set M )1 (log b)"
B oga)" (log
= Mle + T ra+ )
and

D={ueC:ulc<n}.

Clearly, D is a closed convex subset of C and N maps D to itself. We will show that N
satisfies the assumptions of Theorem 1.42. The proof will be given in several steps.
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232 — 7 Partial Hadamard Fractional Integral Equations and Inclusions

Step 1. N is continuous. Let {u,} be a sequence such that u, — u in D. Then

XYy
1 XT11
KNUnXXJO—(NuXXJ0|STETﬁﬂ;jJJPOg—

« 1g(s, t, un(s, t))—g(s,t, u(s, t))ldtd

r-1

y
log
|0gt

-1

log

ri-1
y

log
|Ogt

Xy
T(rl)T(rz) J i”

% Sup(S,[)E] |g(5, t, un(S, t)) - g(sy ts u(s, t))l
st

dtds

(log a)" (log b)"
S m"g(5 s un(', )) _g(', ‘y u(', ))"C .

From Lebesgue’s dominated convergence theorem and the continuity of the function g
we get
|(Nun)(x, y) = (Nu)(x,y)| > 0 as n — co.

Step 2. N(D) is bounded. This is clear since N(D) ¢ D and D is bounded.
Step 3. N(D) is equicontinuous. Let (x1,y1), (x2,¥2) € (1,a] x (1, b], x1 < Xz,
y1 < y2,and letu € D. Then

[(Nu)(x2,y2) = (Nu)(x1, y1)| < |p(x1, y1) = p(x2, y2)|

r 102 7 (10272 ) " 7~ (100 1Y (10e 2
o[ o) (00 %)" - (06 2)" (06 )

11
lg(s, t, u(s, b))
StTrDT(r,) 298
1 -1 n1 Ig(s, ¢, u(s, 0)|
X2 "™ ya2|'27+ 18(S, t, u(s,
+nnwm)JJ“gs log 7 st dd
X1 Y1
10 -1 n1 lg(s, £, u(s, O)]
X2 1= yz 2= g S’ 9 u S,
L [ [|ogX2|" g 22| 18'S: LU, DN
+nmnmjj°gs 8% st dids
10
1 1 r1 |g(s, £, u(s, 0)|
X2 |~ y2 |27 [8(S, T, uls,
- log X2 log 12
" I'(ri)I(r2) JJ 0% s 8 t st dtd
X1 1

Thus,
[(Nu)(x2,y2) = (Nu)(x1, y1)l < |p(xq, y1) — p(x2, y2)|
s 2\t y2\21 x1\t y1\2 1
o J|0%)" (s %2) " (1087 )" (108%)
11

M
* STr)I(r)

dtds
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1 e -1 n-1 M
Xy |1~ Y2 |2~
_— log = log == —
+F(r1)F(rz) jj %8 08 stdtds
X1Y1
1 a2 ri-1 rn-1 M
X2 | Y22~
_— log — log — —dtd
+F(r1)F(rz)II %8 B s
1)
1 e -1 n-1 M
X2 "™ Y22~
_— log —= log == —dtd
+F(r1)F(rz)jj %85 8 st tds

X1 1

< |u(xa, y1) = plxz, y2)l
N M
IT'A+r)I(+ry)
x [2(logy2)™ (log x> —log x1)™ + 2(log x2)" (log y» — log y1)"™
+ (log x1)" (logy1)" — (log x2)" (log y»)™
- 2(log x2 —log x1)" (logy> —log y1)"] .
As x; — x3 and y; — y», the right-hand side of the preceding inequality tends to zero.
As a consequence of Steps 1-3, together with the Ascoli-Arzela theorem, we can
conclude that N is continuous and completely continuous. From an application of

Theorem 1.42 we deduce that N has a fixed point u that is a solution of equation (8.11).
Step 4. The solution u of (7.24) satisfies

vix,y) <u(x,y) <w(x,y) forall (x,y)e].
Let u be the preceding solution of (7.24). We prove that
u(x,y) <w(x,y) forall (x,y)e].
Assume that u — w attains a positive maximum on J at (x, y) € J; then
(u—-w)(X,y) = max{u(x, y) - w(x,y): (x,y)€J}>0.

We distinguish the following cases.
Case1.1f (x, y) € (1, a) x [1, b], then there exists (x*, y*) € (1, a) x [1, b] such that

[, y*) = wix, yO)l + [u(x*, y) - wx*, y)] - [u(x*, y*) - wx*, y*)] < 0;
forall (x,y) e ([x*, x] x {y"h u (Ix*} x [y*, b]) , (7.26)
and
u(x,y) —w(x,y) >0; forall (x,y) e (x*,x]x (", b]. (7.27)
By the definition of h we have

u(x,y) =ulx,y)+ i/(log ;—c)rl_l <log y)rz_l g(s’t’—u(s’t))dtds (7.28)
1

1 X
I'(ry)I(r2) J t st
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234 =— 7 Partial Hadamard Fractional Integral Equations and Inclusions

for all (x, y) € [x*,Xx] x [y*, b], where
g(X,y, u(X,Y)) :f(X’ Y, W(X,)’)) ’ (X’)’) € [X*’Y] X [y*y b] .
Thus equation (7.28) gives

u(x,y)+ulx*,y*) —ulx,y*) —ux*,y)

xy

) N y\2 1 g(s, t,u(s, t)

= [ JQoe )" (oe) " iy s
oy

Using the fact that w is an upper solution of (7.1) we get
u(x, y) +ulx®, y*) —ub, y*) —ux*, y) s wx, y) + wix*, y*) - wlx, y*) - w(x*, y) .
Then

[ulx, y)-wix, y)I < [ul, y*)-wix, yH)l+ub®, y)-wkx*, y)]-[uG*, y*)-w*, y*)I.
(7.29)
Thus, from (7.26), (7.27), and (7.29) we obtain the contradiction

0 < [ulx,y) —wx,y] < [ulx,y*) —wix, y)l
+[ux*, y) - wx*, )] - [ux*, y*) —wx*,y") <0 forall (x,y) € [x*,X] x [y*, b] .

Case2.Ifx = 1, then
w(l,y) <u(1,y) <w(,y),

which is a contradiction. Thus,

u(x,y) <w(x,y) forall(x,y)e].
Analogously, we can prove that

ulx,y)>v(x,y), forall(x,y)e].

This shows that integral equation (7.24) has a solution u that satisfies v < u < w, which
is a solution of (7.22). O

7.4.3 Existence Results for Partial Hadamard Fractional Integral Inclusions
Definition 7.12. A function z € C is said to be a lower solution of (7.23) if there exists a

function f € Sr., such that z satisfies

xy
Y\t fis,t) .
(X y)<}1Xy)+jj 10g log?> mdtds, (X,y)ej.
11

The function z is said to be an upper solution of (7.23) if the reverse inequality holds.
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Theorem 7.13. Make the following assumptions:

(7.13.1) The multifunction F: ] x R — Py v (R) is L1-Carathéodory.

(7.13.2) There exist v and w € C, lower and upper solutions for the integral inclusion (7.23),
such thatv < w.

Then the Hadamard integral inclusion (7.23) has at least one solution u such that

vx,y) <ulx,y) <w(x,y) forall (x,y)e].

Remark 7.14. Solutions of inclusion (7.23) are solutions of the Hadamard integral
inclusion

u(x,y) € {uo6y) + LHOGY): fe Sk} s Gy €T,
Proof. Consider the modified integral inclusion
U y) - u06 y) € (P, y, (WG Y) ;s (L) €], (7.30)
where g: C — C is the truncation operator defined by
v(x,y);  ulx,y) <vx,y),

(W, y) = qulx,y); vix,y) <ulx,y) <wx,y),
wix,y); wx,y) <u(x,y).

A solution of (7.30) is a fixed point of the operator N: C — P(C) defined by

h(X, y) = ],l(X, )’)
(Nu)(x,y)= hecC: Xy ri-1 r—-1 f(s,t)

+ L I1 (log £)" " (log %) smoor 4tds; (Gy) €7,
where

f € kg = 1 € Skugqy: F,¥) 2 fi(x,y) on Ay and f(x, y) < fo(x, y) on A5},
Ay ={(x,y) € J: ulx,y) <v(x,y) <w(x, y)},
={(,y) eJ: ulx,y) <w(x,y) <ulx,y)},

and
Sk = 1f € L'(D: fx,y) € F(t, x, (gW)(x, y)); for (x,y) € J} .

Remark 7.15. (A) For each u € C the set Sp.q() is nonempty. In fact, (713.1) implies the
existence of f3 € Sr.gq), SO we set

[ =fixa, +faxa, +f3x4; »
where x4, is a characteristic function of A;; i =1, 2,3 and
Az ={(x,y) e J: v(x,y) <ulx,y) <w(x, )} .

Then, by decomposability, f € Srog).-
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(B) By the definition of g, it is clear that F(., ., (gu)(., .)) is an L'-Carathéodory mul-
tivalued map with compact convex values, and there exists ¢ € C(J, R;) such
that

IF(¢, x, (uw)(x, y)lp < p(x,y); foreachu e Rand(x,y)€].

Set
¢* := sup P(x,y).

(x,y)€]

From Remark 7.14 and the fact that g(u) = u for all v < u < w, the problem of finding the
solutions of integral inclusion (7.23) is reduced to finding the solutions of the operator
inclusion u € N(u). We will show that N is a completely continuous multivalued map,
u.s.c. with convex closed values. The proof will be given in several steps.

Step 1: N(u) is convex for each u € C. Indeed, if hy, h, belong to N(u), then there

exist f1, f> € St Fog(u) such that for each (x, y) € ] we have

hi(X7 )’) = ,u(X, )’)

Xy
x\n oyl fiGs, b) o
+Jj(logs) <log t) stF(rl)F(rz)dtdS’ i=1,2.

11

Let 0 < & < 1. Then for each (x, y) € J we have
(§h1 + (1 -8h2)(x,y) = u(x, y)

. J J g™ (log %>1 (fr+ (L= D60,
1

] stI'(ri)I(ry)

Since S 1 1s convex (because F has convex values), we have
Ehy +(1-&hy e N(u) .

Step 2: N sends bounded sets of C to bounded sets. Indeed, we can prove that N(C)
is bounded. It is enough to show that there exists a positive constant £ such that for
each h € N(u), u € Cone has ||h|¢c < ¢.

If h € N(u), then there exists f € SL Fog(u) such that for each (x, y) € ] we have

h(x,y) = u(x,y)

Xy
Y\ f(s,0)
+ J j log log t) stF(rl)F(rz)dtds .
11
Then we get
[h(x, y)I < [u(x, y)l
H r-1 yrel o (s, )
+ J J llog llog n —stF(rl)F(rz)dtds .
11
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Thus, we obtain

[h(x, )| < lpllc
£ -1 y|ret o
" JJ |log? stF(r1)F(rz)dtds
¢ 1
loga)" (log b)"2 ¢p*
< Il + o8 0s D)7

I'A+r))IA+ry)

Hence,
lhllc<e.

Step 3: N sends bounded sets of C to equicontinuous sets. Let (x1, y1), (X2, y2) € ],
X1 < Xx2,y1 <y2and B, = {u € C: |ull¢c < p} be abounded set of C. For each u € B,
and h € N(u) there exists f € SL Fog(u) such that for each (x, y) € ] we get

[h(x2,y2) = h(x1, y1)| < [p(x1, y1) = u(x2, y2)l

an XZ r-1 y2 r—1 Xl r-1 yl r—1
*H (10s77) " (108%) " ~(10g7} )" (10g”)
11
If(s, )l
SI(r)L(ry) 2198
1 n-1 n-1|f(s, )
X |17 ya |2~ S,
+I‘(r1)1“(r2)J log log = ranCil
X1 Y1
1T n-1 ' 1|f< t)|
X2 "™ Y2 |2 S,
— L [ hog 2" Jog 227 LSOl 4146
" F("1)F(r2).[ %S 08 7
1y
X2 Y1
1 X |1 y2 |2t If(s t)l
- log X2 log 22
+F(7’1)F("2)J J 8 8% dtds
X1 1

Hence,

[h(x2,y2) = h(x1, y1)I < lu(x1, y1) = p(x2, y2)|
P
F(l +r)I(1+1y)
x [2(log y2)" (log x2 — log x1)™ + 2(log x2)" (log y» — log y1)"™
+ (log x1)" (log y1)™ ~ (log x2)" (log y2)"
-2(log x, —log x1)" (logy, —logy1)"] .
As x; — x; and y; — >, the right-hand side of the preceding inequality tends to zero.
As a consequence of Steps 1-3, together with the Ascoli—Arzela theorem, we can

conclude that N is completely continuous and, therefore, a condensing multivalued
map.
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Step 4: N has a closed graph. Let u, — u., h, € N(u,), and h, — h.. We need to
show that h, € N(u.,).

h, € N(u,) means that there exists f,, € St such that for each (x, y) € J we have

Fog(up)

hn(x,y) = u(x,y)

y
r 1 r—1

J log - log¥)2 f"(s—’t)dtds.

1

i StT(r)I(r2)

B

We must show that there exists f, € SL such that, for each (x, y) € J,

Fog(u.

h.(x,y) = u(x,y)

(log )s—()rl_l (log )—;)rz_l f*(s—’t)dtds .

+
——
H'—‘\<

stI'(r1)I(r2)
Now we consider the linear continuous operator
A: L) — C(0),
fr—Af

defined by

(f 1 fls )

- A% S,
(AN, y) = pulx, y) + J j log log t) stF(rl)F(rz)dtds .
11

Remark 7.16. Remark 7.15 (B) implies that the operator A is well defined.

From Lemma 1.25 it follows that A o S}E is a closed graph operator. Clearly we have

[hn(x,y) = ha (X, ¥)| = u(x, y)

y

-1
J log log )2 MdtdSHo
1

" StT(r)I(r2)

e

asn— oo.
Moreover, from the definition of A we have
Ihn(X, y) = B O Y| € AShog,)) s iEOGY) €T

Since u, — u., it follows from Lemma 1.25 that for some f, € A(S}Eog(u*)) we have

ho(x,y) = u(x, y) + stI(ry)I(r2)

[ ——

y

r-1
J log logé)2 Mdtds.
1

From Lemma 1.24 we can conclude that N is u.s.c.
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Step 5: The set Q = {u € C: Au € N(u) for some A > 1} is bounded. Let u € Q. Then

there exists f € A(S% Fogu ) such that

Au(x,y) = u(x,y)

Xy
yNt o fls,t)
+ J J log log t) stF(rl)F(rz)dtds .
11

As in Step 2, this implies that for each (x, y) € J we have
14
<-<¢l.
lulle < 5 <

This shows that Q is bounded. As a consequence of Theorem 1.48, we deduce that N
has a fixed point that is a solution of (7.30) on J.
Step 6: The solution u of (7.30) satisfies

vix,y) su(x,y) <w(x,y); forall(x,y)e].

First we prove that
u(x,y) <wlx,y); forall(x,y)eJ.

Assume that u — w attains a positive maximum on J at (x, y) € J; then
(u-w)(x,y) = max{u(x, y) -w(x,y); (x,y) €]} >0.

We distinguish the following cases.
Case1.1f (x,y) € (1, a) x [1, b], then there exists (x*, y*) € (1, a) x [1, b] such that

[u(x, y*) —wx, y)l + [u(x*, y) - wx*, y)]

- [u(x*,y") -wx*,y")]1 <0; forall (x,y) e ([x*,X] x {y*}) u ({x"} x [y*, b])
(7.31)

and
u(x,y) -w(x,y) >0; forall (x,y) € (x*,x] x (y*, b] . (7.32)

For all (x, y) € [x*,x] x [y*, b] we have
Xy
_ X\t f(s t)
u(6Y) = KOO + s )F( ”(mg;) (10g t) 190 gras,  (733)

where f € Sr.,,. Thus, equation (7.33) gives

u(x, y) +ulx*, y*) —ulx,y*) - ux*,y)

:)jj (105 X)"" (10g)™" %dtds . (734)
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From (7.34) and using the fact that w is an upper solution of (7.23) we get
u(, y) +ulx®, y*) —u(, y*) —ux®, y) <wx, y) + wix*, y*) - wx, y*) - wx*, y) .
Then
(U, y)-wx, y)] < [ulx, y*)-wix, y)]+[ux*, y)-wx*, )] -[uG*, y*)-wx*, y*)].
(7.35)
Thus, from (7.31), (7.32), and (7.35) we obtain the contradiction

0 < [u(x,y) —w(x,y)] < [u(x,y*) - w(x, y*)]
+ux*,y) -wx*, )] - [ux*, y*) - wx*,y*)] < 0; forall (x,y) € [x*,x] x [y, b] .

Case2.1f x = 1, then
w(l,y) <u(l,y) <w(l,y),
which is a contradiction. Thus,
u(x,y) <w(x,y); forall (x,y)e]J.
Analogously, we can prove that
u(x,y) = v(x,y) forall (x,y)e].

This shows that problem (7.30) has a solution u that satisfies v < u < w, which is a
solution of integral inclusion (7.23). O

7.5 Notes and Remarks

The results of Chapter 7 are taken from Abbas et al. [1, 12, 32]. Other results may be
found in [29, 42, 119, 120].
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