6 Integrable Solutions for Implicit Fractional
Differential Equations

6.1 Introduction

This chapter deals with the existence of integrable solutions for initial value prob-
lems (IVPs) for implicit fractional differential equations. We present results based on
Schauder’s fixed point theorem and the Banach contraction . Then we present other
results with infinite delay. In the literature devoted to equations with finite delay, the
state space is usually the space of all continuous functions on [-r,0],r >0and a = 1
endowed with the uniform norm topology; see the book by Hale and Lunel [155]. When
the delay is infinite, the selection of the state B (i.e., phase space) plays an important
role in the study of both qualitative and quantitative theory for functional differential
equations. A usual choice is a seminormed space satisfying suitable axioms introduced
by Hale and Kato [154]. For a detailed discussion on this topic we refer the reader to the
book by Hino et al. [162].

6.2 Integrable Solutions for NIFDE
6.2.1 Introduction

In this section we deal with the existence of integrable solutions for initial value
problems (IVPs) for the fractional order implicit differential equation

“D(t) = f(t, y(t), “D*y(t)), te]=[0,T] (6.1)
y(0) = yo, (6.2)

where f: ] x R x R — R is a given function, yo € R.

6.2.2 Existence of solutions
Definition 6.1. A function y € L1(J, R) is said to be a solution of IVP (6.1)-(6.2) if y
satisfies (6.1) and (6.2).

For the existence of solutions to problem (6.1)—(6.2), we need the following auxiliary
lemma.

Lemma 6.2. The solution of IVP (6.1)-(6.2) can be expressed by the integral equation
y(@®) = yo + Igx(t), (6.3)
https://doi.org/10.1515/9783110553819-006
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6.2 Integrable Solutions for NIFDE =—— 193

where x € L(J, R) satisfies

x(t) = f (t, yo + I§x(t), x(t)) . (6.4)

Proof. Let °D®y(t) = x(t). Then

x(t) = f(t, y(t), x(1)) (6.5)
and
y(t) = y(0) + I*x(t) (6.6)
t
=y(0) + ﬁ J(t —5)%1x(s)ds . 0
0

Let us introduce the following conditions:

(6.2.1) f:]xR?*> — Rismeasurableint ¢ J for any (u1, u) € R? and continuous in
(u1, us) € R? for almost all £ € J.

(6.2.2) There exist a positive function a € L'(J, R) and constants, b; > 0,i = 1, 2,
such that

f(t, ur, u2)l < la(t)l + bylua| + balual, V(t, ug, uz) € J x R?.

Our first result is based on Schauder’s fixed point theorem.
Theorem 6.3. Assume (6.2.1) and (6.2.2) hold. If

b, T?® b, T*
+ <1,
I'a+1) TI(a+1)

(6.7)

then IVP (6.1)-(6.2) has at least one solutiony € L*(J, R).

Proof. Transform problem (6.1)-(6.2) into a fixed point problem. Consider the operator
H:L'(J,R) — L'(J,R)

defined by
(HX)(t) = yo + I*x(t), (6.8)

where
x(t) = f (t, yo + I"x(t), x(t)) .

Brought to you by | UCL - University College London
Authenticated
Download Date | 2/10/18 4:09 PM



194 — 6 Integrable Solutions for Implicit Fractional Differential Equations

The operator H is well defined, indeed, for each x € L(J, R), and from conditions (6.2.1)
and (6.2.2) we obtain

T
|Hx|z, = JIHx(t)ldt
0
T
J Vo + I°x(0)|dt
0
T t (t_s)’x*1
< Tlyol + J <J W|X(S)|d5> dt
0 0
T t
(t_s)a—l N
< Tiyol+ [ | g1 (s:v0 + 1%x(s), x(5)) ds |t
0 0
T t
(l’— )a 1 .
< Tlyo| +j j S 1a(s) + bayo + I(s) + ba(x(s)lds |dt
0 0
T L DalolT by T
< ol + a1t + “ha gy * Ty s
T t (t_S)a—l
+ b, J (I WI“|X(S)|dS> dt
0 0
T balyol T BT
< ol + g1l * a1 * Ty 13
+ bl_Tza”x" < + (6 9)
TQa+1) M S ¥00- :
Let

T*llallzy +b1lyol T*!
Tlyol + <W

b, T2 b, T®
1- (F(21a+1) F(é+1))

r =

>

and consider the set
B, ={x e L'(,R): |Ixll, < .}

Clearly B, is nonempty, bounded, convex, and closed.
Now we will show that HB, ¢ B,, indeed, for each x € B,, and from (6.7) and (6.9)

we get

T?llall, + bilyolT**
IHxXIz, < Tlyol + ( T+ 1)

NI G Y S Y
TRa+1) T(a+1) L

<r.
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6.2 Integrable Solutions for NIFDE =—— 195

Then HB, ¢ B,. Assumption (6.2.1) implies that H is continuous. Now we will show that
H is compact, that is, HB, is relatively compact. Clearly HB, is bounded in L'(J, R),
i.e., condition (i) of the Kolmogorov compactness criterion is satisfied. It remains to
show (Hx);, — (Hx) in L(J, R) for each x € B,.

Let x € B,; then we have

I(HX)n = (HX)l|Lx

[(Hx)n(t) — (Hx)(t)|dt

t+h
j (Hx)(s)ds — (Hx)(0)| dt

I
= e

t+h
J [(Hx)(s) — (Hx)(t)Ids) dt
t

IN

IN
Oty O O Oty O,

=

/N -~
> -

t+h
J [I*x(s) — I“x(t)lds) dt

t

IN

[I%f (s, yo + I°x(s), x(s)) = I*f (t, yo + I*x(t), x(t)) |dsdt .

=
—7
=

t

Since x € B, c L(J, R), condition (6.2.2) implies that f € L'(J, R). From Proposi-
tion 1.10 (v) it follows that I*f € L(J, R); thus, we have

t+h

J I°f (s, yo + I"x(s), x(8)) — I*f (t, yo + I"x(t), x(t)) |ds — Oash — 0,t €] .

t

1
h

Hence,
(Hx)p, — (Hx) uniformlyas h — 0.

Then by the Kolmogorov compactness criterion, HB; is relatively compact. As a conse-
quence of Schauder’s fixed point theorem, IVP (6.1)—(6.2) has at least one solution in
B,. O

The following result is based on the Banach contraction principle.

Theorem 6.4. Assume (6.2.1) holds and
(6.4.1) There exist constants kq, ko > O such that

If(t, x1, y1) = flt, X2, y2)l < kilx1 = x2| + kaly1 = y2l, te], x1,x2,y1,¥2 €R.
If
k1 Tza kz T
+ <1,
IrRa+1) TI(a+1)
then IVP (6.1)-(6.2) has a unique solutiony € L*(J, R).

(6.10)
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196 —— 6 Integrable Solutions for Implicit Fractional Differential Equations

Proof. We will use the Banach contraction principle to prove that H defined by (6.8)
has a fixed point. Let x, y € L1(J, R) and t € J. Then we have

[(Hx)(t) = (Hy)(®)] = [I" [f(t, yo + I"x(t), x(£)) - f(t, yo + I®Y(t), ()] |
< ki I |x(t) - y(O)] + k2 I%|x(t) - y(t)

k1
F(Za)

j(t $)2 1 |x(s) - y(s)|ds

t
%J(t 9% x(s) - y(s)lds .

Thus,

k1 TZD( T
uuuy%Hwhlsfagrﬁ I'a+1)

B ki T? . ko T® -yl
*\Tea+D) "Ta+D YL, -

Ix=yllz, + =——Ix = ylL,

Consequently, by (6.10) H is a contraction. As a consequence of the Banach contraction
principle, we deduce that H has a fixed point that is a solution of problem (6.1)-(6.2). [

6.2.3 Example

Let us consider the fractional IVP

et

Dy (t) = ,
Vi = e+ )@+ y(®O] + D% (D))

y(0)=1. (6.12)

J:=[0,1], a € (0,1], (6.11)

Set
ot

flt,y,z) = m ,

(t,y,2) € J x [0, +00) X [0, +00) .

Lety, z € [0, +00) and t € J. Then we have

|f(ty Y1,Zl) _f(ty YZ,ZZ)| =

vs (T m o)
el+8\1+y1+z1 1l+y,+2

e '(ly1 - yal + |21 - z21)
T (et+8)(1+y1+z1)A+y2+22)
-t

e
< —
( 8)

<| |+1|Z 2|
—9)/1 Y2 91 2.

———(ly1 - y2| + |21 — 22)
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6.3 L1-Solutions for NIFDEs with Nonlocal Conditions = 197

Hence, condition (6.4.1) holds with kq = k, = %. Condition (6.10) is satisfied with T = 1.

Indeed,
’(1 TZD( kz T 1 1

= 1.
TQa+1)  Ta+1) 9TQa+1)  9fa+1) -
Then, by Theorem 6.4, problem (6.11)-(6.12) has a unique integrable solution on [0, 1].

(6.13)

6.3 L'-Solutions for NIFDEs with Nonlocal Conditions
6.3.1 Introduction

In this section, we deal with the existence of solutions of the nonlocal problem for
fractional order implicit differential equation

Dy(t) = ft, y(t), “D"y(t)), a.e, te]=:(0,T], (6.14)
m
Y ary(t) =yo (6.15)
k=1
wheref: JxRxR — Risagiven function,yg € R,ay € R,andO < t; <t; <...,tn < T,

k=1,2,...,m.

Fractional differential equations with nonlocal conditions are discussed in [50]
and references therein. Nonlocal conditions were initiated by Byszewski [118] when he
proved the existence and uniqueness of mild and classical solutions of nonlocal Cauchy
problems. As remarked by Byszewski ([116, 117]), the nonlocal condition can be more
useful than the standard initial condition for describing some physical phenomena.

6.3.2 Existence of solutions

Definition 6.5. A function y € L([0, T], R) is said to be a solution of IVP (6.14)—(6.15)
if y satisfies (6.14) and (6.15).

Set
1

a=———.
Yot Ak

For the existence of solutions for nonlocal problem (6.14)-(6.15), we need the following

auxiliary lemma.

Lemma 6.6. Assume that ¥}, ai # O; then nonlocal problem (6.14)—(6.15) is equivalent
to the integral equation

tx t
& (tx—s)*t (t—s)*?
=ayo-a) ————Xx(s)ds + | ———x(s)ds, 6.16
y(t) = ayo ak_lakj T S+J T X9 (6.16)
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198 —— 6 Integrable Solutions for Implicit Fractional Differential Equations

where x is the solution of the functional integral equation

tx t
_ R (tx —s)** (t-s)*"
X(t) = f <t, ayo - a ;;1 ak(! e x(s)ds) + ! o x)ds, x(t)) . (617)

Proof. Let ¢D%y(t) = x(t)) in equation (6.14); then
x(t) = f(t, y(t), x(t)) (6.18)

and

y(t) = y(0) + Ix(t)
t
(l’ _ S)a—l

~y(0) + J Ty Xs)ds (6.19)
0

Let t = t in (6.19); we obtain

t
(g - 5)a

V(6 =y + O x)ds
0
and t
m m m k _ a-1
Y ay(t) =) agy(0)+ Y akj %x(s)ds . (6.20)
k=1 k=1 =g a)

Substituting (6.15) into (6.20), we get

t

m m _q)a-1
Yo = Z aiy(0) + Z ay J ux(s)ds
0

k=1 k=1 Ia)
and t
N
yO =al| yo- ) ax | —=——x(s)ds | . (6.21)
(-Fonf )

Substituting (6.21) into (6.18) and (6.19), we obtain (6.16) and (6.17).
To complete the proof, we prove that equation (6.16) satisfies nonlocal problem
(6.14)-(6.15). Differentiating (6.16), we get

Dy (t) = x(t) = f(t, y(t), “Dy(¢)) .

Letting t = ty in (6.16), we obtain

ti tx

m _c)a-1
y(tx) = ayo—a z akj (b~ 5) x(s)ds) + J
0

(tx —s)*!
o g @

T@ x(s)ds

tk

\ (ty - s)*1
=ayo+|1-a ak) ————x(s)ds.
° ( ,;1 J I(a)
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6.3 L1-Solutions for NIFDEs with Nonlocal Conditions = 199

Then

m _c)a-1
Y ay(ty) = Z axayo + Z ai (1 a Z ) J % (s)ds=yo. O
k=1

Let us introduce the following conditions:

(6.6.1) f:[0,T] x R> — R is measurableint ¢ [0, T] for any (u;, u>) € R?> and
continuous in (u1, u,) € R? for almost all ¢ € [0, T].

(6.6.2) There exist a positive function a € L1[0, T] and constants, b; > 0,i = 1, 2,
such that

If(t, ur, ua)l < la(®)] + brlur| + balual, V(¢ ur,uz) € [0, TIx R? .

Our first result is based on Schauder’s fixed point theorem.

Theorem 6.7. Assume (6.6.1)-(6.6.2). If

+hy<1, (6.22)

then IVP (6.14)—(6.15) has at least one solution y € L([0, T], R).

Proof. Transform nonlocal problem (6.14)—(6.15) into a fixed point problem. Consider
the operator
H: Ll([o’ T]’ IR) — Ll([o’ T]’ ]R)

defined by

)a—l

t
a-1
(HX)(t) <t (1)/0—(12 j% ( )ds)+J (t F(S)
0

x(s)ds, x(t)) .
(6.23)
Let
Tab1lyol + llallL,

1 —»(%gﬁ%% + bz) ’

and consider the set
B, ={xeL'([0, T, R): x|z, <1}.

Clearly B, is nonempty, bounded, convex, and closed.
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200 —— 6 Integrable Solutions for Implicit Fractional Differential Equations

Now we will show that HB, ¢ B,, indeed, for each x € B,, and from (6.22) and
(6.23) we get

T
|Hxl, = j |Hx(b)]dt
0
T m tx 1 t 1
(tx — )~ (t-s)*
= t,ayo—a aJ—xsds +J—xsds,xt dt
jf( Yo k;k o x(S)ds) + [ S x(s) ())
0 0 0
T m
< j [Ia(t)l +bilayo - a ) arl®x(t)le=g, + I*x(0)] + bzIX(t)I] dt
o k=1
bla ZT:I aktﬁ b1 T«
< Tabilyol + lalr, + W"X"Ll + CESY Nz, + b2llxlz,
2b T
< Tabylyol + lallz, + (m + bz) Ixliz,

<r.

Then HB, ¢ B,. Assumption (6.6.1) implies that H is continuous. Now we will show that
H is compact, that is, HB, is relatively compact. Clearly HB, is bounded in L ([0, T], R),
i.e., condition (i) of the Kolmogorov compactness criterion is satisfied. It remains to
show (Hx), — (Hx) in L1([0, T], R) for each x € B,.

Let x € B,; then we have

I(HX)n — (HX)l| 1

|(HxX)n(t) - (Hx)(8)|dt

(Hx)(s)ds — (Hx)(t)| dt

=
[ ——y
=

IA

/N
= -

t+h
J |(Hx)(s) — (HX)(t)|dS> dt
t

Sk )a—l

t+h s
UL (s — 1)1 (s-1
Ifl t,ayo—a ) ax | ———x(1)dt) + | ———x(1)dT, X(S)
J < ° kzl J I(a) J I(a) )

t

IA

Ot 1y O O\, Ot—

= -

tx t
ST . (t—s)*
- , - E ——————x(s)d —————x(s)ds, dsdt .
f(t ayo akzlak(! @) x(s) s)+(J). T@) x(s)ds x(t)>| sdt
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6.3 L1-Solutions for NIFDEs with Nonlocal Conditions = 201

Since x € B, c L1([0, T], R), condition (6.6.2) implies that f € L1([0, T], R). Thus,

e [(5-D
,ayo — —————x(1)d ———x(r)dr,
f <t ayo ak; ak(J)- @ x(T)dT + J @ x(t)dt x(s))

t+h

|

t

= -

m a-1 { a-1
-f <t, ayo — Z I %x( s)ds + J (t F(s)) x(s)ds, x(t)) ds -0
k=1 0
ash—0.
Hence,

(Hx)p — (Hx) uniformlyas h — 0.

Then, by the Kolmogorov compactness criterion, HB, is relatively compact. As a conse-
quence of Schauder’s fixed point theorem, nonlocal problem (6.14)—(6.15) has at least
one solution in B;. O

The following result is based on the Banach contraction principle.

Theorem 6.8. Assume (6.6.1) holds and
(6.8.1) there exist constants ki, k» > O such that

If(t, x1, y1)=f(t, x2, y2)| < kalx1-x2l+kaly1-yal, t€[0,T], x1,x2,y1,y2 € R.
If
a
———+ky <1, (6.24)
then IVP (6.14)—(6.15) has a unique solutiony € L1([0, T], R).

Proof. We will use the Banach contraction principle to prove that H defined by (6.23)
has a fixed point. Let x, y € L([0, T], R), and t € [0, T]. Then we have

|(Hx)(t) - (Hy)(0)]

- |f (t, ayo —a Y apI®x(t)le=q + I*x(t), x(t))

k=1

-f <t, ayo—a y ail®y(O)le=q + Iy(t), J’(t)>‘

k=1

m _ o)a-1
1) a j%ms)—y(snds

t— a-1
+kq j %IX(S) -y(s)lds + ka|x -yl .
0
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202 —— 6 Integrable Solutions for Implicit Fractional Differential Equations

Thus,
kitla Y™, ay [ GTE
1054 L=1 %k 1
I(E) = ()l =~ = J IX(O) YOl + s ! [x(6) - y(Oldt

T

+ky j IX(t) - y(6)|dt
0
T(X

2k,
I'a+1)
48
< (P v ) Ix- i,
Consequently, by (6.24), H is a contraction. As a consequence of the Banach con-
traction principle, we deduce that H has a fixed point that is a solution of nonlocal
problem (6.14)—(6.15). O

<

Ix =y, + kallx = ylL,

6.3.3 Example

Let us consider the fractional nonlocal problem

cna _ 1 o

D Y(t)— (et+5)(1+|y(t)|+ICDay(t)D 3 tE].— [O’ 1], a e (0’ 1] ’ (6-25)
Z ay(ty) =1, (6.26)
k=1

whereay e R,0<t; <t <---< 1.

Set
1

T (et+5)1 +y+z2)°
Lety, z € [0, +o0) and t € J. Then we have

flt,y, 2) (t,y,2) € ] x [0, +00) x [0, +00) .

|f(ty Yl,Zl) _f(ty Y2,22)| =

1 1 1
et+5 <1+y1+21 - 1+y2+zz>
ly1 —yal +1z1 - 22|
T (et +5) (1 +y1 +2z1)(1+y2 +22)

<L -yval+lz-zm)
= el+5) Yyi-Y2 1-22

< 2yi-yal+ 2o -zl
—6)/1 Y2 61 2| .

Hence condition (6.8.1) holds with k; = k; = %. Condition (6.24) is satisfied. Indeed,

2ky o1 1

Ta+1) "2 3l(a+1) 6

Then, by Theorem 3.2, nonlocal problem (6.25)-(6.26) has a unique integrable solution
on [0, 1].

<1. (6.27)
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6.4 Integrable Solutions for NIFDEs with Infinite Delay

6.4.1 Introduction

In this section we deal with the existence of solutions for IVPs for implicit fractional
order functional differential equations with infinite delay of the form

D(t) = f(t, y¢, “D"yy), te]:=10,Db] (6.28)
J/(t) = (I)(t) ’ te (_OO’ O] ’ (6.29)

where f: ] x B x B — R is a given function.

6.4.2 Existence of solutions

Set
Q= {y: (-00,b] = R: Y|(co,0 € B and yl; € L'(D} .

Definition 6.9. A functiony € Q is said to be a solution of IVP (6.28)—(6.29) if y satisfies
(6.28) and (6.29).

For the existence of solutions to problem (6.28)—(6.29), we need the following auxiliary
lemma.

Lemma 6.10. The solution to IVP (6.28)—(6.29) can be expressed by

t

j(t - 5)*x(s)ds, te], (6.30)
0

y(t) = ¢(t), t e (-00,0], (6.31)

1

y(t) = $(0) + @

where x is the solution of the functional integral equation

t
ﬁ J(t - 85) x.ds, xt> . (6.32)

0

x(t)=f <t, ¢(0) +

Proof. Let y be a solution of (6.30)—(6.31); for t € J and t € (—co, 0] we have (6.28) and
(6.29), respectively. O

To present the main result, let us introduce the following conditions:

(6.10.1) f:Jx B2 — Rismeasurablein t € J for any (uy, u») € B2 and continuous
in (11, uy) € B2 for almostall ¢ € J.

(6.10.2) There exist constants k1, k> > 0 such that

If(t, x1, y1) = ft, x2, ¥2)| < killx1 = x2ll8 + kally:r = yalls

fort € J and every x1, X2, y1,y2 € B.
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204 —— 6 Integrable Solutions for Implicit Fractional Differential Equations

Our first existence result for IVP (6.28)—(6.29) is based on the Banach contraction
principle. Set
Kp =sup{|K(t)|: te]}.

Theorem 6.11. Assume (6.10.1)-(6.10.2). If

kiKpb®*  kyKpb?

Ta+D " Ta+D -1 (6.33)

then IVP (6.28)—(6.29) has a unique solution on the interval (-oo, b].

Proof. Transform problem (6.28)-(6.29) into a fixed point problem. Consider the opera-
tor N: Q — Q defined by

o(t), t € (-0, 0]

(Ny)(t) =
{ﬁ fé(t - 8)* (s, Iy, ys)ds, te].

We use the Banach contraction principle to prove that N has a fixed point.
Let x(.): (—00, b] — R be the function defined by

{O, ifte]
x(t) =
¢(t), ift e (-o0,0].

Then x¢ = ¢. For each z € L1(J, R), with z(0) = 0, we denote by z the function defined

by
E(t):{z(t), ifreg
0, ifte(-00,0].

If y(.) satisfies the integral equation

t

1

Y0 = s j(t ~ )% (s, I%s, ys)ds ,
0

we can decompose y(.) as y(t) = z(t) + x(t),0 < t < b, then y; = z; + x;, for every
0 < t < b, and the function z(.) satisfies

t
2(t) = ﬁ J(t )8 Lf(s, I%(Ze + Xs), Ze + X5)dS .

Set
Lo={zeL'(J,R): zo = O},

and let || - | be the seminorm in Ly defined by
b b
Izl = lzolls + [ 1201de = [ iz(0Nde . z € Lo
0 0
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6.4 Integrable Solutions for NIFDEs with Infinite Delay =—— 205

Then Ly is a Banach space with norm | - ||». Let the operator P: Lo — Lo be defined by

¢
(Pz)(t) = F(l ) J(t — ) U5, I*Zs + Xs), Zs + x5)ds , te]. (6.34)

The operator N having a fixed point is equivalent to P having a fixed point, and so we
turn to proving that P has a fixed point. We will show that P: Ly — Lo is a contraction
map. Indeed, consider z, z* € Ly. Then for each t € ] we have

I(Pz)(t) - (Pz")(t)]

t
< ﬁ I(t— ) Hf(s, I%Zs + Xs), Zs + Xs) = f(S, I*(Z; + Xs), Zy + Xs)|dS
1 t
< @ J(t - 8)* kg [1%Zs - 225 + kalzs — Z2 | 1ds
0

(t = $)* ' Kp [ka I1*(2(5) = 2* (I + kallz(s) - z* ()] ds

1I<bb2a kzb ||Z g "
TQa+1)  Ia+1) b

ﬁ
'—.w

Therefore,

kiKpb?®  kyKpb®
IP(z) = P(z)Ilp s( 12b 22b )llz—z*llb

TQa+1) Ta+1)

Consequently, by (6.33), P is a contraction. The Banach contraction principle implies
that P has a unique fixed point that is the unique solution of problem (6.28)-(6.29). O

The next result is based on Schauder’s fixed point theorem.

Theorem 6.12. Assume that (6.10.1) holds and
(6.12.1) There exist a positive function a € L(J) and constants, q; > 0,1 = 1, 2, such
that

If(t, ur, wa)l < la(®l + qillurlls + galluzlls ,  V(t, ur, uz) € T x R?.

q1b*¢ q2b*
K 1 .
b(F(2a+1)+F(a+1) b (6.35)

then IVP (6.28)-(6.29) has at least one solutiony € L(J, R).

If

Proof. Let P: Ly — Lo be defined as in (6.34), and

b%lal1 q,b"
_ Tarn) + MbllPlls (F(2a+1) + r(;+1))
- b2 g2 b® ’
1-Kp (r(zla+1) + r(§+1))
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206 —— 6 Integrable Solutions for Implicit Fractional Differential Equations

where My, = sup{|M(¢t)|: t € J}, and consider the set
By :={z € Lo, |zlp < 1}.

Clearly B, is nonempty, bounded, convex, and closed. We will show that operator P
satisfies the conditions of Schauder’s fixed point theorem. The proof will be given in
three steps.

Step 1: P is continuous. Let z,, be a sequence such that z, — zin Ly. Then

t

(Pzn)(0) - (P2)(D)] < ﬁ j(t — ) (s, %(En, + Xs), B, + Xs)
0

—f(s, I%(Zs + Xs), Zs + X5)|ds .
Since f is a continuous function, we have

IP(zn) = P(2)llp

e
< -
T I(a+1)

asn — oo.

(e I%(Zng, + X()» Zng,) + X)) = f( T2 E0) + X)), Z20) + X)L, — O

Step 2: P maps B; to itself. Let z € B,. Since f is a continuous function, we have for
each t € [0, b]

t

(P2)(D)] < ﬁ j(r — ) (s, I%(Es + Xs), Zs + X )|dS
0

¢
1

< m J(t - S)D‘—l[a(t)l + Q1||I'X(§s +XS)||‘B + qZHEs +XS"’B]dS
0

b%lal, ( q:1b* g2b*

“Ta+1) \I2a+1)  Ia+ 1)>(K”+Mb”¢"3)’

where
1Zs + x5l < 1Zslls + Ixsll5 -

Hence, |P(2)|, < r. Then P(B;)  B,.

Step 3: P is compact. We will show that P(B,) is relatively compact. Clearly P(B;) is
bounded in Ly, i.e., condition (i) of the Kolmogorov compactness criterion is satisfied.
It remains to show (Pz), — P(z), in Lq for each z € B,.
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6.4 Integrable Solutions for NIFDEs with Infinite Delay =—— 207

Let z € B,; then we have

I1P(2)n — P(2)l|L:

|(P2)n(t) - (P2)(t)|dt

t+h
j (Pz)(s)ds — (P2)(t)| dt

t
t+h

il

t

= -

IA

/-~

[(Pz)(s) - (PZ)(l’)|dS> dt

= -

IA

Ol Ot Oy Ol

t+h
J 1% (s, Zs + Xs), Zs + Xs) = I°f (¢, I%(Z¢ + X¢), Z¢ + X¢) |dsdt .
t

Since z € B, ¢ Ly, condition (6.12.1) implies that f € L. From Proposition 1.10 it follows

that I%f € L'(J, R); then we have
1 t+h
— I II%f (Zs + Xs), Zs + xs) = I*f (£, I*(Zt + X¢), 2t + X¢) |ds — Oash — 0, t€].

t

-

Hence,
(Pz)p, — (Pz) uniformlyas h — 0.

Then by the Kolmogorov compactness criterion, PB, is relatively compact. As a conse-
quence of Schauder’s fixed point theorem, IVP (6.28)—(6.29) has at least one solution
in B,. O

6.4.3 Example

In this section we give an example to illustrate the usefulness of our main results. Let
us consider the fractional initial value problem

Ce—yt+t
(et + e~ (1 + llyell + 1<D%l) ’
y(t) = ¢(t), te(-00,0], (6.37)

D(t) = teJ:=[0,b], ac(0,1], (6.36)

where ¢ > 1 is fixed. Let y be a positive real constant and
By =1{y € L'(~c0,0]: Jim e"%y(0), existsin R} .
——00

The norm of By is given by

0
Iyl = J y(6)|d6 .
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208 —— 6 Integrable Solutions for Implicit Fractional Differential Equations

Lety: (-o0o, b] — Rbe such that yo € B,. Then
lim e"%:(0) = lim e"Py(t+6)
6——-0c0 6——-0c0
= lim e’ -ty ()

=e" lim e"%yy(0) < 0.
6——00

Hence, y; € By. Finally, we prove that

t
lyelly < K(t) J ly(s)lds + M(Dlyolly »
0

where K = M = 1and H = 1. We have

lye(O)l = ly(t +6)] .

If 0+t <0, weget

0
ye(O)] < j y(s)lds .

Then for t + 8 > 0 we have

t
ye(®)] < j y(s)lds .
0

Thus, forall t + 6 € ] we get

0 t
y(0)] < I |y(s)|ds+J|y(s)|ds.
00 0

Then

t
Wyely < Iyolly + j y(s)lds .
(0]

Itis clear that (By, || - ) is a Banach space. We can conclude that By, is a phase space. Set

e—yt+t

flt,y,z) = (t,x,z) € ] x B, x By .

clet+e(1+y+2)’
Forte], y1,¥2, 21,22 € By we have

e—yt+t 1 1

t, ) - t, ) = -
If(t, y1,21) = f(t, y2, 22)| elre) | Toyira 1iy,+2

_ eV (lyy -yl + |21 - 221)
clet+e )Y 1+y1+2z1) A +y2+22)
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6.5 An Existence Result of Integrable Solutions for NIFDEs = 209

eVt xel(lyr - yal + 121 - 22)

IN

clet +et)
- e (lly1 - yally + llz1 - z21ly)
- c
< Ly - yally + 2liz1 - 20l
< Zys - + =|lzg - )
c Y1 -=Y2lly o1~ 221y

Hence condition (6.10.2) holds. We choose b such that f(l’z—"iﬁ) + cﬁ(bTIfn < 1. Since
Kp =1, then

bZa ba
cF(2a+1)+cF(a+1) <1l

Then, by Theorem 6.11, problem (6.36)—(6.37) has a unique integrable solution on
[~0o0, b].

6.5 An Existence Result of Integrable Solutions for NIFDEs
6.5.1 Introduction

This section deals with the existence of integrable solutions for an IVP for the implicit
fractional order differential equation

“D%(t) = f(t, y(0), “D°y(t)), teJ=1[0,T], (6.38)
y(0) =Yo, (6.39)

where f: ] x R x R — R is a given function. We will use the technique of measures of
noncompactness, which is often used in several branches of nonlinear analysis. In
particular, that technique turns out to be a very useful tool in existence for several
types of integral equations; details can be found in Akhmerov et al. [58] and Banas$ et
al. [81, 83].

The principal goal here is to prove the existence of integral solutions to problem
(6.38)—(6.39) using Darbo’s fixed point theorem.

6.5.2 Existence of solutions

Let us start by defining what we mean by a solution to problem (6.38)—(6.39).

Definition 6.13. A functiony € L!(J, R) is said to be a solution to IVP (6.38)-(6.39) if y
satisfies the equation D%y (t) = f(t, y(t), °D*y(t)) on J and the condition y(0) = yo.

For the existence of solutions to problem (6.38)-(6.39), we need the following auxiliary
lemma.
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210 —— 6 Integrable Solutions for Implicit Fractional Differential Equations

Lemma 6.14. The solution to IVP (6.38)—(6.39) can be expressed by the integral equation

t
y(t) = yo + ﬁ j(t - 5)*x(s)ds, (6.40)
0

where x is the solution of the functional integral equation
1 t
x(t) =f <t, Yo + — J(t - 5)*1x(s)ds, x(t)) . (6.41)

I'(a)
0

Let us introduce the following conditions:

(6.14.1) f:] xR xR — R satisfies the Carathéodory conditions.

(6.14.2) There exist a positive function a € L1(J) and two constants, g1, g, > 0, such
that

If(t, uy, o)l < la(®)] + qalusl + galuz|, V(tup,ux) e JxRxR.

(6.14.3) We first consider two real numbers, O < |p| < 8. There exists a positive valued
function L¢(-) that is continuous in a neighborhood of 0 with Lf(0) = 0 and two
constants ki, k, > 0 such that

If(t +p, x1,y1) = f(t, X2, y2)| < Lp(p) + k1|x1 = x2| + kaly1 = yal ,
te[0,T], xj,yieR, i=1,2.

In this section, we study the existence of a solution to problem (6.38)—(6.39) by using
the concept of measure of noncompactness in L1(J).
Theorem 6.15. Assume (6.14.1)-(6.14.3). If

k1 Tza kz T

Fea+D) "Ta+D <L (6.42)
then IVP (6.38)-(6.39) has at least one solutiony € L1(J, R).
Proof. Consider the operator N: L'(J, R) — L'(J, R) defined by
(Nx)(t) = yo + I*x(t), (6.43)

where x(t) = f(t, yo+I%x(t), x(t)). Clearly, the fixed points of the operator N are solutions
to problem (6.38)—(6.39). Let

T*llallp1 +alyolT**!
Tlyol + (Lp(a—ﬂ)

r= )
1 (9 | 4T
I'Ca+1) I'(a+1)

where
g1 T QT

Toa+D T Tasn 1
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6.5 An Existence Result of Integrable Solutions for NIFDEs = 211

and consider the set
B, ={x e L'(J,R): |x|gx <1, r> 0} .

Clearly, the subset B, is closed, bounded, and convex. We will show that N satisfies the
assumptions of Darbo’s fixed point theorem. The proof will be given in three steps.

Step 1. N is continuous. Let x, be a sequence such that x,, — x in B,. Then for each
tel,

IN(xn) = NI 2
= III“Xn(t) X))l

_aya-1
-l j(t )% (xu(s) - x(5)) ds

0

It

T t
< J < o j(t s, o + I%n(5), X(9) - (5, Yo +I“x<s),x<s)>|ds>

Since f is of Carathéodory type, then by the Lebesgue dominated convergence theorem,
we have
IN(xn) = NX);t = 0 as n — oo.

Step 2. N maps B, to itself. Let x be an arbitrary element in B,. Then from (6.14.1)-
(6.14.2) we obtain

|Nx||z1 INx(t)|dt

lyo + I%x(t)|dt

t
Tiyol + (I (- = Ix(s)lds> dt
0

Ot O ——

T
J
T t
<T| |+J J(t il 1If(s +1%(s), x(s)) |ds | dt
Yo F(ﬂ) s Yo )
0 0
T t (t
< Tiyol+ | (j T a(s) 1 (o + Ix(9) Q2(X(S))|d5>
0 0 X
T q1lyol T** qT*
< Tlyol + a+ D lallr: + Ta+D + CESY x| 22
T t
(t-s)*t .
== r
+q1 J (J @) |x(s)|ds | dt
0 0 X
T« q1lyolT** qT" 1T
< Tlyol + m”a”Ll + Ta+1) + Ta+1) Ixllz: + W"X”L
Tal: + q1lyolT**! g1 T**r g T%
< Tlyol + Ta+1) "Tea+1) "Ta+r) ="
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212 —— 6 Integrable Solutions for Implicit Fractional Differential Equations

Then ||[Nx|;: < r. Thus, the operator N maps B, to itself.

Step 3. N is a contraction, i.e., u(NX) < ku(X), k € [0, 1). Now let us fix a nonempty
subset X of B,. We first consider two real numbers, O < |p| < §, and an arbitrary fixed
x € X. By (6.14.3) we have

[INX(t + p) = Nx(£)|

[(Nx)(t + p) = (Nx)(0)]dt

[I%x(t + p) — I*x(t)|dt

II°(x(t + p) - x(B))\dt

Il
Oty O, O, O, O,

[T (f(t + p, yo + I°x(t + p), x(t + p)) — f(t, yo + I*x(t), x(1)))| dt

IN

(IELy(p)] + ke P2 (x(t + p) = x(6))| + Kz [T*(x(¢ + p) = x(1))]) dt

T 2a

T
kT
Oj Ly(@ldt+ 7o J Ix(t +p) - x(Dldt

a

< -
" Ia+1)

ko T

"Ta+1)

T
J [x(t + p) — x(t)|dt .
0

Hence, we have

a+1

T
INx(. +p) = Nx()lzr < mLf(P)

< k1 TZ(X kz T
+

IQa+1)  I@a+1) ) Ix(. +p) = x(llzr -

Taking into account that

lim sup Lf(p) =0,
6—-0 Ipl<6

we get
k1 TZD( kz T
X).
Tea+D T+ )*®
Here, u(.) is the measure of noncompactness in L'[0, T] by (4.3). This means that the
operator N is a contraction with respect to u. Since
kq T?% k, T*
+ <1,
I'Qa+1) TI(a+1)

H(NX) < (
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6.5 An Existence Result of Integrable Solutions for NIFDEs = 213

by applying Darbo’s fixed point theorem, we conclude that IVP (6.38)—(6.39) has at
least one solution belonging to the set B, c L1(J, R). O

6.5.3 Example

In this section we present an example to illustrate the usefulness of our main results.
Let us consider the fractional initial value problem
t(1 B+ [cD*y(t
“pry(p = LLF '”&':5') YOD © tegizi0,1], ae 0,11, (6.44)

y(0) =yo . (6.45)

Set
t(l+y+2)

(t+5) °
Clearly, the function f satisfies the Carathéodory conditions. For y, z € R, and t € ], we
have

flt,y,z) = (t,y,2) e I xRy xR, .

ty tz

t’ ’ =
it y, 2)] t+5+t+5+t+5

“Jresl 15l
t+5 t5 t+5

+ —=|Z].
SHATENER

We first show that a € L1[0, 1], where a(t) = %; indeed, a(t) is a measurable function

and
‘ t
f athdt = | ¢zt
0

= —51n|t+5|)]0
=1-5In6+5In5<o00.

Then a € L1[0, 1]. Hence, (6.14.2) holds with a(t) = t+5 andq; =¢q> = 1
Moreover, for each t € [0, 1], x;,¥; € Ry, i =1, 2, we have

|f(t+p,Y1yzl)—f(t,)’Z,ZZN
t+p t +(l‘+P))’1_ ty,  (t+p)zn  tz

:t+p+5 t+5 t+p+5 t+5 t+p+5 t+5

p (t+p)y1_ ty> (t+p)zl_ tz,

T p+5 |t+p+5 t+5 t+p+5 ¢t+5
t+ t t+p)z tz

< L(p) + (t+p)yr  tya | |(t+p)zy  tz
t+p+5 t+5 t+p+5 t+5
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214 — 6 Integrable Solutions for Implicit Fractional Differential Equations

where Lf(p) = p+5
As 6 — 0, we have

1 1
If(t+p,y1,21) = f(t, y2,22)| < Lf(p) + g')’I —-yal+ g|zl -2
Then (6.14.3) holds with L¢(p) = ;%= and k1 = ks = £. Condition (6.42) is satisfied for

appropriate values of a € (0, 1] w1th T=1. Indeed

kq ko 1 1

fea+D Ta+D <" C FasD " TRarD <% (6.46)

Then, by Theorem 6.15, problem (6.44)—(6.45) has at least one solution on [0, 1] for
values of a satisfying condition (6.46). For example,
Ifa=1 thenI(a+1)=I(3)=0.88and I'(2a +1) = I'2) = 1 and

c\h—n

kq . k _1 5
I'Qa+1) TI(a+1) 6 0.8

=0.35659< 1.

6.6 Notes and Remarks

The results of Chapter 6 are taken from Benchohra et al. [107, 108]. Other results may be
found in [179, 181].
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