5 Boundary Value Problems for Impulsive NIFDE

5.1 Introduction and Motivations

The theory of impulsive differential equations of integer order has found extensive
application in realistic mathematical modeling of a wide variety of practical situations
and has emerged as an important area of investigation in recent years. See [76, 77, 100,
148, 186, 215, 240], as well as [124, 157, 158, 251], and references therein.

Very recently, antiperiodic boundary value problems (BVPs) of fractional differential
equations have received considerable attention because they occur in the mathematical
modeling of a variety of physical processes. See for example [45, 53, 54, 52, 55, 88, 98,
125, 248, 249, 250, 259].

In this chapter, we establish existence, uniqueness, and stability results for some
classes of BVPs for impulsive nonlinear implicit fractional differential equations
(NIFDESs). Next, we present other results of existence and uniqueness for BVPs for
NIFDEs with impulses in Banach spaces.

5.2 Existence Results for Impulsive NIFDEs

5.2.1 Introduction

In this section, we establish existence, uniqueness, and stability results of solutions for
the BVP for NIFDEs with impulse and Caputo fractional derivatives:

Dy y(t) = f(t,y,° D y(1)), foreach, t € (tx, txs1l, k=0,...,m, 0<a<1, (5.1)

AY|t=tk =Ik()’(t;)), k= 1"-"m’ (5~2)

ay(0) + by(T) = c, (5:3)
where CD?k is the Caputo fractional derivative, f: J x R x R — R is a given function,
Ix: R - R,and a, b, c arereal constants, witha+b # 0,0 =to < t; < -+ <ty < tpy1 =
T, Ayle=t, = y(ty) = y(t;), and y(t7) = limp_o+ y(tx + h) and y(t;) = limp_o- y(tx + h)
represent the right and left limits of y(¢) at t = ti, respectively.

The arguments are based upon the Banach contraction principle and Schaefer’s
fixed point theorem.

5.2.2 Existence of Solutions

Consider the Banach space
PC(]’]R) = {)’- ]_>IR: y € C((tk)tk+l]9IR)’ k:01-~-’m
and there exist y(t) and y(tZ), k=1,...,mwith y(t) =y},
https://doi.org/10.1515/9783110553819-005
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5.2 Existence Results for Impulsive NIFDEs —— 165

with the norm
Iyllec = suply(9)l .
te]

Definition 5.1. A function y € PC(J, R) whose a-derivative exists on Ji is said to be a
solution of (5.1)-(5.3) if y satisfies the equation CD‘txky(t) = f(t, y(t), CD‘t"k y(t)) on J and
satisfies the conditions

Al = L&), k=1,...,m,
ay(0) + by(T) =c.

To prove the existence of solutions to (5.1)—(5.3), we need the following auxiliary lemma.

Lemmab5.2. LetO < a < 1,andlet o: ] — R be continuous. A function y is a solution of
the fractional integral equation

t;
-1 o
o bZI(y(t ))+r( )Z J(tl—s) Lo(s)ds

i-1

T ¢
b a-1 a-1 .
+ @ J(T s)* " ta(s)ds - c] + — J(t -s)*"o(s)ds ifte]0,t1]

I'(a)
f

y(6) = 5 _—1 bZI(y(t N+ s Z J(tl - 5)* la(s)ds
a+ )1 1.7
t;

T
F(”) j(r )" 1o(s)ds—c] +ZL(y(t D+ Fa )Z j(tl—sw Lo(s)ds

tiq

1 a-1 :
i | -9 owds ift € (th, tinn
tk
(5.4)
wherek =1, ..., mif and only if y is a solution of the fractional BVP

‘Dy(t)y=o(t), teJk, (5.5)

AY|t=tk :Ik(y(ti))’ k= 1,...,m, (5-6)

ay(0) + by(T)=c. (5.7)

Proof. Assume that y satisfies (5.5)-(5.7). If t € [0, t1], then
cD%y(t) = o(t) .

Lemma 1.9 implies

¢
1

y(t) =co+I%(t) = co + T@ J(t —5)*lg(s)ds

0
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166 —— 5 Boundary Value Problems for Impulsive NIFDE
for co € R.If t € (t1, t], then Lemma 1.9 implies

t
+ a1l
YO =y + o )j(t )% Lo(s)ds

t

J(t - 8)*1g(s)ds

ty

= Ayle=t, +y(t]) + = — @

ty
1 ,,,_
=L (y(t]) + |:c0 + = @ J(tl -5) 1g(5)ds:|

t
J(t -5)*1g(s)ds .

ty

L
I(a)
ty

—co+1uya>)+r()jal—sw-%nﬁds

t

1 a-1
+F( )J(t s)* to(s)ds .

If t € (t,, t3], then from Lemma 1.9 we get

t
L[ et
y(t) = <t>+r()Ja )% 1g(s)ds

t
= Ayliet, +Y(65) + —— ja )% 1o(s)ds
ty

1
I'(a)
ty

J(h - 5)*1g(s)ds

=L(y(ty)) + lco +L(y(t) + = (@)

tz t
F(l ) J(tz -8 10(s)ds] + @ )J(t s)* 1a(s)ds .
t

=co + [LL(y(t) + L (y(65))] + [r( ) j(tl - 5)*1g(s)ds
0

iy

ty

L _g)a-1 1 -1
+ @ J(tz s) o(s)ds] + T@ )J(t s)* to(s)ds .

ty ty
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5.2 Existence Results for Impulsive NIFDEs =—— 167

Repeating the process in this way, the solution y(t) for t € (tx, tx+1], wherek =1, ..., m,
can be written
t;

k
y J (t; - ) To(s)ds

l=lti71

k
_ 1
y(t) = co + izzlli(y(r,- ) + @

t
1 a-1
+ @ J(t s)* o(s)ds .
tx
Applying the boundary conditions ay(0) + by(T) = c, we get
t;

m b m
c=cola+b)+b ) L(y(t;) + —— (ti — s)* Lo(s)ds
° Zl @ & J

i=1 tig
T
+ b I(T - 5)*1g(s)ds
I'(a) ’
tm
Then
t;

m b m
b)) I - —_— ti — a-1 d
Zl V() + F(“M_zltj( 5)*1o(s)ds

i-1

-1
a+b

Co =

I'(a)

tm

T
+ b J(T—s)“‘lo(s)ds - c] .

Thus, if t € (tg, txs1], wherek =1, ..., m, then

t;
_ 1 7o b S [ cyat
v = — bi:ZlL(ya,. ))+mi_zltj(tl—s> o(s)ds

i-1

T
b a-1 d =
" mJ(T—s) a(s)ds—c:| +i;I,(y(ti )
tm =
1 & 1
+— t-—s"‘*losds+—J‘t—s""losds.
rw L | -9 otsds + o [ (e 9ot
ti-1 tk
Conversely, assume that y satisfies impulsive fractional integral equation (5.4). If

t € [0, t1], then ay(0) + by(T) = c. Using the fact that D% is the left inverse of I*, we get
D (t) = o(t) foreach t e [0, t,].

If t € (tk, tgea], k=1, ..., m, and using the fact that °D*C = 0, where C is a constant,
we get
°D*(t) = o(t), foreach te (tx, tis1] .
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168 —— 5 Boundary Value Problems for Impulsive NIFDE

Also, we can easily show that
Ayle=t, = I(y(ty)), k=1,...,m. 0

We are now in a position to state and prove our existence result for problem (5.1)-(5.3)
based on Banach’s fixed point.

Theorem 5.3. Make the following assumptions:
(5.3.1) The function f: ] x R x R — R is continuous.
(5.3.2) There exist constants K > 0 and 0 < L < 1 such that

If(t, u,v) - f(t,u, V)| < Klu —ul + L|v - V|

foranyu,v,u,ve Randt € ].
(5.3.3) There exists a constant 1 > 0 such that

() - Ik @) < Tju -1l

foreachu,ue Randk=1,...,m.
If
|b| ~  (m+1KT®
<|a+b| +1)[ml+—(1—L)F(a+1) <1, (5.8)

then there exists a unique solution for BVP (5.1)-(5.3) on J.

Proof. Transform problem (5.1)—(5.3) into a fixed point problem. Consider the operator
N: PC(J, R) — PC(J, R) defined by

_ 1 7 (v b el
NOXO = —— b,-;l‘(y(t" ) + mzl j(tl ~5)%lg(s)ds

ti-1

T t
_b a-1 1 vl
" T(@ J(T T s C} " T ) J (tx =) "g(s)ds

tn O<t"<ttk,1

t

[e-91tgsrds + Y novg). (59)

fi O<ty<t

1
" T@

where g € C(J, R) is such that

Clearly, the fixed points of operator N are solutions of problem (5.1)-(5.3).
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5.2 Existence Results for Impulsive NIFDEs

Let u, w € PC(J, R). Then for t € ] we have

[b|
IN(u)(t) - N(w)(0)] < T+ bl [ZII u(ty)) - Liw(t)l

t;

j (t; — )% VIg(s) - h(s)|ds

ti-1

.
" T@);

M%s

T

1 a-1

+mtJ(T_S) |g(s>—h(s)|ds]
t

Y [ -9 go) - hisyias

O<tk<t[k,1

1
" T

t
j(t $)%LIg(s) - h(s)lds

ti

" T(a)

+ Y Iuty) = Ikw(t))!

O<ty<t
where g, h € C(J, R) is such that

g(t) = f(t, u(t), g(0)) ,

and
h(t) = f(t, w(t), h(1)) .
By (5.3.2) we have
1g(t) = h(B)] = If(¢, u(t), g(t)) - f(t, w(t), h(t))|
< Klu(t) - w(t)| + L|g(t) - h()] .
Then

K
|g(0) -~ h(O] < T lu(t) -w(O] .

Therefore, foreach t € J

m

IN(u)(t) - N(W)(t)l_I [Z lu(ty) - w(t)l

t
K

Wlemz

(1 L)F(a J

tm

(T = $)* u(s) - w(s)lds]

— 169

j (b - )% u(s) - w(s)lds
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170 — 5 Boundary Value Problems for Impulsive NIFDE

a-1
(1 L)F(a) Z J (tx — $) " u(s) — w(s)lds

t

K et
*mtj(t $)* Hu(s) - w(s)lds

Ms
~l

lu(ty) —w(t)l .

<< 1) [ T
“\la+b| 1-LDI(a+1)

+m] lu-wlpc .

Thus,

|b| >[ ~ (m+ 1)KT*
+1

FEY ml+—(1—L)I‘(a+1)] lu-wlpc .

INGW) - Nw)lpc < (

By (5.8), operator N is a contraction. Hence, by Banach’s contraction principle, N has a
unique fixed point that is the unique solution of problem (5.1)-(5.3). O

Our second result is based on Schaefer’s fixed point theorem.

Theorem 5.4. Assume (5.3.1) and (5.3.2) hold and
(5.4.1) There exist p, q, r € C(J, Ry) with r* = sup,¢; r(t) < 1 such that

If(t, u, w)| < p(t) + g(O)|u| + r(t)lw| forteJandu,w e R;

(5.4.2) The functions I;.: R — R are continuous, and there exist constants M*,
N* > 0 such that

[Ix(uw)] < M*|lu| + N* foreachueR, k=1,...,m.

If

14 . (m+D)g*T®
<|a+b| +1>(mM +—(1—r*)1"(a+1)><1’ (5.10)

then BVP (5.1)-(5.3) has at least one solution on J.

Proof. Consider operator N defined in (5.9). We will use Schaefer’s fixed point theorem
to prove that N has a fixed point. The proof will be given in several steps.
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5.2 Existence Results for Impulsive NIFDEs = 171

Step 1: N is continuous. Let {u,} be a sequence such that u, — uin PC(J, R). Then
foreachte]

|b] - -
IN(un)(t) - Nu)(6)] < Y] [H i (un(t})) — I (u(t)]

t;
1 m
+;GSZ_[m—sW*gﬂw—gwn¢

lzltm

T
1 a-1
" T@) J(T—S) |gn(S)—g(S)|ds}

tm
tk
! a-1
ero«zkatJ (tic = )" Ign(s) — g(s)lds
1 t
—_— _ o)a-1 _
+nmJ“S)|&® g(s)lds
+ Y Iun(6) - L) -
O<tr<t

where g,,, g € C(J, R) such that

gn(t) = f(t, un(t), gn(1)

and
g(t) = f(t, u(t), g(1)) -
By (5.3.2) we have
18n(t) — 8(O)] = If(E, un(t), gn(t)) - f(t, u(t), ()
< Klun(t) - u(t)| + LIgn(t) - g(0)] .
Then

lgn(t) - 8(6)] <

K
() - ()] -

Since u, — u, we get g,(t) — g(t)asn — oo foreach t € J. Let n > 0 be such that, for
each t € J, we have |g,(t)| < n and |g(t)| < 1. Then we have

(t=5)"t1gn(s) — g(s)I < (t = $)* Ign(s)] + Ig(s)I]
<2n(t-s)*?!
and

(ti = $)*tgn(s) - 8(S)| < (tk = $)* M {Ign(s)| + I8(s)I]
<2n(ty—s)*t.

Brought to you by | UCL - University College London
Authenticated
Download Date | 2/10/18 4:12 PM



172 — 5 Boundary Value Problems for Impulsive NIFDE

For each ¢ € J the functions s — 25(t — s)* ! and s — 25(tx — s)*"! are integrable on
[0, t], then the Lebesgue dominated convergence theorem and (5.11) imply that

IN(upn)(t) - N(u)(t)] - 0 as n — co.
Hence
[N(un) - N(w)lpc —» 0 as n — co.

Consequently, N is continuous.

Step 2: N maps bounded sets to bounded sets in PC(], R). Indeed, it is enough
to show that for any n* > O there exists a positive constant ¢ such that for each
u € By« ={u e PCUJ,R): |lulpc < n*} we have |[N(u)|pc < €. For each t € ] we have

N0 = bzl(u(t D+ s )Z j(ti—s)“*lg(s)ds

71t1 1

T
b a-1 _
+ m j(T—s) g(s)ds c] F( )

m

D j (tx —5)*"g(s)ds

0<tk<t

t
J(t —9rlg()ds+ Y L), (5.12)

+ [
F(a) t O<ty<t

where g € C(J, R) is such that

g(t) = f(t, u(t), g(1)) .
By (5.4.1), for each t € ] we have
g = If(t, u(t), g()]
< p(t) + q(Olu(®)| + r(t)|g(®)
<p®)+qn* +r)Ig®)]
<p*+q'nt +rigol,

where p* = sup;; p(t), and g* = sup; q(t).

Then . ..
p +qn
lg(t)] < o M.
Thus, (5.12) implies
14 [ . . , mMMT® ]
IN(u)(t)| < a1 D] m(M*|u| + N )+F(rx+1) +F(a+1)
[c| mMT“ MT?

b TarD T Ty T M ND

|b| . o (M+1)MT® Ic|
£<|a+b|+1>[m(M |lul + N*) + T+l ]+|a+b|'
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5.2 Existence Results for Impulsive NIFDEs = 173

Then
|| )[ o w ey (M 1MT® Ic|
NI < 1 M N =
NGl < (74 1) [mown Ny ST
Step 3: N maps bounded sets to equicontinuous sets of PC(J, R). Let 71, T2 € ],
Ty < T2, By be a bounded set of PC(J, R) as in Step 2, and let u € By:. Then

IN(u)(12) - N(u)(11)]

T1

1 a-1 a-1
sm!mz—s) ~ (11 - )% Yg(s)lds

T2

* Fa )j|(rz—s>“||g(s)|ds+ Y )

O<t)<T2-T1
< M 2 a a a M* N*
S T 22 =T+ (5 - T+ (12 - T) (M ul + N7)
M
S Tar 22 1)+ (15 - D] + (T2 - T)(M* " + N*) .

As 11 — T3, the right-hand side of the preceding inequality tends to zero. As a conse-
quence of Steps 1-3, together with the Ascoli-Arzela theorem, we can conclude that
N: PC(J, R) — PC(J, R) is completely continuous.

Step 4: A priori bounds. Now it remains to show that the set

={ue PC(J,R): u=AN(u) forsome 0<A<1}
is bounded. Let u € E; then u = AN(u) for some O < A < 1. Thus, for each t € J we have

m U

1 m bA .
u() = — b/li;h(u(t HW;J (i — 5)% 1 g(s)ds

tx

> I (tx —5)* 'g(s)ds

0<tk<tl’k,1

s)%” 1g(s)ds—c}t] @

-5)*Tg(s)ds +A Y L(u(ty)) . (5.13)

O<ty<t

-
T
j (¢
From (5.4.1), for each t € ] we have
1g(O = If(t, u(t), g()|
< p(8) + g@O)lu(®)] + r(6)|g(®)]

<p*+qtlu®)) +rg()] .
Thus,

801 < " + " (D)
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174 — 5 Boundary Value Problems for Impulsive NIFDE

This implies, by (5.13) and (5.4.2), that for each t € J we have

14 . o, MT%(p* +q*lulpc)  T(p* + q*llullpc)]

O < ) [m(M llpe + N+ = SFav ) T A-ra+ )
I, mT*®” +q"lullec) T + q"lullpc)
|a + b| A-r9)(a+1) 1-r)[(a+1)

+mM* |u(®)llpc + N*) .

Then
1b] . . (m+1)(p*+q*||u||Pc)T“]
e < (704 1) [ mO4 e + N7y + P22 LI
Ll
|a + b|
1b] )( . (m+Dp T ) I
S<|a+b|+1 MmNt A e ) P las bl
Ib| . (me g T )
*(m”)("“’” ta-rrasn M
Thus,

Ib] . (meDg T Ib] I
[1‘<|a+b| +1><"’M ¥ (1—r*)r<a+1))] lulec < <|a+b| ”) [|a+b|

(m+1)p*T* ]

N4 —————
A A1-r)I(a+1)

Finally, by (5.10) we have

|b| (m+1)p*T* Il
(|a+b| + 1) [mN* ta-mran t |a+b|] .~ R

(1 (e + 1) (ma + 5sfem)]

lulpc <

This shows that set E is bounded. As a consequence of Schaefer’s fixed point theorem,
we deduce that N has a fixed point that is a solution of problem (5.1)—(5.3). O

5.2.3 Ulam-Hyers Rassias stability

Here we adopt the concepts in Wang et al. [252] and introduce Ulam’s type stability
concepts for problem (5.1)—(5.2).

Letz € PC'(J,R), € > 0,3 > 0, and ¢ € PC(J, R,) is nondecreasing. We consider
the set of inequalities

JlICD“Z(t) ~fit, z(t), ‘Dz()| s €, te(ti tiral, k=1,...,m

_ (5.14)
[Az(tr) - Ii(z(t) < €, k=1,...,m;
the set of inequalities
[°Dz(t) - f(t, z(t), D z(t)| < @(t) , t € (ty,trsal, k=1,...,m (5.15)
1Az(ty) - Ik(z(E) < P, k=1,...,m; '
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5.2 Existence Results for Impulsive NIFDEs = 175

and the set of inequalities

{|CD“z<t)—f(t,z<t>,CD“z<t))|sego(t), et el k=1,om

1Az (tx) - I(z(E))] < €y, k=1,...,m.

Definition 5.5. Problem (5.1)—(5.2) is Ulam—Hyers stable if there exists a real number
¢fm > O such that for each € > 0 and for each solution z € PC'(J, R) of inequality (5.14)
there exists a solution y € PC1(J, R) of problem (5.1)-(5.2), with

lz() -yl < crme, te].

Definition 5.6. Problem (5.1)—(5.2) is generalized Ulam—Hyers stable if there exists
Orm € C(Ry, Ry), 87,1, (0) = 0 such that for each solution z ¢ PC'(J, R) of inequality
(5.14) there exists a solution y € PC'(J, R) of problem (5.1)—(5.2), with

lz(t) - y(OI < Or,m(€), te].

Definition 5.7. Problem (5.1)-(5.2) is Ulam-Hyers—Rassias stable with respect to (¢, 1)
if there exists cf,m,, > O such that for each € > 0 and for each solution z € PC'(J, R) of
inequality (5.16) there exists a solution y € PC!(J, R) of problem (5.1)-(5.2), with

2(6) = y(Ol < crm,pe(@O) + ), te].

Definition 5.8. Problem (5.1)—(5.2) is generalized Ulam-Hyers—Rassias stable with
respect to (¢, ) if there exists cf,m,, > 0 such that for each solution z € PC 1], R) of
inequality (5.15) there exists a solution y € PC1(J, R) of problem (5.1)—(5.2), with

1z(0) -y (O < Crmp@) +), te].

Remark 5.9. It is clear that (i) Definition 5.5 implies Definition 5.6, (ii) Definition 5.7
implies Definition 5.8, and (iii) Definition 5.7 for ¢(t) = ¥ = 1 implies Definition 5.5.

Remark 5.10. A function z € PC'(J, R) is a solution of inequality (5.16) if and only if
there is 0 € PC(J, R) and a sequence ok, k = 1, ..., m (which depend on z) such that
@) lo(t)| < ep(t), t € (tk, tiv1], k=1,...,mand |ox| < e, k=1,...,m;

(ii) °D%z(t) = f(t, z(t), D*z(t)) + o(t), t € (tk, treal, k=1, ..., m;

(iii) Az(tyx) = Ix(z(£)) + 0%, k=1,...,m.

One could make similar remarks for inequalities 5.15 and 5.14. Now we state the Ulam—
Hyers—Rassias stability result.

Theorem 5.11. Assume (5.3.1)-(5.3.3) and (5.8) hold and
(5.11.1) there exists a nondecreasing function ¢ € PC(J, R,) and there exists Ay > O such
that forany t € J,
I%p(t) < App(t) .

Then problem (5.1)-(5.2) is Ulam-Hyers—Rassias stable with respect to (@, ).
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176 —— 5 Boundary Value Problems for Impulsive NIFDE

Proof. Let z € PC'(J, R) be a solution of inequality (5.16). Denote by y the unique
solution of the BVP

CD‘txk,V(t) :f(ty Y(t), CD?kY(t)), te (tka tk+l]y k= 1: e, My

Ay(to) = Ly (£)), k=1,...,m;
ay(0) + by(T) = c;
y(0) = 2(0) .

Using Lemma 5.2, we obtain for each t € (tx, ti+1]

ti

a-1
y(t) = (0)+ZIz(y(t D+ )Z | -9 gs1as

tiq

t
a-1
F()I(t s)* 7 g(s)ds, te (tk, tre1],

where g € C(J, R) is such that

g(t) = f(t, y(t), g(0)) .

Since z is a solution of inequality (5.16) and by Remark 5.10, we have

{CD‘t"kz(t) = fit, z(t), °Df z(t)) + 0(t), te (tp, tipal, k=1,...,m; (5.17)

Az(ty) = I(2(t,)) + 0%, k=1,...,m.
Clearly, the solution of (5.17) is given by

ti

z(t) = z(0) + le(z(t ) + Zo, F( ) Z J(tl - s)* 'h(s)ds

_1t1 1
1 & t
+ m lzzltj (t; — s)*~ 10'(S)dS + ﬁ J( — S)a_lh(s)ds
1 t
a-1
g €A, e,

where h € C(J, R) is such that

h(t) = f(t, z(t), h(1)) .
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5.2 Existence Results for Impulsive NIFDEs = 177

Hence, for each t € (tx, ti+1], it follows that
k k

|2(6) -yt < Y loil + Y ILiz(t)) - Ly ()
i=1 i=1
kb
. _ )21 _
+WHJ (ti = )7 Ih(s) - g(s)lds

ti

LS [ - 51 o(s)ld
+mi;[1 ;=S a(s)|ds

i-1

- $)* 1 h(s) - g(s)lds

t
1
1 t
- _ c)a-1
+ @ J(t s)* | a(s)] .
Thus,
k _~
|2(t) - y(0)] < mey + (m + Dedpp(t) + Y Tz(t7) - y(t;)

i=1
t;

LS [ (-9 in d
i X | -9 e - glas

lzlti—l

t
1 _ eya-1 _
+ mtj(t )1 |h(s) — g(s)|ds .
By (5.3.2) we have
[h(t) — g()] = If(¢, z(t), h(t)) — f(¢t, y(t), g(D)]
< Klz(t) - y(t)| + LIg(t) — h(t)| .

Then

K
I |lz(t) - y(0)] .

Ih(t) - 8(0)] < 7=

Therefore, foreach t € J
k
|2(£) - y(t)] < me + (m+ 1)edy(t) + Y Tz(£7) - y(£7)]

i=1
t:

K - ( a-1
Ta-DI@ & J (i = 5)*z(s) ~y(s)lds
K t
a-1
A<D J(t - 8)"7z(s) - y(s)lds .

tk
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178 =— 5 Boundary Value Problems for Impulsive NIFDE

Thus,

k
|2(6) - y(t) < Y T2(67) = y(t))| + € + @(£))(m + (m + 1)Ay)
i=1

Kim+1)

t
J A, _ o)a-1 _
T A-Dl J(t $)* T lz(s) — y(s)lds .

0

Applying Lemma 1.53, we get
lz() - y(O)] < e + p())(m + (m + 1)Ayp)
t
x [O!;[<t(1 +Dexp (J %(t - s)“ds)]
< cpe( + (1),
where

c(p:(m+(m+1)/1(p)[ﬁ(1 +7)€Xp( K(m+1)T® >]
k=1

1-L)I(a+1)

Km+1)T* )]m

=(m+(m+1)Ay) [(1 +1) exp(m

Thus, problem (5.1)—(5.2) is Ulam-Hyers—Rassias stable with respect to (¢, ). The
proof is complete. O
Next we present the Ulam-Hyers stability result.

Theorem 5.12. Assume (5.3.1)—(5.3.3) and (5.8) hold. Then problem (5.1)-(5.2) is Ulam—
Hyers stable.

Proof. Let z € PC1(J, R) be a solution of inequality (5.14). Denote by y the unique
solution of the BVP

DL y(t) = fit, y(t), DL y(), te (ti, trwal, k=1,...,m;

Ay(tx) = Ik(y(t;))s k=1,...,m;
ay(0) + by(T) = c;
y(0) = z(0) .

From the proof of Theorem 5.11 we get the inequality

T%(m+1)

k -~
l2(6) = y(O1 < 3 ) = D]+ me + —po==e=

i=1
Kim+1)

t
a-1
T a-D J(f =8)"z(s) — y(s)lds .

0
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5.2 Existence Results for Impulsive NIFDEs = 179

Applying Lemma 1.53, we get

lz(t) - y(t) < € ( ml(a+1)+ T%m+ 1)>

I'la+1)

t
= Kim+1) a1
X[ n(l+l)exp<1m(t—s) dS>]

O<ty<t 0

< cy€,

where

_(mI(a+1)+T%m+1)\ [ 5 ~ Km+1)T*
o= (" D )[Q“”exp(u-mnmu)]

(P ) v 52

Moreover, if we set y(€) = ce; y(0) = 0, then problem (5.1)—(5.2) is generalized Ulam—
Hyers stable. O

5.2.4 Examples

Example 1. Consider the impulsive BVP
1
1
5642 1+ ly(O)] + DG y(0)
-
_ ()l

Aylpy =2 A

10 + |y (5 )|

2y(0)-y(1)=3, (5.20)

D2 y(t) = , foreach, teJouJ;, (5.18)

(5.19)

where Jo = [0, 31,J1 = (3, 1],to = 0,and t; = 3.

Set
1

5et*2(1 + |u| +|v])
Clearly, the function f is jointly continuous.
Foreachu,v,ui,v e Rand ¢t € [0, 1]

fltt,u,v) =

te[0,1], u,veR.

It u,v) — fit, 7, 7)) < 5—1,2<|u Cal+lv-7)).

Hence, condition (5.3.2) is satisfied by K = L = % Let

L(u) = u € [0,00).

10+u’
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180 —— 5 Boundary Value Problems for Impulsive NIFDE

Let u, v € [0, 0co). Then we have

1% ’ 10|u —v|

Ih(w) - L)l = 10+u 10+v

(10+uw)(10+v) ~ E'u vl

Thus, the condition

Ib| - m+DKT® 1 _[1 %
<|a+b|+1>[’””<1—L)r(a+1>]‘2[ (1-1)r( )]

4 1
_2[(5e2 1)\/_ ]<1

issatisfiedby T =1,a=2,b=-1,c=3,m=1, and1 = %. It follows from Theorem 5.3
that problem (5.18)-(5.20) has a unique solution on J.

Set, forany t € [0, 1], () = ¢, = 1.
Since

t
I’ o(t) = J(t ~s)ilsds < % ,

(5.11.1) is satisfied by A, = \/iﬁ Thus, problem (5.18)—(5.19) is Ulam-Hyers—Rassias
stable with respect to (¢, ).

Example 2. Consider the impulsive antiperiodic problem

1
2+ |y +1°Dg y(t)l

th%ky(t) _ , foreach, teJouJ;, (5.21)
108et+3 (1 +1y(O] + |°D} y(t)l>
ly(37)I
Wiy = (;l , (5.22)
6+ly(5)l
y(0) = -y(1), (5.23)

where Jo = [0, 1],J1 = (3,1], to = 0,and t; = 3. Set

2+ ul +|v|

t, u,v)= s
ft ) 108et+3 (1 + |ul| + |v|)

tel0,1], u,veR.

Clearly, the function f is jointly continuous.
Forany u, v, 1,7V € Rand t € [0, 1]

|f(t’ u, V) _f(t’ a’ ‘_/)l <

1
W(lu—lﬂ + IV—l_/I) .

Hence, condition (5.3.2) is satisfied by K = L =
For each t € [0, 1] we have

_1
108e3 *

If(t, u,v)| <

1
W(Z +lul +|v)).
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5.3 Existence Results for Impulsive NIFDE in Banach Space =— 181

Thus, condition (5.4.1) is satisfied by p(t) = W}“B and g(t) = r(t) = Let

1
108et*3 *
u
Ii(u) = o+ru’ u € [0, 00).

For each u € [0, co) we have

[I1 (u)] < %u +1.

Thus, condition (5.4.2) is satisfied by M* = % and N* = 1. Thus, the condition

Ib| . (meDg'T* \ 3(1 4
(|a+b|+1)(’”M +(1—r*>r(a+1)>‘z(e*uosez-wﬁ)“

is satisfied by T=1,a=1,b=1,c=0,m = 1,and g*(t) = r*(t) = 1555 It follows

from Theorem 5.4 that problem (5.21)—(5.23) has at least one solution on J.

5.3 Existence Results for Impulsive NIFDE in Banach Space
5.3.1 Introduction

The purpose of this section is to establish existence and uniqueness results to the BVPs
for NIFDEs

‘D y(t) = f(t,y,° Dy y(t)), foreach, te (tx,txs1], k=0,...,m,0<v<1,

(5.24)
Ayle=t, = Ik(y(£)) k=1,...,m, (5.25)
ay(0) + by(T) = c, (5.26)

where CD‘t’k is the Caputo fractional derivative, (E, | - ||) is a real Banach space,
f:JxExE — Eis a given function, Ix: E — E, a, b are real constants with
a+b#0andc € E,0=1fy <t; < <ty <tmar=T,Ale=t, = y(t) = y(tp),
and y(t;;) = limp 0+ y(tx + h) and y(t;) = limp—o- y(tx + h) represent the right and left
limits of y(t) at t = t.

In this section, two results are discussed; the first is based on Darbo’s fixed point
theorem combined with the technique of measures of noncompactness, the second is
based on Moénch’s fixed point theorem. Finally, two examples are given to demonstrate
the application of our main results.

5.3.2 Existence of Solutions

Definition 5.13. A function y € PC(J, E) whose v-derivative exists on J is said to be a
solution of (5.24)—(5.26) if y satisfies the equation Dy, y(t) = f(t, y(t), “Dy, y(t)) on Ji
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182 —— 5 Boundary Value Problems for Impulsive NIFDE

and satisfies the conditions

Ayle=e, = I(y(&)), k=1,...,m,
ay(0) + by(T) =c.

To prove the existence of solutions to (5.24)—(5.26), we need the following auxiliary
lemma.

Lemma5.14. LetO <v < 1,andlet o: ] — E be continuous. A function y is a solution of
the fractional integral equation

t;
m b m
b)) I - —_— ti — v-1 d
Zl (V(E) + T<V>i-zl j( 5)*Lo(s)ds

ti-1

-1
a+b

T t
b v-1 1 ve1 ]
0] J(T_s) ols)ds - ¢ +—j(f—5) a(s)ds, iftelo,t1],

I'(v)
tm 0
m p m ]
= < _ . — . v-1
y(t) 5 b izzlll(y(ti ) + ol I;J (t; — s)" La(s)ds
b ‘ ) k 1 ko
v-1 . _ L -l

+ WJ(T— s) " o(s)ds—c | + i;l,(y(tl. )+ W) ;J (t; - s)" La(s)ds

1 v-1 .
Tw) J(t_ s)"ols)ds, if t € (i, tir1] s

tk
(5.27)
wherek =1, ...,m, if and only if y is a solution of the fractional BVP
‘D'y(t)=o(t), tejk,
AYle=t, = I(Y()), k=1,...,m,
ay(0) + by(T) =c.
We list the following conditions:

(5.15.1) The function f: J x E x E — E is continuous.
(5.15.2) There exist constants K > 0 and O < L < 1 such that

IfCe, u, v) = f(t, @, V)l < Kllu - all + Lllv - 7|

forany u, iti,v,v € Eand t €].
(5.15.3) There exists a constant [ > 0 such that

IT(w) - L@ < Tlu - ull

foreachu,uc Eandk=1,...,m.
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5.3 Existence Results for Impulsive NIFDE in Banach Space =— 183

We are now in a position to state and prove our existence result for problem (5.24)—(5.26)
based on the concept of measures of noncompactness and Darbo’s fixed point theorem.

Remark 5.15 ([66]). Conditions (5.15.2) and (5.15.3) are respectively equivalent to the
inequalities

a (f(t, B1, B2)) < Ka(B1) + La(B3)

a(Ix(By)) < la(B1),
for any bounded sets B1, B, € E, foreacht e Jand k=1,...,m.

Theorem 5.16. Assume (5.15.1)-(5.15.3) hold. If
|b| ) ( ~  (m+1DKT" )
1 ml+ ——— 1 2
<|a+b|+ Ta-pro+n) < (5.28)
then BVP (5.24)—(5.26) has at least one solution on J.

Proof. Transform problem (5.24)—(5.26) into a fixed point problem. Consider the opera-
tor N: PC(J, E) — PC(J, E) defined by

t;
_ -1 < A - b v . v-1
NOXO = —— bl_zzlll(ya,-)nm;j(t,—s) g(s)ds

i-1

T
’ F?) I(T 5)""'g(s)ds - C] TV tz J (6 =5 glo)ds

t
1 v-1 _
+ ) J(t —s)"g(s)ds + z I(y(£)) (5.29)

O<ty<t
where g € C(J, E) is such that

g(t) = f(t, y(t), g(0) .

Clearly, the fixed points of operator N are solutions of problem (5.24)—(5.26).

We will show that N satisfies the assumptions of Darbo’s fixed point theorem. The
proof will be given in several claims.

Claim 1: N is continuous. Let {u,} be a sequence such that u, — uin PC(J, E). Then,
foreacht €],

IN(un)(t) - Nw)(®)]| < I [Z i (un(ty)) = I (ut )l

i=1
ti

t o Y [ -9 gals) - gs)lds

ot ti-1

T
A j(T— 5" lgn(s) —g(s>||ds]
tm
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184 —— 5 Boundary Value Problems for Impulsive NIFDE

t

Y [ -9 gu(o) - gis)1ds

0<tk<ttk,1

1
)
t

j(t ~ 8)"Llgn(s) - g(s)llds

tk

+ Y Miun(t) = )l

O<ty<t

1
)

where gy, g € C(J, E) such that

gn(t) = f(t, un(t), gn(t))

and
g(t) = f(t, u(t), g(1)) .
By (P2) we have
lign(t) — g = If(t, un(t), gn(t)) - f(t, u(t), g®)I
< Kllun(t) = u(®ll + Llign(t) — (O .
Then K
lign(t) — ()] < 1 Lllun(t) —u(@l .

(5.30)

Since u, — u, we get g,(t) — g(t) asn — oo foreach t € J. Let n > 0 be such that, for

each t € J, we have ||g,(t)| < nand ||g(t)| < 1. Then we have

(t=9)""tlgn(s) — g(s)Il < (£ = 5)" lIgn(s)I + ()]
<2n(t-s)vt

and

(tic =) lign(s) — g(S)Il < (t = )" Hlgn(s)Il + g ()]
<2n(ty-s)' L.

For each t ¢ J the functions s — 2n(t - s)""! and s — 25(tx — s)""! are integrable on

[0, t]; then the Lebesgue dominated convergence theorem and (5.30) imply that

IN(un)(t) = Nw)(t)| - 0 as n — oco.

Hence,
[N(up) - N(u)|lpc = 0 as n — oo .

Consequently, N is continuous.
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5.3 Existence Results for Impulsive NIFDE in Banach Space =— 185

Let R be the constant such that
_ llell(v + 1)(1 = L) + (bl + la + b) [meaL(v + 1)(1 = L) + (m + DTVf*]
" la+bII(v+1)(1 - L) - (bl +|a + b)) [mI[(v + 1)(1 - L) + (m + D)T'K]

(5.31)

where ¢1 = sup, [[I(v)l and f* = sup,; (¢, 0, )]
Define
Dg ={u € PC(J,E): |ullpc < R}.

It is clear that Dy is a bounded, closed, and convex subset of PC(J, E).
Claim 2: N(Dg) c Dg. Let u € Dg; we show that Nu € Dg. For each t € ] we have

t;

y i i L Y -1
izZluz,(y(ti DI+ F<V>,-_Zl jal " g(s)lds

ti-1

licll b
la+b| |a+b|

IND)(OI <

T tx
L s)v-lug(s)ndsw i Y[ -9 gods

T(V) tm F(V) O<tk<ttk,1
1 t
v-1 _
+ ) f[(t -5)""lg(s)lds + O;N Ly (&) - (5.32)

By (P2) we have for each t € J

I8l < If(E, u(®), g()) - f(t, 0, 0)I| + IIf(¢, 0, )|
< Klu@®l +Lig®l + f*
< Klu(®llpc + Lig®l + f*
<KR+LIg®l+f*.

Then

f*+KR
sl < =

Thus, (5.31), (5.32), and (5.15.3) imply that

=M.

(ol < 19+ (2 +1)<Z||Ii(y(t;)>—1i(0>||+2||11-(0)||>
i=1 i=1

|a + b| |a + b|
+( |b| 1) (m+1)T'M
|a + b| I'lv+1)
lcll 14 ~ (m+1)T'M
“Tatb] +<|a+b| +1> [m(lR+C1)+—F(v+1) ]
<R.

Thus, for each t € J we have |[Nu(t)|| < R. This implies that | Nu|p¢c < R. Consequently,

N(DR) cDg.
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186 —— 5 Boundary Value Problems for Impulsive NIFDE

Claim 3: N(DR) is bounded and equicontinuous. By Claim 2 we have N(Dg) =
{N(u): u € Dg} ¢ Dg. Thus, for each u € Dg we have |[N(u)|pc < R. Thus, N(DR)
is bounded. Let t1, t; € (0, T], t; < t», and let u € Dg. Then

IN(u)(t2) - N(u)(t)]l

tl tZ
j|<tz—s>“—(t1 ) Ylg(s)lds + —— j|(tz—s>v-1|||g(s)nds

1

+ Z ) -LOl+ > L)

O<ty<t,—t, O<ty<t,—t1

[2(t, — t1)” + (85 = )] + (t2 — t)Uut)l + 1)

1
F(v) I'(v)

<
" I'(v+1)

M —~
< T(v+1) [2(6 - t1)" + (& = D] + (&2 = t)Ulullpc + €1)

M o~
< a2 - )"+ (G -]+ (2 - )R+ 1) -

As t; — t, the right-hand side of the preceding inequality tends to zero.
Claim 4: The operator N: Dg — Dg is a strict set contraction. Let V. c Dgrand t € J;
then we have

a(N(V)(1)) = a((Ny)(t),y € V)

b m
IaI Ib| lz {alli(y(t)))), y € V}

I'(v) =
1 T
) “(T s)" " a(g(s)ds, y € VH
1 : i
W) 2 J(fk—s)“a(g(s))ds yev

t
1 v-1
+ m {J(t -s)""ta(g(s))ds,y € V}

tx

+ Y {aly(t), y € V} .

O<ty<t
Then Remark 5.15 and Lemma 1.32 imply that, for each s € J,

a({g(s),y € V}) = a({f(s, y(s), g(s)),y € V})
< Ka({y(s),y € V}) + La({g(s),y € V}) .
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Thus,

a({g(s),y e V}) < a{y(s) yeV}.

On the other hand, foreacht € Jand k=1, ..., m we have

Y a({Iky(ty), y € V}) < mla({y(t),y € V}) .

O<tr<t

Then

Ibl

a(N(V)(t)) < aThi {miauy(t),y eV}

t
v-1
F(V)(l L) {J(t s)" Ha(y(s))tds,y e V

mK

e uE— _ -1
"Twa-1) {!(t s)  Ha(y(s))lds,y e V

0 }
T
v-1
T - L)“< =) {a(y(s))}ds,yevH

t
_ K o
" Twa-o) ”(t $)" Ha(y(s))}ds,y e V

+mla({y(t),y € V})

|b| ~ (m+ 1)KTY
< <|a+b| ”)(m” (1—L)F(v+1>>“C(V)'

Therefore,

|b| <~ (m+1)KTY
w2 (1) (" G it ) -

Thus, operator N is a set contraction. As a consequence of Theorem 1.45, the operator N
has a fixed point that is a solution of problem (5.24)—(5.26). O

Our next existence result for problem (5.24)—(5.26) is based on the concept of measures
of noncompactness and Ménch’s fixed point theorem.

Theorem 5.17. Assume (5.15.1)-(5.15.3) and (5.28) hold. If
ml<1,

then BVP (5.24)—(5.26) has at least one solution.
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188 —— 5 Boundary Value Problems for Impulsive NIFDE

Proof. Consider operator N defined in (5.29). We will show that N satisfies the assump-
tions of Monch’s fixed point theorem. We know that N: D — Dy is bounded and
continuous, and we need to prove that the implication

[V =convN(V) or V =N(V)u{0}] implies a(V)=0

holds for every subset V of Dg. Now let V be a subset of Dg such that V' ¢ conv(N(V) u
{0}). V is bounded and equicontinuous, and therefore the function t — v(t) = a(V(t))
is continuous on [0, TJ.
Using Lemma 5.14, we can write foreacht € Jand k=0,...,m
k 1k 4
NO/(E) = y(©0) + Y L) + 75 ) [ -9 g(s)ds
i-1 Q) 5

ti-1

t
1 a-1
+ m J(t -s)* " g(s)ds,

tx

where g € C(J, R) is such that

g(t) = fit, y(1), g(1)) .
By Remark 5.15, Lemma 1.33, and the properties of the measure a, for each t € J we have

v(t) < a(N(V)(6) U {0})
< a(N(V)(1))
< a{(Ny)(0),y € V}

t
K
<a(y(0)) + ﬁ {j(t -5)" " Ha(y(s))}ds, y V}

0

t
K v-1
T -0 {J(f—s) {a(y(s)}ds, y € v}

0
+mla({y(t),y € V})

t
< mla(iy(0),y € v3) + it K {

—_— _ o1
1 - L)) J“ s) {“(Y(S))}ds,yev}

0

(m+ 1)K

= mlv(t) + —(1 “DIw)

t
I(t - s)" y(s)ds .

(0]

Then

¢
v(t) < (T + DK J(t —s)" ly(s)ds .
(1-mD( - L)I) )
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5.3 Existence Results for Impulsive NIFDE in Banach Space = 189

Lemma 1.52 implies that v(t) = 0 for each t € J. Then V(¢) is relatively compact in E.
In view of the Ascoli—Arzela theorem, V is relatively compact in Dg. Applying now
Theorem 1.46 we conclude that N has a fixed point y € Dg. Hence, N has a fixed point
that is a solution of problem (5.24)—(5.26). O

Remark 5.18. Our results for BVP (5.24)—(5.26) are appropriate for the following prob-
lems:

— Initial value problem: a =1,b =0,c =0.

— Terminal value problem: a = 0, b = 1, c arbitrary.

— Antiperiodic problem: a =1,b=1,c =0.

However, our results are not applicable for the periodic problem, i.e., fora =1, b = -1,
c=0.

5.3.3 Examples

Example 1. Consider the infinite system

1
: et t Dy yn(t)
“Di yn(t) = 1+ e [ 1 )J:"( )(t) - fe” T foreacht e JouJi, (533)
Yl 1 4 eDZyn(t)
-
y =
AJ@!'{:% = LZ_ 8 (5.34)
10 +yn (7 )
2yn(0) —yn(1) =3, (5.35)
where Jo = [0, 3],J1=(3,1],to =0,and t; = 3.
Set

[ee]
E=ll={y=(Y1,YZ’---,)/n,~-), Z|yn|<00},
n=1

f:(fl’fZ’-'-’fn’-~~)’
such that

ftt,u,v) =

et [u v

- , tel0,1], u,vekE.
11+et)l1+u 1+v] [0, 1]

Clearly, the function f is jointly continuous and E is a Banach space with the norm

Iyl = X521 lynl-
Foranyu, u,v,v € E,and t € [0, 1]

1
It u, v) = f(t, @, V)| < E(Ilu —ull+lv-vl).

1
Hence, condition (5.15.2) is satisfied by K = L = o Let

u

, uUek.
10+ u

Li(u) =
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190 — 5 Boundary Value Problems for Impulsive NIFDE

Let u, v € E. Then we have
u v 1
b - Lo = |15 = o | < 7T
Hence, condition (5.15.3) is satisfied by T = %0. The conditions

|b| >< ~  (m+1)KT ) 1 —

<|a+b| 1-L)Iv+1) 10 (1_%)1"(%)
__8 + ! <1
T 11ym 5

are satisfiedby T=m=1,a=2,b=-1,andv = 3.
It follows from Theorem 5.16 that problem (5.33)—(5.35) has at least one solution

on].
Example 2. Consider the impulsive problem
1 2.+ lyn(®ll + 1DZ yn (D)l
D2 yn(t) = Ir b , foreach, tejouJi, (536)
108¢ (1 +ya(O)l + <D ya(Ol
lyn (37)1
Aynle-s = G 1), : (537)
6+lyn(37)1
yn(0) = -yn(1), (5.38)
where Jo = [0, 3],J1 = (3, 1], to = 0, and t; = . Set
[ee]
E=I'={y=(1,Y2:++s¥n>--+)s D lynl <00},
n=1
fz(fl,fZ:---,fn,---),
such that
2+ flull + v
, tel0,1], u,veE.
1083 (Lt ul + vy > <O Ve

flt,u,v) =

Clearly, the function f is jointly continuous.
(o]
E is a Banach space with the norm |y|| = Z |yal-
n=1

Foranyu,u,v,v € Eand t € [0, 1]
_ 1 _ _
N ——=u-ul+lv-7v]).

t9 ’ - ty u

IfCt, u, v) - f(t, 10853

Hence, condition (5.15.2) is satisfied by K = L = @. Let
flul LEE.

L = =0 ik
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Let u, v € E. Then we have

u v
6+u 6+V

@) - L)l = | | < ghu-vi.

Hence, condition (5.15.3) is satisfied by I = 1.
The condition

<ﬂ+l><mj+M)—z l+1£—2
la + b| 1-L)Iiv+1)) 2\6 (1_L)r(%)

issatisfiedby T=m=1,a=1,b=1,andv = %.Also, we have

m7—1<1
=z .

It follows from Theorem 5.17 that problem (5.36)—(5.38) has at least one solution on J.

5.4 Notes and Remarks

The results of Chapter 5 are taken from Benchohra et al. [92]. Other results may be found
in [57, 125, 249, 250].
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