4 Boundary Value Problems for Nonlinear Implicit
Fractional Differential Equations

4.1 Introduction

In this chapter, we establish the existence and uniqueness of solutions to some boundary
value problem (BVPs) for implicit fractional differential equations with 0 < a < 1 and
1 < a < 2. Then we consider the stability of solutions of other classes of BVP of implicit
fractional differential equations with local and nonlocal conditions in Banach spaces.

4.2 BVP for NIFDEwith0 < a <1

4.2.1 Introduction and Motivations

The purpose of this section is to establish existence and uniqueness results of solutions
for a class of boundary value problem (BVP) for the implicit fractional order differential
equation

¢ D%(t) = f(t, y(t), D*y(t)), foreachteJ=[0,T],T>0,0<a<1, (4.0)

ay(0) + by(T) = ¢, (4.2)
where f: ] x Rx R — R is a given function and a, b, and c are real constants, with
a+b#0.

We present three results for problem (4.1)—(4.2). The first one is based on the Banach

contraction principle, the second one on Schauder’s fixed point theorem, and the last
one on the nonlinear alternative of Leray—Schauder type.

4.2.2 Existence of Solutions

Let us define what we mean by a solution of problem (4.1)-(4.2).

Definition 4.1. A function u € C(J) is said to be a solution of problem (4.1)—(4.2) if u
satisfies equation (4.1) and conditions (4.2) on J.

For the existence of solutions to problem (4.1)—(4.2), we need the following auxiliary
lemma.

Lemma 4.2 ([95]). LetO < a < 1 and g: ] — R be continuous. A function y is a solution
of the implicit fractional boundary value problem

‘DY%(t) = g(t), foreachte],0<a<1,
ay(0) + b(T) = c,
https://doi.org/10.1515/9783110553819-004
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118 — 4 Boundary Value Problems for Nonlinear Implicit Fractional Differential Equations

where a, b, and c are real constants with a + b + 0, if and only if y is a solution of the
fractional integral equation

t

y(t) = j(t $)*Lg(s)ds

a+ b I(a)

T

b a-1
—mJ(T—S) g(s)ds.

Theorem 4.3. Make the following assumptions:
(4.3.1) The function f: ] x R x R — R is continuous.
(4.3.2) There exist constants K > 0 and O < L < 1 such that

If(t, u,v) - ft,u, V)| < Klu —u| + Llv - V|

foranyu,v,u,ve Randte€].

KT® Ib|
(1—L)F(a+1)<1+|a+b|)<1’ (4.3)

then there exists a unique solution for BVP (4.1)-(4.2) on J.

If

Proof. Define the operator N: C(J, R) — C(J, R) by

c

Ny = —— )

t
j(t— $)*1g(s)ds

T
-G T@® llj)l"(a) J(T -5)*1g(s)ds, (4.4)
0

where g € C(J, R) satisfies the functional equation

g(t) = f(t, y(t), 8(0)) .

Clearly, the fixed points of the operator N are solutions of problem (4.1)—(4.2). Let
u,w € C(J, R). Then for t € ] we have

t
(Nu)(8) - (Nw)(t) = ()j(t $)%1(g(s) - h(s))ds
0

T

b a-1
~ (a+b)I(a) OJ(T - 5)%7H(g(s) — h(s))ds ,

where g, h € C(J, R) is such that

g(t) = f(t, u(v), g(1) ,
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4.2 BVPfor NIFDEwith0O<a<1 = 119

and
h(t) = f(t, w(t), h(t)) .
Then, for t € J,

t
(NW)(E) - (Nw)(O)] < —— j(t ~ 5)%g(s) - h(s)|ds

I'(a)
0
bl [
a-1

+ m!ﬂ—s) |g(s) — h(s)|ds . (4.5)

By (4.3.2) we have
lg(t) = h(t)| = If(¢t, u(t), g(t)) - f(t, w(t), h(t))|

< Klu(t) = w(t)| + L|g(t) = h(t)| .

Thus, X
lg(t) = h(t)] < 1 _Llu(t) -w(t)].

By (4.5), for t € ] we have

t

K a-1
|(Nu)(t) - (Nw)(8)] < T Dl J(t = 5)* " |u(s) - w(s)lds

|bIK

T
a-1
" la+bl(1 - DI (a) J(T— $)* Hu(s) - w(s)lds

0
KT* < |b|

< 1
1-L)I(a+1) |a + b|

KT* |b| )
I = Nl < e (14 2L Y- who.

By (4.3), the operator N is a contraction. Hence, by Banach’s contraction principle, N
has a unique fixed point that is the unique solution of problem (4.1)-(4.2). O

)nu—wuoo.

Then

Our next existence result is based on Schauder’s fixed point theorem.

Theorem 4.4. Assume (4.3.1) and (4.3.2) hold and
(4.4.1) There exist p, q, r € C(J, Ry) with r* = supy¢; r(t) < 1 such that

If(t, u, w)| < p(t) + g(O)|u| + r(t)lw|fort € J, andu,w € R..

q*M<1+|—b|)<1, (4.6)

|a + b|

If

where q* = supy; q(t), and M = MW then BVP (4.1)-(4.2) has at least one
solution.
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120 — 4 Boundary Value Problems for Nonlinear Implicit Fractional Differential Equations

Proof. We will show that the operator N defined in (4.4) satisfies the assumptions of
Schauder’s fixed point theorem. The proof will be given in several steps.

Claim 1: N is continuous. Let {u,} be a sequence such that u, — u in C(J, R). Then
foreacht e ]

t
IN(un)(t) = Nu)(6)] < L J(t - 8)*Ign(s) - g(s)lds

T I(a)
0
bl [
a-1
T+ bl J(T =8)"1gn(s) - g(s)lds ,
0 4.7)

where g, g € C(J, R) such that

gn(t) = f(t, un(t), gn(t))

and
g(t) = f(t, u(t), g(1)) .
By (4.3.2) we have
1gn(t) — (O] = If(t, un(t), gn(t)) - f(t, u(t), g(6))|
< Klun(t) - u(®)l + LIgn(t) — g(O)] .
Then K
I§n(0) = (O] < == lun(t) - u(0)] -

Since u, — u, we get g,(t) — g(t) asn — oo foreach t € J. Let > 0 be such that, for
each t € J, we have |g,(t)| < nand |g(t)| < n; then we have

(t=$)"1gn(s) - g(s)| < (t—5)* Ign(s)] + 1g(s)I]
<2n(t-s)* 1.

For each t € ], the function s — 2n(t — s)*~! is integrable on [0, t]; then the Lebesgue
dominated convergence theorem and (4.7) imply that

IN(up)(t) - N(u)(t)] - 0 as n — co.

Hence,
IN(up) —Nu)|]eo — 0 as n — oo .

Consequently, N is continuous.
Let p* = sup,¢; p(t) and
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4.2 BVPfor NIFDEwith0O <a<1 = 121

and define
Dr ={u e CU,R): |ullo < R}.

It is clear that Dy is a bounded, closed, and convex subset of C(J, R).
Claim 2: N(Dg) c Dg. Let u € Dg; we show that Nu € Dg. For each t € ] we have

t
1 a-1
Nu(o] < 1 F—)J( - 5)*g(s)lds

T
a-1
Tla+ bIF(a) J(T -5)""lg(s)lds .

(4.8)
By (4.4.1), for each t € ] we have

18O = If(t, u(t), g())l
< p(8) + g(O)u(®)] + r(6)|g()]
< p(t) + q(OR + r(1)1g(0)]
<p*+q*R+r*|g(t).

Then . ‘R
b +q
t — =M.
I8l < —— 1
Thus, (4.8) implies that
INu(t)| < Icl N (p* +q*"R)T® |bl(p* +q*R)T*
|

| T A-ma+1) Ja+bld-r)la+1)
Ic| F (" g RM+ [bl(p* +q*R)M

~ la+ b la + b|

|c| . ( |b| ) R ( |b| )
$|a+b|+pM 1+|a+b| +q'M 1+|a+b| R
<R.

Then N(Dg) c Dp.
Claim 3: N(Dg) is relatively compact. Let t1, t; € ], t; < t,, and let u € Dg. Then
ty

IN(u)(t2) - N(u)(t1)| = ﬁ J[(tz -8)* ! = (t1 - 5)* 1g(s)ds
0

ty

1 a-1
T J[(tz ~5)%lg(s)ds

< T+ 1)(to‘—l‘a+2(t2-l‘1) ).

As t; — t;, the right-hand side of the preceding inequality tends to zero.
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122 — 4 Boundary Value Problems for Nonlinear Implicit Fractional Differential Equations

As a consequence of Claims 1-3, together with the Ascoli—Arzela theorem, we
conclude that N: C(J, R) —» C(J, R) is continuous and compact. As a consequence
of Schauder’s fixed point theorem [149], we deduce that N has a fixed point that is a
solution of problem (4.1)—(4.2). O

Our next existence result is based on a nonlinear alternative of the Leray-Schauder
type.

Theorem 4.5. Assume (4.3.1), (4.3.2), (4.4.1), and (4.6) hold. Then BVP (4.1)-(4.2) has at
least one solution.

Proof. Consider the operator N defined in (4.4). We will show that N satisfies the
assumptions of the Leray—-Schauder fixed point theorem. The proof will be given in
several claims.

Claim 1: Clearly N is continuous.

Claim 2: N maps bounded sets to bounded sets in C(J, R). Indeed, it is enough
to show that for any p > O there exist a positive constant ¢ such that for each
ueB,={ueccCy,R): |ulle < p} we have |[N(u)| < €.

For u € By, we have, foreach t € J,

ICI 1

(N0)(O1 < 0+ s

t
j(t $)* g(s)lds
0

T
a-1
T a+ bl JU- $)*g(s)lds .

(4.9)
By (4.4.1), for each t € ] we have

18O = If(t, u(t), g(t))]
<p@) +g@®lu®)] +r)|g@®)l
<p) +qO)p +r(t)g®)]
<p +qip+riig®l.

Then . .
b +qp *
t — =M".
lg(B)] < 1~
Thus, (4.9) implies that
|c| M*T“ |b|M* T4

(N < 5 * T D) T las bilas 1)

Consequently,

NGl s L T IPIMCTE
®Zla+b] Ta+1) la+bl(a+1)"
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4.2 BVPfor NIFDEwithO < o<1 = 123

Claim 3: Clearly, N maps bounded sets to equicontinuous sets of C(J, R).

We conclude that N: C(J, R) — C(J, R) is continuous and completely continuous.

Claim 4: A priori bounds. We now show that there exists an open set U ¢ C(J, R),
with u # AN(u), for A € (0,1) and u € oU. Letu € C(J, R) and u = AN(u) for some
0 < A < 1. Thus, for each t € ] we have

t T
_ C A a1 Ab _ a1
u(t) —ATb +m6[(t S) g(S)ds+mJ(T S) |g(S)|dS

This implies by (4.3.2) that for each t € ] we have

ICI 1
la " T

t
lu(t)| < j(t ~s)*lg(s)ds
0

|b|

T
a-1
" la+ bl !(T -5)"lg(s)lds .

(4.10)

Additionally, by (4.4.1), for each t € ] we have
18O = If(t, u(t), g(H)l
< p(6) + q@Olu(®)] + r©)|g(®)]
<Pt g u@®l+riig®].
Thus,
lg()] <

1
AR A IODE

Hence,

|c| p'T° ( 1D )
1
[u(®)| < @+ D] + A-r)(a+1) " la + bl
t

*

q _ a1
+(1—r*)1’(a)J(t $)* " u(s)|ds

T
|b|q* a-1
(1—r*)|a+b|r(a)!(T—5) lu(s)lds

lc| p*Te < |b| )
S|a+b|+(1—r*)1"(a+1) EREPy

q* ulleo a-1
1- r*)F()J(t s
[blg* lulleo a-1
(1-r)a+ bl @) J(T )" ds
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124 — 4 Boundary Value Problems for Nonlinear Implicit Fractional Differential Equations

c]| p*T® ( |b| )

STa+b T A-rma+D \ T jar b
q T ( |b| )

taorar )\ iaepy ) Mleo -

Then for each t € ] we have

Icl p*T” < b )
1
lulloo < |a+b|+(1—r*)F(a+1) * la + b|

P (1 + P! ) ul
(1-r)(a+1) la + b| 00

Thus, foreach t € J,

_ 14 ) . ] Ic| ( 14 > .
||u||00[1 <1+|a+b| qgM S|a+b|+ 1+|a+b| p*M.

Consequently,

+(1+ L )p*M

lulloo < 472! |§+bl =M. (4.11)
1- (1 + |a+b|)q*M

Let
U={ueCU,R): |ulleo <M+1}.

By our choice of U, there is no u € oU such that u = AN(u) for A € (0,1). As a
consequence of Leray—Schauder’s theorem ([149]), we deduce that N has a fixed point
u in U that is a solution of problem (4.1)-(4.2). O

4.2.3 Examples

Example 1. Consider the BVP

“Diy(t) = ! - , foreachte(0,1], (4.12)
10et+2 (1 + [y(6)] + D2 y(t)])
y(0) +y(1)=0. (4.13)
Set 1
flt,u,v) = tel0,1], u,veR.

10et*2(1 + |ul + |v]) ’
Clearly, the function f is jointly continuous.
Foranyu,v,ii,v € Rand t € [0, 1],

1
Iftt, u, v) = f(t, i, V)| < T0e? (lu—ul+[v-vl).
Hence condition (4.3.2) is satisfied by K = L = Wler Thus, the condition

KT® <1+ b >: 3 _ 3 o1
(1-DI(a+1) la+bl/  2(10e2-1)r(3) (10e?-1)vm
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4.3 BVPfor NIFDEwith1 <a<2 = 125

issatisfiedbya=b=T=1,c=0,anda = % It follows from Theorem 4.3 that problem
(4.12)—-(4.13) as a unique solution on J.
Example 2. Consider the BVP

(2 + Iyl + D3y (D))

Diy(t) = - , foreachte(0,1], (4.14)
12et+9 (1 + [y()] + D2 y(0)])
1 1
Ey(O) + Ey(l) =1. (4.15)
Set 5
flt,u,v) = (2 + lul + VI te[0,1], u,veR.

12e9(1 + |u| + |v]) ’

Clearly, the function f is jointly continuous. For any u, v, ii, v € Rand t € [0, 1]

|f(t’ u, V) _f(ty ﬂ, V)l <

12e9(|u -l +lv-v)).

Hence, condition (4.3.2) is satisfied by K = L = —=;. Also, we have

12¢9

Iftt, u,v)| <

1
126t 2+ ul+1[v]).

Thus, condition (4.34.1) is satisfied by p(t) = 5 and g(t) = r(t) = 152 The condition

e

« 14 ) 3 3
M1+ = = <1
1 < la+bl) 2(12¢°-1)r(3) (12¢°-1vn

is satisfiedbya=b=3,c=T=1,a=3,and ¢* = r* = ;5.
It follows from Theorem 4.4 that problem (4.14)—(4.15) has at least one solution
on].

4.3 BVP for NIFDEwith1 < a <2

4.3.1 Introduction and Motivations

The purpose of this section is to establish existence and uniqueness results to the
following implicit fractional order differential equation:

D%(t) = f(t, y(t), D*y(t)), foreachte]J=[0,T], T>0,1<a<2, (4.16)
y0) =yo, y(M=y1, (4.17)

where f: ] x R x R — R is a given function and yg, y; € R.

We present three results for problem (4.16)—(4.17). The first one is based on the
Banach contraction principle, the second one on Schauder’s fixed point theorem, and
the last one on the nonlinear alternative of the Leray-Schauder type.
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126 —— 4 Boundary Value Problems for Nonlinear Implicit Fractional Differential Equations

4.3.2 Existence of Solutions

Let us define what we mean by a solution of problem (4.16)—(4.17).

Definition 4.6. A function u € C(J) is said to be a solution of problem (4.16)-(4.17) if
u satisfies equation (4.16) on J and conditions (4.17).

4.3.2.1 Preparatory Lemmas
For the existence of solutions of problem (4.16)—(4.17), we need the following auxiliary
lemma.

Lemma4.7. Let1 < a <2andg: ] — R be continuous. A function y is a solution of the
fractional BVP

D%y (t) = f(t, y(t), D%y(t)), foreach, te], 1<a<?2,
y©0)=yo, y(T)=y1,

if and only if y is a solution of the fractional integral equation

T T
yit) = 1) + j G(t, s)f <s, I(s) + j G(t, D)g(r)dr, g(s)) ds, (4.8)
0 (0]
where
t t -
I(t)=<1_7))’O+TY1:)’O+Mt, (4.19)
Dy(t) = g(t) ,
and

G(t,s) =

_e)a-1 _ t _e\a-1
1 {(t s) (T -s) if0<s<t, (4.20)

I(a) ~L(T-s)*! ift<s<T.

Proof. By Lemma 1.9 we reduce (4.16)—(4.17) to the equation

t
y(t) = I%g(t) + co + c1t = @ )I(t s)*1g(s)ds + co + c1t

for some constants cg, and c; € R. Conditions (4.17) give

T

L L j(T s)*1g(s)ds .

1
_YT_T,VO TF( )

Co=Yo, C1=T
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4.3 BVPfor NIFDEwithl < a <2 = 127

Then the solution of (4.16)—(4.17) is given by

T

t
—L _g)a-1 _; _ a1
Y(t)_F(a)!(t 9" 1g(s)ds mmJ(T 9" 1g(s)ds

t t
(e
t
1 w1t .
=m[i[(t—3) - (T -9 g(s)ds

T
- % J(T—s)“‘lg(s)ds] + (1 - %),Vo + %)’1 .

Hence, we get (4.18). Inversely, if y satisfies (4.18), then equations (4.16)—(4.17) hold. [

Remark 4.8. From the expression of G(t, s), it is obvious that G(t, s) is continuous on
[0, T] x [0, T]. Use the notation

G* :=sup{|G(t,s)l, (t,s) e Jx]}.

We are now in a position to state and prove our existence result for problem (4.16)—(4.17)
based on Banach’s fixed point.

Theorem 4.9. Make the following assumptions:
(4.9.1) The function f: ] x R x R — R is continuous.
(4.9.2) There exist constants K > 0 and 0 < L < 1 such that

|f(t5 u, V) _f(t’ a’ V)I < Klu - a' +L|V_ Vl

foranyu,v,ii,ve Randte].

If
KTG*

1-L°
then there exists a unique solution for BVP (4.16)—(4.17).

1, (4.21)

Proof. The proof will be given in several steps. Transform problem (4.16)-(4.17) into a
fixed point problem. Define the operator N: C(J, R) — C(J, R) by

T
Ny)(t) =1t + J G(t, s)k(s)ds , (4.22)
0

where k € C(J) satisfies the implicit functional equation

k(t) = f(t, y(0), k(1)) ,

and ! and G are the functions defined by (4.19) and (4.20), respectively.
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128 —— 4 Boundary Value Problems for Nonlinear Implicit Fractional Differential Equations

Clearly, the fixed points of the operator N are solutions of problem (4.16)—(4.17).
Let u, w € C(J). Then for t € ] we have

T
(Nu)(8) - (Nw)(£) = j G(t, s)(g(s) - h(s))ds ,
(0]

where g, h € C(J) are such that

g(0) = f(t, u(®), g(t))

and

h(t) = f(t, w(t), (1)) .
Then, for ¢t € J,

T
[(Nu)(t) = (Nw)(D)| < I |G(t, s)lg(s) — h(s)|ds . (4.23)
0
By (4.9.2) we have
Ig(t) = h(®)] = If(t, u(t), g(t)) - f(t, w(t), h(t))]
< Klu(t) - w(t)| + Lig(t) - h(t)] .
Thus,
18(8) ~ h(O)] < ——Ju(t) - w(o)|
g T1-L ’
By (4.23) we have
K {
[(Nu)(t) = (Nw)(t)| < a-D J |G(t, s)llu(s) — w(s)|ds
0
< KTG 1y
T 1-L oo
Then KTG*
INu = Nwlloo < 7— 1t = Wlleo -
By (4.21), the operator N is a contraction. Hence, by Banach’s contraction principle, N
has a unique fixed point that is the unique solution of problem (4.16)-(4.17). O

Our next existence result is based on Schauder’s fixed point theorem.

Theorem 4.10. Assume (4.9.1) and (4.9.2) hold and
(4.10.1) There exist p, q, r € C(J, Ry) with r* = sup,¢; r(t) < 1 such that

If(t, u, w)| < p(t) + g(O)|u| + r(t)lw| forte], andu,w € R.
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4.3 BVPfor NIFDEwith1 <a<2 = 129

If
1-r*
where q* = supy; q(t), then BVP (4.16)~(4.17) has at least one solution.

<1, (4.24)

Proof. Consider the operator N defined in (4.22). We will show that N satisfies the
assumptions of Schauder’s fixed point theorem. The proof will be given in several steps.

Claim 1: N is continuous. Let {u,} be a sequence such that u,, — u in C(J). Then for
eachte]

T
IN(un)(t) - Nu)(®)] < J IG(t, s)lgn(s) — g(s)lds , (4.25)
0

where g,,, g € C(J) such that

gn(t) = f(t, un(t), gn(t))

and
g(t) = f(t, u(t), g(t) .
By (4.9.2), we have
18(6) = §(O)] = (¢, n(8), gn(0) — fit, u(D), g(0)]
< Klun(t) - ()] + Lign(6) - (0]
Then
180(6) = §(O)] < ——un(®) - u(0)
Sn g Sq_p'Un .

Since u, — u, we get g,(t) — g(t) asn — oo foreach t € J. Let n > 0 be such that, for
each t € J, we have |g,(t)] < n and |g(t)| < 1. Then we have

|G(t, s)gn(s) — g(s)| < |G(t, $)I[Ign(s)] + 1g(s)I]
< 2n|G(t, s)| .

For each t € ] the function s — 21|G(¢, s)| is integrable on J. Then the Lebesgue
dominated convergence theorem and (4.25) imply that

IN(up)(t) - N(u)(t)] - 0 as n — co.

Hence,
[N(un) - N(wloo > 0 as n — 0.

Consequently, N is continuous.

Let e
R> Clyol +lyaD(A -r*) + G*Tp ’
M
where M :=1-r* - G*Tgq* and p* = sup;; p(t). Define

Dr={ueCO: luleo <R}.
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130 — 4 Boundary Value Problems for Nonlinear Implicit Fractional Differential Equations

It is clear that Dy is a bounded, closed, and convex subset of C(J).
Claim 2: N(Dg) < Dg. Let u € Dg; we show that Nu € Dg. For each t € ] we have
T

[Nu()] < |I(B)] + J IG(t, s)lig(s)lds
0

T
<1yol + Iy1 - yol + G° j 18(s)lds
0

T
< 2lyol +ly1l + G* j 1g(s)lds , (4.26)
0

where g(t) = f(t, u(t), g(t)).
From (4.10.1), for each t € J we have
Ig(®)I = If(t, u(®), g())l
<p) +g®Olu®)] + r()|g(®)l
<p®) +qOR+r(0)lg(®)]
<p*+q"R+1r"|g(t).

Then i ‘R
p +q
g0 < 2L
Thus, (4.26) implies that, for each t € J,
p*+4q'R

INu(t)| < 2lyol + ly1l + G'T

1-r*
<R.

Then N(Dg) ¢ Dg.
Claim 3: N(Dg) is relatively compact. Let t1, t; € J, t; < t,, and let u € Dg. Then

T
IN(u)(t2) - N)(t1)] = |I(t2) - U(t1) + J[G(tz, s) = G(ty, s)Ig(s)ds
0

T
- [9222 - )+ [16(6,9) - 61, 951
0
( ) raR|(
< yl;yo (tz_tl) +% J-[G(tz,s)_G(tl’s)]ds :
0

As t; — t, the right-hand side of the preceding inequality tends to zero.

As a consequence of Claims 1-3, together with the Ascoli—-Arzela theorem, we con-
clude that N: C(J) — C(J) is continuous and compact. As a consequence of Schauder’s
fixed point theorem, we deduce that N has a fixed point that is a solution of problem
(4.16)-(4.17). O
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4.3 BVPfor NIFDEwith1 <a<2 = 131

Our next existence result is based on a nonlinear alternative of the Leray—Schauder
type.

Theorem 4.11. Assume (4.9.1), (4.9.2), (4.10.1), and (4.24) hold. Then the initial value
problem (IVP) (4.16)—(4.17) has at least one solution.

Proof. Consider the operator N defined in (4.22). We will show that N satisfies the
assumptions of the Leray—Schauder fixed point theorem. The proof will be given in
several claims.

Claim 1: Clearly N is continuous.

Claim 2: N maps bounded sets to bounded sets in C(J). Indeed, it is enough to show
that for any p > O there exist a positive constant £ such that for each u € B, = {u ¢
CU,R): ulleo < p} we have [N(u)lloo < £.

For u € B, we have, foreach t € ],

T
INu(t)] < |1(6)] + j IG(t, 5)lg(s)lds
(0]

T
< 1Yol +1y1 - Yol + G* j 18(s)lds .
0

Then

T
INu(®)| < 2lyol + ly1l + G J lg(®)lds . (4.27)
0

By (4.10.1), for each t € J we have

lg(O)] = If(t, u(t), ()
< p(8) + g@O)lu(®)] + r(6)|g(®)]
< p(t) + q()p + r(O)Ig(0)]
<p*+qp+riig@l.

Then

P +q'p .
0 < =25 = M*.
gl < T

Thus, (4.27) implies that
INu(t)| < 2lyol + ly1l + G*M*T .

Thus,
[INulloo < 2lyol + ly1l + G"M*T :=1.

Claim 3: Clearly, N maps bounded sets to equicontinuous sets of C(J).
We conclude that N: C(J) — C(J) is continuous and completely continuous.
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132 — 4 Boundary Value Problems for Nonlinear Implicit Fractional Differential Equations

Claim 4: A priori bounds. We now show there exists an open set U ¢ C(J) with
u+ AN(u)forA e (0,1)and u € oU. Letu € C(J) and u = AN(u) forsome 0 < A < 1.
Thus, for each t € ] we have

T
u(t) = Al(t) + A J G(t, s)g(s)ds .
0

This implies by (3.9.2) that, for each t € J, we have

T

[u(t)| < 2lyol + ly1l + J IG(t, s)lg(s)lds . (4.28)
0

By (4.10.1), for each t € J, we have
lg(O) = If(t, u(t), g(6))]

< p(O) +q@Ou®)] + r(1g(®)]
<Pt +qTu(®]+ gl .

Thus,
801 < T (0" + " (O
Hence,
*TG* *G* T
b q
2
o1 < (2ol + il + B2 )+ 22 [ pucsids
0
p*TG* q'TG*
< (2ol + il + B2 )+ T il
Then - -
ko < (2ol +yal + 222 )+ T2
Thus,
M —
oo < — e =M,
1-
1-r*
*TG*
where M, =2|y0|+|y1|+p1 f* .

Let
U={ueCl): lulleo < M+ 1}.

By our choice of U, there is no u € oU such that u = AN(u) for A € (0,1). As a
consequence of Leray-Schauder’s theorem, we deduce that N has a fixed point u in U
that is a solution of (4.16)—(4.17). O
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4.3 BVPfor NIFDEwithl1 <a<2 = 133

4.3.3 Examples

Example 1. Consider the BVP

1
3et+2 (1 + |y(6)] + D3 y(8)])
y0)=1, y@)=2. (4.30)

DIy(t) = , foreachte[0,1], (4.29)

Set
¢ 1

3ett2(1 + |ul +|v|)’
Clearly, the function f is jointly continuous.
Forany u,v,i1,7V € Rand ¢t € [0, 1]

flt,u,v) = te[0,1], u,veR.

1
Ift, u,v) - flt, 1, v)| < 3?(Iu —ul+lv-v).

Hence, condition (4.9.2) is satisfied by K = 3% and L = 3% <1.

From (4.20) the function G is given by

G(t,s) =

r(3) |-ta-s: if t<s<1.

Thus, condition

1 {(t—s)%—tu—s)% ifo<s<t

_2_

Clearly, G* < TSR

KTG*
1-L

is satisfied by T = 1 and a = % It follows from Theorem 4.9 that problem (4.29)-(4.30)
has a unique solution on J.
Example 2. Consider the BVP

(6 +1y(O1 + D3 y(t))

<1

Diy(t) = - , foreachte[0,1], (4.31)
10et*1 (1 + [y()] + D2 y(0)])
yO) =1, y@)=2. (4.32)
Set ¢
fltt,u,v) = + ul + V] te[0,1], u,veR.

10et*1(1 + [ul +|v]) ’
Clearly, the function f is jointly continuous.
Foreachu,v,ii,v e Rand ¢t € [0, 1],

It w,v) — fit, &, 1) < 2—1e(|u —al+v-7)).

Hence, condition (4.9.2) is satisfied by K = L = Zle Also, foreach u,v, e Rand t € [0, 1]
we have

1
ft, u vl < Toomg 6+ lul+1vD).
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134 — 4 Boundary Value Problems for Nonlinear Implicit Fractional Differential Equations

Thus, condition (4.10.1) is satisfied by p(t) = =2 and q(t) = r(t) = jgemr- Clearly,
p*=2,q" = 155, andr* = ;- < 1.
From (4.20) the function G is given by

G sy = ] {(t—s)%—tu—s)% if0<s<t

r(3) |-ta-s: if t<s<1.
Z_ Thus, condition

Clearly, G* < TSR

— <1
1-r*

is satisfiedby T=1and a = % It follows from Theorems 4.10 and 4.11 that problem
(4.31)-(4.32) has at least one solution on J.

4.4 Stability Results for BVP for NIFDE

4.4.1 Introduction and Motivations

In this section, we establish some existence, uniqueness, and stability results for the
implicit fractional order differential equations
D%(t) = f(t, y(t), D*y(t)) foreachte]J=[0,T], T>0,0<a<1, (4.33)
ay(0) + by(T) = c, (4.34)
where f: ] x R x R — R is a continuous function, and a, b, c are real constants, with
a+b+0and
D%(t) = f(t, y(t),° D%y(t)), foreachte]J=[0,T],T>0,0<a<1, (4.35)
y(0) +8() =vyo, (4.36)

where f: ] x R x R — R is a given function, g: C(J, R) — R is a continuous function,
and yo € R.

4.4.2 Existence of solutions

Let us define what we mean by a solution of problem (4.33)—(4.34) and (4.35)—(4.36).

Definition 4.12. A function u € C1(J, R) is said to be a solution of problem (4.33)-(4.34)
if u satisfies equation (4.33) and conditions (4.34) on J, and a function y € C1(J, R) is
called a solution of problem (4.35)—(4.36) if y satisfies equation (4.35) and conditions
(4.36) on J.
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4.4 Stability Results for BVP for NIFDE =—— 135

For the existence of solutions to problems (4.33)—(4.34) and (4.35)-(4.36), we need the
following auxiliary lemma.

Lemma 4.13. LetO< a < 1,andlet h: [0, T] — R be a continuous function. The linear
problem

D% (t)=h(t), te], (4.37)
ay(0) + by(T) = ¢ (4.38)

has a unique solution given by

t
Yt = —— =91 thessas

I'(a)
0
1 [ b g
a-1
—m [m!(T—S) h(s)dS—C] . (4.39)

Proof. By the integration of formula (4.37) we obtain

t

y(t) =yo + ﬁ J(t -5)* 'h(s)ds . (4.40)
0

We use condition (4.38) to compute the constant yg, so we have

T
b
ay(0) = ayo andby Y(T) = byo + 7 s j(T ~ )% h(s)ds ;
0

then ay(0) + by(T) = c. Since

“(a+h) r@]

T
Yo= — [LI(T—S)“h(S)dS—C],

we can use this in (4.40) to obtain (4.39). O

Lemma 4.14. Let f(t,u,v): ] x R x R — R be a continuous function; then problem
(4.33)—(4.34) is equivalent to the problem

y(t) = A +1%(t), (4.41)
where g € C(J, R) satisfies the functional equation
g(t) = f(t, A + Ig(t), g(t))

and

T
1 _ 1 b _ o)a-1
A= P [c——r(a)J(T s) g(s)ds] .
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136 —— 4 Boundary Value Problems for Nonlinear Implicit Fractional Differential Equations

Proof. Let y be a solution of (4.41). We will show that y is a solution of (4.33)—(4.34).
We have

y(6)=A+1°g(0).

T
- - 1
Thus, y(0) = Aand y(T) = A + m J(T - 5)%1g(s)ds, so
0
b T
_ L _ ya-1
ay(0) + by(T) = s !(T 5 Lg(s)ds
ac b2 0

J(T -5)%1g(s)ds

(0]

T4+b  (@+bl@)

bc b

+a+b+m

T
I(T -5)%1g(s)ds .

0

Then
ay(0) + by(T) =c.

On the other hand, we have
D (t) = “D(A + I°g(t)) = g(t)
= f(t, y(t), D%y(t)) .

Thus, y is a solution of problem (4.33)—(4.34). O

Lemma 4.15. LetO < a < 1,andlet h: [0, T] — R be a continuous function. The linear
problem
‘D (t)=h(t), te]

y(0) +g(y) =yo

has a unique solution given by

t

1

YO =Yo-80)+ s j(t ~ )% Lh(s)ds .
0

Lemma 4.16. Letf: Jx RxR — R be a continuous function; then problem (4.35)-(4.36)
is equivalent to the problem

y(t) = yo —g(y) + I*Ky(t) ,

where Ky (t) = f(t, y(t), K, (t)).
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4.4 Stability Results for BVP for NIFDE =—— 137
Theorem 4.17. Make the following assumption:
(4.17.1) There exist two constants K > 0 and O < L < 1 such that
If(t,u,v) - f(t,u,v)| < Kllu-u| +L|v-Vv| foreachte]Jandu,u,v,veR.

If

KT*? (1]
A-Dra+ D (1 Yla+ bu) <b (4.42)

then problem (4.33)—(4.34) has a unique solution.
Proof. Let N be the operator defined by

N: CJ,R) — C(J,R)

t
- 1
Ny = Ay + s J(t ~ )% g, (s)ds ,

where
gy(t) = f(t, Ay + I°gy(0), 8y (1))

and

T
i _ 1 _ L _ o)a-1
A= P> [c @ J(T s) gy(s)ds] .

By Lemma 4.14, it is clear that the fixed points of N are solutions of (4.33)—(4.34). Let
y1,Y2 € C(J, R) and t € J; then we have

t
INy1(0) = Ny2(01 < o [ (6= 9% gy, () - 8. (5)1ds

(a)
0
bl [
a-1
e e J(T ~ )% gy, (5) - 8, (5)lds (4.43)
and
18y, (6) — g5, (Ol = IFCE, y1.6), SD2y1(6)) — f(t, y2(8), DYy(E)]
< KlIy1(6) - y2 (Ol + Llgy, (6) - g, Ol -
Then K
15,6 - 8,6 < T—7 Iy (O - y2(0) (4.44)
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138 — 4 Boundary Value Problems for Nonlinear Implicit Fractional Differential Equations

By replacing (4.44) in inequality (4.43), we obtain

t

K
INy1(t) - Ny2(O)ll < a-Df@ J(t - 8)"Hy1(s) - ya(s)lids

IbIK
(1-L)la+ blI(a)

T
j(T 9% y1(s) - ya(s)lds
0
R
SA-DIa+1) oo
|Ib|KT
(1-Da+b|I'(a+1)

ly1 -y2le -

Then
[Ny1 — Nyallo <

KT* Ib]
A-L)I(a+1) (1 T la+ bl )] y1-y2lleo -

From (4.42), the operator N has a unique fixed point that is the unique solution. I

Theorem 4.18. Make the following assumption:
(4.18.1) There exist K > 0,0 < K < 1, and 0 < L < 1 such that

Ift, u, v) - ft, u, V)| < Kllu - ull + Kllv - V| forany u,u,v,v € R

and
lgy)—gWI <Lly-yl foranyy,y e C(U,R).

If
KT®

+ —— <
(1-KT(a+1)
then BVP (4.35)—(4.36) has a unique solution on J.

(4.45)

Proof. Let

N: CJ,R) - C(J, R)

t
1
NY(O) = Yo =80 + s !(t ™I, (s)ds ,

where
I(y(t) = f(t’ Y(t), Ky(t)) .

By Lemma 4.16, it is easy to see that the fixed points of N are the solutions of problem
(4.35)-(4.36). Let y1, y> € C(J, R); for any ¢ € J we have

t

1
[Ny1(t) - Ny (Ol < lg(y1) - g2l + @ I(t = $)* Ky, (s) - Ky, (s).ds .
(0]
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Then

INy1() = Ny2(O)ll < Llly1(t) = y2(0l

-

+

~

t
@ J(t UK, (5) - Kyy(s)lds . (446)

On the other hand, for every t € J we have

1Ky, (£) = Ky, (O]l = If(t, y1 (), Ky, (D)) = f(t, y2(0), Ky, (D)
< Klly1() - y2(6)ll + KIIKy, (£) = Ky, (O] -

Thus,
K

IKy, () - Ky, (O] < _Rllyl(t) -y2(0l . (4.47)

1
Replacing (4.47) in inequality (4.46), we obtain

INy1(t) = Ny2(Oll < Llly1(£) - y2 (0l
t

j(t 9 ya(s) - y2(9)l

0

5% P S
T G

LK
(1-K) I(a)

Then

KT®
INy1 = Ny2lloo < [L + (

m] ly1 -y2lleo -

Thus, N is a contraction. Hence, the operator N has a unique fixed point that is the
unique solution of problem (4.35)—(4.36). O

4.4.3 Ulam-Hyers—Rassias stability

Definition 4.19. A solution of the implicit differential inequality

1°D%z(t) - f(t, z(t), “D*z() <€, te],
with fractional order is called a fractional e-solution of the implicit fractional differential
equation (4.33).

Theorem 4.20. Assume (4.17.1) and (4.42) hold; then problem (4.33)—(4.34) is Ulam—-
Hyers stable.
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140 — 4 Boundary Value Problems for Nonlinear Implicit Fractional Differential Equations

Proof. Lete > 0and z € C'(J, R) be a function that satisfies the inequality
€D*z(t) - f(t, z(t), *D%z(t))| < e forany t € J , (4.48)
and let y € C(J, R) be the unique solution of the Cauchy problem
Dy (t) = fit,y(6), ‘Dy(1)); te];0<as<1
{)’(0) =2(0), y(T)=2z(T).

Using Lemma 4.14, we obtain
t

~ 1 .
YO = Ayt s I(t _s)* g, (s)ds .
0

On the other hand, if y(T) = z(T) and y(0) = z(0), then A, = A;. Indeed,

T
j(T ~ )% g, (s) - g2(s)lds ,
0

o b1
A, -A| £ —m———
Iy = 4=l < o Bir@

and by inequality (4.44) we find

o IbIK
My =40 < T a + bir@)

T
j(T ~ )% y(s) - z(s)|ds
0

_ IbIK N )
- ml ly(T) - z(T)| =0.

Thus,

Hence, we have

- 1 _
YO = At s j(t ~5)%lg,(s)ds .
0

By integration of inequality (4.48), we obtain

¢

aa-l et® €T
J(t $)"8:(8)ds]l < T'a+1) < Ia+1)’
0

- 1
lz(t) - Az - (@

with
g:(t) = f(t, Az +1%g,(t), g2(1)) .
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We have forany t € J

t
lz(t) - y(®)ll = |z(t) - A - F(l ) I(t s)* 1g,(s)ds
1 t
a-1
@ J(t -5)% 7" (g2(s) — gy(s)) ds
t
O )j(t—sr' Lg,(s)ds]

t
- _ a-1
()Oj(t )% L1g,(s) - g,(s)Ids .

Using (4.44), we obtain

t

€T? K w1
y(@®l < Ta+D Tz DI @ !(t -8)"lz(s) - y(s)lds ,

Iz() -

and by Gronwall’s lemma we get

eTa yKTa _
lz(t) = y(Ol < Ta+1) [1 (1-L)(a+ 1)] -

where y = y(a) is a constant. Moreover, if we set (€) = ce, Y(0) = 0, then problem
(4.33)—(4.34) is generalized Ulam—Hyers stable. O

Theorem 4.21. Assume (4.17.1) and (4.42) hold and
(4.27.1) there exists an increasing function @ € C(J, R.), and there exists A, > O such that
foranyt €],

I"p(t) < App(t) .
Then problem (4.33)—(4.34) is Ulam—-Hyers—Rassias stable.

Proof. Letz € C1(J, R) be a solution of the inequality
1€D%z(t) - fit, z(£), “Dz(t)| < ep(t), te], €>0, (4.49)

and let y € C(J, R) be the unique solution of the Cauchy problem

‘D%y(t) = f(t, y(t), ‘Dy(t)); te];0<a<1
y(0) =z(0), y(T)==z(T).

It follows from the proof of the previous theorem that
t
() = j(t ~5)* g, (s)ds .
y F( ) 8y
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By integration of (4.49), we obtain

t t

- _gq)a-1 L _ oya-1
I2(0) - A - 7 )j( 9 gz(S)dSIISF(a)j(t 9" p(s)ds

< €edp(t) .

On the other hand, we have

t

l2(t) -yl = |2(t) - A - F(l ) j (- 51T g.(s)ds
1 t
"T@ J(t ~5)"71 (82(5) - gy(9)) ds

t
1
<0 - s - s j( t - 5)%Lg,(s)ds]

t
a-1
i )!a )% Llg,(s) - g, (s)lds .

Using (4.44), we have

t

j(t ~ )% Yz(s) - y(s)lds .

K
12(6) =y (Ol < €dp9(D) + Ty J

By applying Gronwall’s lemma, we get that forany ¢ € J:

l2(6) — (O < eApep(t) + j(t— 9% Lo(s)ds ,

(1 L)F(a)

where y; = y1(a) is constant, and by (2.27.2) we have

lz(6) =yl < €App(t) +

y1€KAZp(t) y1KA,
—(1 D = (1 + 1 L)>e/1<p(p(t) .

Then forany t € J

Y1K/1<p

120 -yl < | (1+ 522 ) 24 | o0 = cepto. o

Theorem 4.22. Assume (4.27.1) and (4.45) hold; then problem (4.35)—(4.36) is Ulam—
Hyers stable.

Proof. Let € > 0, and let z € C1(J, R), satisfying the inequality
1€D%z(t) - f (t, z(t), °D%z(t)) | < € foreveryte ], (4.50)
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and let y € C(J, R) be the unique solution of the Cauchy problem

cD%y(t) = f (¢, y(t),D%y(t)) , te],0<a<1
z(0) +g(¥) = yo

Thus,
1 t a-1
V(O = Yo =80+ s [t =9 Ky 9)ds,
0
where K, (t) = f(t, y(t), K, (t)). By integration of inequality (4.50), we find
t
1 a-1 eT®
lz(t) - yo + g(2) - Ta )Oj(t—s) K, (s)ds| < ar D’

where K,(t) = f(t, z(t), K,(t)). For every t € ] we have
t

lz(t) =yl < 2(t) - yo + g(2) - m J(t $)* 1K, (s)ds||

t
1
+lgly) - g(2) + @ J(t - 8)* 1 (K(s) - Ky(s)) ds||

t
eT® 1 1
“TasD " lg(z) = gyl + @ j(t—s) IK=(s) - Ky(s)lds .

Using (4.47), we obtain
t

K J
(1-K)I(@ )

o

T
lz(6) = y(Oll < F(Z— +Liz(t) - y(O] + (t=35)"z(s) — y(s)lds .

+1)
Thus,
t
€T K 1
- < — —s)” - ds .
0¥ O < T hre D G (R T J(t 5 lz(s) - y(s)lds

Using Gronwall’s lemma, for every t € J we obtain

a

Iz() -

s

¢ yKT*®
Dl < 1+
y(Ol < 1-LI(a+1) [ 1-1)(1- K)F(a+1)]

where y = y(a) is a constant, so problem (4.35)—(4.36) is Ulam—Hyers stable. If we set
Y(e) = ce; P(0) = 0, then problem (4.35)—(4.36) is generalized Ulam-Hyers stable. [J

Theorem 4.23. Assume that (4.27.1) and inequality (4.45) and
(4.23.1) there exists an increasing function ¢ € C(J, R,), and there exists A, > 0 such
that forany t € |
*o(t) < App(t)
are satisfied;
then problem (4.35)—(4.36) is Ulam—Hyers—Rassias stable.

Brought to you by | UCL - University College London
Authenticated
Download Date | 2/10/18 4:14 PM



144 — 4 Boundary Value Problems for Nonlinear Implicit Fractional Differential Equations

4.4.4 Examples

Example 1. Consider the BVP

“Diy(t) = ! - foreach t € [0, 1], (4.51)
10et+2 (1 + |y(t)| + [<D2y(t)])
y(0)+y(1)=0. (4.52)
Set 1
flt,u,v) = te[0,1], u,veR.

10et2(1 + |u| + |v]) ’
Clearly, the function f is jointly continuous.
Foranyu,v,ii,v e Rand t € [0, 1]

|f(t’ u, V) _f(t’ ﬂ’ ‘7)| <

1062 (lu-ul+lv-v]).

Hence, condition (4.27.1) is satisfied by K = L = 1.
Thus, condition
KT* ( |b| ) 3 3
1 —+ = = < 1
(1-L)I(a+1) la+bl/  2(10e2-1)r(3) (10e?-1)vn

issatisfiedbya=b=T=1,c=0,anda = % From Theorem 4.17, problem (4.51)—(4.52)
has a unique solution on J, and Theorem 4.20 implies that problem (4.51)—(4.52) is
Ulam-Hyers stable.

Example 2. Consider the BVP

—t CDl
Dy - —C [ WO __IDYOL ) o sy
O+e) | 1+lIy®Ol 1+ D2y @)
n
y0)+ Y ciyt) =1, (4.54)
i=1
where0 < t; <t <---<tp<landc; =1,...,nare positive constants, with
i = .
i=1 3
Set .
e u %
= - 1 .
fituv) = G | e~ Ty ]+ t€10.1 1 v 10, +eo)

Clearly, the function f is continuous. For each u, it, v, 7 € Rand ¢t € [0, 1]

~t

It ) = fit, 1, DI < o5 (= v =71

< Tpu-als Lo
- 10 10 ’
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4.5 BVP for NIFDE in Banach Space =— 145

On the other hand, we have

lg) - g@l = 11'Y, ciu-Y ciul

i=1 i=1
n
<Y cillu-al
i=1
1
< —|lu-1ul.
3

Hence, condition (4.27.1) is satisfied by K = K = 5 and L = 1. We have

KT“ 1 1 9V +6
L+ — ==+ =
(1-K)I(a+1) 3 9r<3) 27+
2
From Theorem 4.18, problem (4.53)—(4.54) has a unique solution on J, and Theorem 4.22
implies that problem (4.53)—(4.54) is Ulam—Hyers stable.

4.5 BVP for NIFDE in Banach Space

4.5.1 Introduction and Motivations

Recently, fractional differential equations have been studied by Abbas et al. [35, 43],
Baleanu et al. [78, 80], Diethelm [137], Kilbas and Marzan [180], Srivastava et al. [181],
Lakshmikantham et al. [187], and Samko et al. [239]. More recently, some mathemati-
cians have considered BVPs and boundary conditions for implicit fractional differential
equations.

In [164], Hu and Wang investigated the existence of a solutions to a nonlinear
fractional differential equation with an integral boundary condition:

D%u(t) = f(t, u(t), DPu(t)), te(0,1),1<a<2,0<B<1,
1

u(0) =uo, u(l)= Jg(S)u(S)ds,
0

where f: [0, 1] Xx R x R — R is a continuous function and g is an integrable function.
In [241], by means of Schauder’s fixed point theorem, Su and Liu studied the existence
of nonlinear fractional BVPs involving Caputo’s derivative:

°Du(t) = f(t, u(t), ‘DPu(t)), foreachte(0,1), 1<a<2,0<p<1,
u(0)=u'(1)=0, or u'(1)=u(1)=0, or u(0)=u(l)=0,
where f: [0, 1] x R x R — R is a continuous function.

Many techniques have been developed for studying the existence and uniqueness
of solutions of initial and BVPs for fractional differential equations. Several authors

Brought to you by | UCL - University College London
Authenticated
Download Date | 2/10/18 4:14 PM



146 —— 4 Boundary Value Problems for Nonlinear Implicit Fractional Differential Equations

tried to develop a technique that depends on the Darbo or the Ménch fixed point
theorem with the Hausdorff or Kuratowski measure of noncompactness. The notion of
the measure of noncompactness was defined in many ways. In 1930, Kuratowski [185]
defined the measure of noncompactness, a(A), of a bounded subset A of a metric space
(X, d), and in 1955 Darbo [132] introduced a new type of fixed point theorem for set
contractions.

The purpose of this section is to establish existence and uniqueness results for
problems of implicit fractional differential equations in Banach space:

DVy(t) = f(t, y(t), *Dy(t)), foreach, te]J:=[0,T], T>0,0<v<1,
ay(0) + by(T) =c,

where (E, || - ||) is a real Banach space, f: ] x E x E — E is a given function, and a, b are
real, witha +b # 0, c € E, and

DVy(t) = f(t, y(t), *DVy(t)), foreveryte]J:=[0,T], T>0,0<v<1,
() +8()=yo,

where f: Jx Ex E — Eisa given function, g: C(J, E) — E is a continuous function, and
Yo € E. The results of this section are based on Darbo’s fixed point theorem combined
with the technique of measures of noncompactness and on Monch’s fixed point theorem.

4.5.2 Existence Results for BVPs in Banach Space

The purpose of this section is to establish sufficient conditions for the existence of
solutions to the problem of implicit fractional differential equations with a Caputo

fractional derivative:
°DVy(t) = f(t, y(t), °DVy(t)), foreach, te]:=[0,T], T>0,0<v<1, (4.55)
ay(0) + by(T) = c, (4.56)

where f: J x E x E — E is a given function and a, b are real, witha + b # O and c € E.
For a given set V of functions v: ] — E let us use the notation

V() ={v(t),veV}, te]
and
V) ={vt):vel, te]}.
Let us define what we mean by a solution of problem (4.55)—(4.56).

Definition 4.24. A functiony e C1(J, E) is said to be a solution of problem (4.55)—(4.56)
if y satisfies equation (4.55) on J and conditions (4.56).

For the existence of solutions of problem (4.55)-(4.56), we need the following auxiliary
lemma.
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4.5 BVP for NIFDE in Banach Space =— 147

Lemma 4.25 ([79]). LetO <v < 1,andlet h: [0, T) — E be a continuous function. The

linear problem

‘D'y(t) = h(t), te],
ay(0) + by(T) = c,

has a unique solution given by

YO = 105

Lemma 4.26. Let f(t,u,v):
(4.55)—(4.56) is equivalent to

t
_ o1
; J(t )" 1h(s)ds

a+b

T
_L[ b J(T s)""Lh(s)ds - ¢ ]

I'(v)

J x E x E — E be a continuous function; then problem
the problem

y)=A+1"g(t), (4.57)

where g € C(J, E) satisfies the functional equation

and

A
a

g(t) = fit,A+I"g(t), g(t))

T
_ 1 v-1
=— [c Tw )J(T s) g(s)dsl .

Proof. Let y be a solution of (4.57). We will show that y is a solution of (4.55)—(4.56).

We have

Thus, y(0) = Aand y(T) = A

ay(0) + by(T) =

y(t)=A+I"g(t).
L T
v-1
+ i) J(T—s) g(s)ds, so

T
—ab a-1

@ DI J(T—s) g(s)ds
ac b2 [

v-1
Y 4+b @+ bW !(T_S) g(s)ds

bc b

T
v-1
a+b F(V)J(T $)"g(s)ds .
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148 —— 4 Boundary Value Problems for Nonlinear Implicit Fractional Differential Equations

Then
ay(0) + by(T) = c .

On the other hand, we have
DYy(t) = “D'(A+I"g(t) = g(¢)
= f(t, y(8), “D¥y (1)) .
Thus, y is a solution of problem (4.55)—(4.56). O

Let us list the conditions:
(4.33.1) The function f: ] x E x E — E is continuous.
(4.33.2) There exist constants K > 0 and 0 < L < 1 such that

IfCt, u, v) = f(t, @, V)|l < Kllu - ]l + Llv - V|

foranyu,v,ui,v € E,and t € ].
We are now in a position to state and prove our existence result for problem (4.55)—(4.56)
based on the concept of measures of noncompactness and Darbo’s fixed point theorem.

Remark 4.27 ([66]). Condition (4.33.2) is equivalent to the inequality
a (f(t, B1, By)) < Ka(B1) + La(B3)

for any bounded sets B1, B, € E and foreach ¢t € J.
Theorem 4.28. Assume that (4.33.1) and (4.33.2) hold. If

(Ib] +|a + b])T'K

la+b|I(v+1)(1-1L) <1, (4.58)

and
KT

A-DIfv+1) -
then IVP (4.55)—(4.56) has at least one solution on J.

1, (4.59)

Proof. Transform problem (4.55)—(4.56) into a fixed point problem. Define the operator
N:C(U,E) —» C(J,E) by
Ny)(t) =A+I"g(t), (4.60)

where g € C(J, E) satisfies the functional equation
8(t) = f(t, y(t), 8(1))

and

T
A ! lC—LI(T—S)V_lg(S)deI .

Ta+b (W)
[0}
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4.5 BVP for NIFDE in Banach Space =— 149

Clearly, the fixed points of the operator N are solutions of problem (4.55)—(4.56). We
will show that N satisfies the assumptions of Darbo’s fixed point theorem. The proof
will be given in several claims.

Claim 1: N is continuous. Let {u,} be a sequence such that u, — u in C(J, E). Then
foreachte]

T
|b| v-1
INGA)©) - NGOl £ s j(T ~5)" gn(s) - g(s)Ids
t
b j(t ~ )" Uga(s) - g(s)Ids 4.6
F(V) ) n ’

where gy, g € C(J, E) such that

gn(t) = f(t, un(t), gn(t)

and

g(t) = f(t, u(t), g(1) .
By (4.33.2), for each t € J we have

Ign(t) — (O = IIf(t, un(t), gn(t)) - f(t, u(t), gOH|
< Kllun(t) — u()ll + Llign(t) — g1l -
Then
K
1-L
Since u, — u, we get g,(t) — g(t),asn — oo foreach t € J.
Let n > 0 be such that, for each ¢ € J, we have | g,(¢)|| < nand [g(¢)]l < n. Then we
have

lgn(6) — gDl < llun () —u(ol .

(t=5)""tlgn(s) = g(S)Il < (£ = )" lgn(s)ll + llg(S)II]
<2n(t-s)t.

For each t € J, the function s — 2n(t - s)"~1 is integrable on [0, t]; then the Lebesgue
dominated convergence theorem and (4.61) imply that

IN(un)(t) - Nw)(t)|| - 0 as n — co.
Thus,
[IN(un) - N(u)lloo > 0 @as n — co.

Hence, N is continuous.
Let R be a constant such that

(v +1)(1 - L)+ (|b] +|a+ b))T'f*
“la+bII(v+1)(1-L)-(b|+|a+b)T'K’

where f* = sup ||If(t,0,0)| . (4.62)
te]
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150 —— 4 Boundary Value Problems for Nonlinear Implicit Fractional Differential Equations

Define
Dr={ueC(U,E): |lulw < R}.

It is clear that Dg is a bounded, closed, and convex subset of C(J, E).
Claim 2: N(Dg) c Dg. Let u € Dg; we show that Nu € Dg. For each t € ] we have

T
licl b V-1
[Nu(t)| < a1 bl + AT BT J(T—S) lg(s)lds
L t
v-1
+ ™ J(t -5)"""lg(s)lds . (4.63)

0

By (4.33.2), for each t € ] we have

gl = lIf(t, u(t), g(t)) - f(t, 0, 0) +£(¢, 0, 0)]|
< IIftt, u(t), (1)) - f(¢, 0, O)ll + If(¢, O, O)
< Kllu(®l + Lig®l + £~
<KR+LIg®l+f* .
Then
f*+KR

=M.
1-L

gl <
Thus, (4.62) and (4.63) imply that
lcl |b| v i +KR>
INu(OI < 12775 * [|a+b| * 1] Tv+1) < 1-1L
llcll N (Ibl +la + b)) TVf"
“la+b| |a+blI'(v+1)(1-L)
(|b| +|a+ b|)T'KR
la+b|II'(v+1)(1-L)
<R.

Consequently,
N(DR) cDg.

Claim 3: N(DgR) is bounded and equicontinuous. By Claim 2 we have N(Dg) =
{N(u): u € DR} c Dg. Thus, for each u € Dg we have |[N(u)|loo < R. Thus, N(Dg)
is bounded. Let t1, t; € ], t; < t», and let u € Dg. Then

ty

IN@(E2) - Na)(ED)] = | —— j[(tz )l (1 - 5)" Vg(s)ds

I'(v)
Otz
1 v-1
+m£(t2 -s)'""g(s)ds
M
< m(l"é - t‘l/ + 2(ty — tl)v) .
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4.5 BVP for NIFDE in Banach Space =— 151

As t; — t,, the right-hand side of the preceding inequality tends to zero.
Claim 4: The operator N: Dg — Dg is a strict set contraction. Let V. c Drand t € J;

then we have

a(N(V)(1)) = a((Ny)(D),y € V)

t
1 v-1
*Tw {J(t—s) a(g(s))ds, y € V} .

Then Remark 4.27 implies that, for each s € J,

Thus,

Then

Therefore,

a({g(s),y € V}) = a({f(s, y(s), g(s)),y € V})
< Ka({y(s),y € V}) + La({g(s),y € V}) .

K
1-L

a({g(s),y e V}) < aly(s),y e V}.

t
a(N(V)(2) j(t—s)v-l{aw(s))}ds,y e V}

0

- K
)< T-Drw

t
Ka (V) v-1
*@- DI f (s
KTY

<@ Drosn%"-

v

ac(NV) < mac(V) .

So, by (4.59), the operator N is a set contraction. As a consequence of Theorem 1.45, we
deduce that N has a fixed point that is a solution of problem (4.55)-(4.56). O

Our next existence result for problem (4.55)—(4.56) is based on the concept of measures
of noncompactness and Monch’s fixed point theorem.

Theorem 4.29. Assume (4.33.1), (4.33.2), and (4.58) hold. Then IVP (4.55)—(4.56) has at
least one solution.

Proof. Consider the operator N defined in (4.60). We will show that N satisfies the
assumptions of Monch’s fixed point theorem. We know that N: Dr — Dg is bounded
and continuous, and we need to prove that the implication

[V =convN(V) or V = N(V)u {0}] implies a(V)=0
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152 — 4 Boundary Value Problems for Nonlinear Implicit Fractional Differential Equations

holds for every subset V of Dg. Now let V be a subset of Dg such that V' ¢ conv(N(V) u
{0}). V is bounded and equicontinuous, and therefore the function t — v(t) = a(V(t))
is continuous on J. By Remark 4.27, Lemma 1.33, and the properties of the measure a we
have foreach t € J

v(t) < a(N(V)(£) U {0})
< a(N(V)(0))
< a{(Ny)(t), y € V}
t
v-1
<G L)F()j — 5)" Ha(y(s))ds, y € V}

t

J(t —s)" ly(s)ds .

0

K
< -
= A-DIW)

Lemma 1.52 implies that v(t) = O for each t € J, V(t) is relatively compact in E. In view of
the Ascoli—Arzela theorem, V is relatively compact in Dg. Applying now Theorem 1.46,
we conclude that N has a fixed point y € Dg. Hence, N has a fixed point that is a solution
of problem (4.55)—(4.56). O

4.5.3 Existence Results for Nonlocal BVP in Banach Space

The purpose of this section is to establish sufficient conditions for the existence of
solutions to the BVP for implicit fractional differential equations with a Caputo fractional
derivative:

DVy(t) = f(t, y(t), °D"y(t)), foreveryte]J:=[0,T], T>0,0<v<1, (4.64)
y(0)+g() =yo, (4.65)

where f: J x E x E — E is a given function, g: C(J, E) — E is a continuous function,
and y, € E. Finally, an example is given to demonstrate the application of our main
results.

Let (E; || - ||) be a Banach space, and t € J. We denote by C(J, E) the space of E valued
continuous functions on J with the usual supremum norm

IYlloo = sup{lly(®ll: ¢ € J}

foranyy € C(J, E).

Definition 4.30. A function y € C1(J, E) is called a solution of problem (4.64)—(4.65) if
it satisfies equation (4.64) on J and condition (4.65).
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Lemma 4.31. LetO<v < 1,andlet h: [0, T] — E be a continuous function. The linear

problem
‘D'y(t) = h(t), te],

y(0) +g(y) =yo

has a unique solution given by

t

1

YO =30 -80) + s j(t )" h(s)ds .
0

Lemma 4.32. Letf: J x Ex E — E be a continuous function; then problem (4.64)—(4.65)
is equivalent to the problem

y(t) =yo—g(y) + I"H(t)

where H(t) = f(t, y(t), H(t)).

Introduce the following condition:
(4.39.1) There exists 0 < K such that

lgw) -g@)|l <Klu-u| foranyu,u e C(J,E).

Remark 4.33 ([66]). Condition (4.39.1) is equivalent to the inequality
a(g(B)) < Ka(B)

for any bounded sets B € E.
Theorem 4.34. Assume (4.33.11), (4.33.2), and (4.39.1). If

KT

K+t—mF <1,
Ta-Drv+n ©

(4.66)

then IVP (4.64)—(4.65) has at least one solution on J.

Theorem 4.35. Assume (4.33.11), (4.33.2), (4.39.1), and (4.66) hold. If K < 1, then IVP
(4.64)—(4.65) has at least one solution.

4.5.4 Examples

Example 1. Consider the infinite system

(3 + lyn(®ll + 1Dz yn(O)])
3et2 (1 + lyn(6)] + 1D yn (1)
yn(0) +yn(1)=0. (4.68)

DIyn(t) = foreacht € [0,1], (4.67)
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Set
E=1"={y =(y1,¥2,++-»¥ns+--)s Y. lynl < 00},
n=1

and 3 + Jull + V1)
+llull + v
t,u,v) = , te[0,1], u,vekE.
J6UY) = 33030+l + VD) [0, 1]

E is a Banach space with the norm |ly|| = o2, [val-
Clearly, the function f is jointly continuous. For any u, v, it, v € Eand t € [0, 1]

IfCE, u, v) = f(t, @, V)| < 3—22(”11 —ufl +lv-vl).

Hence, condition (4.33.2) is satisfied by K = L = 3—1,2 The conditions

v
(bl +la+b)T'K 1 <1

la+bIf(v+ DA -1)  y7(e2 - 1)

and
KT 2

= <1
1-DIv+1) @Be2-1)vVm
are satisfiedbya = b =T = 1,c = 0,and v = % From Theorem 4.28, problem
(4.67)-(4.68) has at least one solution on J.
Example 2. Consider the BVP

-t ¢ cDiyn(t
Diyn() = = [10 O __ID®L | 6y ses)
(9 +el) L+1lyn@Ol 1+ D2y, ()|
m
yn(0) + Y ciyn(t) =1, (4.70)
i=1
where0 < t; <t <---<ty<landc;=1,...,mare positive constants, with
l .
i=1 3
Set
(o)
E=ll={y=(Y1,YZ’---,)’n,---), Z|Yn|<00},
n=1
and .
e” [lull vl ]
t,u,v) = - , tel0,1], u,vekE.
R ) (9+eh T+l 1+vl (0.1
E is a Banach space with the norm |ly|| = Y52, [Val-

Clearly, the function f is continuous. For each u, it, v, 7 € Eand t € [0, 1]

~t

IfCt, u, v) = f(t, w, V)| < %(Ilu —ull+llv-vl)

< -+ Lo
- 10 10 ’
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4.6 L'-Solutions of BVP for NIFDE == 155

Hence, condition (4.33.2) is satisfied by K = L = %.
On the other hand, we have for any u, it € E

1
lgCw) —g(@)ll < S flu—ull.

- 1
Hence, condition (4.39.1) is satisfied by K = 3 Also, the condition

& KTV _9\/7_r+6<1
A-L)If(v+1)  27vm

is satisfied by T = 1 and v = % It follows from Theorem 4.35 that problem (4.69)-(4.70)
has at least one solution on J.

4.6 L'-Solutions of BVP for NIFDE

4.6.1 Introduction and Motivations

More recently, considerable attention has been paid to the existence of solutions of
BVPs and boundary conditions for implicit fractional differential equations and integral
equations with a Caputo fractional derivative. See, for example, [47, 53, 94, 164, 260]
and references therein.

In [203], Murad and Hadid, by means of Schauder’s fixed-point theorem and the
Banach contraction principle, considered the BVP for the fractional differential equation

D%y(t) = f(t, y(t), DPy(t)), teJ:=(0,1), 1<a<2,0<f<1,0<y<1,
y(0) =0, y(1)=1Iys),
where f: [0, 1] x RxR — Ris a continuous function, and D“ is the Riemann-Liouville
fractional derivative.

In [150], Guezane-Lakoud and Khaldi studied the BVP of the fractional integral
boundary conditions

‘Dy(t) = fit, y(t),° DPy(t)), te]J:=(0,1),1<q<2,0<p<1,

y(0)=0, y'(1)=aljy),
where f: [0, 1] x R x R — R is a continuous function, and D is the Caputo fractional
derivative.

In [241], by means of Schauder’s fixed-point theorem, Su and Liu studied the

existence of nonlinear fractional BVPs involving Caputo’s derivative:

DYu(t) = f(t, u(t),° DPu(t)), teJ:=(0,1), 1<a<2,0<B<1,

u0)=0=u'(1)=0 or u'(1)=u(l)=0 or u(0)=u(1)=0,

where f: [0, 1] Xx R x R — R is a continuous function.
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156 —— 4 Boundary Value Problems for Nonlinear Implicit Fractional Differential Equations

In [103], Benchohra and Lazreg studied the existence of continuous solutions of
problem (4.71)—(4.72) and the implicit fractional order differential equation

Dy(t) = f(t, y(t), “D%(t)), te]J:=[0,T], 0<a<1,
with boundary condition
ay(0)=yo +By(T) =c,
where f: ] x R x R — R is a given function, D? is the Caputo fractional derivative,
and a, b, c are real constants, with a + b # O.
The purpose of this section is to establish existence and uniqueness of integrable
solutions to BVPs for the fractional order implicit differential equation
‘D%y(t) = f(t, y(t), “D(t)), te]:=[0,T],1<a<2, (4.71)
y©0)=yo, y(D=yr, (4.72)

where f: ] x R x R — R is a given function, yo, yr € R.

4.6.2 Existence of solutions
Definition 4.36. A function y € L1(J, R) is said to be a solution of BVP (4.71)-(4.72) if y
satisfies (4.71) and (4.72).

For the existence of solutions to problem (4.71)-(4.72), we need the following auxiliary
lemma.

Lemma 4.37. Let1 < a <2 and let x € L'(J, R). The BVP (4.71)-(4.72) is equivalent to
the integral equation

T
_ 1 (yr - yo)t
Y0 = o J G(t, s)x(s)ds + o + LTV, 73)
0
where x is the solution of the functional integral equation
1 ( Y
_ L Yr—Yo
X6 = f (t, o J G(t, s)x(s)ds + o + 2T ,x(t)) , (4.74)
0
and G(t, s) is the Green’s function defined by
t-syl - 9 <t<T,
G(t, s) = {( t(TS)H T (4.75)
—UT=s)"" <t<s
T s = = =
Proof. Let €D%y(t) = x(t) in equation (4.71); then
x(t) = f(t, y(t), x()) , (4.76)
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4.6 L'-Solutions of BVP for NIFDE == 157

and Lemma 1.9 implies that

¢
y(t) = co+cit + 1 J(t - 5)%*Ix(s)ds .

I'(a)
0
From (4.72), a simple calculation gives
Co=Yo
and
1 (yr - yo)
- _ _g)a-1 Jr—yo)
c1= T J(T $)* " x(s)ds + T .
0

Hence, we get equation (4.73).
Inversely, we prove that equation (4.73) satisfies BVP (4.71)—(4.72). Differentiat-
ing (4.73), we get
“Dy(t) = x(t) = f(t, y(t), “D*y(1)) .

By (4.73) and (4.75) we have

t T
_ L _ a-1 _ t J _ a-1 ()’T—)’O)t
y(t) = @ J(t $)* ' x(s)ds TT@ (T -5s)*"x(s)ds +yo + — - 4.77)
0 0
A simple calculation gives y(0) = yo and y(T) = y7. O

Let us introduce the following conditions:

(4.44.1) f: [0, T] x R* — R is measurableint € [0, T], for any (uq, u») € R? and
continuous in (u1, u,) € R? for almost all ¢ € [0, TJ.

(4.44.2) There exist a positive function a € L'[0, T] and constants b; > 0,i =1, 2,
such that

If(t, ur, ua)l < la(®)] + bylug| + balual, ¥(t, us, uz) € [0, T] x R* .

Our first result is based on Schauder’s fixed point theorem.
Theorem 4.38. Assume (4.44.1) and (4.44.2) hold. If

b1GOT
I'(a)

then BVP (4.71)-(4.72) has at least one solutiony € L*(J, R).

+hy<1, (4.78)

Proof. Transform problem (4.71)—(4.72) into a fixed point problem. Consider the operator

H:L'(J,R) — L'(J,R)
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158 —— 4 Boundary Value Problems for Nonlinear Implicit Fractional Differential Equations

defined by
T
(HX)(t) = f <t, = j G(t, s)x(s)ds + yo + LT =YL x(t)) , (4.79)

1
I'(a) T
0

where G is given by 4.75. Let
Go := max[|G(t, s)l, (t,s) € ] x]]

and

o= balyol + lyzDT + llal,

1 (%G b,)

Consider the set
By ={x e L*([0, T],R): |Ix], < 1}.

Clearly, B, is nonempty, bounded, convex, and closed.
We will now show that HB, ¢ By; indeed, for each x € By, from conditions (4.44.2)
and (4.78) we get

|HxllL, = | |[Hx(¢t)|dt

T
f <t, L J G(t, s)x(s)ds + yo + M, x(t)) dt
0

Il
Cmy Oy O

I'(a) T
1 ‘ t t
< [Ia(t)l +b |5 j G(t, s)x(s)ds — (T - 1)y0 vy + bzlx(t)ll dt
0
b1GoT
< lallz, + }(;’) Ixlz, + b1(lyol + lyrD)T + balIxllL,

b1GoT
< bylyol + lyrDT + lallz, + <W . b2> ,

<r.

Then HB, ¢ B,. Assumption (4.44.1) implies that H is continuous. We will now show
that H is compact, that is, HB, is relatively compact. Clearly, HB, is bounded in L1(J, R),
i.e., condition (i) of Kolmogorov’s compactness criterion is satisfied. It remains to show
that (Hx), — (Hx) in L1(J, R) for each x € B,.
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4.6 L'-Solutions of BVP for NIFDE = 159

Let x € B;; then we have

I(HX)R = (HX)l|Lr

[(Hx)n(t) = (Hx)(t)|dt

t+h

j (Hx)(s)ds — (HX)(t)
t
t+h

dt

==

IN

|(Hx)(s) — (Hx)(t)lds) dt
1 T ( )
f<s, i) OJ G(s, IX(T)dT +yo + 2102 Tyo s,X(S)>

)dt.

Since x € B, ¢ L(J, R), condition (4.44.2) implies that f € L'(J, R). Thus, we have

IN

Ot 1y Oy Oy O—

|
‘\" — —
- ~ = = e

N‘g [ —

T
1 —yo)t
b ! G(t, $)x(s)ds + yo + M x(t)) ds

t+h T
% J f< 1_,( )JG(S T)X(T)dT+yO+M’X(S)>
1 T
f( ’ T(a) JG(t S)X(S)ds+y0+(T_—Ty0)t,X(l‘)> ds— 0, ash—O0, te].
Hence,

(Hx)p — (Hx) uniformlyas h — 0.

Then by Kolmogorov’s compactness criterion, HB, is relatively compact. As a conse-
quence of Schauder’s fixed point theorem, BVP (4.71)—(4.72) has at least one solution in
B,. O

The next result is based on the Banach contraction principle.
Theorem 4.39. Assume (4.44.1) holds and
(4.46.1) There exist constants k1, k» > O such that

|f(t’ X1,Y1)—f(t, X2J’2)| < k1|X1—X2|+k2|YI—YZ|, te [O’ T]’ X1,X2,Y1,Y2 € R.

If
k1 TGo

I'(a)
then BVP (4.71)-(4.72) has a unique solution y € L'([0, T], R).

+ky <1, (4.80)

Brought to you by | UCL - University College London
Authenticated
Download Date | 2/10/18 4:14 PM



160 —— 4 Boundary Value Problems for Nonlinear Implicit Fractional Differential Equations

Proof. We will use the Banach contraction principle to prove that H defined by (4.79)
has a fixed point. Let x, y € L1(J, R), and ¢ € J. Then we have

T
£ <t, s [ 6t s +y0 4 o -yt x(t))

|(Hx)(t) - (Hy)(0)| = T@ J T

T
1 - t
f (t, i [ 6t sys)ds +yo + Yr-yot, y(t)) .
0

T

< % J G(t, $)(x(s) — y(s))lds + ka|x(t) - y(®)]

T

K
< }1(5;) j Ix(s) = y(s)lds + ka|x(&) - y(©)] -
0

Thus,

T

kTG

I(Hx) - (HY)L, < 11,(“)0 Ix =y, + k2 J Ix(t) - y(t)|dt
0

- kiTGo
- Ia)

- < ki1TGo
"\ I(a)

Ix = yllL, + ka2llx = yllL,

" kz) -yl -

Consequently, by (4.80), H is a contraction. As a consequence of the Banach contraction
principle, the operator H has a fixed point that is a solution of problem (4.71)-(4.72). O

4.6.3 Nonlocal problem

This section is devoted to some existence and uniqueness results for the class of the
nonlocal problem

‘D%y(t) = f(t, y(t), “DY(t)), te]:=[0,T], 1<a<2, (4.81)
y©0)=gy), y(D=yr, (4.82)

where g: L1(J, R) — R a continuous function. The nonlocal condition can be applied
in physics with better effect than the classical initial condition y(0) = y,. For example,
g(y) may be given by

p

gy) =) ciy(ti) s

i=1
where ¢;,i=1,2,...,paregiven constantsand O < - -- < t, < T. Nonlocal conditions
were initiated by Byszewski [117] when he proved the existence and uniqueness of mild
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4.6 L'-Solutions of BVP for NIFDE =—— 161

and classical solutions of nonlocal Cauchy problems. As remarked by Byszewski [117,
118], the nonlocal condition can be more useful than the standard initial condition to
describe some physical phenomena.

Let us introduce the following set of conditions on the function g.
(4.46.2) There exists a constant k > 0 such that

lg(y) - g7 < kly -y| foreachy,y e L'(J, R).

Theorem 4.40. Assume (4.44.1), (4.46.1), and (4.46.2) hold. If
2k, T

I'la+1)

then BVP (4.81)—(4.82) has a unique solutiony € L'(J, R).

+kik+ky <1, (4.83)

Transform problem (4.81)-(4.82) into a fixed point problem. Consider the operator
H: L'(,R) — L', R)
defined by

(Hx)()
T

t
— 1 _ o)a-1 _ t a-1
_f< T )J(t 9" x(s)ds - )J(T )% Lx(s)ds

- (7 - 1)g(y) + yT,X(t)> (4.84)

Proof. We will use the Banach contraction principle to prove that H defined by (4.84)
has a fixed point. Let x, y € L1(J, R), and ¢ ¢ J. Then we have

|(Hx)(8) - (Hy)(®)]

TT(a)

_ (% - 1)g(x) + %)/T,X(t)>
T

t
-f<t,ij(t 5)a-1 (s)ds—Lj(T $)*1y(s)ds
0

t T
1 a-1 _ t a-1
f<t T )J(t $)* *x(s)ds J(T s)* 7 x(s)ds

I'(a) TI (o)

_ (% - 1)g(y) + %w&’(ﬂ)‘

t

T
]_ a-1 k_ a-1
< )!u 9 I0x(s) = y(s)lds + - )j(T 9" (x(9) - y(s)lds

+k11g00) — gl + kalx(t) - y(O)] .
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162 —— 4 Boundary Value Problems for Nonlinear Implicit Fractional Differential Equations

Thus,

t T

oo < KV [ e Y [ 0
(B - (Ey)ls, = =1 Oj(t " s + 3 !(T 9% 1ds

+ kikdix = yll, + kallx - yllz,

2’(1Ta -
< F(a—+ 1 Ix —ylz, + kaklx — yllz, + kallx = ylr,
2k, T -
< <—F(a ey +kik + k2> lx - yl, -

Consequently, by (4.83), H is a contraction. As a consequence of the Banach contraction
principle, we deduce that H has a fixed point that is a solution of problem (4.81)-
(4.82). O

4.6.4 Examples

Example 1. Let us consider the BVP

~t

cNna _ e o—
D% (t) = T OA Ty OIT I DYOD teJ:=[0,1],1<a<?2, (4.85)
y0)=1, y1)=2. (4.86)
Set »
flt,y,z) = € (t,y,2) € ] x [0, +00) x [0, +00) .

(et+6)(1+y+2)’

Lety, z € [0, +c0) and t € J. Then we have

|f(ty Y1y21) _f(ty YZ,22)| =

et ( 1 1 )
ef+6\1+y1+z1 l+y,+2

e”(ly1 - yal +|z1 - 22))
T (et+6)1+y1+z1)(A+y2+22)
-t

< (y1-yal + 121 - 22])
=+ 6) Y1-Y2 1-22

<1| |+1|z 25|
—7J/1 Y2 7121 2.

Hence, condition (4.46.1) holds, with k; = k, = % Condition (4.80) is satisfied by T = 1.
Indeed,

leGO+k _ _Go +=-<1
T  ° 7@ 7
Then, by Theorem 4.39, problem (4.85)—(4.86) has a unique integrable solution on
[0, 1] for values of a satisfying condition (4.87).

(4.87)
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Example 2. Let us consider the nonlocal BVP

~t

e
‘DY (t) = , te]J:=[0,1],1<a<?2, (4.88)
Y= e+ o)A + Iyl + IFD(DD)
n
y(0)= Y ciy(ty), y(1)=0, (4.89)
i=1
whereO0 < --- <ty <1,c,i=1,2,...,n,are given positive constants with Z?=1 Ci < %
Set .
o
s Y = T A > t) s 09 Oy s
fit,y, 2) @911y (t,y,2) €] x [0, +00) x [0, +00)
and

gy =) ay(ty).
i=1

Lety, z € [0, +oco) and t € J. Then we have

|f(t’ )/1,21) _f(t’ YZ,ZZ)| =

w5 (tm i)
el+9\1+y1+z1 1l+y,+2z

e t(ly1 = yal + 121 — z2)
T+ +y1+2z1) 1 +y2 +22)
—t

e
< -
(et +9)

(Iy1 = y2l +1z1 = z2)

IN

L A T PR
101 Y2l plar — 2l

Hence, condition (4.46.1) holds, with k; = k, = %. Also, we have
n
lg) - gyl < Y cilx-yl.
i=1
Hence, (4.46.2) is satisfied by k = Y, ci. Condition (4.83) is satisfied by T = 1. Indeed,
n

2dq T 1 1 1 10
kak+do= st = Y i+ <1e=Ma+1) > . (490
Ta+1) TR 5r(a+1)+10i=zlc‘+1o< @+ 1)>z7- (490

Then by Theorem 4.40, problem (4.88)-(4.89) has a unique integrable solution on [0, 1]
for values of a satisfying condition (4.90).

4.7 Notes and Remarks

The results of Chapter 4 are taken from Benchohra et al. [91, 103, 109]. Other results
may be found in [95, 97, 202].
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