1 Preliminary Background

In this chapter, we introduce notations, definitions, and preliminary facts that will
be used in the remainder of the book. Some notations and definitions from fractional
calculus, definitions and properties of measures of noncompactness, and fixed point
theorems are presented.

1.1 Notations and Definitions

Let C(J, R) be the Banach space of all continuous functions from J := [0, T]; T > 0to R
with the usual norm

lyl = suply(®)l,
te]

and let L'(J, R) denote the Banach space of functions : ] — R that are Lebesgue
integrable with the norm

T
WVlL, = j (Ot .
0

Definition 1.1 ([131]). Amap f: J x R x R — R is said to be L1-Carathéodory if
(i) the map t — f{(t, x, y) is measurable for each (x,y) € Rx R,

(ii) the map (x,y) — f(t, x, y) is continuous for almost all t € ],

(iii) for each g > O there exists @, € L1(J, R) such that

If(t, %, Y)| < @q(t)

forall x| < g, |yl <gqandfora.e.te].
The map f is said to be of Carathéodory if it satisfies just (i) and (ii).

Definition 1.2. An operator T: E — E is called compact if the image of each bounded
set B ¢ Eisrelatively compact, i.e., T(B) is compact. T is called a completely continuous
operator if it is continuous and compact.

Theorem 1.3 (Kolmogorov compactness criterion [133]).
Let Q< LP(J,R)and1 < p < oco. If

(i) Qis boundedin LP(J, R) and

(i) up — u as h — 0 uniformly with respect to u € Q,
then Q is relatively compact in L? (], R), where

t+h
J u(s)ds .
t

1

up(t) = T
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2 = 1 Preliminary Background

1.2 Fractional Calculus

Definition 1.4 ([35, 181, 219]). The Riemann-Liouville fractional (arbitrary) order inte-
gral of the function h € L1([a, b], R,) of order a € R, is defined by

Ih(t) = i

@ - 5)“h(s)ds,

:"—.H

where I'(. ) is the Euler gamma function. If a = 0, we write I*h(t) = h(t) = @4(t), where
Pu(t) = F(a fort > 0, @u(t) =rfort <0, and p, — 6(t) as @ — 0, where § is the
delta function.

Definition 1.5 ([35, 181, 219]). The Riemann-Liouville fractional derivative of order
a > 0 of function h € L'([a, b], R,) is given by

t
a L (AN [ et
(D, h)(t) = F(n_a)< dt) J(t Sy Uh(s)ds .

Here n = [a] + 1 and [a] denotes the integer part of a. If & € (0, T], then

t
1-a _ d S
(D, h)(t) = azﬁ h(t)—F(l_a)%a[(t s)%h(s)ds .

Definition 1.6 ([35, 181]). The Caputo fractional derivative of order a > 0 of a function
h e L1([a, b], R,) is given by
t

_ cyn—a=13(n)
Tn_a) J(t s) h'(s)ds ,

where n = [a] + 1. If a € (0, 1], then

(“‘Dg.h)(0) =

cna 1-a (t S) ¢ d
(D, h)(t) = I dth(t) jm 5 asheds.

The following properties are some of the main ones of fractional derivatives and
integrals.

Lemma 1.7 ([200]). Let a« > 0 and n = [a] + 1. Then

k
I*(Dft)) = ) - Z 1O,

Lemma 1.8 ([181]). Let a > O; then the differential equation
D*h(t) =
has the solution

h(t)=co+cit+cat? +--+cpat™, cieR,i=0,1,2,...,n-1, n=[a]+1.
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1.2 Fractional Calculus =— 3

Lemma 1.9 ([181]). Let a > O; then
I“°D*h(t) = h(t) + Co + C1t + Cot> + -+ + Cpq "1,
for arbitraryc;i e R, i=0,1,2,...,n-1, n=[a] + 1.

Proposition 1.10 ([181]). Let a, 8 > 0. Then we have
@ I*: L'J,R) - L1(J, R), and if f € L1(J, R), then

I*IBf(t) = IPI°f(¢) = I*Pf(¢) .

@ Iff € IP(,R), 1 < p < +oo, then [*flLy < rlogs Il

(3) The fractional integration operator I* is linear.

(4) The fractional order integral operator I* maps L(J, R) to itself continuously.
(5) Ifa =n € N, then I is the n-fold integration.

(6) The Caputo and Riemann-Liouville fractional derivatives are linear.

(7) The Caputo fractional derivative of a constant is equal to zero.

Now we recall some definitions and properties of Hadamard fractional integration and
differentiation. We refer to [153, 181] for a more detailed analysis.

Definition 1.11 ([153, 181]). The Hadamard fractional integral of order q > O for a func-
tion g € L([1, a], R) is defined as

W1 [ x\T g(s)
(Ilg)oo—@l(lng) 8945

provided the integral exists.

Analogous to the Riemann-Liouville fractional calculus, the Hadamard fractional
derivative is defined in terms of the Hadamard fractional integral in the following way.
Set

d
G_Xaa q>03 n—[‘]]+1,

where [q] is the integer part of ¢, and
AC} :={u: [1,a] - R: §" [u(x)] € AC[1, al} .

Definition 1.12 ([153, 181]). The Hadamard fractional derivative of order g applied to
the function w € ACY is defined as

FDIw)(x) = 8" Iw)(x)

It has been proved (e.g., Kilbas [[178], Theorem 4.8]) that in the space L1([1, a], R), the
Hadamard fractional derivative is the left-inverse operator to the Hadamard fractional
integral, i.e.,

IDHPw)(x) = w(x) .
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4 =—— 1 Preliminary Background

Analogously to the Caputo partial fractional integral and derivative [36, 35], we can
define the Hadamard partial fractional integral and derivative. Also, the Hadamard
partial fractional derivative is defined in terms of the Hadamard partial fractional
integral.

Definition 1.13. Letry,7; >0, 0= (1,1),and r = (r1, r2). For w € L1(J, R), define the
Hadamard partial fractional integral of order r by the expression

Arw)(x,y) = dtds .

o [ (05) (o)

the mixed

By 1 - rwemean (1 -r1,1-13) € (0,1] x (0, 1]. Denote by D, :=
second-order partial derivative.

6xay

Definition 1.14. Letr = (r1,72) € (0, 1] x (0, 1] and u € L1(J). Define the Hadamard
fractional order derivative of order r of u by the expression

"DLu(x, y) = D3, [xyDy, ("I; " w)l(x, y) .

Definition 1.15. Let a € (0, co) and u € L1(J). The partial Hadamard integral of order a
of u(x, y) with respect to x is defined by

X
a-1
HI“ Lulx,y) = F(la) J(ln—) @ds for almost allx € [1, a]and ally € [1, b].

Analogously, we define the integral
1 r y\* 1 u(x,s)
11§ Ju(x,y) = ) J(ln—) s, ds forallx € [1, a]and almost ally € [1, b].

Definition 1.16. Let a ¢ (0, 1] and u € L!(J). The Hadamard fractional derivative of
order a of u(x, y) with respect to x is defined by

q

HD‘{‘,Xu(x, y) = aax x—(HI “u) | (x,y) foralmostallx € [1,a]andally € [1, b].

Analogously, we define the derivative of order a of u(x, y) with respect to y by

HD’{"yu(x, y) = aay ya—(HI ) (x,y) forallx e [1,a]andalmostally € [1, b] .
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1.3 Multivalued Analysis = 5

1.3 Multivalued Analysis

Let (X, || - |) be a Banach space and K be a subset of X. We use the notation

PX)={K cX: K + 0},
PaX) ={K c P(X): Kisclosed},
Pp(X) = {K c P(X): Kisbounded},
Pev(X) = {K c P(X): K is convex} ,
Pep(X) = {K ¢ P(X): K is compact},
Pev,ep(X) = Pev(X) N Pep(X)

Let A, B € P(X). Consider H; : P(X) x P(X) — R, U{oco} the Hausdorff distance between
A and B given by

Hg(A, B) = max{sup d(a, B), sup d(4, b)},
acA beB

where d(A4, b) = inf,c4 d(a, b) and d(a, B) = infycp d(a, b). As usual, d(x, 0) = +oo.
Then (Pp,1(X), Hg) is a metric space and (P(X), Hy) is a generalized (complete)
metric space [184].

Definition 1.17. A multivalued operator N: X — P(X) is called:
(a) y-Lipschitz if there exists y > 0 such that

Hy(N(x), N(y)) < yd(x,y), forallx,yeX;

(b) a contraction if it is y-Lipschitz with y < 1.

Definition 1.18. A multivalued map F: ] — P(X) is said to be measurable if, for each
y € X, the function
t — d(y, F(t)) = inf{d(x, z): z € F(t)}

is measurable.
Definition 1.19. The selection set of a multivalued map G: J — P(X) is defined by
Sg={ueL*(): u(t) e G(t), ae. te]}.
For each u € C, the set Sr.,, known as the set of selectors from F is defined by
Sk = {v € L*(J): v(t) € F(t, u(t)), ae.te]}.

Definition 1.20. Let X and Y be metric spaces. A set-valued map F from X to Y is
characterized by its graph Gr(F), the subset of the product space X x Y defined by

Gr(F) :={(x,y) e XxY:y e F(x)}.
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6 —— 1 Preliminary Background

Definition 1.21. Let (X, || - |) be a Banach space. A multivalued map F: X — P(X) is
convex (closed) if F(X) is convex (closed) for all x € X.

The map F is bounded on bounded sets if F(B) = Uyes F(x) is bounded in X for all
B € Pp(X), i.e., sup,ep{sup{lyl: y € F(x)}} < co.

Definition 1.22. A multivalued map F is called upper semicontinuous (u.s.c.) on X if
for each x( € X the set F(xo) is a nonempty, closed subset of X and for each open set U
of X containing F(x() there exists an open neighborhood V of xo such that F(V) c U.
A set-valued map F is said to be u.s.c. if it is so at every point xo € X. F is said to be
completely continuous if F(B) is relatively compact for every B € Pp(X).

If the multivalued map F is completely continuous with nonempty compact values,
then F is u.s.c. if and only if F has closed graph (i.e., x, — X+, ¥n — ¥+, VYn € G(Xy)
imply y. € F(x.)).

The map F has a fixed point if there exists x € X such that x € Gx. The set of fixed points
of the multivalued operator G will be denoted by FixG.

Definition 1.23. A measurable multivalued function F: ] — Pp (X) is said to be
integrably bounded if there exists a function g € L(R,) such that |f] < g(¢) for almost
allt € Jforall f € F(t).

Lemma 1.24 ([165]). Let G be a completely continuous multivalued map with nonempty
compact values. Then G is u.s.c. if and only if G has a closed graph (i.e., up — u, w, — w,
Wy € G(uy) imply w € G(u)).

Lemma 1.25 ([192]). Let X be a Banach space. Let F: ] x X — Pcp,cv(X) be an L!-
Carathéodory multivalued map, and let A be a linear continuous mapping from L*(J, X)
to C(J, X). Then the operator

Ao Spy: CUJ, X) — Pep,ev(CU, X)),
W (A o Spoy)(W) = (ASpou)(w)
is a closed graph operator in C(J, X) x C(J, X).

Proposition 1.26 ([165]). Let F: X — Y be an u.s.c. map with closed values. Then Gr(F)
is closed.

Definition 1.27. A multivalued map F: J x Rx R — P(R) is said to be L1-Carathéodory
if

(i) t — F(t, x, y) is measurable for each x, y € R;

(ii) x — F(t,x, y) is u.s.c. for almost all ¢ € J;

(iii) for each g > 0 there exists ¢4 € L(J, R,) such that

IE(t, x, ) = sup{lfl: f € F(¢, X, y)} < @q(0)
forall [x| < g,lyl <gandfora.e.te].

The multivalued map F is said to be Carathéodory if it satisfies (i) and (ii).
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1.4 Measure of Noncompactness = 7

Lemma 1.28 ([145]). Let X be a separable metric space. Then every measurable multival-
ued map F: X — P(X) has a measurable selection.

For more details on multivalued maps and the proof of the known results cited in this
section, we refer interested reader to the books of Aubin and Cellina [68], Deimling [134],
Gorniewicz [145], and Hu and Papageorgiou [165].

1.4 Measure of Noncompactness

We will define the Kuratowski (1896-1980) and Hausdorff (1868-1942) measures of
noncompactness (MNC for short) and give their basic properties. Let us recall some
fundamental facts of the notion of measure of noncompactness in a Banach space.
Let (X, d) be a complete metric space and Pp4(X) be the family of all bounded
subsets of X. Analogously denote by P, (X) the family of all relatively compact and
nonempty subsets of X. Recall that B ¢ X is said to be bounded if B is contained in
some ball. If B ¢ Pp4(X) is not relatively compact, (precompact) then there exists an
€ > 0 such that B cannot be covered by a finite number of e-balls, and it is then also
impossible to cover B by finitely many sets of diameter < €. Recall that the diameter of
B is given by
sup d(x,y), ifB+¢,
diam(B) := { (xy)eB?
o, ifB=¢.

Definition 1.29 ([183]). Let (X, d) be a complete metric space and Pp4(X) be the family
of bounded subsets of X. For every B € Pp4(X), we define the Kuratowski measure of
noncompactness a(B) of the set B as the infimum of the numbers d such that B admits
a finite covering by sets of diameter smaller than d.

Remark 1.30. It is clear that 0 < a(B) < diam(B) < +co for each nonempty bounded
subset B of X and that diam(B) = 0 if and only if B is an empty set or consists of exactly
one point.

Definition 1.31 ([81]). Let X be a Banach space and Pp4(X) be the family of bounded
subsets of X. For every B € Pp4(X), the Kuratowski measure of noncompactness is the
map a: Ppga(X) — [0, +oo] defined by

a(B) =inf{r >0: B ¢ U, B; anddiam(B;) < r}.

The Kuratowski measure of noncompactness satisfies the following properties:

Proposition 1.32 ([81, 83, 183]). Let X be a Banach space. Then for all bounded subsets

A, B of X the following assertions hold:

1. a(B) = 0 implies B is compact (B is relatively compact), where B denotes the closure
of B.
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8 =—— 1 Preliminary Background

a($) = 0.

a(B) = a(B) = a(conv B), where conv B is the convex hull of B.

monotonicity: A ¢ B implies a(A) < a(B).

algebraic semi-additivity: a(A+B) < a(A)+a(B), where A+B = {x+y: x € A;y € B}.
semihomogeneity: a(AB) = |A|a(B), A € R, where A(B) = {Ax: x € B}.
semi-additivity: a(A U B) = max{a(A), a(B)}.

semi-additivity: a(A n B) = min{a(A), a(B)}.

invariance under translations: a(B + xo) = a(B) for any x¢ € X.

VNV AW N

Lemma 1.33 ([151]). If V c C(J, E) is a bounded and equicontinuous set, then
(i) the function t — a(V(t)) is continuous on J and

ac(V) = sup a(V(t));
o<t<T

T T
(i) a (Jx(s)ds: X € V> < Ja(V(s))ds,
0 0

where

V(s)={x(s): xeV}, se].

The following definition of measure of noncompactness appeared in Bana$ and
Goebel [81].

Definition 1.34. A function p: Pp4(X) — [0, co) will be called a measure of noncom-
pactness if it satisfies the following conditions:

1. Kerpu(A) ={A € Ppq(X): u(A) = 0} is nonempty and Ker p(4) C Prep(X).

A c Bimplies u(A) < u(B).

u(A) = (4.

pu(convA) = u(A).

HAA+(1-1)B) < Ap(A) + (1 - AD)u(B) for A € [0, 1].

If (Ap)ne>1 is a sequence of closed sets in Pp4(X) such that

SR W

Xns1 CAp(n=1,2,...)

and
Jim w4 =0,

then the intersection set Ao, = (2, An is nonempty.

Remark 1.35. The family Ker u described in 1 is said to be the kernel of the measure
of noncompactness u. Observe that the intersection set A, in 6 is a member of the
family Ker u. Since u(Aoo) < u(Ay) for any n, we infer that u(Ay) = 0. This yields that
U(Awo) € Ker u. This simple observation will be essential in our further investigations.

Moreover, we introduce the notion of a measure of noncompactness in L1 (J). We let
Ppa(J) be the family of all bounded subsets of L1(J). Analogously, denote by Prep()
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1.5 Phase Spaces —— 9

the family of all relatively compact and nonempty subsets of L1(J). In particular, the
measure of noncompactness in L'(J) is defined as follows. Let X be a fixed nonempty
and bounded subset of L1(J). For x € X, set

T
uXx = %irr(l) <|sup <|sup <J |x(t + h) —x(t)ldt) , |hl < 6} , XE€ X} . (1.1)

0

It can be easily shown that u is a measure of noncompactness in L1(J) [81]. For more
details on the measure of noncompactness and the proof of the known results cited in
this section, we refer the reader to Akhmerov et al. [58] and Banas et al. [81, 83].

1.5 Phase Spaces

In this section, we assume that the state space (B, | - |3) is a seminormed linear space
of functions mapping (—oco, 0] to R and satisfying the following fundamental axioms
introduced by Hale and Kato in [154].
(A1) Ify: (-0, b] — Rand yg € B, then for every t € J the following conditions hold:
(G yteB.
) lyels < K@) f; y(s)lds + M©lyoll-
(iii) ly(t)] < Hly¢ls, where H > 0 is a constant, K: ] — [0, co) is continuous,
M: [0, 00) — [0, 00) is locally bounded, and H, K, M are independent of y(-).
(A,) For the function y(-) in (A1), y; is a B-valued continuous function on J.
(A3) The space B is complete.

Use the notation Kj = sup{K(t): t € J} and M} = sup{M(t): t € J}.

Remark 1.36. 1. (A1)(ii) is equivalent to [¢p(0)| < H| ¢ |5 for every ¢ € B.

2. Since |- s is a seminorm, two elements ¢, 1 € B can satisfy |¢p — ||z = O without
necessarily ¢(6) = (0) forall 6 < 0.

3. From the equivalence in the first remark, we can see that for all ¢, i € B such that
¢ — Y|z = 0. We necessarily have that ¢(0) = (0).

We now present some examples of phase spaces. For other details see, for instance, the
book by Hino et al. [162].

1.5.1 Examples of Phase Spaces

Example 1.37. Let us define the following spaces:
BC the space of bounded and continuous functions defined from (-oco, 0] — E;
BUC the space of bounded and uniformly continuous functions defined from (-co, 0] — E;

Brought to you by | UCL - University College London
Authenticated
Download Date | 2/10/18 4:21 PM



10 —— 1 Preliminary Background

C® :={¢ € BC: limg_,_, ¢p(0) exist in E};
C° := {¢ € BC: limg_,_, P(0) = 0}, endowed with the uniform norm

¢l = sup{|p(6)]: 6 < 0}.

We have that the spaces BUC, C*® and C° satisfy conditions (A1)-(A3). However, BC
satisfies (A1) and (A3), but (A2) is not satisfied.

Example 1.38. Let g be a positive continuous function on (—co, 0]. We define:
Cg = {¢ € C((-00,0]), E): £ is bounded on (~co, 0]},
Cg ={¢ € Cg: limg_,_ % = 0} endowed with the uniform norm

l$(6)]

Il =sup{mz eso} .

Then we have that the spaces Cg and Cg satisfy condition (A3). We consider the following
condition on the function g:

(g1) Foralla > 0, supo<;<, sup{‘péig)g) : —co<B<—th

Then Cg and Cg satisfy conditions (A1) and (A2) if (g1) holds.

Example 1.39. The space C, for any real positive constant y is defined by
Cy = {¢p € C((=00,0]), B): lim e"?p(0) exist in E
endowed with the norm
lpll = supte”|p(6)]: 6 <0} .
Then in the space C, axioms (A1)-(A3) are satisfied.

1.6 Some Fixed Point Theorems

In this section, we give the main fixed point theorems that will be used in subsequent
chapters.

Definition 1.40 ([60]). Let (M, d) be a metric space. The map T: M — M is said to be
Lipschitzian if there exists a constant k > 0 (called a Lipschitz constant) such that

d(T(x), T(y)) < kd(x,y) forallx,y e M.
A Lipschitzian mapping with a Lipschitz constant k < 1 is called a contraction.

Theorem 1.41 (Banach’s fixed point theorem [149]). Let C be a nonempty closed subset
of a Banach space X. Then any contraction mapping T of C to itself has a unique fixed
point.

Theorem 1.42 (Schauder fixed point theorem [149]). Let E be a Banach space, Q a con-
vex subset of E, and T: Q — Q a compact and continuous map. Then T has at least one
fixed point in Q.
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1.6 Some Fixed Point Theorems = 11

Theorem 1.43 (Burton and Kirk fixed point theorem [115]). Let X be a Banach space
and A, B: X — X two operators satisfying

(i) A is a contraction,

(ii) B is completely continuous.

Then either

—  The operator equation 'y = A(y) + B(y) admits a solution or

— thesetQ={ueX:u= /\A(%) + AB(u)} is unbounded for A € [0, 1].

In the next definition, we will consider a special class of continuous and bounded
operators.

Definition 1.44. Let T: M ¢ E — E be a bounded operator from a Banach space E to
itself. The operator T is called a k-set contraction if there is a number k > 0 such that

M(T(A)) < ku(A)

for all bounded sets A in M. The bounded operator T is called condensing if
U(T(A)) < u(A) for all bounded sets A in M with u(M) > 0.

Obviously, every k-set contraction for 0 < k < 1 is condensing. Every compact map T is
a k-set contraction with k = 0.

Theorem 1.45 (Darbo fixed point theorem [81]). Let M be a nonempty, bounded, convex,
and closed subset of a Banach space E and T: M — M a continuous operator satisfying
U(TA) < ku(A) for any nonempty subset A of M and for some constant k € [0, 1). Then T
has at least one fixed point in M.

Theorem 1.46 (Monch’s fixed point theorem [49, 202]). Let D be a bounded, closed,
and convex subset of a Banach space such that O € D, a the Kuratowski measure of
noncompactness, and N a continuous mapping of D to itself. If the implication [V =
convN(V) or V = N(V)u {0}]implies a(V) = O holds for every subset V of D, then N
has a fixed point.

For more details, see [49, 64, 145, 149, 183, 257].

Theorem 1.47 (Nonlinear alternative to Leray-Schauder type [149]). Let X be a Banach
space and C a nonempty convex subset of X. Let U be a nonempty open subset of C, with
0ec UandT: U — C a continuous and compact operator.

Then, either

(a) T has fixed points or

(b) thereexistu € oU and A € (0, 1) with u = AT(u).

Theorem 1.48 (Martelli’s fixed point theorem [199]). Let X be a Banach space and
N: X — Pe,ev(X) an u.s.c. and condensing map. If the set Q := {u € X: Au € N(u)
for some A > 1} is bounded, then N has a fixed point.
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12 —— 1 Preliminary Background

Theorem 1.49 ([70]). Let (X, | - |n) be a Fréchet space, and let A, B: X — X be two
operators such that

(a) A is a compact operator;

(b) B is a contraction operator with respect to a family of seminorms {| - |»};

(c) theset{x € X: x = AA(x) +AB(}), A € (0, 1)}is bounded.

Then the operator equation A(u) + B(u) = u has a solution in X.

Next, we state two multivalued fixed point theorems.

Lemma 1.50 (Bohnenblust—Karlin 1950 [111]). Let X be a Banach space and K ¢
Pe1,ev(X), and suppose that the operator G: K — Py, v (K) is u.s.c. and the set G(K) is
relatively compact in X. Then G has a fixed point in K.

Lemma 1.51 (Covitz—Nadler [130]). Let (X, d) be a complete metric space. If N: X —
Pc1(X) is a contraction, then FixN # ¢.

1.7 Auxiliary Lemmas

We state the following generalization of Gronwall’s lemma for a singular kernel.

Lemma 1.52 ([256]). Letv: [0, T] — [0, +00) be a real function and w(-) a nonnegative,
locally integrable function on [0, T]. Assume that there exist constants a > 0 and

0 < a < 1 such that
t

v(t) < w(t) +a J(t —-s)"%v(s)ds .
0
Then there exists a constant K = K(a) such that

t
v(t) < w(t) + Ka J(t -8) “w(s)ds foreveryte[0,T].
0

Bainov and Hristova [75] introduced the following integral inequality of the Gronwall
type for piecewise continuous functions that can be used in the sequel.

Lemma 1.53. Let, for t > ty = O, the following inequality hold:

t
xO<a®+ [ gt 9x@ds+ Y plox(to,
¢ to<ti<t
0
where Bi(t)(k € IN) are nondecreasing functions for t > tyg, a € PC([to, ), Ry), a
is nondecreasing, and g(t, s) is a continuous nonnegative function for t,s > ty and
nondecreasing with respect to t for any fixed s > ty. Then, for t > to,

t
x(t) < a®) ] (1+Be(®)exp (Jg(t, s)ds) .

to<ty<t to
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Lemma 1.54 (Ascoli-Arzel, [155]). Let A c C(J, R); A is relatively compact (i.e., A is
compact) if
1. A is uniformly bounded, i.e., there exists M > O such that

IfO)ll < M foreveryf e Aandx € J ;

2. A s equicontinuous, i.e., for every € > O there exists 6 > O such that for each x, X € ],
[lx = X|| < 6 implies ||f(x) — f(x)|| < € forevery f € A.

Set Jo := {(x,y,8): 0 < s < x < a,y € [0,b]},;]J]1 := {x,y,5,t): 0<s<x<a,
O0<t<y<bh},D;:= %,Dz = a%,anleDz = %.
In the sequel we will make use of the following variant of the inequality for two

independent variables due to Pachpatte.

Lemma 1.55 ([211]). Let w ¢ C(,R,), p,Dip € C(o,R:), q,D1q9,D2q,D1D2q ¢
C(J1, Ry), and c > 0 a constant. If

q(x,y, s, hw(s, t)dtds

Ot—x
Ot—<

wx,y)<c+ Ip(x, Y, S)w(s, y)ds +
0
for (x,y) € [0, a] x [0, b], then

w(x,y) < cA(x, y)exp <J B(s, t)dtds) s
0

O

where
A(x,y) = exp(Q(x, y)) ,

Qx,y) = J [p(s, Y, 8) + lep(s, Y é’)dé”] ds,
0 0

and

X
B(x,y) = q(x, y, x, Y)A(x, y) + Jqu(x, ¥, S, Y)A(s, y)ds
0

y X
+ J Dyq(x,y, x, ) A(x, t)dt + J D1D,q(x,y, s, t)A(s, t)dtds .
0 0

Ot <

From the preceding lemma and with p = 0, we get the following lemma.

Lemma1.56. Let w € C(J,R;), q,D1q,D>q,D1D2q € C(J1,R;), and let ¢ > O be a
constant. If

aw(x,y) < c+

o, ¢

y
Jq(x, ¥, S, w(s, t)dtds
1
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14 =— 1 Preliminary Background

for (x,y) € ], then

Xy
w(x,y) < cexp (J JB(S, t)dtds) ,
11

where

X
B(x,y) =q(x,y,x,y) + Jqu(x, ¥,s,y)ds
1

y Xy
+ j Dyq(x,y, x, t)dt + J JDlqu(X, y, S, t)dtds .
1 11

Lemma 1.57 ([129]). Let D ¢ BC. Then D is relatively compact in BC if the following

conditions hold:

(a) D is uniformly bounded in BC,

(b) The functions belonging to D are almost equicontinuous on [1, o) x [1, b], i.e.,
equicontinuous on every compact of J.

(c) The functions from D are equiconvergent, that is, given € > 0 and x € [1, b], thereis a
corresponding T(e, x) > O such that |u(t, x) — lim;_,, u(t, x)| < € forany t > T(e, x)
and u € D.
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