
3 Impulsive Nonlinear Implicit Fractional Differential
Equations

3.1 Introduction

Impulsive fractional differential equations are a very important class of fractional
differential equations because many phenomena from physics, chemistry, engineering,
and biology, for example, can be represented by impulsive fractional differential
equations.

Impulsive differential equations describes processes subject to abrupt changes in
their states. They have received much attention in the literature and we refer the reader
to the books [23, 35, 76, 77, 100, 148, 186, 215, 240], the papers [17, 24, 39, 96, 106, 124,
157, 158, 251], and the references therein.
In this chapter, we establish uniqueness and some Ulam stability and results for several
classes of nonlinear implicit fractional differential equations (NIFDEs) with finite delay
and fixed time impulses.

3.2 Existence and Stability Results for Impulsive NIFDEs with
Finite Delay

3.2.1 Introduction

In this section, we consider the problem of nonlinear implicit fractional differential
equations with finite delay and impulses,

cDαtk y(t) = f(t, yt ,
c Dαtk y(t)) , for each, t ∈ (tk , tk+1], k = 0, . . . ,m, 0 < α ≤ 1 ,

(3.1)

∆y|tk = Ik(yt−k ) , k = 1, . . . ,m , (3.2)

y(t) = φ(t) , t ∈ [−r, 0], r > 0 , (3.3)

where cDαtk is the Caputo fractional derivative, f : J × PC([−r, 0],ℝ) × ℝ → ℝ is a given
function, Ik : PC([−r, 0],ℝ) → ℝ, and φ ∈ PC([−r, 0],ℝ), 0 = t0 < t1 < ⋅ ⋅ ⋅ < tm <
tm+1 = T. For each function yt defined on [−r, T] and for any t ∈ J, we denote by yt the
element of PC([−r, 0],ℝ) defined by

yt(θ) = y(t + θ) , θ ∈ [−r, 0] . (3.4)

The arguments are based on the Banach contraction principle and Schaefer’s fixed
point theorem; here we also present two examples to show the applicability of our
results.
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3.2.2 Existence of Solutions

Let J0 = [t0, t1] and Jk = (tk , tk+1], k = 1, . . . ,m. Consider the set of functions

PC([−r, 0],ℝ) = {y : [−r, 0] → ℝ : y ∈ C((τk , τk+1],ℝ), k = 0, . . . ,m,
and there exist y(τ−k ) and y(τ

+
k ), k = 1, . . . ,m, with y(τ−k ) = y(τk)} .

PC([−r, 0],ℝ) is a Banach space with the norm

‖y‖PC = sup
t∈[−r,0]
|y(t)| .

Let

PC([0, T],ℝ) = {y : [0, T] → ℝ|y ∈ C((tk , tk+1],ℝ), k = 1, . . . ,m,
and there exist y(t−k ) and y(t

+
k ), k = 1, . . . ,m, with y(t−k ) = y(tk)} .

PC([0, T],ℝ) is a Banach space with the norm

‖y‖C = sup
t∈[0,T]
|y(t)| .

Notice that

Ω = {y : [−r, T] → ℝ : y|[−r,0] ∈ PC([−r, 0],ℝ) and y|[0,T] ∈ PC([0, T],ℝ)}

is a Banach space with the norm

‖y‖Ω = sup
t∈[−r,T]
|y(t)| .

Definition 3.1. A function y ∈ Ω whose α-derivative exists on Jk is said to be a solution
of (3.1)–(3.3) if y satisfies the equation cDαtk y(t) = f(t, yt ,

cDαtk y(t)) on Jk and satisfies
the conditions

∆y|t=tk = Ik(yt−k ) , k = 1, . . . ,m ,

y(t) = φ(t) , t ∈ [−r, 0] .

To prove the existence of solutions to (3.1)–(3.3), we need the following auxiliary lemma.

Lemma 3.2. Let 0 < α ≤ 1, and let σ : J → ℝ be continuous. A function y is a solution of
the fractional integral equation

y(t) =

{{{{{{{{{{{{{{{{{
{{{{{{{{{{{{{{{{{
{

φ(0) + 1
Γ(α)

t

∫
0

(t − s)α−1σ(s)ds, if t ∈ [0, t1] ,

φ(0) +
k
∑
i=1
Ii(yt−i ) +

1
Γ(α)

k
∑
i=1

ti

∫
ti−1

(ti − s)α−1σ(s)ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1σ(s)ds, if t ∈ (tk , tk+1] ,

φ(t), t ∈ [−r, 0] ,

(3.5)
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58 | 3 Impulsive Nonlinear Implicit Fractional Differential Equations

where k = 1, . . . ,m, if and only if y is a solution of the fractional problem

cDαy(t) = σ(t) , t ∈ Jk , (3.6)
∆y|t=tk = Ik(yt−k ) , k = 1, . . . ,m , (3.7)

y(t) = φ(t) , t ∈ [−r, 0] . (3.8)

Proof. Assume that y satisfies (3.6)–(3.8). If t ∈ [0, t1], then

cDαy(t) = σ(t) .

Lemma 1.9 implies

y(t) = φ(0) + Iασ(t) = φ(0) + 1
Γ(α)

t

∫
0

(t − s)α−1σ(s)ds .

If t ∈ (t1, t2], then Lemma 1.9 implies

y(t) = y(t+1) +
1
Γ(α)

t

∫
t1

(t − s)α−1σ(s)ds

= ∆y|t=t1 + y(t−1) +
1
Γ(α)

t

∫
t1

(t − s)α−1σ(s)ds

= I1(yt−1 ) + [
[
φ(0) + 1

Γ(α)

t1

∫
0

(t1 − s)α−1σ(s)ds]
]

+
1
Γ(α)

t

∫
t1

(t − s)α−1σ(s)ds .

= φ(0) + I1(yt−1 ) +
1
Γ(α)

t1

∫
0

(t1 − s)α−1σ(s)ds

+
1
Γ(α)

t

∫
t1

(t − s)α−1σ(s)ds .
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If t ∈ (t2, t3], then from Lemma 1.9 we get

y(t) = y(t+2) +
1
Γ(α)

t

∫
t2

(t − s)α−1σ(s)ds

= ∆y|t=t2 + y(t−2) +
1
Γ(α)

t

∫
t2

(t − s)α−1σ(s)ds

= I2(yt−2 ) + [
[
φ(0) + I1(yt−1 ) +

1
Γ(α)

t1

∫
0

(t1 − s)α−1σ(s)ds

+
1
Γ(α)

t2

∫
t1

(t2 − s)α−1σ(s)ds]
]
+

1
Γ(α)

t

∫
t2

(t − s)α−1σ(s)ds .

= φ(0) + [I1(yt−1 ) + I2(yt−2 )] + [
[

1
Γ(α)

t1

∫
0

(t1 − s)α−1σ(s)ds

+
1
Γ(α)

t2

∫
t1

(t2 − s)α−1σ(s)ds]
]
+

1
Γ(α)

t

∫
t2

(t − s)α−1σ(s)ds .

Repeating the process in thisway, the solution y(t) for t ∈ (tk , tk+1], where k = 1, . . . ,m,
can be written

y(t) = φ(0) +
k
∑
i=1
Ii(yt−i ) +

1
Γ(α)

k
∑
i=1

ti

∫
ti−1

(ti − s)α−1σ(s)ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1σ(s)ds .

Conversely, assume that y satisfies the impulsive fractional integral equation (3.5). If
t ∈ [0, t1], then y(0) = φ(0). Using the fact that cDα is the left inverse of Iα, we obtain

cDαy(t) = σ(t) , for each t ∈ [0, t1] .

If t ∈ (tk , tk+1], k = 1, . . . ,m, using the fact that cDαC = 0, where C is a constant, we
have

cDαy(t) = σ(t) , for each t ∈ (tk , tk+1] .

Also, we can easily show that

∆y|t=tk = Ik(yt−k ) , k = 1, . . . ,m .
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60 | 3 Impulsive Nonlinear Implicit Fractional Differential Equations

We are now in a position to state and prove our existence result for problem (3.1)–(3.3)
based on Banach’s fixed point.

Theorem 3.3. Make the following assumptions:
(3.3.1) The function f : J × PC([−r, 0],ℝ) × ℝ → ℝ is continuous.
(3.3.2) There exist constants K > 0 and 0 < L < 1 such that

|f(t, u, v) − f(t, ū, v̄)| ≤ K‖u − ū‖PC + L|v − v̄|

for any u, ū ∈ PC([−r, 0],ℝ), v, v̄ ∈ ℝ and t ∈ J.
(3.3.3) There exists a constant l̃ > 0 such that

|Ik(u) − Ik(u)| ≤ l̃‖u − u‖PC

for each u, u ∈ PC([−r, 0],ℝ) and k = 1, . . . ,m.
If

ml̃ + (m + 1)KT
α

(1 − L)Γ(α + 1) < 1 , (3.9)

then there exists a unique solution for problem (3.1)–(3.3) on J.

Proof. Transform problem (3.1)–(3.3) into a fixed point problem. Consider the operator
N : Ω → Ω defined by

(Ny)(t) =

{{{{{{{{{{
{{{{{{{{{{
{

φ(0) + ∑
0<tk<t

Ik(yt−i ) +
1
Γ(α) ∑0<tk<t

tk

∫
tk−1

(tk − s)α−1g(s)ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1σ(s)ds, t ∈ [0, T] ,

φ(t), t ∈ [−r, 0] ,

(3.10)

where g ∈ C(J,ℝ) is such that

g(t) = f(t, yt , g(t)) .

Clearly, the fixed points of operator N are solutions of problem (3.1)–(3.3).
Let u, w ∈ Ω. If t ∈ [−r, 0], then

|(Nu)(t) − (Nw)(t)| = 0 .

For t ∈ J we have

|N(u)(t) − N(w)(t)| ≤ 1
Γ(α) ∑0<tk<t

tk

∫
tk−1

(tk − s)α−1|g(s) − h(s)|ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1|g(s) − h(s)|ds

+ ∑
0<tk<t
|Ik(ut−k ) − Ik(wt−k )| ,
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where g, h ∈ C(J,ℝ) are given by

g(t) = f(t, ut , g(t)) ,

and
h(t) = f(t, wt , h(t)) .

By (3.3.2) we have

|g(t) − h(t)| = |f(t, ut , g(t)) − f(t, wt , h(t))|
≤ K‖ut − wt‖PC + L|g(t) − h(t)| .

Hence,
|g(t) − h(t)| ≤ K

1 − L ‖ut − wt‖PC .

Therefore, for each t ∈ J

|N(u)(t) − N(w)(t)| ≤ K
(1 − L)Γ(α)

m
∑
k=1

tk

∫
tk−1

(tk − s)α−1‖us − ws‖PCds

+
K

(1 − L)Γ(α)

t

∫
tk

(t − s)α−1‖us − ws‖PCds

+
m
∑
k=1

l̃‖ut−k − wt−k ‖PC .

≤ [ml̃ + mKTα

(1 − L)Γ(α + 1)

+
KTα

(1 − L)Γ(α + 1)]
‖u − w‖Ω .

Thus,
‖N(u) − N(w)‖Ω ≤ [ml̃ +

(m + 1)KTα

(1 − L)Γ(α + 1)] ‖u − w‖Ω .

By (3.9), operator N is a contraction. Hence, by Banach’s contraction principle, N has a
unique fixed point that is the unique solution of problem (3.1)–(3.3).

Our second result is based on Schaefer’s fixed point theorem.

Theorem 3.4. In addition to (3.3.1), (3.3.2) assumes that:
(3.4.1) There exist p, q, r ∈ C(J,ℝ+) with r∗ = supt∈J r(t) < 1 such that

|f(t, u, w)| ≤ p(t) + q(t)‖u‖PC + r(t)|w| for t ∈ J, u ∈ PC([−r, 0],ℝ) and w ∈ ℝ .

(3.4.2) The functions Ik : PC([−r, 0],ℝ) → ℝ are continuous, and there exist constants
M∗, N∗ > 0, with mM∗ < 1, such that

|Ik(u)| ≤ M∗‖u‖PC + N∗ for each u ∈ PC([−r, 0],ℝ), k = 1, . . . ,m .
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62 | 3 Impulsive Nonlinear Implicit Fractional Differential Equations

Then problem (3.1)–(3.3) has at least one solution.

Proof. Let operator N be defined as in (3.10). We will use Schaefer’s fixed point theorem
to prove that N has a fixed point. The proof will be given in several steps.

Step 1: N is continuous. Let {un} be a sequence such that un → u in Ω. If t ∈ [−r, 0],
then

|(Nun)(t) − (Nu)(t)| = 0 .

For t ∈ J we have

|(Nun)(t) − (Nu)(t)| ≤
1
Γ(α) ∑0<tk<t

tk

∫
tk−1

(tk − s)α−1|gn(s) − g(s)|ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1|gn(s) − g(s)|ds

+ ∑
0<tk<t
|Ik(unt−k ) − Ik(ut−k )| ,

(3.11)

where gn , g ∈ C(J,ℝ) are given by

gn(t) = f(t, unt , gn(t))

and
g(t) = f(t, ut , g(t)) .

From (3.3.2) we have

|gn(t) − g(t)| = |f(t, unt , gn(t)) − f(t, ut , g(t))|
≤ K‖unt − ut‖PC + L|gn(t) − g(t)| .

Then
|gn(t) − g(t)| ≤

K
1 − L
‖unt − ut‖PC .

Since un → u, gn(t) → g(t) as n → ∞ for each t ∈ J. Let η > 0 be such that for each
t ∈ J we have |gn(t)| ≤ η and |g(t)| ≤ η. Then

(t − s)α−1|gn(s) − g(s)| ≤ (t − s)α−1[|gn(s)| + |g(s)|]
≤ 2η(t − s)α−1

and

(tk − s)α−1|gn(s) − g(s)| ≤ (tk − s)α−1[|gn(s)| + |g(s)|]
≤ 2η(tk − s)α−1 .

For each t ∈ J the functions s → 2η(t − s)α−1 and s → 2η(tk − s)α−1 are integrable on
[0, t], so by the Lebesgue dominated convergence theorem and (3.11),

|(Nun)(t) − (Nu)(t)| → 0 as n →∞ .

Brought to you by | UCL - University College London
Authenticated

Download Date | 2/10/18 4:17 PM



3.2 Results for Impulsive NIFDEs with Finite Delay | 63

Hence,
‖(Nun) − (Nu)‖Ω → 0 as n →∞ .

Consequently, N is continuous.
Step 2: F maps bounded sets to bounded sets in Ω. It is enough to show that for any

η∗ > 0 there exists a positive constant ℓ such that for each u ∈ Bη∗ = {u ∈ Ω : ‖u‖Ω ≤ η∗}
we have ‖N(u)‖Ω ≤ ℓ. For each t ∈ J we have

(Nu)(t) = φ(0) + 1
Γ(α) ∑0<tk<t

tk

∫
tk−1

(tk − s)α−1g(s)ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1g(s)ds + ∑
0<tk<t

Ik(ut−k ) , (3.12)

where g ∈ C(J,ℝ) is given by

g(t) = f(t, ut , g(t)) .

By (3.4.1), for each t ∈ J we have

|g(t)| = |f(t, ut , g(t))|
≤ p(t) + q(t)‖ut‖PC + r(t)|g(t)|
≤ p(t) + q(t)‖u‖Ω + r(t)|g(t)|
≤ p(t) + q(t)η∗ + r(t)|g(t)|
≤ p∗ + q∗η∗ + r∗|g(t)| ,

where p∗ = supt∈J p(t) and q∗ = supt∈J q(t).
Then

|g(t)| ≤ p
∗ + q∗η∗

1 − r∗ := M .

Thus, (3.12) implies

|N(u)(t)| ≤ |φ(0)| + mMT
α

Γ(α + 1) +
MTα

Γ(α + 1) + m(M
∗‖ut−k ‖PC + N

∗)

≤ |φ(0)| + (m + 1)MT
α

Γ(α + 1) + m(M
∗‖u‖Ω + N∗)

≤ |φ(0)| + (m + 1)MT
α

Γ(α + 1) + m(M
∗η∗ + N∗) := R .

If t ∈ [−r, 0], then
|N(u)(t)| ≤ ‖φ‖PC ,

so
‖N(u)‖Ω ≤ max {R, ‖φ‖PC} := ℓ .
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64 | 3 Impulsive Nonlinear Implicit Fractional Differential Equations

Step 3: F maps bounded sets to equicontinuous sets of Ω. Let t1, t2 ∈ (0, T], t1 < t2,
Bη∗ be a bounded set of Ω as in Step 2, and let u ∈ Bη∗ . Then

|N(u)(t2) − N(u)(t1)|

≤
1
Γ(α)

t1

∫
0

|(t2 − s)α−1 − (t1 − s)α−1‖g(s)|ds

+
1
Γ(α)

t2

∫
t1

|(t2 − s)α−1‖g(s)|ds + ∑
0<tk<t2−t1

|Ik(ut−k )|

≤
M

Γ(α + 1) [2(t2 − t1)
α + (tα2 − t

α
1)] + (t2 − t1)(M

∗‖ut−k ‖PC + N
∗)

≤
M

Γ(α + 1) [2(t2 − t1)
α + (tα2 − t

α
1)] + (t2 − t1)(M

∗‖u‖Ω + N∗)

≤
M

Γ(α + 1) [2(t2 − t1)
α + (tα2 − t

α
1)] + (t2 − t1)(M

∗η∗ + N∗) .

As t1 → t2, the right-hand side of the preceding inequality tends to zero. As a conse-
quence of Steps 1–3, together with the Ascoli–Arzelà theorem, we can conclude that
N : Ω → Ω is completely continuous.

Step 4: A priori bounds. Now it remains to show that the set

E = {u ∈ Ω : u = λN(u) for some 0 < λ < 1}

is bounded. Let u ∈ E; then u = λN(u) for some 0 < λ < 1. Thus, for each t ∈ J we have

u(t) = λφ(0) + λ
Γ(α) ∑0<tk<t

tk

∫
tk−1

(tk − s)α−1g(s)ds

+
λ
Γ(α)

t

∫
tk

(t − s)α−1g(s)ds + λ ∑
0<tk<t

Ik(ut−k ) , (3.13)

and by (3.4.1), for each t ∈ J we have

|g(t)| = |f(t, ut , g(t))|
≤ p(t) + q(t)‖ut‖PC + r(t)|g(t)|
≤ p∗ + q∗‖ut‖PC + r∗|g(t)| .

Thus,
|g(t)| ≤ 1

1 − r∗ (p
∗ + q∗‖ut‖PC) .
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Now (3.13) and (3.4.2) imply that for each t ∈ J we have

|u(t)| ≤ |φ(0)| + 1
(1 − r∗)Γ(α) ∑0<tk<t

tk

∫
tk−1

(tk − s)α−1(p∗ + q∗‖us‖PC)ds

+
1

(1 − r∗)Γ(α)

t

∫
tk

(t − s)α−1(p∗ + q∗‖us‖PC)ds

+ m(M∗‖ut−k ‖PC + N
∗) .

Consider the function ζ defined by

ζ(t) = sup{|u(s)| : − r ≤ s ≤ t}, 0 ≤ t ≤ T .

Then there exists t∗ ∈ [−r, T] such that ζ(t) = |u(t∗)|. If t ∈ [0, T], then, by the previous
inequality, for t ∈ J we have

ζ(t) ≤ |φ(0)| + 1
(1 − r∗)Γ(α) ∑0<tk<t

tk

∫
tk−1

(tk − s)α−1(p∗ + q∗ζ(s))ds

+
1

(1 − r∗)Γ(α)

t

∫
tk

(t − s)α−1(p∗ + q∗ζ(s))ds

+ mM∗ζ(t) + mN∗ .

Thus, for t ∈ J

ζ(t) ≤ |φ(0)| + mN
∗

1 − mM∗ +
1

(1 − mM∗)(1 − r∗)Γ(α) ∑0<tk<t

tk

∫
tk−1

(tk − s)α−1(p∗ + q∗ζ(s))ds

+
1

(1 − mM∗)(1 − r∗)Γ(α)

t

∫
tk

(t − s)α−1(p∗ + q∗ζ(s))ds

≤
|φ(0)| + mN∗

1 − mM∗ +
(m + 1)p∗Tα

(1 − mM∗)(1 − r∗)Γ(α + 1)

+
(m + 1)q∗

(1 − mM∗)(1 − r∗)Γ(α)

t

∫
0

(t − s)α−1ζ(s)ds .

Applying Lemma 1.52, we get

ζ(t) ≤ [ |φ(0)| + mN
∗

1 − mM∗ +
(m + 1)p∗Tα

(1 − mM∗)(1 − r∗)Γ(α + 1)]

× [1 + δ(m + 1)q∗Tα

(1 − mM∗)(1 − r∗)Γ(α + 1)] := A ,
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66 | 3 Impulsive Nonlinear Implicit Fractional Differential Equations

where δ = δ(α) is a constant. If t∗ ∈ [−r, 0], then ζ(t) = ‖φ‖PC. Thus, for any t ∈ J and
‖u‖Ω ≤ ζ(t) we have

‖u‖Ω ≤ max{‖φ‖PC , A} .

This shows that the set E is bounded. As a consequence of Schaefer’s fixed point
theorem, we deduce that N has a fixed point that is a solution of problem (3.1)–(3.3).

3.2.3 Ulam–Hyers–Rassias stability

Here we adopt the concepts in Wang et al. [252] and introduce Ulam’s type stability
concepts for problem (3.1)–(3.2).

Let z ∈ Ω, ϵ > 0, ψ > 0, and ω ∈ PC(J,ℝ+) be nondecreasing. We consider the set
of inequalities

{
{
{

|cDαz(t) − f(t, zt , cDαz(t))| ≤ ϵ, t ∈ (tk , tk+1], k = 1, . . . ,m ,
|∆y|tk − Ik(yt−k )| ≤ ϵ, k = 1, . . . ,m ;

(3.14)

the set of inequalities

{
{
{

|cDαz(t) − f(t, zt , cDαz(t))| ≤ ω(t), t ∈ (tk , tk+1], k = 1, . . . ,m ,
|∆y|tk − Ik(yt−k )| ≤ ψ, k = 1, . . . ,m ;

(3.15)

and the set of inequalities

{
{
{

|cDαz(t) − f(t, zt , cDαz(t))| ≤ ϵω(t), t ∈ (tk , tk+1], k = 1, . . . ,m ,
|∆y|tk − Ik(yt−k )| ≤ ϵψ, k = 1, . . . ,m .

(3.16)

Definition 3.5. Problem (3.1)–(3.2) is Ulam–Hyers stable if there exists a real number
cf,m > 0 such that for each ϵ > 0 and for each solution z ∈ Ω of inequality (3.14) there
exists a solution y ∈ Ω of problem (3.1)–(3.2), with

|z(t) − y(t)| ≤ cf,mϵ , t ∈ J .

Definition 3.6. Problem (3.1)–(3.2) is generalized Ulam–Hyers stable if there exists
θf,m ∈ C(ℝ+,ℝ+) with θf,m(0) = 0 such that for each solution z ∈ Ω of inequality (3.14)
there exists a solution y ∈ Ω of problem (3.1)–(3.2), with

|z(t) − y(t)| ≤ θf,m(ϵ) , t ∈ J .

Definition 3.7. Problem (3.1)–(3.2) is Ulam–Hyers–Rassias stable with respect to (ω, ψ)
if there exists cf,m,ω > 0 such that for each ϵ > 0 and for each solution z ∈ Ω of
inequality (3.16) there exists a solution y ∈ Ω of problem (3.1)–(3.2), with

|z(t) − y(t)| ≤ cf,m,ωϵ(ω(t) + ψ) , t ∈ J .

Brought to you by | UCL - University College London
Authenticated

Download Date | 2/10/18 4:17 PM
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Definition 3.8. Problem (3.1)–(3.2) is generalized Ulam–Hyers–Rassias stable with
respect to (ω, ψ) if there exists cf,m,ω > 0 such that for each solution z ∈ Ω of inequality
(3.15) there exists a solution y ∈ Ω of problem (3.1)–(3.2), with

|z(t) − y(t)| ≤ cf,m,ω(ω(t) + ψ) , t ∈ J .

Remark 3.9. It is clear that (i) Definition 3.5 implies Definition 3.6, (ii) Definition 3.7
implies Definition 3.8, and (iii) Definition 3.7 for ω(t) = ψ = 1 implies Definition 3.5.

Remark 3.10. A function z ∈ Ω is a solution of inequality (3.16) if and only if there is
σ ∈ PC(J,ℝ) and a sequence σk , k = 1, . . . ,m (which depend on z) such that
(i) |σ(t)| ≤ ϵω(t), t ∈ (tk , tk+1], k = 1, . . . ,m and |σk| ≤ ϵψ, k = 1, . . . ,m;
(ii) cDαz(t) = f(t, zt , cDαz(t)) + σ(t), t ∈ (tk , tk+1], k = 1, . . . ,m;
(iii) ∆z|tk = Ik(zt−k ) + σk , k = 1, . . . ,m.

Similar remarks hold for inequalities 3.15 and 3.14.
Now we state the following Ulam–Hyers–Rassias stable result.

Theorem 3.11. Assume (3.3.1)–(3.3.3) and (3.9) hold and
(3.11.1) there exists a nondecreasing function ω ∈ PC(J,ℝ+), and there exists λω > 0 such

that, for any t ∈ J,
Iαω(t) ≤ λωω(t) .

Then problem (3.1)–(3.2) is Ulam–Hyers–Rassias stable with respect to (ω, ψ).

Proof. Let z ∈ Ω be a solution of inequality (3.16). Denote by y the unique solution of
the problem

{{{
{{{
{

cDαtk y(t) = f(t, yt ,
cDαtk y(t)), t ∈ (tk , tk+1], k = 1, . . . ,m ,

∆y|t=tk = Ik(yt−k ), k = 1, . . . ,m ,
y(t) = z(t) = φ(t), t ∈ [−r, 0] .

Using Lemma 3.2, we obtain for each t ∈ (tk , tk+1]

y(t) = φ(0) +
k
∑
i=1
Ii(yt−i ) +

1
Γ(α)

k
∑
i=1

ti

∫
ti−1

(ti − s)α−1g(s)ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1g(s)ds ,

where g ∈ C(J,ℝ) is given by

g(t) = f(t, yt , g(t)) .

Since z is a solution of inequality (3.16), by Remark 3.10 we have

{
{
{

cDαtk z(t) = f(t, zt ,
cDαtk z(t)) + σ(t), t ∈ (tk , tk+1], k = 1, . . . ,m ,

∆z|t=tk = Ik(zt−k ) + σk , k = 1, . . . ,m .
(3.17)

Brought to you by | UCL - University College London
Authenticated

Download Date | 2/10/18 4:17 PM



68 | 3 Impulsive Nonlinear Implicit Fractional Differential Equations

Clearly, the solution of (3.17) is given by

z(t) = φ(0) +
k
∑
i=1
Ii(zt−i ) +

k
∑
i=1
σi +

1
Γ(α)

k
∑
i=1

ti

∫
ti−1

(ti − s)α−1h(s)ds

+
1
Γ(α)

k
∑
i=1

ti

∫
ti−1

(ti − s)α−1σ(s)ds +
1
Γ(α)

t

∫
tk

(t − s)α−1h(s)ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1σ(s)ds , t ∈ (tk , tk+1] ,

where h ∈ C(J,ℝ) is given by

h(t) = f(t, zt , h(t)) .

Hence, for each t ∈ (tk , tk+1], it follows that

|z(t) − y(t)| ≤
k
∑
i=1
|σi| +

k
∑
i=1
|Ii(zt−i ) − Ii(yt−i )|

+
1
Γ(α)

k
∑
i=1

ti

∫
ti−1

(ti − s)α−1|h(s) − g(s)|ds

+
1
Γ(α)

k
∑
i=1

ti

∫
ti−1

(ti − s)α−1|σ(s)|ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1|h(s) − g(s)|ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1|σ(s)| .

Thus,

|z(t) − y(t)| ≤ mϵψ + (m + 1)ϵλωω(t) +
k
∑
i=1
l̃‖zt−i − yt−i ‖PC

+
1
Γ(α)

k
∑
i=1

ti

∫
ti−1

(ti − s)α−1|h(s) − g(s)|ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1|h(s) − g(s)|ds .
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By (33.3.2) we have

|h(t) − g(t)| = |f(t, zt , h(t)) − f(t, yt , g(t))|
≤ K‖zt − yt‖PC + L|g(t) − h(t)| .

Then
|h(t) − g(t)| ≤ K

1 − L
‖zt − yt‖PC .

Therefore, for each t ∈ J

|z(t) − y(t)| ≤ mϵψ + (m + 1)ϵλωω(t) +
k
∑
i=1
l̃‖zt−i − yt−i ‖PC

+
K

(1 − L)Γ(α)

k
∑
i=1

ti

∫
ti−1

(ti − s)α−1‖zs − ys‖PCds

+
K

(1 − L)Γ(α)

t

∫
tk

(t − s)α−1‖zs − ys‖PCds .

Thus,

|z(t) − y(t)| ≤ ∑
0<ti<t

l̃‖zt−i − yt−i ‖PC + ϵ(ψ + ω(t))(m + (m + 1)λω)

+
K(m + 1)
(1 − L)Γ(α)

t

∫
0

(t − s)α−1‖zs − ys‖PCds .

We consider the function ζ1 defined by

ζ1(t) = sup {‖z(s) − y(s)‖ : − r ≤ s ≤ t} , 0 ≤ t ≤ T ;

then there exists t∗ ∈ [−r, T] such that ζ1(t) = ‖z(t∗) − y(t∗)‖. If t∗ ∈ [−r, 0], then
ζ1(t) = 0. If t∗ ∈ [0, T], then by the previous inequality we have

ζ1(t) ≤ ∑
0<ti<t

l̃ζ1(t−i ) + ϵ(ψ + ω(t))(m + (m + 1)λω)

+
K(m + 1)
(1 − L)Γ(α)

t

∫
0

(t − s)α−1ζ1(s)ds .

Applying Lemma 1.53, we get

ζ1(t) ≤ ϵ(ψ + ω(t))(m + (m + 1)λω)

× [

[
∏

0<ti<t
(1 + l̃) exp(

t

∫
0

K(m + 1)
(1 − L)Γ(α) (t − s)

α−1ds)]
]

≤ cωϵ(ψ + ω(t)) ,
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70 | 3 Impulsive Nonlinear Implicit Fractional Differential Equations

where

cω = (m + (m + 1)λω) [
m
∏
i=1
(1 + l̃) exp( K(m + 1)Tα

(1 − L)Γ(α + 1))]

= (m + (m + 1)λω) [(1 + l̃) exp(
K(m + 1)Tα

(1 − L)Γ(α + 1))]
m
.

Thus, problem (3.1)–(3.2) is Ulam–Hyers–Rassias stable with respect to (ω, ψ).

Next, we present the following Ulam–Hyers stability result.

Theorem 3.12. Assume (3.3.1)–(3.3.3) and (3.9) hold. Then problem (3.1)–(3.2) is Ulam–
Hyers stable.

Proof. Let z ∈ Ω be a solution of inequality (3.14). Denote by y the unique solution of
the problem

{{{
{{{
{

cDαtk y(t) = f(t, yt ,
cDαtk y(t)), t ∈ (tk , tk+1], k = 1, . . . ,m ;

∆y|t=tk = Ik(yt−k ), k = 1, . . . ,m ;
y(t) = z(t) = φ(t), t ∈ [−r, 0] .

From the proof of Theorem 3.11 we get the inequality

ζ1(t) ≤ ∑
0<ti<t

l̃ζ1(t−i ) + mϵ +
Tαϵ(m + 1)
Γ(α + 1)

+
K(m + 1)
(1 − L)Γ(α)

t

∫
0

(t − s)α−1ζ1(s)ds .

An application of Lemma 1.53 gives

ζ1(t) ≤ ϵ (
mΓ(α + 1) + Tα(m + 1)

Γ(α + 1) )

× [

[
∏

0<ti<t
(1 + l̃) exp(

t

∫
0

K(m + 1)
(1 − L)Γ(α) (t − s)

α−1ds)]
]

≤ cωϵ ,

where

cω = (
mΓ(α + 1) + Tα(m + 1)

Γ(α + 1) ) [
m
∏
i=1
(1 + l̃) exp( K(m + 1)Tα

(1 − L)Γ(α + 1))]

= (
mΓ(α + 1) + Tα(m + 1)

Γ(α + 1) ) [(1 + l̃) exp( K(m + 1)Tα

(1 − L)Γ(α + 1))]
m
.

Moreover, if we set γ(ϵ) = cωϵ, γ(0) = 0, then problem (3.1)–(3.2) is generalized Ulam–
Hyers stable.
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3.2.4 Examples

Example 1. Consider the impulsive problem

cD
1
2
tk y(t) =

e−t

(11 + et)
[

[

yt
1 + yt
−

cD
1
2
tk y(t)

1 + cD
1
2
tk y(t)
]

]
for t ∈ J0 ∪ J1 , (3.18)

∆y|t= 12 =
y (12
−)

10 + y (12
−)

, (3.19)

y(t) = φ(t) , t ∈ [−r, 0], r > 0 , (3.20)

where φ ∈ PC([−r, 0],ℝ), J0 = [0, 12 ], J1 = (
1
2 , 1], t0 = 0, and t1 =

1
2 .

Set

f(t, u, v) = e−t

(11 + et)
[

u
1 + u −

v
1 + v ]

, t ∈ [0, 1], u ∈ PC ([−r, 0],ℝ) and v ∈ ℝ .

Clearly, the function f is jointly continuous.
For each u, ū ∈ PC([−r, 0],ℝ), v, v̄ ∈ ℝ, and t ∈ [0, 1]:

‖f(t, u, v) − f(t, ū, v̄)‖ ≤ e−t

(11 + et)
(‖u − ū‖PC + ‖v − v̄‖)

≤
1
12 ‖u − ū‖PC +

1
12 ‖v − v̄‖ .

Hence condition (3.3.2) is satisfied by K = L = 1
12 . Let

I1(u) =
u

10 + u , u ∈ PC ([−r, 0],ℝ) ,

and let u, v ∈ PC([−r, 0],ℝ). Then we have

|I1(u) − I1(v)| = 󵄨󵄨󵄨󵄨
u

10 + u −
v

10 + v
󵄨󵄨󵄨󵄨 ≤

1
10 ‖u − v‖PC .

Thus the condition

ml̃ + (m + 1)KT
α

(1 − L)Γ(α + 1) = [
1
10 +

2
12

(1 − 1
12) Γ (

3
2)
]

=
4

11√π
+

1
10 < 1

is satisfied by T = 1,m = 1, and l̃ = 1
10 . It follows from Theorem 3.3 that problem

(2.35)–(2.37) has a unique solution on J.
For any t ∈ [0, 1], take ω(t) = t and ψ = 1.

Since

I
1
2 ω(t) = 1

Γ (12)

t

∫
0

(t − s)
1
2−1sds ≤ 2t

√π
,
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72 | 3 Impulsive Nonlinear Implicit Fractional Differential Equations

condition (3.11.1) is satisfied with λω = 2
√π . It follows that problem (3.18)–(3.19) is

Ulam–Hyers–Rassias stable with respect to (ω, ψ).
Example 2. Consider the impulsive problem

cD
1
2
tk y(t) =

2 + |yt| + |cD
1
2
tk y(t)|

108et+3 (1 + |yt| + |cD
1
2
tk y(t)|)

, for each, t ∈ J0 ∪ J1 , (3.21)

∆y|t= 13 =
|y (13
−) |

6 + |y (13
−) |

, (3.22)

y(t) = φ(t) , t ∈ [−r, 0], r > 0 , (3.23)

where φ ∈ PC([−r, 0],ℝ) J0 = [0, 13 ], J1 = (
1
3 , 1], t0 = 0, and t1 =

1
3 . Set

f(t, u, v) = 2 + |u| + |v|
108et+3(1 + |u| + |v|)

, t ∈ [0, 1], u ∈ PC ([−r, 0],ℝ) , v ∈ ℝ .

Clearly, the function f is jointly continuous. For any u, ū ∈ PC([−r, 0],ℝ), v, v̄ ∈ ℝ and
t ∈ [0, 1]

|f(t, u, v) − f(t, ū, v̄)| ≤ 1
108e3
(‖u − ū‖PC + |v − v̄|) .

Hence condition (3.3.2) is satisfied by K = L = 1
108e3 . For each t ∈ [0, 1] we have

|f(t, u, v)| ≤ 1
108et+3

(2 + ‖u‖PC + |v|) .

Thus condition (3.4.1) is satisfied by p(t) = 1
54et+3 and q(t) = r(t) =

1
108et+3 . Let

I1(u) =
|u|

6 + |u| , u ∈ PC ([−r, 0],ℝ) .

For each u ∈ PC([−r, 0],ℝ) we have

|I1(u)| ≤
1
6 ‖u‖PC + 1 .

Thus, condition (3.4.2) is satisfied by M∗ = 1
6 and N

∗ = 1. It follows from Theorem 3.4
that problem (3.21)–(3.23) has at least one solution on J.
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3.3 Existence Results for Impulsive NIFDE with Finite Delay in
Banach Space

3.3.1 Introduction

The purpose of this section is to establish existence and uniqueness results for implicit
fractional differential equations with finite delay and impulses

cDνtk y(t) = f(t, yt ,
c Dνtk y(t)) , for each, t ∈ (tk , tk+1], k = 0, . . . ,m, 0 < ν ≤ 1 ,

(3.24)

∆y|t=tk = Ik(yt−k ) , k = 1, . . . ,m , (3.25)

y(t) = φ(t) , t ∈ [−r, 0], r > 0 , (3.26)

where cDνtk is the Caputo fractional derivative, (E, ‖ ⋅ ‖) is a real Banach space, f : J ×
PC([−r, 0], E) × E → E is a given function, Ik : PC([−r, 0], E) → E, φ ∈ PC([−r, 0], E),
and 0 = t0 < t1 < ⋅ ⋅ ⋅ < tm < tm+1 = T. For each function yt defined on [−r, T] and for
any t ∈ J we denote by yt the element of PC([−r, 0], E) defined by

yt(θ) = y(t + θ) , θ ∈ [−r, 0] . (3.27)

Here, yt(.) represents the history of the state from time t − r up to time t. We have
∆y|tk = y(t+k ) − y(t

−
k ), where y(t

+
k ) = limh→0+ y(tk + h) and y(t−k ) = limh→0− y(tk + h)

represent the right and left limits of yt at t = tk, respectively.
In this section, two results are discussed: the first is based on Darbo’s fixed point

theorem combined with the technique of measures of noncompactness; the second uses
Mönch’s fixed point theorem. Two examples are given to demonstrate the application of
our main results.

3.3.2 Existence of Solutions

Consider the set of functions

PC([−r, 0], E) = {y : [−r, 0] → E : y ∈ C((τk , τk+1], E), k = 1, . . . ,m,
and there exist y(τ−k ) and y(τ

+
k ), k = 1, . . . ,m with y(τ−k ) = y(τk)} .

Let PC([−r, 0], E) be the Banach space with the norm

‖y‖PC = sup
t∈[−r,0]
‖y(t)‖ .

Also, we take

PC([0, T], E) = {y : [0, T] → E : y ∈ C((tk , tk+1], E), k = 1, . . . ,m,
and there exist y(t−k ) and y(t

+
k ), k = 1, . . . ,m with y(t−k ) = y(tk)}
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and PC([0, T], E) to be the Banach space with the norm

‖y‖C = sup
t∈[0,T]
‖y(t)‖ .

Let

Ω = {y : [−r, T] → E : y|[−r,0] ∈ PC([−r, 0], E) and y|[0,T] ∈ PC([0, T], E)} ,

and note that Ω is a Banach space with the norm

‖y‖Ω = sup
t∈[−r,T]
‖y(t)‖ .

Let us define what we mean by a solution of problem (3.24)–(3.26).

Definition 3.13. A function y ∈ Ω whose ν-derivative exists on Jk is said to be a solution
of (3.24)–(3.26) if y satisfies the equation cDνtk y(t) = f(t, yt ,

cDνtk y(t)) on Jk and satisfies
the conditions

∆y|t=tk = Ik(yt−k ) , k = 1, . . . ,m ,

y(t) = φ(t) , t ∈ [−r, 0] .

To prove the existence of solutions to (3.24)–(3.26), we need the following auxiliary
lemma.

Lemma 3.14. Let 0 < ν ≤ 1, and let σ : J → E be continuous. A function y is a solution of
the fractional integral equation

y(t) =

{{{{{{{{{{{{{{{{{
{{{{{{{{{{{{{{{{{
{

φ(0) + 1
Γ(ν)

t

∫
0

(t − s)ν−1σ(s)ds, if t ∈ [0, t1] ,

φ(0) +
k
∑
i=1
Ii(yt−i ) +

1
Γ(ν)

k
∑
i=1

ti

∫
ti−1

(ti − s)ν−1σ(s)ds

+
1
Γ(ν)

t

∫
tk

(t − s)ν−1σ(s)ds, if t ∈ (tk , tk+1] ,

φ(t), t ∈ [−r, 0] ,

(3.28)

where k = 1, . . . ,m, if and only if y is a solution of the fractional problem

cDνy(t) = σ(t), t ∈ Jk ,
∆y|t=tk = Ik(yt−k ), k = 1, . . . ,m ,

y(t) = φ(t), t ∈ [−r, 0] .
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Let us introduce the following conditions:
(3.14.1) The function f : J × PC([−r, 0], E) × E → E is continuous.
(3.14.2) There exist constants K > 0 and 0 < L < 1 such that

‖f(t, u, v) − f(t, ū, v̄)‖ ≤ K‖u − ū‖PC + L‖v − v̄‖

for any u, ū ∈ PC([−r, 0], E), v, v̄ ∈ E and t ∈ J.
(3.14.3) There exists a constant l̃ > 0 such that

‖Ik(u) − Ik(u)‖ ≤ l̃‖u − u‖PC

for each u, u ∈ PC([−r, 0], E) and k = 1, . . . ,m.

We are now in a position to state and prove our existence result for problem (3.24)–(3.26)
based on the concept of measures of noncompactness and Dafixth’s fixed point theorem.

Remark 3.15 ([66]). Conditions (3.14.2) and (3.14.3) are respectively equivalent to the
inequalities

α (f(t, B1, B2)) ≤ Kα(B1) + Lα(B2)

and
α(Ik(B1)) ≤ l̃α(B1)

for any bounded sets B1 ⊆ PC([−r, 0], E), B2 ⊆ E, for each t ∈ J and k = 1, . . . ,m.

Theorem 3.16. Assume (3.14.1)–(3.14.3). If

ml̃ + (m + 1)KT
ν

(1 − L)Γ(ν + 1) < 1 , (3.29)

then IVP (3.24)–(3.26) has at least one solution on J.

Proof. Transform problem (3.24)–(3.26) into a fixed point problem. Consider the opera-
tor N : Ω → Ω defined by

(Ny)(t) =

{{{{{{{{{{
{{{{{{{{{{
{

φ(0) + ∑
0<tk<t

Ik(yt−k ) +
1
Γ(ν) ∑0<tk<t

tk

∫
tk−1

(tk − s)ν−1g(s)ds

+
1
Γ(ν)

t

∫
tk

(t − s)ν−1g(s)ds, t ∈ [0, T] ,

φ(t), t ∈ [−r, 0] ,

(3.30)

where g ∈ C(J, E) is such that

g(t) = f(t, yt , g(t)) .

Clearly, the fixed points of operator N are solutions of problem (3.24)–(3.26).
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We will show that N satisfies the assumptions of Darbo’s fixed point theorem. The
proof will be given in several claims.

Claim 1: N is continuous. Let {un} be a sequence such that un → u in Ω. If t ∈ [−r, 0],
then

‖N(un)(t) − N(u)(t)‖ = 0 .

For t ∈ J we have

‖N(un)(t) − N(u)(t)‖ ≤
1
Γ(ν) ∑0<tk<t

tk

∫
tk−1

(tk − s)ν−1‖gn(s) − g(s)‖ds

+
1
Γ(ν)

t

∫
tk

(t − s)ν−1‖gn(s) − g(s)‖ds

+ ∑
0<tk<t
‖Ik(unt−k ) − Ik(ut−k )‖ ,

(3.31)

where gn , g ∈ C(J, E) are given by

gn(t) = f(t, unt , gn(t))

and
g(t) = f(t, ut , g(t)) .

By (3.14.2) we have

‖gn(t) − g(t)‖ = ‖f(t, unt , gn(t)) − f(t, ut , g(t))‖
≤ K‖unt − ut‖PC + L‖gn(t) − g(t)‖ .

Then
‖gn(t) − g(t)‖ ≤

K
1 − L ‖unt − ut‖PC .

Since un → u, we get gn(t) → g(t) as n →∞ for each t ∈ J. Let η > 0 be such that for
each t ∈ J we have ‖gn(t)‖ ≤ η and ‖g(t)‖ ≤ η. Then we have

(t − s)ν−1‖gn(s) − g(s)‖ ≤ (t − s)ν−1[‖gn(s)‖ + ‖g(s)‖]
≤ 2η(t − s)ν−1

and

(tk − s)ν−1‖gn(s) − g(s)‖ ≤ (tk − s)ν−1[‖gn(s)‖ + ‖g(s)‖]
≤ 2η(tk − s)ν−1 .

For each t ∈ J the functions s → 2η(t − s)ν−1 and s → 2η(tk − s)ν−1 are integrable on
[0, t]. The Lebesgue dominated convergence theorem and (3.31) imply

‖N(un)(t) − N(u)(t)‖ → 0 as n →∞ .
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Hence,
‖N(un) − N(u)‖Ω → 0 as n →∞ .

Consequently, N is continuous.
Let R be a constant such that

R ≥ max
{
{
{

(‖φ(0)‖ + mc1) Γ(ν + 1)(1 − L) + (m + 1)Tν f∗

Γ(ν + 1)(1 − L) − [(m + 1)TνK + ml̃Γ(ν + 1)(1 − L)]
, ‖φ‖PC
}
}
}

, (3.32)

where
c1 = max

1≤k≤m
{sup{‖Ik(v)‖, v ∈ PC([−r, 0], E)}}

and
f∗ = sup

t∈J
‖f(t, 0, 0)‖ .

Define
DR = {u ∈ Ω : ‖u‖Ω ≤ R} .

It is clear that DR is a bounded, closed, and convex subset of Ω.
Claim 2: N(DR) ⊂ DR. Let u ∈ DR; we show that Nu ∈ DR. If t ∈ [−r, 0], then

‖N(u)(t)‖ ≤ ‖φ‖PC ≤ R .

If t ∈ J, then we have

‖N(u)(t)‖ ≤ ‖φ(0)‖ + 1
Γ(ν) ∑0<tk<t

tk

∫
tk−1

(tk − s)ν−1‖g(s)‖ds

+
1
Γ(ν)

t

∫
tk

(t − s)ν−1‖g(s)‖ds + ∑
0<tk<t
‖Ik(ut−k )‖ . (3.33)

By (3.14.2), for each t ∈ J we have

‖g(t)‖ ≤ ‖f(t, ut , g(t)) − f(t, 0, 0)‖ + ‖f(t, 0, 0)‖
≤ K‖ut‖PC + L‖g(t)‖ + f∗

≤ K‖u‖Ω + L‖g(t)‖ + f∗

≤ KR + L‖g(t)‖ + f∗ .

Then
‖g(t)‖ ≤ f

∗ + KR
1 − L := M .
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Thus, (3.32), (3.33), and (3.14.3) imply that

‖Nu(t)‖ ≤ ‖φ(0)‖ + mMT
ν

Γ(ν + 1)
+

MTν

Γ(ν + 1)
+

m
∑
k=1
‖Ik(ut−k ) − Ik(0)‖ +

m
∑
k=1
‖Ik(0)‖

≤ ‖φ(0)‖ + (m + 1)MT
ν

Γ(ν + 1)
+ ml̃‖ut−k ‖PC + mc1

≤ ‖φ(0)‖ + (m + 1)MT
ν

Γ(ν + 1)
+ ml̃‖u‖Ω + mc1

≤ ‖φ(0)‖ + (m + 1)MT
ν

Γ(ν + 1) + ml̃R + mc1

≤ R .

Thus, for each t ∈ [−r, T] we have ‖Nu(t)‖ ≤ R. This implies that ‖Nu‖Ω ≤ R. Conse-
quently,

N(DR) ⊂ DR .

Claim 3: N(DR) is bounded and equicontinuous. By Claim 2 we have N(DR) =
{N(u) : u ∈ DR} ⊂ DR. Thus, for each u ∈ DR we have ‖N(u)‖Ω ≤ R. Hence, N(DR)
is bounded. Let t1, t2 ∈ (0, T], t1 < t2, and let u ∈ DR. Then

‖N(u)(t2) − N(u)(t1)‖

≤
1
Γ(ν)

t1

∫
0

|(t2 − s)ν−1 − (t1 − s)ν−1|‖g(s)‖ds

+
1
Γ(ν)

t2

∫
t1

|(t2 − s)ν−1|‖g(s)‖ds + ∑
0<tk<t2−t1

‖Ik(ut−k ) − Ik(0)‖ + ∑
0<tk<t2−t1

‖Ik(0)‖

≤
M

Γ(ν + 1) [2(t2 − t1)
ν + (tν2 − t

ν
1)] + (t2 − t1)(̃l‖ut−k ‖PC + c1)

≤
M

Γ(ν + 1) [2(t2 − t1)
ν + (tν2 − t

ν
1)] + (t2 − t1)(̃l‖u‖Ω + c1)

≤
M

Γ(ν + 1)
[2(t2 − t1)ν + (tν2 − t

ν
1)] + (t2 − t1)(̃lR + c1) .

As t1 → t2, the right-hand side of the preceding inequality tends to zero.
Claim 4: The operator N : DR → DR is a strict set contraction. Let V ⊂ DR. If

t ∈ [−r, 0], then

α(N(V)(t)) = α(N(y)(t), y ∈ V)
= α(φ(t), y ∈ V)
= 0 .
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If t ∈ J, then we have

α(N(V)(t)) = α((Ny)(t), y ∈ V)

≤ ∑
0<tk<t
{α(Ik(yt−k )), y ∈ V} +

1
Γ(ν) ∑0<tk<t

{{
{{
{

tk

∫
tk−1

(tk − s)ν−1α(g(s))ds, y ∈ V
}}
}}
}

+
1
Γ(ν)
{
{
{

t

∫
tk

(t − s)ν−1α(g(s))ds, y ∈ V
}
}
}

.

Then Remark 3.15 and Lemma 1.32 imply that for each s ∈ J

α({g(s), y ∈ V}) = α({f(s, y(s), g(s)), y ∈ V})
≤ Kα({y(s), y ∈ V}) + Lα({g(s), y ∈ V}) .

Thus,
α ({g(s), y ∈ V}) ≤

K
1 − L α{y(s), y ∈ V} .

On the other hand, for each t ∈ J and k = 1, . . . ,m we have

∑
0<tk<t

α ({Ik(yt−k ), y ∈ V}) ≤ ml̃α({y(t), y ∈ V}) .

Then

α(N(V)(t)) ≤ ml̃α({y(t), y ∈ V}) + mK
(1 − L)Γ(ν)

{
{
{

t

∫
0

(t − s)ν−1{α(y(s))}ds, y ∈ V
}
}
}

+
K

(1 − L)Γ(ν)
{
{
{

t

∫
0

(t − s)ν−1{α(y(s))}ds, y ∈ V
}
}
}

≤ ml̃αc(V) + [
mKTν

(1 − L)Γ(ν + 1) +
KTν

(1 − L)Γ(ν + 1)] αc(V)

= [ml̃ + (m + 1)KT
ν

(1 − L)Γ(ν + 1)] αc(V) .

Therefore,
αc(NV) ≤ [ml̃ +

(m + 1)KTν

(1 − L)Γ(ν + 1)]
αc(V) .

Thus, by (3.29), operator N is a set contraction. As a consequence of Theorem 1.45, we
deduce that N has a fixed point that is a solution of problem (3.24)–(3.26).
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80 | 3 Impulsive Nonlinear Implicit Fractional Differential Equations

Our next existence result for problem (3.24)–(3.26) is based on the concept of measures
of noncompactness and Mönch’s fixed point theorem.

Theorem 3.17. Assume (3.14.1)–(3.14.4) and (3.29) hold. If

ml̃ < 1 ,

then IVP (3.24)–(3.26) has at least one solution.

Proof. Consider the operator N defined in (3.30). We will show that N satisfies the
assumptions of Mönch’s fixed point theorem. We know that N : DR → DR is bounded
and continuous, and we need to prove that the implication

[V = convN(V) or V = N(V) ∪ {0}] implies α(V) = 0

holds for every subset V of DR. Now let V be a subset of DR such that V ⊂ conv(N(V) ∪
{0}); V is bounded and equicontinuous, and therefore the function t → v(t) = α(V(t))
is continuous on [−r, T]. By Remark 3.15, Lemma 1.33, and the properties of the measure
α, for each t ∈ J we have

v(t) ≤ α(N(V)(t) ∪ {0})
≤ α(N(V)(t))
≤ α{(Ny)(t), y ∈ V}

≤ ml̃α({y(t), y ∈ V}) + (m + 1)K
(1 − L)Γ(ν)

{
{
{

t

∫
0

(t − s)ν−1{α(y(s))}ds, y ∈ V
}
}
}

= ml̃v(t) + (m + 1)K
(1 − L)Γ(ν)

t

∫
0

(t − s)ν−1v(s)ds .

Then

v(t) ≤ (m + 1)K
(1 − ml̃)(1 − L)Γ(ν)

t

∫
0

(t − s)ν−1v(s)ds .

Lemma 1.52 implies that v(t) = 0 for each t ∈ J.
For t ∈ [−r, 0]we have v(t) = α(φ(t)) = 0, so V(t) is relatively compact in E. In view

of the Ascoli–Arzelà theorem, V is relatively compact in DR. Applying Theorem 1.46, we
conclude that N has a fixed point y ∈ DR. Hence, N has a fixed point that is a solution
of problem (3.24)–(3.26).
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3.3.3 Examples

Example 1. Consider the infinite system

cD
1
2
tk yn(t) =

e−t

(11 + et)
[

[

yn(t)
1 + yn(t)

−
cD

1
2
tk yn(t)

1 + cD
1
2
tk yn(t)
]

]
, for each, t ∈ J0 ∪ J1 , (3.34)

∆yn|t= 12 =
yn (12
−)

10 + yn (12
−)

, (3.35)

yn(t) = φ(t) , t ∈ [−r, 0], r > 0 , (3.36)

where φ ∈ PC([−r, 0], E), J0 = [0, 12 ], J1 = (
1
2 , 1], t0 = 0, and t1 =

1
2 .

Set
E = l1 = {y = (y1, y2, . . . , yn , . . . ),

∞
∑
n=1
|yn| < ∞} ,

and

f(t, u, v) = e−t

(11 + et)
[

u
1 + u −

v
1 + v ] , t ∈ [0, 1], u ∈ PC([−r, 0], E), and v ∈ E .

Clearly, the function f is jointly continuous; now E is a Banach space with the norm

‖y‖ =
∞
∑
n=1
|yn|. For any u, ū ∈ PC([−r, 0], E), v, v̄ ∈ E and t ∈ [0, 1]

‖f(t, u, v) − f(t, ū, v̄)‖ ≤ 1
12 (‖u − ū‖PC + ‖v − v̄‖) .

Hence, condition (3.14.2) is satisfied by K = L = 1
12.

Let
I1(u) =

u
10 + u , u ∈ PC([−r, 0], E)

and take u, v ∈ PC([−r, 0], E). Then we have

‖I1(u) − I1(v)‖ = 󵄩󵄩󵄩󵄩
u

10 + u −
v

10 + v
󵄩󵄩󵄩󵄩 ≤

1
10 ‖u − v‖PC .

Hence, condition (3.14.3) is satisfied by l̃ = 1
10

.
The conditions

ml̃ + (m + 1)KT
ν

(1 − L)Γ(ν + 1) = [
1
10 +

2
12

(1 − 1
12) Γ (

3
2)
]

=
4

11√π
+

1
10 < 1

are satisfied by T = m = 1 and ν = 1
2. It follows from Theorem 3.16 that problem

(3.34)–(3.36) has a at least one solution on J.
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Example 2. Consider the impulsive problem

cD
1
2
tk yn(t) =

2 + ‖yn(t)‖ + ‖cD
1
2
tk yn(t)‖

108et+3 (1 + ‖yn(t)‖ + ‖cD
1
2
tk yn(t)‖)

, for each, t ∈ J0 ∪ J1 ,

(3.37)

∆yn|t= 13 =
‖yn (13

−) ‖

6 + ‖yn (13
−) ‖

, (3.38)

yn(t) = φ(t) , t ∈ [−r, 0], r > 0 , (3.39)

where φ ∈ PC([−r, 0], E), J0 = [0, 13 ], J1 = (
1
3 , 1], t0 = 0, and t1 =

1
3 . Set

E = l1 = {y = (y1, y2, . . . , yn , . . . ),
∞
∑
n=1
|yn| < ∞} ,

and

f(t, u, v) = 2 + ‖u‖ + ‖v‖
108et+3(1 + ‖u‖ + ‖v‖)

, t ∈ [0, 1], u ∈ PC([−r, 0], E), v ∈ E .

Clearly, the function f is jointly continuous. Now E is a Banach space with the norm

‖y‖ =
∞
∑
n=1
|yn|. For any u, ū ∈ PC([−r, 0], E), v, v̄ ∈ E, and t ∈ [0, 1],

‖f(t, u, v) − f(t, ū, v̄)‖ ≤ 1
108e3
(‖u − ū‖PC + ‖v − v̄‖) .

Hence, condition (3.14.2) is satisfied by K = L = 1
108e3 .

Let
I1(u) =

‖u‖
6 + ‖u‖ , u ∈ PC([−r, 0], E) ,

and take u, v ∈ PC([−r, 0], E). Then we have

‖I1(u) − I1(v)‖ = 󵄩󵄩󵄩󵄩
u

6 + u −
v

6 + v
󵄩󵄩󵄩󵄩 ≤

1
6 ‖u − v‖PC .

Hence, condition (3.14.3) is satisfied by l̃ = 1
6 .

The condition

ml̃ + (m + 1)KT
ν

(1 − L)Γ(ν + 1) = [
1
6 +

2
12

(1 − 1
12) Γ (

3
2)
]

=
4

11√π
+
1
6 < 1

is satisfied by T = m = 1 and ν = 12. We also have

ml̃ = 16 < 1 .

It follows from Theorem 3.17 that problem (3.37)–(3.39) has at least one solution on J.
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3.4 Existence and Stability Results for Perturbed Impulsive NIFDE
with Finite Delay

3.4.1 Introduction

In this section,we establish existence, uniqueness, and stability results for the nonlinear
implicit perturbed fractional differential equation with finite delay and impulses

cDαtk y(t) = f(t, yt ,
cDαtk y(t)) + ϕ(t, yt) , for t ∈ (tk , tk+1], k = 0, . . . ,m, 0 < α ≤ 1 ,

(3.40)

∆y|tk = Ik(yt−k ) , k = 1, . . . ,m , (3.41)

y(t) = φ(t) , t ∈ [−r, 0], r > 0 , (3.42)

where J0 = [t0, t1], Jk = (tk , tk+1]; k = 1, . . . ,m, cDαtk is the Caputo fractional deriva-
tive, f : J × PC([−r, 0],ℝ) × ℝ → ℝ and ϕ : J × PC([−r, 0],ℝ) → ℝ are given functions,
Ik : PC([−r, 0],ℝ) → ℝ, φ ∈ PC([−r, 0],ℝ), and 0 = t0 < t1 < ⋅ ⋅ ⋅ < tm < tm+1 = T.

The arguments are based on Banach’s contraction principle and Schaefer’s fixed
point theorem. Finally, we present two examples to show the applicability of our results.

3.4.2 Existence of Solutions

Consider the Banach space

PC([−r, 0],ℝ) = {y : [−r, 0] → ℝ : y ∈ C((τk , τk+1],ℝ), k = 1, . . . ,m, and there exist
y(τ−k ) and y(τ

+
k ), k = 1, . . . ,m with y(τ−k ) = y(τk)} ,

with the norm
‖y‖PC = sup

t∈[−r,0]
|y(t)| ;

PC([0, T],ℝ) = {y : [0, T] → ℝ : y ∈ C((tk , tk+1],ℝ), k = 1, . . . ,m,
and there exist y(t−k ) and y(t

+
k ), k = 1, . . . ,m with y(t−k ) = y(tk)} ,

with the norm
‖y‖C = sup

t∈[0,T]
|y(t)| ;

and

Ω = {y : [−r, T] → ℝ : y|[−r,0] ∈ PC([−r, 0],ℝ) and y|[0,T] ∈ PC([0, T],ℝ)} ,

with the norm
‖y‖Ω = sup

t∈[−r,T]
|y(t)| .
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84 | 3 Impulsive Nonlinear Implicit Fractional Differential Equations

Definition 3.18. A function y ∈ Ω whose α-derivative exists on Jk is said to be a solution
of (3.40)–(3.42) if y satisfies the equation cDαtk y(t) = f(t, yt ,

cDαtk y(t)) + ϕ(t, yt) on Jk
and satisfies the conditions

∆y|t=tk = Ik(yt−k ), k = 1, . . . ,m ,

y(t) = φ(t) , t ∈ [−r, 0] .

To prove the existence of solutions to (3.40)–(3.42), we need the following auxiliary
lemma.

Lemma 3.19. Let 0 < α ≤ 1, and let σ : J → ℝ be continuous. A function y is a solution
of the fractional integral equation

y(t) =

{{{{{{{{{{{{{{{{{
{{{{{{{{{{{{{{{{{
{

φ(0) + 1
Γ(α)

t

∫
0

(t − s)α−1σ(s)ds, if t ∈ [0, t1] ,

φ(0) +
k
∑
i=1
Ii(yt−i ) +

1
Γ(α)

k
∑
i=1

ti

∫
ti−1

(ti − s)α−1σ(s)ds ,

+
1
Γ(α)

t

∫
tk

(t − s)α−1σ(s)ds, if t ∈ (tk , tk+1] ,

φ(t), t ∈ [−r, 0] ,

(3.43)

where k = 1, . . . ,m, if and only if y is a solution of the fractional problem

cDαy(t) = σ(t) , t ∈ Jk , (3.44)
∆y|t=tk = Ik(yt−k ) , k = 1, . . . ,m , (3.45)

y(t) = φ(t) , t ∈ [−r, 0] . (3.46)

Proof. Assume that y satisfies (3.44)–(3.46). If t ∈ [0, t1], then

cDαy(t) = σ(t) .

Lemma 1.9 implies

y(t) = φ(0) + Iασ(t) = φ(0) + 1
Γ(α)

t

∫
0

(t − s)α−1σ(s)ds .
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If t ∈ (t1, t2], then Lemma 1.9 implies

y(t) = y(t+1) +
1
Γ(α)

t

∫
t1

(t − s)α−1σ(s)ds

= ∆y|t=t1 + y(t−1) +
1
Γ(α)

t

∫
t1

(t − s)α−1σ(s)ds

= I1(yt−1 ) + [
[
φ(0) + 1

Γ(α)

t1

∫
0

(t1 − s)α−1σ(s)ds]
]

+
1
Γ(α)

t

∫
t1

(t − s)α−1σ(s)ds .

= φ(0) + I1(yt−1 ) +
1
Γ(α)

t1

∫
0

(t1 − s)α−1σ(s)ds

+
1
Γ(α)

t

∫
t1

(t − s)α−1σ(s)ds .

If t ∈ (t2, t3], then from Lemma 1.9 we get

y(t) = y(t+2) +
1
Γ(α)

t

∫
t2

(t − s)α−1σ(s)ds

= ∆y|t=t2 + y(t−2) +
1
Γ(α)

t

∫
t2

(t − s)α−1σ(s)ds

= I2(yt−2 ) + [
[
φ(0) + I1(yt−1 ) +

1
Γ(α)

t1

∫
0

(t1 − s)α−1σ(s)ds

+
1
Γ(α)

t2

∫
t1

(t2 − s)α−1σ(s)ds]
]
+

1
Γ(α)

t

∫
t2

(t − s)α−1σ(s)ds .

= φ(0) + [I1(yt−1 ) + I2(yt−2 )] + [
[

1
Γ(α)

t1

∫
0

(t1 − s)α−1σ(s)ds

+
1
Γ(α)

t2

∫
t1

(t2 − s)α−1σ(s)ds]
]
+

1
Γ(α)

t

∫
t2

(t − s)α−1σ(s)ds .
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Repeating the process in thisway, the solution y(t) for t ∈ (tk , tk+1], where k = 1, . . . ,m,
can be written

y(t) = φ(0) +
k
∑
i=1
Ii(yt−i ) +

1
Γ(α)

k
∑
i=1

ti

∫
ti−1

(ti − s)α−1σ(s)ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1σ(s)ds .

Conversely, assume that y satisfies the impulsive fractional integral equation (3.43). If
t ∈ [0, t1], then y(0) = φ(0). Using the fact that cDα is the left inverse of Iα, we get

cDαy(t) = σ(t) , for each t ∈ [0, t1] .

If t ∈ (tk , tk+1], k = 1, . . . ,m and using the fact that cDαC = 0, where C is a constant,
we get

cDαy(t) = σ(t) , for each t ∈ (tk , tk+1] .

Also, we can easily show that

∆y|t=tk = Ik(yt−k ) , k = 1, . . . ,m .

We are now in a position to state and prove our existence result for problem (3.40)−(3.42)
based on Banach’s fixed point.

Theorem 3.20. Make the following assumptions:
(3.20.1) The functions f : J × PC([−r, 0],ℝ) × ℝ → ℝ and ϕ : J × PC([−r, 0],ℝ) → ℝ are

continuous.
(3.20.2) There exist constants K > 0, K > 0 and 0 < L < 1 such that

|f(t, u, v) − f(t, ū, v̄)| ≤ K‖u − ū‖PC + L|v − v̄|

and
|ϕ(t, u) − ϕ(t, ū)| ≤ K‖u − ū‖PC

for any u, ū ∈ PC([−r, 0],ℝ), v, v̄ ∈ ℝ, and t ∈ J.
(3.20.3) There exists a constant l̃ > 0 such that

|Ik(u) − Ik(u)| ≤ l̃‖u − u‖PC

for each u, u ∈ PC([−r, 0],ℝ) and k = 1, . . . ,m.
If

ml̃ + (m + 1)(K + K)T
α

(1 − L)Γ(α + 1) < 1 , (3.47)

then there exists a unique solution for problem (3.40)–(3.42) on J.
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Proof. Transform problem (3.40)–(3.42) into a fixed point problem. Consider the opera-
tor N : Ω → Ω defined by

(Ny)(t) =

{{{{{{{{{{
{{{{{{{{{{
{

φ(0) + ∑
0<tk<t

Ik(yt−k ) +
1
Γ(α) ∑0<tk<t

tk

∫
tk−1

(tk − s)α−1g(s)ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1g(s)ds, t ∈ [0, T] ,

φ(t), t ∈ [−r, 0] ,

(3.48)

where g ∈ C(J,ℝ) is given by

g(t) = f(t, yt , g(t)) + ϕ(t, yt) .

Clearly, the fixed points of operator N are solutions of problem (3.40)–(3.42).
Let u, w ∈ Ω. If t ∈ [−r, 0], then

|(Nu)(t) − (Nw)(t)| = 0 .

For t ∈ J we have

|(Nu)(t) − (Nw)(t)| ≤ 1
Γ(α) ∑0<tk<t

tk

∫
tk−1

(tk − s)α−1|g(s) − h(s)|ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1|g(s) − h(s)|ds

+ ∑
0<tk<t
|Ik(ut−k ) − Ik(wt−k )| ,

where g, h ∈ C(J,ℝ) are given by

g(t) = f(t, ut , g(t)) + ϕ(t, ut) ,

and
h(t) = f(t, wt , h(t)) + ϕ(t, wt) .

By (3.20.2) we have

|g(t) − h(t)| ≤ |f(t, ut , g(t)) − f(t, wt , h(t))| + |ϕ(t, ut) − ϕ(t, wt)|
≤ K‖ut − wt‖PC + L|g(t) − h(t)| + K‖ut − wt‖PC .

Then

|g(t) − h(t)| ≤ K + K1 − L ‖ut − wt‖PC .
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88 | 3 Impulsive Nonlinear Implicit Fractional Differential Equations

Therefore, for each t ∈ J

|(Nu)(t) − (Nw)(t)| ≤ K + K
(1 − L)Γ(α)

m
∑
k=1

tk

∫
tk−1

(tk − s)α−1‖us − ws‖PCds

+
K + K
(1 − L)Γ(α)

t

∫
tk

(t − s)α−1‖us − ws‖PCds

+
m
∑
k=1

l̃‖ut−k − wt−k ‖PC .

≤ [ml̃ + m(K + K)Tα

(1 − L)Γ(α + 1)

+
(K + K)Tα

(1 − L)Γ(α + 1)]
‖u − w‖Ω .

Thus,

‖(Nu) − (Nw)‖Ω ≤ [ml̃ +
(m + 1)(K + K)Tα

(1 − L)Γ(α + 1) ]
‖u − w‖Ω .

By (3.47), operator N is a contraction. Hence, by Banach’s contraction principle, N has
a unique fixed point that is the unique solution of (3.40)–(3.42).

Our second result is based on Schaefer’s fixed point theorem.

Theorem 3.21. Assume (3.20.1) and (3.20.2) hold and
(3.21.1) There exist p, q, r ∈ C(J,ℝ+) with r∗ = supt∈J r(t) < 1 such that

|f(t, u, w)| ≤ p(t) + q(t)‖u‖PC + r(t)|w| for t ∈ J, u ∈ PC([−r, 0],ℝ) and w ∈ ℝ .

(3.21.2) The functions Ik : PC([−r, 0],ℝ) → ℝ are continuous and there exist constants
M∗, N∗ > 0, with mM∗ < 1, such that

|Ik(u)| ≤ M∗‖u‖PC + N∗ for each u ∈ PC([−r, 0],ℝ), k = 1, . . . ,m .

Then problem (3.40)–(3.42) has at least one solution.

Proof. Consider operator N defined in (3.48). We will use Schaefer’s fixed point theorem
to prove that N has a fixed point. The proof will be given in several steps.

Step 1: N is continuous. Let {un} be a sequence such that un → u in Ω. If t ∈ [−r, 0],
then

|(Nun)(t) − (Nu)(t)| = 0 .
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For t ∈ J we have

|(Nun)(t) − (Nu)(t)| ≤
1
Γ(α) ∑0<tk<t

tk

∫
tk−1

(tk − s)α−1|gn(s) − g(s)|ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1|gn(s) − g(s)|ds

+ ∑
0<tk<t

󵄨󵄨󵄨󵄨Ik (un (t
−
k )) − Ik (u (t

−
k ))
󵄨󵄨󵄨󵄨 ,

(3.49)

where gn , g ∈ C(J,ℝ) are given by

gn(t) = f(t, unt , gn(t)) + ϕ(t, unt)

and
g(t) = f(t, ut , g(t)) + ϕ(t, ut) .

By (3.21.1) we have

|gn(t) − g(t)| ≤ |f(t, unt , gn(t)) − f(t, ut , g(t))| + |ϕ(t, unt) − ϕ(t, ut)|
≤ K‖unt − ut‖PC + L|gn(t) − g(t)| + K‖unt − ut‖PC .

Then

|gn(t) − g(t)| ≤
K + K
1 − L ‖unt − ut‖PC .

Since un → u, we get gn(t) → g(t) as n →∞ for each t ∈ J. Let η > 0 be such that for
each t ∈ J we have |gn(t)| ≤ η and |g(t)| ≤ η. Then

(t − s)α−1|gn(s) − g(s)| ≤ (t − s)α−1[|gn(s)| + |g(s)|]
≤ 2η(t − s)α−1

and

(tk − s)α−1|gn(s) − g(s)| ≤ (tk − s)α−1[|gn(s)| + |g(s)|]
≤ 2η(tk − s)α−1 .

For each t ∈ J the functions s → 2η(t − s)α−1 and s → 2η(tk − s)α−1 are integrable on
[0, t]; the Lebesgue dominated convergence theorem and (3.49) imply that

|(Nun)(t) − (Nu)(t)| → 0 as n →∞ .

Hence
‖(Nun) − (Nu)‖Ω → 0 as n →∞ ,

and so N is continuous.
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90 | 3 Impulsive Nonlinear Implicit Fractional Differential Equations

Step 2: N maps bounded sets to bounded sets in Ω. Indeed, it is enough to show
that for any η∗ > 0 there exists a positive constant ℓ such that for each u ∈ Bη∗ = {u ∈
Ω : ‖u‖Ω ≤ η∗} we have ‖N(u)‖Ω ≤ ℓ. For each t ∈ J we have

(Nu)(t) = φ(0) + 1
Γ(α) ∑0<tk<t

tk

∫
tk−1

(tk − s)α−1g(s)ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1g(s)ds + ∑
0<tk<t

Ik(ut−k ) , (3.50)

where g ∈ C(J,ℝ) is given by

g(t) = f(t, ut , g(t)) + ϕ(t, yt) .

By (3.21.2), for each t ∈ J we have

|g(t)| ≤ |f(t, ut , g(t))| + |ϕ(t, yt)|
≤ p(t) + q(t)‖ut‖PC + r(t)|g(t)| + |ϕ(t, yt) − ϕ(t, 0)| + |ϕ(t, 0)|
≤ p(t) + q(t)‖ut‖PC + r(t)|g(t)| + K‖ut‖PC + |ϕ(t, 0)|
≤ p(t) + q(t)‖u‖Ω + r(t)|g(t)| + K‖u‖Ω + |ϕ(t, 0)|
≤ p(t) + (q(t) + K)η∗ + r(t)|g(t)| + |ϕ(t, 0)|
≤ p∗ + (q∗ + K)η∗ + r∗|g(t)| + ϕ∗ ,

where p∗ = supt∈J p(t), q∗ = supt∈J q(t), and ϕ∗ = supt∈J |g(t, 0)|.
Then

|g(t)| ≤ p
∗ + (q∗ + K)η∗ + ϕ∗

1 − r∗ := M .

Thus, (3.50) implies

|(Nu)(t)| ≤ |φ(0)| + mMT
α

Γ(α + 1) +
MTα

Γ(α + 1) + m(M
∗‖ut−k ‖PC + N

∗)

≤ |φ(0)| + (m + 1)MT
α

Γ(α + 1) + m(M
∗‖u‖Ω + N∗)

≤ |φ(0)| + (m + 1)MT
α

Γ(α + 1)
+ m(M∗η∗ + N∗) := R .

If t ∈ [−r, 0], then
|(Nu)(t)| ≤ ‖φ‖PC ,

so
‖N(u)‖Ω ≤ max {R, ‖φ‖PC} := ℓ .

Step 3: N maps bounded sets to equicontinuous sets of Ω.
Let t1, t2 ∈ (0, T], t1 < t2, let Bη∗ be a bounded set of Ω as in Step 2, and let u ∈ Bη∗ .
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Then

|(Nu)(t2) − (Nu)(t1)|

≤
1
Γ(α)

t1

∫
0

|(t2 − s)α−1 − (t1 − s)α−1‖g(s)|ds

+
1
Γ(α)

t2

∫
t1

|(t2 − s)α−1‖g(s)|ds + ∑
0<tk<t2−t1

|Ik(ut−k )|

≤
M

Γ(α + 1) [2(t2 − t1)
α + (tα2 − t

α
1)] + (t2 − t1)(M

∗‖ut−k ‖PC + N
∗)

≤
M

Γ(α + 1) [2(t2 − t1)
α + (tα2 − t

α
1)] + (t2 − t1)(M

∗‖u‖Ω + N∗)

≤
M

Γ(α + 1) [2(t2 − t1)
α + (tα2 − t

α
1)] + (t2 − t1)(M

∗η∗ + N∗) .

As t1 → t2, the right-hand side of the preceding inequality tends to zero. As a conse-
quence of Steps 1–3, together with the Ascoli–Arzelà theorem, we can conclude that
N : Ω → Ω is completely continuous.
Step 4: A priori bounds. Now it remains to show that the set

E = {u ∈ Ω : u = λN(u) for some 0 < λ < 1}

is bounded. Let u ∈ E; then u = λN(u) for some 0 < λ < 1. Thus, for each t ∈ J we have

u(t) = λφ(0) + λ
Γ(α) ∑0<tk<t

tk

∫
tk−1

(tk − s)α−1g(s)ds

+
λ
Γ(α)

t

∫
tk

(t − s)α−1g(s)ds + λ ∑
0<tk<t

Ik(ut−k ) . (3.51)

And, by (3.21.1), for each t ∈ J we have

|g(t)| ≤ |f(t, ut , g(t))| + |ϕ(t, yt)|
≤ p(t) + q(t)‖ut‖PC + r(t)|g(t)| + |ϕ(t, yt) − ϕ(t, 0)| + |ϕ(t, 0)|
≤ p(t) + q(t)‖ut‖PC + r(t)|g(t)| + K‖ut‖PC + |ϕ(t, 0)|
≤ p∗ + (q∗ + K)‖ut‖PC + r∗|g(t)| + ϕ∗ .

Thus,
|g(t)| ≤ 1

1 − r∗ (p
∗ + (q∗ + K)‖ut‖PC + ϕ∗) .
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92 | 3 Impulsive Nonlinear Implicit Fractional Differential Equations

This implies, by (3.51) and (3.21.2), that for each t ∈ J we have

|u(t)| ≤ |φ(0)| + 1
(1 − r∗)Γ(α) ∑0<tk<t

tk

∫
tk−1

(tk − s)α−1(p∗ + ϕ∗ + (q∗ + K)‖us‖PC)ds

+
1

(1 − r∗)Γ(α)

t

∫
tk

(t − s)α−1(p∗ + ϕ∗ + (q∗ + K)‖us‖PC)ds

+ m(M∗‖ut‖PC + N∗) .

Consider the function ν defined by

ν(t) = sup{|u(s)| : − r ≤ s ≤ t} , 0 ≤ t ≤ T ;

there exists t∗ ∈ [−r, T] such that ν(t) = |u(t∗)|. If t ∈ [0, T], then by the previous
inequality, for t ∈ J we have

ν(t) ≤ |φ(0)| + 1
(1 − r∗)Γ(α) ∑0<tk<t

tk

∫
tk−1

(tk − s)α−1(p∗ + ϕ∗ + (q∗ + K)ν(s))ds

+
1

(1 − r∗)Γ(α)

t

∫
tk

(t − s)α−1(p∗ + ϕ∗ + (q∗ + K)ν(s))ds

+ mM∗ν(t) + mN∗ .

Thus,

ν(t) ≤ 1
(1 − mM∗)(1 − r∗)Γ(α) ∑0<tk<t

tk

∫
tk−1

(tk − s)α−1(p∗ + ϕ∗ + (q∗ + K)ν(s))ds

+
|φ(0)| + mN∗

1 − mM∗ +
1

(1 − mM∗)(1 − r∗)Γ(α)

t

∫
tk

(t − s)α−1(p∗ + ϕ∗ + (q∗ + K)ν(s))ds

≤
|φ(0)| + mN∗

1 − mM∗ +
(m + 1)(p∗ + ϕ∗)Tα

(1 − mM∗)(1 − r∗)Γ(α + 1)

+
(m + 1)(q∗ + K)
(1 − mM∗)(1 − r∗)Γ(α)

t

∫
0

(t − s)α−1ν(s)ds .

Applying Lemma 1.52, we get

ν(t) ≤ [ |φ(0)| + mN
∗

1 − mM∗ +
(m + 1)(p∗ + ϕ∗)Tα

(1 − mM∗)(1 − r∗)Γ(α + 1)]

× [1 + δ(m + 1)(q∗ + K)Tα

(1 − mM∗)(1 − r∗)Γ(α + 1)] := A ,
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where δ = δ(α) is a constant. If t∗ ∈ [−r, 0], then ν(t) = ‖φ‖PC; thus, for any t ∈ J,
‖u‖Ω ≤ ν(t), and we have

‖u‖Ω ≤ max{‖φ‖PC , A} .

This shows that the set E is bounded. As a consequence of Schaefer’s fixedpoint theorem,
we deduce that N has a fixed point that is a solution of problem (3.40)–(3.42).

3.4.3 Ulam–Hyers Stability Results

Let z ∈ PC(J,ℝ), ϵ > 0, ψ > 0, and ω ∈ PC(J,ℝ+) is nondecreasing. We consider the
sets of inequalities

{
{
{

|cDαz(t) − f(t, zt , cDαz(t)) − ϕ(t, zt)| ≤ ϵ, t ∈ (tk , tk+1], k = 1, . . . ,m ,
|∆z|tk − Ik(zt−k )| ≤ ϵ, k = 1, . . . ,m ,

(3.52)

{
{
{

|cDαz(t) − f(t, zt , cDαz(t)) − ϕ(t, zt)| ≤ ω(t), t ∈ (tk , tk+1], k = 1, . . . ,m ,
|∆z|tk − Ik(zt−k )| ≤ ψ, k = 1, . . . ,m ,

(3.53)

and

{
{
{

|cDαz(t) − f(t, zt , cDαz(t)) − ϕ(t, zt)| ≤ ϵω(t), t ∈ (tk , tk+1], k = 1, . . . ,m ,
|∆z|tk − Ik(zt−k )| ≤ ϵψ, k = 1, . . . ,m .

(3.54)

Definition 3.22. Problem (3.40)–(3.41) is Ulam–Hyers stable if there exists a real num-
ber cf,m > 0 such that, for each ϵ > 0 and for each solution z ∈ PC(J,ℝ) of inequality
(3.52), there exists a solution y ∈ Ω of problem (3.40)–(3.41), with

|z(t) − y(t)| ≤ cf,mϵ , t ∈ J .

Definition 3.23. Problem (3.40)–(3.41) is generalized Ulam–Hyers stable if there exists
θf,m ∈ C(ℝ+,ℝ+), θf,m(0) = 0 such that, for each solution z ∈ PC(J,ℝ) of inequality
(3.52), there exists a solution y ∈ Ω of problem (3.40)–(3.41), with

|z(t) − y(t)| ≤ θf,m(ϵ) , t ∈ J .

Definition 3.24. Problem (3.40)–(3.41) is Ulam–Hyers–Rassias stable with respect to
(ω, ψ) if there exists cf,m,ω > 0 such that, for each ϵ > 0 and for each solution z ∈
PC(J,ℝ) of inequality (3.54), there exists a solution y ∈ Ω of problem (3.40)–(3.41), with

|z(t) − y(t)| ≤ cf,m,ωϵ(ω(t) + ψ) , t ∈ J .

Definition 3.25. Problem (3.40)–(3.41) is generalized Ulam–Hyers–Rassias stable with
respect to (ω, ψ) if there exists cf,m,ω > 0 such that, for each solution z ∈ PC(J,ℝ) of
inequality (3.53), there exists a solution y ∈ Ω of problem (3.40)–(3.41), with

|z(t) − y(t)| ≤ cf,m,ω(ω(t) + ψ) , t ∈ J .
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94 | 3 Impulsive Nonlinear Implicit Fractional Differential Equations

Remark 3.26. It is clear that (i) Definition 3.22 implies Definition 3.23, (ii) Definition 3.24
implies Definition 3.25, and (iii) Definition 3.24 for ω(t) = ψ = 1 implies Definition 3.22.

Remark 3.27. A function z ∈ PC(J,ℝ) is a solution of inequality (3.54) if and only if
there is σ ∈ PC(J,ℝ) and a sequence σk , k = 1, . . . ,m (which depend on z) such that
(i) |σ(t)| ≤ ϵω(t), t ∈ (tk , tk+1], k = 1, . . . ,m and |σk| ≤ ϵψ, k = 1, . . . ,m;
(ii) cDαz(t) = f(t, zt , cDαz(t)) + ϕ(t, zt) + σ(t), t ∈ (tk , tk+1], k = 1, . . . ,m;
(iii) ∆z|tk = Ik(zt−k ) + σk , k = 1, . . . ,m.

One can have similar remarks for inequalities 3.53 and 3.52.
Now we state the following Ulam–Hyers–Rassias stability results.

Theorem 3.28. Assume (3.20.1)–(3.20.3) and (3.47) hold and
(3.28.1) there exists a nondecreasing function ω ∈ PC(J,ℝ+) and there exists λω > 0 such

that for any t ∈ J:
Iαω(t) ≤ λωω(t) .

Then problem (3.40)–(3.41) is Ulam–Hyers–Rassias stable with respect to (ω, ψ).

Proof. Let z ∈ Ω be a solution of inequality (3.54). Denote by y the unique solution of
the problem

{{{
{{{
{

cDαtk y(t) = f(t, yt ,
cDαtk y(t)) + ϕ(t, yt), t ∈ (tk , tk+1], k = 1, . . . ,m ,

∆y|t=tk = Ik(yt−k ), k = 1, . . . ,m ,
y(t) = z(t) = φ(t), t ∈ [−r, 0] .

Using Lemma 3.19, we obtain for each t ∈ (tk , tk+1]

y(t) = φ(0) +
k
∑
i=1
Ii(yt−i ) +

1
Γ(α)

k
∑
i=1

ti

∫
ti−1

(ti − s)α−1g(s)ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1g(s)ds , t ∈ (tk , tk+1] ,

where g ∈ C(J,ℝ) is such that

g(t) = f(t, yt , g(t)) + ϕ(t, yt) .

Since z is a solution of inequality (3.54), by Remark 3.27 we have

{
{
{

cDαtk z(t) = f(t, zt ,
cDαtk z(t)) + ϕ(t, zt) + σ(t), t ∈ (tk , tk+1], k = 1, . . . ,m ;

∆z|t=tk = Ik(zt−k ) + σk , k = 1, . . . ,m .
(3.55)
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Clearly, the solution of (3.55) is given by

z(t) = φ(0) +
k
∑
i=1
Ii(zt−i ) +

k
∑
i=1
σi +

1
Γ(α)

k
∑
i=1

ti

∫
ti−1

(ti − s)α−1h(s)ds

+
1
Γ(α)

k
∑
i=1

ti

∫
ti−1

(ti − s)α−1σ(s)ds +
1
Γ(α)

t

∫
tk

(t − s)α−1h(s)ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1σ(s)ds , t ∈ (tk , tk+1] ,

where h ∈ C(J,ℝ) is given by

h(t) = f(t, zt , h(t)) + ϕ(t, zt) .

Hence, for each t ∈ (tk , tk+1] it follows that

|z(t) − y(t)| ≤
k
∑
i=1
|σi| +

k
∑
i=1
|Ii(zt−i ) − Ii(yt−i )|

+
1
Γ(α)

k
∑
i=1

ti

∫
ti−1

(ti − s)α−1|h(s) − g(s)|ds

+
1
Γ(α)

k
∑
i=1

ti

∫
ti−1

(ti − s)α−1|σ(s)|ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1|h(s) − g(s)|ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1|σ(s)| .

Thus,

|z(t) − y(t)| ≤ mϵψ + (m + 1)ϵλωω(t) +
k
∑
i=1
l̃‖zt−i − yt−i ‖PC

+
1
Γ(α)

k
∑
i=1

ti

∫
ti−1

(ti − s)α−1|h(s) − g(s)|ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1|h(s) − g(s)|ds .
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By (3.20.2) we have

|h(t) − g(t)| ≤ |f(t, zt , h(t)) − f(t, yt , g(t))| + |ϕ(t, zt) − ϕ(t, yt)|
≤ K‖zt − yt‖PC + L|g(t) − h(t)| + K‖zt − yt‖PC .

Then

|h(t) − g(t)| ≤ K + K1 − L
‖zt − yt‖PC .

Therefore, for each t ∈ J

|z(t) − y(t)| ≤ mϵψ + (m + 1)ϵλωω(t) +
k
∑
i=1
l̃‖zt−i − yt−i ‖PC

+
K + K
(1 − L)Γ(α)

k
∑
i=1

ti

∫
ti−1

(ti − s)α−1‖zs − ys‖PCds

+
K + K
(1 − L)Γ(α)

t

∫
tk

(t − s)α−1‖zs − ys‖PCds .

Thus,

|z(t) − y(t)| ≤ ∑
0<ti<t

l̃‖zt−i − yt−i ‖PC + ϵ(ψ + ω(t))(m + (m + 1)λω)

+
(K + K)(m + 1)
(1 − L)Γ(α)

t

∫
0

(t − s)α−1‖zs − ys‖PCds .

We consider the function ν1 defined by

ν1(t) = sup {‖z(s) − y(s)‖ : − r ≤ s ≤ t} , 0 ≤ t ≤ T .

Then there exists t∗ ∈ [−r, T] such that ν1(t) = ‖z(t∗) − y(t∗)‖. If t∗ ∈ [−r, 0], then
ν1(t) = 0. If t∗ ∈ [0, T], then, by the previous inequality, we have

ν1(t) ≤ ∑
0<ti<t

l̃ν1(t−i ) + ϵ(ψ + ω(t))(m + (m + 1)λω)

+
(K + K)(m + 1)
(1 − L)Γ(α)

t

∫
0

(t − s)α−1ν1(s)ds .

Applying Lemma 1.53, we get

ν1(t) ≤ ϵ(ψ + ω(t))(m + (m + 1)λω)

× [

[
∏

0<ti<t
(1 + l̃) exp(

t

∫
0

(K + K)(m + 1)
(1 − L)Γ(α) (t − s)

α−1ds)]
]

≤ cωϵ(ψ + ω(t)) ,
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where

cω = (m + (m + 1)λω) [
m
∏
i=1
(1 + l̃) exp((K + K)(m + 1)T

α

(1 − L)Γ(α + 1) )]

= (m + (m + 1)λω) [(1 + l̃) exp(
(K + K)(m + 1)Tα

(1 − L)Γ(α + 1) )]
m

.

Thus, problem (3.40)–(3.41) is Ulam–Hyers–Rassias stable with respect to (ω, ψ).

Next we present the following Ulam–Hyers stability result.

Theorem 3.29. Assume (3.20.1)–(3.20.3) and (3.47) hold. Then problem (3.40)–(3.41) is
Ulam–Hyers stable.

Proof. Let z ∈ Ω be a solution of inequality (3.52). Denote by y the unique solution of
the problem

{{{
{{{
{

cDαtk y(t) = f(t, yt ,
cDαtk y(t)) + ϕ(t, yt), t ∈ (tk , tk+1], k = 1, . . . ,m ,

∆y|t=tk = Ik(yt−k ), k = 1, . . . ,m ,
y(t) = z(t) = φ(t), t ∈ [−r, 0] .

From the proof of Theorem 3.28 we get the inequality

ν1(t) ≤ ∑
0<ti<t

l̃ν1(t−i ) + mϵ +
Tαϵ(m + 1)
Γ(α + 1)

+
(K + K)(m + 1)
(1 − L)Γ(α)

t

∫
0

(t − s)α−1ν1(s)ds .

Applying Lemma 1.53, we obtain

ν1(t) ≤ ϵ (
mΓ(α + 1) + Tα(m + 1)

Γ(α + 1) )

× [

[
∏

0<ti<t
(1 + l̃) exp(

t

∫
0

(K + K)(m + 1)
(1 − L)Γ(α)

(t − s)α−1ds)]
]

≤ cωϵ ,

where

cω = (
mΓ(α + 1) + Tα(m + 1)

Γ(α + 1) ) [
m
∏
i=1
(1 + l̃) exp((K + K)(m + 1)T

α

(1 − L)Γ(α + 1) )]

= (
mΓ(α + 1) + Tα(m + 1)

Γ(α + 1) ) [(1 + l̃) exp((K + K)(m + 1)T
α

(1 − L)Γ(α + 1) )]
m

.

Moreover, if we set γ(ϵ) = cωϵ; γ(0) = 0, then problem (3.40)–(3.41) is generalized
Ulam–Hyers stable.
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98 | 3 Impulsive Nonlinear Implicit Fractional Differential Equations

3.4.4 Examples

Example 1. Consider the impulsive problem

cD
1
2
tk y(t) =

e−t

(11 + et)
[

[

|yt|
1 + |yt|

−
|cD

1
2
tk y(t)|

1 + |cD
1
2
tk y(t)|
]

]
+
|yt|

6(1 + |yt|)
, for each, t ∈ J0 ∪ J1 ,

(3.56)

∆y|t= 12 =
|y (12
−) |

10 + |y (12
−) |

, (3.57)

y(t) = φ(t) , t ∈ [−r, 0], r > 0 , (3.58)

where φ ∈ PC([−r, 0],ℝ), J0 = [0, 12 ], J1 = (
1
2 , 1], t0 = 0, and t1 =

1
2 . Set

f(t, u, v) = e−t

(11 + et)
[
|u|

1 + |u| −
|v|

1 + |v| ]

and
ϕ(t, u) = |u|

6(1 + |u|)
for any t ∈ [0, 1], u ∈ PC([−r, 0],ℝ), and v ∈ ℝ. Clearly, the functions f, ϕ are jointly
continuous. For each u, ū ∈ PC([−r, 0],ℝ), v, v̄ ∈ ℝ, and t ∈ [0, 1],

‖f(t, u, v) − f(t, ū, v̄)‖ ≤ e−t

(11 + et)
(‖u − ū‖PC + ‖v − v̄‖)

≤
1
12 ‖u − ū‖PC +

1
12 ‖v − v̄‖

and
|ϕ(t, u) − ϕ(t, ū)| ≤ 1

6 ‖u − ū‖PC .

Hence, condition (3.20.2) is satisfied by K = L = 1
12 , K =

1
6.

Let
I1(u) =

|u|
10 + |u| , u ∈ PC ([−r, 0],ℝ) ,

and u, v ∈ PC([−r, 0],ℝ). Then we have

|I1(u) − I1(v)| =
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
|u|

10 + |u| −
|v|

10 + |v|

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤

1
10 ‖u − v‖PC .

Thus,

ml̃ + (m + 1)(K + K)T
α

(1 − L)Γ(α + 1) =
1
10 +

3
6

(1 − 1
12) Γ (

3
2)

=
12

11√π
+

1
10 < 1 .
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It follows from Theorem 3.20 that problem (3.56)–(3.58) has a unique solution on J.
Set, for any t ∈ [0, 1], ω(t) = t, ψ = 1. Since

I
1
2 ω(t) = 1

Γ (12)

t

∫
0

(t − s)
1
2−1sds ≤ 2t

√π
,

condition (3.28.1) is satisfied by λω = 2
√π . It follows that problem (3.56)–(3.57) is Ulam–

Hyers–Rassias stable with respect to (ω, ψ).
Example 2. Consider the impulsive problem

cD
1
2
tk y(t) =

2 + |yt| + |cD
1
2
tk y(t)|

108et+3 (1 + |yt| + |cD
1
2
tk y(t)|)

+
e−t|yt|

(3 + et)(1 + |yt|)
for each t ∈ J0 ∪ J1 ,

(3.59)

∆y|t= 13 =
|y (13
−) |

6 + |y (13
−) |

, (3.60)

y(t) = φ(t) , t ∈ [−r, 0], r > 0 , (3.61)

where φ ∈ PC([−r, 0],ℝ) J0 = [0, 13 ], J1 = (
1
3 , 1], t0 = 0, and t1 =

1
3 . Set

f(t, u, v) = 2 + |u| + |v|
108et+3(1 + |u| + |v|)

and
ϕ(t, u) = e−t|u|

(3 + et)(1 + |u|)
for any t ∈ [0, 1], u ∈ PC([−r, 0],ℝ), v ∈ ℝ. Clearly, the functions f, ϕ are jointly
continuous.

For any u, ū ∈ PC([−r, 0],ℝ), v, v̄ ∈ ℝ, and t ∈ [0, 1],

|f(t, u, v) − f(t, ū, v̄)| ≤ 1
108e3
(‖u − ū‖PC + |v − v̄|)

and
|ϕ(t, u) − ϕ(t, ū)| ≤ 14 ‖u − ū‖PC .

Hence, condition (3.20.2) is satisfied by K = L = 1
108e3 , K =

1
4 .

For each t ∈ [0, 1] we have

|f(t, u, v)| ≤ 1
108et+3

(2 + ‖u‖PC + |v|) .

Thus, condition (3.21.1) is satisfied by p(t) = 1
54et+3 and q(t) = r(t) =

1
108et+3 . Let

I1(u) =
|u|

6 + |u| , u ∈ PC ([−r, 0],ℝ) .
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100 | 3 Impulsive Nonlinear Implicit Fractional Differential Equations

For each u ∈ PC([−r, 0],ℝ) we have

|I1(u)| ≤
1
6
‖u‖PC + 1 .

SincemM∗ < 1, condition (3.21.2) is satisfied. It follows from Theorem 3.21 that problem
(3.59)–(3.61) has at least one solution on J.

3.5 Existence and Stability Results for Neutral Impulsive NIFDE
with Finite Delay

3.5.1 Introduction

The purpose of this section is to establish some existence, uniqueness, and stability
results for the following implicit neutral differential equations of fractional order with
finite delay and impulses:

cDαtk [y(t) − ϕ(t, yt)] = f(t, yt ,
c Dαtk y(t)) , for each t ∈ (tk , tk+1] , (3.62)

k = 0, . . . ,m, 0 < α ≤ 1 ,
∆y|tk = Ik(yt−k ) k = 1, . . . ,m , (3.63)

y(t) = φ(t) , t ∈ [−r, 0], r > 0 , (3.64)

where f : J × PC([−r, 0],ℝ) × ℝ → ℝ and ϕ : J × PC([−r, 0],ℝ) → ℝ are given func-
tions with ϕ(0, φ) = 0, Ik : PC([−r, 0],ℝ) → ℝ and φ ∈ PC([−r, 0],ℝ), 0 = t0 <
t1 < ⋅ ⋅ ⋅ < tm < tm+1 = T, and PC([−r, 0],ℝ) is a space to be specified later. Here,
∆y|tk = y(t+k ) − y(t

−
k ), where y(t

+
k ) = limh→0+ y(tk + h) and y(t−k ) = limh→0− y(tk + h)

represent the right and left limits of yt at t = tk, respectively.
The arguments are based upon the Banach contraction principle and Schaefer’s

fixed point theorem. An example is included to show the applicability of our results.

3.5.2 Existence of Solutions

Consider the Banach space

PC([−r, 0],ℝ) = {y : [−r, 0] → ℝ : y ∈ C((τk , τk+1],ℝ), k=1, . . . , l,
and there exist y(τ−k ) and y(τ

+
k ), k=1, . . . , l with y(τ−k )=y(τk)} ,

with the norm
‖y‖PC = sup

t∈[−r,0]
|y(t)| .

Take

PC([0, T],ℝ) = {y : [0, T] → ℝ : y ∈ C((tk , tk+1],ℝ), k = 1, . . . ,m,
and there exist y(t−k ) and y(t

+
k ), k = 1, . . . ,m with y(t−k ) = y(tk)}
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to be our Banach space with the norm

‖y‖C = sup
t∈[0,T]
|y(t)| .

Also,

Ω = {y : [−r, T] → ℝ : y|[−r,0] ∈ PC([−r, 0],ℝ) and y|[0,T] ∈ PC([0, T],ℝ)}

is a Banach space with the norm

‖y‖Ω = sup
t∈[−r,T]
|y(t)| .

Definition 3.30. A function y ∈ Ωwhose α-derivative exists on Jk is said to be a solution
of (3.62)–(3.64) if y satisfies the equation cDαtk (y(t) − ϕ(t, yt)) = f(t, yt ,

cDαtk y(t)) on Jk
and satisfies the conditions

∆y|t=tk = Ik(yt−k ) , k = 1, . . . ,m ,

y(t) = φ(t) , t ∈ [−r, 0] .

To prove the existence of solutions to (3.62)–(3.64), we need the following auxiliary
lemma.

Lemma 3.31. Let 0 < α ≤ 1, and let σ : J → ℝ be continuous. A function y is a solution
of the fractional integral equation

y(t) =

{{{{{{{{{{{{{{{{{
{{{{{{{{{{{{{{{{{
{

φ(0) + ϕ(t, yt) +
1
Γ(α)

t

∫
0

(t − s)α−1σ(s)ds, if t ∈ [0, t1] ,

φ(0) + ϕ(t, yt) +
k
∑
i=1
Ii(yt−i ) +

1
Γ(α)

k
∑
i=1

ti

∫
ti−1

(ti − s)α−1σ(s)ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1σ(s)ds, if t ∈ (tk , tk+1] ,

φ(t), t ∈ [−r, 0] ,

(3.65)

where k = 1, . . . ,m, if and only if y is a solution of the following fractional problem:

cDα(y(t) − ϕ(t, yt)) = σ(t) , t ∈ Jk , (3.66)
∆y|t=tk = Ik(yt−k ) , k = 1, . . . ,m , (3.67)

y(t) = φ(t) , t ∈ [−r, 0] . (3.68)

Proof. Assume that y satisfies (3.66)–(3.68). If t ∈ [0, t1], then

cDα(y(t) − ϕ(t, yt)) = σ(t) .
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102 | 3 Impulsive Nonlinear Implicit Fractional Differential Equations

Lemma 1.9 implies

y(t) − ϕ(t, yt) = φ(0) + Iασ(t) = φ(0) +
1
Γ(α)

t

∫
0

(t − s)α−1σ(s)ds .

If t ∈ (t1, t2], then Lemma 1.9 implies

y(t) − ϕ(t, yt) = y(t+1) − ϕ(t1, yt1 ) +
1
Γ(α)

t

∫
t1

(t − s)α−1σ(s)ds

= ∆y|t=t1 + y(t−1) − ϕ(t1, yt1 ) +
1
Γ(α)

t

∫
t1

(t − s)α−1σ(s)ds

= I1(yt−1 ) + [
[
φ(0) + 1

Γ(α)

t1

∫
0

(t1 − s)α−1σ(s)ds]
]

+
1
Γ(α)

t

∫
t1

(t − s)α−1σ(s)ds .

= φ(0) + I1(yt−1 ) +
1
Γ(α)

t1

∫
0

(t1 − s)α−1σ(s)ds

+
1
Γ(α)

t

∫
t1

(t − s)α−1σ(s)ds .

If t ∈ (t2, t3], then from Lemma 1.9 we get

y(t) − ϕ(t, yt) = y(t+2) − ϕ(t2, yt2 ) +
1
Γ(α)

t

∫
t2

(t − s)α−1σ(s)ds

= ∆y|t=t2 + y(t−2) − ϕ(t2, yt2 ) +
1
Γ(α)

t

∫
t2

(t − s)α−1σ(s)ds

= I2(yt−2 ) + [
[
φ(0) + I1(yt−1 ) +

1
Γ(α)

t1

∫
0

(t1 − s)α−1σ(s)ds

+
1
Γ(α)

t2

∫
t1

(t2 − s)α−1σ(s)ds]
]
+

1
Γ(α)

t

∫
t2

(t − s)α−1σ(s)ds
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= φ(0) + [I1(yt−1 ) + I2(yt−2 )] + [
[

1
Γ(α)

t1

∫
0

(t1 − s)α−1σ(s)ds

+
1
Γ(α)

t2

∫
t1

(t2 − s)α−1σ(s)ds]
]
+

1
Γ(α)

t

∫
t2

(t − s)α−1σ(s)ds .

Repeating the process in this way, the solution y(t) for t ∈ (tk , tk+1], k = 1, . . . ,m can
be written

y(t) = φ(0) + ϕ(t, yt) +
k
∑
i=1
Ii(yt−i ) +

1
Γ(α)

k
∑
i=1

ti

∫
ti−1

(ti − s)α−1σ(s)ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1σ(s)ds .

Conversely, assume that y satisfies impulsive fractional integral equation (3.65). If
t ∈ [0, t1], then y(0) = φ(0). Using the fact that cDα is the left inverse of Iα, we get

cDα(y(t) − ϕ(t, yt)) = σ(t) , for each t ∈ [0, t1] .

If t ∈ (tk , tk+1], k = 1, . . . ,m, and using the fact that cDαC = 0, where C is a constant,
we get

cDα(y(t) − ϕ(t, yt)) = σ(t) for each t ∈ (tk , tk+1] .

Also, we can easily show that

∆y|t=tk = Ik(yt−k ) , k = 1, . . . ,m .

We are now in a position to state and prove our existence result for problem (3.62)–(3.64)
based on Banach’s fixed point.

Theorem 3.32. Make the following assumptions:
(3.32.1) The function f : J × PC([−r, 0],ℝ) × ℝ → ℝ is continuous.
(3.32.2) There exist constants K > 0, L > 0 and 0 < L < 1 such that

|f(t, u, v) − f(t, ū, v̄)| ≤ K‖u − ū‖PC + L|v − v̄|

and
|ϕ(t, u) − ϕ(t, ū)| ≤ L‖u − ū‖PC

for any u, ū ∈ PC([−r, 0],ℝ), v, v̄ ∈ ℝ, and t ∈ J.
(3.32.3) There exists a constant l̃ > 0 such that

|Ik(u) − Ik(u)| ≤ l̃‖u − u‖PC

for each u, u ∈ PC([−r, 0],ℝ) and k = 1, . . . ,m.
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104 | 3 Impulsive Nonlinear Implicit Fractional Differential Equations

If
ml̃ + L + (m + 1)KT

α

(1 − L)Γ(α + 1) < 1 , (3.69)

then there exists a unique solution to problem (3.62)–(3.64) on J.

Proof. Consider the operator N : Ω → Ω defined by

(Ny)(t) =

{{{{{{{{{{
{{{{{{{{{{
{

φ(0) + ϕ(t, yt) + ∑
0<tk<t

Ik(yt−k ) +
1
Γ(α) ∑0<tk<t

tk

∫
tk−1

(tk − s)α−1g(s)ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1g(s)ds, t ∈ [0, T] ,

φ(t), t ∈ [−r, 0] ,

(3.70)

where g ∈ C(J,ℝ) is such that

g(t) = f(t, yt , g(t)) .

Clearly, the fixed points of operator N are solutions of problem (3.62)–(3.64). Let u, w ∈
Ω. If t ∈ [−r, 0], then

|(Nu)(t) − (Nw)(t)| = 0 .

For t ∈ J we have

|(Nu)(t) − (Nw)(t)| ≤ 1
Γ(α) ∑0<tk<t

tk

∫
tk−1

(tk − s)α−1|g(s) − h(s)|ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1|g(s) − h(s)|ds + |ϕ(t, ut) − ϕ(t, wt)|

+ ∑
0<tk<t
|Ik(ut−k ) − Ik(wt−k )| ,

where g, h ∈ C(J,ℝ) are given by

g(t) = f(t, ut , g(t))

and
h(t) = f(t, wt , h(t)) .

By (3.32.2) we have

|g(t) − h(t)| = |f(t, ut , g(t)) − f(t, wt , h(t))|
≤ K‖ut − wt‖PC + L|g(t) − h(t)| .

Then
|g(t) − h(t)| ≤ K

1 − L ‖ut − wt‖PC .
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Therefore, for each t ∈ J

|(Nu)(t) − (Nw)(t)| ≤ K
(1 − L)Γ(α)

m
∑
k=1

tk

∫
tk−1

(tk − s)α−1‖us − ws‖PCds

+
K

(1 − L)Γ(α)

t

∫
tk

(t − s)α−1‖us − ws‖PCds

+
m
∑
k=1

l̃‖ut−k − wt−k ‖PC + L‖ut − wt‖PC

≤ [ml̃ + L + mKTα

(1 − L)Γ(α + 1)

+
KTα

(1 − L)Γ(α + 1)] ‖u − w‖Ω .

Thus,
‖N(u) − N(w)‖Ω ≤ [ml̃ + L +

(m + 1)KTα

(1 − L)Γ(α + 1)] ‖u − w‖Ω .

By (3.69), operator N is a contraction. Hence, by Banach’s contraction principle, N has
a unique fixed point that is the unique solution of problem (3.62)–(3.64).

Our second result is based on Schaefer’s fixed point theorem.

Theorem 3.33. Assume (3.32.1) and (3.32.2) hold and
(3.33.1) There exist p, q, r ∈ C(J,ℝ+) with r∗ = supt∈J r(t) < 1 such that

|f(t, u, w)| ≤ p(t) + q(t)‖u‖PC + r(t)|w| for t ∈ J, u ∈ PC([−r, 0],ℝ) and w ∈ ℝ ;

(3.33.2) The functions Ik : PC([−r, 0],ℝ) → ℝ are continuous and there exist constants
M∗, N∗ > 0 such that

|Ik(u)| ≤ M∗‖u‖PC + N∗ for each u ∈ PC([−r, 0],ℝ), k = 1, . . . ,m ;

(3.33.3) The function ϕ is completely continuous, and for each bounded set Bη∗ in Ω
the set {t → ϕ(t, yt) : y ∈ Bη∗ } is equicontinuous in PC(J,ℝ) and there exist two
constants d1 > 0, d2 > 0 with mM∗ + d1 < 1 such that

|ϕ(t, u)| ≤ d1‖u‖PC + d2 , t ∈ J, u ∈ PC([−r, 0],ℝ) .

Then problem (3.62)–(3.64) has at least one solution.

Proof. We consider the operator N1 : Ω → Ω defined by

N1y(t) =

{{{{{{{{{{
{{{{{{{{{{
{

φ(0) + ∑
0<tk<t

Ik(yt−k ) +
1
Γ(α) ∑0<tk<t

tk

∫
tk−1

(tk − s)α−1g(s)ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1g(s)ds, t ∈ [0, T] ,

φ(t), t ∈ [−r, 0] .
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106 | 3 Impulsive Nonlinear Implicit Fractional Differential Equations

Operator N defined in (3.70) can be written

(Ny)(t) = ϕ(t, yt) + N1y(t) , for each t ∈ J .

We will use Schaefer’s fixed point theorem to prove that N has a fixed point. So we must
show that N is completely continuous. Since ϕ is completely continuous by (3.33.3), we
will show that N1 is completely continuous. The proof will be given in several steps.

Step 1: N1 is continuous. Let {un} be a sequence such that un → u in Ω. If t ∈ [−r, 0],
then

|N1(un)(t) − N1(u)(t)| = 0 .

For t ∈ J we have

|N1(un)(t) − N1(u)(t)| ≤
1
Γ(α) ∑0<tk<t

tk

∫
tk−1

(tk − s)α−1|gn(s) − g(s)|ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1|gn(s) − g(s)|ds

+ ∑
0<tk<t
|Ik(unt−k ) − Ik(ut−k )|

≤
1
Γ(α) ∑0<tk<t

tk

∫
tk−1

(tk − s)α−1|gn(s) − g(s)|ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1|gn(s) − g(s)|ds

+ ∑
0<tk<t

l̃‖unt−k − ut−k ‖PC ,

and so

|N1(un)(t) − N1(u)(t)| ≤
1
Γ(α) ∑0<tk<t

tk

∫
tk−1

(tk − s)α−1|gn(s) − g(s)|ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1|gn(s) − g(s)|ds

+ ml̃‖un − u‖Ω , (3.71)

where gn , g ∈ C(J,ℝ) are given by

gn(t) = f(t, unt , gn(t)) ,

and
g(t) = f(t, ut , g(t)) .
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3.5 Results for Neutral Impulsive NIFDE with Finite Delay | 107

By (3.32.2) we have

|gn(t) − g(t)| = |f(t, unt , gn(t)) − f(t, ut , g(t))|
≤ K‖unt − ut‖PC + L|gn(t) − g(t)| .

Then
|gn(t) − g(t)| ≤

K
1 − L
‖unt − ut‖PC .

Since un → u, we get gn(t) → g(t) as n →∞ for each t ∈ J. Let η > 0 be such that for
each t ∈ J we have |gn(t)| ≤ η and |g(t)| ≤ η. Then we have

(t − s)α−1|gn(s) − g(s)| ≤ (t − s)α−1[|gn(s)| + |g(s)|]
≤ 2η(t − s)α−1

and

(tk − s)α−1|gn(s) − g(s)| ≤ (tk − s)α−1[|gn(s)| + |g(s)|]
≤ 2η(tk − s)α−1 .

For each t ∈ J the functions s → 2η(t − s)α−1 and s → 2η(tk − s)α−1 are integrable on
[0, t], then the Lebesgue dominated convergence theorem and (3.71) imply that

|N1(un)(t) − N1(u)(t)| → 0 as n →∞ .

Hence,
‖N1(un) − N1(u)‖Ω → 0 as n →∞ .

Consequently, N1 is continuous.
Step 2: N1 maps bounded sets to bounded sets in Ω. Indeed, it is enough to show

that for any η∗ > 0 there exists a positive constant ℓ such that for each u ∈ Bη∗ = {u ∈
Ω : ‖u‖Ω ≤ η∗} we have ‖N1(u)‖Ω ≤ ℓ. For each t ∈ J we have

N1(u)(t) = φ(0) +
1
Γ(α) ∑0<tk<t

tk

∫
tk−1

(tk − s)α−1g(s)ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1g(s)ds ,

+ ∑
0<tk<t

Ik(ut−k ) , (3.72)

where g ∈ C(J,ℝ) is such that

g(t) = f(t, ut , g(t)) .
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108 | 3 Impulsive Nonlinear Implicit Fractional Differential Equations

By (3.33.1), for each t ∈ J we have

|g(t)| = |f(t, ut , g(t))|
≤ p(t) + q(t)‖ut‖PC + r(t)|g(t)|
≤ p(t) + q(t)‖u‖Ω + r(t)|g(t)|
≤ p(t) + q(t)η∗ + r(t)|g(t)|
≤ p∗ + q∗η∗ + r∗|g(t)| ,

where p∗ = supt∈J p(t), and q∗ = supt∈J q(t).
Then

|g(t)| ≤ p
∗ + q∗η∗

1 − r∗ := M .

Thus, (3.72) implies

|N1(u)(t)| ≤ |φ(0)| +
mMTα

Γ(α + 1) +
MTα

Γ(α + 1) +
m
∑
k=1
(M∗‖ut−k ‖PC + N

∗)

≤ |φ(0)| + (m + 1)MT
α

Γ(α + 1) + m (M
∗‖ut−k ‖Ω + N

∗)

≤ |φ(0)| + (m + 1)MT
α

Γ(α + 1) + m (M
∗η∗ + N∗) := R .

If t ∈ [−r, 0], then
|N1(u)(t)| ≤ ‖φ‖PC ,

so
‖N1(u)‖Ω ≤ max {R, ‖φ‖PC} := ℓ .

Step 3: N1 maps bounded sets to equicontinuous sets of Ω. Let τ1, τ2 ∈ (0, T],
τ1 < τ2, Bη∗ be a bounded set of Ω as in Step 2, and let u ∈ Bη∗ . Then

|N1(u)(τ2) − N1(u)(τ1)|

≤
1
Γ(α)

τ1

∫
0

|(τ2 − s)α−1 − (τ1 − s)α−1‖g(s)|ds

+
1
Γ(α)

τ2

∫
τ1

|(τ2 − s)α−1‖g(s)|ds + ∑
0<tk<τ2−τ1

|Ik(ut−k )|

≤
M

Γ(α + 1) [2(τ2 − τ1)
α + (τα2 − τ

α
1)] + (τ2 − τ1) (M

∗‖ut−k ‖Ω + N
∗)

≤
M

Γ(α + 1) [2(τ2 − τ1)
α + (τα2 − τ

α
1)] + (τ2 − τ1) (M

∗η∗ + N∗) .

As τ1 → τ2, the right-hand side of the preceding inequality tends to zero. As a conse-
quence of Steps 1–3, together with the Ascoli–Arzelà theorem, we can conclude that
N1 : Ω → Ω is completely continuous.
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Step 4: A priori bounds. Now it remains to show that the set

E = {u ∈ Ω : u = λN(u) for some 0 < λ < 1}

is bounded. Let u ∈ E. Then u = λN(u) for some 0 < λ < 1. Thus, for each t ∈ J we have

u(t) = λφ(0) + λϕ(t, yt) +
λ
Γ(α) ∑0<tk<t

tk

∫
tk−1

(tk − s)α−1g(s)ds

+
λ
Γ(α)

t

∫
tk

(t − s)α−1g(s)ds + λ ∑
0<tk<t

Ik(ut−k ) . (3.73)

From (3.33.1), for each t ∈ J we have

|g(t)| = |f(t, ut , g(t))|
≤ p(t) + q(t)‖ut‖PC + r(t)|g(t)|
≤ p∗ + q∗‖ut‖PC + r∗|g(t)| .

Thus,
|g(t)| ≤ 1

1 − r∗ (p
∗ + q∗‖ut‖PC) .

This implies, by (3.73), (3.33.2), and (3.33.3), that for each t ∈ J we have

|u(t)| ≤ |φ(0)| + d1‖ut‖PC + d2

+
1

(1 − r∗)Γ(α) ∑0<tk<t

tk

∫
tk−1

(tk − s)α−1(p∗ + q∗‖us‖PC)ds

+
1

(1 − r∗)Γ(α)

t

∫
tk

(t − s)α−1(p∗ + q∗‖us‖PC)ds

+ m (M∗‖ut−k ‖PC + N
∗) .

Consider the function ν defined by

ν(t) = sup{|u(s)| : − r ≤ s ≤ t} , 0 ≤ t ≤ T .

Then there exists t∗ ∈ [−r, T] such that ν(t) = |u(t∗)|. If t ∈ [0, T], then, by the previous
inequality, for t ∈ J we have

ν(t) ≤ |φ(0)| + 1
(1 − r∗)Γ(α) ∑0<tk<t

tk

∫
tk−1

(tk − s)α−1(p∗ + q∗ν(s))ds

+
1

(1 − r∗)Γ(α)

t

∫
tk

(t − s)α−1(p∗ + q∗ν(s))ds

+ (mM∗ + d1)ν(t) + (mN∗ + d2) .
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110 | 3 Impulsive Nonlinear Implicit Fractional Differential Equations

Thus,

ν(t) ≤ 1
(1 − (mM∗ + d1))(1 − r∗)Γ(α)

∑
0<tk<t

tk

∫
tk−1

(tk − s)α−1(p∗ + q∗ν(s))ds

+
|φ(0)| + mN∗ + d2
1 − (mM∗ + d1)

+
1

(1 − (mM∗ + d1))(1 − r∗)Γ(α)

t

∫
tk

(t − s)α−1(p∗ + q∗ν(s))ds

≤
|φ(0)| + mN∗ + d2
1 − (mM∗ + d1)

+
(m + 1)p∗Tα

(1 − (mM∗ + d1))(1 − r∗)Γ(α + 1)

+
(m + 1)q∗

(1 − (mM∗ + d1))(1 − r∗)Γ(α)

t

∫
0

(t − s)α−1ν(s)ds .

Applying Lemma 1.52, we get

ν(t) ≤ [ |φ(0)| + mN
∗ + d2

1 − (mM∗ + d1)
+

(m + 1)p∗Tα

(1 − (mM∗ + d1))(1 − r∗)Γ(α + 1)
]

× [1 + δ(m + 1)q∗Tα

(1 − (mM∗ + d1))(1 − r∗)Γ(α + 1)
] := A ,

where δ = δ(α) is a constant. If t∗ ∈ [−r, 0], then ν(t) = ‖φ‖PC; thus, for any
t ∈ J, ‖u‖Ω ≤ ν(t) we have

‖u‖Ω ≤ max{‖φ‖PC , A} .

This shows that set E is bounded. As a consequence of Schaefer’s fixed point theorem,
we deduce that N has a fixed point that is a solution of the problem (3.62)–(3.64).

3.5.3 Ulam–Hyers Stability Results

Here we adopt the concepts in Wang et al. [252] and introduce Ulam’s type stability
concepts for problem (3.62)–(3.63).
Let z ∈ PC(J,ℝ), ϵ > 0, ψ > 0, and let ω ∈ PC(J,ℝ+) be nondecreasing. We consider
the sets of inequalities

{
{
{

|cDα(z(t) − ϕ(t, zt)) − f(t, zt , cDαz(t))| ≤ ϵ, t ∈ (tk , tk+1], k = 1, . . . ,m ,
|∆z|t=tk − Ik(zt−k )| ≤ ϵ, k = 1, . . . ,m ,

(3.74)

{
{
{

|cDα(z(t) − ϕ(t, zt)) − f(t, zt , cDαz(t))| ≤ ω(t), t ∈ (tk , tk+1], k = 1, . . . ,m ,
|∆z|t=tk − Ik(zt−k )| ≤ ψ, k = 1, . . . ,m ,

(3.75)
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and

{
{
{

|cDα(z(t) − ϕ(t, zt)) − f(t, zt , cDαz(t))| ≤ ϵω(t), t ∈ (tk , tk+1], k = 1, . . . ,m ,
|∆z|t=tk − Ik(zt−k )| ≤ ϵψ, k = 1, . . . ,m .

(3.76)

Remark 3.34. A function z ∈ PC(J,ℝ) is a solution of inequality (3.76) if and only if
there is σ ∈ PC(J,ℝ) and a sequence σk , k = 1, . . . ,m (which depend on z) such that
(i) |σ(t)| ≤ ϵω(t), t ∈ (tk , tk+1], k = 1, . . . ,m and |σk| ≤ ϵψ, k = 1, . . . ,m;
(ii) cDα(z(t) − ϕ(t, zt)) = f(t, zt , cDαz(t)) + σ(t), t ∈ (tk , tk+1], k = 1, . . . ,m;
(iii) ∆z|tk = Ik(zt−k ) + σk , k = 1, . . . ,m.

One can provide remarks for inequalities 3.75 and 3.74.

Theorem 3.35. Assume (3.32.1)–(3.32.3) and (3.69) hold and
(3.35.1) there exists a nondecreasing function ω ∈ PC(J,ℝ+), and there exists λω > 0 such

that for any t ∈ J
Iαω(t) ≤ λωω(t) .

If L < 1, then problem (3.62)–(3.63) is Ulam–Hyers–Rassias stable with respect to (ω, ψ).

Proof. Let z ∈ Ω be a solution of inequality (3.76). Denote by y the unique solution of
the problem

{{{
{{{
{

cDαtk [y(t) − ϕ(t, yt)] = f(t, yt ,
cDαtk y(t)), t ∈ (tk , tk+1], k = 1, . . . ,m ,

∆y|t=tk = Ik(yt−k ), k = 1, . . . ,m ,
y(t) = z(t) = φ(t), t ∈ [−r, 0] .

Using Lemma 3.31, for each t ∈ (tk , tk+1] we obtain

y(t) = φ(0) + ϕ(t, yt) +
k
∑
i=1
Ii(yt−i ) +

1
Γ(α)

k
∑
i=1

ti

∫
ti−1

(ti − s)α−1g(s)ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1g(s)ds , t ∈ (tk , tk+1] ,

where g ∈ C(J,ℝ) is given by

g(t) = f(t, yt , g(t)) .

Since z is a solution of inequality (3.76), by Remark 3.34 we have

{
{
{

cDαtk [z(t) − ϕ(t, zt)] = f(t, zt ,
cDαtk z(t)) + σ(t), t ∈ (tk , tk+1], k = 1, . . . ,m ,

∆z|t=tk = Ik(zt−k ) + σk , k = 1, . . . ,m .
(3.77)

Brought to you by | UCL - University College London
Authenticated

Download Date | 2/10/18 4:17 PM



112 | 3 Impulsive Nonlinear Implicit Fractional Differential Equations

Clearly, the solution of (3.77) is given by

z(t) = φ(0) + ϕ(t, zt) +
k
∑
i=1
Ii(zt−i ) +

k
∑
i=1
σi +

1
Γ(α)

k
∑
i=1

ti

∫
ti−1

(ti − s)α−1h(s)ds

+
1
Γ(α)

k
∑
i=1

ti

∫
ti−1

(ti − s)α−1σ(s)ds +
1
Γ(α)

t

∫
tk

(t − s)α−1h(s)ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1σ(s)ds , t ∈ (tk , tk+1] ,

where h ∈ C(J,ℝ) is given by

h(t) = f(t, zt , h(t)) .

Hence, for each t ∈ (tk , tk+1] it follows that

|z(t) − y(t)| ≤
k
∑
i=1
|σi| + |ϕ(t, zt) − ϕ(t, yt)| +

k
∑
i=1
|Ii(zt−i ) − Ii(yt−i )|

+
1
Γ(α)

k
∑
i=1

ti

∫
ti−1

(ti − s)α−1|σ(s)|ds

+
1
Γ(α)

k
∑
i=1

ti

∫
ti−1

(ti − s)α−1|h(s) − g(s)|ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1|h(s) − g(s)|ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1|σ(s)| .

Thus,

|z(t) − y(t)| ≤ mϵψ + (m + 1)ϵλωω(t) + L‖zt − yt‖PC +
k
∑
i=1
l̃‖zt−i − yt−i ‖PC

+
1
Γ(α)

k
∑
i=1

ti

∫
ti−1

(ti − s)α−1|h(s) − g(s)|ds

+
1
Γ(α)

t

∫
tk

(t − s)α−1|h(s) − g(s)|ds .
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By (3.32.2) we have

|h(t) − g(t)| = |f(t, zt , h(t)) − f(t, yt , g(t))|
≤ K‖zt − yt‖PC + L|g(t) − h(t)| .

Then
|h(t) − g(t)| ≤ K

1 − L
‖zt − yt‖PC .

Therefore, for each t ∈ J

|z(t) − y(t)| ≤ mϵψ + (m + 1)ϵλωω(t) + L‖zt − yt‖PC +
k
∑
i=1
l̃‖zt−i − yt−i ‖PC

+
K

(1 − L)Γ(α)

k
∑
i=1

ti

∫
ti−1

(ti − s)α−1‖zs − ys‖PCds

+
K

(1 − L)Γ(α)

t

∫
tk

(t − s)α−1‖zs − ys‖PCds .

Thus,

|z(t) − y(t)| ≤ ∑
0<ti<t

l̃‖zt−i − yt−i ‖PC + ϵ(ψ + ω(t))(m + (m + 1)λω)

+ L‖zt − yt‖PC +
K(m + 1)
(1 − L)Γ(α)

t

∫
0

(t − s)α−1‖zs − ys‖PCds .

We consider the function ν1 defined by

ν1(t) = sup {‖z(s) − y(s)‖ : − r ≤ s ≤ t} , 0 ≤ t ≤ T .

Then there exists t∗ ∈ [−r, T] such that ν1(t) = ‖z(t∗) − y(t∗)‖. If t∗ ∈ [−r, 0], then
ν1(t) = 0. If t∗ ∈ [0, T], then, by the previous inequality, we have

ν1(t) ≤ ∑
0<ti<t

l̃
1 − L

ν1(t−i ) +
ϵ(ψ + ω(t))(m + (m + 1)λω)

1 − L

+
K(m + 1)

(1 − L)(1 − L)Γ(α)

t

∫
0

(t − s)α−1ν1(s)ds .

Applying Lemma 1.53, we get

ν1(t) ≤
ϵ(ψ + ω(t))(m + (m + 1)λω)

1 − L

× [

[
∏

0<ti<t
(1 + l̃

1 − L
) exp(

t

∫
0

K(m + 1)
(1 − L)(1 − L)Γ(α)

(t − s)α−1ds)]
]

≤ cωϵ(ψ + ω(t)) ,
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where

cω =
(m + (m + 1)λω)

1 − L
[
m
∏
i=1
(1 + l̃

1 − L
) exp( K(m + 1)Tα

(1 − L)(1 − L)Γ(α + 1)
)]

=
(m + (m + 1)λω)

1 − L
[(1 + l̃

1 − L
) exp( K(m + 1)Tα

(1 − L)(1 − L)Γ(α + 1)
)]

m

.

Thus, problem (3.62)–(3.63) is Ulam–Hyers–Rassias stable with respect to (ω, ψ).

Next we present the following Ulam–Hyers stability result.

Theorem 3.36. Assume (3.32.1)–(3.32.3) and (3.69) hold. If L < 1, then problem (3.62)–
(3.63) is Ulam–Hyers stable.

Proof. Let z ∈ Ω be a solution of inequality (3.74). Denote by y the unique solution of
the problem

{{{
{{{
{

cDαtk [y(t) − ϕ(t, yt)] = f(t, yt ,
cDαtk y(t)), t ∈ (tk , tk+1], k = 1, . . . ,m ,

∆y|t=tk = Ik(yt−k ), k = 1, . . . ,m ,
y(t) = z(t) = φ(t), t ∈ [−r, 0] .

From the proof of Theorem 3.35 we get the inequality

ν1(t) ≤ ∑
0<ti<t

l̃
1 − L

ν1(t−i ) +
mϵ
1 − L
+

Tαϵ(m + 1)
(1 − L)Γ(α + 1)

+
K(m + 1)

(1 − L)(1 − L)Γ(α)

t

∫
0

(t − s)α−1ν1(s)ds .

Applying Lemma 1.53, we get

ν1(t) ≤ ϵ(
mΓ(α + 1) + Tα(m + 1)
(1 − L)Γ(α + 1)

)

× [

[
∏

0<ti<t
(1 + l̃

1 − L
) exp(

t

∫
0

K(m + 1)
(1 − L)(1 − L)Γ(α)

(t − s)α−1ds)]
]

≤ cϵ ,

where

c = (mΓ(α + 1) + T
α(m + 1)

(1 − L)Γ(α + 1)
)[

m
∏
i=1
(1 + l̃

1 − L
) exp( K(m + 1)Tα

(1 − L)(1 − L)Γ(α + 1)
)]

= (
mΓ(α + 1) + Tα(m + 1)
(1 − L)Γ(α + 1)

) [(1 + l̃
1 − L
) exp( K(m + 1)Tα

(1 − L)(1 − L)Γ(α + 1)
)]

m

.

Moreover, if we set γ(ϵ) = cϵ; γ(0) = 0, then problem (3.62)–(3.63) is generalized
Ulam–Hyers stable.
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3.5.4 An Example

Consider the impulsive problem, for each t ∈ J0 ∪ J1,

cD
1
2
tk [y(t) −

te−t|yt|
(9 + et)(1 + |yt|)

] =
e−t

(11 + et)
[

[

|yt|
1 + |yt|

−
|cD

1
2
tk y(t)|

1 + |cD
1
2
tk y(t)|
]

]
, (3.78)

∆y|t= 12 =
|y (12
−) |

10 + |y (12
−) |

, (3.79)

y(t) = φ(t) , t ∈ [−r, 0], r > 0 , (3.80)

where φ ∈ PC([−r, 0],ℝ), J0 = [0, 12 ], J1 = (
1
2 , 1], t0 = 0, and t1 =

1
2 .

For t ∈ [0, 1], u ∈ PC([−r, 0],ℝ), and v ∈ ℝ, set

f(t, u, v) = e−t

(11 + et)
[
|u|

1 + |u| −
|v|

1 + |v| ]

and
ϕ(t, u) = te−t|u|

(9 + et)(1 + |u|)
.

Notice that ϕ(0, φ) = 0 for any φ ∈ PC([−r, 0],ℝ). Clearly, the function f is jointly
continuous. For each u, ū ∈ PC([−r, 0],ℝ), v, v̄ ∈ ℝ and t ∈ [0, 1], and we have

‖f(t, u, v) − f(t, ū, v̄)‖ ≤ e−t

(11 + et)
(‖u − ū‖PC + ‖v − v̄‖)

≤
1
12 ‖u − ū‖PC +

1
12 ‖v − v̄‖

and
‖ϕ(t, u) − ϕ(t, ū)‖ ≤ 1

10 ‖u − ū‖PC .

Hence, condition (3.32.2) is satisfied by K = L = 1
12 , L =

1
10 .

Let
I1(u) =

|u|
10 + |u|

, u ∈ PC ([−r, 0],ℝ) .

For each u, v ∈ PC([−r, 0],ℝ) we have

|I1(u) − I1(v)| =
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
|u|

10 + |u| −
|v|

10 + |v|

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
≤

1
10 ‖u − v‖PC .

Thus condition

ml̃ + L + (m + 1)KT
α

(1 − L)Γ(α + 1) =
2
10 +

1
6

(1 − 1
12) Γ (

3
2)

=
4

11√π
+

2
10 < 1
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is satisfied. From Theorem 3.32, problem (3.78)–(3.80) has a unique solution on J.
Set, for any t ∈ [0, 1], ω(t) = t and ψ = 1. Since

I
1
2 ω(t) = 1

Γ (12)

t

∫
0

(t − s)
1
2−1sds ≤ 2t

√π
,

(3.35.1) is satisfied by λω = 2
√π . Since L < 1, it follows that problem (3.78)–(3.79) is

Ulam–Hyers–Rassias stable with respect to (ω, ψ).

3.6 Notes and Remarks

The results of Chapter 3 are taken from Benchohra et al. [90, 92]. Other results may be
found in [17, 14, 41, 53, 57, 106, 124, 158].
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