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Preface

In this book we present basic continuation theorems for several classes
of nonlinear operators and typical applications to differential equations.
Our approach is elementary and does not use degree theory. In addition,
in this book we present in a global setting various Leray-Schauder type
theorems from nonlinear analysis. Part of the material comes from the
authors’ own work and some of this material has been generalized here.
These results together with new applications appear here for the first
time. The selected topics in the book reflect the particular interests
of the authors; no attempt was made to cover every area in this vast
field. For example, we did not discuss topics such as Leray-Schauder
type theorems for maps on locally convex spaces, A-proper maps, or
set-valued maps to name but a few. The bibliography includes only
referenced titles. The text is essentially self contained so it can be seen
as an introduction to topological methods in nonlinear analysis. We
hope it will be of interest to mathematicians, old and young, who would
like to become acquainted with the rapidly progressing field of nonlinear
analysis.
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1. Overview

The theorems of Leray-Schauder type, also called continuation theorems,
represent a powerful existence tool in studying operator equations and
inclusions (of particular interest is the theory of nonlinear differential
equations). Roughly speaking, by means of a continuation theorem we
can obtain a solution of a given equation if we start from one of the
solutions of a simpler equation. To be more explicit, let us consider
two nonempty sets = and ©, a proper subset, B of © and a map
I'y : E — ©. Suppose that we are 'interested in the solvability of the

inclusion
I (z) € B. (1.1)

The main idea of any continuation method for (1.1) consists in joining
this inclusion to a ‘simpler’ one,

Ty(z)e B (1.2)
by means of an ‘homotopy’ 7 : Z x [0,1] — © in such a way that
U(aO)ZFO and n(71):Fl

The continuation theorem contains conditions which guarantee that the
solvability of (1.2) implies the solvability of (1.1). Intuitively, this occurs
when one of the solutions of (1.2) can be ‘continued’ in a solution of

n(z,\) € B (1.3)

for each A € [0,1], and in particular, in a solution of (1.1) for A\ = 1.
Such a global continuation usually follows from a local continuation in

1



2 Theorems of Leray-Schauder Type and Applications

a given region C of = x [0,1], combined with a ”boundary” condition
guaranteeing that the set

Y ={(z,A\) €e=2x10,1]; n(z,\) € B}

of all solutions of (1.3) does not leave the continuation region C.

We point out that inclusion (1.1) is sufficiently general to cover most
of the usual existence problems in the literature. For instance, if T
is a map from a subset D of a given set X into X, the fixed point
problem of finding an z € D with T (z) = z, can be formulated as
(1.1) by taking E= D, © = X x X, B the diagonal set of X x X and
I't (z) = (T (z),z) . In the same way, the fixed point problem z € T (z)
related to a set-valued map 7' : D C X — 2% may be expressed as (1.1)
ifwetake E=D, ©=2XxX, B={(C,z);2 € C C X} and Ty (z) =
(T (z),z). Also, the coincidence problems of the form L(z) = T (x
may be formulated as inclusions of type (1.1).

The continuation methods were initiated by Poincaré [124], [125] in
the study of periodic solutions of dynamic systems, and by Bernstein
[15] who introduced the technique of a priori bounds to establish exis-
tence results. However, the first abstract formulation of the continuation
principle was given by Leray and Schauder in their famous paper [83].

Let us recall the precise statement of the Leray-Schauder continua-
tion theorem in terms of topological degree theory.

Let (X,|.|) be a Banach space, U C X a bounded open set and
let H: U x[0,1] — X be compact, i.e. continuous and such that
H(U x [0,1]) is relatively compact.

Theorem 1.1 Assume that the following conditions are satisfied:
(i) H(z,\) #x forall z€dU and X € [0,1];
(ii) vis(J—H(.,0),U,0) # 0.
Then there exists at least one x € U with H (z,1) = z. Moreover,
vs (J—H(.,0),U,0) = vis(J—H(.,1),U,0).

Here we have denoted by J the identity map of X and by
vrs (F,U,0) the Leray-Schauder degree of F' with respect to U and
the origin 0 of X (an algebraic count of the number of zeroes of F
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located in U). There is a vast literature on continuation theorems using
generalizations of Leray-Schauder degree. In fact, in the framework of
degree theory, the continuation theorems are expressions of the homo-
topy invariance property of the degree. For modern treatments of the
Leray-Schauder degree theory, its extensions and applications we refer
the reader to [32], [49], [74], [75], [84], [101], [123] and [151].

For example, condition (ii) holds if A (.,0) is a constant map zg,
where zg € U. In this case, an elementary proof of Theorem 1.1 based on
the Schauder fixed point theorem was given by Schaefer [152] when U
is a ball Br(z¢; X) and H is the convex combination of the constant
map zg with a compact map 7. More precisely Schaefer proved the
following result:

Theorem 1.2 Let T : By (xg; X) — X be compact. Assume that the
following condition is satisfied:

(I=XNzo+ AT (z) #xz for |r—az0/=R and Xe€]0,1].
Then T has at least one fixed point.

The version of Theorem 1.1 without degree for the general case is
due to Granas [55] and requires instead of (ii) that H (.,0) be essential.
A compact map G : U — X which is fixed point free on U is said to
be essential map if each compact extension to U of G sy has a fixed
point. Thus, Granas’ result is the following one:

Theorem 1.3 Assume that the following conditions are satisfied:
(a) H(z,A) #a forall 2 €dU and X €[0,1];
(b) H(.,0) is essential.

Then there exists at least one © € U with H (x,1) = x. Moreover,
H(.,1) is essential too.

Theorem 1.3 above is also known as the topological transversality
theorem.

Theorem 1.3 remains true if H is more generally a set-contraction
in Darbo’s sense, or a condensing map in Sadovskii’s sense (see [76] and
[127]) and if in the definition of an essential map, we take all exten-
sions of G|, which are set-contractions or condensing, respectively. A
remarkable extension of Theorem 1.2 is due to Ménch [93].
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Theorem 1.4 Let T :U — X be continuous and assume that for some
zg € U, the following condition is satisfied:

S c U countable, S C conv {{xo} UT (5)} == 8 compact.
In addition assume that
(1=XNzo+ AT (x) # x for all x € OU and X € [0,1].
Then T has at least one fixed point in U.

We point out that each extension of Theorem 1.2 is based on a fixed
point theorem for self-maps of a subset of X. Thus, Theorem 1.2 for
set-contractions is derived from the Darbo fixed point principle, The-
orem 1.2 for condensing maps is implied by the Sadovskii fixed point
theorem, while Theorem 1.4 follows from a fixed point theorem also due
to Monch involving self-maps of a closed convex subset of X, which is a
common generalization of the Schauder, Darbo and Sadovskii theorems.
Therefore, we can expect that each fixed point principle for self-maps
of a set yields a continuation theorem of Leray-Schauder type. This is
also the case in the Browder-Gohde-Kirk fixed point principle for non-
expansive self-maps of a closed bounded and convex set of a uniformly
convex Banach space. The corresponding Leray-Schauder type theorem
for Hilbert spaces is due to Gatica and Kirk [50]:

Theorem 1.5 Suppose X is a Hilbert space, U C X open bounded
with 0 €U and T :U — X is nonexpansive, i.e.

T@)~T@)| < |e—yl for alla,yel,
In addition assume that the following boundary condition is satisfied:
AT (z) # «  for z € OU and X € [0,1].
Then T has at least one fived point in U.

Surprisingly, one had to wait for the nineties to get a Leray-Schauder
type theorem for contractions on complete metric spaces accompanying
the Banach fixed point principle. The result is due to Granas [56]:

Theorem 1.6 Let (K, d) be a complete metric space, U C K open and
H:U x[0,1] — K. Assume that the following conditions are satisfied:
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(1) thereis p €[0,1) such that
d(H(z,\), H(y,\) < pd{z,y)
for all z,y €U and X €[0,1];
(2) H(z,\) # z forall z € 0U and X € [0,1];

(3) H (x,)) is continuous in A, uniformly for z € U.
If H(.,0) has a fized point, then H (.,1) also has.

As the reader can see, there are two main approaches to the theory
of the continuation methods. One uses the subtle notion of degree, while
the other is based upon fixed point theory. In this book we adopt the
second approach (Granas’ approach) both in theory and applications.
Other contributions to Granas’ theory of continuation theorems and
their applications have been given by Furi, Martelli, Vignoli [47], Granas,
Guenther, Lee [57], [58], Krawcewicz [76], [77], Frigon [43], Lee, O’'Regan
[82] and Precup [134].

Organization of the book

Beginning in 1989 [130]-[132], [134]-[136], [142], the second author has
developed a unified abstract theory of Granas type continuation theo-
rems. A slight extension of this theory is presented in Chapter 9. We
now state the abstract version of the topological transversality theorem.
Let A be a proper subset of =, M a class of maps I'" from = into
© with T (B)N A = ( and let v be any map defined at least on
the following class of sets {I'™*(B); I' € M} U {0}, with values in a
nonempty set Z. A map T € M is said to be v-essential if

v (T (B)) = v (T (B)) # v (D)

for any TV € M having the same restriction to A as I'. Also, consider
an equivalence relation =~ on M. The main result of Chapter 9 is the
following theorem.

Theorem 1.7 Assume that the following conditions are satisfied:

(A) y T, TVeM and T|, = T’|,4 , then T = T";
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(H) if T = I, then there is a map n: 2 x [0,1] — © and a function
v:E—[0,1] such that n(.,0) =T, n(.,1) =1, n(.,v(.)) €
M and
1 for z e,

v(z) = { 0 forxze A,
where ¥, = {x € Z; n(z,\) € B for some X € [0,1]}.

Let T'g, I'1 € M be two maps with T'g = I'1. If I'g is v-essential,
then T'1 1s v-essential too and

v (Tg' (B)) = v (7! (B)).

Roughly speaking, the map v measures the ‘size’ of some subsets of =.
Throughout this book, we let

1 0 A¥CE
”(‘I’>“{o if W= 0.

Theorem 1.7 makes it possible to understand globally particular con-
tinuation theorems for a great variety of single and set-valued maps in
metric, locally convex or Banach spaces. Notice that this result also
yields particular continuation theorems which have no corresponding
degree theory analogue (sece [136]).

In fact, we could start our work by the axiomatic theory presented in
Chapter 9 and after that, continue with specific continuation theorems
for each particular class of maps. However, in order to make the book
more accessible, we prefer to discuss particular theorems successively
and illustrate their applicability by means of initial value and boundary
value problems for several classes of nonlinear differential equations.

In Chapter 2, we present Leray-Schauder type theorems for contrac-
tions on metric spaces. The main result is Theorem 2.3, a generalization
in Maia’s sense of Theorem 1.6. Applications are given for the Cauchy
problem and two point boundary value problems in Banach spaces. Us-
ing Theorem 2.3 we may work in the spaces C* endowed with LP -norms
(incomplete spaces), instead of Sobolev spaces (complete spaces).

Chapter 3 is devoted to the Leray-Schauder type theorems for non-
expansive maps. We present the extension of Theorem 1.5 to uniformly
convex Banach spaces [104], [139]. As an example, we discuss Sturm-
Liouville two point boundary value problems in uniformly convex Ba-
nach spaces.
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Continuation theorems for accretive maps and an application to
boundary value problems in Hilbert spaces are presented in Chapter 4.

In Chapter 5 we first survey Leray-Schauder type theorems for com-
pact maps, set-contractions, condensing and Monch type maps. Then
we apply the abstract principles to the Cauchy problem and two point
boundary value problems in Banach spaces. The results, Theorems 5.8,
5.9, 5.10 and 5.11 may be compared with some earlier results by Monch
[93], Ménch, von Harten [94] and Frigon, Lee [46]. For further applica-
tions and theory we refer the reader to [2]-[5], [102] and [107].

Chapter 6 is entirely devoted to applications of the fixed point prin-
ciples (Banach, Schauder, Darbo and Sadovskii) and of the continuation
principles for completely continuous maps and set-contractions to semi-
linear elliptic boundary value problems with linear growth. We discuss
the existence of weak solutions under nonresonance conditions. The re-
sults and techniques may be compared with those of Mawhin, Ward Jr.
[91] and Hai, Schmitt [62].

In Chapter 7 we complement the existing literature (see [158], [76],
[58], [143]) with some new Leray-Schauder type theorems for semilinear
operator equations of the form Lz = T (x), where L is a linear Fred-
holm map of index zero. An application is given to periodic solutions of
some first order differential systems.

In all continuation theorems presented so far, the homotopies H are
defined on a set of the form U x [0,1], where U C X and so, all oper-
ators H (.,\), X € [0,1], have the same domain U. In Chapter 8 we
deal with the more general case when the homotopies H are defined on
U, where U C X x[0,1]. Notice that an analogue of Theorem 1.1 for this
case is also known in Leray-Schauder degree theory. However, one had
to wait for the nineties for applications. The difficulty consists in the
construction of a set U accompanying a branch of solutions of equations
with parameter, when the set of all solutions is not bounded. Beginning
in 1990, Capietto, Mawhin and Zanolin [23]-[24] (see also [22], [89]) used
continuation methods to discuss superlinear ordinary differential equa-
tions, in the absence of a priori bounds of solutions. The technique they
provided can be viewed as an alternative to the bifurcation method (see
for example [147]). Their results are based on the concept of coincidence
degree, an extension of the Leray-Schauder degree. Our goal for Chap-
ter 8 is to develop a new approach (see also [138], [142]-[143]) based on
the notion of essential map, which does not make use of degree theory.
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An application to periodic solutions of superlinear singular differential
equations is also presented.

Chapter 10 presents Leray-Schauder theorems of cone compression
and cone expansion type [61], [65]-[66], [106], [136], [156]. As an appli-
cation we present a multiple solution result for higher order boundary
value problems.

In Chapter 11 we state local versions (local implicit function theo-
rems) for some of the continuation theorems presented so far and we
discuss their applications to stable solutions of nonlinear problems.

Finally, we want to mention some excellent survey papers and mono-
graphs on continuation theorems and their applications: Granas, Guen-
ther, Lee [57]-[58], Martelli [86], Mawhin [89], Mawhin, Rybakowski [90]
and Zeidler [160].



2. Theorems of
Leray-Schauder Type for
Contractions

This chapter presents fixed point theorems of Leray-Schauder type for
metric contractions. These theorems are then used to establish exis-
tence and uniqueness principles for initial value problems and two point
boundary value problems in Banach or Hilbert spaces.

2.1 The Continuation Principle for Contractions
on Spaces with Two Metrics

We first recall Banach’s fixed point theorem (contraction principle):

Proposition 2.1 Let (K, d) be a complete metric space. Suppose that
T : K — K is a contraction, i.e. there is p € [0,1) such that

d(T (), T(y)) < pd(z,y) foralz,yeK.

Then T has a unique fixed point * and for any z € K, one has

k
d(TF (z), 2%) < 1" d(z, T (z)) (keN).
—p
The following extension of Banach’s fixed point theorem for contrac-
tions on spaces with two metrics is essentially due to Maia [85] (see also
[126], [149] and, for some applications, [120], [121]).

9
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Proposition 2.2 Let (K, d') be a complete metric space and d another
metric on K. Assume that for T : K — K, the following conditions are
satisfied:

(a) there exists p € [0,1) such that

d(T(z),T(y) < pd(z,y) for all z,y€ K; (2.1)

(b) T s uniformly continuous from (K, d) into (K, d');
(¢) T s continuous from (K, d') into (K, d).

Then T has a unique fized point x*. Moreover, for any = € K, one
has

d(T*(z), z") < 1ﬂpd(x,T(x)) (keN) (2.2)

and
d(T*(z),2*) - 0 as k— oco. (2.3)

Proof. let x € K. Define z; = TF(z) for all k& > 0. Notice (2.1)
guarantees that (zp) is a Cauchy sequence with respect to d. Next,
from

d (xg, Tm) = d (T (zx_1), T (Tim—1))

and the uniform continuity of T from (K, d) into (K, d'), we observe
that (xx) is a Cauchy sequence with respect to d too. Thus, there
exists z* € K with d (zg, *) — 0 as k — oo. Also, the continuity of
T from (K, d) into (K, d) guarantees

d (T (zp—1),T(z*)) — 0 as k — oo.
However, since d' (T (zx—1), T (z*)) = d' (xp, T (z*)), we have
d(z%, T (27)) = 0,

and so T (z*) = z*. Notice (2.1) guarantees z* is the unique fixed point
of T and so (2.3) is true for any = € K. Again from (2.1), we obtain

d(zy, %) =d(TF (z), TF (%)) < pFd(z, ") - 0 as k —oco. (2.4)

Finally, (2.2) follows from a standard argument.
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Second proof. Let (K, d) be the completion of (K, d). The elements
of K are classes of d-Cauchy sequences in K which are equivalent in
the following sense

(k) ~ (yx) <= d(zp, y) = 0 as k — oo

(Here, as well as in what follows, the presence of d or d’ in front of a
topological notion is to make precise the metric we are considering).

Denote by (z;) the class of the sequence (x1). If £, € K, £ = (zz)
and 7 = (y), then one sets

Now we define the extension T of T to K by
T ((ar) = (T (ox)

This is well defined since, by the contraction property of T, (T (xf))
is a d-Cauchy sequence whenever (zj) is. Clearly, T is a contrac-
tion mapping on K and hence, by Banach’s fixed point theorem, there
exists £ € K with T (¢) = & Let & = (zz). Then (zz) ~ (T (z1)).
Since (z) is d-Cauchy and T is uniformly continuous from (K, d)
into (K, d'), it follows that (T (xx)) is d’-Cauchy and so d’-convergent
to some z* € K. Note the continuity of T from (K, d') into (K, d')
implies that (T2 (x)) is d’-convergent to T (z*). Now (zx) ~ (T (zx)) ,
that is d(xg, T (zx)) — 0, and the uniform continuity of T’ from (K, d)
into (K, d') guarantees

d’(T(mk),TZ(xk)) — 0 as k — oo.

Consequently, d' (z*, T (z*)) = 0 and so T (z*) = z*. Finally, for any
x € K, we have (2.4) and, since T is uniformly continuous from (K, d)
into (K, d'), we obtain

d(TF Y (z), T (2*)) =d(T" ' (2),2*) -0 as k — oo.

O
We note that the result in [85] corresponds to the case where d’' < d.

In this situation, the assumption that T is uniformly continuous from
(K, d) into (K, d') is a consequence of (2.1).
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The second proof shows that Maia’s theorem in K is Banach’s the-
orem in the completion K , but with the fixed point in K.

The corresponding Leray-Schauder type result is the following theo-
rem [146].

Theorem 2.3 Let (K, d') be a complete metric space and d another
metric on K. Let D C K be d'-closed and let U C K be d-open with
U C D. Assume that for H : D x [0,1] — K, the following conditions
are satisfied: ‘

(i) there is p € [0,1) such that
d(H (z, ), H(y,A) < pd(z,y) (2.5)

holds for oll z,y € D and X € [0,1];

(ii) H (z,A) # z for all z € D\U and A €[0,1];

(iii) H is uniformly continuous from D x [0,1] endowed with metric d
on D into (K, d);

(iv) H is continuous from D x [0,1] endowed with metric d' on D into
(K, d);

(v) H (z,)) is continuous in A\ with respect to d, uniformly for x € U.

In addition suppose that there exists a nonempty set Dy C D with
Hy (Do) C Do. Then, for each A € [0,1], there exists a unique fized
point z(A) of Hy. Moreover, z () depends d-continuously on A and
there exists 0 < r < oo, integers m, ny, N, ..., tm—1 and numbers
0 < A < X < ... < M1 < A = 1 such that for any 29 € K
satisfying d(zo, z (0)) <, the sequences (zjr)k>0, j =1,2, ..., m,

10 = Zo |
Tjkt1 = H)\j (zjk), k=01, ..
Zj+1,0 = Tjn; s J = L2, ..,m-1

are well defined and satisfy

k

Arigo 29) < 17 dlzjo, Hrylaz0) (FEN)  (26)

with
d(zjk, z(N;)) = 0 as k— oo. (2.7)
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Remark 2.1 Obviously, we have

—1

2 = HE(HY (L (HY (20) ) (keN),

d(a:j,k, :L‘()\J)) — 0 and d/(:L‘j,k, :L‘()\J)) — 0

as k — oo (j=1,2,..,m). In particular, for j = m, (Tmk)yse
a sequence of successive approrimations of x (1), with respect to both
metrics d and d'.

Proof. 1) First we prove for each A € [0, 1] that H) has a fixed point.
Let
Ag ={ e[0,1]; H(z,\) =z forsomexzecU}.

Note 0 € Ay since Hy(Dy) C Dy and Proposition 2.2 guarantee that
Hy has a fixed point. Hence Ap is nonempty. We will show that Ay
is both closed and open in [0,1] and so, by the connectedness of [0,1],
A =10,1].

To prove that Ay is closed, let A\p € Ay with Ay — A € [0,1] as
k — oco. Since A € Ap, there is xp € U with H (zg, Ax) = zk. Then,
from (i), we obtain

d(mk’ mj) = d(H (mk’)‘k) ) H(mj’)‘j)) < d(H (mk’)‘k) ) H(mk’)‘))

+d(H (zk,A), H(zz, A)) + d(H (x5, A), H(zj,A5))
< d(H (zk, ), H (zk, A)) + pdlar, z;5) + d(H(z;,A), H(zj, A5))-
It follows that
e, @) € 77 A (@0 M) 1 (@ V) + U (5, 0), s )]

This, with (v), shows that the sequence (x) is d-Cauchy. Furthermore,
from d'(zy, x;) = d'(H(zg, M), H(zj,A;)) and (iii), we see that (z)
is also d’-Cauchy. Thus, by the completeness of d’, there is an z € K
with d (zx, ) — 0 as k — oo. Since z € D and D is d'-closed, we
have x € D. As a result we have

d (zk, H(z,\)) — d (z, H{(z,)\)) ask— oo
and, from (iv), we also have

d (zg, H(z,\) = d (H (z, M), H(z,)\)) - 0 ask— .
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Hence d' (z, H (z,)\)) =0, that is H (z,A\) =z. From (ii), z € U and
so A€ Ay.

To prove that Ay is open in [0,1], let p € Ay and 2z € U with
H(z,u) = 2. Since U is d-open, there exists a closed d-ball B =
Bs(z), § > 0, with B C U. Notice (v) guarantees that there is
n=mn(6) >0 with

d(z, H(z:/\)) = d(H (z,p) ) H(za/\)) <1 —p)6 (2'8)
for |A — p| < n. Consequently,
d(z, H(z,\) < d(z, H(z,A)+d(H(z,A), H(z,)\))

< (1-p)bs+pd(z,z) <6

whenever z € B and [A — u| < n. This shows that for |A —pu| < 7,
H, sends B into itself. Let B’ be the d'-closure of B. It is easily seen
that H)(B') C B’ for |A — u| < n. Now we may apply Proposition 2.2
to T = H). Consequently, there exists a z(\) € B’ C D a fixed point
of Hy for |A— p| < n. This shows that g is an interior point of Ay.
Hence Ay is open in [0,1]. Note from Proposition 2.2, that for every
z € B and |A—p| <7, we have that the sequence (H¥ (z))g>0 is well
defined,

k

A} (2), 2 (V) < 77

d(z, Hy(z)) (keN)
and
d(HF (), z(\) — 0 ask — oo.

2) The uniqueness of z (\) is a simple consequence of (i).
3) z(\) is d-continuous on [0,1]. Indeed,

<d(H(z(N),AN), H(z(w),\) +dH (z(n),\), H(z(p),n)
<pd(x(N), z(p) +dH (z(p),A), H(zp),uw).
This, with (v), implies
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as A — .
4) Finding r. For any p € [0,1], let

r{p) = inf{d(z, z (n)); z € K\U}.
Since z () € U and U is d-open, r(p) > 0. We claim that
inf {r(p); pelo,1]} > 0. (2.9)

To prove this, assume the contrary. Then, there are pi € [0,1] with
r{ur) — 0 as k — oo. Clearly, we may assume that p, — p for some
p € [0,1]. From the d-continuity of z () we have

d(z(pr), x () < r(p)/2 for k> k. (2.10)

On the other hand, since 7 (ug) — 0, we have
r{uk) < r{p)/2 fork > k. (2.11)

Let ko = max {k1, ko}. Notice (2.11) and the definition of r (ug,) as
infimum, guarantee that there is an z € K \ U with

d(z, z (o)) < 7 (p) /2. (2.12)

Then, using (2.10) and (2.12), we obtain

d{z, z(p) < diz, z () +d(@ (), z(w)
< 2r(p) /2 =ru),

a contradiction. Thus (2.9) holds as claimed. Now we choose any r > 0
less than the infimum in (2.9), with the convention that r = oo if the
infimum equals infinity.

5) Finding m and 0 < A\ < Ag < ... < App—1 < 1. Let h =n{r),
where 7 has been fixed in the previous step and 7 (r) is chosen as in
(2.8). Then, by what was shown at the end of step 1), for each p € [0,1],

d(z,z(p)) < r and |A—pu] <h imply (2.13)
(H% (z))g>0 is well defined,

k

1p_pd(x, Hy(z)) (k€N) and

9
—
3
—
&

8
—~
=
IN
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d(HE (z), 2(\) =0 ask — oo.

Now we choose any partition
O0=X < M < ... <Apm1 <A =1

of [0, 1] such that Ajg1—Aj<h,5=0,1, ..., m~—1.
6) Finding the integers ni, ng, ..., nym—1. Now

d(z10, z(0)) = d(zo, z(0)) <7, A —Xo < h,

and (2.13) guarantees that (x14),-, is well defined and satisfies (2.6)-
(2.7). From (2.6) we may choose ny € N with d(z1,, z(\)) < 7.
Now, we have

d(z20, z (A1) = d(z1n,, z(M)) <r and Az — A < h.

From the above argument, (x34),~, is well defined and satisfies (2.6)-
(2.7). In general, at step j (1 <j<m—1), we choose n; € N such
that d(z;n,, z(A;)) < r. Then

(@110, (X)) = d(Zjny;, (X)) <7 Aja — A < h,

and (2.13) guarantees that the sequence (21 k)k>0 is well defined and
satisfies (2.6)-(2.7). O

The above proof yields the following algorithm for the approximation
of z (1) under the assumptions of Theorem 2.3:

Suppose we know r and h and we wish to obtain an approximation
Z1 of (1) with d(Z1, (1)) < e. Then we choose any partition 0 =
M <A <A< .. <A1 < Ap=1 of [0, 1] with /\j-H — /\j < h,
j=0, 1, ..., m—1, and any element zo with d(zg, z(0)) < r. Now
follow an iterative procedure.

Iterative procedure:

Set ng:= 0 and zg,, 1= Z0;
For 7:=1 to m—1 do

Tj0 = Tj—1,n;_1

k:=0

while p* (1 — p)f1 d(zj0, Hx;(zj0)) > r do
Tipy1 = Hy, (k)
k:=k+1

nj =k
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Set k:= 0
While g% (1= p) ™" d (@m0, H1 (Tmp)) > & do

Tkl = Hi (Tmp)
k:=k+1
Finally take T; = x .

Remark 2.2 Clearly, if d < d' on K, then it suffices that the estimates
in the above algorithm be made with respect to d' instead of d.

Notice that, when D = U = K and H), =T for all X € [0,1],
Theorem 2.3 reduces to Proposition 2.2. In this case, r = oo and
m = 1.

In case that d = d’, Theorem 2.3 yields the following computational
version of Granas continuation principle for contractions on complete
metric spaces (Theorem 1.6).

Theorem 2.4 Let (K, d) be a complete metric space, U C K open and
H:U x [0,1] — K. Assume that the following conditions are satisfied:

(al) there is p € [0,1) such that
d(H (z,2), H(y,A)) < pd(z, y)
whenever z,y € U and X € [0,1];
(a2) H(z,\) # x for all x €0U and X € [0,1];
(a3) H (z,)) is continuous in X\, uniformly for z € U.

In addition suppose that there exists a nonempty set Do C U with
Ho (Do) C Dy. Then, for each A € [0,1], there exists a unique fired
point z(A) of Hx. Moreover, x()\) depends continuously on X\ and
there exists 0 < r < oo, integers m, ni, Na, ..., Ny_1 and numbers
0 <A <X < o0 < A1 < Ay = 1 such that for any z9g € K
satisfying d(zo, 2 (0)) <r, the sequences (z;r)k>0, j =1, 2, ..., m,

1,0 = 0
Tjk+1 = H,\j(a:j’k), k= 0, 1,
Tjtr1,0 = T s ] = 1, 2, veey M — 1

are well defined and satisfy

k

1'0_ P d(mj,07 H/\j(xj,O)) (k € N) :

d(aj, 2(N)) <
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Obviously, for U = K and Hy =T for all A € [0, 1], Theorem 2.4
reduces to the Banach contraction principle.

Continuation theorems for generalized contractions can be found in
[44] (for set-valued contractions), [45], [104] (for ¢-contractions), [140]
(for maps of Caristi type).

2.2 Global Solutions to the Cauchy Problem on
a Bounded Set in Banach Spaces

Throughout this book we shall use the following standard notation. We
denote by E any real Banach space and by |.| its norm. For a real
number R > 0 and any ug € E, Bg (ug; E) is the closed ball {u ¢ E;
|u —ug| < R}. When no confusion is possible, we simply denote it by
Br (uo) -

Let I = [0,1]. We consider the space C(I;E) of all continuous
functions u: I — F, endowed with the max-norm

el = mmave fu (1)
and for every integer k > 1, the space C* (I; E) of all functions u: I —

E such that for each j =1, 2, ..., k, the j-th derivative u?) exists
and is continuous, endowed with the max-norm

lullioo = max {Jfullo s 4]l s s @}

Also, for any real 1 < p < oo, we consider the Banach space LP (I; E)
of all measurable functions v : I — E such that |ul’ is Lebesgue
integrable on I, with the norm

ful, = ([ e dt)l/p

lulloo = Inf {M >0; [u(t)| <M ae tel}.

for p < oo and

If (E,{.,.)) is a Hilbert space and p = 2, then L?(I;E) is a Hilbert
space with inner-product

o)y = [ (o), 0 @)
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For any real number 1 < p < oo, we define the Sobolev spaces
W™P (I, E) inductively as follows. A function u belongs to W? (I; E)
if it is continuous and there exists v € L? (I; E) such that

u(t) = u(0)+/0tv(s)ds, tel,

where by [Jv(s)ds we mean the Bochner integral (recall that each L?
function is Bochner integrable). It is clear that if u € WbP (I; E), then
1 is absolutely continuous on [, is differentiable almost everywhere on
I, v € LP(I; E), and

u(t) = u(0)+/0tu'(s)ds, tel.

Then for any integer m > 1, u € W™P ([ E) if u, v € W™ LP([; E).
If we€ W™P(I;E), then u € C™ ' (I; E), w1 is absolutely
continuous on I, differentiable almost everywhere on I,

ul™ = (u(m_l))/ € LP(L; E),

and t
WD (1) = w0 0+ [ (s)ds, e
0

Recall that if F is reflexive, then any absolutely continuous function
u: I — E is differentiable almost everywhere on I and v’ € L' (I; E)
(see [[12], Theorem 1.2.1])

The space WP (I; E) is a Banach space with the norm

Let Wol P (I; E) denote the space of all functions u € WLP (I; E)
with % (0) = u (1) = 0. Wol’p (I; E) is a Banach space with the norm
defined by

lullop = 121l -
If (E,(.,.)) is a Hilbert space, then Wy>(I; E) is a Hilbert space
with the inner-product

(vl = (W) = [ (0,0 @)
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We shall also use the following notion in this book: a function f :
I x D — E, where D C E™, is said to be LP-Carathéodory, if f(.,z) :
I — E is measurable for each fixed x € D, f(¢t,.) : D —» E is
continuous for a.e. ¢ € I, and for each r > 0, there exists h, € LP (I; R)
such that
|[f{t, 21,22, ..., zn)| < Ay (2)

for ae. ¢t € I and all z = (21,22, ...,2,) € D with |z;] < r, j =
1, 2, ..., n. The function f is said to be a Carathéodory function if it is
L'-Carathéodory.

We first describe a typical application of Theorem 2.4.

Let us consider the initial value (Cauchy) problem

{ Z/((;__)_ i(f;ou), tel (2'14)

in the Banach space (E,|.]|), where ug € E. We seek classical solutions
u € CH(I; E) if f is continuous and Carathéodory solutions u €
WL (I; E) if f is a Carathéodory function.

If f:1Ix E — E is continuous (resp., Carathéodory), then a func-
tion wu is a classical (resp., Carathéodory) solution to (2.14) if and only
if we C(I; E) solves the Volterra integral equation

¢
u(t) = u0+/ f(s,u(s))ds, tel,
0
that is, u solves the fixed point problem
u = T (u)

for the integral operator T : C (I; E) —» C(I; E),

T (u) (1) = u0+/0tf(5,u(5))ds.

It is well known that if f (¢,u) satisfies a global Lipschitz condition
in u, on the entire space E, then (2.14) has a unique global solution (that
is, a solution defined on the entire interval I') which can be obtained by
means of the Banach contraction principle, while if f only satisfies a
local Lipschitz condition, say

If(t,u)— f(t,v)] <llu—wv| for |[u—ug|, |[v—ul <R (2.15)
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and a.e. t € I, then, by Banach’s theorem we can only prove the exis-
tence and uniqueness of a local solution (that is, a solution defined on
a subinterval Ir of I). The subinterval Ir comes from the invariance
condition T(Bg (ug)) C Bg (o), where Br (ug) isaballin C(Ig; E).
We can avoid the invariance condition and find a global solution if we
use a Leray-Schauder type theorem for contractions instead of Banach’s
fixed point theorem.
Thus, we have the following existence principle.

Theorem 2.5 Let R >0 and f: I X Bg(ug; E) — E. Assume that
the following conditions are satisfied:

(h1) f is continuous (resp., f(.,u) is measurable for each
u € Br (uo; E) and f(.,u0) € L' (I; E));

(h2) there exists 1 € L' (I;R) such that
1S (tu) = f (&) < 1(E) Ju— v
for a.e. tel and all u,v € By (ug; E);

(h3) for any solution of

{u’:)\f(t,u), tel (2.16)

where X € [0,1], one has |u(t) —ug| < R for all t €.

Then, (2.14) has a unique classical (resp., Carathéodory) solution
with |u(t) —uo]l <R, t€ 1.

Proof. First we note that from (hl) and (h2), it follows that

If @) < U@ Ju—uol + |f (£, u0)| < RL(E) + | (£,u0)l,
where Rl (.)+|f (.,uo)| € L' (I;R). This shows that f is a Carathéodory
function. We apply Theorem 2.4 with K = C(I;E), U = {u € K;
lu () —up] < R for all t €1} and

H(u,)) = (1— X uo+ AT (w).



22 Theorems of Leray-Schauder Type and Applications

We take as d the corresponding metric to the equivalent norm of Bi-
elecki type on C (I; E),

fully = mage {Iu®lexs (=0 [ 1 ar)},

for some 6 > 1. From (h3), we trivially have (a2), while (a3) is immedi-
ate. Now we show that (al) also holds since 6 > 1. Indeed

1, 0) ()~ H @) (0] < A [ 1F (s,u(s) — F (5,0 () ds

g/otl(s)]u(s)—v(s)]ds
_ /Dtl(s)exp (-e/()SZ(T)dT> lu(s) — v (s)] exp (9/031(7)117) ds
< ||u—v|[9/0tl(s)exp (0/05[(7)d7> ds
< ‘2‘”“—””9 exp (9/0tl(7)d7).

Consequently,
1
1H (2, %) = H (0, Ml < 5 llu=vll,-

Now the conclusion follows since Hg = ug. O

To satisfy (h3) and so to obtain global solutions, we have to impose
appropriate growth restrictions on f. The following existence theorem
is based on a growth restriction of Wintner type (see [159]).

Theorem 2.6 Let R >0 and f:Ix Bgr(ug; E) — E. Assume that
the following conditions are satisfied:

(i) f is continuous (resp., f (.,u) is measurable for each u € By (uo; E));
(i) there emists | € L' (I;R) such that

for a.e. t € I and all u, v € B (up; E) ;

1
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(iii) there exists 8 € L' (I;R) and ¢ : [0,R] — (0,00) nondecreasing
with 1/¢ € L* ([0, R];R) such that

|f ¢ w)| < B8(1) v (Ju—uol) (2.17)
for aetel,|lu—up| <R, and
A | 1
/0 e dr > /0 B (r)dr. (2.18)

Then (2.14) has a unique classical (resp., Carathéodory) solution
with |u(t) —uo| < R, t € 1.

Proof. We show that condition (h3) is satisfied. Let u be any solution
to (2.16) for some A € (0,1]. Then

u(t) = u0+/\/0tf(s,u(s))ds, tel
and so
|u(t) —uo| < /\/0 If (s,u(s))|ds = /0 |u' (s)| ds.

Let .
w(t) = /0 o/ (s)| ds.

We have w € WH (I;R4) and |u(t) —up| < w(t) on I. We claim
that w(t) < R for all t € I. To prove this, we assume the contrary.
Then, since w (0) = 0, there exists a smallest to € (0,1] with w(t) < R
on [0,tp) and w(tp) = R. Using (2.17) we obtain

w' () = [u' ()] < BOY(u®) —ul) < B8O Y (w(®)  (2.19)
on [0,%0]. Consequently

to (7 to 1
[ syt < ), s < [[san

/0 o Ié);u((TT))_) dr = /0 ) ﬁdr,

/OR@/JET) dr < /Olﬁ(T)dT,

a contradiction. Hence w(¢t) < R for all t € I, as claimed. O

Now since

we have
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Remark 2.3 In a Hilbert space (E,(.,.)), the result of Theorem 2.6
remains true if instead of condition (iii) we require

(iii’) there exists B3 € L'(I;R,) and ¢ : [0,R] — (0,00) with
t/p(t) € L' ([0, R];R), such that

(u—uo, f(tu)) < B(E) e (ju—uo)

for ae.t €1, |u—wugl <R, and

/ORQ_DZ_TSdT > /Olﬁ(T)dT

In this case we set w(t) = |u(t) — uo| and we use
w(t)w' (t) = (u(t) —uo, v (2)).
Then (2.19) holds with 1 (t) = ¢ (t) /t. This shows that if E is a Hilbert

space, then the assumption in Theorem 2.6 that ¢ be nondecreasing may

be removed (take ¢ (t) =ty (t)).

Example. Let g € L' (I;R), p > 0 and ug € E. There exists a unique

solution to
w=g@)|ulfu, tel
u(0) = up

uol” < 1/ (pllgllzsqry) (2.20)

Moreover, the result is the best possible.

Indeed, here f(t,u) = g(t)|uf’ u is locally Lipschitz in « on R.
Thus condition (ii) in Theorem 2.6 holds for any R > 0. On the other
hand,

provided that

If (G w)]l < g @]l < g (0] (Ju —uo| + Juo| P,
so (iii) holds with
B(t) =lg(t)) and ¥ () = (t+ Juo)"*,
provided that

o ioP ~ @R > [ iotenar
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Now (2.20) guarantees that this inequality is satisfied if we choose R
sufficiently large. Finally, direct integration shows that there is no solu-
tionfor E=R, g(t)=1, p=2 and |ug|* > 1/2 and so the result is
the best possible.

2.3 Boundary Value Problems on a Bounded
Set in Banach Spaces

We now describe a typical example of an application of Theorem 2.3.
Let us consider the two point boundary value problem

(2.21)

v = f(tu,v), tel=][0,1]
Vi('u) = bl, Vé('u) = b2

in a Banach space (F,|.|), where by, bo € E, Vi, Vo are linear con-
tinuous from C! (I;E) into E, with f defined on a bounded set of
I x E2.

We let

Ch, = {uecl(I;E); Vi(u) =0, j=1, 2}
and Cf, = Ck N C*(I;E) (k> 2). Similarly,
Cp = {ueC (E); Vi) =b, j=1,2}

and C§ = C§ N C*(I;E). Also, for an integer m > 2 and a real
1<p<oo, welet

Wit = Cp, N WP (I;E), WgP = Csn W™ (I;E).

Recall that W™? (I, E) Cc C™ ! (I; E).

In what follows we assume that the unique solution of u” =0 which
satisfies V;(u) = 0, j = 1,2, is the null function. Then, there is a
unique solution to

"o
{u =0, telr (2.22)

Vi(u) = b1, Va(u) = bo,
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say ug (t), and there is a Green’s function G (t,s) corresponding to
operator v” and boundary conditions V; (u) = 0, j = 1, 2. Moreover,
for each p € [1, 0], the operator

L:WgP — P (E), Lu=u"

is invertible and

The same is true for the operator
L:Cg —C(LE), Lu=u".

Now we state a very general existence and uniqueness principle in a
ball of C}.

Theorem 2.7 Let R >0, 1<p<oo and T : Dp — Wé’p be any
map, where Dp = {u € C}; lulli o < R}. Assume that |juoll, o, < R

and that the following conditions are satisfied:

(H1) T (Dg) is bounded in (C'(L;E), || .|, o) and there is R > 0
such that |u” (t)] < R for a.e. t€ I and any u€ T (Dp);

(H2) there exists a metric d on Cg equivalent to the metric induced
by |||, satisfying

d(u, v) < collu—vly,
for all u,v e Cllg and some cg > 0, such that
1T (u) =T (V)ll1,00 < cd(u, v) (2.23)

and
d(T (u), T (v)) < pd(u,v) (2.24)

for all u, v € Dp and some ¢ >0, p€[0,1);

(H3) iof ue Dp solves u = (1 —A)ug+ AT (u) for some A € [0,1],
then |lull; o, < R.

Then T has a unique fized point in Dg.



Theorems of Leray-Schauder Type for Contractions 27

Proof. We shall apply Theorem 2.3. Denote by d’ the metric induced
by |/l 0 on C}. Recall that Vj, j =1, 2, were supposed continuous;
consequently, (C’llg, d') is a complete metric space. Let

Ko = conv {{ug} UT (Dg)},

where ”conv” stands for the convex hull. Since ug € Cg, T (Dg) C C}
and C% is convex, we also have Ky C C’llg. Denote by K the d'-closure
of Ky in C} and let D = K N Dg. Obviously, D is d~closed in K.
From (H1), we see that any function u in Ky satisfies |u” (¢)] < R/
for a.e. ¢t € I. This property is the reason for this choice of K.
Define H : D x [0,1] — K by

H(u,\) = (1— N ug+ M ().

We now check that all the assumptions of Theorem 2.3 are satisfied,
where U is the d-interior of D in K.

Condition (i) follows from (2.24) since D C Dg. From (2.23), since
T (Dg) is bounded in C! (I; E), we have

IH () = H (0, )] oo (2.25)
< (u,A) = H (0, Nl o+ 1H (0, 3) = H 1)}
< T () =T ()0 + ¢ A — ] < e, v) ¢ A=,

where ¢ is a constant depending only on R. It follows that H is
uniformly (d, d’)-continuous, that is (iii) is true. Since d is equivalent
to ||.1l,, and [[.{l;, < ll1,00 » then (2.25) guarantees that (iv) is true.
Now, if in (2.25) we put u = v, then we obtain

d(H (u7/\) 7H(unu')) < ¢ ”H(uv /\) - H(”n“')”l,p

< col[H (u,A) = H (u, 1)l 0 < coc’ |A = p].

This proves (v).
It is clear that (ii) follows from (H3) if we prove that

ueD and |ull;,, <R implies uweU. (2.26)

So let u € D with [Jul|; ,, < R. We have to show that there exists 7 > 0
such that

veEK and |lv—ul,,<r imply v€ Dg.
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Suppose the contrary. Then, there is a sequence (ug) C K with
[|uk ——u]|1’p < 1/k and Uk Q DR.

Then, |ug (t)] > R or |uj (t)] > R for some ¢ € I. On the other hand,
if we let Ro = [Jull; ,, then Rp < R and |u(t)] < Ro, v/ ()| < Ry
for all t € I. Consequently, for each k there is at least one t such
that:

D) fug (8) —u ()] 2 |ue ()] = fu ()] = |uk ()] — Ro > R— Ry,
2) |ug, () =" (O] = | O)] = [ ()] = |u (t)] = Ro > R — Ro.

We shall derive a contradiction by using the following result.

Lemma 2.8 Let x € WY (L E). If |x(t)| > a >0 for some t € T
and |X' (V)| <M fora.e tel, then

/01 Ix (s)|ds > min {a/2,3a2/ (SM)}

I. First suppose that |uj, (¢) — v/ (¢)] < R— Ry for all t € I and for
infinitely many values of k. Then, passing if necessary to a subsequence,
we may assume that for any k, we have

lug, (1) —u' (¢)] < R— Ry forallt €l and

fug (t) —u (t)] > R— Ry for at least one t.
Then, by Lemma, 2.8, it follows that

/01 lug, (s) — u(s)|ds > 3(R—Ro) /8 > 0

for all k. This implies |lux —ul|; , 7 0 as k — oo, a contradiction.
II. In the opposite case to I, we may suppose that for any k, we
have
lup (t) —u' (t)] > R— Ry for at least one ¢.

Let £ > 0. Since u, ui € K, there are u, u; € Ky with

|uy (t) — @' (¢t)] > R~ Ry for at least one ¢,

1 1
/0 luy, (s) — @, (s)|ds < /2 and /0 [u' (s) — @ (s)|ds < g/2.
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Also since u, g € Ky, we have
lug (t) —a" ()] < @ ()| +|a" ()] < 2R" forae. tel.
Then, by Lemma 2.8,
1
/0 i@, (s) — @ (s)|ds > C > 0,

where C' depends only on R — Ry and R'. Thus, we have

C < /01|17§c(3)-—17’(3)]d3 < 6+/01’u§c(3)—u’(3)fds

< et flug —ully,-

Hence |lug —ull;, > C —¢ for all k. Choosing ¢ < C this yields
luk —ull;, # 0 as k — oo, a contradiction.
Thus (2.26) holds and Theorem 2.3 can be applied. O

Proof of Lemma 2.8. We have

x () = X(0)+/0tx’(7)dr, tel

It follows that

Ix (O] = Ix ()1 < Ix (2)

< Mt —s| forallt,sEI.

()| dr (2.27)

Two cases are possible:
1) for all t € I, |x ()| > a/2. Then, clearly,

/1 Ix (s)|ds > a/2.
0

2) There are ti,t; € I with |x(t1)] = a/2, |x(t2)] = a and
Ix (t)| € [a/2, a] for all t between ¢; and t». Suppose t; < to. Then,
if we choose t = ¢; and s =ty in (2.27), we get to —t1 > a/ (2M).
Also, from (2.27),

X (@) > x| —Mta—1t) =a~-ME2—t), te€lt,ts].

Integration from ¢ —a/(2M) to ¢y yields

1 to
J eas = 7 xs)las = 3a%) (sm).
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Remark 2.4 In particular, if d is the metric on Ck induced by || (B
and in addition there is an v € (0, R) such that in (H3), ||ull; o, < R—7
for any solution of u= (1 — X)ug+ AT (u), A€ [0,1], then the unique
fized point of T can be approximated by means of the iterative procedure
described after Theorem 2.8, where we may use this r and the first
approximation Tg = ug.

Remark 2.5 For p=o0, d and d' are equivalent metrics on Cé and
Theorem 2.7 is a direct consequence of Theorem 2.4.

Let Bp={u€ E; |u| <R} and suppose f: I XE?{ — E.If [ is
continuous (resp., LP-Carathéodory), then the operator

F)@t) = ftul),v ), tel

is well defined from Dpg into C(I; E) (resp., LP (I; E)) and a function
u € Dp is a classical (resp., Carathéodory) solution of (2.21) if and only
if w="T{(u), where

T(u) = ug+ L7'F (u).

Recall that wug is the unique solution of (2.22).
In order to state an existence and uniqueness principle for (2.21), we
embed this problem into a one-parameter family of problems

{ ' = Af(tu,u), tel (2.28)

Vi(u) = b1, Vo(u) = b
where A € [0,1].

Theorem 2.9 Let R >0 and f: IXE% — k. Assume that |uoll; o, <
R and the following conditions are satisfied:

(hl) f is continuous (resp., f(.,u,v) is measurable for all (u,v) €
By, and £(.,0,0) € L™ (I;E));

(h2) there exist numbers Ag, A1 > 0, function ¢ € L*(I;I) and
p € (1,00] such that

1f (tu,0) = £ (,4,0)] < ¢(¢) (Ao lu—al+ Ao —2]) (2.29)
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for a.e. t€I andall u, 4, v, v € B, and
pp < 1, (2.30)

where

1/p

oy = Ao [/01 </01 |G(t,s)|q¢(s)qu>p/q dt] (2.31)

/01 (/01 |G (L, )" ¢ (5)* ds)”‘l dt] 1/p

for p<oo (1/p+1/g=1), and

+ A

1 1
poo = Ag I?éalx/o IG (8, 5)| 6 (s) ds + Ay %a]x/o Gy (¢, )| & (s) ds.

(b3) if u€ D solves (2.28) for some A € [0,1], then [|ull, ., < R.

Then (2.21) has a unique classical (resp., Carathéodory) solution in
Dh.

Proof. We shall apply Theorem 2.7. We first note that from (2.29)
and f(.,0,0) € L>®(I; E), it follows that f is L°-Carathéodory. Now
we immediately see that the operator T (u) = ug + L7 F (u) is well
defined from Dp into Wé’p, T'(Dp) is bounded with respect to |[. [|; .,
and that there is R’ > 0 such that |[v” (¢)] < R a.e. on I, for any
u € T (Dpg) . Hence condition (H1) is satisfied.

Without loss of generality, we may assume that Ag > 0 and A1 > 0.
Otherwise, we take Ag+¢ and Ay + ¢ instead of Ag, A; with € >0
small enough so that inequality (2.30) remains true. Then, we define a
modified LP-norm on C*(I;E) by

lull = Ao lfull, + Ax o],

Clearly, the norms ||.|| and ||.],, are equivalent. Let d be the metric
induced by ||.|| on Ck. We now check (2.23) and (2.24). Let u, v € Dg.
Then using (2.29), we obtain

1T (u) (2) = T (v) (¢)]



32 Theorems of Leray-Schauder Type and Applications

1
< / |G (t,8)| ] (s,u(s),u (s)) -—f(s,v(s),v'(s))[ds
0

< [N10S606) (Aofus) = v (5)] + 41 o (5) — o ()] ds
0

/4
S(AWGaJW¢@Vm)IHu—w-
Also
T (W) (1) = 7 (v) (1)

1
< [ 1G] (5,09),0 (5)) = £ (5,0 (5), 0/ (s))] ds
0

< (/01 Gy (4, 5)] 6 (5)? ds) v o — o]

These clearly yield (2.23) and (2.24), with p = p,. Hence (H2) is sat-
isfied. Finally (H3) follows from (h3) since a function v € Dg solves
(2.28) if and only if uw = (1 — X) ug+ AT (u). Thus, Theorem 2.7 can be
applied. O

Notice that for p = o0 and ¢ = 1, the result in Theorem 2.9 follows
from [[82], Theorem 3.6].

Remark 2.6 We will compare the contraction condition p, < 1 for
p=o00 and p = 2. Suppose Vi (u) = w(0) and Vo(u) = u(l) and
¢ = 1. In this case, the Green’s function is

_ t(l—s), 0<t<s<l1
Glts) = "{ s(l—1), 0<s<t<l (2:32)

and routine calculations give

1 1
max/ |G (t,s)|ds =1/8, max/ |Gt (t,s)|ds =1/2,
0 tel Jp

tel
1 1 1 1
/ (/ Gt 5)2ds> dt = 1/90, / </ Gy (t,s)st) dt =1/6.
0 0 0 0
1t follows that

Poo = Ao/8+A1/2 and ps = Ag/(3V10) + A1 /V6.

Thus the contraction condition ps < 1 is less restrictive than po < 1.
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Remark 2.7 Other modified LP-norms on C (I; E) are possible and
are expected to relax the contraction condition (2.30). For example, we
may take the norm

lull = Ao llpull, + A [l¥u']],,

where ¢ € C(I;(0,00)). In this case, the contraction condition becomes

1 1 p/g P
4o [/O vy ([ 16wl e v ds) dt}

1/p
<1

e [ [wwr([1esrswive ds)p/q i

for p < oo, and

! -1
Aomax [ 001G (1,9)|6 (s) ¥ (5) 7 ds

e

1
Avmax [0 (1) (G 5)[6 ()0 () ds < 1
for p= 0.

For such tricks of contraction, we refer the interested reader to [62].

We now consider the case when B means: u (0) = u (1) =0 and Cj
is simply denoted by CZ. Then we may choose as d, the metric induced
by the norm [[ul| = |[u[|,. This norm is equivalent to ||.||; , since by
the Wirtinger-Poincaré inequality

lull, < op|[W'll,, weCq, (2.33)
where
1oy = int {|], /llull,; we C3, uz0]

(see [17] for example). The corresponding existence principle is then the
following result.

Theorem 2.10 Suppose that B means u(0) = u (1) = 0 and all the
assumptions of Theorem 2.9 are satisfied with

pp = (Aoop + A1) {/01 {/01 |Gt (¢, 7)|T ¢ (7)7 dr]p/q dt}

1/p
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for pe€ (1,00) and

1
Poc = (AOJOO+A1)II1&X/ th (taT)l¢(T) dr
tel Jo

for p = oo. Then (2.21) has a unique classical (resp., Carathéodory)
solution in Dg.

In particular, if p =2 and ¢ = 1, we can prove a more exact result
which is based on the Wirtinger and Opial inequalities.

Proposition 2.11 Let (E,|.|) be a Banach space. If u € W, (I; E),
then

! 2 1ot 2
/ ()2 dt < = / ! ()] dt (2.34)
0 ™ Jo
(Wirtinger’s inequality) and

1 1
[ ol @l < 5 [ oPa (2.35)

(Opial’s inequality).
Proof. 1) The eigenvalue problem

W+du=0 tel
u(0) =u(l) =0

has solutions A, = (k7)*, w (t) = v2sinknt, k=1, 2, .... It is known
that the sequences (uk)kzl’ (/\,;1/2uk)k>1 are orthonormal and com-

plete in (L2 (I;R), (., .);) and (Wg?(I;R), (., )z) . Recall that
(u, v)go = (¥, V'), . Consequently, if u € L?(I;E), then |u| € L2 (I;R)

and
[o@)

ul = > (lul, ur)y u.

k=1
Also, if u € WO1 ?(I;E), then |u| is absolutely continuous like u, and
a direct computation shows that ’\u]" < |v/| a.e. on I. It follows that

lu| € Wol’2 (I;R) and consequently,

ul = D> A7 (], ur)g o uk-
k=1
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Now Parseval’s equality implies that
[tz [ (ur) a = 30l o
0 —Jo

00 o) 1
= S Al welh 2 73 (ol = [l
k=1 k=1

1’) An elementary proof of Wirtinger’s inequality is possible if E is
a Hilbert space and v € C! (I; E) with u (0) =« (1) = 0. In this case
we derive (2.34) from the following integral inequalities

/ab lu(t) —u(a)]dt < 4(b;a>2/ab|u/ )2 dt, (2.36)
T - uoPa <4 (220) [ poPa (2.37)
! ()

which are true for any u € C! ([a,b]; E) . To prove (2.36), we first com-
pute the derivative of

D@ =2 2% @) - ula)| cot;r((lt) )
We have
D'(t) = 4 ;a<u’(t),u(t)—u(a))cot2(z_3
() - u (@ (140 T2
This can be rewritten as
a 2
D) = 4(20) WP -k - u@f
b—a , m(zx—a)l?
—’2 2 (8) = (w(t) — () eot T 5=

Hence
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Integration yields

™

D(5) — D (a+0) g4(b*")Q/ablu’(t)|2dt—/abau(t)—u(a)|2dt.

This yields (2.36) since D (b) = D(a+0) = 0. Inequality (2.37) is
proved similarly. :

To obtain (2.34), apply (2.36) on [0,1/2], (2.37) on [1/2,1] and then
piece the results together.

2) Let

v(t):/ot I/ (s)|ds and w(t):/tl I ()| ds. (2.38)

Clearly
v (t) = —u (¢) = |/ (t)|, forae tel.

We claim that
@) <v@), |u@®) <w(), foraltel. (2.39)

Indeed, h (t) = v(t) — |u(¢)] is absolutely continuous on I, h(0) = 0
and since ‘]u|" < |u/| ae. on I, we have h'(t) > 0 for ae. t € I.
Then, from

h(t) = /Oth’ (s) ds,

it follows that h(¢) > 0 for all ¢t € I. Hence |u(t)] <v(t) on I. The
second inequality can be proved similarly.
From (2.38) and (2.39) we deduce that

/ 1/
[ ol ola < [Cowy @ = joa/?,

1 ‘ol < - [ (tydt = ~w (1/2)°
L @l @lde < = [ wu! @ = gu/27?,

Thus we have the inequality

1 / 1 2 2
/ @) [ ()] dt < 5 (v(1/27 +(1/2)%). (2.40)
0

On the other hand, from Hélder’s inequality, we obtain

2
v<1/2>2=</01/2 lu’(tndt) < % /01/2 [ ()" dt, (2.41)
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2 1
w(1/2)% = (/1;2 ! (t)ldt) < %/1/2 o ()] dt. (2.42)

Iriequalities (2.40)-(2.42) yield (2.35). O
Now we state and prove the following existence and uniqueness prin-
ciple for (2.21).

Theorem 2.12 Let F be a Banach space and suppose that B means
uw(0) =u(l)=0. Let f:1Ix F}zq — I/ and assume that the following
conditions are satisfied:

(al) f s continuous (Tesp., f(.,u,v) is measurable for all (u,v) €
By and f(.,0,0) € L™ (I, E));

(a2) there exist numbers Ag, A1 > 0 such that
|f (t,u,v) — f(t,4,0)] < Aolu— 1|+ A v — 9| (2.43)
for a.e. tel andall u, @, v,V € Bg, and

A2 A2 AgA

ad g2 272

< 1 (2.44)

(a3) if u € Dr solves (2.28) for some A € [0,1], then |lul|, ,, < R.

Then (2.21) has a unique classical (resp., Carathéodory) solution in
Dp.

Proof. We apply Theorem 2.7, where d is the metric on C§ induced
by the norm |ju| = ||/||, and p = 2. To show (2.24), we use the
Wirtinger’s inequality, Opial’s inequality and the following inequality

|z, < oy, vermm). (2.45)

This can be proved as follows. Let u = L~'v. Then u” = v, and if we
multiply by © and integrate on I, we get

1 ]2 = — (v,u)y < |lolly lull,-

Using Wirtinger’s inequality, this yields

1
/15 <~ llolly 1w/l
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and so [[u||, < (1/7)|v]l;. This together with (2.34) yields (2.45).
Then, we obtain

= {(FO) - F), 0 @) - Fo)),} < 2 IF @ - F ),

1 1 ) 1/2
S—[/ (Ao lu—v|+ A1 [u — 7)) dt]
™ 0
1 ApA 1/2
< [ A = ol A2 o o) + 52— v

9 9 1/2
< (ﬁ LA AOAl) [ = |l

mt 272
/2
A2 A2 AgAy\'
= (;‘I_i_ﬁ_i_ 52 d(u, v).

O

We mention that condition (2.44) was obtained by Hai and Schmitt
[62] and used when f is defined on the entire set I x E?. Therefore, our
technique based on the use of two metrics makes it possible to show that
certain results involving conditions derived when working with energy
LP-norms extend to the situation when f is defined, or has the required
properties, only on a bounded region.

Remark 2.8 As we have already remarked, for p = oo, Theorem 2.7
is a consequence of Theorem 2.4. For an arbitrary p < oo, if we look
at the second proof of Proposition 2.2, we might think of using Theorem
2.4 where we now work in the completion of Cllg with respect to d. For
example, when B means u (0) = u (1) = 0, the completion of Cg is the
Sobolev space WO1 P(I;E). It is easily seen that such an approach has a
major drawback, namely the bounded domain of T.

Remark 2.9 In the case that f is independent of v/ and Vj, j =1, 2,
are linear continuous from C(I;E) into E, we can regard T as a
mapping from D% = {u € Cg; |lull, < R} C Cp into Cp, where

Cg={ueC(LE); V;(u)=b;,j=1,2}.
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It is easy to obtain variants of Theorems 2.7 and 2.9 in which all refer-
ence to v s dropped and the norms || .|| are used instead of
-0 and [[-{l, respectively.

oo |-l

Example. Consider the boundary value problem

u = fu), tel
{ u(0) = u(1l) = 0. (2.46)

Assume that for some R >0, f € C(Bg; E),
sup {|f (u)]; [u] < R} < 8
and there exists Ag < 3v/10 with
|f (u) — f(v)] < Aglu—v| forall u, v € Bg.

Then (2.46) has a unique solution (with max-norm at most R). If in
addition, '
sup{|f (u)|; |ul| <R} < 8(R—r)

for some 0 < 7 < R, then the unique solution can be approximated
by the iterative procedure described after Theorem 2.3, where: p =
Ao/ (3v/10), 2o =0, H(.,,A) = AT and d is the metric on Cp = {u €
C(IE); u(0) = u(1l) = 0} induced by ||.||,. According to Remark
2.2, since ||.{l; < ||.|lo , it suffices that the estimates in the iterative
procedure be made with respect to the metric d’ induced by || .||

The above example shows that the continuation principle for contrac-
tions applies to problems with superlinear nonlinearity provided that a
Lipschitz condition holds in some bounded set. In particular, problem
(2.46) for E =R and f(u) = —e* was discussed in [82].

Finally, we present a sufficient condition so that (h3) in Theorem 2.9
holds. We discuss the case when E is a Hilbert space and B are the
Sturm-Liouville boundary conditions

) u(0) —au' (0) =0
B'{ w(l)+bu' (1) = 0 (2:47)

where o, b > 0 with o+ b > 0. The condition is expressed in terms of
an inequality of Hartman type (see [63] and [153]).
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Theorem 2.13 Let (E,{(.,.)) be a Hilbert space, R > 0 and f :
I x F?{ — FE. Assume that the following conditions are satisfied:

(i) f is continuous;

(ii) there exist numbers Ay > 0, Ay > 0, function ¢ € C(I;I) and
p € (1,00] such that

If (8w, 0) = f (2,5, 9)] < ¢(t) (Ao Ju—a|+ Ay v —3])

forall tel, all u, @, v, o€ Bg, and

pp<1>

where

1/p

by = Ao [/01 ([ee, s)iqqs(s)ws)p/th]
1 1 pla  11/P
A [/O (/O ]Gt(t,s)quS(s)qu) dt]

for p<oo (1/p+1/g=1), and

1 1
Poo = AOI??IX/O |G (t,s)|d(s)ds + Ay riléalx/o |Gy (t, 8)| ¢ (s) ds;

(iii) there exists r € (0, R] with
(u, f(t,u,v)y+|> >0, fortel (2.48)
whenever 7 < |u] < R, |v| <R and (u,v) =0;

(iv) et (Agr + A1rg +m) < Agr+ A1R+m, where m = ||f (.,0,0)||,
and ro = r/ max{a,b}.

Then (2.21)-(2.47) has a unique classical solution satisfying ||lull, ., <
R.
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Proof. The conclusion follows from Theorem 2.9 if we show that con-
dition (h3) is satisfied. For this, let u be any solution to (2.28) for some
A € (0,1]. First we show that [jull,, < R. Let w(t) = [u(t)]* /2. Then
W (8) = (u(t), v/ (1)) and

W' (£) = Au(t), f(Lud),w )+ @), aetel

Let tg € I with Jjull, = |u(to)]. If 0 < to < 1, then w'(tg) = 0
and w” (to) <0 and taking into account (2.48), we find that |u ({)] <
r. Now suppose tg = 0. Since w(0) is the maximum of w, we have
w' (0) = {(u(0), «/ (0)) < 0 and using the first boundary condition in
(2.47), we obtain

0> a(u(0), w (0)) = |u(0)f

Hence u (0) = 0 and as a result, inequality |u (to)| < r holds. Similarly,
the same conclusion holds if ¢y = 1. Therefore, |jul|, <7 < R.

Next we show that {|u/||,, < R. Let us first remark that [u (to)] < ro
for to =0 or tg = 1. Indeed, if a = max{a,b} > 0, then

W' (0)] = [u(0)] /a < r/a = ro.
Similarly, if b = max{a,b} > 0, then
W' (1] = [u@)]/b < r/b=m

Further, suppose that ||u/||., = R. Let v (t) = |v/ (¢)] and take t; €T
with v (£1) = R. Then, we have

v(t) [V @) = | (@), @) = A @), f (¢ ult),u (1))
< ()] (Ao [u®)] + Ar | (8)] + 17 (,0,0)])
< v (t)(Aor + A (t) + m).
Assume to = 0. Then, the inequality v’ (¢) < Aor + A1v () + m gives

A0

to Agr + Ajv (8) +m

ds Stl—to S 1.

But, since v ({g) < r9 and v(t1) = R,

t v’ (s) ds > R dt
to Aor + A1v(s)+m ro Aor + A1t +m
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1 Agr + A1R+m
Ay nAOT—i—AlTO—i—m'

These yield
1 Agr+ AiR+m

—/ n
Ay Agr+ Airg+m

< 1,

which contradicts (iv). The same contradiction is derived when #p = 1,
if the inequality v’ (t) < Aor + Ajv (t) + m is replaced by —v'(t) <
Aor + Ayv (t) +m. Thus, [[v']l, < R and so |ul|, ,, < R.O

For other results of this nature we refer the reader to [46] and [82].



3. Continuation Theorems
for Nonexpansive Maps

3.1 Continuation Theorems

Let (X,]|.]|) be a Banach space. Amap T: D C X — X is said to be
nonexpansive if

T (z)—T(y)| < |z—y| forallz, yeD.

The question of interest is does a nonexpansive self-map of a given set
D have a fixed point? The answer is yes if D is a nonempty closed
bounded and convex set of a uniformly convex Banach space (see [18],
[54] and [71]).

A Banach space (X,|.|) is said to be uniformly convez if for each
€ > 0 there exists 6. > 0 with

|$+y| S 2(1_65)

for all z, y € X satisfying |z| <1, |y <1 and |z —y| >e.

Recall that any uniformly convex Banach space is reflexive (see {[33],
Proposition 3.12.1]) and any Hilbert space is uniformly convex since for
|z| <1 and |y| <1, one has |z +y]* + |z —y|* = 2(lz] + |y|*) < 4

Let us first recall the Browder-Gohde-Kirk fixed point theorem.

Proposition 3.1 Let (X, |.|) be a uniformly conver Banach space, D C
X nonempty closed bounded and conver. Assume T : D — D s non-
expansive. Then T has at least one fixed point.

43
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For the proof we recommend [53] or [150].
Now we state and prove the corresponding Leray-Schauder type the-
orem [104], [139].

Theorem 3.2 Let (X, |.|) be a uniformly convex Banach space, U C X
open bounded conver with 0 € U and T : U — X nonexpansive.
Assume

AT (z) # x for all x € OU and X €[0,1]. (3.1)

Then T has at least one fixed point in U.

For the proof we need the following two lemmas due to Browder [19].

Lemma 3.3 Let (X,|.]) be a uniformly conver Banach space, D C
X bounded convexr and T : D — X mnonexpansive. Then, for each
e > 0 there exists 6 = §(e) > 0 such that |x —T (z)] < e for all
z=(1—=X)zo+ Ax1, where A€ (0,1), zo, 1 € D, |xo—T (z0)] < 6
and |zy — T (z1)| < 6.

Proof. If |xg—z1| < e/3, then for z = z) := (1 = A\)xo + Az1, we
have

|z =T (z)| < |o—zol+[zo =T (z0)| + |T (20) — T ()|

< oo —T(xo)| + 2|z — o] < 6+2¢/3 < ¢

provided that 6§ < £/3. Thus, we have only to deal with the case
|zo — 1] > €/3. If A <e/(3d), where d = diam D, then |z) — zo| =
A|zo — 21| < €/3. Then, as above, we obtain |xy — T (x))| < . Further-
more, we assume A > ¢/(3d). If 1 — X < ¢/(3d), then by a similar
argument, we get |xy — T (z))| < ¢ where § < ¢/3. Now we examine
the case: ¢/(3d) <A< 1-¢/(3d) and |zg — z1| > /3. We have

|zo — T (zx)| < |zo —T (zo)| + [T (z0) — T (z1)]
S (5+)\|$0—J)1|
and similarly
g1 — T (x))|] < 6+ (1= A)|zg — 1]

Let
Yo = A zg — x| 7 (T (2) — z0)
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y1 = (1=X)""zo— 2| ' (@1 — T (2)) -

Then it is easily seen that
lyol < 1+9de726,  |yn| < 1+ 9de™26,

Mo+ (1 =Xl = 1.

For 6 small enough, by the uniform convexity of X, we deduce that
lyo — y1| < e/d. It follows that

lzx = T (za)] = (1= A) (T'(z2) = z0) — A1 = T (21))]

=A1-XNl|zo—z1llyo—wn| < d-e/d = e.
g

Lemma 3.4 Let (X,|.|) be a uniformly conver Banach space, D C X
closed bounded conver and T : D — X nonezpanswe. If (x) C D,
xp — xo weakly and xzy — T (zx) — yo strongly as k — oo, then
zo — T (z0) = yo.

Proof. We may assume without loss of generality that yo = 0. Let
ex = |zr — T (x)|. Since g — 0 as k — oo, we may suppose that
e <6 (ex—1) < ek for any k, where 6(e) is given as in Lemma 3.3.
Since zg € Dy, : = €onv {x;;j > k} for every k, it follows that in order
to prove zg — T (zg) =0, it suffices to show

|z — T (z)] < ex—1 forall z € Dy. (3.2)

Each element of Dy, is the strong limit of some sequence of finite convex
combinations of elements in {x;;j > k}. Thus it is sufficient to prove
inequality (3.2) only for the elements of D' := conv {z;;k < j < m},
m > k. We use induction with respect to k decreasing: For k = m,
|Zm — T (2m)| = €m < em—1 and (3.2) holds. Let us now assume that
(3.2) istrue for all z € DJ’. Let y € D" ;. Then y = (1 — X) zp_1+ Az
for some z € DJ* and A € [0,1]. We have

|z =T (z)| < ex1 < O(ek—2)

and
|ep—1 — T (xk—1)| = €x—1 < 8(ep—2).
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From Lemma 3.3, we have |y — T (y)| < ex—2 which proves (3.2) on
Dr,. 0

Proof of Theorem 3.2. From Theorem 2.4, for each A € (0,1), there
exists a unique z, € U with =) — AT (z)) = 0. Denote by z; the
element x) for A =1—1/k. Taking if necessary a subsequence, we may
suppose that x; — xg weakly as K — oco. On the other hand, since

o — (1= 1/k)T (zx) = 0,

it follows that zp — T (zr) — 0 strongly as k — oo. Now Lemma 3.4
guarantees that xo — T (z0) = 0. O

If X is a Hilbert space, the convexity of U is not necessary and the
result in Theorem 3.2 is due to Gatica and Kirk [50]. In addition, a
simpler proof is possible [139], [141].

Theorem 3.5 Let (X,(.,.)) be a Hilbert space, U C X open bounded
with 0 € U and T : U — X nonexpansive. Assume

AT (z) # x  for all x € OU and X € [0,1].

Then T has at least one fixed point in U.

Proof. The sequence (z) obtained in the proof of Theorem 3.2 satis-
fies
<(k —) o —(m—1) "2,z — :L'm>

= (T (z1) = T (T) , Tk — Tm) — |2k — Tm|> < 0

for k,m > 1. Let ax = (k— 1) . The following identity can easily be
checked

2 <ak$k — AGmTm, Tk — $m> = (ak + am) ka - xm\2
+(ax = am) (|2l = 2]
It follows that
0 < (ak +am) 2% = Tml* < (ax — am) (Jonl” — loxl?) .

From this, since (ay) is decreasing, we see that (Jzg|) is increasing.
This sequence is also bounded because U is bounded. Hence (|zx|) is
convergent. Now, using

ok = 2ml® < (loml® = |2el”) (ak — am) / (ak + am)
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we deduce that (zx) is convergent. Clearly, its limit is a fixed point of
T.0

For U an open ball Bg(0;X), Theorem 3.5 was proved in [36]
using the radial projection.

3.2 Elements of Geometry of Sobolev Spaces

Here are some basic geometry results for the L? (I; E) [33] and W™? (I; E)
spaces, where I = [0,1] and E is a Banach space.

Proposition 3.6 Let E be a uniformly conver Banach space and 1 <
p < 0o. Then the space LP (I; E) is uniformly convez.

For the proof we need the following lemma.

Lemma 3.7 Let (X,|.|) be a uniformly conver Banach space and 1 <
p < 00. Then, for each € > 0, there exists 6, = 6y (c) > 0 such that

(el” + yI?) (3.3)

Do

;

-4w+wfs<1—%>

for all z,y € By (0; X) with |z —y| > e.

Proof. For 1 < p < oo, t =1 is the unique point of minimum of the
function ¢ (t) = (1+¢")/(1+¢)", ¢ >0 and, ¢(1) =27

We first note that it suffices to prove (3.3) for |z| =1, |y| <1 and
|z —y| > e. Indeed, if 1 > |z| > |y|, |t —y| > ¢ and we set o’ =
lz| 'z, o = x| 'y, then |2/| =1, |¢/| <1 and |z’ —y/| > |z| ' e > e
Now inequality (3.3) for z, y follows from the corresponding inequality
for z', y', because of the homogeneity.

Suppose there exists € > 0 such that the conclusion be false. Then
there exist two sequences (zx) and (yg) with |zx] = 1, Jyx| < 1,
|zr — yk| > ¢ and

el ) = 1 ask—oo.  (34)

23 (o + )

Then, taking if necessary a subsequence, we may assume |yx| — 1 as
k — oo. Otherwise, |yx| <7 < 1 for all k, and by the convexity of

o
5 eru)| < o @l
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In addition

d(lyk]) > w:= min_ ¢(t) > ¢(1) = 2l-p

te(o,r]
Then
1 p »
2 §($k+yk) [ (L+wl”) < i < 1
This contradicts (3.4).
Let zp = |yk|~1 1.. We have
E A ‘lykl_lyk —yk’ — 0 as k— oo.

Hence, for k large enough, |y — zx| < /2 and consequently,
|z — zk| > |z —yk| — lyk — 26| = e —¢/2 = €/2.

On the other hand, from (3.4), we easily obtain that (27! (z; + 2¢)| — 1
as k — oo. This contradicts the uniform convexity of X. O

Proof of Proposition 3.6. Clearly, inequality (3.3) remains true for
all z,y € X with |z —y| > emax {|z|,|y|}.

Let us fix e > 0 and let n = §, (64‘1/”). Take u, v € LP(I; E)
with {lull, <1, [[v][, <1 and |lu— v, >e. Let

M={tele(u@)f+p@)P) <4u()-v(@)}.
If te M, then
u(t) — v (8)] = e4” P max {|u(®)], Jv (t)[}

and so

<Q-n)g (w@P+@P). (35

Since
[ -voras [ (wor+pora s
nMm M

and |lu —v|, > &, we have

/ () — v ()P dt > /2.
M
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Consequently

max{ / lu (D) dt, / v (t)|pdt} > epy Pl (3.6)
M M

Now (3.5) and (3.6) yield

P

J

P

J

1
> / 5 ([uf? + |v|P) dt > neP2 P2,
M

/01 E (luf” + [vf") = B— (u+v)

> [ |3l +1oP) — | o

This implies

1 1 P 11
/ 5 (u+) dtg/ 5 (ul? +[of?) dt — nepa P2
0 0

< 1-—neP2 P2,
O

Corollary 3.8 Let (E,|.|) be a uniformly conver Banach space, m € N,
m>1 and 1 < p < oo. Then the Sobolev space W™P (I; E) equipped

with the norm
L/ m 1/p
lull = { / (Z [u®) (t)]p> dt}

J=0
s uniformly convez.

Proof. We imbed W™P? (I; E) into LP (I; E™!) with the identifica-
tion
u = (u, VAR u(m)> i

Thus the problem reduces to the proof of the uniform convexity of the
space E™T! equipped with the norm

m 1/p
|’U |E""+1 = (Z Ivj|p) y U = (’UO, U1y -y ’Um) .
7=0
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On the other hand, E™*! can be imbedded into L? (I; E) if we identify
any v = (vg, V1, -, V) € E™! with the function

J J+1
m+1" m+1

uy (8) = (m 4+ 1) forte{ ) =01, ... m.

Notice that
usll, = [v|gm+ -

Then, since LP (I;E) is uniformly convex, its normed subspace
(E™FL | |gm+1) is uniformly convex too. O

3.3 Sturm-Liouville Problems in Uniformly
Convex Banach Spaces

As an example of an application of the abstract results presented in
Section 1, let us consider the Sturm-Liouville problem

(3.7)

where a,b > 0, and the corresponding one-parameter family of problems

v = A (tu, ), telrl
u(0) —auw' (0) =0 (3.8)
u(1) + b (1) = 0,

where A € [0,1]. Let G be the Green’s function corresponding to
operator u” and the Sturm-Liouville boundary conditions.
We have the following existence principle for (3.7).

Theorem 3.9 Let (E,|.|) be a uniformly convexr Banach space and
f:Ix E? = E. Assume that the following conditions are satisfied:

(a) f is continuous (resp., f (.,u,v) is measurable for all u,v € E);

(b) there exists ¢ € L*® (I;R) and p € (1,00) such that f(.,0,0) €
LP (L E),

|f (6 u,v) = F(4,3,0)] < () (ju—al+ [v—12]) (3.9)
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for a.e. t€l, all u,n,v,v€E, and p<1, where p equals

91/ {/01 [(/01 G179 (s)? ds>p/q + (/01 |G4l9 6 ()1 ds)p/q} dt}l/p

(/p+1/g=1);
(c) there is R >0 such that for any solution u of (3.8), one has

]| = (/01 (luf? + |']P) dt)l/p <R

Then (3.7) has at least one classical (resp., Carathéodory) solution.
Proof. The map
T =L'F:WYW(L,E) - WY (I, E)

is nonexpansive for p < 1 with respect to norm |.|| on WP (I;E).
Indeed, for every u, v € WP (I; E), we have

T () ()~ T () (1)
1
< [1E a6 () (u(e) =v(s) + [ () =/ (5)]) s

< (/01 |G| ¢qd8>1/q (/01 ol 4 o~ v/’]pds>1/p

Using Holder’s inequality:
(a1by + agby) < (af + ag)l/p 9 + bg)l/q’

which is true for all nonnegative real numbers aj, as, b1, ba, we deduce
that

/g
7@ 0 -7 O < 270 [l gtas) " u—ol].

Similarly
1 1/q
T (-7 ) @ < 20 ([ 160 grds). fual.
These yield
IT () =T @)I| < pllu—oll.
Thus we may apply Theorem 3.2. O
As a consequence, we have the following existence result.
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Theorem 3.10 Let (E, (., .)) be a Hilbert space and f: I x E? —» E
continuous. Assume that condition (b) of Theorem 3.9 holds with ¢ &
C (I;R). In addition assume that a+b > 0 and there exists v > 0 such
that

(u, f(tu,0)) + o >0 for all tel, (3.10)

whenever |u| > r and (u, v) = 0. Then there exists at least one u &
C%(I; E) that solves (3.7).

Proof. We show that condition (c¢) in Theorem 3.9 is satisfied. Let u
be any solution of (3.8) for some A € (0,1]. As in the proof of Theorem
2.13, we can show that |lul|,, <r and

|u' (t0)| < ro = r/max{a, b},

where tp = 0 or ¢p = 1. Next we obtain a bound for [ju/|| . Let
v(t) =|u'(t)] and t; € I with v (¢1) = ||u'||o. From (3.9), we have

v ()" ()] = [ (@), v (1)) < Bv () (r+v () +1),

where 8 = max {I?Galx o (t), max |f (¢,0, 0)’} . This implies

v(t1) 1
[ it =
oito) L+7+1
Thus, there exists 71 > 0 with v (¢1) < r1. Then |ju|| < R, where
R=(rP+r¥ )1/ P Therefore, Theorem 3.9 applies. O

A0

to 1L+7+v(s)

dsi < B.



4. Theorems of
Leray-Schauder Type for
Accretive Maps

4.1 Properties of Accretive Maps

Let (X,|.|) be a Banach space and let (X*,]|.|) denote the dual of X.
Let F: X — 2X" be the duality map ,

F(2) = {2" € X*; 2" (2) = [af” = |=**}
and let (., .),, (.,.)_ be the semi-inner products on X defined by
(2, y)y = Iyl tim ¢ (jy + t2] = ly])
(z,y)_ = |yl lim ¢ (ly + t2] = [y])
or equivalently
{x, y), = sup{y”(2); y" € F (y)}
{z, y)_ = inf{y" (z); y" € F(y)}.

The following properties are simple consequences of the definitions (see
[[32], Proposition 13.1]):
1)
{x+y,2)1 < (2, 2)x +(y, 2)4

33



54 Theorems of Leray-Schauder Type and Applications

(+ay, v, = alyl’+(z, )y

[EXINEETE

2) (z,y)_ < (z,y), with equality if and only if X™ is strictly
convex;

3) If X* is uniformly convex, then (.,.)_ = (.,.), is uniformly
continuous on bounded subsets of X x X;

4) If uw: (a,b) — X is differentiable, then ¢ (t) = |u (¢)| satisfies

p(t)D $(t) < (W' (t),u(?))_

where D~¢ (t) = limsupy,_,or b7 (¢ (t) — o (t — h)).
Amap F:D cC X — X, is said to be accretive if

(F(zx)—F(y),z—y), >0 forallz,yec D,
strongly accretive if there exists ¢ > 0 such that
(Flz)=Fy),z—y), > cle—y* forallz, yeD
and ¥-accretive if
(F@)-F),z—y)y >2¥(z—yl)|z—y|l forz,yeD,
where ¥ : Ry — R4 is a continuous function satisfying
¥ (0)=0,%(r) >0 forr >0 and 1'17;1_1’%“1#1/)(7‘) > 0.

In particular, if (X, (., .)) is a Hilbert space, the duality map is the
identity map of X, the semi-inner products (., .)_and (., .), coincide
with the inner product (., .) of X and the accretive and strongly ac-
cretive maps are the so called monotone and strongly monotone maps,
respectively.

For example, if T : D — X is a contraction with Lipschitz constant
o, then J—T is strongly accretive with ¢ = 1—p (here J stands for the
identity map on X). Also, if T is nonexpansive, then J — T is accretive.
This is the reason that maps of the form J — F with F accretive are
called pseudocontractive.

Recall that a map is said to be demicontinuous if it is continuous
from the strong topology to the weak topology.
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4.2 Continuation Principles for Accretive Maps
The Leray-Schauder type theorem for strongly accretive maps is due
to Morales [96]. The version of this result for ¢-accretive maps (where
in addition % is supposed to be strictly increasing and ¥ (r) — oo as

r — o0o) appears in [104]. Preceding results were obtained in [50], [72],
[155] and [95].

Theorem 4.1 Let X be a Banach space, U an open subset of X and
T:U — X. Suppose that J — T is y-accretive and that there is g € U
such that

(1—=XNzo+ AT (z) # z for all zx € OU, X €[0,1].
Assume that T' sends bounded sets into bounded sets if 1 (r) — oo as

r — 00, and assume T(U—) is bounded otherwise. In addition suppose
that one of the following conditions is satisfied:

(a) T is continuous;

(b) T is demicontinuous and X* is uniformly convez.
Then T has a (unique) fized point in U.

For the proof we need the following four results:

Lemma 4.2 Let X be a Banach space, D = B, (z0; X) and let F :
D — X. Suppose that there exists ¢ € R such that

(F(z)—F(y),z—vy)_ < clz—y|* for all z,y € D.

Also assume that |F (z)] < M on D. In addition suppose that (a) or
(b) holds. Then the initial value problem

v = F(u), u(0) =z

has a unique solution on [0, r/M].
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Proof. Suppose (b) holds. Consider the approximations
ug (t) ==z fort <0,
g (£) ::co—l—/OtF(uk(s—— 1/k))ds for t > 0.
Then
luk (1) —mo| < Mt < r and |ug (¢) —uk (s)| < M|t — s
for all ¢, s € [0, r/M]. Also
w (6) = F (e (t—~ 1/K).

Let ¢ (t) = |uk (t) — u; ()| for some fixed k, j. Then ¢(0) =0 and, by
4),

(t) D™ (1) < (uf () = (1), we (6) —u; (1))
< (F (we (8= 1/k)) = Fuy (¢ = 1/7)), we (¢ = 1/k) —u; (£ = 1/5))
+oM?(1/k+1/5) < c[p(®)+ M (1/k+1/5)]* 4+ 2M? (1/k + 1/5) .
Since (a+b)® < 2(a®+b?), this implies
D™ ¢*(t) < 4lc|* (t) + ek with cx; — 0 as k, j — oo.

It follows that ¢ is not longer than the solution of the initial value
problem

p = 4lclp+crs, p(0) = 0.
Indeed, given € > 0, let p. be the solution of

pr = 4lclpe + e +e, pe(0) = e

Then 0 = ¢ (0) < p.(0) and if there was a smallest to > 0 with
¢? (to) = pe (to), then

D¢ (to) = limsup h™" (¢* (to) — ¢* (to — h))
h—0t

> lim h* (pe (to) = pe (to — h)) = 4lc| pe (to) + cxj +¢

— 4c|¢? (to) + cxj +& > D™ ¢%(to),
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a contradiction. Hence, ¢? () < p. (t) and letting ¢ — 0 we obtain
#%(t) < p(t) on [0, 7/M]. Thus, ¢*(t) < ack;, where

o= (4]c|) texp(4|c|r/M) for ¢ # 0 and
a=r/M forc=0.

Hence (ug) is Cauchy. Consequently, uy (t) — u(t) uniformly on
[0, r/M], for some continuous function u. Passing to limit as k — oo
and taking into account the uniform continuity of (., .), , we obtain
that = is the desired solution.

To prove the uniqueness, suppose that u and v are solutions and let
¢ = |u—v|. Then

¢(t) D¢ (1) < cd®(t), ¢(0)=0.

It follows that ¢ (t) = 0.

Under condition (a), F' can be approximated uniformly by locally
Lipschitz maps F£}. Then with Fji instead of F, there is a unique ug
with

+

up = Fy(ug) = F(ug)+v; on [0,7/M].
We have
lvg (t)] < sup|F (z) — Fx(z)] — 0 as k — oo.

Now use similar estimates as in the first part to see that (ug) is Cauchy.
Pass to the limit to obtain the desired solution. O

Lemma 4.3 Let X be a Banach space, D a closed subset of X. Assume
that F : D — X is v-accretive and demicontinuous. Then F (D) is
closed in X.

Proof. Suppose F(xy) —y€ X as k — oo, where zx € D. From
Y (|zk — Tml) [Tk — Tm| < (F(zk) — F(zTm) , Tk — Tm),
< [F(zk) = F(@n)] lox — zml
we obtain
V(g —xm|) — 0 as k, m— oco.

Taking into account the properties of ¥, we deduce that (z) is a Cauchy
sequence. Thus there is g € X with x — xg as £ — oo. Since D is
closed, ¢ € D too. By the demicontinuity of F', we obtain y = F (z),
that is y € F/(D). O

The next result is due to Deimling [30].
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Lemma 4.4 Let X be a Banach space and U an open subset of X.
Assume that F : U — X is t-accretive and that (a) or (b) holds. Then
F(U) is open in X.

Proof. Let zog € U and FTQ (zg) C U. We show that thereisa 6§ > 0
with B (F (z¢)) C F (U). Without loss of generality, we may assume
zo9 = 0. Let 6 > 0 be such that

Rs = inf{r; ¢ (p) > ¢ for all p>r} < ro.

Let y € Bs (F(0)) and let F, = F+1J. It is clear that F, is strongly
accretive. Lemma 4.2 guarantees that the initial value problem

v = —F,(u)+vy, u(0) =z € Bg, (0) (4.1)

has a unique local solution u(¢;z). Let ¢ (¢) = |u(¢,z)|. From 1), 2)
and 4), we have

¢B) D ¢() < (w,u) < (v, u),
= (—Fn (u) + Fn (0) +y — F (0), u),
< —(Fn (u) = F, (0), u>++]y—Fn(0)]¢(t)
<y=FO)|-¢(e@)]o(t).
Hence
p)D7¢(t) < [6—-v(p)]e(t), ¢(0) = |z].

This implies that ¢ (¢) < Rs. Consequently, u (¢,2) can be extended
to a unique solution on Ry with |u(t,z)] < Rs for t > 0.
For each ¢ > 0, consider the map

U(t): Br, (0) — Br, (0), U@ () = ult;z).

Let us show that U (t) is a contraction. Indeed, for z;, zo € B, (0),
let v(t) =u(t;z1)—u(t;z2) and x () = |v(¢)|. Then (4.1) implies

XD x () < (V' (@), v()_ < (), vt),

== (Fu (u(t21)) = Fa(u(t22)), v (1) < == x* (1)
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Integration yields Inx (t) —Inx (0) < —t/n. Hence

X (t) < x(0) exp (—t/n).
Therefore,
[U(t) (z1) = U () (@2)] < pt |21 — z2],

where p; =exp(—t/n) <1 for t>0.
Also,
UR)U((s) =U(s)Ut) =U(t+s).

Thus, {U (t);t> 0} is a commuting family of contractions acting on
Bp, (0). It follows that there is a common fixed point z, € Bg, (0),
that is u (¢; xp) = @, for all t > 0. Consequently, F, (z,) =y. Hence,

1
F(z,) = —oTnty oy as mo oo

Since
V{(|xn —zn|) < |F(zn) = F(zm) = 0 asn, m — oo,
we have x, — z for some z € Bg, (0) and F(z)=y. 0O

Proposition 4.5 Let X be a Banach space and F : X — X be
Y-accretive. Suppose that (a) or (b) holds. Then F(X) = X.

Proof. By Lemma 4.3, F'(X) is closed, while by Lemma 4.4, F (X)
is open. Hence F (X)=X. 0O

Proof of Theorem 4.1. As above, by replacing U with U — x¢ and
T (xz) by T(z+x0), we may suppose xg = 0. Let
H:Ux[0,1] - X, H(z,)\) = AT ().

It is clear that for each A, there is a ) such that the map J — H) =
(1=XN)J+A(J~T) is ¥y-accretive. Let

Ag = { e [0,1]; H(z,\) =z for some z € U}.

Notice Ay is nonempty since 0 € Ag. The result will be established
if we show that Ap is both closed and open in [0,1].

We first show that Ag is closed. For this, let (Ay) C Ag be any
sequence with A\ — Xg as k — oo. Since A € Ay, thereisan zp € U
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with AT (zg) = x. Notice that (T (zx)) is bounded. Indeed, this is
trivial if T(U) is bounded. Otherwise, since

Y (Jzkl) |lzk] < {2k — T (@) +T(0), k),

= — (1= ) /X |z +(T(0), ), < |T(0)] |owl,

we have 9 (|zg]) < |T(0)|. Now, since ¢ (r) — oo as r — oo, we
see that (x;) is bounded. Hence (T (zx)) is bounded too. Thus
xr — AT (z) — 0 as k — co. As in the proof of Lemma 4.3, we find
an zo € U with zx — 29 as k — oo and z¢ — AT (z0) = 0, which
shows that Ay € Agy.

Suppose now that Ay is not open in [0,1]. Then there exists
Mo € Ay and a sequence (Ar) C [0,1] with Ay &€ Ay and A\ — X\ as
k — oco. Let 2o € U be such that AT (zg) = x9 and let r > 0 be
such that B = B, (xg) C U. Then for each £,

ye = (J = MeT) (z0) € (J = \T) (B)

and 0 ¢& (J—NT) (B). From Lemma 4.4, (J — \T) (B) is open. So
we may find
2z € seg[0,yk] N O(J — NT) (B).

From Lemma 4.3, (J — A7) (B) is closed, so we have 0 (J — \T) (B) C
(J — A7) (0B) . Thus, there exists zx € 0B with (J — AT (z1) = 2.
Since yr — 0 as k — oo, we also have that 2y — 0 as k& — oo. Hence
(J —XT) (zx) — 0 as k — oo, and again as in the proof of Lemma 4.3,
we obtain an T € 0B with zy = T as k — oo and (J — XT) (z) = 0.
Since Z # xp, this contradicts the one-to-oneness of J — A\g7T. U

We now present a continuation theorem for accretive maps on Hilbert

spaces which generalizes Theorem 3.5. The result is due to O’Regan
[104].

Theorem 4.6 - Let X be a Hilbert and U an open bounded subset of
X. Suppose T :U — X s demicontinuous with J —T accretive and
T(U) bounded. Also assume that

(1—=XNzo+ AT (z) # x for all x € OU, X € [0,1]. (4.2)

for some xzog € U. Then T has a fixed point in U.
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Proof. We may suppose zg = 0. For each p € (0,1), the map T, =
~(1—=p)J+T is demicontinuous, with J — 7T}, strongly accretive. In
addition, it is easy to check that T}, also satisfies (4.2). Now Theorem
4.1 guarantees that there exists a unique z, € U with z, -7, (z,) = 0.
Denote by zj the element z, for p=1—-1/(k—1). Then

zp—(1—=1/k)T (zx) = 0.

As in the proof of Theorem 3.5, we have that (z3) is convergent. It is
clear that its limit is a fixed point of T. O

4.3 Applications to Boundary Value Problems
in Hilbert Spaces

We describe a typical example involving accretive maps.
Let us consider the two point boundary value problem

{ W= f(tu,u), tel=][0,1]

w(0) = u(l) = 0 (43)

in a Hilbert space E. We look for classical solutions u € C%(I; E) if
f is continuous and Carathéodory solutions u € W22 (I; E) when f
is L2-Carathéodory.

We have the following existence results:

Theorem 4.7 Let (E,(.,.)) be a Hilbert space and f : I x E x E —
E. Assume that f is continuous (resp., f(.,u,v) measurable for each
(u,v) € E? and f(t,.,.) continuous for a.e. t € I). In addition,
suppose that the following conditions are satisfied:

(i) for each v > 0 there exists hy € L?*(I) and ¢, >0 with

lf (G u,v)] < he(t)+er v, ae tel|u<rvek;

(ii) there exists a >0 and b>0 with

—(f (tu,v) = F(6,5D), u—1) < alu—a]*+blv—3||lu—7
(4.4)
foraetel andal u, T, v, 7 € E;



62 Theorems of Leray-Schauder Type and Applications

(iii) a/m% +b/4 < 1.

Then (4.3) has a unique classical (resp., Carathéodory) solution.

Proof. We shall apply Proposition 4.5. Using the notation in Chapter
3, we note that (4.3) is equivalent to the fixed point problem

u="T(u), uEWOI’Q(I;E)

for T = L™'Fj, on the Hilbert space VVOI’2 (I; E) endowed with the
inner product

(s by = [ G (0, (1)
and the corresponding norm [[ull; o = [|u'lly, where
§iWo (LE) = C(LE)x I*(LE), j(u)=(uu),
F:C(LE)x L*(IE) — L*(IE), F(u,v)=f(.,u,v)
and
L IL2(LE) - Wy (LE), L '(w=u, u =v.

From (i), the map F' is well defined, continuous and sends bounded sets
into bounded sets. Also, j and L™! are linear and bounded. Thus, T is
continuous and sends bounded sets into bounded sets.
Now we show that J—T is strongly accretive on (W(}? (LE),|. |]072) .

To do this we use the Wirtinger and Opial inequalities (Proposition
2.11). Note first, if v € L? (I; E), then u = L1 (v) solves the problem
v (t) =v(t) on I, u(0) =u(l) = 0. If we multiply the equation by
w (t), where w € W01’2 (I; E), and we integrate, we obtain

<L_lv, w>0 = — (v, w), forallwe WS’Q (L E).

3

Now, for any w1, us € VVol’2 (I; E), we have
(J=T)(w) = (J=T) (uz), w1 —u2)g,
= [Jug — U2H3,2 — (T (w1) =T (u2), w1 — U2>0,2

= flur — w5, — (L7 (F (w) = F (w2), w1 —u2),
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= [lur — uallgy + (F (w1) = F (u2), u1 ~ ua), .

Using (4.4), Wirtinger and Opial inequalities, we obtain

— (F (u1) = F (up), w1 — u)y < allur —uzll3 +blluy — uallg, /4
a b 2
< <ﬁ + Z) flur — uallg o -

(J=T) (w) = (J = T) (u2) , w1 —u2)g

a b 2
2 (1 T2 Z) Jur — U2||0,2-

Hence J — T is strongly accretive and so all the assumptions of Propo-
sition 4.5 are satisfied. O

Therefore

Theorem 4.8 Suppose that all the assumptions of Theorem 4.7 are
salisfied excepl (i1i) which is relazed Lo

a b

—+- < 1. ‘ 4.5

S+ < (4.5)
In addition suppose that there exists a closed linear subspace X of
W, (I;E) and a number R >0 such that T (X) C X and

HU||0,2 < R (4.6)

whenever u € X and u = AT (u) for some \€[0,1]. Then (4.8) has
at least one classical (resp., Carathéodory) solution in X.

Proof. Using the argument in the proof of the above theorem, we see
that 7T is continuous, sends bounded sets into bounded sets and J — T
is accretive. Thus we may apply Theorem 4.6, where U is the open ball
Br(0) of (X, [|.lloz) and @ =0.0

An a priori bound R like that in condition (4.6) can be obtained
for nonlinearities f with symmetry:

Theorem 4.9 Let (E,(.,.)) be a Hilbert space and f : IXEx E — E
continuous. Assume that (i), (i) and (4.5) hold. In addition suppose
that f is symmelric, i.e.

f(d—=tu,—v) = f(tu,v), (4.7)
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and that there exists r > 0 such that
(u, f(t,u,0)) + v* > 0

forallt €I andall u,v € E satisfying |u| > r and (u, v) =0. Then
(4.3) has at least one classical solution v with w(t) =u (1l —1t) for all
tel.

Proof. We shall apply Theorem 4.8. Let
X = {ue Wi (E); uw(1—t)=u(t) forall t € 1}.
For any u € X, we have u' (1 —t) = —u' (t) and, from (4.7), we obtain
(Ff) () ~t) = F(u,2) (1 -1)
=fl-tu(l—0t),d' 01-¢) = F1—t,u®),—u ()

= ftu(t), v (1) = F(u,d) @) = (Fj) (u) (1)

Also, if v € L*(I;E) and v(1—t) = v(t), then direct computation
using Green’s function (2.32) shows that

(L7W) (1-10) = (271) ().
Consequently, 7'(X) C X. Now, let w € X with u = AT (u). Since

[ is continuous, u € C?(I; E) and «'(1/2) = 0. As in the proof of
Theorem 2.13, we have ||u|_, <r. Then, from (i),

t
/ o’ (s)ds
1/2

< [ () bl () ds < Ate [l ()]s

1/2 1/2

[u' ()] =

< /1/2lf(s,u(s),u’(s))Ids

for all ¢ € [1/2,1] and some constant A > 0. Now Gronwall’s inequality
guarantees that ||u'||,, < R for some constant R > 0 independent of
u. Clearly, [lullp, = [[u'lly < 'l < R. D



5. Continuation Theorems
Involving Compactness

This chapter presents Leray-Schauder type theorems for completely con-
tinuous maps on Banach spaces and their generalizations, maps of Kras-
noselskii, Darbo, Sadovskii and Ménch type.

5.1 Monch Continuation Principle

Let us start with the definitions.

Let X be a Banach space and P the family of all bounded sets of
X. Denote by « the Kuratowski measure of noncompacitness on X, that
isa:P—Ry,

a(S) =inf {d > 0;S admits a finite cover by sets of diameter < d}.
The following properties hold (for proof see [[32], Proposition 2.7.2]):
(a) a(S) =0 if and only if S is compact.

(b) « is a seminorm, i.e. a(AS) = |A|a(S) and
Oé(Sl + SQ) < 01(51) -+ 05(52) .
(¢) S1 C Sy implies a(S1) < a(S2). Also
a(S1US2) = max {a(S1), a(S2)}.
(d) a(conv S) = a(S) = a(S).

65
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A continuous map T: D C X — X is said to be

(a) compact if T (D) is relatively compact;

(b) completely continuous if T (S) is relatively compact (i.e. T (S)
is compact) for every bounded set S C D;

(c) of Krasnoselskii type if T = Ty + T, where T7 is completely
continuous and 75 is a contraction;

(d) set-contraction (of Darbo type) if there is a p € [0,1) with

a(T(S)) < pa(S) for every S C D bounded;
(e) condensing (of Sadouvskii type) if
a(T(S)) < a(S) for every bounded S C D with a(S) > 0;
(f) of Ménch type if there exists an xp € D with
S C D countable, S C tonv {{zo} UT (S)} == S compact.

Obviously, each compact map is completely continuous, each com-
pletely continuous map is of Krasnoselskii type; each map of Krasnosel-
skii type is a set-contraction; each set-contraction is condensing and each
condensing map on a bounded set is of Ménch type. Also note that if D
is bounded, then the notions of compact map and completely continuous
map coincide.

Let us first recall Schauder’s fixed point theorem.

Proposition 5.1 Let X be a Banach space, D C X nonempty closed
conver and let T : D — D be a compact map. Then T has a fized
point.

The following generalization due to Ménch [93] contains, as particu-
lar cases, the fixed point theorems of Krasnoselskii, Darbo and Sadovskii
for self-maps of a closed bounded and convex set.

Proposition 5.2 Let X be a Banach space, D C X nonempty closed
conver and T : D — D a continuous map satisfying

S C D countable, S = conv {{zc} UT (S)} = S compact (5.1)

for some xzog € D. Then T has a fixed point.
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Proof. We construct the sequence
Dy, = conv {{:170} UT(Dk)}, Dy = {:170} .

Let D' = >0 Dr and D* = D’. We have that D’ is a convex subset
of D since Dy C Dgyy. In addition D' = conv{{ze}UT (D')}.
Hence D* is closed convex and T (D*) C D*. On the other hand, we
inductively see that Dy is compact. So there exists for each k a
countable set Cj, C Dy with C, = Dj. Consider the countable set
C = Uk>oCk- We have D' =C. Also

eonv {{z0} UT (C)} = conv {{=} UT (D)} = C.

Thus C = D* is compact. So T is a continuous self-map of the
nonempty compact convex set D* and we may apply Schauder’s fixed
point theorem to deduce the result. O

The corresponding Leray-Schauder type theorem is the following re-
sult also due to Ménch [93].

Theorem 5.3 Let X be a Banach space, K C X closed convexr and
U C K bounded open in K. Denote by OU the boundary of U with
respect to K. Assume T : U — K is continuous and that for some
xo € U, the following condition is satisfied

S C U countable, S C eonv {{zo} UT(S)} = § compact. (5.2)
In addition assume that
(I1=XNaxo+ AT (z) #x for all zx € 3U and X €[0,1]. (5.3)

Then T has a fized point in U.

Proof. If U = K, then the conclusion follows directly from Proposi-
tion 5.2. Assume U # K and so that U # (). Define the homotopy
H:Ux|[0,1] > K by

H(z,X) = (1 =X zo+ M (z) (5.4)

and let
¥ = {z e€U; H(x,)\) =z for some A € [0,1]}.
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Since H is continuous, ¥ is closed. Also (5.3) guarantees that X
and QU are disjoint. So, from Urysohn’s lemma, there exists v &€
C(U; [0,1]) with v(z) =0 on 8U and v(z)=1 on X. Define

D = conv {{zo} UT(U)}

and T:D — D by

~, . _ | H(zv(z)) forzelU
T'(z) = { zg forx ¢ U.

It is easy to check that 7' is a continuous self-map of D. Now we prove

that T satisfies (5.1). Let S C D be a countable set with S = conv

{{zo} UT (S)}. Using (5.4), we see that

conv {{zo} UT ()} = comv {{zo} UT(S N T)}.

So, by (5.2), S N U is relatively compact. Further the continuity of T
implies that T(S N U) is relatively compact. Thus, by Mazur’s lemma,
the entire set S is compact. Therefore, we may apply Proposition 5.2
to T and we may deduce that there exists an © € D which is a fixed
point of T. Since zg € U, we have z € U and so H (z,v(z)) = .

This shows that z € ¥. Consequently, v(z) =1 andso T (z) =z. O

Remark 5.1 In particular, if T is condensing, set-contraction, or
compact, then so also is T and so instead of Proposition 5.2 we may use
the fixed point theorem of Sadovskii, Darbo, or Schauder, respectively.
Thus, Theorem 5.3 becomes in particular, a theorem of Leray-Schauder
type for condensing, set-contraction and compact maps.

5.2 Granas’ Topological Transversality Theorem

In Theorem 5.3, the map T is connected to the constant map zy by
means of the simplest homotopy (1 — A)zo + AT. The question we ask
is what kind of maps can replace the constant map zo so that the
conclusion of Theorem 5.3 remain valid for other homotopies? For an
answer, we need the notion of an essential map.

Let X be a Banach space, K C X closed convex and U C K
nonempty bounded and open in K. TLet M be any of the following
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classes Mg, Mp, M¢ of all condensing, set-contractions, respectively
compact maps from U into K, which are fixed point free on 8U. In
the next chapter we shall write M(U; K) instead of M, when this will
be important. A map T € M is said to be essential in M if every
T' e M with T"(z) =T (z) on OU has a fixed point.

The following result is known as the topological transversality the-
orem and is essentially due to Granas [55] (see also [154], [51], [76],
[127)).

Theorem 5.4 Let H:U x [0,1] — K be condensing (set-contraction,
compact, respectively). Assume

(a) H(z,\) # z for all 2 €0U and X€0,1];
(b) Hy is essential in Mg (Mp, Mg, respectively).

Then, for each X € [0,1], there exists a fized point of Hy in U.
Moreover, Hy 1is essential in Mg (Mp, Mc¢, respectively) for every
A€ [0,1].

Proof. It is sufficient to prove that the conclusion holds for A = 1.
Let T) € M be any map with Tj (z) = H;(z) on OU. Define a new
homotopy connecting Hg to 71 via Hjy,
H (z,2)\), A €[0,1/2]
H(z, )\ =
20— N Hi () +2(N—-1/2)T1 (z), A€ [1/2,1]

It is easy to see that O is condensing (respectively, set-contraction or
compact) like H. Let

S ={zelU; H(z ) =z forsome A €[0,1]}.

Clearly ¥ and OU are disjoint. Let v € C(U; [0,1]) with v(z) =0
on U and v(z) =1 on ¥. The map Ty (x) = H (z,v (x)) belongs
to M and Tp(z) = Ho(z) on OU. Since Hp is essential, Ty has
a fixed point, say y. Then y € ¥ and so v(y) = 1. Consequently,

To (y) = T1 (y) which shows that y is a fixed point of 7. O

Proposition 5.5 Any constant map o, where xg € U, 1is essential
in Mg (Mp, Mg, respectively).
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Proof. Let TeM and T () =z¢ on 8U. Theset D =conv T(U)
is nonempty (zg € D) closed bounded and convex, while the operator

S~ | T(z) forzeU
T(w) = { zg forx € D\U

is condensing (respectively, set-contraction or compact) and maps D into
itself. Consequently, by Sadovskii (respectively, Darbo, Schauder) fixed
point theorem, there exists y € D with T (y) = y. We now observe
that y ¢ D\ U and hence T (y) =T (y). Thus T has a fixed point. O

5.3 Measures of Noncompactness on C(L;E)

In this section we derive some useful results for equicontinuous subsets
of C(I; FE), where E is a Banach space.

For a family M of functions w: I — E, we define M (t) = {u(?);
u€E M} CFE foreach t€l.

Lemma 5.6 Let (E,|.|) be a Banach space and M C C (I; E) equicon-
tinuous with M (t) bounded for each t € I. Then

1) for all t,s€ I, one has
la (M () —a(M(s))| < 2w (M;|t—s]),
where w (M; §) is the modulus of continuity of M, namely

w(M;§) =sup {Jut) —u(s)|;t,sel,|t—s| <bue M}.

2) We have ) 1
a(/o M(t)dt) g/o o (M (1)) dt, (5.5)

/OIM(t)dt = {/Olu(t)dt;ueM}.

Proof. 0) We first prove that for every bounded sets 51, So C E,

where

o (S1) — @ (S2)| < 2dpp (S1, Sa), (5.6)
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where dgp denotes the Hausdorff-Pompeiu metric, i.e.

dp (S1, S2) = max{sup d(z,S2), sup d(z,S1)},
z€S z€S5,

here d being the distance from an element of E to a set of E, i.e.
d(z, S) :;relg |z —yl.
To prove (5.6), let € > 0 and take a partition of S, S; = TLj S1k
with diam S1x < @ (S1) +¢ for all k. Let p=dgp (S, S2) -l-g:land
Sor = {y € Sa; there is z € S with |x — y| < u},

m
k=1, 2, .. m. Itiseasy to see that Sy = Sor and
k=1

diamSy;, < diamSyx + 2p < «(S1) + 2dgp (S1, S2) + 3e.

Hence

Q(SQ) < Oé(Sl) +2dygp (Sl, 52) + 3e.
Similarly

«x (Sl) < @ (52) +2dygp (Sl, 52) + 3e.
Thus

|Oé(51) — OZ(SQ)| < 2dgp (Sl, SQ) + 3e.

Since ¢ is arbitrary, this implies (5.6).
1) Now the first part of Lemma 5.6 immediately follows using the
obvious inequality

dup (M (£), M (s)) < w(M; [t — 3]).

2) By the equicontinuity of M, for each ¢ > 0, thereis § > 0
such that |u(t) —u(t)| < e for [t—t| < § and all uw € M. Thus,
dup (M (t), M (t')) <& whenever |t —1t'| <§. Consequently,

la(M () —a(M(t'))] < 2 for|t—t] < 6.

Thus « (M (t)) is continuous on I. To prove (5.5), for any integer m,
m > 1, consider the partition (tx);-.,; of I, where tg=0,t, =1 and
ty —tg—1 = 1/m for 1 <k <m. For any given ¢ > 0, thereis N such
that m > N implies

lu(ty) —u(t)] < e foralue M, te [tx1,tx],1 <k <m.
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Then

m

Z/ u(ty) —u(t)] dt

kltk1

u(tk)/m—/lu
0

k=1

m  lk
<y / u(ty) —u(t)|dt < e, we M, m>N.
k=lg,”

It follows that

({Z (te) /mueM} 0/1M )<s, m>N

and by (5.6),
o ({iu(tk)/m, u € M}) -« (/M(t)dt) < 2.
k=1 0
Consequently

" 1
a({Zu(tk)/m;ueM}> Ha(/M(t)dt) as m — 0.
k=1

On the other hand

m m 1
a({Zu(tQ/m;uEM}) _TIEZ M (t)) —>/a

k=1 k=1 5
O

The next result is a generalization due to Ambrosetti [8] of the clas-
sical Arzela-Ascoli theorem.

Lemma 5.7 Let E be a Banach space and M C C (I; E) equicontinuous
with M (t) bounded for each t € I. Then M is bounded in C(I; E)
and

a(M) = max {a(M(t);tel}.
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Proof. We first observe that, by Lemma 5.6, o (M (t)) is a continuous
function on I, so max{a (M (t)); t € I} exists.

For a given ¢ > 0, by the equicontinuity of M, we can cover I by
a finite number of subintervals I (tx), k=1, 2, ..., m, with

lu(t) —u(te)] < e forallue M, tel(ty) and k. (5.7)
For any t € I, thereisa k € {1, 2, ..., m} with t € I(t;). Then
u(6)] < fu(t) = u(t)] + (b)) < &+ Ci,
where C is a bound of |M (t;)|. Consequently,
lu(t)] <e+C foralltel,

where C = max {Ck; k =1, 2, ..., m}, which shows that M is bounded
and so, we may speak about « (M).
Let g > max {a(M(t));t € I}. From (5.7) we have

M(t) C 6 (M (tg) + B:(0)) foralltel.
k=1 :

Then, there exist Ei, Es, ..., B C E with

m P
diamE; < p and | J M (&) C | E;.
k=1 7=1

Thus, M is the union of the finitely many sets
{ue M;u(ty) € Ejj,u(tz) € Ejy,...,u(tm) € E;. },

each of which has diameter < p +2¢. Hence a(M) < p+2¢ and as a
result,
a(M) < max {a(M (t));tel}.

To prove the opposite inequality, let g > «(M). Then there is a

P
partition M = |J My with diam My < p. Hence, for any t € I,
k=1 .

p
M (t) = U Mg (t) and diam My (t) < diam My < p. Consequently,
k=1

max {a (M (t));tel} < a(M).
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From Lemma 5.7, it follows that a set M C C (I} E) is relatively
compact if and only if it is equicontinuous and M (¢) is relatively com-
pact for each t € I.

‘We finish this section with some properties related to another natural
measure of noncompactness on a Banach space X, namely the ball
measure of noncompactness: o° : P — Ry,

a® (S) = inf {r > 0; S admits a finite cover by balls of radius r}.

Notice that the properties (a)-(d) of a are also true for o°. In addition,

a® () < a(S) < 2a°(S) forall SeP.

Here are two interesting properties of a° (see [93]):

1) Let X be a separable Banach space, {zy; k> 1} dense in X
and let X,, be the subspace generating by {zx; 1 <k <mn}. The ball
measure of noncompacness of a countable subset S = {yp; k> 1} C X
can be computed from the formula

a®(S) = lim lim d(ym, Xn).

nN—oC Mm—od

2) If E is a separable Banach space, M C C (I; E) is countable and
bounded, then the function ¢t — a°® (M (t)) is measurable and

o (/OlM(t)dt> < /Olao(M(t))dt.

5.4 The Cauchy Problem in Banach Spaces

In this section we shall generalize some of the existence results described
in Chapter 2 for the Cauchy problem.
Consider the Cauchy problem

{ Zi((,)__) i(z;,ou) , tel (5.8)

and the related parametrized family of problems

{ o= A (t,u), tel (5.9)

u (0) = Uup,
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where A € [0,1].

We seek a classical solution, that is u € C! (I} E) if f is continuous,
and a weak solution v € W' (I, E) when f is only Carathéodory.

There are many papers concerning the Cauchy problem in Banach
spaces. We refer the reader to [6], [11], [31], [87] and the references
therein for a history and additional aspects of this problem.

Suppose w: I xRy — Ry is continuous. We say that w is a Kamke
function of the Cauchy problem if the unique solution v € C (I;Ry) to
the integral inequality

/’LUT, ))dr, tel,

which satisfies u (0) =0, is u(t) =0.
We have the following existence principle which combines well known
earlier results (see [11], [46] and [94]).

Theorem 5.8 Let E be a Banach space, uy € E, R > 0 and let
f: IxBpg(ug; E) — E be a Carathéodory function. Assume f =g+h
where g is uniformly continuous and h is o Carathéodory function.
Also assume that there exists a Kamke function w, n € L' (I;Ry) and
a compact set W C E  such that for each S C Br (ug; E),

a(gt,9) <w(t,a(S)) foralltel (5.10)
and
h(t,u) € n(t)¥ for |[u—upl <R and a.e. t€ I (5.11)
In addition assume that

(B) for every solution u € WH (I; E) to (5.9), where A € (0,1], one
has |u(t) —up| < R for all t €l

Then there exists u € WL (I; E)  that solves (5.8).

Proof. Clearly, u € Wh(I; E) solves (5.8) if and only if u € C (I; E)
solves the integral equation

u( —u0+/fT, ))dr, tel,
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equivalently, if u is a fixed point of the continuous map 7' : D — C,
where C =C (L;E), D={ueC; |u(t) —up| < Ron I} and

t
T (u) (1) = u0+/0 f(r,u (7)) dr. (5.12)
We apply Theorem 5.3 to X = C, zp = uy,
K = conv {{ug} UT (D)}

and
U={ueK; |u(t)—uy| <Ronl}.

Obviously, condition (B) implies (5.3). Now we check (5.2). First we
note that, since D is bounded and f is a Carathéodory function,
T (D) is bounded and equicontinuous. Consequently, K is bounded
and equicontinuous too. Hence each part of K is bounded and equicon-
tinuous. This is the reason for this choice of K. Now let S C U be
such that S C conv {{up}UT (S)}. For each ¢t € I, S(t) C conv
{{uo} UT (S)(¢)}. It follows that a (S (t)) < (T (S)(t)). Since g is
uniformly continuous and S is equicontinuous, we have that g (.,S(.))
is equicontinuous too. In addition, from (5.10), it follows that the set
g (t,S(t)) is bounded for each ¢. Using Lemma 5.6 we obtain

(u0+/ (.5 (v ) (/Otg(T,S(T))dT) (5.13)

g/o a (g (T, d7'</w7', 7)) dr.

Unfortunately, we can not prove that

a</0th(7,5(7))d7) < /Ota(h(T,S(T)))dT.

We can avoid this step by using a trick from [46] as follows: Let b* € E*
and suppose ¥ is contained in the half-space where b* < ¢, that is
b* (z) < e for all z € U. From (5.11), for each u € S and almost all
Tel,

h(r,u(r)) = n(r)ky, forsome k,, € V.

Then
b (h(r,u(r))) = n(r)b" (kur) < cn(r).
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Integration gives

b* </Oth(7',u(7'))d7') < C/Ot’r](T)dT.

Since the intersection of all half-spaces that contain ¥ is its closed
convex hull, we find that

/Oth(f,u(f))df e (/Otn(f)dT)m\p.

Now V¥ is compact and so we have

a(/oth(T,S(T))dT> _ 0.

a(3(0) < a(($)®) = a( [ G+n 5 )

Thus

< a(/(:g(T,S(T))dT) < /Otw(T,a(S(T)))dT.
Hence .
a(S (1) < /0 w(r,a(S () dr, «(S(0) = 0.
Thus «(S(t)) =0 for all t € I and from Lemma 5.7, a(S) = 0.

Therefore S is compact. O

Remark 5.2 In the special case when w (t,u) = [(t)u, where | €
C(I;Ry), and

a(g(t,S) <1l@t)a(S) forany SC Br(up;E), tel, (5.14)

the map T : U — X given by (5.12) is an ag-set-contraction. Here
g is the Kuratowski measure of noncompactness with respect to the
Bielecki norm on C,

Jully = o [exp(—0 ["1(5)ds) 6]

with 6 > 1. Indeed, for each M C U (consequently, bounded and
equicontinuous), we have

@) = o [ FEM @) < [Calolrd () dr
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< /Otl(T)O{(M(T))dT < ay (M)/Otl(T)exp(O/OTl(s)ds)dT

< %ae (M) exp(@/otl(s) ds).

Dividing by exp(0 [i1(s)ds) and taking mazimum when t € I we
obtain )

(872) (T(M)) S 5049 (M)
Thus, under assumption (5.14), the result in Theorem 5.8 follows from
the Leray-Schauder principle for set-contractions.

Remark 5.3 If g(t,u) is Lipschitz with respect to u with Lipschitz
constant I, for all t € I, then (5.14) holds and the map T is the
sum of a contraction with respect to the norm ||. ||, and a completely
continuous map, that is a Krasnoselskit map.

Remark 5.4 If ¢ = 0, then T is compact and the result follows
from the Leray-Schauder principle for compact maps. This case was
considered in [{6].

Remark 5.5 If h =0, then the solutions of (5.8) are classical.

Theorem 5.8 implies the following existence result.

Theorem 5.9 Let E be a Banach space and f: IxE — FE a Carathéo-
dory function. Assume f = g+ h, where g is uniformly continuous
on bounded sets and h 1s a Carathéodory function. In addition suppose
that the following conditions are satisfied:

(i) for each R > 0, there exists a Kamke function wg, ng € L' (I;R4)
and Y C E compact such that

a(g(t,9)) < wr(ta(S))
for all t €I and every S C Bgr (uo; E), and
h(t,u) € ng(t)¥g

for lu—ug| <R and a.e. t€I;
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(ii) there ezists 8 € L' (I;R,) and ¥ : Ry — (0,00) nondecreasing
with 1/v € Li (R.;R) such that

loc

lf @t u)) < B@)Y(Ju]) for all we E and a.e. tel

/I:I wd(:_) > /01[5’(7')(17'.

Then there exists u € WH1 (I; E) that solves (5.8).

and

Proof. As in the proof of Theorem 2.6 we can show that there exists
R > 0 such that |u(t) —up| < R for all ¢t € I and any solution
u € WL (I; E) to (5.9). Then we apply Theorem 5.8. O

Remark 5.6 Remark 2.8 gives us an additional result when E is a
Hilbert space.

Remark 5.7 A wvariant of Theorem 5.8 can be stated assuming that
g 1is only continuous and bounded, and that condition (5.10) holds for
countable sets S, with «o° instead of «. The idea is to consider a
separable closed subspace Eg of E such that ¢ (t,S(t)) C Es for all
t € I, and to use property 2) of a° from the end of the previous section

(see [94]).

5.5 Sturm-Liouville Problems in Banach Spaces

We now return to the boundary value problem

= fu), tel
{ weB (5.15)

in a Banach space E, where B represents the homogenous Sturm-
Liouville boundary conditions

{ u(0) —au' (0) = 0
u(l)+bu' (1) =0

with @, b > 0. Then the linear operator L : Cf — C, Lu = u” is
invertible and we denote by G (t,s) the corresponding Green function.
The inverse of L can be extended to L' (I; E) as follows

L™ LY I,E) - W» (I,E) c C,
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1
(L71) (1) :/0 G (t,7)v(r)dr.

We seek weak solutions v € WL (I, E) if f(t,2), z = (u, v), is
a Carathéodory function, and classical solutions u € C?(I; E) if f
is continuous. Let us also consider the related parametrized family of
problems

(5.16)

o = Af(tu,u), tel
u € B

where A € [0,1].

We say that a continuous function w : I x Ri — R, is a Kamke
function of the Sturm-Liouville problem if the unique solution (g, v),
o, v € C(I;R,), of the following system of inequations

1
o (t) < /0 G (t, 7| w (T, (7)1 (7)) dr (5.17)

1
o) < [ G Enwine @) wn)dr

satisfying ¢ (0) —a (0) =0 and ¢ (1) —byp(1) =0, is p =0, =0.
Theorem 5.3 yields the following existence principle.

Theorem 5.10 Let E be a Banach space, R > 0 and f : IXxBg (0, E)2
— FE a Carathéodory function. Assume f = g+h where g is uniformly
continuous and h is a Carathéodory function. Also suppose that the
following conditions are satisfied:

(a) there exists a Kamke function w such that for each S = (S1, S2) C
Br(0;E)?,

alg(t,S)) < w(t,a(S1),a(S2)) foralltel,;

(b) there exists n € L' (I;R4) and ¥ C E compact such that
h(t,u,v) € n(t)¥ for |u| <R, [v| <R and a.e. t €I,

(c) for every solution w € W2 (I, E) to (5.16), where X € [0,1], one
has
lu(t)] < R, |W (t))| < R foralltel.

Then there exists uw € W' (I; E) that solves (5.15).
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Proof. A function u € W%! (I; E) solves (5.15) if u € Cj solves the
integral equation

u(t) = /1G(t,7')f(7',u(7') ' (T))dr, tel
0
equivalently, u = LNy (u), where
Ny:Do - LM(E), Ny(u)(t) = f(t,ut), (1),
Do = {ueChlu@®)| <R (1) <Rforalltel}.

Hence u is a fixed point of the continuous map 1T : Dy — Cllg, T =
L_le.

We apply Theorem 5.3 with X = C} and norm ||ul| = max {||u|
v} on C', K =conv {{0}UT(Dg)}, zo the null function and
U={ue€ K; |u| < R}. Now (c) guarantees that (5.3) holds. We
now check (5.2). Notice that both K and K’ are equicontinuous. Let
S C U besuch that S C conv {{0}UT (S)}. Let

p(t) = a(S(t) and ¢ (1) = a (S ().

Then a (S (t) < a(T(S)(t) and a(S'(t)) < (T (S) (t)) for all
t € I. As in the proof of Theorem 5.8, we obtain

a</01G(t,7')f(T,S(T),S’(T))dT)
a</01G(t,7')g(7',5’(7'),S’(T))dT)
[ G @niwine @, ve)dr

IA

¢ (t)

IN

AN

Similarly, .
i) < [ 16w (e (), v (r) dr

Thus, ¢ and ¥ satisfy (5.17). Consequently, ¢ (t) =¥ (¢) = 0. Thus
S is relatively compact in C'. O
Theorem 5.10 yields the following result.

Theorem 5.11 Let (E,{.,.)) be a Hilbert space and f: I x E? - E
continuous. Assume f = g+ h, where g is uniformly continuous
on bounded sets. In addition suppose that a+ b > 0 and the following
conditions hold:
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(i) for each R >0, there exists a Kamke function wg, ng € L' (I;R,)
and Wp C E compact such that

a(g(t,5)) < wr(t,a(S1),a(52))
forall t eI and any S = (S1, S2) € Br(0; E)*, and
h(t,u,v) € nr(t)¥g
for all lu| <R, [v| <R and a.e. t€I;
(ii) there exists » >0 such that
(u, f (tu,v))+ v >0 foralltel,
whenever |u| > r and (u, v) =0.
Then there exists u € C? (I; E) that solves (5.15).

Remark 5.8 In Theorem 2.9, h =0 and w (t,u,v) = ¢ (t) (Adou + A1v),
where ¢, Ay and Ay satisfy inequality (2.30). To show that this w is
a Kamke function, we have only to see that (5.17) implies

D5 [ 16,916(6) (Ao (s) + At (5)) ds
1 1/q
<([lewareer ds)  (dolel,+ 4 lvl,)

and similarly

D5 [ 16 6,9)19(6) (Ao (5) + Ay (s)) do

</ |Gy (8, 9)|7 ¢ (s)? d3>1 q (Ao lell, + A W\Ip)-
It follows that

Ao llell, + Ar v, < pp (Ao liell, + A llwll,),

where pp s given by (2.81). Since p, < 1, we have Agli|, +
Ai|[ll, =0. Hence p =0 and ¢ =0.

Leray-Schauder type theorems for other classes of maps involving
compactness can be found in [104], [108]-[113], [131]-[132], [136]. For
other applications see [3], [14], [16], [21], [26], [37]-[39], [57]-[60], [67]-
69], [79)-[82], [86], [97], [99)-[100], [103], [114]-[115], [117], [128]-[129],
[133], [157]. For other methods into the theory of nonlinear differential
and integral equations see [10], [12], [27], [64], [74], [78], [87].



6. Applications to
Semilinear Elliptic
Problems

In this chapter we present applications of the Leray-Schauder type the-
orems to the weak solvability of the semilinear Dirichlet problem

—Au = cu+ f(z,u,Vu) on (6.1)
v =0 ondQ )

under the assumption that the constant c is not an eigenvalue of —A
(nonresonance condition) and that the growth of f (z,u,v) on u and
v is at most linear. Here A is the Laplacian

A —_
u Z Bxk
and V is the gradient

Gun (00 o)
v= Or1’ Oxs’ " Oy )

Such results have been obtained by many authors, see [25], [29], [70],
[98] for example. We particularly refer the reader to the papers [62],
[91] and [137].

More exactly, we consider ©Q a bounded open set of R™ and f :
Q x R*! — R a function satisfying the Carathéodory conditions, i.e.

83
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f(.,w) is measurable for each w € R"™ and f(z, .) is continuous
for a.e. x € 2, and the growth restriction

|f (z,u,v)| < alul+blv|+ h(x) (6.2)

forall ue R, v € R" and a.e. x € ), where ¢ and b are nonnegative
constants and h € L2 ((;Ry).

We look for a weak solution to (6.1), that is a function u € H{ (Q)
with

/Vu-Vvd:E :/(cu—i—f(:lc,u,Vu))vdm for all v € H} (Q).
Q Q

6.1 Basic Results from the Theory of Linear
Elliptic Equations

We shall use basic facts from the L? theory of the linear elliptic equa-
tions (for details, we refer the reader to {17], [28], [52] and [144]).

a) Sobolev spaces. For any integer m > 1, we denote by H™ (Q)
the set of all real functions u defined in € such that » and its
distributional derivatives D®u of order || < m all belong to L%(Q).
H™(Q) is a Hilbert space with the inner product

(u, U>m,2 = Z (D%u, D%), .

laf<m

Let C&° () denote the space of all functions v € C* () with compact
support in Q. The closure of C5°(2) in H!()) will be denoted by
H}(Q). Since 2 is supposed to be bounded, we may consider on
H (Q) another inner product and the corresponding norm:

(w, V) 5 :/Vu~Vvd:E, )2, = / Vul? da.
’ Q ’ Q

where we have denoted by Vu - Vv the euclidian inner product of Vu
and Vwv. Poincaré inequality guarantees that ||.[|,, and [|.[[o, are
equivalent norms on H} ().

b) The Rellich-Kondrachov theorem. 1) The imbedding of H{ ()
into L? () is completely continuous. 2) If in addition Q is C*, then
the imbedding of H'(Q) into L2(Q) is completely continuous.
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c) The inverse of —A. For each v € L?({2) there exists a unique
u € HE () with
(U, W)y = (v, w)y, forallwe H3(Q). (6.3)
Let (—A)™'v =wu. The map
(=A)" L2 (Q) — Hy ()

is linear bounded and, by the Rellich-Kondrachov theorem, (—A) ! is
completely continuous from L% () into L? ().

d) Regularity of weak solutions. If € is C?, then (—A)™! (L% (Q2)) C
H2 () and the linear map (—A)™" is also bounded from L? () into
H?(Q).

e) Eigenvalues. Let

0 <A <A< A3 <..< A €.l
be the sequence of all eigenvalues of —A. We know that
1/x = sup{[[(=2) 10|
Also note that
M= inf {ul$, /Ilull3; v e Hy () \{0}}. (6.4)

f) Eigenfunctions. There exists a Hilbert base (orthonormal and
complete) (¢r)y>y in L? () of eigenvalues. Hence

Lv eI (9), ol =1}

v _ ) Ofork#j
(ow, 0idy = { 1 for k = j,

(b Whoz = M (o, W)y for all w € H] ()
and

v = Z (v, i)y o for all v € L? (Q)
k=1

Moreover, the sequence (/\,:1/ 2 @k)k>1 is a Hilbert base in
(Hg (), (., .)g2)- Thus, for each w€ H} (), one has

u =) ckpr, where ey = (u, Pr)oo /M = (U Pr)s- (6.5)
k=1
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Notice that for each k, ¢ is analytic on €2 and consequently, (2 (z) >
0 for a.e. z € . Also recall that ¢ () >0 for all z € Q.

g) The Nemitskii superposition operator. If g : QxR™ — R satisfies
the Carathéodory conditions and the growth condition

g9 (z,u)] < Clul+h(z)

for all w € R™ and a.e. z € ), where C is a nonnegative constant
and h € L?(Q;R4), then the Nemitskii operator

ur— g(.,u(.))

is well defined, bounded (sends bounded sets into bounded sets) and
continuous from L? (Q; R™) into L?(Q).
h) An auziliary result.

Lemma 6.1 Let ¢ be any constant with ¢ # Ay for k=1, 2, .... For
each v € L?(Q), there ewists a unique weak solution u € H} () to
the problem

Lu:= -Au—cu =v on {2

u=0 onoQ

denoted by L™ 'v, and the following eigenfunction expansion holds
=3 (k=07 (v, gy ek (6.6)
k=1

where the series converges in H} (Q). In addition,

I‘L_IUHQ < pelwlly,  for all ve L*(Q) (6.7)

where
te = max{])\k — ™ k=1, 2, } .

Proof. We first prove the convergence of the series (6.6). Since
()\“1/29%) is a Hilbert base in (Hol ), (., .)072) , we have

2
m—+p 1
S M=) (v, or)y ok
k=m-1 0,2
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m+p m-+p

= Z (, pr)ade/ (A —¢)? < C Z (v, Pr)5

k=m+1 k=m+1

where C is a constant such that X, / (Ay —¢)?> < C for all k. Thus
the convergence of (6.6) follows from the convergence of the numerical
series Y (v, @x)3 (Bessel’s inequality). Let u € Hy (Q) be the sum of
series (6.6). Next we check that Lu = v weakly, i.e.

(u, w)oo —c(u, w)y = (v, w), foralwe H} ().

Indeed, we have

W)y = 3 O — )~ (v, 01 (i W

k=1

= i Ak (Mg — ) (o, ©k) o (Prs W)y
k=1

and -~

=D (=) (v, gr)a {9k, W)y

k=1
Hence -~

(u, w)og Z U, Pk)o (P, W)y
= <Z <U7 Wk)Q Pk ’U)> = <U7 ’U)>2
k=1 2

as desired.

The uniqueness follows from c¢# A, k=1, 2, ...
To prove (6.7), observe that

m
Z (M —¢c) (v, er)o k|| — HL_lvHZ as m — oo

and, on the other hand,

m
‘Z (M —0¢)” U‘Pk)Q‘Pk
k=1

Z Ok —¢) 2 (v, )3

m
< EZ v, o)y — e |lvll3 -
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6.2 Applications of the Banach, Schauder and
Darbo Fixed Point Theorems

Fixed point formulations of problem (6.1)

1) We can write (6.1) as the following fixed point problem on H{ (€2) :
A(u) =u, where

A:HY Q) — HY(Q), A= L'F
here
F:H(Q) — L*(Q), Fu)(z) = f(z,u(z), Vu(z)).
1

Clearly, any fixed point of A belongs to the subspace (—A)™" (L% (22))
of H} ().

2) If we look a priori for a solution u of the form u = L™ v with
v € L2(), hence in the subspace (—A) (L% (£2)), then we have to
solve a fixed point problem on L%(Q): T (v) = v, where

T:L2(Q) —» L2(Q), T(v) = f(.,L7, VL v). (6.8)

‘We now show how the fixed point theorems of Banach, Schauder and
Darbo can be used to obtain existence results for problem (6.1). Also
we shall see that better results can be obtained if we use Leray-Schauder
type theorems.

Theorem 6.2 Suppose
Aj<ec< Ay for some jEN, j>1, or 0<c< Ay (6.9)

Also assume that f satisfies the Carathéodory conditions, f(.,0,0) €
L?(Q) and

|f (z,u,v) — f(z,%,7)] < alu—a|l+blv— 7| (6.10)

forall w, ue R,v, v € R" and a.e. x € ), where a, b are two
nonnegative constants with

apte + by e (1 + cue) < 1. (6.11)

Then (6.1) has a unique solution u € H} (Q). In addition
TF (w) — v in L*(Q) as k — oo
for all we L?(Q), where u= L 1v.
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Proof. Using g) we immediately see that the map (6.8) is well defined.
Let us show that 7' is in fact a contraction. For this, let v1, vo € L% ().
Then, from (6.10), we have

T (v1) — T (v2)ly < aHL-l (01 -—vz)Hz—{—b”L’l (i = w2,

From (6.7), we have
L7 0 = w)||, < pellen —val]

which together with (6.3), yields

2

ol = o 0o

0,2
+ <v1 —vg, L (01 — v2)>2 < cp? fjur — volfy + pe llvr — vell3 .-

[ @ =), < VoGt emd ba = waly. (612

Consequently

I7 (o) = T2}l < (o + b/ 1+ che)) o = vall.

This together with (6.11), shows that 7" is a contraction. The conclusion
follows from Banach’s fixed point theorem. O

Thus

Remark 6.1 If ¢ =0, we have u. = 1/A\1 and (6.11) reduces to the
inequality

@b
MoV

This case was discussed in [[62], Theorem 1].

Notice in Theorem 6.2, that no smoothness assumption on Q is
required.

Theorem 6.3 Suppose that Q is C%, (6.9) holds and f satisfies the
Carathéodory conditions and (6.2) for a, b asin (6.11). Then (6.1)
has at least one solution v € H? (Q) N HJ ().
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Proof. By d), VL v € H! (; R") and so,
(L_lv, VL‘lv) c 0 (Q; R"+1).

Next, by the Rellich-Kondrachov theorem, the imbedding of H' (Q; R™*1)
into L? (§; R™"1) is completely continuous and since the Nemitskii op-

erator f(.,u(.)) from L2 (Q;R™"1) into L?(Q) is continuous and

bounded, it follows that T is completely continuous from L? (2) into

itself. On the other hand, similar estimates to those in the proof of

Theorem 6.2 show that

IT @, < oL, + b 2700, + 11kl

< (a#c Fby/ue (1t cm) lolla + 1A, -

Now (6.11) guarantees that T is a self-map of a sufficiently large closed
ball of L?(2). Thus we may apply Schauder’s fixed point theorem. O

If ¢ =0, Theorem 6.3 reduces to a result in [[62], Theorem 2].

The smoothness of £ was required to show the complete continuity
of T, in the case when f depends on Vu. In the next theorem the
map T will be only a set-contraction and the smoothness assumption
on € will not be necessary.

Theorem 6.4 Suppose (6.9) holds and that f has the decomposition

f(z,u,v) = fo(z,u,v) + f1(z,u),

where fo and fi satisfy the Carathéodory conditions, fo(.,0,0) €
L?(Q) and the following inequalities are true

|fo (z,u,v) — fo(x,@,7)] < aglu—a|+blv—7|

|1 (@, u)] < arful +h(z)

forall u,u € R, v,v € R® and a.e. + € Q, where h € L?(Q). If
a=ag+a; and b satisfy (6.11), then there exists u € H} () that
solves (6.1).

Proof. We decompose T as follows T =Ty + 11,

To (v) = fo(., L7 0, VL™ ), T (v) = fi(.,L7 )
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where T is completely continuous and Ty is a contraction. Hence T°
is a set-contraction. From (6.11), 7' maps a sufliciently large ball of
L2 (Q) into itself. Thus we may apply Darbo’s fixed point theorem. O

For example, if f = f(u), where f € C(R) and f(u)/u— 0 as
|u] — 0o, then we may choose ap =b =0 and a = a; small enough so
that ap. < 1. Thus, (6.11) is automatically satisfied.

6.3 Applications of the Leray-Schauder Type
Theorems

Theorem 6.5 Suppose that Q is C? and that f has the decomposition
flz,u,v) = g(z,u,v)u+ folz,u,v)+ f1(z,u,v)

where g, fo, f1 satisfy the Carathéodory conditions. Also assume that:

| fo (z,u,v)] < alu|l+blv|+ ho(z) (6.13)
|f1(z,u,0)] < a1 ful + b1 [v] + b (z) (6.14)
uf (z,u,v) <0 (6.15)

-M < g(z,u,v)+c < < X\ (6.16)

Joral ueR,veR” and a.e. z € Q, where a, b, a1, b1, 8, M € Ry
and hg, hy € L? (Q;Ry). In addition assume that 0 <c <[ and

a/M +b/v/A1 < 1-8/)\. (6.17)

Then (6.1) has at least one solution u € H? (Q)N HL(Q).

Proof. We look for a fixed point v € L?(Q) of T. As above, T :
L?(Q) — L?(Q) is a completely continuous map. Now we show that
the set of all solutions to

v = AT (v) (6.18)

when X € [0,1], is bounded in L?(Q). Let v € L?(2) be any solution
to (6.18). Let u = L~ 'v. It is clear that u solves

{ —Au—cu = Af (z,u,Vu) onQ (6.19)

v =0 ondf.
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Since u is a weak solution of (6.19), we have
Hu]]%2 = (cu+ Af (z,u, Vu), u),.
Using (6.15), (6.16) and ¢ < 3, we obtain
R(u):= |lullgz ~ B llull; (6.20)

S ||u“g,2 - <C’U, =+ /\g (lL',’lL, Vu) U, u>2 S l(fO (.TL',’IL, Vu) ’ u>2| .
From (6.5), we see that

R(u) = {2 M —B) et > i/\k(l—ﬂ//\l)c% (6.21)
k=1 =1

= (1=5/M\) llullgz-

Return to (6.20) and use (6.4), (6.13) and Hdélder’s inequality to obtain
(=82 fulfy < [ (a0 +5[9u] ful + ho ful) do

< (a/M+0/VAL) ullg 2 + Cllully,

for some constant C' > 0. Thus (6.17) guarantees that there is a constant
7 > 0 independent of A\ with |lully, < 7. Finally, a bound for ||,
can be immediately derived from (6.18). The conclusion now follows
from Theorem 5.3. O

Remark 6.2 If in Theorem 6.5 [ does not depend on Vu, then the
existence of at least one solution u € Hi (Q) to (6.1) follows without
any assumption on the smoothness of 1.

When g = f; = 0, Theorem 6.5 reduces to Theorem 6.3 for 7 = 0.
Indeed, we have 3 =c < A1, pe = 1/ (A1 —¢) and it is easily checked
that (6.17) is equivalent to (6.11).

For g =0,¢=0 and fy = hg, Theorem 6.5 was established in
[[137], Theorem 4].

If only fo depends on Vu and fy satisfies a Lipschitz condition,
we can prove a similar existence result by means of the Leray-Schauder
theorem for set-contractions without the smoothness hypothesis on €.
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Theorem 6.6 Suppose that f has the decomposition
fz,u,v) = g(z,u)u+ folz,u,v)+ f1(z,u)

where g, fo, f1  satisfy the Carathéodory conditions and fu(.,0,0) €
L2(Q). Also assume that the following conditions are satisfied:

|fo (z,u,v) = fo(x,q,v)] < alu—a|+blv— 17|

|f1(z,u)] < ar|ul + h(z)
ufi (z,u) <0
—M < g(z,u)+c< B <\

forallu,ue R, v, v € R" and a.e. x € Q, where a,b,a;, 3, M € R,
and h € L? (Q;Ry). In addition assume that 0 < c < 3 and (6.17)
holds. Then (6.1) has at least one solution u € Hy ().

Proof. Let T =Ty + T, where
To (v) = fo ( ,L*IU,VLﬁlv)
and ‘
T (v) =g ( , L_11)> L v+ £ (.,L‘lv)

for v € L? (Q). Then T is a completely continuous map, while Ty is a
contraction since (6.17) implies (6.11). Hence T is a set-contraction on
L?(Q). Next the a priori bound of solutions is obtained by essentially
the same reasoning as in Theorem 6.5. O

Notice that when g = f; =0, Theorem 6.6 reduces to Theorem 6.2
for 0 < e < Ay

Theorem 6.7 Suppose that Q is C? and f has the decomposition
flz,u,v) = g(z,u,v)u+ fo(z,u,v)+ f1(z,u,v),

where g, fo and fi satisfy the Carathéodory conditions. Also assume
that conditions (6.14), (6.15) and

Ifo (z,u,v)] < alu|”+b|v]" + hg (z) (6.22)

—M < g(z,u,v)+c < B(z) < A\ (6.23)
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are satisfied for all u € R, v € R™ and a.e. x € (), where a, b, a;,
by, M e R,, € L™ (Q), ho, h1 € L? (Q;R+) and v, n € [0,1). In
addition assume that 0 < c¢ < B(z) ae on Q and f{z)< M ona
subset of Q of positive measure. Then problem (6.1) has at least one
solution u € H? (Q) N Hy (Q).

Proof. As above, T : L?(2) — L?(f2) is a completely continuous
map. Now we show that the set of all solutions to (6.18) is bounded in
L?()). Let v € L?(Q2) be any solution to (6.18) and u = L™'v. Since
u is a weak solution of (6.19), we have

HUH(Q),Q = <CU + >‘f (SC,U, VU) ’ u>2 '

Using (6.15) and (6.23), we obtain

R(w =, ~ [ B)wtde < [(fo(e,u,Vu), u)yl.  (6:24)
Now we show that there exists € > 0 with
R(w) 2 cllulf.

First we note that R(u) >0 for all u € H} (2) and R(u) =0 if and
only if u = 0. Indeed, using (6.5) and (6.23), we have

(u) Z)\k—— 0%20

If R(u) =0, then the above inequalities imply ¢ =0 for all k£ > 2,
that is u = c1¢01. So,

0= R = ¢ [ (Ve = B@)¢d) do

= & [ - @) etz

Since 1 (z) >0 on Q and \; —B(z) > 0 on a set of positive measure,
this implies that ¢; = 0 too. Hence u = 0.

Suppose now that such an € > 0 does not exist. Then, there is a
sequence (uy) with

lukllos =1 and R(ug) — 0 as k — oo.
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Due to the compact imbedding of H} () into L?(£2), we may suppose,
passing if necessary to a subsequence, that

up — win L?(Q) and u, — u(weakly) in Hj ().

It is known that [[ull,, < liminf [jugll,,. Letting k — oo, we obtain
R(u) <0. Hence u=0. Then

/ﬂ(m)uzdm — 0 ask — 0.
Q
This yields
1= |lupll, = R(uk)+/ B (z)uide — 0 ask — oo,
’ Q

a contradiction.
Returning to (6.24) and using (6.22) and Hoélder’s inequality, we
easily obtain
ellullss < Crllullgs + G2 llully,

for some constants €7 and Cy; here § = max{y+1,n+1} < 2.
Thus, there is a constant = > 0 independent of A with ||lul/,, < 7.
Finally, a bound for ||v||, can be immediately derived from (6.187). The
conclusion now follows from Theorem 5.3. O

Remark 6.3 If in Theorem 6.7 f does not depend on Vu, then the
existence of at least one solution u € H} (Q) to (6.1) follows without
any assumption on the smoothness of 2.

For the remainder of this section we consider the case when g+ ¢
lies between two eigenvalues of —A.

Theorem 6.8 Suppose that Q is C* and f has the decomposition

[z, u,v) = g(x,u,v)u+ folr,u,v)

where g and fo satisfy the Carathéodory conditions. Also assume that
the following conditions are satisfied:

[fo (z,u,v)] < alul+blv]+ h(x) (6.25)

)\j < B < g(a:,u,v) +ec < [y < )‘j-H (6.26)
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forall u e R, v € R" and ae. = € Q, where a, b, 81, B2 € Ry,
heL2(Q;R,),j>1 and By <c< B If

a/A1 +b/vVA < min{Bi/A; —1,1—Ba/Nj1}, (6.27)

then problem (6.1) has at least one solution u € H? (Q) N HE (Q).

Proof. Let v € L? () be any solution to (6.18) and u = L~ 1v. Since
()\;1/2(’Dk>k>1 is a Hilbert base for H} (), we may decompose H} ()

as follows:
HY () = X1 @ X,

where X; is the subspace generated by the first j eigenfunctions ¢,
P2, ..., pj and Xy = Xi. Let u=y+z with y € X7 and z € Xo.
Then

j o0
Y= Ckor, Z= Y Cripk
k=1 k—j+1

where ¢, = (u, gpk>0,2 / Ak
Since u is a weak solution to (6.19), we have

<’LL, z —y>0,2 = <CU‘+ )‘f (xauvvu)a z = y>2

and so
I121[5 2 = cllzll5 = A{g (z,u, Vu) 2, 2),

—llwlig2 +cllls + A (g (z,w, Vu) y, v),
= A(fo(i,U,V’LL), Z_y>2'
Now, from (6.26),
c—i—)\g = )\(c—l—g)—l—(1~)\)c < )\524-(1—)\),32 = 52

and so
—cllzll3 = Mg (z,u,Vu) 2, 2), > —B2|2l;

Similarly
cllyll3 + Ag (z,u, Vu)y, v)y > B llyll3-

It follows that

l=llg.2 = B2 ll215 — llyllo2 + B 1yl (6.28)
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< Kfo (@,u, Vu), 2 —y)ol.
Let
Ru):= |zlg, — Balll5 = lwllf 2 + B llwllz -
Using (6.5), we find that

J

Ry = S v+ (B

k=j+1 k=1
o J
= > (=5 Akck+-§j (Br/ Ak — 1) Mc?
k=j+1 =1

> min {i/A; — 1, 1= fa/Aja} i o
On the other hand, from (6.25),

[(fo(z,u, Vu), z—y)y| < (a [[ully + bllello 2 + HhHg) iz —ull,

and since ||z — ylly = |z + yll, = [Jull,, this yields

(o (@, Vi), 2= g)| < (/20 +b/VA) [ullf o+ C llulo 2
for some constant C > 0. Thus, (6.28) implies that

min {81 /A; — 1, 1 — Ba/Xj 1} H“H(2),2

< (a/2a +b/VAL) llullf + C llully, -

This with (6.27) guarantees that there exists r > 0 independent of A
with [lully, < r. Next, as usual, we obtain a bound of |v|l, and we
apply Theorem 5.3. O

Remark 6.4 If in Theorem 6.8 f does not depend on Vu, then the
existence of at least one solution u € H} (Q) to (6.1) follows without
assuming that Q s C2.

The analog of Theorem 6.6 is the following one.
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Theorem 6.9 Suppose that f has the decomposition

f@,u,0) = g(z,u)ut folz,u,0)

where g, fo satisfy the Carathéodory conditions and fo(.,0,0) € L* (Q).
Also assume that the following conditions are satisfied:

|fo (z,u,v) = fo(z,4,7)] < alu—1u|+blv— 17

A< B L glzu)t+e < B < A

forallu, ueR, v, €R" and a.e. x €, where a, b, 01, B2 € Ry,
j>1 and B < ¢ < By. In addition assume that (6.11) and (6.27)
hold. Then problem (6.1) has at least one solution u € Hj ().

Proof. Condition (6.11) implies that T is a set-contraction, while
(6.27) assures the a priori boundedness of the solutions. O
Finally, let us state the analog of Theorem 6.7.

Theorem 6.10 Suppose that Q is C* and f has the decomposition

fzyu,v) = g(z,u,v)u+ fo(z,u,v)

where g, fo satisfy the Carathéodory conditions. Also assume that
(6.22) and

A < B1(z) < g(zu,v)+c < Balz) < Ajpa (6.29)

hold for all w € R, v € R" and a.e. z € §, where a, b € Ry,
ho € 2 (;R,), v, n€0,1),5>1 and B, B2 € L™ (). In addition
assume that B1(z) < ¢ < B2(z) ae. on Q and that \; < (1 (z),
B2 (z) < Ajp1 on some subsets of Q of positive measure. Then (6.1)
has at least one solution v € H?(Q) N H} (Q).

Proof. As in the proof of Theorem 6.8, we decompose Hg () as
follows: Hi () = X; @ X2, where X is the subspace generated by
the first 7 eigenfunctions i, @2, ..., vj, Xo = Xi and we represent
any element 4 as u=y+ 2z with y € X; and z € X».

Let v be any solution to (6.18) and v = L™!v. Since u is a weak
solution to (6.19), we have

<U, Z— y>0,2 = <CU + /\f (ZL’,U,VU), z— y>2
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and so
I215.2 — clizll; = A{g (2, Vu) 2, 2),
—lllg o +cllylls + A (g (z,u, V) y, y),

= /\<f0 (a:,u,Vu), Z“y>2 :
Now, from (6.29) and 31 (z) < ¢ < B2 (x), we have

—cllzl} = Mg (@0, V) 2, 2, 2 = [ fa () do

and
dmé+A@«awvm%yhzzAﬂumy%m

It follows that
I3, = [ 82 @) 2w = Il + | B @vPde (630

< |<f0 (a:,u, Vu)a Z— y>2| .
Let |

R := |2, = [ B2 (e) 2do = Wi, + [ 61 (@)ide.
We show that there exists € > 0 independent of u, with
R(u) > ellulf,. (6.31)
We first note that
anﬂM&—Mﬂw@wM&+Mw@

= Z (/\k_ ]+1

k=j+1

Also, if R(u) =0, then from the above formula, it follows that ¢ =0
for all k, k # j, k # j+1. Thus, v = ¢jp;j+cjr1pj+1 and consequently,
y=cjp; and z=cjy1pj41. Then

o
>4
ol
I
('3
=
V
O

0=R(u) = ]+1/Q( j+1 — B2 (x)) LP]2~+1d-’E
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+& [ (81 (2) = ) elda.

Since Aji1 — B2(z) > 0 and Sy (z) — A; > 0 on some sets of positive
measure and ¢y is analytic on , we have that ¢; = ¢j;17 = 0. Thus,
u=0.

Now suppose (6.31) is false for all € > 0. Then there exists a
sequence (ug) with

|urllo, = 1 and R(ux) — 0ask — oo.

Let up = yi + 2z, where yr € X1 and z; € Xa. Passing to a subse-
quence, we may assume that uy — u in L? () and ug — u in Hi (Q).
Also, if u =y + 2z, then yy —y in H}(Q), 2r — 2z in L?(Q) and
zy — z in H}(Q). Note that ||z]lq, < liminf||zlly,. Then, it fol-
lows that R{u) < 0. Hence u =0 "and in consequence, y = z = 0.
However,

L= Jluklge = R(wr) + 2wl

s [ (B@)2 - @) do — 0

as k — oo, which is impossible.
Next, from (6.30), (6.31) and (6.22),

ellullZy < 1(fo(z,u, V), 2 —y)y| < Cyllulldy + C2 flully

for some constants C; and Co; here 8 = max{y+1,n+1}. This
implies that there exists » > 0 independent of X, with [fully, <7 O

Remark 6.5 In the situation that f does not depend on Vu, the

assumption that Q is C? is not necessary and we get a solution in
H ().



7. Theorems of
Leray-Schauder Type for
Coincidences

In the previous chapters we were concerned exclusively with the exis-
tence of fixed points for an operator T, that is, with the solvability of the
equation z = T (z). Here we are concerned with the solvability of more
general operator equations of coincidence type, namely L (z) = T (),
where L is a linear operator. We shall extend and complement previous
results given in [58], [76] and [143].

7.1 Continuation Principles for Coincidences

Throughout this section, X is a Banach space, Y a normed space and
L:D(L)C X —Y alinear Fredholm map of index zero, i.e.

ImL isclosed and dim ker L = codim Im L < oo.

Let X = X190 X, Y =Y18Y;, where X; =ker L and Y =Im
L. Let P: X —» X, Q:Y — Y7, be continuous linear projectors and
J: X1 — Y7 a linear isomorphism. Then L + JP is a bijective linear
map.

Let Z ¢ X and T : Z — Y. We say that T is L-compact
(L-completely continuous, of Krasnoselskit L-type, L-set-contraction, L-
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condensing, L-continuous), if
(L+JP)'T:Z2 - X

is compact (completely continuous, of Krasnoselskii type, set-contraction,
condensing, continuous, respectively). Also, we say that T is of Ménch
L-type if: (L+ JP)™'T is continuous; (L 4 JP) ' T (Z) is bounded
when Y] # {0} ; and there exists o € Z such that

S cwonv {{zo} U(L+JP) ' T(S)} + K1 = S compact  (7.1)
whenever S C Z is countable and K7 C ker L is compact.

Remark 7.1 1) The above definitions do not depend on the choice of
P, Q and J. This easily follows from the formula

(L+®) T = (L+®&)'T

+(L+ @) (B2 — 1) (L+®2)7' T

and the complete continuity of |
(L+®) Y (@ —®1): X — ket L C X

(see [[76], p.39], [[49], p.13]), where ®1, B2 : X — Y1 are continuous
linear maps with L+ ®, and L+ ®2 bijective.

2) L-compact => L-completely continuous = Krasnoselskii L-
type = L-set-contraction => L-condensing = L-continuous; also
L-compact => Ménch L-type ==> L-continuous and if Z is bounded,
then L-condensing =—> Monch L-type.

3) The map JP:X —Y 1is L-completely continuous.

4) If T : Z — Y is L-completely continuous (of Krasnoselskii
L-type, L-set-contraction, L-condensing), then T + JP also has that
property.

5) If D (L) is closed (then we may suppose without loss of generality
that D(L) = X ) and L is continuous, then a map is L-completely
continuous if and only if it is completely continuous.

Let us consider a closed set Ko C X, a nonempty bounded set
U C Ko open in Ky and a nonempty convex set K C Y. Denote by
OU the boundary of U with respect to Kj.

We can now state the analogue of Theorem 5.3 for coincidences.
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Theorem 7.1 Assume Ky is conver and
(L+JP) (K + JP(U)) C K.

Let T:U — K be a map of Ménch L-type with (7.1) holding for some
zo € D(L)NU. In addition suppose that

Lz # (1 - X) (Lzog — JP (z — xp)) + AT (x) (7.2)

forall z € D(L) N U and X € [0,1]. Then there exists x € U with
Lr=T(x).

Proof. The equation Lz =T (z) is equivalent to
z = (L+JP) ' (T+JP)(z).

Let

T:U - Ky, T =(L+JP)" (T+JP).
We can easily see that T is a Ménch type map which, more exactly,
satisfies:

S countable, § C conv{{zo} UT (S)} = S compact.
In addition, from (7.2),

(1 =X zo+ AT (x) # z forall z € 8U and A € [0,1].
Thus we may apply Theorem 5.3. O

Remark 7.2 For X =Y, Ko =K and L = identity of X, Theorem
7.1 reduces to Theorem 5.85.

Let M” be any of the following classes M, ij, Mé of all
L-condensing, L-set-contractions, L-compact maps from U into K,
respectively, which do not have coincidence points with L on 0U. A
map T € M’ is said to be essential in M?% if every T' € MY with
T'(z) =T (z) on AU has a coincidence point with L. '

The next result is the topological transversality theorem for coinci-

dences.

Theorem 7.2 Let H : U x[0,1] — K be L-condensing (L-set-contrac-
tion, L-compact, respectively). Assume
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(@) H(z,\) # Lz for all z€0U and X €0,1];

(b) Hy is essential in M% ML ME | respectively).

Then, for each A € [0,1], there exists a coincidence point of H
with L. Moreover, H) 1is essential in Mé (NI%), Mé, respectively)
for every X € [0,1].

Proof. We use the same reasoning as in the proof of Theorem 5.4. O
The next proposition gives an example of an essential map.

Proposition 7.3 Suppose that Ky is conver and
(L+JP)"" (K + JP(U)) C K. (7.3)

Let Fy : U — Y7 be L-condensing (L-set-contraction, L-compact, re-
spectively) and let ©o € D(L)NU. Assume

Lzo + Fo(U) ¢ K (7.4)
and that the following conditions are satisfied:
Fy(z) # 0 for all z € (mg+ X1) NOU (7.5)

(Fo(z), J(x—xz0)) <0 for all x € (xo+ X1) N OU. (7.6)

where (., .) denotes the euclidean inner product on Y1. Then the map
Lxo + Fy is essential in M% (ME M%, respectively).

Proof. Let G € MY with G (x) = Lzo+ Fy () on 8U. We have to
prove the solvability in U of the equation Lz = G (z), equivalently

z = (L+JP)" (G+JP)(z).
For this, we define the homotopy H : U x [0,1] — Kj,
H(z, A = (1=Nazo+ L+ JP) ' (G+JP)(z).

Since Ky is convex, H is well defined and, from Remark 7.1 4), H
is condensing (set-contraction, compact, respectively) as a map from
U x [0,1] into Kp. In addition,

x # H(z,\) for all z € OU and X € [0,1].
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To prove this, suppose the contrary, that is suppose z = H (z,\) for
some z € OU and A € [0,1]. If A =0, we have = = z, a contradiction
since zg € U. If A =1, then Lz = G(x), equivalently Lz = Lzg +
Fy(z). Then L(z—xz¢) =0 and Fy(z) =0, thatis z € (zg+ X1)N
OU and Fy{z) = 0, which contradicts (7.5). If A € (0,1), then
z—1x9=AH(z,1) —z0]. Hence

(L+JP)(z—z0) = A{(G+ JP)(z)— (L+ JP) o
= AFy(z)+AJP(z—xp).

Thus, L{(z —z¢) =0, that is z € (zo + X1) N OU, and
My (z) = (1= X)) J(z—x) .
This yields
MFy(z),J (z—20)) = (1—A)|J (z —z0)* >0,

which contradicts (7.6). Thus our claim is proved. Finally, since Hy is
essential in M, the classical topological transversality theorem (Theo-
rem 5.4) guarantees that H; is also essential in M. Thus, there exists
z € U with z = Hy (), thatis Lz = G (z). Hence the map Lzg+ Fp
is essential in M”. O :

Remark 7.3 1) If

Lzg— JP{U—-z0) C K (7.7)

then the map Fy(z) = —JP (x — xzp) satisfies (7.4)-(7.6). Therefore,
if Ko s convex and (7.3), (7.7) hold, then the map Lzo— JP (z — o)
is essential in MP.

2)If 2o e U CKo=K CX =Y and L is the identity of X,
conditions (7.8) and (7.7) are satisfied and Lzo — JP (x —xo) is just
the constant map xg. ‘

3) Suppose that F : U — Y is L-compact. Then the map QF :
U — Y, is also L-compact. This follows from the equality

(L+JP)'QF = P(L+JP)"'F.

Thus, in Proposition 7.3, we can put Fy = QF, where F: U — Y is
any L-compact map.
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We now return to the solvability of the operator equation Lz =
T(z). If T is L-compact, the following result holds:

Theorem 7.4 Assume Ko is convex and condition (7.8) is satisfied.
Let xo € D(L)NU and T : U — K be L-compact. In addition assume:

Lo +QT(U) C K (7.8)

QT () # 0 for all x € (xo + X1) NOU
(QT (z), J(x —x0)) <0 for all x € (xg+ X1)NOU
Lz # (1 —=))Lxg+ MT (z) for x € D(L)NOU, A€ (0,1].  (7.9)
Then there exists x € D (L)NU that solves Lz =T (x) .

Proof. From Proposition 7.3 and Remark 7.3 3), the map Lxg+ QT
is essential in M% . Suppose the conclusion is false, that is Lz # T (x)
for all z € D(L)NU. Consider the homotopy H : U x [0,1] — K,

H(z,\) = (1= [Lzo+ QT (x)] + AT ()

which is well defined by (7.8), T(U) C K and K convex. If Lz #
H(z,\) for all z € D(L)NOU and X € [0,1], then since Hy =
Lxg+ QT is essential in Mé , we have from Theorem 7.2 that H; =T
is essential in M% . This contradicts the assumption Lz # T (z). Thus,
there exists € D (L)NAU and X € [0,1] with Lz = H (z,A). Clearly
A > 0. On the other hand, the equation Lz = H (z,A) is equivalent to
the following system

Lr = (1= X Lzg+ 2T (z) — QT (z)], QT (z) = 0.
Hence
Lz = (1 —X)Lzo+ XT (x)
for some z € D(L)N AU and X € (0,1], which contradicts (7.9). O

Remark 7.4 It is clear that, under the hypotheses of Theorem 7.4, for
each L-compact map G :U — K satisfying Lzo + QG(U) C K and
G (z) =T (x) on 8U, there exists an x € D(L)NU with Lz = G (z) .
Thus, if in Theorem 7.4 K =Y, then T is essential in M’é
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7.2 Application to Periodic Solutions of
Differential Systems
The differential operators
L:CP — C, Lu=uM™

and
L:Cg ' — Co, Lu= w0 ()

are not invertible if B represents the periodic conditions
B:u®(0)=u® 1), k=01,...m—1.

Therefore, a natural application of the general coincidences results stated
above is periodic problems.

For example, let us consider the periodic boundary value problem
for a system of n first order differential equations

{ u = f(t,ul)’ tel v(7.10)

Let L :Cp — Cy be given by
(Lu) (t) = u(t) —u(0).
It is elementary to check that
ker L = {ueCg; u(t)=a, acR"}

and
ImL = {veCy; v(l) =0}.

Since each v € Cy can be expressed as
v(t) = tv(1) +[v(t) —tv(1)],

we have the direct sum decomposition Cy = (t(R™)® Im L. Thus, L
is a Fredholm map of index zero and we may set

Pu=u(l), (Qu)(t) = tv(1) and (Ja)(t) = ta.
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Assume f : I x Bg(0;R") — R™ is a continuous function. Then
we may define 7': D — Cy, by

T@)(@) = [ 7w

where D = {u € Cg; |u(t)] < Rforallte I}. Itis well known that
T is a compact map. In this case, the map (L + JP)™! is continuous
and consequently, T is L-compact.

Lets introduce the family of periodic problems

{u’:)\f(t,u), tel
)

"0 = w1 (7.11)

where X € [0,1].
We have the following existence principle.

Theorem 7.5 Let f:Ix Br(0;R") — R"™ be a continuous function.
Assume that the following conditions are satisfied:

(A) for all a € R™ with |a| = R, one has

1 1
/ f(s,a)ds # 0 and <a,/ f(s,a)ds) < 0;
0 0

(B) [u(t)] < R for all t € I and any solution u € C*([;R™) to
(7.11), where X € [0,1].

Then there exists u € C1 (I; R") that solves (7.10).

Proof. Apply Theorem 7.4. O

We now deduce an existence result (compare with Theorem 10.1 in
[58]).

Theorem 7.6 Let f: IxR"™ — R™ be a continuous function. Assume
that the following conditions are satisfied:

(a) there exists a sequence (Ry) of positive numbers tending to infinity
such that

1 1
/ f(s,a)ds # 0, <a,/ f(s,a)ds) <0
0 0

for all a € R™ with |a| = R, and every k;
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(b) there is an T > 0 such that |a] < r for all a € R™ satisfying
(a, f(t,a)) =0 for some tel,

(c) there exists p € C(I;Ry), ¥ € C(Ry;R4) and 1 > 1 such that
|ftw)| < B@)Y(lul) for adltel, ueR”

©  dr S L dr
Y(r) = S Y1)
Then there exists u € C* (I; R") that solves (7.10).

Proof. Let u be any solution of (7.11) for some A € (0,1]. We deduce
that

= /Olﬁ(T)dT.

0 = [u(D) = u(0 ~2A/ u(s))) ds.

Thus
(u(t), f(t,u(t))) =0 for some t, € I.

Now (b) guarantees |u(t,)] <r. If |u(0)] =|u(1)] > r, then thereis a
largest ¢ < 1 such that |u(c)| =7 and |u(t)| > on (¢, 1]. Then, on
(c,1], we have

[u(s)]" < [u' (s)] = A (s,u ()] < B(s)¥ (lu(s)]).

It follows that

[ 5% = [ st < f oo

This with (c¢), implies that |u (1)| < r;. Thus,

[w(O)] = [u()] < 1.

Now suppose that |u(t)] > ry for some ¢. Then there is a largest ¢/ <t
such that |u(c)| =r1 and |u(s)| > r1 on (¢, t]. By asimilar reasoning
we get a constant 7o > 71 independent of u, with |u (¢)| < re. Finally,
we choose K = Ry > ro and we apply Theorem 7.5. O

We might think of extending Theorems 7.5 and 7.6 to equations in
Banach spaces. Unfortunately, the theory above does not work since
ker L and Y; are not necessarily finite dimensional.
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Remark 7.5 In the case when X1 is infinite dimensional but Y, 1is
finite dimensional (L is said to be semi-Fredholm to the right), the theory
can easily be extended as was shown by Krawcewicz [76]: Assume L :
D(L)C X =Y is a linear map satisfying the following hypotheses:

(1) L is a closed map;

(2) ker L and Im L are closed and there are two closed subspaces
XoCX and Y1 CY suchthat X = X1 Xe and YV = Y] & Yo,
where X, = ker L and Yo = Im L;

(3) Y1 is finite dimensional.

Then, since L is a closed map and Im L is a closed space, the map
Lx, : D(L)N Xy — Yy is invertible and its inverse R : Yy, — Xo s
a linear continuous map. Then the equation Lx = T (z), = € Xo is
equivalent to the system

z=RUI-Q)T(z), 0=QT(z),

where Q) is the linear projector into Y1 associated with the decomposi-
tion Y =Y, @Yy, If L is surjective, that is Q = 0, then the equation
is equivalent to x = RT (z). This equation can be discussed by means
of the methods already seen assuming, for example, that RI is con-
densing. The case when L is not surjective can always be reduced to
the previous one by taking a linear continuous map S : X — Yy (hence
completely continuous since its range is finite dimensional) such that
L+ S is surjective.

Related topics and applications can be found in [40], [49], [51], [65],
[75], [88], [134] and [158]. Approximation-solvability of coincidence equa-
tions of the form Lz = T (z) was extensively studied by Petryshyn (see
[122] and [123]) using the so called A-proper technique when dim ker
L < 0co. The case when ker L is infinite dimentional has also been
studied (see [92] and [118]).



8. Theorems of Selective
Continuation

In Chapters 2-7, we were concerned exclusively with homotopies H (z, \)
defined on a cylinder & = U x [0,1]. Thus, all operators Hy = H (., \)
(A € [0,1]) had the same domain U. IHere we are concerned more
generally with homotopies H for which the operators H), may have
different domains ¢f. This situation arises when we look for solutions
having a particular property. The idea is to try to follow a branch of
solutions to Hy (z) = z with the desired property and thus to work
on some neighborhood U of that branch which avoids all the other
solutions. This kind of continuation with solutions having a particular

property, will be called selective continuation.

8.1 Selective Continuation Principles

The main idea of selective continuation is to reduce the study of the fam-
ily {H\} to that of a certain family of maps from the same domain I/
into ¥ x R. Thus we pass from maps acting between the spaces X and
Y, to maps acting between the product spaces X xR and Y xR. Such
an idea has been used by Furi and Pera [48] and Fitzpatrick, Massabo
and Pejsachowicz [41] and was successful in proving the solvability of
boundary value problems when a priori bounds of solutions can be ob-
tained only for the solutions having the particular property.
Throughout this section we use the notation of Chapter 7. In addi-
tionwelet X =X xR, Y=Y xR, Kog=Kyx[0,1], K=K x[0,1]
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and define £: D (L) C X — Y, where D(L)=D (L) xR, by
L(z,\) = (Lz, A).
It is easy to check that £ is a linear Fredholm map of index zero and
ker £ =X; x {0}, ImL = Y xR.
Furthermore, let us consider
P:X— X3 x{0}, Pz, =(Pz0),

Q:Y—=Y1x{0}, Q(z,A) = (Qz,0)

and
J X1 x{0} = Y1 x{0}, J(z,0)=(Jz,0).

Notice that
(L+TP) (g, \) = ((L+JP) 1y, \) for every (y,A) € V.

For any V C X x [0,1], we denote by V\ = {z € X; (z,)) € V}
the section of V at A.

Let U C Ky be nonempty open and bounded and 6l the boundary
of U in Ky. Denote by M%, M4, M5 the classes of maps M4 (U; K),
M4 (U; K) and M4 (U; K), respectively.

We can extend Theorem 7.2 as follows.

Theorem 8.1 Let H : U — K be L-condensing (L-set-contraction,
L-compact). Assume

(i) H (z,A) # Lz for all (z,)) € OU;

(ii) the map Ho (x,\) := (H (z,)),0) is essential in M4 (M4, ME,
respectively).

Then, for each A € [0,1], there exists in Uy a coincidence point of
H, with L. Moreover, the map

Hy U =K, H,(z,A) = (H(z,A),p

is essential in M5 (M5, ME, respectively) for every p € [0,1].
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Proof. We apply Theorem 7.2 to X, Y, Ko, K, U, £, M* and H
instead of X, Y, Ky, K, U, L, MY and H, where

H:Ux[0,1] — K,
H(x, A\ pu) = (H (z,\),p) for (z,\) €U, nelo,1].

From assumption (i), we can easily check that
H(z, A\ p) #L(x,A) forall (z,X) € dU, uel0,1].

Thus H satisfies both conditions (a) and (b) of Theorem 7.2. Notice that
if (z,A) €U is a coincidence point of H,, and £, then H (z,\) = Lz
and =X, andso, x €U, and H (z,pu) = Lz. O

Remark 8.1 In the case when U is of the form U = U x [0,1], where
U is a bounded open subset of Ko, (i) implies condition (b) of Theorem
7.2. Indeed, if T € Ml=MLY(U; K) and T and Hy coincide on
oU, then the map T (x, ) := (T (x),0) is in M* =MLU; K) and
T (x,)\) = (H (2,0),0) forall (x,\) € OU. On the other hand, the maps
(H (2,0),0) and (H(xz,)\),0) are homotopic via the homotopy

(z, A, ) €U x [0,1] — (H (z,p)),0).

Thus, from (i), the map (H (x,0),0) is essential in M*, and so T
is also essential in M*. Consequently, T and L have a coincidence
point in U, thatis T and L have a coincidence point in U. Therefore,
Hy is essential in ML as claimed.

The next result is concerned with a sufficient condition for (ii) to
hold, namely that Hy be homotopic on Uy to a map of the form Lxzg+
Fy(x) like that in Proposition 7.3.

Theorem 8.2 Suppose that Ky is conver and
(L+JP)" (K + JP(Ky)) C K. (8.1)

Let Fy : Ko — Y1 be L-condensing (L-set-contraction, L-completely
continuous, respectively) and xo € D (L)N Uy. Assume that the follow-
ing conditions are satisfied:

Lz + Fy (Ko) Cc K (8.2)
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Fo(z) #0 for all z € (zo+ X1) with (z,0) € oU (8.3)
(Fo (z),J (z —x0)) <0 for all € (xo + X1) with (z,0) € OU. (8.4)

If H:U — K is L-condensing (L-set-contraction, L-compact, respec-
tively), satisfies (i) and

Lz # (1— ) (Lo + Fy (2)) + uH (z,0) (8.5)

for all (z,0) € OU, p € (0,1), then there exists © € D (L)NUy with
Lz =H (z,1).

Proof. We show that (ii) is satisfied and then we apply Theorem 8.1.
For this, we consider the homotopy

ﬁ:ax[(),l] — K,

H(z, A p) = (1 — p) (Lzo + Fo (z)) + pH (z,4), 0).

It is immediate that H is L-condensing (L-set-contraction, £-compact,
respectively). Also,

L(z,\) # H(z,\p) forall (z,)) €dl and p € [0,1]

(use (8.5) when p € (0,1), (8.3) when =0 and (i) when p=1).
For =0,

H(z,\) = (Lzo+ Fo(z), 0) = L(x,0) + Fo(z,N),

where

fo:lj—)le{O}, fQ(IL‘,/\):(Fo(:L‘),O).

Now we can easily check that all the hypotheses of Proposition 7.3 are
satisfied for

X, Y, Ko, K, U, L, T, P, Fo, MF and (z0,0)
instead of
X, Y, Ko, K, U, L, J, P, Fy, M* and «,.

It follows that H is essential in M% and so, by Theorem 7.2, Hy = Ho
is essential in M* too. Thus, (ii) holds and Theorem 8.1 applies. O
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Remark 8.2 1) For Ko =X and K =Y, conditions (8.1) and (8.2)
trivially hold.
2) The map Fy(x) = —JP (x — x¢) satisfies (8.3) and (8.4).

Notice that for X =Y, Ko = K and L = identity of X, Theorem
8.2 becomes Corollary 1 in [138] (in this case Fy =0).
The next result is the analogue of Theorem 7.4 in this situation.

Theorem 8.3 Assume Kg is conver and that (8.1) holds. Let z¢ €
D(L)NUy and T : Ky — K be L-completely continuous. In addition
suppose that the following conditions are satisfied:

QT (z) # 0 for z € zy + X7 with (x,0) € OU

QT (x), J(x—m)) <0 for x € 0 + Xy with (z,0) € U
Lz # (1 —X)Lzo+ AT (z) for (z,A) € OU with A € (0,1].
Then there exists x € D(L)NU; with Lz =T (z).

Proof. Check that all assumptions of Theorem 7.4 are satisfied for
X, Y, Ko, K, U, L, T, P, @ T and (xg,0)

instead of
X? K K07 Ka U7 ‘L7 ']a P7 Qa T and Zo,

where _
T:U— K, T(z,)\) = (T(z),1).

Then apply Theorem 7.4. O
For similar results in terms of topological degree we refer to [24],
(89].

8.2 Continua of Solutions

The continuation theorems proved in Chapter 2 for contraction map-
pings show that the solution set {(z,A); H (z,\) = z} is a compact
and connected (continuum) set joining the point (z (0),0) to {x (1},1),
where z (0) is the fixed point of Hy and z (1) is the fixed point of Hj.
The goal of this section is to obtain a similar result for the continuation
theorems proved in this chapter.



116 Theorems of Leray-Schauder Type and Applications

Let (K,d) be a metric space. A set M C K is said to be connectedif
it can not be represented as

M = MyU M, with MgﬂM1 :MoﬂMl':-@.

A set M C K is said to be well-chained provided that for every ¢ > 0,
any two points a,b € M can be joined by an e-chain of points all
lying in M. An e-chain joining a and b is a finite sequence of points
a=x1, 2, ..., Tn = b such that

d(zg, zpy1) < € for k=1,2,...,n—1.

It is easy to show that a compact set is connected if and only if it is
well-chained. A compact connected set will be called a continuum.
The next result from general topology is known as Whyburn’s lemma.

Lemma 8.4 Let A and B be disjoint closed subsets of a compact
metric space (K,d) such that no connected component of K intersects
both A and B. Then there exists a partition K = K1 UKy, where K3
and Ky are disjoint compact sets containing A and B, respectively.

Proof. We first show that there exists an ¢ > 0 such that no e-
chain in K joins a point of A to a point of B. If this is not so,
then for each positive integer n, there exists an 1/n-chain A4, in K
joining a point a, € A to a point b, € B. Since the sequence (a,),,~,
has a convergent subsequence, we may assume that the whole sequence
converges. Suppose

Ap =A{zpm;m=1,2, ..., m,}, ap=2n1.
Let
M= An.
n>1

It is clear that M is a compact subset of K. Let us prove that M is
well-chained. Let £ > 0 be arbitrarily fixed and let a, b € M. Since
(an),>, is convergent, there exists n, > 1/¢ with

d(an, an) <e for n>ng, m>n..

Furthermore, since a is a limit point of UA,, and each A, isfinite, there
exists ¢ > n. and a k; with d(aq, :1:2-7;%) < e. Similarly, there exists
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j >mne and a k; with d(b, zj4,) < e. It is clear that the following finite
sequence

@, Tjks Liki—15 -y Ti1 = Q4, Qf = Tj1, Tj2, ---s :L‘j,kj—la :L‘j,kja b

is an e-chain in M joining a to b. Hence M is a connected component
of K. But since a, € AnNA,, bp € BNA,, and A and B are
compact, we have ANM # ) # BN M, contrary to the assumption
that no connected component of K intersects both A and B. Thus an
¢ with the desired property exists.

Now let K; be the set of all points of K which can be joined to
some point of A by an e-chain in K and let Ky = K\ K;. It is
clear that A C K7 and B C K5. Now, we claim that K; and K> are
compact sets. To prove this claim it sufficies to show that K; is both
open and closed in K. Indeed, let zg € K;. Then, there is an e-chain
C joining xg to some element of A. Consequently, any element =z € K
satisfying d(zo, ) < € also belongs to K7, because the set C U {z}
is an e-chain joining z to a point of A. Hence K is open. Finally,
suppose that

(zx) € K1 and zp —» z€ K as k — oo.

Then, there is a k sufficiently large with d (zx, ) < e. Since z € K1,
there exists an e-chain C in K joining xj to some point of A. Clearly,
C U {z} is an e-chain and so = € K. This shows that K; is closed
and the lemma is proved. O

We now state and prove a more general version of Theorem 8.1.

Theorem 8.5 Suppose that all the assumptions of Theorem 8.1 are
satisfied. Let
S ={(z,)) €U; Lz = H (z,))}

and, for each A € [0,1], let
S ={zeX; (¢, e}

Then X contains a continuum intersecting Lo x {0} and X7 x {1}.

Proof. Clearly X, A= Xyx{0} and B =%, x {1} are compact sets,
ACX and B C X. If there is no continuum intersecting A and B,
then it follows from Whyburn’s lemma that 3> can be represented as
Y=Y UY" where ¥ and ¥ are disjoint compact sets and A C ¥,
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B C ¥". By Urysohn’s lemma, there exists a function v € C(U;[0,1])
such that

v(z,\) =0 on XU and v(z,\)=1onX.

The map T (x,\) = (H (z,)),v (z,))) belongs to class M* and coin-
cides with Hy on OU. Since Hy is essential, there exists (z,\) € U
with T'(z,\) = L (z,A). Hence

H(z,\) =Lz, v(z,\)=A\

If (z,\) €%, then v(x,\) =1. Consequently, A =1 and H (z,1) =
Lz. Thus, we have (z,1) € B C ¥”, a contradiction. Similarly, if
(z,A\) € ¥/, then v(z,A)=0. So A=0 and H (z,0) = Lz, whence
(z,0) € ACY, acontradiction. O

8.3 Continuation with Respect to a Functional

To make the above results practical we need to construct a set U with
the desired properties. Such a construction was first described by Capi-
etto, Mawhin and Zanolin [23] using a continuous functional on K.
Then, roughly speaking, I/ will be a level set of that functional. The
results in [23] are stated in the framework of coincidence degree the-
ory. In [138], an approach without degree was presented for fixed point
problems, and in [143], the results were extended to coincidences.

Suppose K is convex, xg € Ko, Fp : Ko — Y7 is L-condensing
and that conditions (8.1) and (8.2) hold. In addition suppose that

Fo(z) # 0 forall z € (zo+ X1) with  # o (8.6)

(Fo(x), J(z—z0)) <0 forall z €xg+ X;. (8.7)
Let H: Ky x [0,1] — K be L-condensing and let
Y = {(z,)) € Ko x[0,1]; Lz = H (z, M)},
Y (z0) = {(z,0); z € Ko and Lz = (1 = p) (Lzo + Fp (x))
+upH (x,0) for some p € [0,1]}.

Also consider a continuous functional @ : K¢ x [0,1] — R.
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Theorem 8.6 Assume that there are constants c— and ¢4, ¢ < ¢y,
such that if we let V = &1 ((c_,cy)), the following conditions are
satisfied:

(i1) £ NV is bounded;
(i2) (%) N {e, ca} =0,
(i3) X (zo) is bounded and included in V.

Then there exists x € D (L) NV with Lz = H (x,1).

Proof. Let X* =% N & ! ([c_,ct]). From (i2), =* == N V. Also
(i1) and the continuity of ® implies that ¥* is compact. Hence ¥* is
a compact set included in the open set V. Thus, there exists a bounded
open set U’ of Ky with

SfcU ci cy.

On the other hand, from (i3), X (zo) is another compact set included
in V. Thus, there exists a bounded open set U” of Ky with

S(zog) cU" CcU” C V.

Now the conclusion follows from Theorem 8.2 with 4 =4’ U U". O

The functional ® is said to be proper on % provided that % N
&1 ((a,b)) is bounded (equivalently, relatively compact) for each boun-
ded real interval (a,b).

Corollary 8.7 Suppose that the following conditions are satisfied:

(i1’) ® is proper on %;

(i2°) @ s lower bounded on ¥ and there is a sequence (cr) of real
numbers with ¢y — oo as k — oo and ¢, & ®(X) for all k;

(i3’) X (xzo) is bounded.

Then there exists x € D (L) N Ky with Lz = H (z,1).
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Proof. Now (i3’) and the fact that Fy and H are L-condensing
guarantees that the set 3 (xq) is in fact compact. Since @ is continuous,
there are constants a and b with

a < ®(x,\) <b forall (z,)) € E(z0).

Furthermore, using (i2’), we can choose c¢_ and k sufficiently large so
that

c. <a, c_<inf{®(z,\); (z,\) €X}, cy=cp >0

Now we can easily check (i1)-(i3) and we apply Theorem 8.6. O

8.4 Periodic Solutions of Superlinear Singular
Boundary Value Problems

In [145], we considered the existence of periodic solutions of superlinear
singular equations of the form

%(pu’)' = —g(u)+ f (t,u,pu/), te(0,1) (8.8)

where
(h1) pe Cl0,1] n CY(0,1), p>0 on (0,1), g € C(R),
gw)/u— 00 a5 Ju] > oo,
f:0,1] x R? - R is a Carathéodory function and
|7t u,v)| < e (Jul + [v]) + £(2)
for all u, v € R and a.e. t € (0,1), where ¢ > 0;
(h2) 1/p € L*(0,1) and k€ L*(0,1).
Without loss of generality, we suppose that
p<lon]0,1] and wug(u)> 0 for u # 0.

By a periodic solution of (8.8) we mean a function v € C[0,1] N C*(0,1)
with pu’ € C[0,1], differentiable a.e. on (0,1), which satisfies (8.8)
a.e. on [0,1], and the periodic conditions

u(0) = u(1), (pu')(0) = (pu')(1). (8.9)
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Because we do not require p(0)p(1) # 0, equation (8.8) may be singular
at t=0 or t=1.

Singular two point boundary value problems have been studied by a
variety of authors, see [102] and the references therein. The novelty here
is that the nonlinearity is superlinear, i.e. g{u)/u — 0o as |u| — oo
and that the set of all solutions may not be bounded. The regular case
p =1 has been discussed by Capietto, Mawhin and Zanolin [23].

We shall apply Corollary 8.7. As spaces X and Y we take respec-
tively

Cg={ueC[0,1]nC0,1); u satisfies (8.9), pu’ € C[0,1]}

1/2 and,

with norm [lul| = (|Ju]l% + lpv/[1%)
Co = {ueCl0,1]; u(0)=0}

with the usual norm |lul|, . Recall that [|.|, stands for the norm of
the space L7(0,1) for 1 < ¢ < 0.
We define L : Cy — Cp by

(Lu)(t) = (pu')(t) — (pu')(0).
As in Section 7.2, we can check that
ker L = {ueC}ﬁ; u(t) =aon [0,1], aeR},

ImL = {veCy; v(l) =0}

and Co = (tR)®Im L. Thus, L is a Fredholm map of index zero and
we may set

Pu=u(1l), (Qu)(t)=tv(1) and (Ja)(t)=ta.
We also consider the map H : C} x [0,1] — Cp, given by

H(u,\)(t) =
/t —(1=X) ! (u)+—p21~£/~— — Apg(u) + Apf(s,u,pu’) ¢ ds
o pg 1+|;DU’| pg Y4 y Uy D -

From (hl), (h2) and the Arzela-Ascoli theorem, H is completely con-
tinuous on C} x [0,1] and, since in our case (L+ JP)™! is continuous,
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H is also L-completely continuous. Observe that to solve (8.8)-(8.9) we
have to find a u € Cg with Lu = H(u,1).
Next we define Fy: Cj — tR, as

1 2u/
F(u)(t) = —t/o (% glu) + i—iﬁ) ds.

Clearly, Fy is completely continuous and, consequently, L-completely
continuous. Also, since zg(z) > 0 for z # 0, Fp satisfies (8.6) with
zo = 0 and (8.7). Indeed, for a € ker L, a # 0, one has

Fy(a) = ~tola) [ ds/nls) # 0
and )
(Fola), Jay = ~ag(a) [ ds/pls) < 0.
Notice that Fy = QF, where F': Cll; — Cy is given by

t 2u/
Flu)(t) = — /O (% g(u) + iT’iW) ds.

Finally, we consider the functional ® : C§ x [0,1] — R, given by

)

1 1 1 p2u’
d(u, ) = — 21— Nul= + =
(u, ) o l /O {pu ( Ju [p g(u) 1 lpull

+Apu g(u) — Apuf(s,u, pu')} 6(u)(s) ds |
where 6(u)(t) = min{l, 1/(u? + (pu')?)}. Tt is easy to see that & is
continuous.
We have the following existence principle for (8.8)-(8.9).

Theorem 8.8 Assume (h1) and (h2). Also suppose that
(h3) there is an R>1 with |jull <R for each (u,)\) € X with

min g,y (u2+ (pu’)2> < 1

(h4) for each n € N there is R, > 1 such that |lul| < R, for any
(u,A) € & satisfying

®(u,\) = n and minp (u2+ (pu’)2> > 1.

Then (8.8)-(8.9) has at least one solution.
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Proof. We apply Corollary 8.7. We first observe that (i1’) and (i2’)
follow from (h3), (h4) since

(u,A) € E, min (g <u2 + (pu’)2) >1 = ®(u,A) € N. (8.10)

To prove (8.10), let =1 =u, xz2 = pu’ and z = (z1, z2). Then

x) = %xg
(8.11)
sh=—(1 =) [La(@1) + 28] = A1) + Apf(t, 21, 22)

and

11 1
O(u, ) = o 1/0 (2,29 — z125) min{1, 1/ |z|*}ds

Consequently, since |z(¢)] > 1 on [0,1], we have

1 pu'\’
/ (arctan ———) ds
0 U

and so 2 ®(u, ) is equal to the (finite) number of (simple) zeroes of u
on [0,1). Here, by a simple zero of v on [0,1) we mean a number
t€[0,1) with u(t) =0 and (pu')(t) # 0.

We now check (i3’). Suppose

®(u,A) = L
T

Lu = (1 - p)Fo(u) + pH(u,0)
for some 4 € (0,1]. Then,
Lu = (1 - p)QF(u) + pF(u)
or, equivalently,
Lu = u(F — QF)(w) and QF(u) = 0.

Hence Lu = pF'(u). It follows that

Y] 1 A
= —p |- + —1. 8.12
(pu) p L gw) + 17 | (8.12)
Multiplying by pu’ and letting G(s) = [; g(2)dz, we obtain
1.2 )l (pu’)2
— = —up——"——. 8.13
(300)° +u60)) = —up {20 (813)
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Thus the function (pu')?/2+ uG(u) is decreasing. From (8.9), it takes
the same value at ¢t = 0 and t = 1. Consequently, it is constant.
Then, from (8.13), it follows that «' = 0, that is v =a. Now (8.12)
guarantees that 0 = —pg(a)/p andso a = 0. Also, if for 4 = 0 one has
Lu = Fy(u), then u € ker L and Fy(u) =0, and so u = 0. Therefore
¥ (0) = {0} and Corollary 8.7 applies. O

Now we state and prove an auxiliary result due to Capietto, Mawhin
and Zanolin [23] which makes it possible to obtain lower bounds for
® (u, A) when (u,A) € ¥ and ||u|| is large.

Let f: I xR?x[0,1] - R? be a Carathéodory function, i.e.
f(.,y,\) is measurable for each (y,\), f(¢,.,.) is continuous for a.e.
t and, for each r > 0, thereis h, € L' (I;R) such that |f (t,y,\)| <
hy(t) fora.e. t €I andall |yl <r, A€ [0,1]. Consider the one-
parameter family of problems

yl = f(t,y,/\),
{ 5 (0) = ¥ (1), (8:14)

where A € [0,1]. Also define

6:{yeC(LRY); y(0)=y(1)} x[0,1] - Ry,

by
SN = o | [ 1 CrO N0 0) -~ £ GyO N0 00,

where z (t) = min {1, 1/ ly (t)|2} . As above, for each solution (y,A) of
(8.14) satisfying |y (¢)] > 1 for all t € I, 2¢ (y, ) is the number of
zeroes of y; on [0,1).

Lemma 8.9 Suppose that there is a constant Ko > 0, a continuous
function © : 8B (0;R?) — Ry and a function v € L' (I;R}) such
that the following inequality

AlyNy -GN > @) blPe@/ly) —v@)lyl  (8.15)

holds for a.e. t €I, all X € [0,1] and each y € R?* with |y| > Ko,
where for each A € [0,1], a) € L' (I;R) and

1
/ o (t)dt > 0.
0
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Then, for every € > 0, there erists a constant R, > 1 (independent
of y and A) such that, for each couple (y,X\) satisfying (8.14) and
|y (t)] > Re for all t €I, it follows that

1 1
> - _
6N 2 g [fena—e
where | o ”
() = 27 Jo ©(cosb, sinb) "

Proof. Without loss of generality, we can suppose that ¢ < 1. Let
A > max{l, Ko} and ¢ = min{© (y); |y| = 1}. Suppose that (y, A)
satisfies (8.14) and |y (¢)| > A for all ¢ € I. Using polar coodinates, we
can write

v (t) = ly ()] cosd(t), ya(t) = |y (t)]sind (1)
and
0'(t) = — Aty (), Ny () = f2(Ly (O Ny )] / [y (OF -
Then, from (8.15) we obtain |
0'(t) < —an () ©(cosf(t),sind () +v(t) / ly (Bl

Consequently

o' (¢)
O (cosf () sma()) = O+ /(04).

Integration over I yields

! 0 (1) w O
/0 O (cosb (1), sind (t)) /9(0) © (cosh, sinf)

<~ llaxlly + = Il

Since 6 (1) — 6(0) = 2km for some integer k, if we choose

R. = A> |4l / 207 (©)¢),
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this inequality becomes
2km () < —|laally + 27 (O)e.

Hence
k< —|lanl, /27 (0))+e < e < 1.

Thus k= — k[, and the conclusion follows since |k| = ¢ (y,\). O
Returning to our problem, by Lemma 8.9 we can prove the following
result.

Lemma 8.10 For each n € N there ezists r, > 1 such that
min [y ) (u2 + (pu')Q) <r (8.16)

for every (u,\) € & with ®(u,)\) =n.
Proof. For y = (y1,1) € R?, let

fl(t)ya)‘) = yZ/p and

faltn ) = - [ —A)}) +Ap] o)
—(1— /\)f% + Ap f(t,y1,92).

Since g(y1)/y1 — 0o as |y1| — oo, for each j € N, there is a d; >0
with
v19(n1) = (252 + /2 + c)yf — d; forall y; € R.

Using 1/p > p, we obtain
(L= X/p+ )3 () = p (27 + /24 )y — dp™.
On the other hand,

=Apn f(ty1,92) > —plyi| (clyn] + clya] + k(2))

> —pew? + (2 +13) /24 k(t) ]

and
A =Xpwnye/(1+|yel) > —plnl.
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For |y| > 1, these inequalities yield

(it y, Ny = fo(t, 0, 1) /1yl = 3 /p+ (1= N)/p+ Ap)y1g(v1)

(1= Npyrve /(1 + |2]) = Aoy (& )]/ vl

> p (25791 +v3/2)/ Iyl — p(L+ k(t)) — djp ™.
Thus, inequality (8.15) is fulfilled with
an(t) = p(t), 7(t) = p(t)(1+ k(D)) + djp ()™

and
O(y) = 25797 +v5 /2.

Since (©) =1/, from Lemma 8.9, there exists 7; > 1 with
7 1
P(u, ) > %/0 p(s)ds — 1
whenever (u,\) € ¥ and |z(¢)] > 7; for all ¢t € [0,1] (recall z(¢t) =

(u(t), p(t)u/(¢))). Finally, for each n € N, let j = j(n) be the smallest
nonnegative integer satisfying

j 1
/ p(s)ds —1 > n.
0

2
Then 7, =T7j) is the number we are looking for. O

Remark 8.3 Consider the following condition:

(h5) for every r > 1, there is R(r) > 1 such that ||lul| < R(r) for
each (u,\) € X with ming q) (u? + (pu/)?) < r2.

By Lemma 8.10, (h5) clearly implies both (h3) and (h4). For exam-
ple, (h5) holds for p=1 (see [23]).
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In what follows we will give sufficient conditions so that (h3) and
(h4) hold.

By a standard extension argument, we shall suppose that all func-
tions on t are 1-periodic and defined on the whole real line. In particu-
lar, for each (u,\) € ¥ we may suppose that v and pu’ are 1-periodic
continuous functions on R and (u,\) satisfies (8.11) for a.e. ¢ € R.

Let

V(y) = G(y1) +v5 /2 for y=(y1,) € R,

where

Gw) = [ " g(s) ds,

and let
p(’l“) = sup {‘/(g}/)7 |y| < r} for each r > 1.

Proposition 8.11 Suppose

(h6) there exists B € L'(0,1; Ry) and ¥ :]0,00) — (0,00) continu-
ous, such that

9w filt,y, ) + yafolt,y, A) < BE)E(V(y)) (8.17)

for all y e R2 Xe€[0,1] and a.e. t€]0,1], and

[ v > 181, (5.18)
p(1)

Then (h3) is satisfied.

Proof. Let (u,\) € ¥ besuch that minjg ;) |z(¢)] < 1. Let to € [0,1]
be chosen so that |z(to)| = min o) [#(¢)|. Then, V(z(to)) < p(1). On
the other hand, from (8.17),

V(z(t)) < Bt)¥(V(x(t))) forae. tel.

Integration from tg to t, to <t <tg+ 1, yields

Vi{z(t)) V(z(t))
[ v < [ s we) < 181,
p(1) V(=(to))

and the conclusion follows by (8.18), since V(y) — oo as |y| — oo. O
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Remark 8.4 If
/ dz /¥ (z) = o0,
0

then inequality (8.18) with p(1) replaced by p(r), is true for each r > 1.
Note in this case, even (hb) is satisfied. We are in this case for p =1,
when (8.17) holds with U(z) = z+1 (see [25]).

Proposition 8.12 Suppose

(h2*) 1/p € LY0,1) for some g >1, and k€ L*(0,1).
Then (h4) is satisfied.

For the proof we need some lemmas. First we present an inequality
of Opial type, essentially due to Beesack and Das [13].

Lemma 8.13 Assume that v, w € Cla,b] N C*(a,b), w >0 on (a,b),
1/w € LYa,b) and wv' € Cla,b]. If v(a) =0, then

b b
/ w '] ds < 0’/ wv'?ds (8.19)

o= {;—/ﬂbw(t) (/at ds/w(s)) dt}1/2.

If v(b) =0, then (8.19) holds with

o = {%/abw(t) </tbds/w(s)) dt}1/2.

Proof. Suppose v(a) =0. Let a <a; <b. Then

where

v (1) < 1v(a1);+/aj v/ (s)|ds, a1 <t<b.

By Hoélder’s inequality, this yields

v ()] < |v(a)| + (/{: ds/w (S)>1/2 </:w(8) v (S)|2)1/2

1
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for a1 <t < b. Letting a; — a we obtain

v (1) < (/atds/w(s))l/2 (/atw(s)lv' (5)|2>1/2, a<t<b. (8.20)
Now, set .
() = /a w(s) o/ (s)]" ds. (8.21)

Notice
() =wt) W @), a<t<b. (8.22)

From (8.20), (8.22) and Hélder’s inequality, we obtain

b b 2!
/ wl || dt = / w|v| 4/ — dt
a a w

g/ab <w(t)/atds/w(s))l/2\/;;dt
< {/abwoe) (/:ds/w ©) dt}m {/abzzfdt}m |
_ {/abw(t) (/t ds fw (s)) dt}l/2 {%ﬂ (b)}1/2.

This, with (8.21), implies (8.19).The proof is similar when v(b) = 0. O
For the next two lemmas, we suppose (u,A\) € ¥ (also recall the

notation x = (u, pu')).

Lemma 8.14 Suppose 0 <ty —t1 <1, t1 <tg <ta, |z(to)] <r and

pu' >0 (or <0)on [t1,t2]. Then there exists T > 1 only depending

on r (independent of to, t1, t2, u and X\) with

|pu)(t)| < 7 on  [t1,t2].

Proof. From
p2 u/
1+ [pv/|

-la- N+ 0] ) + 20 (5,0, )

() = —(1-2) (8.23)
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if we multiply by pu’ and integrate from %o to ¢, we get

L) = S — - X) [ p2)

— 2 _d 24
WP G2

- /tt [(1=X)/p+ Ap] pu'g(u)ds + A tp2u/f(s, u,pu’) ds .

to

Let 7, > r besuch that g(z)/z > 1 for |z| > 1. Assume pu’ >0 on
[t1,t2] (the case pu’ <0 on [t1,t] is similar). Let

(pu')?

YT = (1= \Njp—"2
( )p1+IPU’l

[(1 — /\)% + /\p} pu’g(w).

First, we estimate the integral ftto Y(s)ds. We have two cases to con-
sider:

1) Let to <t. Then u(tp) <u(s) for to < s <ts.

a) For those s with u(s) > 71, we have —u/g(u) < —v/u <0, and

/ YT(s)ds < 0,
[to, t} N (’u.>7'1)

where (u > 71) = {s; u(s) > 71}.
b) Also notice

SO

Y(s)ds < ||1/p pu'oomax_TT .
/[to»ﬂﬁﬂulﬁﬁ) (=) 1L/ ”1“ H [—71,71] lgl

c) We have [tg, t] N (u < —71) =0 because otherwise, from —r <
u(to) < u(s) < —71 we can derive r > 71, a contradiction.
Thus

¢
| ) ds < 11/l [on |y mx (i o]
(0]

2) Let t < tp. Then u(s) <wu(to) for t1 < s <tg.

a) We have [t, to] N (u > 71) = @ because otherwise, we have
71 < u(s) < wuftg) <r, a contradiction.

b) Notice

- Y(s)ds < {1+ ||1/p||;max |, ||, -
/[t,tom(|u]§n) (s) ( 11/2ll; [l lgl) (o]
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c¢) Also we have

-/ T(s)ds < o]
[t to] M (u<—71)
because g(u) <u < —7; and consequently,

(1 =X)/p+ Ap) pu'g(u) < 0.

Thus

(o) ds < (14 11/pll % oy 91) -

Therefore, in both cases, we have

/tt Y(s)ds < 7 l|pu]|, (8.25)

where 75 = 1+ ||1/p||; max|_., ) |g|. Notice that (8.25) is also true if
pu' <0 on [t1,te].
Regarding the last term of (8.24) we have

/tt p2u f(s,u,pu’)ds| < ¢ /tt (p lud| + (pu’)z) ds (8.26)
kN o -
From Lemma 8.13, we obtain
/t:p luv/| ds| < /t:p]u —u(to)] || ds| + 7 |lpu'|| o,
<o /ttpu&ds + 7Pl
where & = (Ipll ) 11/pl s /2)

Then, from (8.26) we get

[ i wmasl < (ke o, G20

+c(o+1)

i
/ pu?ds
to
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For § >0 and 1/q+1/¢ =1, we have

t t t , /e
/ pu'?ds| = / (pu')?(1/p)ds| < (pu )1 ds
to to to
1 7
(pu )2q e 2q’6|s—t0|e2q’6|s~to|ds
2 1 , 1/q/
< lll/quHpu/e—5|s_t01 /e2q6]s——t0[d5
o0 | Jtg
< 1 /pl, e el (2q/8)- 1o 2ol
Now using (8.24), (8.25) and (8.27), we obtain
1
S V20l < 212y (7, 4 [kl +or) [fpute o f
2
+e(o+1)[11/pl, (24'8) V¢ Hpue ls—tol (8.28)

Next choose § > 0 so that
1/2 > c(o +1)[1/pll, (24677
Then, from (8.28) it follows that there exists 73 > 1 with

! —6|t—t0|

‘pue < 73 on [t1,ts].

Hence
l(pu)(#)] < 7 on [t 2],
where 7 = 13¢°. O

Lemma 8.15 Suppose 0 < to —t; < 1, (pu/)(t1) = (pu')(t2) = 0,
pu' >0 (or <0)on [ti,ta], and u>0 (or <0)on (t1,t2). Then
there exists 7. > 1 independent of t1, ta, u and A, with

[(pu)(t)] < 7 on  [t1,ta].
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Proof. Let r >0 be such that
2g(z) > c22 + (c+ || k| +1)|2| for |z| > (8.29)

We show
either |u(t1)] <r or Jju(tr)] <.

Then we apply Lemma 8.14 with ¢35 = ¢; or tg = to, respectively.
Suppose, by contradiction, |u(¢1)] > r and |u(t2)] > r. Then, since u
is monotone and preserves its sign on (¢1,t2), we have |u(t)] > r for
all t € [t1,t2]. Assume u(t) >r on [ti,t2]. Then, (8.23), (8.29) with
(1-=X)/p+Ap>p and g(u(t)) > 0 establishes

(pu') < p(l—gu)+cu+tc+|k|,) <0

for a.e. t in those neighborhoods of ¢; and t; (subintervals of [t1,t3])
where |(pu')(t)] < 1. Consequently, pu’ is strictly decreasing in those
neighborhoods of ¢; and t;. Since (pu')(t1) = (pu')(t2) = 0, this
implies that pu’ changes its sign on [t1,?2], a contradiction. Repeating
the same reasoning for the case u(t) < —r on [t1,t2], we complete the
proof of Lemma 8.15. O

Lemma 8.16 Suppose 0 < t3 —t1 < 1, minp, 4, [u@®)| < r and
(pu)(t)] < 7 on [ti,ta]. Then there exists 1 > r only depending
on r and T, such that |z(t)] <r* on [to,t1]

Proof. Let to € [t1,t2] be such that |u(ty)] < r. We have —7/p <

u' < 7/p, and so integration from ty to t yields

—7[1/plly < ut) —ulte) < 7[1/pl]; -
Consequently,
u(@)] < r+7|1/pll; on [t,to].

Thus, r* =max {r+7|[1/p|ly, 7}. O
We are now ready to prove Proposition 8.12.

Proof of Proposition 8.12. Let (u, A) be any element of ¥ satisfying
min oq; [#(t)] > 1 and ®(u,\) =n.

From Lemma 8.10, ming ] [2(t)] < 7n.
Let us consider the nondecreasing sequence s;, j € Z, of real
numbers with the following properties:
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1) (pu')(sj) =0, s25 < s2j41, pu’' >0 (or < 0) on (s25, s2j+1);
2) u changes its sign on (sg;, s2j+1) and preserves the sign on

[82j+1, 52j+2], for all j € Z.
Since ®(u,A\) =n and u is l-periodic on R,

Sjpant = L+ s; forall j,leZ.

Let jo € Z be such that min (5, o ) [2(t)] < rn. Two cases are

possible:
a) jo 1s even. Then, we first use Lemma 8.14 to get 79 > 1 with
'(pul)(t)' < 70 on [Sjo’ Sj0+1]'
Next, from Lemma 8.16, there is an r° > r, with |z(¢)] < 7° on
<r’<.. <

[Sj0s Sjo+1]. Furthermore, we successively obtain 70 < r!
r=1 with

lz(t)] < 777 on [s;, sj41), Jo <Jj<Jjo+4n—1.

If 57 is odd, from Lemma 8.15, we have

(0 )(#)| < 7 on [sj, 8j41]

and then, from Lemma 8.16 with t1 = 55, to = sj41, 7= ri=jo—1 and
T =7y, we get 79750 a5 desired. If j is even, we use Lemma 8.14 with
t1 =ty =sj, ta =541 and r= ri=Jo=1 and we get Tj—jo = 1 with

|(pu/)(t)! < Tj—jp on [SJ" 3j+1]'

Then, from Lemma 8.16 with ¢ = s, to = sj11, 7 = ri=j=1 and
T = Tj_j, wefind pJJ0 > pi=Io~1l with
)
lz(t)] < 77 on [sy, sj41)-

b) jo is odd. By a similar reasoning, starting this time with Lemma
8.15 instead of Lemma. 8.14, we obtain a sequence ™ <7 <72 < ... <

7=l with

lz(t)] <TI0 on [sj, sjy1], jo <J <jo+dn—1.
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Since the length of the interval [sj,, Sjo+4n] is one,
Rn — max {£4n—1’ 7411—1}

is the bound we are looking for. O
Now we can state the following existence result.

Theorem 8.17 Assume (h1), (h2*) and (h6). Then (8.8)—(8.9) has at

least one solution.

Proof. Use Propositions 8.11 and 8.12 and apply Theorem 8.8. O
As an example, consider the following problem

%(mﬂ)' +u’ = k(t), u(0)=u(l), (pu)(0) = (pu')(1),

where p € C'[0,1] N CY(0,1), 0<p<1 on (0,1), 1/p € LY0,1) for
some g > 1 and k € L*(0,1), has at least one solution provided that

(7r/2 — arctan 5/\/§> V3> 181,

where G(t) = max {1/p(t) — p(t), p(t)|k(t)|} . Indeed, (8.17) holds with
U(z) = 822 422+ 1/2, while p(1) =1/2.

For other techniques of ”a priori” estimation of solutions based on
an analysis of the phase plane we refer the reader to [42] and [89]. For
other applications of the general continuation theorems, see [73].



9. The Unified Theory

In this chapter we present some general principles which makes it possi-
ble to understand globally particular theorems of Leray-Schauder type
for a great variety of single and set-valued maps in metric, locally con-
vex or Banach spaces. In fact, this book could start with this axiomatic
theory of the Leray-Schauder type theorems. Nevertheless, we have pre-
ferred to introduce successively the main classes of maps for which a
continuation theorem is known and immediately give examples of typ-
ical applications. After such an excursion the reader could ask himself
or herself about the common feature of all theorems of Leray-Schauder
type. Some answers can be found in the papers [130]-[132], [134]-[136]
and [142]. In what follows we shall give a generalization of the results
from [132] and [134].

9.1 A General Continuation Principle

Let Z, © be two sets and A, B two proper subsets of = and O,
respectively. Consider a nonempty class of maps

Mc{r:g-er1(Bna=0}
whose elements are called admissible maps and let
v: {Ffl(B);FEM}U{@} — Z
be any map with values in a nonempty set Z.
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For each admissible map T, the value v (I'"'(B)) stands as a
“measure” of the set T'™! (B) of all solutions z € Z to the inclusion
I'(z) € B.

Let # = v (). An admissible map I' is said to be v-essential (in
M) if

v (T (B)) = v(I"'(B)) # 6

for any admissible map I' having the same restriction to A as T,
ie. I, =T',. In the opposite case I' is said to be v-inessential
(in M). Thus, T is v-inessential if v (I ! (B)) =6 or there exists an
admissible map I" with

Tly=T|, and v(T7'(B)) # v (T (B)).
Also consider an equivalence relation = on M with

We are interested in the case when the equivalence classes contain
only v-essential maps or only v-inessential maps. A sufficient condition
to have such a case is the following one:

(H) if T' = I, then there is an homotopy 7 : 2 x [0,1] - © and a
function v : £ — [0,1] such that

n(.,0) =T, n(.,1) =T, n(.,v(.)eM
and

_ 1 forzxek,
v(z) = { 0 forxze A,

where 3, = {z € E; n(z,A) € B for some X € [0,1]}.
Lemma 9.1 Assume that conditions (A) and (H) hold. Let ' be an

admissible map. Then T is v-inessential if and only if v (™' (B)) =6
or there exists an admissible map T’ with

T ~T and v(I (B)) # v(T'71(B)). (9.1)
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Proof. The necessity follows from the definition of the v-inessential
maps and condition (A).

Suppose now that T" satisfies (9.1). Let n and v be the maps associ-
ated with T and T” as in condition (H). If X, = @, then n(.,0)"" (B) =
#, ie. T7'(B) =0 andso v(I'"!(B)) =6 which means that T is
v-inessential. Next, assume %, # . Let I'" = n(.,v(.)). By (H),
I € M. In addition, we have

T, =T%, and I"'(B) =T"1(B). (9.2)
Therefore
v (TN (B)) # v (I (B)) = v (T (B)). (9.3)

The relations (9.2) and (9.3) show that I' is v-inessential. O
The following result represents the abstract version of the topological
transversality theorem.

Theorem 9.2 Assume that conditions (A) and (H) hold. Let T and
I" be two admissible maps with ' ~ I'V. Then T' and T" are both
v-essential or both v-inessential and in the first case one has

v(T7(B)) = v (T (B)). (9.4)

Proof. Suppose that I' is v-inessential. If v (I'"!(B)) = 6, then
clearly, T" is v-inessential. Thus we may assume that v (I"~1 (B)) # 6.

In the case when v (I'"! (B)) = 6, the v-inessentiality of I” follows
from Lemma 9.1 and the symmetry of relation = . Suppose now that
v (I‘_l (B)) # 6 also. Then, Lemma 9.1 implies that there exists an
admissible map I with

I' ~T” and V(I‘*l (B)) # v (F”“l (B)) .

Using the symmetry and the transitivity of relation ~, from I' ~ I
and T ~T”, we obtain I' ~ I'". Now, if v (I""!(B)) # v (I""1(B)),
then Lemma 9.1 applied to IV and T'” implies that I is v-inessential,
while if v (I""1(B)) = v (I'""!(B)), we deduce that v (I""! (B)) #
v(I"1(B)) and the v-inessentiality of I" follows once more from
Lemma 9.1, this time applied to TV and T'. Therefore, I' is also v~
inessential.
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Now suppose that I' and I" are v-essential maps. Clearly, v (I} (B))
#6 and v (I""1(B)) # 0. Since I' # I, we can construct, as in the
proof of Lemma 9.1, an admissible map I'* with

I, =TI, and I"!'(B) =TI 1(B).
Consequently,
v (I (B)) = v (11 (B)). (9.5)

On the other hand, since T'|, = I'*|, and I' is v-essential, we must
have
v (T71(B)) = v (I*1(B)). (9.6)

Now (9.4) follows from (9.5) and (9.6). D

There are two kinds of Leray-Schauder type theorems. Firstly, re-
sults for large classes of maps for example, completely continuous, set-
contractions, condensing or monotone type maps. Theorems 5.4 and 7.2
are of this kind. Secondly, results in terms of a given homotopy. Exam-
ple of this kind are the continuation theorems for contractions on metric
spaces and maps of Ménch type (Theorems 2.4, 5.3 and 7.1). We can
understand globally all these results if we look at Theorem 9.2. To see
this, let us now suppose that no class of maps is given but only a single
map n:E x [0,1] — © satisfying

n(z,A) ¢ B forall z€ A, A€ [0,1].
We choose a family of functions
A cC{6:2—10,1]; 8|, is constant} (9.7)

containing the constant functions 0 and 1. Then, we attach to n and
A the following class of maps

Mpa ={n(.,6(.));6€ A}
and define an equivalence relation on M, A by
I' [ <

Py =T o0 {T1, T4} = {mola, mla}-

Here, as usual, 7y = n(.,A) for each A € [0,1]. Also consider a
function v defined at least on the following family of sets

{n(.,60.))"(B); seafu{o}.
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Corollary 9.3 Assume that there exists a function v: 2 — [0,1] such

that:
_} 1 forxzedy
U(x)—“{() for x € A;

(1-v)6+vs € A forall 6,8 €A. (9.8)

Then 19 and m1 are both v-essential or both v-inessential in My A

and
v(ng" (B)) = v (n ' (B)).
Proof. We apply Theorem 9.2. Clearly condition (A) is satisfied. To
check (H) let
I,T' € Mga, T =T, T =70(.,8), I' = n(.,8).
Define the homotopy

We have that 7(.,0) = T and 7(.,1) = I'. Then (H) holds for 7
since 35 C Y. O

Remark 9.1 Condition (9.8) implies that for each 0 € A, there exists
& € A with

PR
(Take 6* = v§). This is condition (i) in a somewhat more general result
[[142], Theorem 2.1].
Remark 9.2 In the case when
Mila Z Mala whenever Ay # Az,
the above equivalence relation on My A can be equivalently defined by

I =T/ < X=X or {)\ XN} ={0,1},

where T =n(.,8), é§|,=\ I"'=n(.,8), & ,4=XN. This particular
case was considered in [[184], Theorem 2].
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The existence of a function v like that in Corollary 9.3 is, at least in
some particular cases, connected with separation/ extension results of
Urysohn type (we refer to [35] for basic facts of general topology). Here
are two remarkable versions of Corollary 9.3:

A general continuation principle in normal topological spaces

Corollary 9.4 Assume that Z is a normal topological space, V is a
closed set with

YpCVCENA
and that the following condition is satisfied:

(1-v)§+v8 € A (9.9)

for all 6,8 € A and v € C(Z; [0,1]) with v(z)=0 on A, v(z)=1
on V. Then ng and m are both v-essential or both v-inessential in
My A and

v(ng' (B)) = v (" (B)).

Proof. Since Z is a normal topological space and A, V are closed
disjoint sets, there exists a function v € C' (E; [0,1]) with the required
properties. O

Notice that condition (9.9) is satisfied for

A ={6eC(E;[0,1]); 6], is constant}.

As we shall see, this is the case for most Leray-Schauder type theo-
rems. However it is not the case for the Leray-Schauder theorem for
contractions on metric spaces. Recall that any metric space is normal.

A general continuation principle in completely regular spaces

Corollary 9.5 Assume that = is a completely reqular space, V is a
closed set with -

Yo CVCENA
and in addition that V or A is compact. Also assume that (9.9) holds.

Then ng and m are both v-essential or both v-inessential in My A
and

v (" (B)) = v (07 (B)).
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Proof. Since A, V are closed sets of a completely regular space and at
least one of them is compact, there exists a function v with the desired
properties (see [35]). O

Recall that any locally convex space is completely regular.

In Theorem 9.2 no compatibility between the "measure” v and the
class of admissible maps is assumed. In fact, to apply Theorem 9.2 and
Corollary 9.3 in practice, we need to identify simple v-essential maps.
This can be achieved by using, for example, methods from degree theory
or fixed point theory. For degree theory we refer the reader to [32}, [84]
and [151].

Throughout this book we have exclusively used as v the simple
indicator function

1 ifd#£¥ CE
”(‘I’):{o 1f11/7é: (b.c (9.10)

When v is given by (9.10), we concisely speak about essentiality instead
of v-essentiality.

9.2 A General Fixed Point Continuation
Principle

Now we specialize Theorem 9.2 and its corollaries in order to obtain
fixed point theorems of Leray-Schauder type. The essentiality of some
simple maps will be obtained by using fixed point theorems for self-maps
of a certain subset of =.

Consider a set E, 2 and A two proper subsets of £ with A C =
and A #Z. Also consider a class of maps

Nc{y:E—E; AnFixy =10}

whose elements are called admissible. The notation Fix v stands for the
set of all fixed points of . An admissible map + is said to be essential
if

¥ €N and 4|, = 4|, implies Fixy" # 0.
Let ~ be an equivalence relation on N and assume that the following
conditions are satisfied:

(a) if v, = V|4, then v ~ v
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(h) if v ~ +', then there exists o : 2 x [0,1] — E and a function
v : E —[0,1] such that

and

(z) = 1 forxe X,
YT 0 forz € A,

where ¥, = {x € E; o (x,\) =z for some A € [0,1]}.

Theorem 9.6 Assume that conditions (a) and (h) are satisfied. Let ~
and ' be two admissible maps with v ~ . Then v and ' are both
essential or both inessential.

Proof. Consider © = Ex E, B={(z, x); z € E},
M={T:Z2—-0;T(z)=((x), z), where v € N}
and define
Pl ey~

where T' = (v(.),.) and T = (#/(.),.). Then T is essential
(inessential) if and only if the corresponding map « is. Moreover, (a) is
equivalent to (A) and (h) implies (H), if we put 7 (z,\) = (o (z, \), ).
Thus we can apply Theorem 9.2. O

If instead of the class N we consider a single homotopy o : 2 X
[0,1] — E and a family of functions as in (9.7), we may apply Theorem
9.6 to the class of maps

Noa ={0(.,6(.)); 6 A}
and to the equivalence relation on N; A
v~y =

Va4 = ’Y/’A or {74, 'Y/|A} = {ool4, o1la}-
Thus, we have the following fixed point version of Corollary 9.3.

Corollary 9.7 Assume that there exists a function v : & — [0,1]
satisfying conditions (9.8) with ¥, replacing ¥X,. Then oo and o1
are both essential or both inessential in N, .
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The next proposition gives us a scheme to establish the essentiality
of some maps in N. It is stated in terms of fixed point structures.

By a fized point structure on a given set E we mean a pair (P, F),
where P is a class of nonvoid subsets of £ and F is a map attaching
to each set D € P, afamily F (D) of maps from D into D having at
least one fixed point each.

Proposition 9.8 Let (P, F) be a fized point structure on the set E
and let vo € N. If for every v € N satisfying |4, = "ls, there
exists Dy € P and ¥ € F(D,) such that

WNznp, = Vanp, end Fixy\ E =40, (9.11)

then o s essential.

Proof. Since ¥ € F(D,), there exists an = € D, with ¥(z) = .
Then by (9.11), € £ and so v (z) = z. Consequently, vy is essential.
O

Examples

Now we show how the Leray-Schauder type theorems stated in the
previous chapters can be derived from the general principles described
in this chapter.. .

1) Theorem 2.4 follows from Corollary 9.7 applied to: E = K,
=2=U, o(z,\) = H(z,)\) and

A= {(5 € C(U; [0,1]); 6|y, and 6|, are constant},
where V =W and W is the union of open balls B, (z) when
x € Xy = {y; H (y,A) =y for some A € [0, 1]}
and 7 > 0 is so small that
s CW CW CU.

In this case, the essentiality of any map in N, A is equivalent to the
equality Ag = [0,1], where

Ay = {A€el0,1]; H(z,\) =z for some z € U}.
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2) Theorem 5.3 follows from Corollary 9.7 and Proposition 9.8 if we
put: E=K, E=U, o(z,\) = (1 =X zo+ AT (z) and

A= {6 € C(U; [0,1]); blyy s constant}.

Thus, the conclusion of Theorem 5.3 follows from Corollary 9.7 if we
prove that the constant map xzg is essential. For this, let v be any
function in Ny with |5, = 2. Suppose that

y(x) = (1—-6(=)zo+6(z)T (), (9.12)

where 6 € A. Let
D, = convy(U)

and —
~ ~ ) y(x) forzeU
Vi Dy = Dy, ’7(50)—{:00 forz € D,\U.

Let (P, F) be the Ménch’s fixed point structure, i.e. P is the class of
all nonempty closed convex subsets of X and F (D) is the set of all
continuous maps from D into D satisfying condition (5.1) in Propo-
sition 5.2. Let us observe that ¥ € F (D,). Indeed, let S C D, be
countable and

5 = womv {{z0} U ($)} = sonv {{zo} U(S N T)}.
Using the representation formula for v, (9.12), we see that
conv {{zo} Uy(SNT)} C conv {{zg} UT(SNT)}.

Consequently, S C conv {{zo} UT(SNU)}. Since T satisfies (5.2),
this yields that S MU is compact. Furthermore, the continuity of
T implies that T(S N U) is compact and then, by Mazur’s lemma,
conv {{zo }UT(SNTU)} is also compact. It follows that S is compact and
so ¥ € F(D,). Since (9.11) clearly holds, it follows that the constant
map zg is essential as claimed.

3) Theorem 5.4 follows from Theorem 9.6 if we take: E = K, 2 =T,
A=0U, N=M, where M is Mg, Mp or M, and the equivalence
relation on M, T ~ T if there exists H : U x [0,1] — K condensing
(set-contraction, compact, respectively) such that H) is fixed point free
on U for any A €[0,1], T = Hy and T' = H;.
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4) Theorem 7.2 can be deduced from Theorem 9.2 if we set: = = U,
A=0U, © =Y, B={0},
M={l':U—Y; I'(z) = Lz — T (z), T € MY}
(ML being ML, M% or ML), v is given by (9.10) and T' =~ I
if there exists an L-condensing (L-set-contraction, L-compact, respec-
tively) map H : U x [0,1] — K such that Hy=L—-T, Hy = L —T"

and H (z,A) # Lz for all z € U and X € [0,1].
An extra example is presented in the next section.

9.3 Continuation Theorems for Maps of
Monotone Type

Let (X,|.|) be a Banach space and (., .) be the duality between X*
and X.

Amap T:D C X — X* is said to be

a) monotone if

(T(z)—T(y),z—y) >0 forale, yeD;
b) mazimal monotone if it is monotone and
(*—T(y),z—y) >0 forallye D =z € D, T (z) =z%;
c) strongly monotone if there exists ¢ > 0 such that
(T(z) =T (y),z—y) >clz—y* foralz, ye D,
d) ¥-monotone if there exists a function ¥ : (0,00) — (0,00) with

limsup ¢ (t) > ¥ (a) for any a > 0,

t—a

such that
(T(z)=T(y),z—y) > ¢(lz—yl) forallz,yeD, z#y.

Notice that in the last definition, v could be any nondecreasing function
from (0, 00) into (0,00).

e) The map T is said to be of type (9) if for any sequence (zx) C D
with z — ¢ € X weakly and limsup (T (zx), zx — z) < 0, we have
T — = strongly.
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Proposition 9.9 Let 171 and 1o two maps from D C X into X*,
where D 15 closed convex. Suppose that 11 sends bounded sets into
relatively compact sets and Ty is -monotone. Then T1 + Ty is of

type (S) .
Proof. Assume the contrary. Then, there exists a sequence (zx) C D
weakly convergent to some z € X, with |z — x| — a >0 and

limsup ((T1 + T2) (zx) , zx — z) < 0.

Clearly, we may assume that xp # x for all k. Since D is closed
convex, * € D. Now 17 sends bounded sets into relatively compact
sets, so passing to a subsequence, we may suppose that (17 (z)) is
strongly convergent and (T (zy), zx — z) — 0. Then

limsup (T (x), zx —x) < 0.
On the other hand,
(Ty (xg), zp — ) = (T2 (zx) — T2 (2), 2 — 2) + (T2 (2), 21 — )

> Y (lz—zx]) + (Th (), 2% — 7).

These with ¢ > 0 imply that 9 (| — zx|) — 0. Also, since |z — zx| —
a >0, we have
limsup ¢ (|Jz — zx|) = ¥ (a).

Thus, we obtain 1 (a) = 0, a contradiction. O
f) T' is said to be pseudomonotone if for any sequence (z;) C D
with z — x € D weakly and limsup (T (xy), zx —x) <0, we have

(T'(z), z—y) < liminf (T (xx), zr — y)

for all y € X.
g) T is hemicontinuous if T (z +ty) — T (z) weakly as t — 0 for
every £ € D and y € X.

Proposition 9.10 Let 7 : D — X* be monotone and hemicontinuous,
where D C X is open. Then T is pseudomonotone.

Proof. Let (z;) C D be a sequence with z; — z € D weakly and

limsup (T (zg), z —xz) < 0.
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Since T is monotone, we have
(T (), zp —x) < (T (zx), T — z)
and so
lim <T (Jik) y Tl — :E) = 0.

Let ye X and zz=z+t(y—x), t > 0. Since D isopenand z € D,
we have 2zt € D for 0 <t <ty. By the monotonicity of 7', we have

(T (zx) = T (), zp, — 2¢) > 0.
Then
(T(zp), 2k —2) —(T(z), 2 —x+t(xz—y)) 2 —t(T(zx), z—y).

Letting & — oo and dividing by —¢, we obtain

(T (zt), z—y) < liminf (T (x), z—y).
Now the hemicontinuity of T' implies

(T (z), z—y) < liminf (T (zx), z —y).
Finally,
liminf (T (zx), z —y) = Iminf (T (zx), z — zx) + (T (z) , 2 — ¥))

= liminf (T (x), zr — y) .

Thus T is pseudomonotone. O

Notice that any hemicontinuous monotone map 7T : X — X* is
maximal monotone (see [119], Corollary II1.2.3).

If X is reflexive, then it can be renormed so that X and X* are
both locally uniformly convex. Then the duality map F is single-valued,
bijective, bicontinuous, monotone and of type (S) (see [20], Proposition
8, or [119], II1.2.6). In this case, the maximal monotonicity of a mono-
tone map T is equivalent to the surjectivity of F 4+ T. Moreover, if T
is maximal monotone, then F+T is bijective and (F+T) ! : X* — X
is demicontinuous (see [119], II1.2.11).

For other results on monotone operators we refer the reader to [161].
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In what follows we shall state the topological transversality theorem
for maps of the form (F + T)"Y(F — f) with f demicontinuous of
type (S) and T : X — X* maximal monotone. We shall apply this
theorem to establish the existence of solutions to the operator equation
(T'+ f)(z)=0.

Throughout this section X is a reflexive Banach space which is
normed so that X and X* are both locally uniformly convex, T :
X — X* is a maximal monotone map and U C X is a nonempty open
bounded subset of X. Let us consider the following class of maps:

M = {g=(F+T)"YF - f); f demicontinuous of type (S),

0¢(T+f)(0U)}.

A map g € M is said to be essential in M if every ¢ € M with
¢ (z) =g(z) on AU has a fixed point.

Theorem 9.11 Let h* : U x [0,1] — X* be such that for every pair of
sequences (\y) C [0,1] and (xx) C U with Ay — X, z, — = weakly
and

limsup (h* (xg, Ag), zi —z) < 0,

we have x — x strongly and h* (zx, \g) — h* (z, X) weakly. Let
h(z,A) = (F+T) (F(z) - h* (z,A))

and assume

(i) h(z,)\) # z for all z€8U and X €(0,1];

(ii) ho is essential in M.

Then hy s essential in M too.

Proof. The result follows from Theorem 9.6, if we take = = U, A =
OU, N=M and g~ ¢ if thereis a h* as above with

9=(F+T) (F=hy), ¢ = (F+T)"(F-h}.
First we check condition (a). Suppose g, ¢’ € M,

g=(F+T) (F~f), ¢ =F+T)(F~f)
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and glyy = ¢'|gy - Then, by the injectivity of (F +T) !, one has
floy = f'loy - Define

R () = (1= A) f+Af.
It is easily seen that h* satisfies the required condition and hence that
g~g.

Now we check condition (h). Suppose g ~ ¢’. Let ¥ = {z € U;
h(z,\) =z for some X € [0,1]}. By (i), £ N U = 0. In addition %
is closed. Indeed, let (zy) C ¥ such that zy — z as k — oo. Since
zp €3, thereis a Ay € [0,1] with h(zg, Ax) = Tk, or equivalently

T (.’L‘k) + h* (.’L‘k, /\k) = 0.

Passing if necessary to a subsequence, we may suppose without loss of
generality that Ay — A\ and z; — z weakly for some A € {0,1] and
z € X. By the monotonicity of T we have

(W (i, M\g), 2 —z) = — (T (zx), 2 —2) < — (T (z), 21— ).

It follows that limsup (h* (
strongly and h* (zg, Ax) —
in

Tk, Ak), Tx — ) < 0. Consequently, z — z
h* (xz,\) weakly. Now we pass to the limit

(=h" (@, M) =T (y) e —y) = (T(ze) —T(y), zk—y) 2 0
and we obtain
(=h* (z,\) =T (y), x—y) 2 0.
Then, the maximal monotonicity of T, implies —h* (z,\) = T (z),
that is h(z,A) = z. This shows that z € ¥ and so ¥ is closed.

Now it is easy to see that condition (h) is satisfied for any function
ve C(U;[0,1]) with v(z) =0 on 8U, v(z)=1 on ¥.0O

Corollary 9.12 Let X be a reflexive Banach space which is normed so
that X and X* are locally uniformly convex, T : X — X* a maximal
monotone map with T (0) = 0, U C X an open bounded subset with
0c€U and fo:U — X* a demicontinuous map of type (S). Assume
that

(1-XNF@)+Aole)+T(z) #0 for x €U, Ae[0,1]. (9.13)
Then there exists x € U with

(T + fo)(z) = 0. (9.14)
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Proof. Equation (9.14) is equivalent to the fixed point problem x =
(F+T)"Y(F — fy) (x) . Observe that

= (F+T)(F=F) ~ (F+T)"(F -~ fo),
where
R*(.,0) = (1= X F+ Mo.

Hence according to the above theorem, we have only to show that the
null map is essential in M.

To do this, let ¢ € M be such that g(z) = 0 on OU. Then
g = (F+T)Y(F ~ f), where f is demicontinuous of type (S),
0¢& (T+ f)(OU) and f(x) = F(x) on OU. We need to show that
g has a fixed point, i.e. we must show there exists x € U with

T+ f) (=) =0.
Let Xo be any finite-dimensional subspace of X and let P: X* —

X = Xo be the canonical projection of X* onto Xj. Let Uy = UNXy
and

G:U0—>X0, G($):P(T+f)(l')
Clearly, GG is continuous. In addition,
Az —G(z)) # x forall z € Uy and X € [0,1].

Indeed, if we suppose that A (z — G (z)) = x for some z € 9U; and
A €[0,1], then since z € OU and f(x) = F (z), we have

) =
o = AMe -G (x), a)
= M2 = (P(T+ F) (2), 7)) = A (T(2), ).
Now since T (0) = 0, we have
(T (z), @) = (T (x) = T(0), z—0) > 0.

Thus xz = 0, which is impossible because 0 € U while x € 0U. Now,
the classical Leray-Schauder principle implies that there exists « € Uy
with ¢ — G (z) =z, that is G (z) =0 or equivalently,

(T'(z)+ flx),y) = 0 forall ye Xo.
Thus the set
Vx, ={z € U; (T'+ f)(z), z) <0, (T + f) (), y) =0 on Xo}
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is nonempty. Clearly, the family {Vx,; Xo C X, dim X < oo} has the
finite intersection property. Denote by Vx, the closure of Vx, with
respect to the weak topology on X. Since X is reflexive, Vx, is
weakly compact and so the family

{VXO; Xo C X, dim Xp < oo}

has nonempty intersection. Let xy be a point of this intersection. For an
arbitrary point y € X choose Xy finite-dimensional with xg, ¥y € Xo.
Let (zx) C Vx, be such that zy — zo weakly. Since z; € Vx,, we
have

(T (zx) + f (zx), z6) <0, (T (zx) + f (k) , o) = 0, (9.15)
(T (z) + f(zx), y) = 0.
It follows that (T + f) (zx), zx — o) < 0, or equivalently
(f(@x), 2 — x0) < — (T (7k), Th — T0) -
Now since
(T (zx), o, — x0) = (T (70), Tk — To)
and (T (zo), xx — zo) — 0, we deduce that
limsup (f (zx), zr — 20) < 0.

Since f is of class (S) and demicontinuous, this yields zx — x¢ strongly
and f(zr) — f(zo) weakly. Then, from (9.15), we obtain

(T (zk) » zo) = —(f(z0), zo) and (T'(zx),y) — —(f(z0), y).

Now,

0 < (T(zx) =T (), zx—y) = (T(zx) =T (y), z0o —y)

+ (T (zx), zx) — (T (xx) , 20) — (T (y), & — To)
< (T(zk) =T (y), zo—y) — {f (zx), z&) — (T (zx) , T0)
—{(T'(y), = — x0) ,
and letting k — co we obtain
0 < (~f(z0) =T (), z0—y)-

Since y is arbitrary in X and T is maximal monotone, we conclude
that —f (zg) =T (z¢) as we wished. O
Next we state a continuation theorem for pseudomonotone maps.
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Corollary 9.13 Let X be a reflexive Banach space which is normed so
that X and X* are locally uniformly convexr, T : X — X* a maximal
monotone map with T (0) =0, U C X an open bounded convex subset
with 0€ U and f:U — X* a demicontinuous pseudomonotone map.

Assume that
(f(z),z) > 0 for all z € OU.

Then there erists x € U with (T + f) (z) = 0.

Proof. It is easily seen that for each k¥ € N, & > 1, the map fr =
f+ 2F is demicontinuous of type (S) and satisfies (fx (z), z) >0 on
OU. This immediately yields

(1= N F(z) + My (z) + T (x) # 0 for z € U, A€ [0,1].

Thus, from Corollary 9.12, there is an x; € U with T (zg)+ fx (xx) = 0.
Hence T (xx) + f (zx) — 0. Since X is reflexive and U is bounded
and convex, we may suppose that zj — 29 € U weakly. In addition

(f (zx), Tx ~ z0)
= (T () + f (zx) , zx — z0) — (T (wx) , Tx — o)

S AT (wx) + f (zx), o — 20) — (T (w0) , Tk — T0) -

It follows that
limsup (f (zx), zx — xo) < 0.

Since f is pseudomonotone, this yields

(f(z0), ®o —y) < liminf (f (zx), zx — v) -
Then
(=f(z0) =T (y), mo ~y) > limsup (—f (zx) =T (y), xx — ¥)

2 limsup (—f (zx) = T (xk), 7 —y) = 0.

Consequently, —f (o) = T (o). O

We note that the above results also follow from the extended de-
gree theory applied to maps of monotone type (see Browder [20]). The
elementary approach presented here comes from [132].

For other examples we refer the reader to [131] and [136].



10. Multiplicity

This chapter presents a Leray—Schauder type theory which guarantees
the existence of fixed points in shells of Banach spaces. This is turn will
enable us to discuss the existence of multiple fixed points for operator
equations. In particular we will use the elementary ideas of Chapter 9
to present some fixed point theorems of cone compression or expansion

type.

10.1 Leray-Schauder Theorems of Compression-
Expansion Type

We feel this chapter should be self contained so for the convenience of
the reader we now gather together the results of Chapter 9 that will be
needed to discuss multiplicity.

Let K be a closed subset of a Banach space X and U an open
subset of K.

1) M(U; K) denotes the set of all compact (continuous with rela-
tively compact image) maps F : U — K; here U denotes the closure
of U in K.

2) We let Myy(U; K) denote the maps F € M(U; K) with z #
F(z) for z € 8U; here OU denotes the boundary of U in K.

3) Amap F € Myy(U; K) is essential in My (U; K) if for every
map G € Myy(U; K) with Glsy = F|py we have that there exists
r € U with z = G(x). Otherwise F is inessential in Myy(U; K) i.e.
there exists a map G € My (U; K) with Glsy = Flsy and = # G(x)
for x € U.
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4) Now F, G € Myy(U; K) are homotopic in Myy(U; K) rltten
F =G in Myy(U; K) if there exists a compact map N : U x[0,1] —
such that Ny = N(.,A) : U — K belongs to Mpy(U;K) for each
Ae[0,1] and Ny = F, N, = G.

Theorem 10.1 Let X, K and U be as above. Suppose I' and G are
two maps in May(U; K) such that F =2 G in Msy(U; K). Then F is
essential in May(U; K) iff G is essential in Mpy (U; K).

Throughout this chapter X = (X,|.|) will be a Banach space and
K a closed nonempty subset of X with ax + By € K for all « > 0,
B>0and z,y € K. Let p>0 with

={z€K; [z[<p}, S, ={zeK; |z|=p},

and of course Fp =B,US,.
For convenience we recall the following result from Chapter 5.

Theorem 10.2 Let X = (X, |.]) be a Banach space and K a closed
subset of X with ax + py e K for all « >0, >0andz,y € K.
Also let p > 0 and vy € K. Define the mapping F : Fp — K by
F(z) =y for z € B,.

(i) If vo € B, then F is essential in Mg, (B,; K).

(i) If vo € K\ B, then F is inessential in Mg, (B,; K).

Theorem 10.3 Let X = (X,|.]) be a Banach space and K a closed
nonempty subset of X with ax + pfy € K for all o« > 0, 8 > 0
and z,y € K. Also r, R are constants with 0 < r < R. Suppose
F € M(Bg; K) and assume the following conditions hold:

x # F(z) for z€SprUS, (10.1)
F:B, — K isinessential in Mg, (By; K) (10.2)
(i.e. Flg is inessential in Ms, (B,; K)) '
and
F:Br — K is essential in Mg, (Bpr; K). (10.3)

Then F has a fized point in Q@ ={z € K; r <|z| < R}.
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Proof. Suppose F has no fixed points in Q. Now (10.2) implies that
there exists a G € M(B,;K) with G|s, = F|s. and with z # G(z)
for € B,. Define the map ®: B — K by

F(z), < <R
Glz), |ol<r.
Clearly ® € M(Bpg; K) and ® has no fixed points in Bg (since G has

no fixed points in B, and F has no fixed points in §2). This contradicts
the fact that F: Bgr — K is essential in Mg, (Bg; K). O

Theorem 10.4 Let X = (X,]|.|) be a Banach space and K a closed
nonempty subset of X with ax+ By € K for all >0, 3> 0 and
z,y € K. Also r, R are constants with 0 < r < R. Suppose the
following conditions are satisfied:

N :Bg % [0,1] — K is a compact map

with N(z,0) =0 for all z € Br and such that for (10.4)

each X\ € [0,1] we have z # N(xz,\) forall z € Sp

H:B,x[0,1] — K 1is a compact map

such that for each X\ € [0,1] we have (10.5)
z# H(z,\) for all z€8,
H(.l5. = N, Dl (106)
and
z # H(z,0) for all z € B,. (10.7)

Then N(.,1) has a fized point in Q= {z € K; r <|z| < R}.
Proof. We know from Theorem 10.2 that the zero map is essential in
Ms,(Bgr; K). Now (10.4) together with Theorem 10.1 implies
N(.,1): Bgp — K is essential in Mg, (Bg; K). (10.8)
Also (10.7) (with (10.5)) implies H(.,0) is inessential in Mg, (B,; K).
This together with (10.5), (10.6) and Theorem 10.1 implies
N(.,1)=H(.,1): B, — K is inessential in Mg, (B,;K). (10.9)

Now (10.8), (10.9) (and also (10.4), (10.5) and (10.6)) imply that (10.1),
(10.2) and (10.3) of Theorem 10.3 hold with F(.) = N(.,1). The result
follows from Theorem 10.3. O

We now present a Leray—Schauder theorem of cone compression type.
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Theorem 10.5 Let X = (X,|.|) be a Banach space and K a closed
nonempty subset of X with ax + By € K for oll « >0, 3 >0
and xz,y € K. Also r, R are constants with 0 < r < R. Suppose
F € M(Bg; K) and assume the following conditions hold:

x # AF(xz) for A€[0,1) and z € Sg (10.10)

and

{ there exists a v € K \ {0} with x # F(z)+6v (10.11)

forany 6 >0 and x € 5,.
Then F' has a fized point in {x € K; r <|z| < R}.

Proof. Suppose z # F(z) for z € S,USR (otherwise we are finished).
Choose M > 0 such that

|F(z)] < M for all € B,.
Now choose 8y > 0 such that
[ov| > M+ (10.12)

Let
N(.,AN)=AF(.) and H(., AN =F(.)+(1-=X)év.

Now (10.10) and (10.11) (with 6§ = (1 — A) ép) imply that (10.4) and
(10.5) are satisfied. In addition (10.6) is true since N(z,1) = F(z) =
H{z,1) for z € B, and finally (10.12) implies (10.7) is satisfied (note
H(z,0) = F(z) + 6o v). The result follows from Theorem 10.4. O

In our next theorem K C X will be a cone. Let p > 0 with

Qp ={reX; |z|<p}, 0xQ = {z€X; |z]=p},
B, = {z€K; |z] <p}, S, = {z€K; |z|=p}.
Notice

B, =Q,NK and S, = 0x(Q,NK) = KNoxQ,.
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Theorem 10.6 Let X = (X,|.|) be a Banach space, K C X a cone
and let |.| be increasing with respect to K. Also let r, R are constants
with 0 < r < R. Suppose F : QprNK — K is a compact map and
assume the following conditions hold:

|F' (z)| < |z| forall € KNJxQlp (10.13)

and
|F ()] > |z| for all z€ KNoxQ,. (10.14)

Then F has a fized point in KN{z € X; r <|z| < R}.

Proof. Notice (10.13) implies that (10.10) is true. To see this suppose
there exists z € Sg and X € [0,1) with z = AF(z). Then

R = x| = A[|F (2)] < [F(2)] < |z] = R,

a contradiction. Also (10.14) implies that (10.11) is true. To see this
suppose there exists v € K \ {0} with x = F(z) + 6v for some § >0
and =z € S,. Now since |.| is increasing with respect to K we have
since év € K,

|| = |F (z) + 60| = |F(z)] > |2,

a contradiction. The result follows from Theorem 10.5. O

For our next two results we will again assume K C X is a closed
nonempty set with ax + By € K for all scalars a« > 0, 8 > 0 and
z,y € K.

Theorem 10.7 Let X be a Banach space and K C X a closed nonempty
set with ax+ Py € K for all a>0,3>0 and z,ye K. Alsor, R
are constants with 0 < r < R. Suppose F' € M(Bg;K) and assume
the following conditions hold:

x # F(x) for z€ SgpUS;, (10.15)
F:B, — K is essential in Mg (B,; K) (10.16)
(i.e. Flg is essential in Mg, (Br; K)) '
and
F:Br— K is inessential in Mg, (Bg; K). (10.17)

Then F has at least two fized points xg and x1 with o € B, and
r1€Q={zre K; r<|z| <R}



160 Theorems of Leray-Schauder Type and Applications

Proof. We know from (10.16) that F' has a fixed point in B,.
Let ¥ = F|g and suppose U : Q — K has no fixed points. Now
F : Bp — K being inessential in Mg, (Bg; K) means that there exists
a compact map G : Bg — K with Gl|s, = Fls, and z # G(z) for
x € Bg. Fix p € (0,7) and consider the map ® given by
BG(Fa), lel <o
i) = (r—p)|=| (R—p)r—(R—r)|=|
(@) e (R 5), p<lel <
U(z), r<|z| <R.

Notice ® : Bg — K is well defined since if p < |z| <7 then
¢ |[Bmpr==nle
(r—p)lz|

< R.

Also ® : Bp — K is a compact map. In addition
Plsy = Vlsy = Flsg = Glsy
and
Olg = Vg = Flg
and so ® has no fixed points in Br (since G has no fixed points in

Bp and F has no fixed points in Q).
Lets concentrate on & : B, — K (i.e. @5 ). Now

Dls, = Vg, = Fls,

so ® : B, — K is a compact map with ®|s, = Fl|s, and ® has no
fixed points in B,. This contradicts (10.16). O
Next we present a Leray—Schauder theorem of cone expansion type.

Theorem 10.8 Let X be a Banach space and K C X a closed nonempty
set with ax + Py € K for all « >0, 5> 0 and z,y € K. Also r,
R are constants with 0 < r < R. Suppose F € M(Bp; K) and assume
the following conditions hold:

xz # XF(x) for X€[0,1) and z €S, (10.18)

and

{ there exists a v € K \ {0} with © # F(z)+ v (10.19)

forany 6 >0 and x € Sg.

Then F has a fized point in {x € K; r < |z| < R}.
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Proof. Assume z # F(z) for x € S,USk (otherwise we are finished).
The result follows immediately from Theorem 10.7 once we show condi-
tions (10.16) and (10.17) are satisfied.

Consider the homotopy

H: B, x[0,1] — K defined by H(z,\) = AF(x).

Notice Hy = 0, H; = F and sosince x # F(z) on S, wehave Hy = H;
in Mg, (B,; K) (this follows since H : B, x[0,1] — K is a compact map
with Hy € Ms, (B,; K) for each A € [0,1] since (10.18) holds). From
Theorem 10.2 we have that Ho : B, — K is essential in Mg, (B,; K)
and this together with Theorem 10.1 implies F : B, — K is essential
in Mg (B,; K). Thus (10.16) holds.

Let 69 > 0 be such that

|6pv| > sup |F(z)| + R. (10.20)
TESR

Consider the homotopy
N: Bg x[0,1] — K defined by N(z,\) = F(z)+ Apv.

Notice N is a compact map with No = F and Ny = F' 4+ égv. Then
since (10.19) holds (for all § > 0 since we are assuming z # F(z) on
Sr), we have

N() = N1 in MSR(ERQK)- (10.21)

Notice (10.20) implies for A € [0,1] and = € Sg that
[bov+ AF(z)| > R = |z|.
Thus
x £ AF(z)+6v if A€[0,1] and x € Skg. (10.22)

Let G : B — K be the constant map G(z) = §v. Consider the
homotopy

J: Bgrx[0,1] — K defined by J(z,\) = dv+ AF(x).

Now J is a compact map with Jy = G and J; = N;. From (10.22) we
have that
Ny 2 G in Mg, (Br;K). (10.23)
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Now (10.21) and (10.23) imply
No 2 G in Ms,(Bg; K). (10.24)

However since G(z) = v and §ov € K\Bp (see (10.20)) we have from
Theorem 10.2 that G is inessential in Mg, (Bg; K). Now Theorem 10.1
guarantees that Ny = F' is inessential in Mg, (Bg; K). Consequently
(10.17) holds. O

Theorem 10.9 Let X = (X,|.|) be a Banach space, K C X a cone
and let |.| be increasing with respect to K. Also r, R are constants
with 0 < r < R. Suppose F: Qg N K — K (here Qp = {z € X;
|z| < R}) is a compact map and assume the following conditions hold:

|F(z)] > |z| for all =€ KNOxQg (10.25)

and
|F(z)] < || for all z € KNOoxQy. (10.26)

Then F has a fized point in KN{z € X; r <|z| < R}.

Proof. Notice (10.25) and (10.26) imply (10.18) and (10.19) are true
(see the ideas used in Theorem 10.6). O

We now combine some of the theorems in this chapter (and also
Chapter 5) to establish the existence of multiple fixed points.

Theorem 10.10 Let X = (X,|.|) be a Banach space, K C X a cone
and let |.| be increasing with respect to K. Also r, R are constants
with 0 < r < R. Suppose F : QrgN K — K (here Qp = {z € X;
|z| < R}) is a compact map and assume the following conditions hold:

z # F(z) for all z€ KNoxQ, (10.27)
[F(z)] > |z| for all z€ KNoxQg (10.28)

and
|F(z)] <|z| for all z&€ KnNoxQ,. (10.29)

Then F has at least two fized points o and x1 with o € KN, and
zeKN (ﬁR\ﬁT).
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Proof. Now Theorem 5.3 (note (10.29) implies = # A F(z) for all
A€]0,1) and z € KNOx(),) implies F has a fixed point 29 € KNQ,.
In fact (10.27) implies zg € K N§,. Also Theorem 10.9 implies F' has
a fixed point z; € KN (QR \ QT>. In fact z1 € KN (ﬁR \§r> (To see
this note if this is not true then z; € K and |z;| = r,so z; € KNdxQ,.
This contradicts (10.27)). O

Theorem 10.11 Let X = (X,|.|) be a Banach space, K C X a cone
and let |.| be increasing with respect to K. Also let L, r, R be con-
stants with 0 < L < r < R. Suppose F : Qg N K — K (here
Qr ={z € X; |z| < R}) is a compact map and assume the following
conditions hold:

z # F(z) for all z€ KNoxQ, (10.30)
|F(z)| > |z| for all z€ KNoxQy (10.31)
|F(z)| < |z| for all z€ KNOoxS, (10.32)
and
|F(z)| > |z| for all z€ KNoxQg. (10.33)

Then F has at least two fized points ¢ and z1 with o € KN(Q, \ Q)
and 1 € KN (QR \§r>

Proof. Theorem 10.6 guarantees the existence of zo € KN (ﬁr \ Q L)-

In fact (10.30) implies that zo € K N (£, \ Q). Theorem 10.9 guaran-
tees the existence of x7. O

10.2 Multiple Solutions of Focal Boundary Value
Problems
To show how the theory in this chapter can be applied in practice we next
present some results which guarantee the existence of multiple solutions
to the (p,n —p) focal boundary value problem
(=1 Pu™ = ¢(t) f(t,u), 0<t<1
)(0) =0, 0<j<p-1 (10.34)



164 Theorems of Leray-Schauder Type and Applications

where 1 < p<n-—1 and n > 2. In particular we will use Theorem
10.10 and Theorem 10.11 to establish the multiplicity results for (10.34).
First, however, we gather together some preliminary information that
will be needed later. The next result is well known (see [1], [2] for a
proof).

Theorem 10.12 The Green’s function g(t,s) for the boundary value
problem

u®) =0 on [0,1]
uO(t;) =0, 0<j<m;—1
1<i<rr>2,0<ti<ta<..<t, <1, 37  m=k
exists and
gL PR) 2 0 for (t,5) € [t,6] % [t1,,]
where P(t) = [[i—-; (¢ — ;)™
Now suppose u € C™71[0,1] N C™(0,1) satisfies
(=1)*Pu™ >0 on (0,1)
uWD(0) =0, 0<j<p-1
u(1) =0, p<j<n—1.
We know (e.g. [1], [2]) that for (¢,s) € [0,1] x [0,1],
(—1)"PG9(t,s) 20, 0<j<p—1

and
()" GV(s) 2 0, p<j<n-L
here G(t,s) is the Green’s function for
u™ =0 on [0,1]
uW(0) =0, 0<j<p-—1 (10.35)
u(1) =0, p<j<n-—1

and GU)(t,s) = g—; G(t,s). From the above properties of G we have

immediately that

u®(t) > 0 for te0,1], 0<i<p
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and
wP () < 0 for te0,1]
with ' ‘
sup [u@ ()] = (1) for 0<i<p—1.
te[0,1]

Fix i €{0,1,...,p—1} and let ¢;(t) = ul(t). It is easy to see that
@i(t) satisfies the following p — i + 1 conditions

and '
¢:(1) = u(1);
these are conjugate conditions [1]. In addition notice

6P D) = w@() < 0 for te0,1].

Following [5], ¢:(t) can be expressed as

) 1 }
ai(t) = 0 i)+ [ anlty) 87V (s) ds (10.36)
0
where ¢1(t, s) is the Green’s function for

g7 =0 on [0,1]
¢7)(0) =0, 0<j<p—i—1

7

#i(1) = 0.
By Theorem 10.12,
sengi(t,s) = sgn[tP ' (t —1)] = —1.
Consequently (10.36) implies
$i(t) > P gi(1) for te[0,1],
ie.

u®(t) > P7uD(1) = 7 sup W) for te [0,1].
te[0,1]
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Theorem 10.13 Suppose u € C*1[0,1] N C™(0,1) satisfies

(=)™ Pul™(t) > 0 for te(0,1)
wd(0) =0, 0<j<p—1
wI(1)=0, p<j<n-1

Then A o ' o

w9 (@) > P9 (1) = 770 sup [ul (1)) (10.37)
te[0,1]

for t€[0,1] and i € {0, 1, ..., p—1}.

Also recall the Greens function G(¢,s) for (10.35) can be expressed
explicitly as

n_l n—i—
G<t8:n—1'2< ) {(—s) 1

if 0 <s<t, whereas

G(t,s) = — oD Z (n—l) i(gynic]

if t<s <1,
We begin by establishing via Theorem 10.10 the existence of twin
nonnegative solutions to the (p,n — p) focal problem (10.34).

Theorem 10.14 Assume the following conditions are satisfied:

¢ € C(0,1) with ¢ >0 on (0,1) and ¢ € L'[0,1] (10.38)
f:10,1] x [0,00) — [0,00) is continuous with (10.39)
f(t,u)>0 for (t,u) € [0,1] x (0,00) '
flt,u) <w(u) on [0,1] x (0,00) with w>0

. ‘ (10.40)
continuous and nondecreasing on [0, 00)
Ir>0 with - > 1 (10.41)

w(r) supreio) fo (~1)" P G(t,5) §(s) ds
there exists m € (0, %) (choose and fiz it) and

7€ LYm,1] with 7>0 on (m,1) and with (10.42)
o) f(t,u) = 7(t)w(u) on [m,1] x (0,00)
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and

: R ! n—p .
TR with o < /m (—1)"PG(o,5) r(s)ds;  (10.43)

here 0 <o <1 is such that

1 1
/ (=1)* P G(o, 5) 7(s) ds = sup / ()P G(t,5) 7(s) ds. (10.44)

m tel0,1] v m

Then (10.34) has two solutions uy, uz € C™71[0,1] N C™(0,1) with
up >0 on [0,1], ug >0 on (0,1] and

0 < flurllye <7 < Jluzllye < R

Proof. To show the existence of wuy, uo we will use Theorem 10.10.
Let X = (C[0,1], |- |l,0) and

K={ueC[0,1]: u>0 on [0,1] and u(t) > " |jul|, for ¢t €[0,1]}.

Also let F': K — C[0,1] be defined by

Fmﬂw=AV4WWGm9a@ﬂmm»m. (10.45)

A standard argument shows F : K — C[0, 1] is completely continuous.
Next we show F': K — K. If u € K, then clearly F(u)(t) > 0 for
t € [0,1]. Also notice that
(=1)" P F ()™ (t) > 0 on (0,1)
F)®(0)=0, 0<j<p-1

and so Theorem 10.13 implies
Fu)() 2 ¢ [P, for teo1]
Consequently F (u) € K so F: K — K. Let

Q. ={ueCl0,1]; ||u||l, <r} and Qr={ueC0,1]; |ull, <R}

We first show
u # F(u) for y e KNOoKQ,. (10.46)
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To see this suppose there exists u € K N 082, with u = F (u). Then
|lull,, = r and also

1
< wlr) s /0 (—1)" P G(t, 5) 6(s) ds

tel0,1
for ¢t € [0,1]. Consequently

r

w(r) SUPi¢(o,1] fol (_1)n_p G(t, 5) ¢(5) ds

This contradicts (10.42) and so (10.46) is true.
Next we show

< 1.

1F(u)]lo < llully, for ue KnNow,. (10.47)

oo

To see this let u € K N9Q,. Then |ull,, =7 and for ¢ € [0, 1],
1
PO = [ (17 G(t.9)6(5) £(s,u() ds

< wlr) [ (<176l ) 6(5)ds

1
< w(r) sup / (“1)"PG(t,s)p(s)ds < r = ||| -
tcfo,1] YO

Consequently || F (u)
Next we show

< Ju|lo so (10.47) is true.

lloo

IF (W), > llull, for ue KN oQs. (10.48)

o

To see this let w € K N0Qg. Then |ju|,, = R and u(t) > t* R for
t € [0,1]. In particular u(t) > mP R for t € [m,1] and so

u(t) e [ mP R, R] for te€[m,1].

Now with o as defined in (10.44) we have using (10.42) and (10.43),

1
F(u) (o) = /0 (—1)"? Gl 5) $(s) f (s, u(s)) ds



Multiplicity 169

/1 V"P G(o, 8) d(s) f(s,u(s)) ds

m

=

)PP G(o, 8) T(s) w(u(s)) ds

m

1
> w(m? R) —1)""PG(o,s)T(s)ds > R = ||ul|

m
Thus [|F (u)| o, > ||ull,, and so (10.48) is true.
Now Theorem 10.10 implies F' has a fixed point us € KN (ﬁR \ﬁr)
ie. r <|luglly < R. In addition up(t) > P |lug||, > 7 for t € [0,1]
so uz >0 on (0,1]. Also Theorem 10.10 implies F' has a fixed point
u € KNQ, ie |yl <r.0O
In Theorem 10.14 it is possible for |lu||,, to be zero in some ap-

plications. Our next theorem guarantees the existence of two solutions
ug, ug € C™10,1] N C™(0,1) with u3 >0 and us > 0 on (0,1].

Theorem 10.15 Suppose (10.38)-(10.43) hold. In addition assume that
there exists L, 0 < L < r with

WI;P_L_) < /ml (1) Glo,s) 7(s) ds (10.49)

Then (10.84) has two solutions ui, us € C™10,1] N C™(0,1) with
up >0, ug >0 on (0,1] and

L <ulle <7 < ualle < R

Proof. We will apply Theorem 10.11. Let X, K and F be as in
Theorem 10.14. As in Theorem 10.14 we have ' : K — K. Let

QL ={ueC0,1}; |lul|l, <L} and Q, ={ue C[0,1]; |ul, <7}
As in Theorem 10.14 we have
u # F(u) and ||F(u)| < ||ull, for ue KnNoQ,.

In addition (follow the reasoning used to prove (10.48) using (10.49)
now) we have

|1F (u)llo > llully, for uwe KnNoQy.
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Now Theorem 10.11 implies F' has a fixed point u; € K N (Q,\ )
ie. L <lluill <r. Inaddition wi(t) >t ||ui|, > tP L for t € [0,1]
(so u3 > 0 on (0,1]). Also Theorem 10.11 implies F' has a fixed point
ug € KN (ﬁR \ﬁr) ie. 7 < Juzll £ R Also u(t) > tPr for
telo,1.0

Example. The boundary value problem

{ W+ (u+uf) =0 on (0,1)

(10.50)
u(0) =4/(1) =0, 0<a<l<pg

has two solutions u1, uz € C1[0,1] N C%(0,1) with u; > 0, uz >0 on
(0,1] and futllyo < 1 < JJusll,.

To see this we will apply Theorem 10.15 with n =2, p=1, ¢ =7 =
1/2, m = 1/4 and w(z) = 2%+ 2. Clearly (10.38), (10.39), (10.40)
and (10.42 hold. In this situation

—s5, 0<s<¢
Gt s) = { t t<s<1

S0
1 1
sup / (-1)""PG(t,s) p(s)ds = -.
tefo,1] JO 4

Now (10.41) holds (with r = 1) since if r = 1,
T 4r

T = — 7= 2> 1.
w(r) SUDPye(o0,1] fo (1) PG, s)p(s)ds T +T

Also notice since 8 > 1,
T T

w(m ) - (mz)* + (mx)P — 0 as z—00

so there exists R > r =1 with (10.43) holding. Finally since a < 1,

T
— 0 as z— 0"

w(mx)

so there exists L, 0 < L < r =1, with (10.43) holding. Theorem 10.15
now guarantees the result.

Remark 10.1 [t is easy to use the results of Theorem 10.6 and Theorem
10.9 to write criteria which guarantee the existence of more than two
fized points. We leave the details to the reader.



11. Local Continuation
Theorems

All the continuation theorems presented so far were global, even if, in
some cases, some local arguments have been used in their proofs.

For a given map n: D C E x [0,1] —» ©, asubset B C © and
an element (xg,0) € D with 1 (z0,0) € B, we have tried to prove the
existence of a map

z:]0,1] — E with z(0) = 2o, (z(A), A) € D and

n(z(A),\) € B forall Ae[0,1].

Such a function z (.) is called (global) implicit function for the inclusion
n(z,\) € B (11.1)

and the corresponding existence result is said to be a (global) continua-
tion or (global) implicit function theorem. In many cases it is important
to know if the implicit function is unique and has some additional prop-
erties. For example, when = is a set in a normed space, we can ask
about the existence of a continuous or differentiable implicit function.
Such properties of the implicit function are reflections of the correspond-
ing properties of 7.

Suppose that (zg,A0) € D is a solution of (11.1). It may happen
that (11.1) admits a solution z (A) only for A in some neighborhood of
Ao. In this case one says that = (.) defines a local implicit function and
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the corresponding existence result is called local continuation or local
implicit function theorem.

It seems to be natural that every global continuation theorem yields
a local result. Conversely, we can pass from a local theorem to a global
one if we add suitable extra conditions. Thus, we expect that a local
theorem will require less hypotheses than a global one. The aim of this
short chapter is to state local versions for some of the global continuation
theorems presented so far and to suggest their applicability.

In the literature, the local implicit function theorems are most fre-
quently formulated with parameter A in a suitable topological space A.
In what follows we shall adopt this usage.

In the first section, we state the local continuation theorem for con-
tractive maps in complete metric spaces and, as a consequence, Robin-
son’s nonsmooth implicit function theorem in Banach spaces. In the next
section, the classical smooth implicit function theorem is derived, and in
the third section, two special local continuation theorems for completely
continuous and -monotone maps are proved. Finally, an application to
stable positive solutions of focal boundary value problems is presented.

11.1 Local Continuation Theorems for
Contractions

First we state and prove a local implicit function theorem for contrac-
tions on complete metric spaces. A special case of this theorem repre-
sents one of the main ingredients in the proof of the global continuation
Theorem 2.4.

Theorem 11.1 Let A be a topological space, (K,d) a complete metric
space and U C K open. Let H : U x A — K. Suppose that xzg € U,
Mo € A and H (29, X) = zo. Also assume that H (xo, .) is continuous
at Ao and

d(H (1‘1,/\), H(l‘g,/\)) < ,Od(iL‘l, 1‘2) (112)

for all z1, 20 € U, A € A, where p < 1. Then, there exists a neigh-
borhood V.C A of Ay and a function x(.) from V into U such that
z (o) =z0 and for each A € V, x(\) is the unique solution in U of
the equation H (z,\) =z. Also z(.) is continuous at Ng. Moreover,

1) if for each x € U, H (z,.) is continuous on A, then z(.) is
continuous on V;
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2) if A is a melric space with metric dy and there exists p; > 0
such that
d(H (z,\1), H(z,A2)) < prda (A1, A2) (11.3)

forall z €U and A1, A2 € A, then z(.) satisfies

d(z (), (M) < 1p_1pdA(/\1, Xa), for all A, M €V;  (11.4)

3)if A C R, then there exists a mazimal interval V. C A with these
properties, and under the assumption of 1), this mazximal interval V is
open in A.

Proof. Let § > 0 be such that Bs(zo) C U. By the continuity of
H (zg, .) at A, there exists a neighborhood V' of )y with

d(xo, H (zo,)\)) < (1—p)é6
for A € V. Then
d(xo, H (z,A)) < d(zo, H (0, ) + d(H (z0,A), H (z,)))

S(A=p)b+pd(zo,z) <6

for all x € Bs(xp) and A € V. Hence, for each A € V, Hy = H(.,\)
is a self-map of Bjs(zo). From Banach’s contraction principle, it has a
unique fixed point = (\).

We have

d(z (M), z(A)) = d(H (z (M), M), H (z(h), A2))

< d(H (z (M), A1), H(z(A2), M)+ d(H (x(A2), M), H (z(A2), A2))
< pd(z (M), ¢ (A2)) +d(H (z(A2), A1), H(z(A2), A2))
Hence

1
d(z (A1), z(A)) < T——pd(H (@ (A2), A1), H(z(A2), A2)).  (11.5)
From this, under the assumption of 1), it follows that z (.) is continuous
at each My € V.
When we only have that H (zg, .) is continuous at Ag, then, if in
(11.5) we set Ay = Ao, one finds that z (.) is continuous at Ag.
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Furthermore, (11.4) follows from (11.5) and (11.3).

Now, assume that the conditions of 3) hold. If (Vi,z;(.)) and
(Va,z2(.)) are two couples with the required properties, then from
(11.2), one deduces that z1(A) = z9(A) for all A€ VNV, and so,
the maximal interval V is the union of all such intervals. It is open in
A because of its maximality. O

The following local implicit function theorem due to Robinson [148]
is the variant of Theorem 11.1 for equations of the form F (z,A) = 0.

Theorem 11.2 Let (K,d) be a complete metric space, A a topological
space and Y a normed linear space. Let g € K, g € A, Uy an
open neighborhood of oy and Ay € A. Suppose that F : Uy x A —= Y,
F(zo,A0) =0, and there exists an one-to-one map A: Uy — Y such
that the following conditions are satisfied:

(a) A strongly approrimates F in x at (zg,Ao), t.e. for each € > 0,
there exist neighborhoods U. and V. of xg and Ao such that

|[F (1, A) — F'(z2,\) — A(z1) + A(z2)] < ed(z1, z2)
for all x1, zo € U, and X €V,
(b) F(zo,.) is continuous at Ao;
(c) A(U1) is a neighborhood of A(zg) in Y,

(d) A~! is Lipschitzian with Lipschitz constant ly > 0.

Then, there exist neighborhoods U C Uy and V C A of zp and Ao
respectively, and a function z:V — U such that x (o) = zo and for
each X € V, () is the unique solution in U of F(z,\) =0. Also
z(.) s continuous at Ag. Moreover,

1) if for each © € Uy, F{(z,.) is continuous on A, then x(.) is
continuous on V,;

2) if A is a metric space with metric dy and for each = € Ui,
F(z,.) is Lipschitzian on A with Lipschitz constant 1y, then for each
I > lply, there is a set V; as above so that x(.) is Lipschitzian on V;
with Lipschitz constant .
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Proof. From (c), there is an r > 0 with B, (A(xo)) C A(U1).
Choose ¢ > 0 with €lp < 1. From (a) it follows that there is an
a > 0 and a neighborhood Vj C A of Ag such that

|F (21,A) = F (z2,\) — A(z1) + A(z2)] < ed(z1, x2)

for all z;, 22 € By (x9) C Uy and X € Vp. On the other hand, since
F(zg,X) =0, for all z € B, (zp) and X € Vj;, we have

|A(z) = F (2, A) — A ()]

< |F(2,A) = F (20, M) — A(z) + A(z0)| + |F (20, V)]
< ed(z,z0) + |F (20, A) — F (@0, Mo)|

< eca+|F(xo,A) — F (zo, M) -

Taking into account the continuity of F (xp, .) at Ag, we may assume
that « and Vi are small enough that

ea+ |F (zg,A) — F (zo, Mo)| < 7.
Then |A(xz) — F (z,A) — A(xo)|] <r. Hence
A(z)~ F(z,3) € B, (A(z0):Y) C A(Th)

for all € U := By (zg;K) and A € Vj. Consequently, the map
H(z,\) =AY (A(z) — F(z,))) is well-defined from U x V; into K.
We now check that (11.2) holds for p = ¢ly. Indeed, for every x1, zo € U
and A € V, we have
d(H (z1,)), H(z2,))) < Ilg|F(z1,\) = F(22,\) — A(z1) + A (z2)]
< elpd(x, z2).
All the other assumptions are fulfilled, so Theorem 11.1 applies.
Assume that the additional assumption of 2) holds. Then, since [ >
lol1, € can be chosen such that | = lpl;/ (1 —elg). Now the conclusion
follows from Theorem 11.1. 2), where p =¢ly and p1 =lpl;. O
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11.2 The Classical Implicit Function Theorem

We shall derive the classical implicit function theorem from Theorem
11.2. We first introduce some notions and notation.

Let X and Y be two real Banach spaces and let L(X,Y) be
the space of all linear continuous maps from X into Y. Let U C X
be open. A map F :U — Y is said to be (Fréchet-) differentiable at
zg € U if there exists an F' (zg) € L(X, Y) such that

F(z) — F(x0) = F' (z0) (z — 79) + w (w9, )
for all x € U, where w(zg,z) =0 (]z — zo|), ie.
w(zg,x)/|lz—xzo) — 0 as z — xo.

In this case F’ (zg) is called the (Fréchet-) derivative of F at zg. If F
is differentiable at each © € U and F': U — L(X,Y) is continuous,
then F' is said to be continuously differentiable on U and we denote
this by F e C' (U;Y).

In case that F' depends on two variables x and A, we use the
notations F), and F3 for the corresponding partial derivatives.

Theorem 11.3 Let X, A, Y be Banach spaces, Uy C X and V13 CA
open neighborhoods of xg and Ay, respectively. Suppose that

(i) F:Uy x Vi =Y and F (x0,X0) = 0;

(ii) F (zg, .) is continuous at Ag;

(i) there exists F.. on Uy x Vi, F. 1is conltinuous at (xg, Ag) and
the map F, (zo, o) € L(X,Y) is invertible.

Then, there exist neighborhoods U C Uy and V C Vi of zg and
Ao respectively, and a function z:V — U such that x (A\g) = z¢ and
for each X € V, xz(\) is the unique solution of F (x,\) = 0. Also,
z(.) is conlinuous at Ag. Moreover,

1) if for each x € Uy, F (z,.) is continuous on Vi, then xz(.) is
continuous on V,

2) if for each x € Uy, F(x,.) is Lipschitzian on Vi with Il,ipschitz
, there

is such a set V; so that x(.) s Lipschitzian on V, with Lipschitz
constant .

constant 1, then for each | > lgly, where Iy = H[F:; (:co,yo)]fl

Proof. We apply Theorem 11.2 to A = F, (z0,Ao). Since F, (g, o)
€ L(X,Y), by the open mapping theorem, A (U;) is open and A~!
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€ L(Y, X). Thus conditions (¢) and (d) of Theorem 11.2 are satisfied.
We now check condition (a). For every x1, o € U; and A\ € V7, let

f@)=F({ar+(1—t)xe, N), te]0,1].

Then 1
Flon )= Flaad) = fO) 1) = [ f(t)at
= /1 F (tzy + (1 —t)z9, \) (1 — x2) dt.

0
Hence

F(z1,\) — F(z2,\) — A(x1 — x2)

== /01 (Fa/: (tl‘l + (1 — t) 1'2,)\) — A) (1'1 — 1'2) dt.

Consequently

|F (21, A) — F (22, \) — A (z1 — x2)|
< |$1—$2]/ | FL, (tz1 + (1 — tyza, A) — A dt.
Let € > 0. Since F. is continuous at (xg, Ag), thereisa 6 >0 with
|1 F (2, A) = B (o, Do)l = (|75 (2, 0) = A < e

whenever |z —xo| < 6 and |A— Ag| < 6. Then, if z,, 29 € Ue =
Bs (z0; X) and A € Vo = Bs(Ao;A), we also have tx; + (1 —t)x2 €
Bs (zp; X) and so

| E2 (tzr + (1 —t) 20, M) — A < e.
Therefore
|F' (1, \) — F (22, \) — A(z1 —x2)| < ez — x2].
Thus, Theorem 11.2 applies. O

Proposition 11.4 Suppose that all the assumptions of Theorem 11.3
are satisfied. In addition, assume that there exists F/’\ on U1 xWV;
and F} s continuous at (xo, Xo). Then the implicit function = (.) is
differentiable at Ny and

&' (o) = — [F (0, 2o)] ™" F4 (w0, ho) -
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Proof. Without loss of generality, we may suppose that o =0 and
Mo = 0. We have to show that for each € > 0, there exists § > 0 such
that for all A € V' with |A| < é, we have

|z(A) =z (0) =BA)| = |=2(}) = B)| < €]l

where

B = —[F.(0,0)] " F} (0,0).
Indeed, we have

r(\)—BX = A 'Az(\) + ATTE{(0,0) A

= A7 (FL(0,0) 2 (\) + F{(0,0) \).
Since F'(z (A\),A) = F(0,0) =0, this yields
|z (\) — BA|
< |[A|IF @ (), 2) = F(0,0) = FL(0,0) 2 () = F} (0,0) A

On the other hand, since F, F} exist in a neighborhood of the origin
and are continuous at origin, we have

|F (z,\) — F(0,0) = F (0,0) z — F} (0,0) A|

1 1
/ Fl (z,t\) /\dt+/ F! (tz,0) zdt — F' (0,0) — F (0,0) A
0 0

< [ 11EL ,0) — E 0,00 ol + [ (5 00) — 5 0,0)] ] e

< nllz +[A]
provided that (z,\) is sufficiently close to the origin. Hence
[z (A) =B < nllz(AN)]+ Al
< nllz(A) =B+ B[ +I[A].
Then, if we take 1 < 1, we have
[Z(A) =B < nAQA+I[B[)/(1—-n).

Finally, taking n such that n(1+ ||B|)) /(1 —n) <&, we obtain that
|z (A) = B(M\)| <el|A|] for A close enough to Ao =0. O
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Corollary 11.5 Let X and Y be Banach spaces, Uy C X open,
ViCcR,zgelUy and Mg € V1 interior to V1. Suppose that

FeCY (U, xVi;Y), F(zg,A) =0

and
F, (z0,20) € L(X,Y) is invertible.

Then, there exists a maximal interval V. C Vi with X € V and
a function z{.) € C*(V;U1) such that x(\o) = xo, and for each
AEV,

F(z(\),\) =0 and F,(z()\),\) is invertible.

In addition, this maximal interval is open in V1.

Proof. The existence of the maximal interval with the desired prop-
erties is a consequence of the local uniqueness of the solutions of the
equations F'(.,A) = 0. The property of V being open in V; is the
consequence of the local continuation possible in a neighborhood of each
zero (z,)\) of F with X\ interior to Vi and F} (z,)) invertible. O

11.3 Two Special Local Continuation Theorems

We begin with the local version of Granas’ topological transversality
theorem for completely continuous maps. First we introduce the follow-
ing definition. A map T from an open subset U of a Banach space X
into X, is said to be locally essential at xg € U if there exists a ball
B, (xzg) C U such that the restriction of T to B, (zp) is essential in

M¢ (FT (zo); X ) . Recall that a map belongs to Mg (FT (zo); X ) if

it is compact from B, (z¢) into X and is fixed point free on 9B, (zo) .

Theorem 11.6 Let A be a metric space, X a Banach space, U C X
open, xg € U and Ag € A. Suppose that the following conditions are
satisfied:

(i) H:U x A — X is completely continuous;

(ii) H(:L‘o,)\o) = ZQ,

(i11) H(.,Xo) is locally essential at zo.

Then, there exists a neighborhood V' of Ay such that for each A € V,
there is an z(\) € U with H (z (\),A) = (\). Moreover, if A C
R, then there exists a mazimal interval V. C A having the following
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properties: a) Ao € V; b) for each X € V, there exists x(\) € U

with H (z (A),A) =z (A) and H (.,)) is locally essential at = (\). In

addition, this mazimal interval is open in A.

Proof. H(.,\) beinglocally essential at zy guarantees that there is

aball B, (z9) C U suchthat H (.,)) is essential in M¢ (FT (zo); X) )
We only have to show that there is a neighborhood V' of Ag such that

H(.,\) is essential in Mg (FT (o) ; X) for all A € V. We claim

that there exists a neighborhood V' of Ay with

(1—p)H (z,X0) + pH (z,\) # (11.6)

for all p € [0,1], A € V and |z — zg] = r. To prove this, assume the
contrary. Then, there are the sequences pp € [0,1], A\x € A and z
with |z — zg| = r, such that Ay — Ag as k£ — oo and

(1= pg) H (21, Mo) + peH (w8, Ap) = g (11.7)

Clearly, we may suppose that px converges to some pg € [0,1]. By the
assumption that H is completely continuous, we may also suppose that
the sequences (H (g, A\g)) and (H (zk, Ax)) are convergent. Then, by
(11.7), (xx) converges, say to z. Letting k — oo in (11.7), we obtain

(1 — po) H (2, Ao) + poH (z,Xo) = H (Z,N0) = Z,

where |& — xzg| = r. This contradicts the property of H (.,)\g) be-
ing fixed point free on 9B, (zg). This proves our claim. Next, since
H (.,)o) is assumed to be essential in Mg (Fr (zo0); X) , from (11.6)
and Theorem 5.4, we have that H (., ) is essential too for all A e V. O
The following local implicit function theorem is due to Zabrejko (see

[9]) and follows from the global continuation result, Corollary 9.13.

Theorem 11.7 Let X be a reflevive Banach space, A a topological
space. Let Uy C X be open with zg € Uy and I : Uy x A — X*.
Suppose that there is a function ¢ : (0,00) — (0,00) such that for each
A€EA, F(.,\) is hemicontinuous and

(F(z,A) = F(y, ),z —y) =2 ¢ (lz —yl)

for all z,y € Uy with x # y. In addition assume that F (xzg, o) =0
and F(zg,.) 1is continuous at Ag for some Ao € A. Then, there
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exists a neighborhood V. of Ag and a function z :V — Uy such that
z(Xo)=xz0 and F(z(A\),\)=0 for all X V.

Proof. Since any monotone hemicontinuous map from a part of a re-
flexive Banach space to its dual is demicontinuous on the interior of its
domain (see [118], Proposition 3.2.2), F(.,A) is demicontinuous on
Up. Also, according to Proposition 9.10, F'(.,A) is pseudomonotone.
We show that for each A in some neighborhood of Ag, Corollary 9.13
applies to f (., ) given by f(z,A) = F (x4 zp,A), with T =0 and
U = B, (0), where 7 > 0 is such that B, (zp) C Us. Indeed, for
|z| = r, we have

(f(z,A), z) = (F(z+ 29, A) — F(z0,\), z) + (F (20, ), x)

= Y (|z]) — 2] |F (20, A)| = ¢ (1) — 7 |F (20, A)].

Since ¥ (r) > 0, F (g, A\g) =0 and F (zo, .) is continuous, there exists
a neighborhood V' of Ay with

Y (r)—r|F(xg,\)| >0 forall A e V.

From Corollary 9.13, there exists # (\) € B, (0) with f(z(\),\) = 0.
Then,
z(A):=Z(N)+z20 €Uy and F(z(A),N) = 0.

O

For results of the above type see [7] and the references therein. Lo-
cal implicit function theorems for accretive maps derived from global
continuation results appear in [34]. A good survey on local continua-

tion theorems containing much literature is the recent paper by Appell,
Vignoli and Zabrejko [9].

11.4 Continuation and Stability

The goal of this section is to focus on the idea that "stability” implies
continuation. In fact, conditions like as: ” Hy is a constant map” (The-
orem 5.3), " Hy is essential” (Theorem 5.4), or ”{(f (z), z) > 0 on OU
" (Corollary 9.13) are all expressions of a stability-like property of the
starting solution of the corresponding equation A = 0.

We conclude with an example illustrating the above assertion and
also the applicability of the local implicit function theorems. We shall
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discuss the existence of a maximal continuum of stable positive solutions
uy, 0 <X <A < oo, of the one-parameter family of (p,n —p) focal
boundary value problems

(=)™ Pul = Af(u), 0<t<1

u () =0, 0<j<p—1 (11.8)

(1) =0, p<j<n—1

where 1 <p<n-—1, n>2 and A € R.
Let C% be the space of all functions u € C™[0,1] satisfying

u(0)=0, 0<j<p-1, WYV (1)=0, p<j<n—1,

and let C' = C|0,1].

Theorem 11.8 Suppose f € C'(Ry; (0,00)). Then there eists a
mazimal \* € (0,00] and a C! function X\ —— uy from [0,\*) into
Cp such that ugp =0 and for each X € (0,A*), uy >0 on (0,1),
solves (11.8) and the map

Lo —Af'(uy) : Cg — C,
(Lo = Af (wa)) v = (=1)" P — Af (up)v

18 tnvertible.

Proof. We shall apply Corollary 11.5. Let X = (Cg, II- ||noo) , A=
R, Y=(C|.|.) andlet F:CgxR—C be given by

Fu,A) = (=1)"Pul® —Af (u),

where f € C'(R; (0,00)) is any positive smooth extension of f from
R+ to R.
Tt is easy to show that F '€ C1(X x R;Y) and

F(u, v = (=1)" P - Af" (u)w

Recall that F! (u,)\) is a linear continuous map from C% into C).
u B
Also,
F(0,0) =0 and F.(0,00v = (—=1)"P ¢,

Now according to the preliminaries in Section 10.2, F, (0,0) is invert-
ible. Thus, Corollary 11.5 implies the existence of a maximal (open)
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real interval V containing 0 and of a C* function X — uy from
V into Cp such that up =0 and foreach A€V, F(uy,\) =0 and
F) (ux,A) is invertible.

Notice for A e V, A >0,

(=1 Pul™ () = Af (ur(t)) > 0 for te(0,1).

Now, Theorem 10.13 guarantees uy (¢) > 0 for ¢t € (0,1). Hence, for

A€V, A>0, uy solves (11.8) and the extension f of f does not
play a role. Finally, let [0,\*) =V N [0,00). O
Notice from Theorem 10.13, we have more than the positivity of uy,
namely
W (t) > ¢ Hu(j)Hm >0 for te(0,1),

j=0,1,..,p—1 and 0 <X <A~

In what follows, we are interested in the right bound A* and in extra
properties of the function A — wy, 0 < XA < A*. For this, we shall
restrict ourselves to the particular ”autoadjoint” case, when n = 2m
(m > 1) and p = m. Thus, we shall discuss the problem

(=)™ ul®™ = \f(u), 0<t<1
uD(0) =0, 0<j<m-—1 (11.9)
WD (1) =0 m<j<2m—1.

First, we need some notions. Let u € C%m be a solution to
(=)™ ul™ fau = f, 0<t<1
w0 (0) =0, 0<j<m-—1 (11.10)
u) (1) =0, m<j<2m-—1.

where a, f € C. Then, if we multiply the equation in (11.10) by any
function v € CZ™ and integrate, we obtain

1
/ (u(m)v(m) + auv — fv) dt = 0. (11.11)

0
Thus, it is natural to define a weak solution of (11.10) (for a € L™ (0,1)
and f € L?(0,1)) to be a function u € Wg"* which satisfies (11.11)

for all v € C¥™; here

wg? = {uew™2(LR); w9 (0) =0, 0<j <m—1}.
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The space Wpg' 2 may be endowed with the inner product and the
corresponding norm

(u, v) = <u(m), U(m)>2 , ) = Hu(m)H

.
The equivalence of ||.|| and ||.],,, on Wy 2 is immediate. Notice

that if a, f € C' and u € ng N C?™ is a weak solution of (11.10),
then u also satisfies u(@) 1)=0,m<j<2m—1, thatis u isa
classical solution of (11.10). This means that the conditions w9 (1) = 0,
m < j<2m—1 are implied by the variational identity (11.11). Hence
they are so called natural boundary conditions.

Next, let

1

A1 (Lo + a) = inf {/ [(u(m))/2+ au2] dt / Hqu RS ng, uF# 0} .
0

(11.12)

Lemma 11.9 For each a € C, A\ (Lo+a) is the smallest (first)
eigenvalue of (Lg + a, B) and it is continuous in a.

Proof. Let A= A; (Lo +a). We shall prove that there exists a non
. m,2
zero solution ¢ € Wg"" to

(D)™™ 4 ap = Ap. (11.13)
For this, let (ux) be any sequence with the following properties:

ug € ng, |lukll, = 1 and

1
/ [(u,ﬁm))2+aui] dt — X as k — oo. (11.14)
0

Hence (ug) is bounded in Wy 2. Since the imbedding of W™2 into
L?(0,1) is completely continuous, we may suppose passing if necessary
to a subsequence, that uy — ¢ in L%?(0,1), where ¢ € L?(0,1).
Clearly, |l¢|l, =1 and

1 1
/ auidt — / ap®dt as k — oo. (11.15)
0 0

Furthermore, using the identity

o = i, = 2 (e i)
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(11.14) and (11.15), we obtain

= = 2+ 4 < e

1
+/ a(uk+ul)2dt—>0 as k, ! — oo.
0

This implies that w, — ¢ in W' 2. Now (11.14) guarantees

A= /01 {(go(m)y + ag02] dt,

that is the infimum in (11.12) is attained.
Now we claim that ¢ is a weak solution to (11.13). Indeed, for any
fixed v € C&™, the function

g(1) = /0 [(wm)(m)f +a<so+m)2] dt / |l +7oll3

is well defined in some neighborhood of the origin and attains its infimum
at 7= 0. Direct computation yields

= 2/ (M)y{m) 4 g — Agov) dt.

This proves our claim.

The fact that A; (Lo +a) is the smallest eigenvalue and its contin-
uous dependance on a are left to the reader. O

Notice (11.12) guarantees that

A1 (Lo +a) > 0 for every a > 0.
Also, observe that
if A1 (Lo+a) =0, then Lo+ a is not invertible

and
if M (Lop+a) >0, then Ly+ a is coercive,

i.e. there exists a constant ¢ > 0 with

1 2
/ [(u(m)> +au2} dt > c ||ull3
0

for all u € ng’2 (take ¢ = A1 (Lo + a))
For a coercive map Lg+a we have the following maximum principle.
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Lemma 11.10 Suppose that a € C' and the map Lo+ a is coercive.
If we C¥™ is the solution of the problem (11.10) for some f € C' and
f@) >0 for all te€(0,1), then u(t)>0 on (0,1).

The proof of this lemma follows from standard arguments and is

omitted.

Theorem 11.11 Suppose f € C1 (Ry;(0,00)) is strictly increasing
and convexr. Then there ezists a mazimal X* € (0,00) and a C!
function X — uy from [0,\*) into CE™ such that ug =0 and for
each A € (0,2*), ux>0 on (0,1), solves (11.9) and is stable in the
sense that

A1 (Lo — /\f, (’LL)\)) > 0. (11.16)

Moreover,
(%‘TA)(]) >0 on (0,1), 0<j<m

i ( duy \ ) 7 ' (11.17)
17 ()7 >0 0n (0,1), m+1<j<2m

Proof. According to Theorem 11.8, for each 0 < A < A*, the map
Lo — Af" (uy) is invertible. Suppose that

M (Lo=Xf (u3)) <0
for some X € (0,\*). Then, since A;(Lg) > 0 and X (Lg+a) is
continuous in a, thereisan X € (0, A] with

/\1 (Lo - /\f, (’LL)\)) = 0.

It follows that the map Lg— Af’ (uy) is not invertible, a contradiction.
Thus, (11.16) holds for all A € [0, \*).

Now we shall prove that A* < co. Suppose A* = oco. Then, since
f is increasing,

Loux = Af (ux) = Af(0) on (0,1). (11.18)
Let we Cgm be the solution of the problem

(-D)™wl =1, 0<t<1
wd (0) =0, 0<j<m—1 (11.19)
w(j)(l) =0, m<j<2m-—1.
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From Theorem 10.13, w >0 on (0,1). From (11.18) and (11.19), we
have
Lo (un —Af(0)w) > 0 on (0,1).

Now Lemma 11.10 implies
uy(t) > Af(0)w(t) forall te€(0,1). (11.20)

Taking into account (11.20), the increasing monotonicity of f' (since
f is convex) and the coercivity of Lo — Af' (u)), we obtain

1 1
/ F (Qof 0)w)v?dt < / ' (Af (0)w)v? dt
0 0

1 1 r1 2
! 2 - (m)
< /0 flun)vdt < )\/0 (U ) dt

for all v e C%m and 0 < Xg < A. If welet A — oo, this gives
1
/ f Qof (O)w)v?dt = 0 for all ve CEF™.
0 ‘

Consequently,
FOof(O)w(t) =0 forall te (0,1).

Now fix any t € (0,1) andlet Ay — oo to deduce that f'(s) — 0 as
§ — 00, a contradiction. Thus, A* < oc.

The last step is to prove (11.17). From Theorem 11.8, we know that
the map A +—— uy is C'. Now, if we differentiate (11.9) with respect
to A, we obtain

(2m) "
(-1)™ (f{d—) A () B = f(uwy), 0<t<1
(dux) 0 =0, 0<j<m—1 (11.21)
()"«
Since Lo—Af’ (u)) is coercive and f (uy) > 0, Lemma 11.10 guarantees

that duy /dX > 0. Then, since f'(uy) >0 and f(uy) >0 on (0,1),
we have

1)=0, m<j<2m-—1

)\f’(u,\)%-l—f(u,\) > 0 on (0,1).
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Now (11.17) follows from (11.21) by successive integration. O

For other aspects concerning the connection between stability and
continuation (degree theory) we refer the reader to Ortega [116] and the
references therein.



Epilogue

In this book we have presented continuation theorems for several classes
of nonlinear maps. Moreover we have placed these theorems in a global
setting. Also we have discussed typical applications in differential equa-
tions.

Hopefully after reading this book the reader will be aware of the
powerful applicability of these theorems. As a result the reader may be
interested in establishing new such continuation theorems or in applying
our results to other problems.

1) If the reader is mainly interested in abstract results, he or she
should remember two basic ideas in establishing continuation theorems.
Suppose one wishes to discuss the solvability of the inclusion T'; (z) €
B C 6, z € E. The basic idea in this book is to try to deduce it from a
simpler inclusion T'g(z) € B, by continuation, i.e. by using a suitable
homotopy 7 : E x [0,1] — © joining I'y and I';. The reader could try

(a) to prove that the set A, = {X € [0,1] ; n(z,A) € B for some
A€ [0,1]} is open and closed simultaneously in [0,1],
or

(b) assuming that Z is the closure of an open subset U of a metric
space, to prove that the set ¥, = {r € U; n(z,\) € B for some
A € [0,1]} is closed and disjoint of dU, and then that for each map
of the form n(.,v(.)), where v € C’(U; [0,1]), v(z) =0 on AU,
v(z) =1 on X,, there exists at least one solution to the inclusion
n(z,v(z)) € B.

Also the reader should be aware that the time of broad classes of
maps has gone. Thus, instead of dreaming up continuation theorems for
some larger class of maps, it may be more useful to look at particular
"pathological” maps which arise in mathematical modelling.
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In regards to the topics in this book, we stress in particular the selec-
tive continuation results. In particular we mention nonlinear problems
without a priori bounds on solutions. There are many unanswered ques-
tions in this area and we hope many mathematicians, young and old,
will become interested in these problems.

Another exciting direction concerns the interaction between topolog-
ical methods in general (the continuation ones in particular) and other
kinds of methods, for example variational methods, numerical methods,
or methods from adjacent fields such as algebraic topology.

2) If the reader is interested more in applications, then he or she
will need to discover and exploit the properties of the specific operator
corresponding to each particular problem and so to identify the abstract
result which is directly applicable.

One of the main reasons for writing this book was to present abstract
results with connections to concrete applications. This was not only our
personal goal but also a basic principle for most applied mathematics
today. Therefore, in our opinion, the correct way to study and present
research in nonlinear analysis is to go from applications to theory and
back again to applications.
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