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Preface 

In this book we present basic continuation theorems for several classes 
of nonlinear operators and typical applications to differential equations. 
Our approach is elementary and does not use degree theory. In addition, 
in this book we present in a global setting various Leray-Schauder type 
theorems from nonlinear analysis. Part of the material comes from the 
authors' own work and some of this material has been generalized here. 
These results together with new applications appear here for the first 
time. The selected topics in the book reflect the particular interests 
of the authors; no attempt was made to cover every area in this vast 
field. For example, we did not discuss topics such as Leray-Schauder 
type theorems for maps on locally convex spaces, A-proper maps, or 
set-valued maps to name but a few. The bibliography includes only 
referenced titles. The text is essentially self contained so it can be seen 
as an introduction to topological methods in nonlinear analysis. We 
hope it will be of interest to mathematicians, old and young, who would 
like to become acquainted with the rapidly progressing field of nonlinear 
analysis. 
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1. Overview 

The theorems of Leray-Schauder type, also called continuation theorems, 
represent a powerful existence tool in studying operator equations and 
inclusions (of particular interest is the theory of nonlinear differential 
equations). Roughly speaking, by means of a continuation theorem we 
can obtain a solution of a given equation if we start from one of the 
solutions of a simpler equation. To be more explicit, let us consider 
two nonempty sets E and 8, a proper subset, B of O and a map 
rl : Z i O .  Suppose that we are'interested in the solvability of the 
inclusion 

r, (X) E B. (1.1) 

The main idea of any continuation method for (1.1) consists in joining 
this inclusion to a 'simpler' one, 

by means of an 'homotopy' q : E X [0, l] + 8 in such a way that 

q ( . ,O)  = ro and q ( . , l )  = I'l. 

The continuation theorem contains conditions which guarantee that the 
solvability of (1.2) implies the solvability of (1.1). Intuitively, this occurs 
when one of the solutions of (1.2) can be "continued' in a solution of 

for each X E [0, l ] ,  and in particular, in a solution of (1.1) for X = 1. 
Such a global continuation usually follows from a local continuation in 
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a given region C of E X [0, l] , combined with a "boundary" condition 
guaranteeing that the set 

E = {(X, X) E E X [0, l] ; 7 (X, X) E B)  

of all solutions of (1.3) does not leave the continuation region C. 
We point out that inclusion (1.1) is sufficiently general to cover most 

of the usual existence problems in the literature. For instance, if T 
is a map from a subset D of a given set X into X ,  the fixed point 
problem of finding an X E D with T (X) = X,  can be formulated as 
(1.1) by taking Z = D,  O = X X X, B the diagonal set of X X X and 
rl (X) = (T  (X) , X) . In the same way, the fixed point problem X E T (X) 

related to a set-valued map T : D C X -+ 2X may be expressed as (1.1) 
ifwetake E = D ,  0 = 2 X x ~ ,  B = { ( C , X ) ; X E C C X )  a n d r l ( x ) =  
( T  (X) , X) . Also, the coincidence problems of the form L (X) = T (X) 

may be formulated as inclusions of type (1.1). 
The continuation methods were initiated by Poincark [124], [l251 in 

the study of periodic solutions of dynamic systems, and by Bernstein 
[l51 who introduced the technique of a priori bounds to establish exis- 
tence results. However, the first abstract formulation of the continuation 
principle was given by Leray and Schauder in their famous paper [83]. 

Let us recall the precise statement of the Leray-Schauder continua- 
tion theorem in terms of topological degree theory. 

Let (X, I .  I) be a Banach space, U C X a bounded open set and 
let H : V X [0, 11 -+ X be compact, i.e. continuous and such that 
H (U X [0, l]) is relatively compact. 

Theorem 1.1 Assume that the following conditions are satisfied: 

(i) H (X, X) # X for all X E XJ  and X E [0, l] ; 

( i i )  VLS (J - H ( . , 0) , U, 0) # 0. 

Then  there exists at least one X E U with H (X, 1) = X. Moreover, 

Here we have denoted by J the identity map of X and by 
VLS (F, U, 0) the Leray-Schauder degree of F with respect to U and 
the origin 0 of X (an algebraic count of the number of zeroes of F 
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located in U). There is a vast literature on continuation theorems using 
generalizations of Leray-Schauder degree. In fact, in the framework of 
degree theory, the continuation theorems are expressions of the homo- 
topy invariance property of the degree. For modern treatments of the 
Leray-Schauder degree theory, its extensions and applications we refer 
the reader to [32], [49], [74], [75], [84], [ lol l ,  [l231 and [151]. 

For example, condition (ii) holds if H ( . , 0) is a constant map xo, 
where xo E U. In this case, an elementary proof of Theorem 1 . l  based on 
the Schauder fixed point theorem was given by Schaefer [l521 when U 
is a ball BR (xo; X )  and H is the convex combination of the constant 
map xo with a compact map T. More precisely Schaefer proved the 
following result: 

Theorem 1.2 Let T : BR (xo; X) + X be compact. Assume that the 
following condition i s  satisfied: 

(1 - X) xo + AT (X) # X for / X  - xol = R and X E [0, l] . 

Then T has at least one fixed point. 

The version of Theorem 1.1 without degree for the general case is 
due to Granas [55] and requires instead of (ii) that H ( . , 0) be essential. 
A compact map G : U -t X which is fixed point free on dU is said to 
be essential map if each compact extension to V of Glau has a fixed 
point. Thus, Granas' result is the following one: 

Theorem 1.3 Assume that the following conditions are satisfied: 

(a) H (X, X) # X for all X E dU and X E [0, l] ; 

(b) H ( . , 0) i s  essential. 

Then  there exists at least one X E U with H (X, 1) = X. Moreover, 
H ( . , l )  is essential too. 

Theorem 1.3 above is also known as the topological transversality 
theorem. 

Theorem 1.3 remains true if H is more generally a set-contraction 
in Darbo's sense, or a condensing map in Sadovskii's sense (see [76] and 
[127]) and if in the definition of an essential map, we take all exten- 
sions of Glau which are set-contractions or condensing, respectively. A 
remarkable extension of Theorem 1.2 is due to Monch [93]. 
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Theorem 1.4 Let T : U 4 X be continuous and assume that for some 
xo E U ,  the following condition i s  satisfied: 

S C countable, S C { { x o )  U T ( S ) )  * 3 compact. 

I n  addition assume that 

(1 - X )  xo + AT ( X )  # X for all X E dU and X E [O, l] . 

Then  T has at least one fixed point in U .  

VVe point out that each extension of Theorem 1.2 is based on a fixed 
point theorem for self-maps of a subset of X. Thus, Theorem 1.2 for 
set-contractions is derived from the Darbo fixed point principle, The- 
orem 1.2 for condensing maps is implied by the Sadovskii fixed point 
theorem, while Theorem 1.4 follows from a fixed point theorem also due 
to Monch involving self-maps of a closed convex subset of X,  which is a 
common generalization of the Schauder, Darbo and Sadovskii theorems. 
Therefore, we can expect that each fixed point principle for self-maps 
of a set yields a continuation theorem of Eeray-Schauder type. This is 
also the case in the Browder-Gohde-Kirk fixed point principle for non- 
expansive self-maps of a closed bounded and convex set of a uniformly 
convex Banach space. The corresponding Leray-Schauder type theorem 
for Hilbert spaces is due to Gatica and Kirk [50]: 

Theorem 1.5 Suppose X i s  a Hilbert space, U C X open bounded 
with O E U and T : U -+ X is nonexpansive, i.e. 

IT ( X )  - T (y) j  5 jx - yl for all 2, y E U .  

I n  addition assume that the following boundary condition i s  satisfied: 

AT ( X )  # X for X E dU and X E [Q, l ] .  

Then T has at least one fixed point i n  U .  

Surprisingly, one had to wait for the nineties to get a Leray-Schauder 
type theorem for contractions on complete metric spaces accompanying 
the Banach fixed point principle. The result is due to Granas [56]: 

Theorem 1.6 Let (K, d )  be a complete metric space, U C K open and 
H : V X [0, l] -+ K. Assume that the following conditions are satisfied: 



Overview 

( B )  there i s  p E [Q, 1) such that 

for all X,  y E V and X E [Q, l] ; 

(2) H (X, X)  # X for all X E aU and X E [0, l] ; 

(3) H (X, X)  is continuous in X, uniformly for x E V .  

If W ( . , Q) has a fixed point, then H ( . , l )  also has. 

As the reader can see, there are two main approaches to the theory 
of the continuation methods. One uses the subtle notion of degree, while 
the other is based upon fixed point theory. In this book we adopt the 
second approach (Granas9 approach) both in theory and applications. 
Other contributions to Granas' theory of continuation theorems and 
their applications have been given by Furi, Martelli, Vignoli [47], Granas, 
Guenther, Lee [57], [58], Krawcewicz [76], [77], Frigon [43], Lee, O'Regan 
[82] and Precup [134]. 

Organization of the book 

Beginning in 1989 [130]- [132], [134]- [136], [142], the second author has 
developed a unified abstract theory of Granas type continuation theo- 
rems. A slight extension of this theory is presented in Chapter 9. We 
now state the abstract version of the topological transversality theorem. 

Let A be a proper subset of E, M a class of maps F from E2 into 
C3 with F-' (B) n A = 0 and let v be any map defined at least on 
the following class of sets {F-' (B) ; F E M )  U (0) , with values in a 
nonempty set 2. A map l? E M is said to be v-essential if 

for any I" E M having the same restriction to A as l?. Also, consider 
an equivalence relation GZ on M. The main result of Chapter 9 is the 
following theorem. 

Theorem 1.7 Assume that the following conditions are satisfied: 

(A )  if r, r1 E M and rlA = rllA , then r r l ;  
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(H) if F I", then there i s  a map  r j  : E X [0, l] -+ 8 and a function 
V : z -+ [Q, 11 such that 7 ( . , Q) = r, 7 ( . , l )  = r', 7 ( . , V ( . )) E 
M and 

1 for X E C,  
v (X) = 

0 for X E A, 

where C ,  = (X E E; r j  (X, X)  E B for some X E [Q, l]) 

Let Fo, I'l E M be two maps with F. FZ kl. If ro is  v-essential, 
then rl is  v-essential too and 

Roughly speaking, the map v measures the 'size' of some subsets of E. 
Throughout this book, we let 

1 i f @ # @ c E  
v (Q) = 

0 i f * = @ .  

Theorem 1.7 makes it possible to understand globally particular con- 
tinuation theorems for a great variety of single and set-valued maps in 
metric, locally convex or Banach spaces. Notice that this result also 
yields particular continuation theorems which have no corresponding 
degree theory analogue (see [136]). 

In fact, we could start our work by the axiomatic theory presented in 
Chapter 9 and after that, continue with specific continuation theorems 
for each particular class of maps. However, in order to make the book 
more accessible, we prefer to  discuss particular theorems successively 
and illustrate their applicability by means of initial value and boundary 
value problems for several classes of nonlinear differential equations. 

In Chapter 2, we present Leray-Schauder type theorems for contrac- 
tions on metric spaces. The main result is Theorem 2.3, a generalization 
in Maia's sense of Theorem 1.6. Applications are given for the Cauchy 
problem and two point boundary value problems in Banach spaces. Us- 
ing Theorem 2.3 we may work in the spaces C' endowed with L P  -norms 
(incomplete spaces), instead of Sobolev spaces (complete spaces). 

Chapter 3 is devoted to the Leray-Schauder type theorems for non- 
expansive maps. We present the extension of Theorem 1.5 to uniformly 
convex Banach spaces [104], [139]. As an example, we discuss Sturm- 
Liouville two point boundary value problems in uniformly convex Ba- 
nach spaces. 
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Continuation theorems for accretive maps and an application to 
boundary value problems in Bilbert spaces are presented in Chapter 4. 

In Chapter 5 we first survey Leray-Schauder type theorems for com- 
pact maps, set-contractions, condensing and Monch type maps. Then 
we apply the abstract principles to the Cauchy problem and two point 
boundary value problems in Banach spaces. The results, Theorems 5.8, 
5.9, 5.10 and 5.11 may be compared with some earlier results by Monch 
[93], Monch, von Harten [94] and Frigon, Lee [46]. For further applica- 
tions and theory we refer the reader to [2]-[5], [l021 and [107]. 

Chapter 6 is entirely devoted to applications of the fixed point prin- 
ciples (Banach, Schauder, Darbo and Sadovskii) and of the continuation 
principles for completely continuous maps and set-contractions to semi- 
linear elliptic boundary value problems with linear growth. We discuss 
the existence of weak solutions under nonresonance conditions. The re- 
sults and techniques may be compared with those of Mawhin, Ward Jr. 
[91] and Hai, Schmitt [62]. 

In Chapter 7 we complement the existing literature (see [158], [76], 
[58], [143]) with some new Leray-Schauder type theorems for semilinear 
operator equations of the form Lx = T (X) , where L is a linear Fred- 
holm map of index zero. An application is given to periodic solutions of 
some first order differential systems. 

In all continuation theorems presented so far, the homotopies H are 
defined on a set of the form V X [0, l] , where U C X and so, all oper- 
ators H ( . , X) , X E [0, l] , have the same domain V. In Chapter 8 we 
deal with the more general case when the homotopies H are defined on 
a, where U C X X [0, l] . Notice that an analogue of Theorem 1.1 for this 
case is also known in Leray-Schauder degree theory. However, one had 
to wait for the nineties for applications. The difficulty consists in the 
construction of a set U accompanying a branch of solutions of equations 
with parameter, when the set of all solutions is not bounded. Beginning 
in 1990, Capietto, Mawhin and Zanolin [23]-[24] (see also [22], [89]) used 
continuation methods to discuss superlinear ordinary differential equa- 
tions, in the absence of a priori bounds of solutions. The technique they 
provided can be viewed as an alternative to the bifurcation method (see 
for example [147]). Their results are based on the concept of coincidence 
degree, an extension of the Leray-Schauder degree. Our goal for Chap- 
ter 8 is to develop a new approach (see also [138], [142]-[143]) based on 
the notion of essential map, which does not make use of degree theory. 
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An application to periodic solutions of superlinear singular differential 
equations is also presented. 

Chapter 10 presents Leray-Schauder theorems of cone compression 
and cone expansion type [61], [65]-[66], [106], [136], [156]. As an appli- 
cation we present a multiple solution result for higher order boundary 
value problems. 

In Chapter 11 we state local versions (local implicit function theo- 
rems) for some of the continuation theorems presented so far and we 
discuss their applications to stable solutions of nonlinear problems. 

Finally, we want to mention some excellent survey papers and mono- 
graphs on continuation theorems and their applications: Granas, Guen- 
ther, Lee [57]-[58], Martelli [86], Mawhin [89], Mawhin, Rybakowski [90] 
and Zeidler [160]. 



2. Theorems of 
Leray- Schauder Type for 
Contract ions 

This chapter presents fixed point theorems of Leray-Schauder type for 
metric contractions. These theorems are then used to establish exis- 
tence and uniqueness principles for initial value problems and two point 
boundary value problems in Banach or Hilbert spaces. 

2.1 The Continuation Principle for Contractions 
on Spaces with Two Metrics 

We first recall Banach's fixed point theorem (contraction principle): 

Proposition 2.1 Let (K, d )  be a complete metr ic  space. Suppose that 
T : K -+ K i s  a contraction, i.e. there i s  p E [ O , 1 )  such that 

T h e n  T has a unique fixed point X* and for a n y  X E K ,  one has 

The following extension of Banach's fixed point theorem for contrac- 
tions on spaces with two metrics is essentially due to Maia [S51 (see also 
[126], [l491 and, for some applications, [120], [121]). 
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Proposition 2.2 Let ( K ,  d') be a complete metric space and d another 
metric on K. Assume that for T : K -t K,  the following conditions are 
satisjied: 

(a )  there exists p E [0, S )  such that 

(b) T is uniformly continuous from ( K ,  d )  into ( K ,  d')  ; 

( c )  T is continuous from ( K ,  d') into ( K ,  d') . 

Then T has a unique fixed point X*. Moreover, for any X E K,  one 
has 

P" d ( T ~ X )  , X * )  I ---- d ( X ,  T ( X ) )  (k E N )  
1 - P  

(2.2) 

and 
d ' ( ~ ~  ( X ) ,  X * )  --+ o as k -+ m. (2.3) 

Proof. Let X E K. Define xk = T' ( X )  for all k 2 0. Notice (2.1) 
guarantees that (xk) is a Cauchy sequence with respect to d .  Next, 
from 

d ' ( X k ,  X,) = d' (T(Xk-l) ,  T(xm-l))  

and the uniform continuity of T from ( K ,  d )  into (K ,  d ' ) ,  we observe 
that ( x k )  is a Cauchy sequence with respect to d' too. Thus, there 
exists X* E K with d' ( xk ,  X * )  -+ 0 as k + m. Also, the continuity of 
T from ( K ,  d') into ( K ,  d') guarantees 

d' (T ( x ~ - ~ ) ,  T ( X * ) )  + O as k -+ cm. 

However, since d' (T ( xkP l )  , T ( X * ) )  = d' ( xk ,  T ( X * ) )  , we have 

and so T ( X * )  = X*. Notice (2.1) guarantees X* is the unique fixed point 
of T and so (2.3) is true for any X E K. Again from (2.1), we obtain 

d (xk, X * )  = d ( T ~ x )  , T' (X*)) 5 pkd ( X ,  X * )  -+ 0 as k -+ cm. (2.4) 

Finally, (2.2) follows from a standard argument. 
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- 
Second proof. Let (K ,  d) be the completion of (K,  d) . The elements 
of F are classes of d-Cauchy sequences in K which are equivalent in 
the following sense 

(Here, as well as in what follows, the presence of d or d' in front of a 
topological notion is to make precise the metric we are considering). 

Denote by (G) the class of the sequence (xr ) . If c, 1) E F, C = (xk) 
and 17 = (yk), then one sets 

Now we define the extension T of T to by 

This is well defined since, by the contraction property - of T, (T (X*)) 

is a d-Cauchy sequence whenever (xk) is. Clearly, T is a contrac- 
tion mapping on F and hence, by Banachxfixed point theorem, there 
exists c E F with (c) = J. Let E = (X*). Then (Q) W (T (xk)) . 
Since (X*) is d-Cauchy and T is uniformly continuous from (K, d) 
into (K,  d') , it follows that (T (xk)) is d'-Cauchy and so d'-convergent 
to some X* E K .  Note the continuity of T from (K,  d') into (K,  d') 
implies that ( T ~  (xk)) is d'-convergent to T (X*) . Now (X*) W ( T  (xk)) , 
that is d (X*, T (X*)) -+ 0, and the uniform continuity of T from (K, d) 
into (K,  d') guarantees 

d' (T (X*) , T~ (X*)) -+ 0 as k 4 ca. 

Consequently, d' (X*, T (X*)) = 0 and so T (X*) = X*. Finally, for any 
X E K, we have (2.4) and, since T is uniformly continuous from (K,  d) 
into (K, d') , we obtain 

d'(~'"+'  (X) , T (X*)) = d ' ( ~ ~ + '  (X) , X*)  4 O as k 7- ca. 

We note that the result in [85] corresponds to the case where d' < d. 
In this situation, the assumption that T is uniformly continuous from 
(K, d) into (K, d') is a consequence of (2.1). 
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T h e  second proof shows that Maia's theorem in K is Banach's the- 
orem in the completion z, but with the  fixed point in K. 

The  corresponding Leray-Schauder type result is the following theo- 
rem [146]. 

Theorem 2.3 Let ( K ,  d') be a complete metric space and d another 
metric on K .  Let D C K be d'-closed and let U C K be d-open with 
U C D.  Assume that for H : D X [0, l] -+ K,  the following conditions 
are satisfied: 

(i) there is p E [O,1) such that 

holds for all X ,  y E D and X E [O,  l] ; 

(ii) H ( X ,  X )  # X for all X E D \ U and X E [Q,  l] ; 

(iii) H is uniformly continuous from D X [0, l] endowed with metric d 
on D into ( K ,  d') ; 

(iv) H is continuous from D X [0, l ]  endowed with metric d' on D into 

( K ,  d') ; 

(v) H ( X ,  X )  is continuous in  X with respect to d ,  uniformly for X E U. 

In addition suppose that there exists a nonempty set Do c D with 
No ( D o )  c Do. Then, for each X E [0, l] , there exists a unique fixed 
point X ( X )  of HA. Moreover, X ( X )  depends d-continuously on X and 
there exists 0 < r _< cm, integers m, nl, n2, ..., n,-l and numbers 
0 < X 1  < X z  < ... < X,-l < X ,  = 1 such that for any xo E K 
satisfying d ( x o ,  X ( 0 ) )  5 r ,  the sequences ( x ~ , ~ ) ~ ~ ~ ,  j = 1, 2,  ..., m, 

are well defined and satisfy 

with 
d ' ( ~ ~ , ~ ,  x ( X j ) )  --+ O as JG --+ m. (2.7) 
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Remark 2.1 Obviously, we have 

as k + m (j  = 1, 2, ..., m). In particular, for j = m, ( x , , ~ ) ~ > ~  is 
a sequence of successive approximations of X ( l) ,  with respect to-both 
metrics d and d'. 

Proof. 1) First we prove for each X E [0, l] that HA has a fixed point. 
Let 

AH = {X E [0, l] ; H (X, X) = X for some X E U ) .  

Note 0 E AH since HQ (Do) C Do and Proposition 2.2 guarantee that 
H. has a fixed point. Hence AH is nonempty. We will show that AH 
is both closed and open in [Q, l] and so, by the connectedness of [0, l] , 
AH = [O, l] . 

To prove that AH is closed, let XI, E hH with XI, + X E [0, l] as 
k + m. Since XI, E A H ,  there is xk E U with H (xk, Xk)  = xk. Then, 
from (i), we obtain 

+ d(H (21,) X) 9 H(xj,  X ) )  + d(H(xj9 X) ,  H(xj,  X j ) )  

L d (H (xk, h ) ,  H (xk9 X))  + pd(xk, xj) + d(H(xj, X) ,  H(xj,  Xj)). 

It follows that 

This, with (v), shows that the sequence (xk) is d-Cauchy. Furthermore, 
from dr(xk, xj) = dl(H(xk, X k ) ,  H(xj, X j ) )  and (iii), we see that (xk) 
is also d'-Cauchy. Thus, by the completeness of d', there is an X E K 
with d' (xk, X) -+ Q as k -+ CO. Since xk E D and D is d'-closed, we 
have X E D. As a result we have 

and, from (iv), we also have 

d' (xk, H (X, X))  = d' (H (xk, Xk)  , H (X, X)) -+ Q as k -+ oo. 
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Hence d' (X, H (X, X)) = 0, that is W (X, X) = X. From (ii), X E U and 
SO X E AH.  

To prove that RH is open in [0, l ] ,  let p E AH and z E U with 
W ( z ,  p) = z. Since U is d-open, there exists a closed d-ball B = - 
B& (z ) ,  S > 0, with B C U. Notice (v) guarantees that there is 

= (S) > 0 with 

d(z,  H (z, X ) )  = d (H ( 2 ,  P) , H (2, X))  5 (1 - p) S (2.8) 

for [ X  - p1 L: v. Consequently, 

< (1 - p ) S + p d ( z ,  X) L: 6 - 

whenever X E B and IX - p1 5 v. This shows that for / X  - p /  < 7, 
HA sends B into itself. Let B' be the d'-closure of B .  It is easily seen 
that WA(Bf) C B' for / X  - p1 < 7. Now we may apply Proposition 2.2 
to T = HA. Consequently, there exists a X (X) E B' C D a fixed point 
of HA for IX - 5 v. This shows that p is an interior point of AH. 
Hence AH is open in [0, l] .  Note from Proposition 2.2, that for every 
X E B and / X  - p1 < v, we have that the sequence (H; ( x ) ) ~ > ~  is well 
defined, 

and 
dr(Wf(x),  x(X)) -+ 0 as k --+ m. 

2) The uniqueness of X (X) is a simple consequence of (i) 
3) X (X) is d-continuous on [0, l] . Indeed, 

5 d(H(x(X) ,X) ,  H(x (P) ,X) )  + ~ ( H ( x ( P ) , X ) ,  H(x(P),PCL)) 

5 pd(x(X) ,  x(P))  + d W ( x ( p )  , X ) >  H ( x ( P )  , P ) ) .  

This, with (v), implies 

1 
d (X (4 , X (P)) I ---- d ( H  (X (p) , X) , (X (p) , P)) --+ 0 

l - P  
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as X --t p. 
4) Finding r. For any p E [0, l] , let 

( p )  = inf{d(x, x ( p ) ) ;  X E K \ U ) .  

Since X (p) E U and U is d-open, r (p) > 0. We claim that 

inf {r (p) ; p E [O, I]) > 0. (2.9) 

To prove this, assume the contrary. Then, there are PI, E [0, l] with 
r (pk) + 0 as k + 00. Clearly, we may assume that PI, -+ p for some 
p E [0, l] . From the d-continuity of X (X) we have 

On the other hand, since r (pk) + Q, we have 

Let ko = max {kl, k2) . Notice (2.11)' and the definition of r (pk,) as 
infimum, guarantee that there is an X E K \ U with 

Then, using (2.10) and (2.12), we obtain 

d ( x 9  X (P ) )  < d(x ,  %(PI,,,)) + d ( x ( p k o ) ,  x ( p ) )  

< 2r (P) 12 = r (p) , 

a contradiction. Thus (2.9) holds as claimed. Now we choose any r > O 
less than the infimum in (2.9), with the convention that r = m if the 
infimum equals infinity. 

5) Finding m and O < XI  < X2 < ... < < 1. Let h = 7 (r)  , 
where r has been fixed in the previous step and 7 (r) is chosen as in 
(2.8). Then, by what was shown at the end of step l), for each p E [0, l] , 

d(x ,  %(p))  I r and [ X  -p1 I h imply (2.13) 

(H; ( X ) ) I , > ~  is well defined, 
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d'(@ ( X )  , X ( X ) )  4 0 as k --+ m. 

Now we choose any partition 

of [0, l ]  such that X j + ~  - X j  < h,  j = 0,  1, ..., m  - 1. 
6 )  Finding the integers nl, ns ,  ..., nm-I.  Now 

and (2.13) guarantees that (xl ,k) k>O is well defined and satisfies (2.6)- 
(2.7). From (2.6) we may choose-nl E N with d (XI , , ,  , X ( X I ) )  < r. 
Now, we have 

From the above argument, ( x ~ , ~ ) ~ > ~  is well defined and satisfies (2.6)- 
(2.7). In general, at step j (1 L: j< m - l ) ,  we choose nj E N such 
that d(xjrn3 , x (X j ) )  L: r .  Then 

and (2.13) guarantees that the sequence ( X ~ + I , ~ ) ~ > ~  is well defined and 
satisfies (2.6)-(2.7). 

The above proof yields the following algorithm for the approximation 
of X (1 )  under the assumptions of Theorem 2.3: 

Suppose we know r and h and we wish to obtain an approximation 
31 of X (1 )  with d (31, X ( l ) )  < E.  Then we choose any partition 0 = 

X. < X I  < X z  < ... < X,-I < X ,  = 1 of [0, 11 with X j + l  - X j  5 h,  
j = 0,  1, ..., m - 1, and any element xo with d ( xo ,  X (0)) < r. Now 
follow an iterative procedure. 

Iterative procedure: 

Set no : = 0 and xo,,, : = xo ; 
For j : = l  to m - l  do 

xj,O : = xj-I,njp1 
k : =  0 
while (1  - p)-' d ( ~ j , ~ ,  HAj ( x , ~ ) )  > r do 

xj,k+l := HA,(xj,k) 
k : =  k + l  

nj = k 
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Set k : = 0 
While pk (1 - d (x,,~, H1 (x,,~)) > E do 

xm,k+l = H1 (xm,k) 
k : =  k + 1  

Finally take z1 = x,,~. 

Remark 2.2 Clearly, if d < df  on  K, then it sufices that the estimates 
in the above algorithm be made with respect t o  df instead of d.  

Notice that, when D = U = K and HA = T for all X E [0, l] , 
Theorem 2.3 reduces to Proposition 2.2. In this case, r = CQ and 
m= l. 

In case that d = d', Theorem 2.3 yields the following computational 
version of Granas continuation principle for contractions on complete 
metric spaces (Theorem 1.6). 

Theorem 2.4 Let (K, d )  be a complete metric space, U C K open and 
H : U X [0, l] + K. Assume that the following conditions are satisfied: 

(al) there is p E [O,1) such that 

whenever X, y E U and X E [0, l] ; 

(a2) H (X, X) # X for all X E aU and X E [0, l] ; 

(213) H (X, X) is continuous in X, uniformly for X E V .  

I n  addition suppose that there exists a nonempty set Do C U with 

H. (Do) C Do. Then, for each X E [0, l] , there exists a unique fixed 
point X (X) of HA. Moreover, X (X) depends continuously on  X and 
there exists 0 < r < m, integers m, nl, nz, ..., n,-l and numbers 
0 < X1 < XZ < ... < < Am = 1 S U C ~  that for any xo E K 
satisfying d (xo, X (0)) 5 r ,  the sequences ( x ~ , ~ ) ~ ~ ~ ,  j = 1, 2, ..., m, 

are well defined and satisfy 
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Obviously, for U = K and HA = T for all X E [0, l] , Theorem 2.4 
reduces to the Banach contraction principle. 

Continuation theorems for generalized contractions can be found in 
1441 (for set-valued contractions), [45], [l041 (for $-contractions), [l401 
(for maps of Caristi type). 

2.2 Global Solutions to the Cauchy Problem on 
a Bounded Set in Banaeh Spaces 

Throughout this book we shall use the following standard notation. We 
denote by E any real Banach space and by l .  l its norm. For a real 
number R > 0 and any uo E E, BR (uo; E) is the closed ball { U  E E; 
lu - uol I R}. When no confusion is possible, we simply denote it by 
BR ( ~ 0 ) .  

Let I = [0, l ] .  We consider the space C ( I ;  E) of all continuous 
functions U : I -+ E, endowed with the max-norm 

and for every integer k > 1, the space Ck ( I ;  E) of all functions U : I --+ 

E such that for each j = 1, 2, ..., k ,  the j-th derivative u(j)  exists 
and is continuous, endowed with the max-norm 

Also, for any real 1 I p 5 m, we consider the Banach space P (I; E )  
of all measurable functions U : I -+ E such that lulP is Lebesgue 
integrable on I, with the norm 

for p < oo and 

Ilull, = inf {M > 0; Iu(t)l I M a.e. t E I ) .  

If (E, ( . , . )) is a Hilbert space and p = 2, then (I; E) is a Hilbert 
space with inner-product 
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For any real number 1 5 p 5 m, we define the Sobolev spaces 
WmJ' (I; E) inductively as follows. A function U belongs to w'J' (I; E) 
if it is continuous and there exists v E L P  ( I ;  E) such that 

t 
U (t) = U (0) + v (S) ds, t E I, 

where by 6 v (S) ds we mean the Bochner integral (recall that each LP 
function is Bochner integrable). It is clear that if U E W ' l p  (I; E) , then 
U is absolutely continuous on I, is differentiable almost everywhere on 
I, U' E L P  ( I ;  E) ,  and 

t 
U (t) = U (0) + U' (S) ds, t E I 

0 

Then for any integer m > 1, U E WmJ' (I; E) if U ,  U' E Wm-'J' ( I ;  E) . 
If U E WmJ' (I; E) ,  then U E Cm-' (I ;  E) ,  u ( ~ - ' )  is absolutely 

continuous on I, differentiable almost everywhere on I, 

u ( ~ )  : = E LP (I; E) , 

and 
t 

u(m-l) (t) = u ( ~ - ' )  (0) + J U(") (S) d ~ ,  t E I. 
0 

Recall that if E is reflexive, then any absolutely continuous function 
U : I + E is differentiable almost everywhere on I and u1 E L' ( I ;  E) 
(see [[12], Theorem 1.2. l]) 

The space W m l p  (I; E) is a Banach space with the norm 

Let W:'" ( I ;  E) denote the space of all functions U E w'J' (I; E) 
with U (0) = U (l) = 0. W:'" ( I ;  E )  is a Banach space with the norm 
defined by 

l I~I lo ,p  = llulllp. 

If (E, ( . , . )) is a Hilbert space, then (I; E) is a Hilbert space 
with the inner-product 
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We shall also use the following notion in this book: a function f : 

I X D -t E, where D C En, is said to be LP- Carathe'odory, if f ( . , X) : 
I -+ E is measurable for each fixed X E D,  f (t, . )  : D --+ E is 
continuous for a.e. t E I, and for each r > 0, there exists h, E L" (I; R) 
such that 

lf(t ,x19~2, ...,xn)l L hr( t)  

for a.e. t E I andall X = (x1,x2, ..., X,) E D with lxjl L r, j = 
1, 2, ..., n. The function f is said to be a Carathe'odory function if it is 
~'-Carathkodor~. 

We first describe a typical application of Theorem 2.4. 
Let us consider the initial value (Cauchy) problem 

in the Banach space (E,  I . I )  , where uo E E .  We seek classical solutions 
U E C' ( I ;  E )  if f is continuous and Carathe'odory solutions U E 
W'" (I; E )  if f is a Carathkodory function. 

If f : I X E + E is continuous (resp., Carathkodory), then a func- 
tion U is a classical (resp., Carathkodory) solution to (2.14) if and only 
if u E C (I; E) solves the Volterra integral equation 

that is, U solves the fixed point problem 

for the integral operator T : C (I ;  E )  -+ C (I ;  E )  , 

It is well known that if f (t, U) satisfies a global Lipschitz condition 
in U, on the entire space E, then (2.14) has a unique global solution (that 
is, a solution defined on the entire interval I) which can be obtained by 
means of the Banach contraction principle, while if f only satisfies a 
local Lipschitz condition, say 

I f ( t , u ) - f ( t , v ) I < l l u - v 1  for l u - u o l , I v - u o l L R  (2.15) 
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and a.e. t E I ,  then, by Banach's theorem we can only prove the exis- 
tence and uniqueness of a local solution (that is, a solution defined on 
a subinterval I R  of I ) .  The subinterval I R  comes from the invariance 
condition T ( B ~  (uo)) C BR (uo) , where BR (uo) is a ball in C ( I R ;  E )  . 
We can avoid the invariance condition and find a global solution if we 
use a Leray-Schauder type theorem for contractions instead of Banach's 
fixed point theorem. 

Thus, we have the following existence principle. 

Theorem 2.5 Let R > 0 and f : I X BR (uo; E )  --+ E. Assume that 
the following conditions are satisfied: 

(hl) f is continuous (resp., f ( . , U )  i s  measurable for each 
U E BR (uo; E )  and f ( . , uo) E L1 ( I ;  E ) ) ;  

(h2) there exists 1 E L' ( I ;  R) such that 

for a.e. t E I and all U ,  v E BR (uo; E )  ; 

(h3) for any  solution of 

where X E [O,  l ]  , one has lu ( t )  - uol < R for all t E I .  

Then,  (2.14) has a unique classical (resp., Carathe'odory) solution 
with lu(t) - uol < R, t E I .  

Proof. First we note that from (hl) and ( h 2 ) ,  it follows that 

where R1 ( . ) + l  f ( . , uo) I E L' ( I ;  R) . This shows that f is a Carathkodory 
function. We apply Theorem 2.4 with K = C ( I ;  E ) ,  U = {U E K;  
/U ( t )  - uol < R for all t E I )  and 
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We take as d the corresponding metric to the equivalent norm of Bi- 
elecki type on C (I; E ) ,  

for some 6 > 1. From (h3), we trivially have (a2), while (a3) is immedi- 
ate. Now we show that (a l)  also holds since 6 > 1. Indeed 

= l 1 (S) exp (-B 1' 1 (7) dT) u (S) - v (S)/ exp (B 

1 
5 g I U  - vlls exP (6 Jot 1(7)  d7) 

Consequently, 

Now the conclusion follows since H. uo. U 

To satisfy (h3) and so to obtain global solutions, we have to impose 
appropriate growth restrictions on f .  The following existence theorem 
is based on a growth restriction of Wintner type (see [159]). 

Theorem 2.6 Let R > 0 and f : I  X BR (uo; E) -+ E. Assume that 
the following conditions are satisfied: 

(i) f is continuous (resp., f ( . , U) is measurable for each u E BR (uo; E)); 

(ii) there exists 1 E L' ( I ;  R) such that 

for a.e. t E I  and all U, v E BR (uo; E )  ; 
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(iii) there exists ,B E L1 ( I ;  R) and I) : [0, R] -+ (0, m) nondecreasing 
with l / $  E L' ([O, R] ; R) such that 

for a.e t E I ,  lu - uol i R ,  and 

Then (2.14) has a unique classical (resp., Carathe'odory) solution 
with lu( t )  -uol < R ,  t E I .  

Proof. We show that condition (h3) is satisfied. Let U be any solution 
to (2.16) for some X E (0, l]. Then 

and so 

Let 

W ( t )  = Iu'(s)I ds. 

We have W E W'" ( I ;  R+) and lu ( t )  - uo l I W (t) on I .  We claim 
that W ( t )  < R for all t E I .  To prove this, we assume the contrary. 
Then, since W (0)  = 0, there exists a smallest to E (0, l ]  with W ( L )  < R 
on [0, to) and W (to) = R. Using (2.17) we obtain 

W' ( t )  = Iu' (t)I i P ( t )  g ( [ U  (t) - uol) I P ( t )  I) (W (4)  (2.19) 

on [0, to] . Consequently 
1 

St0 ('I d r  5 f ,b'(r) d r  < 1 ( T )  d r .  
0 I ) ( w ( r ) )  

Now since 

d r  = SR d ~ ,  
0 I) (7) 

we have 

a contradiction. Hence W ( t )  < R for all t E I ,  as claimed. 
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Remark 2.3 In  a Hilbert space ( E ,  ( .  , .)), the result of Theorem 2.6 
remains true i f  instead of condition (iii) we require 

(iii') there exists ,B E L' ( I ;  R+) and p : [0, R] -t (0 ,  W) with 
t / p  ( t )  E L1 ( [ O ,  R] ; R ) ,  such that 

for a.e. t E I ,  lu - uol 5 R, and 

In this case we set W (t) = lu ( t )  - uol and we use 

W ( t )  w1 ( t )  = (U ( t )  - uo, U' ( t ) ) .  

Then (2.19) holds with $ (t)  = p ( t )  I t .  This shows that i f  E is a Hilbert 
space, then the assumption in Theorem 2.6 that $ be nondecreasing may 
be removed (take p ( t )  = t$ ( t ) ) .  

Example. Let g E L' ( I ;  R) , p > 0 and uo E E. There exists a unique 
solution to 

U' = g ( t )  (ulP U ,  t E I 
U ( 0 )  = U0 

provided that 

IuolP < l /  ( P  119111;1(1)) . (2.20) 

Moreover, the result is the best possible. 
Indeed, here f ( t ,  U )  = g ( t )  lulP U is locally Lipschitz in U on R. 

Thus condition (ii) in Theorem 2.6 holds for any R > 0. On the other 
hand, 

so (iii) holds with 

~ ( t )  = )g ( t ) l  and $ ( t )  = ( t + l ~ o l ) ~ + l ,  

provided that 
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Now (2.20) guarantees that this inequality is satisfied if we choose R 
sufficiently large. Finally, direct integration shows that there is no solu- 

2 tion for E  = R, g ( t)  - 1, p = 2 and luol 2 112 and so the result is 
the best possible. 

2.3 Boundary Value Problems on a Bounded 
Set in Banach Spaces 

We now describe a typical example of an application of Theorem 2.3. 
Let us consider the two point boundary value problem 

in a Banach space (E, I . I) , where bl, bz E E, Vl , V2 are linear con- 
tinuous from C' ( I ;  E )  into E, with f defined on a bounded set of 
I  X E ~ .  

We let 

= { U  t C' ( I ;  E )  ; V,  ( U )  = 0, j = 1, 2 )  

and C& = Cko n C' ( I ;  E )  ( k  2 2). Similarly, 

and C; = CA n C' ( I ;  E )  . Also, for an integer m 2 2 and a real 
l < p  5 cm, welet 

= CAo n WmJ' ( I ;  E ) ,  w ~ > P  = c; n wm>p ( I ;  E )  

Recall that WmjP ( I ;  E )  C Cm-' ( I ;  E ) .  
In what follows we assume that the unique solution of U" = 0  which 

satisfies V, ( U )  = 0, j = 1, 2 ,  is the null function. Then, there is a 
unique solution to 
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say uo ( t )  , and there is a Green's function G (t,  S) corresponding to  
operator U" and boundary conditions V, ( U )  = 0 ,  j = 1, 2. Moreover, 
for each p E [l, m] , the operator 

L : W:: -+ LP ( I ;  E ) ,  L u  = U" 

is invertible and 

The same is true for the operator 

L :  ( I )  L u = u N .  

Now we state a very general existence and uniqueness principle in a 
ball of CA. 

Theorem 2.7 Let R > 0 ,  1 < p < oo and T : D n  -+ W:'" be any 
map, where DR = {U E CA; llulll,m I R } .  Assume that \luolIl,, < R  
and that the following conditions are satisfied: 

(HI) T ( D R )  is bounded i n  (C' ( I ;  E )  , 1 1  . I 1  l ,m) and there is  R' > 0 
such that lu" (t)l < R' for a.e. t E I and any u E T ( D R )  ; 

(H2) there exists a metric d on C,$ equivalent to the metric induced 
by I I  - I l l ,  satisfying 

for all U ,  v E CA and some c0 > 0 ,  such that 

IT ( U )  - T ( V )  1 1  l , ,  5 cd  ( U ,  v )  (2.23) 

and 
d (T ( U )  , T ( v ) )  5 ~d ( U ,  v) (2.24) 

for all U ,  v E D R  and some c > 0,  p E [O, 1); 

(N3) if U E DR solves U = ( 1  - X )  uo + AT ( U )  for some X E [0, l] , 
then I I ~ l l l , ~  < R .  

Then T has a unique fixed point i n  DR. 
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Proof- We shall apply Theorem 2.3. Denote by d' the metric induced 
by I . / I  ,,, on C;. Recall that V,, j = 1, 2, were supposed continuous; 
consequently, (C;, d') is a complete metric space. Let 

KO = conv {{uo) U T (DR)) ,  

where "conv" stands for the convex hull. Since uo E C;, T (DR) C C; 
and C; is convex, we also have KO C C;. Denote by K  the d'-closure 
of KO in C; and let D = K n DR. Obviously, D is d'-closed in K. 

Rom (HI), we see that any function u  in KO satisfies Ju" (t)l 5 R' 
for a.e. t E I. This property is the reason for this choice of K. 

Define H : D X [0, l] --+ K  by 

We now check that all the assumptions of Theorem 2.3 are satisfied, 
where U  is the d-interior of D in K. 

Condition (i) follows from (2.24) since D C DR. F'rom (2.23), since 
T (DR) is bounded in C1 (I; E) ,  we have 

where c' is a constant depending only on R. It follows that N is 
uniformly (d, d')-continuous, that is (iii) is true. Since d is equivalent 
to I . I/,,!, and I . I l l ,  5 1 1  . , then (2.25) guarantees that (iv) is true. 
Now, if in (2.25) we put u  = v,  then we obtain 

This proves (v). 
It is clear that (ii) follows from (B3) if we prove that 

U E D  and I I u [ [ ~ , ~ < R  implies U E U .  (2.26) 

So let u  E D with IIuII1,, < R. We have to show that there exists r  > 0 
such that 

V E K  and l ) v - ~ l l ~ , ~ < r  imply V E D R .  
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Suppose the contrary. Then, there is a sequence (uk)  C K with 

Then, luk (t)l > R or I u ~  (t)l > R for some t E I .  On the other hand, 
if we let R. = I I u ~ ~ ~ , ~ ,  then R. < R and lu(t)( F Ro, lut(t)l < Ro 
for all t E I .  Consequently, for each k there is at least one t such 
that: 

We shall derive a contradiction by using the following result. 

Lemma 2.8 Let X E W'>" (I; E ) .  If I X  (t)l > a > 0 for some t E I 
and I X t  (t)I 5 M for a.e. t E I, then 

I. First suppose that (ui ( L )  - U' ( t )  l R - R. for all t E I and for 
infinitely many values of k. Then, passing if necessary to a subsequence, 
we may assume that for any k, we have 

I u ~  ( t )  -ul(t)I I R -  R. for all t E I and 

luk ( t )  - U ( t )  l > R - R. for at least one t .  

Then, by Lemma 2.8, it follows that 

for all k .  This implies liuk - uIll,, ff 0 as k i m, a contradiction. 
11. In the opposite case to I, we may suppose that for any k, we 

have 
IuL ( t )  - U' ( t )  I > R - R. for at least one t .  

Let E > 0. Since U ,  U,+ E K,  there are G, Gk E KO with 

IGi ( t )  - G' ( t )  I > R - R. for at least one t ,  

1' U ;  ( S )  - c; ( S ) /  ds 5 ~ / 2  and $ ]U' ( S )  - G' ( S )  1 ds 5 ~ / 2 .  
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Also since C, iik E KO, we have 

liii (t) - G'' (t) l 5 ]C; (t) 1 + /C" (t) l 5 2R' for a.e. t E I. 

Then, by Lemma 2.8, 

where C depends only on R - R. and R'. Thus, we have 

I + l l ~ k  - ~ l l ~ , ~ .  

Hence lluk - ull > C - E for all k .  Choosing E < C this yields 
lluk - ~ l l ~ , ~  f f  0 as k -3 m, a contradiction. 

Thus (2.26) holds and Theorem 2.3 can be applied. U 

Proof of Lemma 2.8. We have 

It follows that 

Two cases are possible: 
1) for all t E I, I X  (t)l > a/2. Then, clearly, 

2) There are t l ,  t2 E I with I X  (tl)l = a/2, (ta)l = a and 
[ X  (t) l E [a/2, a] for all t between tl and t2. Suppose tl  < ta. Then, 
if we choose t = t l  and s = t2 in (2.27), we get t2 - tl 2 a/ (2M) . 
Also, from (2.27), 

Integration from tz - a/  (2M) to t2 yields 
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Remark 2.4 In particular, if d i s  the metric o n  CA induced by 1 1  . / ) l , p  

and i n  addition there is an  r E (0, R) such that in (K?), I I U ~ ~ ~ , ~  < R-r 
for any solution of U = (1 - X) uo + AT (U) , X E [0, l] , then the unique 
fixed point of T can be approximated by means of the iterative procedure 
described after Theorem 2.3, where we m a y  use this r and the first 
approximation xo = uo. 

Remark 2.5 For p = W, d and d' are equivalent metrics o n  CA and 
Theorem 2.7 i s  a direct consequence of Theorem 2.4. 

Let BR = {U E E ;  Iu/ < R} and suppose f : I x B; -. E. If f is 
continuous (resp., LP-Carath4odory), then the operator 

is well defined from DR into C (I ;  E) (resp., LP ( I ;  E)) and a function 
U E DR is a classical (resp., Carath4odory) solution of (2.21) if and only 
if U = T ( U )  , where 

Recall that uo is the unique solution of (2.22). 
In order to state an existence and uniqueness principle for (2.21), we 

embed this problem into a one-parameter family of problems 

where X E [0, 11 

Theorem 2.9 Let R > 0 and f : I X& + E Assume that I I u ~ ~ ~ ~ , ~  < 
R and the following conditions are satisfied: 

(hl) f i s  continuous (resp., f ( . , U ,  v )  is measurable for all ( U ,  v) E 
-2 
B,  and f ( . , G ,  G )  E LW (I; E)); 

(h2) there exist numbers Ao, A1 > 0 ,  function q5 E LW ( I ; I )  and 
p E (1, m] such that 
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for a.e. t E I and all U, U, v, B E BR, and 

where 

1 1lP 
l G  (t, s I l q  4 (sIq d ~ ) " ~  dt] (2.31) 

for P < CO ( l / p +  l /q  = l ) ,  and 

(h3) if U E ER solves (2.28) for some X E [0, l] , then IIull l,oo < R. 

Then (2.21) has a unique classical (resp., Carathe'odory) solution in 

DR. 

Proof. We shall apply Theorem 2.7. We first note that from (2.29) 
and f ( . , 0,O) E Lm (I; E), it follows that f is LW-Carathkodory. Now 
we immediately see that the operator T (U) = uo + L-'F (U) is well 
defined from DR into w:'~, T (DR) is bounded with respect to 1 1  . 
and that there is R' > 0 such that Ju" (t) l < R' a.e. on I, for any 
u E T (DR) . Hence condition (HI) is satisfied. 

Without loss of generality, we may assume that A. > 0 and A1 > 0. 
Otherwise, we take A. + E and A1 + E instead of Ao, AI with E > 0 
small enough so that inequality (2.30) remains true. Then, we define a 
modified P-norm on C1 (I; E) by 

Clearly, the norms 1 1  . 1 1  and 1 1  . 1 1  are equivalent. Let d be the metric 
induced by 1 1  . 1 1  on Ch. We now check (2.23) and (2.24). Let U, v E DR. 
Then using (2.29), we obtain 
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1 
( G  ( t ,  S ) (  q5 ( S )  (Ao /U ( S )  - V ( S )  I f AI Iu' ( S )  - U' ( S )  1 )  d s  

Also 

I T  (4' ( t )  - T (v)'  ( t )  I 

These clearly yield (2.23) and (2.24), with p = pp. Hence (H2)  is sat- 
isfied. Finally (H3) follows from (h3 )  since a function u E DR solves 
(2.28) if and only if U = ( 1  - X) uo + AT ( U )  . Thus, Theorem 2.7 can be 
applied. 

Notice that for p = cc and q5 = 1, the result in Theorem 2.9 follows 
from [[82],  Theorem 3.61. 

Remark 2.6 W e  will compare the contraction condition pp < 1 for 
p = oo and p = 2. Suppose Vl ( U )  = u ( 0 )  and V2 ( U )  = U ( l )  and 
q5 = 1. I n  this case, the Green's function is  

and routine calculations give 

1' (1' G ( t ,  s12 ds  

I t  follows that 

p, = A018 + A112 and p2 = ~ o / ( 3 2 / 1 O )  + AI/&. 

Thus the contraction condition p:! < 1 is  less restrictive than p, < 1. 
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Remark 2.7 Other modified P - n o r m s  o n  C1 (I ;  E )  are possible and 
are expected to  relax the contraction condition (2.30). For example, we 
may  take the norm  

llull = A0 lI+uIp + A1 ll+ulll, 3 

where + E C(I ;  (0, m)) .  I n  this case, the contraction condition becomes 

for p < m, and 

for p = m .  

For such tricks of contraction, we refer the interested reader to 1621. 
We now consider the case when B means: U (0) = U (l) = 0 and C; 

is simply denoted by C;. Then we may choose as d, the metric induced 
by the norm llu// = //U' 1 1 ,  . This norm is equivalent to 1 1 . 1 1  since by 
the Wirtinger-Poincark inequality 

where 

l/+ = inf {llulllp / llull, ; U E c;, U f 0) 

(see 1171 for example). The corresponding existence principle is then the 
following result. 

Theorem 2.10 Suppose that B means U (0) = u (1) = 0 and all the 
assumptions of Theorem 2.9 are satisfied with 
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for p E ( l ,  cm) and 

PCO = (Aoa, + AI) max IGt ( t ,  T )  1 4 (7)  d ~  
t t I  S' 0 

for p = cm. Then  (2.21) has a unique classical (resp., Carathe'odory) 
solution in DR. 

In particular, if p = 2 and 4 = l, we can prove a more exact result 
which is based on the Wirtinger and Opial inequalities. 

Proposition 2.11 Let ( E ,  I . I )  be a Banach space. If U E ( I ;  E )  , 
then 

1 
(2.34) 

(Wirtinger 'S inequality) and 

(Opial's inequality). 

Proof. 1) The eigenvalue problem 

U'' + Xu = 0 ,  t E I 
U (0 )  = U (l) = 0 

has solutions X k  = 

that the sequences 

plete in (L' ( I ; R )  

( U ,  " ) 0 , 2  = (U' ,  " 7 2  

and 

( k ~ ) ~  , u k  ( t )  = &sin kx t ,  k  = 1,  2 ,  . . . . It is known 
X-1/2U 

( " k ) k > ~ .  ( k are orthonormal and com- 

, ( . , . ) 2 )  and ( I ;  R) , ( . , . ),,,) . Recall that 

. Consequently, if U E ( I ;  E )  , then lul E ( I ;  R) 

Also, if U E ( I ;  E )  , then 1uI is absolutely continuous like U ,  and 
a direct computation shows that /lu/'I 5 lu' a.e. on I .  It  follows that 

, , 
Iul E ( I ;  R) and consequently, 
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Now Parseval's equality implies that 

1') An elementary proof of Wirtinger's inequality is possible if E  is 
a Hilbert space and U E C' ( I ;  E) with U (0) = U ( 1 )  = Q. In this case 
we derive (2.34) from the following integral inequalities 

which are true for any U E Cl ( [a ,  b] ; E )  . To prove (2.36), we first com- 
pute the derivative of 

b - a  n (t - a)  
D  ( t )  = 2  - [U ( t )  - U (a)12 cot 

7r 2  (b - a)  ' 

We have 

b - a  n (t - a )  
D' ( t )  = 4  - (U' ( t )  , U ( t)  - U ( a ) )  cot 

n 2 (b - a )  
.lr (t - a )  

- Iu( t )  - u(a)12 

This can be rewritten as 

n (X - a )  
( t )  - (U ( t)  - U ( a ) )  cot 

2  (b - a )  

Hence 
b - a  2 

D' ( t )  5 4 (7) /U' (t)12 - U ( t )  - u (a)12 . 
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Integration yields 

I u 1 ( t ) 1 2 d t  - \ u ( t )  - u(a ) l2d t -  D (b) - D (a  + 0)  5 4 

This yields (2.36) since D (b) = D (a  + 0)  = 0. Inequality (2.37) is 
proved similarly. 

To obtain (2.34), apply (2.36) on [O, 1/21, (2.37) on [1/2, l ]  and then 
piece the results together. 

2) Let 

Clearly 
v f ( t ) = - w ' ( t ) = [ u ' ( t ) [ ,  f o r a . e . t ~ I .  

We claim that 

Indeed, h ( t)  = v ( t )  - lu ( t )  l is absolutely continuous on I, h (0)  = 0 

and since lul 5 lu'l a.e. on I, we have h' ( t )  > 0 for a.e. t E I .  I 'l 
Then, from 

t 
h ( t )  = 1 h' (S) ds, 

0 

it follows that h ( t )  2 0 for all t E I. Hence lu (t)l 5 v ( t )  on I .  The 
second inequality can be proved similarly. 

From (2.38) and (2.39) we deduce that 

Thus we have the inequality 

On the other hand, from Holder's inequality, we obtain 

2 

v (1/2)' = ( / ' l 2  U '  ( t)  1 d t )  < i l l 2  U '  ( t )  l 2  dt,  (2.41) 
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Inequalities (2.40)- (2.42) yield (2.35). 
Now we state and prove the following existence and uniqueness prin- 

ciple for (2.21). 

Theorem 2.12 Let E be a Banach space and suppose that B means 
U (0) = U (l) = 0. Let f : I x - E and assume that the following 
conditions are satisfied: 

(al) f is continuous (resp., f ( . , U ,  v) is measurable for all (U, v) E 

B: and f ( . , 0,O) E LW (I; E)); 

(a2) there exist numbers Ao, A1 2 0 such that 

I f  ( t ,  U, v) - f (t, G, @)l I Ao lu - G1 + AI [ V  - fll (2.43) 

for a.e. t E I and all U, G, v, a E BR, and 

(a3) if U E DR solves (2.28) for some X E [0, l] , then IIull l ,W < R. 

Then (2.21) has a unique classical (resp., Carathe'odory) solution in 
DR. 

Proof. We apply Theorem 2.7, where d is the metric on CA induced 
by the norm llull = I I u ' ~ ~ ~  and p = 2. To show (2.24), we use the 
Wirtinger's inequality, Opial's inequality and the following inequality 

This can be proved as follows. Let U = L - ~ V .  Then U" = v, and if we 
multiply by U and integrate on I, we get 

11"111: = - (v+)2 5 1lvl12 lull2 

Using Wirtinger's inequality, this yields 
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and so IIu'1I2 5 (1/7r) llvl12 . This together with (2.34) yields (2.45). 
Then, we obtain 

We mention that condition (2.44) was obtained by Hai and Schmitt 
[62] and used when f is defined on the entire set I X E ~ .  Therefore, our 
technique based on the use of two metrics makes it possible to show that 
certain results involving conditions derived when working with energy 
LP-norms extend to the situation when f is defined, or has the required 
properties, only on a bounded region. 

Remark 2,8 As we have already remarked, for p = m, Theorem 2.7 
is a consequence of Theorem 2.4. For an arbitrary p < m, i f  we look 
at the second proof of Proposition 2.2, we might think of using Theorem 
2.4 where we now work i n  the completion of C; with respect to d. For 
example, when B means u (0) = u (1) = 0, the completion of C; is the 
Sobolev space W;'" ( I ;  E )  . It is easily seen that such an approach has a 
major drawback, namely the bounded domain of T .  

Remark 2.9 In  the case that f is independent of U' and 4 ,  j = 1,  2 ,  
are linear continuous from C ( I ;  E )  into E ,  we can regard T as a 
mapping from D; = {U E CB; llullrn 5 R) C CB into C B ,  where 

CB = {U E C ( I ;  E )  ; 6 ( U )  = bj ,  j = 1, 2). 
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It  is easy to obtain variants of Theorems 2.7 and 2.9 in which all refer- 
ence to U' is dropped and the norms 1 1  . 11, , 1 1  . 11, are used instead of 

1 1  . lll,m and l l  . respectively. 

Example. Consider the boundary value problem 

Assume that for some R > 0, f E C(BR; E ) ,  

and there exists A. < 3 m  with 

Then (2.46) has a unique solution (with max-norm at most R). If in 
addition, 

sup{lf (u>l;  IuI I R> < 8 ( R - r )  

for some 0 < r < R, then the unique solution can be approximated 
by the iterative procedure described after Theorem 2.3, where: p = 

A o / ( 3 m ) ,  xo - 0, H (.,X) = AT and d is the metric on CO = {U E 
C (I; E) ; U (0) = U (1) = 0) induced by 1 1  . / l z  . According to Remark 
2.2, since 1 1  . [ l z  < 1 1  . 11, , it suffices that the estimates in the iterative 
procedure be made with respect to the metric d' induced by II.II,. 

The above example shows that the continuation principle for contrac- 
tions applies to problems with superlinear nonlinearity provided that a 
Lipschitz condition holds in some bounded set. In particular, problem 
(2.46) for E = R and f (U) = -eU was discussed in [82]. 

Finally, we present a sufficient condition so that (h3) in Theorem 2.9 
holds. We discuss the case when E is a Hilbert space and B are the 
Sturm-Liouville boundary conditions 

B :  { U (0) - au' (0) = 0 
U (1) + but (1) = 0, 

(2.47) 

where a ,  b 2 0 with a + b > 0. The condition is expressed in terms of 
an inequality of Hartman type (see [63] and [153]). 
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Theorem 2.13 Let ( E ,  ( .  , . ) )  be a Nilbert space, R > 0 and f 

I x -+ E .  Assume that the following conditions are satisfied: 

(i) f is continuous; 

(ii) there exist numbers A. > 0 ,  A1 > 0 ,  function 4 E C ( I ;  I )  and 
p E (1 ,  m] such that 

for all t E I ,  all U ,  U, v ,  E BR, and 

P, < l?  

where 

for p < m ( l / p  + l / q  = l ) ,  and 

(iii) there exists r E (0 ,  R] with 

( U ,  f ( t ,  U ,  v)) + (u12 > 0 ,  for t E I (2.48) 

whenever r < lul 5 R, Ivl < R and ( u , v )  = 0; 

(iv) e A 1 ( A o r + A l r o + m )  i A o r + A I R + m ,  where m =  Ilf (.,O,O)\I, 
and ro = r /  max {a ,  b )  . 

Then (2.21)-(2.47) has a unique classical solution satisfying IIulll,, < 
R. 
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Proof. The conclusion follows from Theorem 2.9 if we show that con- 
dition (h3) is satisfied. For this, let U be any solution to (2.28) for some 
X t (0 ,  l]. First we show that [lulloo < R. Let W ( t )  = I U  (t)12 12. Then 
W' ( t )  = (U ( t )  , U' ( t ) )  and 

W" ( t )  = X (U ( t )  , f ( t ,  U ( t )  , U' ( t ) ) )  + /U' ( t)  l 2  , a .e  t t I .  

Let to E I with /lull, = l u ( t o ) l .  If 0  < to < 1, then w f ( t o )  = 0 
and W" (to) < 0 and taking into account (2.48), we find that lu (to) l < 
r. Now suppose to = 0. Since W ( 0 )  is the maximum of W ,  we have 
W' ( 0 )  = (U (0 )  , U' ( 0 ) )  < 0 and using the first boundary condition in 
(2.47), we obtain 

Hence U ( 0 )  = 0  and as a result, inequality lu (to) l < r  holds. Similarly, 
the same conclusion holds if to = 1. Therefore, [ [ U [ [ ,  < r  < R. 

Next we show that IIu'll, < R. Let US first remark that lu' ( to)/  < ro 
for to = 0  or to = 1. Indeed, if a = max {a, b) > 0 ,  then 

Similarly, if b = max {a, b )  > 0, then 

Further, suppose that IIu'll, = R. Let v  ( t )  = Iu' ( t )  l and take tl E I 
with v  ( t l )  = R. Then, we have 

< Iu' (t)I (A0 I U  (t)l + A1 [U' (t)I + I f  (ti 0,O)I) 

< v  ( t )  (Aor + A I ~  ( t )  + m ) .  

Assume to = 0. Then, the inequality v' ( t)  < Aor + A l v  ( t )  + m gives 

But, since v  (to) < ro and v  ( t l )  = R, 
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These yield 
1 A o r + A I R + m  
- In 
AI Aor + Alro + m 

< 19 

which contradicts (iv). The same contradiction is derived when to = 1, 
if the inequality v' ( t )  I Aor + Alv ( t )  + m is replaced by -v' ( t )  I 
Aor + Alv ( t )  + m. Thus, IIullloo < R and SO I I U ~ I ~ , ~  < R. 

For other results of this nature we refer the reader to [46] and [82]. 



3. Continuation Theorems 
for Nonexpansive Maps 

3.1 CoYlCirauation Theorems 

Let (X, I . 1 )  be a Banach space. A map T : D C X --+ X is said to be 
nonexpansive if 

IT(x)-T(y)I  < lx-yl foral lx ,  Y E  D. 

The question of interest is does a nonexpansive self-map of a given set 
D have a fixed point? The answer is yes if D is a nonempty closed 
bounded and convex set of a uniformly convex Banach space (see [B], 
[54] and [71]). 

A Banach space (X, I . I )  is said to be uniformly convex if for each 
E > 0 there exists S, > 0 with 

for all 2, y E X satisfying 1x1 < 1, Iyl < 1 and Ix - yI > E. 

Recall that any uniformly convex Banach space is reflexive (see [[33], 
Proposition 3.12.11) and any Hilbert space is uniformly convex since for 

2 2 1x1 < 1 and Iyl < l, one has 1x + y 1 2  + 1 %  - y12 = 2(1~1 + I Y ~  ) < 4. 
Let us first recall the Browder-Gohde-Kirk fixed point theorem. 

Proposition 3.1 Let (X, I . I )  be a uniformly convex Banach space, D C 
X nonempty closed bounded and convex. Assume T : D -t D is non- 
expansive. Then T has at least one fixed point. 
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For the proof we recommend [53] or [150]. 
Now we state and prove the corresponding Leray-Schauder type the- 

orem [104], [139]. 

Theorem 3.2 Let ( X ,  I . I )  be a uniformly convex Banach space, U C X 
open bounded convex with 0 E U and T : U + X nonexpansive. 
Assume 

AT ( X )  # X for all X E aU and X E [0, l ] .  (3.1) 

Then T has at least one fixed point in U. 

For the proof we need the following two lemmas due to Browder [19]. 

Lemma 3.3 Let ( X ,  I. I )  be a uniformly convex Banach space, D C 

X bounded convex and T : D -t X nonexpansive. Then, for each 
E > 0 there exists S = S ( E )  > 0 such that lx - T ( x ) J  < E for all 
X = ( 1  - X )  xo + X X I ,  where X E ( 0 , l )  , xo, X I  E D, 1x0 - T (xo)l < S 
and lxl - T ( X I )  l < 6. 

Proof. If 1x0 - x1 1 < ~ / 3 ,  then for X = xx := (1 - X )  xo + Xxl, we 
have 

provided that S < ~ / 3 .  Thus, we have only to deal with the case 
1x0 - X I [  2 ~ / 3 .  If X < E /  (3d) , where d = diam D, then Ixx - xol = 
X 1x0 - X I \  < ~ / 3 .  Then, as above, we obtain Ixx - T (xx)I < E.  Further- 
more, we assume X > E /  (3d) . If 1 - X < &/ (3d ) ,  then by a similar 
argument, we get Ixx - T ( x x )  / < E where S 5 e/3. Now we examine 
the case: E /  (3d) < X < 1 - E /  (3d) and 1x0 - X I  1 > ~ / 3 .  We have 

and similarly 

Let 
30 = X-' 1x0 - ~ ~ 1 - l  ( T  ( x x )  - xo) 
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Then it is easily seen that 

For S small enough, by the uniform convexity of X ,  we deduce that 
I yo - yl I 5 &/d.  It follows that 

Lernrna 3.4 Let ( X ,  I . I )  be a uniformly convex Banach space, D C X 
closed bounded convex and T : D + X nonexpansive. If ( x k )  C D ,  
xk -t xo weakly and xk - T ( x k )  -+ y~ strongly as k + m, then 
X 0  - T (xo) = YO. 

Proof. We may assume without loss of generality that y~ = 0. Let 
~k = lxk - T ( x k ) I .  Since E I ,  -+ 0 as k + m, we may suppose that 

1 6 ( E , Z - ~ )  5 ~ k - l  for any k, where S ( E )  is given as in Lemma 3.3. 
Since xo E Dk : = m { x j  ; j > k )  for every k, it follows that in order 
to prove xo - T ( x o )  = 0, it suffices to show 

X - T X 5 E for a11 X E D ~ .  (3.2) 

Each element of Dk is the strong limit of some sequence of finite convex 
combinations of elements in { x j ;  j > k) . Thus it is sufficient to prove 
inequality (3.2) only for the elements of D? : = conv { x j ;  k 5 j 5 m} , 
m > k. We use induction with respect to k decreasing: For k = m, 
Ixm - T (xm)l = Em 5 and (3.2) holds. Let us now assume that 
(3.2) is true for all X E D?. Let y E Then y = (1  - X )  X ~ - ~ + X X  
for some X E D? and X E [0, 11 . We have 

and 

Ixk-1 - T (xk-1) I = ~ k - 1  5 6 . 
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From Lemma 3.3, we have ly - T ( y ) (  < q - 2  which proves (3.2) on 
or-"-1 
Proof of Theorem 3.2. From Theorem 2.4, for each X E (0,  l ) ,  there 
exists a unique xx E U with xx - AT ( x X )  = 0. Denote by xk the 
element xx for X = 1 - ilk. Taking if necessary a subsequence, we may 
suppose that xk + xo weakly as k + m. On the other hand, since 

it follows that xr, - T ( x k )  + Q strongly as k + m. Now Lemma 3.4 
guarantees that xo - T ( x o )  = 0. 

If X is a Hilbert space, the convexity of U is not necessary and the 
result in Theorem 3.2 is due to Gatica and Kirk [50]. In addition, a 
simpler proof is possible [139], [141]. 

Theorem 3.5 Let ( X ,  ( . , . )) be a Hilbert space, U C X open bounded 
with 0 E U and T : U -+ X nonexpansive. Assume 

AT ( X )  # X for all X E aU and X E [ O ,  l ]  . 

Then T has at least one fixed point in  U. 

Proof. The sequence ( x k )  obtained in the proof of Theorem 3.2 satis- 
fies 

( ( k  - l)-' X k  - (m - l)-' X,, X k  - X,) 

2 
= (T ( xk )  - T (xm)  , xk - xm) - 1x1; - xm1 < 0 

for k ,  m > 1. Let ar, = ( k  - l)-' . The following identity can easily be 
checked 

2 2 (akxk - a,x,, xk - 2,) = (ale + am) lx~c - xml 

+ (ak - am) ( / x k 2  - 1xm12) 

It follows that 

From this, since ( a k )  is decreasing, we see that (Ixkl) is increasing. 
This sequence is also bounded because U is bounded. Hence (Ixkl) is 
convergent. Now, using 



Continuation Theorems for Nonexpansive Maps 47 

we deduce that ( x k )  is convergent. Clearly, its limit is a fixed point of 
T. 

For U an open ball BR (0 ;  X )  , Theorem 3.5 was proved in [36] 
using the radial projection. 

3.2 Ellemeds of Geometry of Ssbolev Spaces 

Here are some basic geometry results for the LP ( I ;  E )  [33] and Wm>P ( I ;  E) 
spaces, where I = [0,  l ]  and E is a Banach space. 

Proposition 3.6 Let E be a unzformly convex Banach space and 1 < 
p < m. Then the space LP ( I ;  E )  is uniformly convex. 

For the proof we need the following lemma. 

Lemma 3.7 Let ( X ,  I .  I )  be a unzformly convex Banach space and 1 < 
p < m. Then, for each E > 0 ,  there exists = ( E )  > 0 such that 

for all X, y E B1 (0 ;  X )  with I X  - Y I  > E .  

Proof. For 1 < p < CO, t = 1 is the unique point of minimum of the 
function q5 ( t )  = (1 + t P )  / (1 + t ) P ,  t > 0 and, q5 ( 1 )  = 2'-p. 

We first note that it suffices to prove (3.3) for 1x1 = 1,  Iyl 5 1 and 
Ix - yl > E .  Indeed, if 1 > 1x1 > lyl , Ix - yl 2 E and we set X' = 

-1 y' = ~ x l - ~ y ,  then /x'l = 1, Iy'l 5 1 and lx' - y'1 > 1x1 E > E. 

Now inequality (3.3) for X ,  y follows from the corresponding inequality 
for X ' ,  y', because of the homogeneity. 

Suppose there exists E > 0 such that the conclusion be false. Then 
there exist two sequences ( x k )  and ( y k )  with lxkl = 1,  I ykl 5 1,  
lxk - ~ k l  2 E and 

Then, taking if necessary a subsequence, we may assume lyk( t 1 as 
k t oo. Otherwise, l yk l 5 r < 1 for all k ,  and by the convexity of 
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In addition 

q5 (lvk[) 2 w : = min q5 (t) > q5 (1) = 21-p. 
t€ [O, T ]  

This contradicts (3.4). 
Let zk = I-' yb We have 

Hence, for k large enough, ( yk - zk l < i / 2  and consequently, 

On the other hand, from (3.4)) we easily obtain that 12-I (xk + x ~ )  l -+ 1 
as k --+ W. This contradicts the uniform convexity of X. 

Proof of Proposition 3.6. Clearly, inequality (3.3) remains true for 
all X,  y E X  with ( x - ~ (  ~ i m a x { ~ x ~ , ~ y ~ } .  

Let US fix i > 0 and let 7 = (E~-'/P) . Take U, v E l7 (I; E )  

with llullp 5 1, Ilvllp 5 1 and [ [ U  - > E. Let 

If t E M, then 

and so 

Since 

&P 
Iu (t) - v (t) I P  dt < - ( I u  (t) I P  + [v (t) I p )  dt 5 cP/2 

4 L\M 

and Ilu - vllp > E, we have 

S, / U  (t) - v (t)IP dt > ~ ~ 1 2 .  
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Consequently 

U ( t )  I P  d t ,  /M V ( t )  l P  d t )  2 ~ ~ 2 - ~ - ' .  (3-6)  

Now (3.5) and (3.6) yield 

1 
(lulP + IvIP) dt > 7 ~ ~ 2 ~ ~ - ~ .  

This implies 

Corollary 3.8 Let ( E ,  I . I )  be a uniformly convex Banach space, m E N, 
m 2 1 and 1 < p < cm. Then  the Sobolev space W m $ P  ( I ;  E )  equipped 
with the norm 

is  uniformly convex. 

Proof. We imbed W m ) P  ( I ;  E )  into LP ( I ;  E ~ + ' )  with the identifica- 
t ion 

U =  U , U , U  ,..., ( I' 
. 

Thus the problem reduces to the proof of the uniform convexity of the 
space equipped with the norm 
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On the other hand, E,+' can be imbedded into LP ( I ;  E )  if we identify 
any v = (vo, vl, .. ., v,) E E,+' with the function 

U, (t) = (m + 1)' '~ vj for t E 

Notice that 

lluvllp = 1 lErn+l 

Then, since LP (I; E) is uniformly convex, its normed subspace 
( E ~ + ' ,  I . is uniformly convex too. 

3.3 Sturm-Liouville Problems in Uniformly 
Convex Banach Spaces 

As an example of an application of the abstract results presented in 
Section 1, let us consider the Sturm-Liouville problem 

U" = f ( t , u , u t ) ,  t E I  
U (0) - au' (0) = 0 (3.7) 
U (1) + but (1) = 0, 

where a ,  b 2 0, and the corresponding one-parameter family of problems 

U" = Xf( t , u ,u t ) ,  t E I  
U (0) - au' (0) = O (3.8) 
U (l) + but (1) = 0, 

where X E [O, l] . Let G be the Green's function corresponding to  
operator U" and the Sturm-Liouville boundary conditions. 

We have the following existence principle for (3.7). 

Theorem 3.9 Let (E, I. 1) be a uniformly convex Banach space and 
f : I X + E .  Assume that the following conditions are satisfied: 

(a) f is continuous (resp., f ( . , U, v) is measurable for all U, v E E); 

(b) there exists q5 E LW ( I ;  R) and p E (l, oo) such that f ( . ,0 ,0)  E 
LP ( I ;  E) , 
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for a.e. t E I, all U ,  ii, v ,  G E E ,  and p 5 1, where p equals 

P I P  + l / q  = 1); 

( c )  there i s  R > 0 such that for any solution U of (3.8), one has 

Then  (3.7) has at least one classical (resp., Carathe'odory) solution. 

Proof. The map 

T = L - I F  : w1>p (I; E )  -+ w1?p ( I ;  E )  

is nonexpansive for p 5 1 with respect to norm 1 1  . 1 1  on ( I ;  E ) .  
Indeed, for every U ,  v E w'J' ( I ;  E )  , we have 

Using Holder's inequality: 

(a1 bl + a2 62) 5 (a: + a:)'/' (by + b;)'lq , 
which is true for all nonnegative real numbers a1 , a2 , bl , b2 , we deduce 
that 

Similarly 

I T  (U)' ( t )  - T (v) '  ( t )  l 5 (l' ptq dqds )  :lq [ [ U  - v11 

These yield 

IIT (4 - T ( v )  I I  5 P IIu - vll . 
Thus we may apply Theorem 3.2. 

As a consequence, we have the following existence result. 
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Theorem 3.10 Let ( E ,  ( .  , .)) be a Hilbert space and f : I X --+ E 
continuous. Assume that condition (b) of Theorem 3.9 holds with 4 E 
C ( I ;  R). In addition assume that a + b > 0 and there exists r > 0 such 
that 

( U ,  f ( t , u , v ) )  + (v12 > 0 for all t E I ,  (3.10) 

whenever lul 2 r and ( U ,  v )  = 0. Then there exists at least one U E 

C2 ( I ;  E )  that solves (3.7). 

Proof. W e  show that condition (c) in Theorem 3.9 is satisfied. Let U 

be any solution o f  (3.8) for some X E (0,  l ] .  As in  the proof o f  Theorem 
2.13, we can show that /lulloo < r and 

/U' (to) l < ro = r /  max { a ,  b) , 

where to = 0 or to = 1. Next we obtain a bound for IIu'lloo . Let 
v ( t )  = /u t ( t ) l  and t l  E I with v ( t l )  = IIullloo. F'rom (3.9), we have 

where p = max 4 ( t )  , max 1 f ( t ,  0, o ) / }  . This implies 
t € I  

Thus, there exists rl > 0 with v ( t l )  < r l .  Then llull < R, where 
R = (rP + r:)''~ . Therefore, Theorem 3.9 applies. 



4. Theorems of 
Leray-Schauder Type for 
Accretive Maps 

4.1 Properties of Accretive Maps 

Let (X, I .  I )  be a Banach space and let (X*, I .  1 )  denote the dual of X .  
Let 3 : X + 2X* be the duality map , 

2 F (X) = {X* € X *  X* (X) = X = 12*12} 

and let ( . , . )+ , ( . , . )-  be the semi-inner products on X defined by 

or equivalently 

The following properties are simple consequences of the definitions (see 
[[32], Proposition 13. l]): 

1) 
(X + Y, z)* I (X, z)* + (Y, z)+ 
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2) (X, y)- 5 (X, y)+ with equality if and only if X* is strictly 
convex; 

3) If X* is uniformly convex, then ( . , . ) -  = ( . , . )+ is uniformly 
continuous on bounded subsets of X X X; 

4) If u : (a, b) -+ X is differentiable, then 4 (t) = lu (t)l satisfies 

where D-4 (L) = lim suphio+ h-' (4 (t) - 4 (t - h)) . 
A map F : D C X -+ X, is said to be accretive if 

(F (x )  - F(Y) X - Y)+ 2 0 for all X, y E D, 

strongly accretive if there exists c > 0 such that 

> c ~ x - y / ~  fora l lx ,  Y E  D (F (4 - F (Y) , X - Y), - 

and $-accretive if 

(F (X) - F (Y) , X - Y)+ 2 $ ( 1 ~  - Y I )  I X  - Y I  for X, y E D, 

where : R+ -+ R+ is a continuous function satisfying 

$(O)=O, $(r) > O  f o r r > O  and liminf$(r) >O. 
r+oo 

In particular, if (X, ( . , . ))  is a Ailbert space, the duality map is the 
identity map of X ,  the semi-inner products ( . , . )- and ( . , . )+ coincide 
with the inner product ( . , . ) of X and the accretive and strongly ac- 
cretive maps are the so called monotone and strongly monotone maps, 
respectively. 

For example, if T : D -+ X is a contraction with Lipschitz constant 
p,  then J - T is strongly accretive with c = l - p (here J stands for the 
identity map on X) .  Also, if T is nonexpansive, then J - T is accretive. 
This is the reason that maps of the form J - F with F accretive are 
called pseudocontractive. 

Recall that a map is said to be demicontinuous if it is continuous 
from the strong topology to the weak topology. 
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4.2 Continuation Principles for Accretive Maps 

T h e  Leray-Schauder t ype  theorem for strongly accretive maps is due 
t o  Morales [96]. T h e  version o f  this  result for $-accretive maps (where 
i n  addition $ is supposed t o  b e  strictly increasing and $ ( r )  -+ cc as 
r -+ m) appears i n  [104]. Preceding results were obtained i n  [50], [72], 
[l551 and [95]. 

Theorem 4.1 Let X be a Banach space, U an  open subset of X and 
T : V + X .  Suppose that J - T is  $-accretive and that there is xo E U 
such that 

( 1  - X )  xo + AT ( X )  # X for all X E dU, X E [0, l] . 

Assume that T sends bounded sets into bounded sets if $ ( r )  -+ cc as 
r -+ m, and assume ~ ( 7 7 )  is  bounded otherwise. I n  addition suppose 
that one of the following conditions is  satisfied: 

( a )  T is continuous; 

(b) T is  demicontinuous and X *  is uniformly convex. 

Then  T has a (unique) fixed point in U 

For t h e  proof we need t h e  following four results: 

Lemma 4.2 Let X be a Banach space, D = ( x o ; X )  and let F : 

D -+ X .  Suppose that there exists c E R such that 

( F  (2)  - F  ( y ) ,  X - y) -  I c I x  - y12 for all X ,  Y E D. 

Also assume that I F ( X ) /  5 M on  D. I n  addition suppose that (a)  or 
(h) holds. Then  the initial value problem 

has a unique solution o n  [0, r / M ] .  
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Proof. Suppose (b) holds. Consider the approximations 

uk ( t )  = xo for t  < 0,  
t 

u i  ( t )  = a0 + 1 F (ue ( S  - l / k ) )  ds for t  > 0. 

Then 

l uk ( t ) - xo l  < M t  < r  and l u i ( t ) -uk ( s ) I  < M I t - s l  

for all t ,  S E [0, r / M ]  . Also 

U L  ( t )  = F (uk ( t  - ilk)) 

Let $ ( t )  = luk ( t )  - uj (t)l for some fixed k ,  j. Then $ (0)  = 0  and, by 

4 ) ,  
4 ( t )  D-$ ( t )  < ($ ( t )  - U; ( t )  , U k  ( t )  - U j  ( G )  - 

5 ( F  (uk ( t  - l / k ) )  - F ( u j  ( t  - l / j ) ) ,  (t - I l k )  - uj (t - l / $ -  

+ 2~~  (1 /k  + l / j )  < C [$ ( t )  + M (1/k  + l / j ) I 2  + 2 & f 2  ( l / k  + l / j )  . 

Since ( a  + b)2 < 2  (a2 + b  ' )  , this implies 

~ - 4 ~  ( t )  < 4  /cl q ! ~ ~  ( t )  + ckj with ckj -f 0  as k ,  j  4 W. 

It follows that 42 is not longer than the solution of the initial value 
problem 

p' = 4\cIp+ckj ,  p(0)  = 0. 

Indeed, given E > 0,  let p, be the solution of 

Then 0  = $2 (0 )  < p, (0 )  and if there was a smallest to > 0  with 
$2 ( t o )  = PE ( t o )  , then 

D - + ~  (to) = limsup h-' ($2 (to) - $2 ( t o  - h ) )  
hiO+ 

lim h-' ( P E  ( t o )  - p, (to - h) )  = 4 \cl pE (to) + ckj + E 
h j O +  
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a contradiction. Hence, q52 ( t )  5 p, ( t )  and letting E -+ 0 we obtain 
42 ( t )  < p ( t )  on [0, r / M ]  . Thus, +2 ( t )  i ackj , where 

a! = (41c l ) - l exp (41c l r /M)  for C # 0 and 

a! = r / M  for c =  0. 

Hence ( u k )  is Cauchy. Consequently, uk ( t )  -+ U ( t )  uniformly on 
[O, r / M ]  , for some continuous function U .  Passing to limit as k -+ cm 
and taking into account the uniform continuity of ( .  , . )+ , we obtain 
that U is the desired solution. 

To prove the uniqueness, suppose that U and v are solutions and let 
4 = [U-v1 .  Then 

It follows that 4 ( t )  0. 
Under condition (a), F can be approximated uniformly by locally 

Lipschitz maps Fk. Then with Fk instead of F, there is a unique uk 
with 

U; = Fk ( u k )  = F ( u k )  + vk on [0, r / M ]  . 
We have 

Now use similar estimates as in the first part to see that ( u k )  is Cauchy. 
Pass to the limit to obtain the desired solution. U 

Lemma 4.3 Let X be a Banach space, D a closed subset of X .  Assume 
that F : D + X is $-accretive and demicontinuous. Then F ( D )  is 
closed in X .  

Proof. Suppose F ( x k )  -+ y E X as k -+ oo, where xr, E D. From 

we obtain 
$ ( X  - X )  + 0 as k, m -+ a. 

Taking into account the properties of $, we deduce that ( x k )  is a Cauchy 
sequence. Thus there is xo E X with xk -+ xo as k -+ a. Since D is 
closed, xo E D too. By the demicontinuity of F ,  we obtain y = F (xo) , 
that is y E F ( D ) .  

The next result is due to Deimling [30]. 
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Lemma 4.4 Let X be a  Banach space and U  an open subset of X .  
Assume that F : U -+ X is +-accretive and that (a) or (b) holds. Then 
F  (U)  is open in X .  

Proof. Let xo E U and K, ( xo )  C U. We show that there is a 6 > 0 
with Bs (F ( x o ) )  C F ( U ) .  Without loss of generality, we may assume 
xo = 0. Let S > 0  be such that 

R6 = inf { r ;  + ( p )  > S for all p > r )  < ro. 

Let y E B6 ( F  (0) )  and let Fn = F + J. It is clear that F, is strongly 
accretive. Lemma 4.2 guarantees that the initial value problem 

has a unique local solution U ( t ;  X )  . Let 4 ( t )  = lu ( t ,  X )  1 . From l), 2) 
and 4) ,  we have 

4 ( t )  D - 4 ( t )  i (U',  U ) -  I (U' ,  U)+  

= (-Fn ( U )  + Fn (0)  + Y - Fn (0)  , U ) +  

I - (Fn ( U )  - Fn (0)  , U)+ + J Y  - Fn (0)  I 4 ( t )  

5 [ I Y  - F (O)I  - + (4 ( t)) l4 ( t )  

Hence 

4 ( t )  D-4 ( t )  I [S - + (4  ( t ) ) l 4  ( t )  , 4 (0)  = 1x1 . 

This implies that 4 ( t )  5 R6. Consequently, U ( t ,  X )  can be extended 
to a unique solution on R+ with lu ( t ,  X )  1 5 Rs for t > 0. 

For each t  > 0, consider the map 

Let us show that U ( t )  is a contraction. Indeed, for X I ,  x2 E BR, (0)  , 
let v  ( t )  = U ( t ;  x l )  - U ( t ;  x 2 )  and X ( t )  = Iv ( t )  l . Then (4.1) implies 

x ( t )  D-X ( t )  < (v' ( t )  , v  I (v' (4 l v  W)+ 
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Integration yields In X ( t )  - In X (0)  5 - t /n .  Hence 

Therefore, 

lU( t )  ( X I )  - U ( t )  (x2)I I Pt 1x1 - 2 2 1 ,  

where pt = exp ( - t l n )  < 1 for t > 0. 
Also, 

u ( t )  U ( S )  = U ( S )  U ( t )  = U (t + S )  . 
Thus, {U ( t )  ; t > 0 )  is a commuting family of contractions acting on 
BR, (0)  . It follows that there is a common fixed point X ,  E BR, ( 0 )  , 
that is u ( t ;  X,) = X ,  for all t > 0. Consequently, F, (X, )  = y. Hence, 

Since 

we have X ,  -+ X for some X E BR, (0)  and F ( X )  = y. 

Proposition 4.5 Let X be a Banach space and F : X -+ X be 
$-accretive. Suppose that (a) or (b) holds. Then F ( X )  = X .  

Proof. By Lemma 4.3, F (X) is closed, while by Lemma 4.4, F ( X )  
is open. Hence F ( X )  = X .  

Proof of Theorem 4.1. As above, by replacing U with U - xo and 
T ( X )  by T ( X  + xo) , we may suppose xo = 0. Let 

H : 'tT X [0, l ]  + X ,  H ( X ,  X )  = AT ( X )  . 

It is clear that for each X ,  there is a such that the map J - HA = 
(1  - X )  J + X ( J  - T )  is $A-accretive. Let 

AH = {X E [0, l] ; H ( X ,  X )  = X for some z E U) .  

Notice AH is nonempty since O E AH. The result will be established 
if we show that AH is both closed and open in [0, l ]  . 

We first show that AH is closed. For this, let ( X k )  C AH be any 
sequence with X I ,  + X. as k + m. Since X I ,  E AH, there is an X I ,  E U 
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with XkT ( x k )  = xk. Notice that ( T  ( x k ) )  is bounded. Indeed, this is 
trivial if T(V) is bounded. Otherwise, since 

we have $(Ixk l )  < IT(O)I. Now, since $ ( r )  4 m as r 4 m ,  we 
see that ( x k )  is bounded. Hence ( T  ( x k ) )  is bounded too. Thus 
xk - XoT ( x k )  -+ 0 as k + m .  As in the proof of Lemma 4.3, we find 
an xo E with xr, 4 xo as k -+ m and xo - XoT (xo) = 0, which 
shows that X. E AH. 

Suppose now that AH is not open in [ O ,  l ] .  Then there exists 
X. E AH and a sequence ( X k )  C [0, l] with X k  AN and X k  4 X. as 
k + m. Let xo E U be such that XoT (xo) = xo and let r > 0 be 
such that B = B, ( xo )  c U. Then for each k ,  

Y k  = ( J  - XkT) ( 2 0 )  E ( J  - X k T )  ( B )  

and 0 ( J  - XkT) ( B ) .  From Lemma 4.4, ( J  - XkT) ( B )  is open. So 
we may find 

zk E seg [Q, yk] n 6' ( J  - XkT) ( B )  . 

From Lemma 4.3, ( J  - XkT) (B) is closed, so we have 6' ( J  - XkT) ( B )  C 

( J  - XkT) ( a B )  . Thus, there exists X,+ E 823 with ( J  - XkT) ( x k )  = zk. 
Since yk 4 0 as k -+ CO, we also have that zk + Q as k  + oo. Hence 
( J  - XoT) ( x k )  -+ 0 as k  + m ,  and again as in the proof of Lemma 4.3, 
we obtain an : E a B  with xk 4 : as k  4 m and ( J  - XoT) (3) = 0. 
Since : # xo, this contradicts the one-to-oneness of J - XoT. 

We now present a continuation theorem for accretive maps on Hilbert 
spaces which generalizes Theorem 3.5. The result is due to O'Regan 
[l 041 . 

Theorem 4.6 Let X be a Hilbert and U an  open bounded subset of 
X .  Suppose T : U 4 X is demicontinuous with J - T accretive and 
T(U)  bounded. Also assume that 

( 1  - X )  xo + AT ( X )  # X for all X E au, X E [o, l ] .  (4.2) 

for some xo E U. Then  T has a fixed point in U. 
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Proof. We may suppose xo = 0. For each p E (0, l ) ,  the map T, = 

- (1 - p )  J + T is demicontinuous, with J - T, strongly accretive. In 
addition, it is easy to check that T, also satisfies (4.2). Now Theorem 
4.1 guarantees that there exists a unique X, E U with X, - T, (X,) = 0. 
Denote by xr, the element X, for p = 1 - l/ (k - 1). Then 

As in the proof of Theorem 3.5,  we have that (xk) is convergent. It is 
clear that its limit is a fixed point of T. 

4.3 Applications to  Boundary Value Problems 
in Hillaert Spaces 

We describe a typical example involving accretive maps. 
Let us consider the two point boundary value problem 

in a Bilbert space E .  We look for classical solutions U E c2 (I; E) if 
f is continuous and Carathkodory solutions U E w ~ , ~  ( I ;  E) when f 
is ~ ~ - C a r a t h k o d o r ~ .  

We have the following existence results: 

Theorem 4.7 Let (E, (., .)) be a Hilbert space and f : I X E X E -+ 

E. Assume that f is continuous (resp., f ( . , U, v) measurable for each 
( u , ~ )  E E." and f (t, . , . )  continuous for a.e. t E I). In addition, 
suppose that the following conditions are satisfied: 

(i) for each r > 0 there exists h, E ( I )  and c, > 0 with 

If (t, U, v)I I h, (t)  + c, /v1 , a.e. t E I, I u I  I r, V E E; 

(ii) there exists a 2 0 and b 2 0 with 

2 
- ( f  ( ~ , u , v ) -  f ( t , u , ~ ) ,  U-7il) 5 U I U - B I  + ~ I v - B ~ I u - T I ~  

(4.4) 
for a.e t E I and all U, a, v, v E E; 
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(iii) a / x 2  + b/4 < 1. 

Then (4.3) has a unique classical (resp., Carathe'odory) solution. 

Proof. We shall apply Proposition 4.5. Using the notation in Chapter 
3, we note that (4.3) is equivalent to the fixed point problem 

U = T (U) , U E ( I ;  E )  

for T = L-' F j ,  on the Nilbert space W;.' (I; E )  endowed with the 
inner product 

1 

(U' (t) , v' (t)) dt 

and the corresponding norm I I U ~ I ~ , ~  = llufl12 , where 

j  : W:.' (I; E )  + C (I; E )  X L' ((I; E) , j  (U) = (U, U') , 

F :  C ( I ; E )  X L 2 ( I ; E )  -+ L 2 ( I ; E ) ,  F ( u , v )  = f ( . , u , v )  

and 

From (i), the map F is well defined, continuous and sends bounded sets 
into bounded sets. Also, j and L-l are linear and bounded. Thus, T is 
continuous and sends bounded sets into bounded sets. 

Now we show that J-T is strongly accretive on (W:'' (I; E )  , I ~ . 
To do this we use the Wirtinger and Opial inequalities (Proposition 
2.11). Note first, if v E L' (I; E) , then U = L-I (v) solves the problem 
U" ( t )  = v ( t )  on I, U (Q) = U (1) = 0. If we multiply the equation by 
w (t) , where W E W;" (I; E ) ,  and we integrate, we obtain 

(L-lv, w) = - (v, W)?  for all W t W;" (I; E) . 
0.2 

Now, for any ul ,  ua E ( I ;  E), we have 

( ( J  - T )  ( ~ 1 )  - ( J  - T )  (uz ) ,  U1 - U Z ) ~ , '  



Theorems of Leray-Schauder Type for Accretive Maps 

= IIUl - u211;,~ + ( F ( u 1 )  - F ( u 2 ) .  211 - ~ 2 ) ~  - 
Using (4.4) ,  Wirtinger and Opial inequalities, we obtain 

Therefore 

( ( J  - T )  (u1) - ( J  - T )  (4, U 1  - ~ 2 ) 0 , J  

Hence J - T is strongly accretive and so all the assumptions of Propo- 
sition 4.5 are satisfied. [7 

Theorem 4.8 Suppose that all the assumptions of Theorem 4.7 are 
satisfied except (iii) which i s  relaxed to  

I n  addition suppose that there exists a closed linear subspace X of 
~ 0 " ~  ( I ;  E )  and a number R > 0 such that T ( X )  C X and 

whenever u E X and u = AT ( U )  for some X E [0, l] . Then  (4.3) has 
at least one classical (resp., Carathe'odory) solution in X .  

Proof. Using the argument in the proof of the above theorem, we see 
that T is continuous, sends bounded sets into bounded sets and J - T 
is accretive. Thus we may apply Theorem 4.6, where U is the open ball 

BR (0) of ( X ,  I - 1 1 ~ ~ ~ )  and 2 0  = 0 
An a priori bound R like that in condition (4.6) can be obtained 

for nonlinearities f with symmetry: 

Theorem 4.9 Let ( E ,  ( . , . ))  be a Hilbert space and f : I X E X E + E 
continuous. Assume that (i) ,  ( i i )  and (4.5) hold. I n  addition suppose 
that f is  symmetric,  i.e. 
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and that there exists r > 0 such that 

for all t E I and all U ,  v E E satisfying lul > r and ( U ,  v) = 0. Then 
(4.3) has at least one classical solution U with U ( t )  = U (1  - t )  for all 
t E I .  

Proof. W e  shall apply Theorem 4.8. Let 

X = { U  E w,"~ ( I ;  E )  ; U ( l  - t )  = U ( t )  for all t E I )  . 

For any U E X ,  we have U' ( 1  - t )  = -U' ( t )  and, from (4.7), we obtain 

( F j )  ( U )  ( 1  - t )  = F ( U ,  U' )  ( 1  - t )  

= f ( 1  - t ,  U ( l  - t )  , U' (1  - t ) )  = f (1 - t ,  u ( t)  , -U' ( t ) )  

= f ( t ,  U ( t )  9 U' ( t ) )  = F (U!  U' )  ( t )  = ( F j )  (4  ( t )  . 

Also, i f  v E ( I ;  E )  and v ( 1  - t )  = v ( t )  , then direct computation 
using Green's function (2.32) shows that 

Consequently, T ( X )  C X .  Now, let U E X with U = AT ( U )  . Since 
f is continuous, U E C 2  ( I ;  E )  and U' (112) = 0. As in the proof o f  
Theorem 2.13, we have llulloo < r. Then, from ( i ) ,  

(h ,  ( S )  +c,  l u t ( s ) / )  ds I A + c ,  

for all t E [1/2,  l] and some constant A > 0. Now Gronwall's inequality 
guarantees that IIu'lloo < R for some constant R > 0 independent o f  
U .  Clearly, I I U I I ~ , ~  = IIu'lla I I I u ' I I ~  < R. 



5 .  Continuation Theorems 
Involving Compactness 

This chapter presents Leray-Schauder type theorems for completely con- 
tinuous maps on Banach spaces and their generalizations, maps of Kras- 
noselskii, Darbo, Sadovskii and Miinch type. 

5. P M6nch Continuation Principle 

Let us start with the definitions. 
Let X be a Banach space and P  the family of all bounded sets of 

X. Denote by a  the Kuratowski measure of noncompactness on X ,  that 
is a : P - t R + ,  

a  (S) = inf {d > 0; S admits a finite cover by sets of diameter I d )  . 

The following properties hold (for proof see [[32], Proposition 2.7.21): 
(a) a  (S) = 0 if and only if 3 is compact. 
(b) a  is a seminorm, i.e. a  (AS) = /AI  a  (S) and 

(c) S1 C S:, implies a  (Sl) 5 a  ( S 2 )  . Also 

(d) a! (conv S) = a  (S) = a  (S). 
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A continuous map T : D C X -+ X is said to be 
(a) compact if T (D) is relatively compact; 
(b) completely continuous if T (S) is relatively compact (i.e. T (S) 

is compact) for every bounded set S C D; 
(c) of Krasnoselskii type if T = TI + T2, where Tl is completely 

continuous and Tz is a contraction; 
(d) set-contraction (of Darbo type)  if there is a p E [O, 1) with 

a (T  (S)) 5 p a (S) for every S C D bounded; 

(e) condensing (of Sadovskii type)  if 

a (T  (S)) < a (S) for every bounded S C D with a (S) > 0; 

( f )  of Monch type if there exists an xo E D with 

S C D countable, S C m {{xo) U T (S)) * 3 compact. 

Obviously, each compact map is completely continuous, each com- 
pletely continuous map is of Krasnoselskii type; each map of Krasnosel- 
skii type is a set-contraction; each set-contraction is condensing and each 
condensing map on a bounded set is of Monch type. Also note that if D 
is bounded, then the notions of compact map and completely continuous 
map coincide. 

Let us first recall Schauder's fixed point theorem. 

Proposition 5.1 Let X be a Banach space, D C X nonempty  closed 
convex and let T : D + D be a compact map.  T h e n  T has a fixed 
point. 

The following generalization due to Monch [93] contains, as particu- 
lar cases, the fixed point theorems of Krasnoselskii, Darbo and Sadovskii 
for self-maps of a closed bounded and convex set. 

Proposition 5.2 Let X be a Banach space, D C X nonempty  closed 
convex and T : D + D a continuous m a p  satisfying 

S C D countable, 3 = {{xo) U T (S)) a S compact (5.1) 

for some xo E D. T h e n  T has a fixed point. 
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Proof. We construct the sequence 

Let D' = Uk,o Dk and D* = D'. We have that D' is a convex subset 
of D since - D ~  C Dkil. In addition D' = conv { { x o )  U T ( D ' ) ) .  
Hence D* is closed convex and T (D*)  C D*. On the other hand, we 
inductively see that Dk is compact. So there exists for each k a 
countable set Ck C Dk with C,+ = Dk.  Consider the countable set 
C = Uk20 Ck.  We have D' = c. Also 

m {{xo) U T ( C ) )  = CEiT { { x o )  U T (D ' ) }  = C .  

Thus C = D* is compact. So T is a continuous self-map of the 
nonempty compact convex set D* and we may apply Schauder9s fixed 
point theorem to deduce the result. 17 

The corresponding Leray-Schauder type theorem is the following re- 
sult also due to Monch [93]. 

Theorem 5.3 Let X be a Banach space, K C X closed convex and 
U C K bounded open i n  K. Denote by aU the boundary of U with 
respect to K. Assume T : V  -i K is continuous and that for some 
xo E U,  the following condition is satisfied 

S c countable, S C conv{{xo) U T ( S ) )  ==+ 3 compact. (5.2) 

In  addition assume that 

(1 - X )  xo + AT ( X )  # X for all X E aU and X E [0, l ] .  (5 .3 )  

Then T has a fixed point in U. 

Proof. If U = K ,  then the conclusion follows directly from Proposi- 
tion 5.2. Assume U # K and so that aU # 0. Define the homotopy 
H : V  X [0, l ]  -+ K by 

and let 
C = { X  E U ;  H ( X ,  X )  = X for some X E [0, l ] ) .  
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Since H is continuous, C is closed. Also (5.3) guarantees that C 
and dU are disjoint. So, from Urysohn's lemma, there exists v E 

C(v; [O, l ] )  with v (X) = 0 on dU and v (X) = 1 on C. Define 

and F : D + D by 

It is easy to check that F is a continuous self-map of D. Now we prove 
that satisfies (5.1). Let S C D be a countable set with 3 = 

{{xo) U F (S)). Using (5.4), we see that 

W {{xo) U F (S)) = {{xo) U T ( S  n V)). 

So, by (5.2), S n is relatively compact. Further the continuity of T 
implies that T ( S  n V) is relatively compact. Thus, by Mazur's lemma, 
the entire set S is compact. Therefore, we may apply Proposition 5.2 
to 5; and we may deduce that there exists an X E D which is a fixed 
point of F. Since zo E U, we have x E V and so H (X, v (X)) = X. 
This shows that x E C. Consequently, v (X) = 1 and so T (X) = X. U 

Remark 5.1 In particular, if T is condensing, set-contraction, or 
compact, then so also is F and so instead of Proposition 5.2 we may use 
the fixed point theorem of Sadovskii, Darbo, or Schauder, respectively. 
Thus, Theorem 5.3 becomes in particular, a theorem of Leray-Schauder 
type for condensing, set-contraction and compact maps. 

5.2 Granas9 Topological Transversality Theorem 

In Theorem 5.3, the map T is connected to the constant map xo by 
means of the simplest homotopy (1 - X) xo + AT. The question we ask 
is what kind of maps can replace the constant map xo so that the 
conclusion of Theorem 5.3 remain valid for other homotopies? For an 
answer, we need the notion of an essential map. 

Let X be a Banach space, K C X closed convex and U C K 
nonempty bounded and open in K. Let M be any of the following 
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classes MS, MD,  MC of all condensing, set-contractions, respectively 
compact maps from V into K ,  which are fixed point free on dU. In 
the next chapter we shall write M(V; K )  instead of M ,  when this will 
be important. A map T E M is said to be essential in M if every 
T' E M with T' (X) = T (X) on aU has a fixed point. 

The following result is known as the topological transversality the- 
orem and is essentially due to Granas [55] (see also [154], [51], [76], 

~1271). 

Theorem 5.4 Let H : V X [0, l] + K be condensing (set-contraction, 
compact, respectively). Assume 

(a) H (X, X) # X for all X E aU  and X E [0, l] ; 

(b) H. is essential in MS (I\ /ID, MC, respectively). 

Then, for each X E [0, l] , there exists a fixed point of HA in U. 
Moreover, HA is essential in MS (MD, MC,  respectively) for every 
X E [0, l]. 

Proof. It is sufficient to prove that the conclusion holds for X = 1. 
Let Tl E M be any map with Tl (X) = HI (X) on dU. ~ e f i n e  a new 
homotopy connecting H. to Tl via HI, 

It is easy to see that H is condensing (respectively, set-contraction or 
compact) like H.  Let 

C = {X E V; H (X, X) = X for some X E [0, l]). 

Clearly C and aU are disjoint. Let v E C(V; [0, l]) with v (X) = 0 
on dU and v (X) = 1 on C. The map To (X) = (X, v (X)) belongs 
to M and To (X) = H. (X) on 82 .  Since H. is essential, To has 
a fixed point, say y. Then y E C and so v (y) = 1. Consequently, 
To (y) = Tl (y) which shows that y is a fixed point of TI. 

Proposition 5.5 Any constant map xo, where xo E U, is essential 
in MS M D ,  MC, respectively). 
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Proof. Let T E M and T (X) = xo on aU. The set D = m T(V) 
is nonempty (xo E D) closed bounded and convex, while the operator 

A T (X) for X E V 
T (X) = 

xo f o r x ~ ~ \ V  

is condensing (respectively, set-contraction or compact) and maps D into 
itself. Consequently, by Sadovskii (respectively, Darbo, Schauder) fixed 
point theorem, there exists y E D with F (y) = y. We now observe 
that y 6 D \ V and hence F (y) = T (g) . Thus T has a fixed point. Cl 

5.3 Measures of Noncompactness on C(I;E) 

In this section we derive some useful results for equicontinuous subsets 
of C (I; E) , where E is a Banach space. 

For a family M of functions U : I -t E, we define M (t) = {U (t) ; 
U E M )  C E for each t E I. 

Lemma 5.6 Let (E, I . 1 )  be a Banach space and M C C (I; E) equicon- 
t inuous with M (t) bounded for each t E I .  T h e n  

1) for  all t ,  S E I, one has 

Ia ( M  (t)) - a ( M  (s)>l 5 2w (M; It - 4) , 

where W (M; S) is  the modulus of continuity of M, namely 

W (M; S) = sup { I u  (t) - U (S)/ ; t ,  S E I, It - sl 5 6, U E M )  . 

Proof. Q) We first prove that for every bounded sets S1, S 2  c E, 

Ia (si) - a (S2) l  I 2  HP (Si, S 2 ) ,  (5.6)  
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where dHp denotes the Hausdorfl-Pompeiu metric, i.e. 

 HP (S1, S2) = max { sup d (X, S 2 )  , sup d (X, S1)), 
x t S 1  x t S z  

here d being the distance from an element of E to a set of E, i.e. 
d (X, S) = inf \ X  - 

?/€S 
m 

To prove (5.6), let E > Q and take a partition of S1, S1 = U SIk 
k=l 

with diam Slk < a (S1) + E for all k .  Let p = dHp (S1, S2) +E and 

= { y  E S2; there is X E Slk with 1 %  - yI < p}, 

m 
k = 1, 2, ..., m. It is easy to see that S2 = U S 2 k  and 

k=l 

Hence 
a (S2) < Q! (S1) f 2  HP (S1, S 2 )  + 3 ~ .  

Similarly 
a (SI) < a ( S 2 )  + 2  HP (S1, S 2 )  4- 3 ~ .  

Thus 
(Si) - a (S2)  1 < 2   HP (S1, S2) + 3 ~ .  

Since E is arbitrary, this implies (5.6). 
1) Now the first part of Lemma 5.6 immediately follows using the 

obvious inequality 

2) By the equicontinuity of M, for each E > Q, there is S > Q 
such that lu(t) -u( t t ) l  < E for It-t'l < S and all u E M. Thus, 
d ~ p  ( M  (t) , M (t')) < E whenever It - t'l < S. Consequently, 

Ia ( M  (t)) - a ( M  (t')) l < 2~ for It - t'l < S. 

Thus a ( M  (t)) is continuous on I. To prove (5.5), for any integer m, 
m > 1, consider the partition (tk)T=l of I, where to = Q, t, = 1 and 
tk -tkPl = l l m  for 1 < k 5 m. For any given E > 0, there is N such 
that m > N implies 
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Then 

It follows that 

and by (5.6), 

Consequently 

On the other hand 

The next result is a generalization due to Ambrosetti [8] of the clas- 
sical Arzelh-Ascoli theorem. 

Lemma 5.7 Let E  be a Banach space and M C C ( I ;  E )  equicontinuous 
with M ( t )  bounded for each t E I .  Then  M i s  bounded in C ( I ;  E )  
and 

a ( M )  = max {a  ( M  ( t ) )  ; t E I } .  
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Proof. We first observe that, by Lemma 5.6, a ( M  (t)) is a continuous 
function on I, so max{a ( M  (t)) ; t E I) exists. 

For a given E > 0, by the equicontinuity of M ,  we can cover I by 
a finite number of subintervals I ( tk ) ,  k = 1, 2, ..., m, with 

For any t E I, there is a k E {l, 2, ..., m) with t E I (tic) . Then 

where Ck is a bound of IM (tk) l . Consequently, 

Iu(t)l 5 & + C  for a11 t E I, 

where C = max {Ck; k = 1, 2, . . . , m} , which shows that M is bounded 
and so, we may speak about a (M) . 

Let p > rnax {a ( M  (t)) ; t E I). From (5.7) we have 

m 

M (t) c U ( M  (tk) + B E  (0)) for all t E I. 
k=l 

Then, there exist El, E2, ..., E, C E with 

m P 

diamEj 5 p and U M ( t k )  C m. 
k=l j=l 

Thus, M is the union of the finitely many sets 

each of which has diameter < p + 2 ~ .  Hence a (M) <_ p + 2& and as a 
result, 

a (M)  < rnax {a ( M  (t)) ; t E I ) .  

To prove the opposite inequality, let p > a (M). Then there is a 
P 

partition M = U Mk with diam Mk 5 p. Hence, for any t E I, 
k= l 

P 
M (t) = U Mk (t) and diam AdIc (t) 5 diam Mk 5 p. Consequently, 

!€=l 

max {a ( M  (t)) ; t E I} 5 a (M) . 
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From Lemma 5.7, it follows that a set M C C (I ;  E) is relatively 
compact if and only if it is equicontinuous and M (t) is relatively com- 
pact for each t E I. 

We finish this section with some properties related to another natural 
measure of noncompactness on a Banach space X ,  namely the ball 
measure of noncompactness : a" : P + R+, 

a" (S) = inf {r  > 0; S admits a finite cover by balls of radius r )  

Notice that the properties (a)-(d) of a are also true for a". In addition, 

a" (S) < a (S) 5 2a0 (S) for all S E P 

Here are two interesting properties of a" (see [93]): 
1)  Let X be a separable Banach space, {xk; k 2 l} dense in X 

and let X, be the subspace generating by {xk; 1 _< k 5 n) . The ball 
measure of noncompacness of a countable subset S = {yk; k 2 l} C X 
can be computed from the formula 

a" (S) = lim lim d (y,, X,) 
ntcc ,+cc 

2 )  If E is a separable Banach space, M C C (I; E) is countable and 
bounded, then the function t t---t a" (M (t)) is measurable and 

5.4 The Gauchy Problem in Banach Spaces 

In this section we shall generalize some of the existence results described 
in Chapter 2 for the Cauchy problem. 

Consider the Cauchy problem 

and the related parametrized family of problems 



Continuation Theorems Involving Compactness 75 

where X E [O,  l ]  . 
We seek a classical solution, that is U E C1 ( I ;  E )  if f is continuous, 

and a weak solution U E TV1>' ( I ;  E )  when f is only Carathkodory. 
There are many papers concerning the Cauchy problem in Banach 

spaces. We refer the reader to [6] ,  [ I l l ,  [31],  [87] and the references 
therein for a history and additional aspects of this problem. 

Suppose W : I X R+ -+ R+ is continuous. We say that W is a Kamke  
function of the Cauchy problem if the unique solution U E C ( I ;  R+) to 
the integral inequality 

which satisfies U ( 0 )  = 0 ,  is U ( t )  =. 0. 
We have the following existence principle which combines well known 

earlier results (see [ l l ] ,  [46] and [94]) .  

Theorem 5.8 Let E be a Banach space, uo E E,  R > 0 and let 
f : I X BR (uo; E )  -+ E be a Carathe'odory function. Assume f = g + h 
where g i s  uniformly continuous and h i s  a Carathe'odory function. 
Also assume that there exists a Kamke function W ,  7 E L' ( I ;  R+) and 
a compact set !P C E such that for each S C BR (uo; E )  , 

a (g  ( t ,  S ) )  5 W ( t ,  a ( S ) )  for  all t E I (5.10) 

and 

h ( t , u )  E q ( t ) ! P  for lu-uol 5 R and a.e.  t~ I .  (5.11) 

I n  addition assume that 

( B )  for every solution U E ( I ;  E )  t o  (5. g), where X E (0 ,  l ] ,  one 
has lu(t) -uol < R for all t E I .  

T h e n  there exists U E ( I ;  E )  that solves (5.8). 

Proof. Clearly, U E TV1>' (I; E )  solves (5.8) if and only if U E C ( I ;  E )  
solves the integral equation 

( t )  = u o +  f ( r , u ( ~ ) ) d r ,  ~ E I ,  1" 
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equivalently, if U is a fixed point of the continuous map T : D 4 C, 
where C = C ( I ; E ) ,  D = { u E C ;  l u ( t ) - u o l < R o n I )  and 

T (U) (t) = uo + (5.12) 

We apply Theorem 5.3 to X = C, xo = uo, 

K = m {{uo) U T (D)} 

and 
U = { U E  K; lu(t) -uol < R o n I )  

Obviously, condition (B) implies (5.3). Now we check (5.2). First we 
note that, since D is bounded and f is a Carathkodory function, 
T (D) is bounded and equicontinuous. Consequently, K is bounded 
and equicontinuous too. Hence each part of K is bounded and equicon- 
tinuous. This is the reason for this choice of K. Now let S C tf be 
such that S C m {{uo) U T (S)) . For each t E I ,  S (t) C m 
{{u~} U T (S) (t)) . It  follows that a ( S  (t)) 5 a ( T  (S) (t)) . Since g is 
uniformly continuous and S is equicontinuous, we have that g ( . , S ( . ) ) 
is equicontinuous too. In addition, from (5.10), it follows that the set 
g (t, S (t)) is bounded for each t .  Using Lemma 5.6 we obtain 

Unfortunately, we can not prove that 

We can avoid this step by using a trick from [46] as follows: Let b* E E* 
and suppose XP is contained in the half-space where b* 5 c, that is 
b* (X) 5 c for all X E XP. From (5.11), for each U E S and almost all 
7- E I ,  

h (7, U (T)) = q (T) k2L,7- for some k,,, E 9. 

Then 
b* (h (7, U ( 7 ) ) )  = q (7) b* (kU,,) I (T) 



Continuation Theorems Involving Compactness 

Integration gives 

Since the intersection of all half-spaces that contain 1II, is its closed 
convex hull, we find that 

Now 1II, is compact and so we have 

Thus 
t 

a ( S  ( t ) )  a (T ( S )  ( t ) )  = a (S 0 ( g  + h )  (7, S (7) )  d r )  

Hence 

a ( S  ( t ) )  5 l W (r9 a ( S  (7 ) ) )  dT9 a ( S  ( 0 ) )  = 0.  

Thus a ( S  ( t ) )  = 0 for all t E I and from Lemma 5.7, a ( S )  = 0. 
Therefore S is compact. 

Remark 5.2 I n  the special case when W ( t ,  U )  = l ( t )  U ,  where l E 
C ( I ; R + ) ,  and 

the map  T : g + X given by  (5.12) is  a n  ae-set-contraction. Here 
a@ i s  the Kuratowski measure of noncompactness with respect to  the 
Bielecki n o r m  o n  C, 

llulle = max t t I  [exp(-~  Jot l (4  d s )  lu ( t ) ]  9 

with B > 1. Indeed, for each M c U (consequently, bounded and 
equicontinuous), we have 

a ( T ( M )  ( t ) )  = a (Jt f (.,M (.))d.) 5 Jot a ( g ( . r , M ( r ) ) )  
0 
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t t 
1 ( r )  a ( M  (7))  d r  5 a0 ( M )  

1 
5 g as ( M )  exp (8  

Dividing by exp ($  l ( S )  d s )  and taking maximum when t E I we 
obtain 

1 
as (T ( M ) )  i: 2 ae ( M ) .  

Thus, under assumption (5.14)) the result in Theorem 5.8 follows from 
the Leray-Schauder principle for set-contractions. 

Remark 5.3 If g ( t ,  U )  i s  Lipschitz with respect to  U with Lipschitz 
constant l ,  for all t E I ,  then (5.14) holds and the map T is the 
s u m  of a contraction with respect t o  the norm  1 1 .  [ l B  and a completely 
continuous map, that is a Krasnoselskii map.  

Remark 5.4 If g r 0, then T is  compact and the result follows 
from the Leray-Schauder principle for compact maps. This case was 
considered in (4 61. 

Remark 5.5 If h r Q ,  then the solutions of (5.8) are classical. 

Theorem 5.8 implies t h e  following existence result. 

Theorem 5.9 Let E be a Banach space and f : I x  E -+ E a Carathe'o- 
dory function. Assume f = g + h ,  where g i s  uniformly continuous 
o n  bounded sets and h i s  a Carathe'odory function. I n  addition suppose 
that the following conditions are satisfied: 

(i) for each R > Q ,  there exists a Kamke function w ~ ,  r l ~  E L1  ( I ;  R+) 
and C E compact such that 

for all t E I and every S C BR (uo; E ) ,  and 

for Iu-uol < R  and a.e. t E I ;  
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(ii) there exists p E L1  ( I ;  R+) and $ : R+ + (0, W) nondecreasing 
with 1/11, E L:,, (R+; R) such that 

If ( t ,  u)I 5 p ( t )  $ ( 1 ~ 1 )  for all U E E and a.e. t E I 

and 

Then  there exists U E W'>' ( I ;  E )  that solves (5.8). 

Proof. As in the proof of Theorem 2.6 we can show that there exists 
R > 0 such that lu ( t )  - uol < R for all t E I and any solution 
u E W'>' ( I ;  E )  to (5.9).  Then we apply Theorem 5.8. 

R e m a r k  5.6 Remark 2.3 gives us  a n  additional result when E is a 
Hilbert space. 

R e m a r k  5.7 A variant of Theorem 5.8 can be stated assuming that 
g is only continuous and bounded, and that condition (5.10) holds for 
countable sets S,  with a0 instead of a. The  idea is to  consider a 
separable closed subspace Es of E such that g ( t ,  S (t)) C Es for all 
t E I ,  and t o  use property 2 )  of a0 from the end of the previous section 

(see 1941). 

5.5 Sturm-Liouville Problems in Banach Spaces 

We now return to the boundary value problem 

in a Banach space E,  where B represents the homogenous Sturm- 
Liouville boundary conditions 

u ( 0 )  - au' ( 0 )  = 0 
U ( 1 )  + but ( 1 )  = 0 

with a ,  b 2 0.  Then the linear operator L : CA + C, L u  = U" is 
invertible and we denote by G (t,  S )  the corresponding Green function. 
The inverse of L can be extended to L' ( I ;  E )  as follows 

L-1 : L1  ( I ;  E )  -+ W2j1 ( I ;  E )  C C', 
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1 
G (t ,  7 )  v (7) dr .  

We seek weak solutions u E w2,' ( I ;  E )  if f ( t ,  Z )  , z = ( U ,  v )  , is 
a Carathkodory function, and classical solutions U E C2 ( I ;  E )  if f 
is continuous. Let us also consider the related parametrized family of 
problems 

where X E [Q, l] . 
We say that a continuous function W : I X R: -t R+ is a Kamke 

function of the Sturm-Liouville problem if the unique solution ( c p ,  $), 
c p ,  $ E C ( I ;  R+) , of the following system of inequations 

satisfying cp ( Q )  - a$ ( Q )  = 0 and cp ( 1 )  - b$ ( l )  = 0,  is cp E 0, $ = 0. 
Theorem 5.3 yields the following existence principle. 

Theorem 5.10 Let E be a Banach space, R > 0 and f : I x B R  (0;  
-+ E a Carathe'odory function. Assume f = g+h where g is uniformly 
continuous and h is a Carathe'odory function. Also suppose that the 
following conditions are satisfied: 

( a )  there exzsts a Kamke function W such that for each S = (S1,  S 2 )  C 

BR (0; El2 , 

(b) there exists 7 E L' ( I ;  R+) and Q C E compact such that 

h ( t ,  U ,  v )  E 7 ( t )  Q for lul 5 R, Ivl 5 R and a.e. t E I ;  

( c )  for every solution u E ( I ;  E )  to  (5.16), where X E [Q ,  l ] ,  one 
has 

Iu (t)i < R, ]U' ( t ) /  < R for all t E I .  

Then  there exists u E w21' ( I ;  E )  that solves (5.15). 
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Proof. A function U E w211 ( I ;  E )  solves (5.15) if U E CA solves the 
integral equation 

1 

G ( t ,  T )  f ( T ,  U (7) , U' (7))  d r ,  t  E I 

equivalently, U = L - ' N ~  ( U )  , where 

Nf : Do + h1 ( I ;  E )  , Nf (4 ( t )  = f ( t ,  U ( t )  , u' ( t ) )  , 

= { U  E C;; /U (t)l < R, U '  ( t )  l < R for all t E I )  . 

Hence u  is a fixed point of the continuous map T : Do + CA, T = 
L - ~ N ~ .  

We apply Theorem 5 .3  with X = CA and norm llull = max (IIulloo, 
/ I U ' ~ / ~ }  on Cl9 K  = m ( ( 0 )  U T (Do)} ,  zo the null function and 
U = {U E K ;  llull < R}. NOW (c) guarantees that (5.3) holds. We 
now check (5.2). Notice that both K and K' are equicontinuous. Let 
S  C be such that S  C m ( ( 0 )  U T ( S ) ) .  Let 

cp ( t )  = a  ( S  ( t ) )  and $ ( t )  = a (S' ( t ) )  

Then a  (S ( t ) )  5 a  (T ( S )  ( t ) )  and a  (S' ( t ) )  < a(T (S)' ( t ) )  for all 
t  E I .  As in the proof of Theorem 5.8, we obtain 

Similarly, 

Thus, cp and $ satisfy (5.19). Consequently, cp ( t )  = ( t )  = 0. Thus 
S  is relatively compact in C'. 

Theorem 5.10 yields the following result. 

Theorem 5.11 Let ( E ,  ( . , . )) be a Hilbert space and f : I X E2 --+ E 
continuous. Assume f = g + h, where g i s  uniformly continuous 
o n  bounded sets. I n  addition suppose that a + b > 0  and the following 
conditions hold: 
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(i) for each R > 0 ,  there exists a Kamke function w ~ ,  q~ E L1 ( I ;  R+) 
and !QR C E compact such that 

a (g ( t ,  S ) )  < w R  (t9 a ( § l )  , Q (S2) )  

for all t E I and any S = ( S l ,  5'2) c B ~ ( O ; E ) ~ ,  a.nd 

h ( t ,  U ,  v )  E rlR ( t)  @R 

for all lul < R, Ivl 5 R and a.e. t E I ;  

(ii) there exists r > 0 such that 

( U ,  f ( t ,  U ,  v ) )  + ]v12 > O for all t E I ,  

whenever iul 2 r and ( U ,  v )  = 0. 

Then there exists U E c2 ( I ;  E )  that solves (5.15). 

Remark 5.8 In Theorem 2.9, h r 0 and W (t,  U ,  v )  = 4 ( t )  (Aou + A l v )  , 
where 4,  A. and A1 satisfy inequality (2.30). To show that this W is 
a Kamke function, we have only to see that (5.17) implies 

and similarly 

It follows that 

where p, is given by (2.31). Since p, < 1,  we have A. IJcp l l ,  + 
AI I I $ l l p  = 0. Hence cp r 0 and $ C,_ 0.  

Leray-Schauder type theorems for other classes of maps involving 
compactness can be found in [104], [108]-[113], [131]-[132], [136]. For 
other applications see [3] ,  [14], [16], [21], [26], [37]-[39], [57]-[60], [67]- 
[69], [79]-[82], [86], [97], [99]-[loo], [103], [114]-[115], [117], [128]-[129], 
[133], [157]. For other methods into the theory of nonlinear differential 
and integral equations see [10], [12], [27], [64], [74], [78], [87]. 



6. Applications to 
Semilinear Elliptic 
Problems 

In this chapter we present applications of the Leray-Schauder type the- 
orems to the weak solvability of the semilinear Dirichlet problem 

under the assumption that the constant c is not an eigenvalue of -A 
(nonresonance condition) and that the growth of f (X, U ,  v) on U and 
v is at most linear. Here A is the Laplacian 

and V is the gradient 

Such results have been obtained by many authors, see [25], [29], [70], 
[98] for example. We particularly refer the reader to the papers [62], 
[91] and [137]. 

More exactly, we consider R a bounded open set of Rn and f : 

R X Rnil -t R a function satisfying the Carathe'odory conditions, i.e. 



84 Theorems of Eeray-Schauder Type and Applications 

f ( . , W )  is measurable for each W E ELn+' and f ( X ,  . ) is continuous 
for a.e. X E R, and the growth restriction 

for all u E R, v E Rn and a.e. X E R,  where a and b are nonnegative 
constants and h E E2 ( R ;  R+) . 

We look for a weak solution to (6.1), that is a function u E H i  ( S E )  
with 

(cu+ f ( x , u , V u ) ) v d x  for all v E H i  ( R ) .  

6.1 Basic Results from the Theory of Linear 
Elliptic Equations 

We shall use basic facts from the E2 theory of the linear elliptic equa- 
tions (for details, we refer the reader to [l?], [28], [52] and [144]). 

a) Sobolev spaces. For any integer m > 1, we denote by Hm ( R )  
the set of all real functions u defined in R such that U and its 
distributional derivatives Dau of order lal 5 m all belong to L2 (0). 
Hm ( R )  is a Hilbert space with the inner product 

( U ,  v),,, = C (Da% Dav)2.  
l 4 l m  

Let C r  ( R )  denote the space of all functions U E C" ( R )  with compact 
support in R. The closure of C r  ( R )  in H 1  ( R )  will be denoted by 

H i  ( R ) .  Since R is supposed to  be bounded, we may consider on 
H i  ( R )  another inner product and the corresponding norm: 

where we have denoted by V u  . V v  the euclidian inner product of V u  
and Qv. Poincark inequality guarantees that 1 1  . and 1 1  . l l o , 2  are 
equivalent norms on H; ( R )  . 

b) The Rellich-Kondrachov theorem. 1) The imbedding of H; ( R )  
into L2 ( R )  is completely continuous. 2) If in addition R is C', then 
the imbedding of H1 ( R )  into ( R )  is completely continuous. 
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c )  The inverse of -A. For each v E L2 (R) there exists a unique 
U E H; (R) with 

(U, w ) ~ , ~  = (v, W):, for all W E H: (0) . (6.3) 

Let (-A)-' v = U. The map 

is linear bounded and, by the Rellich-Kondrachov theorem, (-A)-' is 
completely continuous from L2 (SE) into L2 (0) . 

d) Regularity of weak solutions. If R is c2, then (-A)-' (L2 (R)) C 
H2 (R) and the linear map (-A)-' is also bounded from L' (Q) into 
rr2 (0)). 

e )  Eigenvalues. Let 

be the sequence of all eigenvalues of -A. We know that 

l / X 1  = sup { l ( - ~ ) - ' v l l ~  ; v E L' (01, llvll2 = 1). 

Also note that 

f )  Eigenfunctions. There exists a Hilbert base (orthonormal and 
complete) (pk)k>l in L2 (R) of eigenvalues. Hence 

and 
00 

v = C (v, pi.)2 px for all v E (R) 
k=l 

Moreover, the sequence ( A '  p )  is a Hilbert base in 

(H; (R) , ( . , . ),.,). Thus, for each U E H; (R) ,  one has 
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Notice that for each k, cpk is analytic on R and consequently, cp; (X) > 
0 for a.e. X E R. Also recall that cpl (X) > 0 for all X E R. 

g )  The  Nemitskii superposition operator. If g : R X Rm + R satisfies 
the Carath4odory conditions and the growth condition 

for all u E Rm and a.e. X E R, where C is a nonnegative constant 
and h E L2 (R; R+) , then the Nemitskii operator 

is well defined, bounded (sends bounded sets into bounded sets) and 
continuous from L2 (R; R m )  into L2 (R) . 

h) An auxiliary result. 

Lemma 6.1 Let c  be any constant with c # XI, for k = 1,  2, ... . For 
each v E (R) , there exists a unique weak solution u E H; (R) t o  
the problem 

L U : =  - A U - ~ ~ =   on^ 
u = 0 o n  dR 

denoted by L- 'v ,  and the following eigenfunction expansion holds 

where the series converges in H; (R) . I n  addition, 

where 
p, = max IXk - cl-' ; k = 1, 2, ... . { 1 

Proof. We first prove the convergence of the series (6.6). Since 

is a Hilbert base in ( H  (R) , ( . , . ) )  , we have 
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m+p m+p 
= C (v, Pk): Xk l (Xk - 5 C C (v, P*): 

where C is a constant such that XI, / (XI, - 5 C for all k. Thus 
the convergence of (6.6) follows from the convergence of the numerical 
series C (v, (Bessel's inequality). Let U E HA (R) be the sum of 
series (6.6). Next we check that Lu = v weakly, i.e. 

(U, w ) ~ , ~ - c ( u ,  W), = (v, W), for all W t ~i ( i2 ) .  
Indeed, we have 

and 

Hence 

as desired. 
The uniqueness follows from c # X k ,  k = 1, 2, .... 
To prove (6.7), observe that 

and, on the other hand, 
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6.2 Applications of the Banach, Schauder and 
Darbo Fixed Poih  Theorems 

Fixed point formulations of problem (6.1) 

P) We can write (6.1) as the following fixed point problem on H: ( R )  : 
A ( U )  = U ,  where 

A :  H , ~ ( R )  -+ H , ~ ( R ) ,  A = L-~F; 

here 

Clearly, any fixed point of A belongs to the subspace (-A)-' (L2 ( R ) )  
of H; ( R ) .  

2) If we look a priori for a solution U of the form U = L-'v with 
v E L2 ( R ) ,  hence in the subspace (-A)-' (L2 ( R ) )  , then we have to  
solve a fixed point problem on L2 (0) : T (v) = v, where 

We now show how the fixed point theorems of Banach, Schauder and 
Darbo can be used to obtain existence results for problem (6.1). Also 
we shall see that better results can be obtained if we use Leray-Schauder 
type theorems. 

Theorem 6.2 Suppose 

Xj < c < Xj+l for  some j E N, j > 1, o r  0 5 c < XI, (6.9) 

Also assume that f satisfies the Carathe'odory conditions, f ( . , Q, Q) E 
L2 ( R )  and 

for all U ,  U E R, v, U E Rn and a.e. X E R ,  where a,  b are two  
nonnegative constants with 

upc + bJpc ( l  + cp,) < 1. (6.11) 

Then  (6.1) has a unique solution U E HA ( R ) .  I n  addition 

T~ ( W )  -+ v in ( R )  as k + co 

for all W E L2 ( R ) ,  where U = L-'v. 
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Proof. Using g) we immediately see that the map (6.8) is well defined. 
Let us show that T is in fact a contraction. For this, let vl, v2 E L' (R) . 
Then, from (6.10), we have 

From (6.7), we have 

which together with (6.3), yields 

Thus 

1 1 ~ ~ '  ( ~ 1  - 2 0,2 5 I - ~ ~ 1 1 ~ .  (6.12) 

Consequently 

This together with (6.11), shows that T is a contraction. The conclusion 
follows from Banach's fixed point theorem. 

Remark 6.1 If c = 0, we have pc = l / X 1  and (6.11) reduces t o  the 
inequality 

This  case was discussed in [[62], Theorem l]. 

Notice in Theorem 6.2, that no smoothness assumption on R is 
required. 

Theorern 6.3 Suppose that R is C2, (6.9) holds and f satisfies the 
Carathe'odory conditions and (6.2) for a ,  b as in (6.11). Then  (6.1) 
has at least one solution u E H' (R) n H; (R) . 
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Proof* By d), VL-'V E H' (R; R n )  and so, 

(L-'v, VL-'v) E H' (R; Etn+' 1 
Next, by the Rellich-Kondrachov theorem, the imbedding of H' (R; Etni1) 
into L2 (R; Etn+') is completely continuous and since the Nemitskii op- 
erator f ( . , U ( . )) from L2 (R; Etn+') into (R) is continuous and 
bounded, it follows that T is completely continuous from L2 (R) into 
itself. On the other hand, similar estimates to those in the proof of 
Theorem 6.2 show that 

Now (6.11) guarantees that T is a self-map of a sufficiently large closed 
ball of L2 (R). Thus we may apply Schauder's fixed point theorem. U 

If c = 0, Theorem 6.3 reduces to a result in [[62], Theorem 21. 
The smoothness of R was required to show the complete continuity 

of T, in the case when f depends on Vu. In the next theorem the 
map T will be only a set-contraction and the smoothness assumption 
on R will not be necessary. 

Theorem 6.4 Suppose (6.9) holds and that f has the decomposition 

where fo and fl satisfy the Carathe'odory conditions, fo ( . , 0,O) E 

L2 (R) and the following inequalities are true 

If' (X, .)I 5 a1 1.1 + h ( 4  

for all U, E R, v, @ E Rn and a.e. X E R, where h E (R).  If 
a = a0 + a1 and b satisfy (6.11), then there exists U E H; (R) that 
solves (6.1). 

Proof. We decompose T as follows T = To + Tl , 

To (V) = fo( . , L-'v, VL-'v), Tl (v) = fl ( . , L - ~ v )  
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where Tl is completely continuous and To is a contraction. Hence T 
is a set-contraction. From (6.11), T maps a sufficiently large ball of 
L2 (R) into itself. Thus we may apply Darbo's fixed point theorem. 

For example, if f = f (U), where f E C (R)  and f (U) /U --t 0 as 
\U]  --+ m, then we may choose a0 = b = O and a = a l  small enough so 
that up, < 1. Thus, (6.1 1) is automatically satisfied. 

6.3 Applications of the Leray-Schauder Type 
Theorems 

Theorem 6.5 Suppose that R is C 2  and that f has the decomposition 

where g, fo, fl satisfy the Carathe'odory conditions. Also assume that: 

-M I g ( x , u , v ) + c  I P < XI (6.16) 

for all U E R ,  V E  Rn and a.e. x E  R, where a ,  b, a l ,  b l ,  p, M E R +  
and ho, hl E (R; R + ) .  In addition assume that O < c I P and 

Then (6.1) has at least one solution U E H2 (R) n H; (R).  

Proof. We look for a fixed point v E L2 (R) of T. As above, T : 
L2 (R) -+ L2 (R) is a completely continuous map. Now we show that 
the set of all solutions to 

v = AT (v) (6.18) 

when X E [0, l] , is bounded in L2 (0) . Let v E (R) be any solution 
to (6.18). Let u = Lplv. It is clear that U solves 
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Since U is a weak solution of (6.19), we have 

Using (6.15), (6.16) and c < P ,  we obtain 

5 l l ~ l l i , 2  - (m+ X ~ ( X , U , V U ) U ,  ~ ) 2  5 ( f o  ( x : u , V u ) ,  ~ ) 2 1 .  

From (6.5) ,  we see that 

Return to (6.20) and use (6.4) ,  (6.13) and Bolder's inequality to obtain 

for some constant C > 0 .  Thus (6.17) guarantees that there is a constant 
r > 0 independent of X with I I u ~ ~ ~ , ~  5 r. Finally, a bound for llul12 
can be immediately derived from (6.18). The conclusion now follows 
from Theorem 5.3. 

Remark 6.2 If in Theorem 6.5 f does not  depend o n  Bu, then the 
existence of at least one solution u E H; ( R )  to  (6.1) follows without 
any assumption o n  the smoothness of R .  

When g = fl = 0 ,  Theorem 6.5 reduces to Theorem 6.3 for j = 0.  
Indeed, we have P = c < X I ,  p, = l /  (X1 - c) and it is easily checked 
that (6.17) is equivalent to (6.11). 

For g 0 ,  c = 0 and fo = ho, Theorem 6.5 was established in 
[[137],  Theorem 41. 

If only fo depends on V u  and f o  satisfies a Lipschitz condition, 
we can prove a similar existence result by means of the Leray-Schauder 
theorem for set-contractions without the smoothness hypothesis on R .  
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Theorem 6.6 Suppose that f has the decomposition 

where g, fo, fl satisfy the Carathe'odory conditions and fo ( . , 0,O) E 
L2  ( R ) .  Also assume that the following conditions are satisfied: 

forall U, G E  R, v ,  G € R n  and a.e. X E R ,  where a ,  b,  a l ,  p, M E R+ 
and h E L2  ( R ;  R+). I n  addition assume that 0 5 c < and (6.17) 
holds. Then  (6.1) has at least one solution U E H; ( R ) .  

Proof. Let T = To + Tl,  where 

To ( v )  = fo ( . , L-'v, VL- 'v )  

and 
TI ( U )  = g ( . , L-'V) L-'v + f l  ( . , K 1 v )  

for v E L2  ( R )  . Then Tl is a completely continuous map, while To is a 
contraction since (6.17) implies (6.11). Hence T is a set-contraction on 
L2 (R) .  Next the a priori bound of solutions is obtained by essentially 
the same reasoning as in Theorem 6.5. 

Notice that when g = fl = 0, Theorem 6.6 reduces to Theorem 6.2 
for O 5 c <  Al. 

Theorem 6.7 Suppose that R is  C2 and f has the decomposition 

where g, fo and fl satisfy the Carathe'odory conditions. Also assume 
that conditions (6. 14), (6.15) and 
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are satisfied for all U E R, v E R" and a.e. X E R ,  where a ,  b, a l ,  
bl ,  M E R+, p E Lm ( R ) ,  ho, h1 E L2  ( R ;  R+) and y, q E [0, 1) .  I n  
addition assume that 0 5 c 5 P ( X )  a.e. on  R and P ( X )  < X 1  on  a 
subset of R of positive measure. Then  problem (6.1) has at least one 
solution U E N 2  ( R )  n H i  ( R ) .  

Proof. As above, T : L2  ( R )  -+ L' (Q) is a completely continuous 
map. Now we show that the set of all solutions to (6.18) is bounded in 
L2  ( R )  . Let v E L~ ( R )  be any solution to (6.18) and U = L-'v. Since 
U is a weak solution of (6.19), we have 

Using (6.15) and (6.23), we obtain 

Now we show that there exists E > 0 with 

First we note that R ( U )  2 0 for all U E H; ( R )  and R ( U )  = 0 if and 
only if U = 0. Indeed, using (6.5) and (6.23), we have 

If R ( U )  = 0, then the above inequalities imply cl, = 0 for all k 2 2, 
that is U = clcpl. So, 

Since cpl ( X )  > 0 on R and X I  - p  ( X )  > 0 on a set of positive measure, 
this implies that cl = 0 too. Hence U = 0. 

Suppose now that such an t > 0 does not exist. Then, there is a 
sequence (uk)  with 

Ilukllo,2 = 1 and R (uk)  -+ 0 as k -+ m. 
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Due to the compact imbedding of HA ( Q )  into ( Q )  , we may suppose, 
passing if necessary to a subsequence, that 

u k  -.+ U in ( Q )  and u k  -I U (weakly) in H: ( Q )  . 

It is known that I I u ~ ~ ~ , ~  I liminf I I u ~ ~ ~ ~ , ~ .  Letting k -+ m ,  we obtain 
R(u)  I 0. Hence U = 0. Then 

This yields 

a contradiction. 
Returning to (6.24) and using (6.22) and Holder's inequality, we 

easily obtain 
f llul1;,2 5 C1 11u11:,2 + C2 llull0.2 

for some constants Cl and Cz; here 8 = max{y + l ,  7 + l )  < 2. 
Thus, there is a constant r > 0 independent of X with I I U ~ I ~ , ~  5 r .  
Finally, a bound for 1 1 ~ 1 1 ~  can be immediately derived from (6.18).  The 
conclusion now follows from Theorem 5.3.  

Remark 6.3 If in Theorem 6.7 f does no t  depend on  V u ,  then  the 
existence of at least one solution U E H; (a) to  (6.1) follows without 
any assumption o n  the smoothness of R. 

For the remainder of this section we consider the case when g + c 
lies between two eigenvalues of -A. 

Theorem 6.8 Suppose that Q i s  C' and f has the decomposition 

f (X, U ,  'U) = g ( X ,  U9 'U) U + f0 (X, U9 'U) 

where g and f o  satisfy the Carathe'odory conditions. Also assume that 
the following conditions are satisfied: 
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for all U E R, v E Rn and a.e. X E Q ,  where a ,  b, pl ,  P2 E R+, 
h €  L ~ ( Q ; R + ) , ~  2 1 and < c < P 2 .  If 

then problem (6.1) has at least one solution U E H 2  (Cl )  f' H i  ( Q ) .  

Proof. Let v E ( Q )  be any solution to (6.18) and U = L - ~ v .  Since 
( A ' ~ ) ~  is a Hilbert base for H; ( Q )  , we may decompose H: ( Q )  

as follows: 
H; ( Q )  = X1 CB X2,  

where X I  is the subspace generated by the first j eigenfunctions 9 1 ,  

9 2 ,  ..., pj and X 2  = X:. Let U = y + z with y E X I  and z E X 2 .  
Then 

where ck = ( U ,  'fk)0,2 / X l c  

Since U is a weak solution to (6.19), we have 

and so 

I I ~ I I ; , ~  - C I Z I ;  - A ( g  (X, vu) z)2  

- 11~11;,2 + c 112111; + X ( 9  ( X .  U .  Y ,  Y)2 

= X ( f o  (2 ,  U9 9 2 - Y)2 . 

Now, from (6.26), 

and so 

-c 11z11; - (g ( X ,  U :  Vu)  z9 4 2  L -P2  11211; 

Similarly 

c 1 1 ~ 1 1 ;  + X (g ( x , u , V u )  Y ,  Y)2 L P1 11~11;. 

It follows that 
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Let 

R (4 : = 11r11;,2 - P2 l l ~ l l :  - 11~11;,2 + P1 IIYII: .  

Using (6 .5) ,  we find that 

2 min{P~/Xj - 1 ,  1 - P2/Xj+1} / ~ / : , 2 ,  

On the other hand, from (6 .25) ,  

and since 112 - ylla = 112 + yl12 = I I ~ l l z ,  this yields 

for some constant C > 0. Thus, (6.28) implies that 

This with (6.27) guarantees that there exists r > 0 independent of X 
with I I u ~ ~ ~ , ~  5 r .  Next, as usual, we obtain a bound of 1 1 ~ 1 1 ~  and we 
apply Theorem 5.3. 

Remark 6.4 If in Theorem 6.8 f does no t  depend on  Vu, then the 
existence of at least one solution U E H; (R) to  (6.1) follows without 
assuming that R is  C2. 

The analog of Theorem 6.6 is the following one. 
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Theorem 6.9 Suppose that f has the decomposition 

where g ,  fo  satisfy the Carathe'odory conditions and fo  ( . , 0,O) E ( R )  . 
Also assume that the following conditions are satisfied: 

for all U ,  21 E R, v ,  U E Rn and a.e. X E R ,  where a ,  b, PI, Pz E R+, 
' > 1 and < c I: P2. I n  addition assume that (6.11) and (6.27) 3 - 

hold. Then  problem (6.1) has at least one solution U E H; ( R )  . 

Proof- Condition (6.11) implies that T is a set-contraction, while 
(6.27) assures the a priori boundedness of the solutions. U 

Finally, let us state the analog of Theorem 6.7. 

Theorem 6.10 Suppose that R is  C2 and f has the decomposition 

where g ,  fo  satisfy the Carathe'odory conditions. Also assume that 
(6.22) and 

hold for all U E R, v  E Rn and a.e. X E R ,  where a ,  b E R+, 
ho E ( R ;  R + )  , y, 7 E [O, l), j 2 1 and pl, P2 E LW ( R )  . In adclition 
assume that Pl ( X )  5 c 5 ( X )  a.e. o n  R and that X j  < PI ( X )  , 
P2 ( X )  < Xj+l  on  some subsets of R of positive measure. Then  (6.1) 
has at least one solution u E H 2  ( R )  n H; ( R )  . 

Proof. As in the proof of Theorem 6.8, we decompose H; (R) as 
follows: H: ( R )  = X1 $ X 2 ,  where X1 is the subspace generated by 
the first j eigenfunctions cpl, cp2, . . ., c ~ j ,  X2 = X: and we represent 
any element U as U = y + z with y E XI and z E X2. 

Let v  be any solution to (6.18) and U = ~ - l v .  Since U is a weak 
solution to (6.19), we have 
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and so 
2 

l l~ l Io ,2  - llzll; - X (g (X9 U9 Vu) 2 9  4 2  

- l l ~ l l i , a  + ~ l l ~ l l ~  + x(g ( x ~ u ~ V U )  Y, ~ ) 2  

= X (fo (2, U, 0 4 ,  2 - y)2 - 
Now, from (6.29) and PI (X) 5 c 5 ,B2 (X) , we have 

and 

c I I Y I I ;  + X (g (X, U, 0") 21, Y ) ~  Jn al (X) y2dx. 

It follows that 

I I~I I ; ,~  - Jn PZ (2) z2dx - I I Y I I ~ , ~  + J PI (X) Y2dx (6.30) 
R 

Let 

We show that there exists E > 0 independent of U, with 

We first note that 

Also, if R (U) = 0, then from the above formula, it follows that ck = 0 
for all k, k # j, k # j+ l. Thus, U = cjvj  +cj+lcpj+l and consequently, 
Y = C j v j  and 2 = ~ j + l p j + l .  Then 
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Since Xj+1 - P 2  ( X )  > 0 and @l (X) - Xj  > 0 on some sets of positive 
measure and cpk is analytic on R,  we have that cj = cj+l = 0. Thus, 
U = 0. 

Now suppose (6.31) is false for all E > 0. Then there exists a 
sequence (uk)  with 

I I u ~ ~ ~ ~ , ~  = 1 and R (uk)  -+ 0 as k -+ m. 

Let uk = yk + zk, where yk E X1  and zk E X2 .  Passing to a subse- 
quence, we may assume that uk -+ U in L' ( R )  and ur, - U in H: ( R ) .  
Also, if U = y + z ,  then yk -+ y in H: ( R ) ,  zk -+ z  in ( R )  and 

< liminf llzk1102. Then, it fol- ~k - z  in Hd(f2) .  Note that - 

lows that R ( U )  < 0. Hence U = 0 and in consequeice, y = z  = 0. 
However, 

2 
1 = IIukIlo,~ = R (U*)  + 2 I I Y ~ I I ~ , ~  

as k -+ oo, which is impossible. 
Next, from (6.30), (6.31) and (6.22), 

for some constants Cl and C2; here Q = max {y + 1, 7 + 1 ) .  This 
implies that there exists r > 0 independent of X ,  with I I u ~ ~ ~ , ~  5 r. 

Remark 6.5 I n  the situation that f does no t  depend o n  V u ,  the 
assumption that R i s  C2 is  no t  necessary and we get a solution in 

Hd ( R )  . 



7. Theorems of 
Leray-Schauder Type for 
Coincidences 

In the previous chapters we were concerned exclusively with the exis- 
tence of fixed points for an operator T ,  that is, with the solvability of the 
equation X = T (X). Here we are concerned with the solvability of more 
general operator equations of coincidence type, namely L (X) = T (X) , 
where L is a linear operator. We shall extend and complement previous 
results given in [58],  [76] and [143]. 

7.1 Continuation Principles for Coincidences 

Throughout this section, X is a Banach space, Y a normed space and 
L : D (L) C X -+ Y a linear Fredholm map of index zero, i.e. 

Im L is closed and dim ker L = codim Im L < m. 

Let X = X1 $ Xz, Y = Yl $ Y2, where X1 =ker L and Yz =Im 
L. Let P : X -+ XI,  Q : Y -+ Yl be continuous linear projectors and 
J : X1 -+ Yl a linear isomorphism. Then L + JP is a bijective linear 
map. 

Let Z C X and T : Z + Y. We say that T is L-compact 
(L-completely continuous, of Krasnoselskii L-type, L-set-contraction, L- 
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condensing, L-continuous) , i f  

is compact (completely continuous, o f  Krasnoselskii t ype ,  set-contraction, 
condensing, continuous, respectively). Also, we say t ha t  T is o f  Monch 
L-type if: ( L  + JP)-' T is continuous; ( L  + JP)-' T (2)  is bounded 
when  Yl # (0) ; and there exists xo E Z such tha t  

S C { { z o }  U ( L  + JP)-' T ( S ) )  + K1 + 3 compact (7.1) 

whenever S C Z is countable and K1 C ker L is compact. 

Remark 7.1 1) The above definitions do not depend o n  the choice of 
P, Q and J .  This easily follows from the formula 

+ ( L  + (@, - @ l )  ( L  + T 

and the complete continuity of 

( L  + @l)-' (az  - al )  : X -+ ker L C X 

(see [[76], p.391, [[49], p.l3]), where Q>', a2 : X -t Yl are continuous 
linear maps with L + !D1 and L + Q2 bkjective. 

2) L-compact L-completely continuous + Krasnoselskii L -  
type ===+ L-set-contraction 3 L-condensing + L-continuous; also 
L-compact ===+ Monch L-type ===+ L-continuous and if Z is  bounded, 
then L-condensing * Monch L-type. 

3 )  The  map J P  : X -+ Y is  L-completely continuous. 
4 )  If T : Z -+ Y i s  L-completely continuous (of Krasnoselskii 

L-type, L-set-contraction, L-condensing), then T + J P  also has that 
property. 

5) If D ( L )  is closed (then we may suppose without loss of generality 
that D ( L )  = X )  and L is  continuous, then a map is  L-completely 
continuous if and only if i t  is  completely continuous. 

Let u s  consider a closed set KO C X ,  a nonempty bounded set 
U C KO open i n  KO and a nonempty convex set K C Y. Denote b y  
dU t h e  boundary o f  U w i t h  respect t o  K O .  

W e  can now state t h e  analogue o f  Theorem 5.3 for coincidences. 
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Theorem 7.1 Assume KO is convex and 

Let T : V -+ K be a map of Monch L-type with (7.1) holding for some 
xo E D (L) n U .  In addition suppose that 

for all X E D (L) n aU and X E 10, l] . Then there exists X E U with 
Lx = T (X) . 

Proof. The equation Lx = T (X) is equivalent to 

Let 
T : V -+ K ~ ,  T = (L + JP)-' (T + JP).  

We can easily see that is a M6nch type map which, more exactly, 
satisfies: 

S countable, S C ~ { { x o }  U (S)) ==+ 3 compact. 

In addition, from (7.2), 

(1 - X) xo + Xi?; (X) # X for all X E aU and X E [0, l] . 

Thus we may apply Theorem 5.3. 0 

Remark 7.2 For X = Y, KO = K and L = identity of X,  Theorem 
7.1 reduces to Theorem 5.3. 

Let IUL be any of the following classes M;, M&,  MS of all 
L-condensing, L-set-contractions, L-compact maps from V into K ,  
respectively, which do not have coincidence points with L on aU. A 
map T E is said to be essential in IUL if every T' E IUL with 
T' (X) = T (X) on aU has a coincidence point with L. 

The next result is the topological transversality theorem for coinci- 
dences. 

Theorem 7.2 Let H : Vx [0, l] -+ K be L-condensing (L-set-contrac- 
tion, L-compact, respectively). Assume 
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(a) H (X, X) # L x  for all X E aU and X E [0, l] ; 

(b) H. is  essential in M$ (Mk, ~ 6 ,  respectively). 

Then, for each X E [0, l], there exists a coincidence point of HA 
with L. Moreover, HA is essential in M; (N16 , ~ 6 ,  respectively) 
for every X E [0, l] . 

Proof. We use the same reasoning as in the proof of Theorem 5.4. 
The next proposition gives an example of an essential map. 

Proposition 7.3 Suppose that KO is  convex and 

- 
Let F. : U -+ Yl be L-condensing (L-set-contraction, L-compact, re- 
spectively) and let xo E D (L) n U. Assume 

and that the following conditions are satisfied: 

Fo ( X )  # 0 for all X E (xo + X I )  n aU (7.5) 

(Fo (X) , J (X - xo)) 5 0 for all X E (xo + XI) n aU. (7.6) 

where ( . , . ) denotes the euclidean inner product o n  Yl. Then  the map 
Lzo + F. is  essential in M$ (NI$ , ~ 5 ,  respectively). 

Proof. Let G E NIL with G (X) = Lxo  + PO (X) on aU. We have to 
prove the solvability in U of the equation L x  = G (X) , equivalently 

For this, we define the homotopy H : V X [0, l] -+ KO, 

Since KO is convex, H is well defined and, from Remark 7.1 4), H 
is condensing (set-contraction, compact, respectively) as a map from 
U X [0, l] into KO. In addition, 

X # H (x,X) for all X E aU and X E [O,l]. 
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To prove this, suppose the contrary, that is suppose X = H ( X ,  X )  for 
some X E 8U and X E [0, l ]  . If X = 0, we have X = xo, a contradiction 
since xo E U. If X = 1, then Lx = G ( X )  , equivalently Lx = Lxo + 
F. ( X )  . Then L ( X  - xo) = 0 and F. ( X )  = 0, that is X E (xo + X I )  n 
8U and F. ( X )  = 0, which contradicts (7.5). If X E (0, l ) ,  then 
X - xo = X [H ( X ,  1) - xo] . Hence 

( L  + J P )  ( X  - xo) = X [(G + J P )  ( X )  - ( L  + J P )  xo] 

= XFo ( X )  + XJP ( X  - x0) . 

Thus, L ( X  - xo) = 0, that is X E (xo + X I )  n 87, and 

This yields 

which contradicts (7.6). Thus our claim is proved. Finally, since No is 
essential in M ,  the classical topological transversality theorem (Theo- 
rem 5.4) guarantees that HI is also essential in M .  Thus, there exists 
X E U with X = HI ( X ) ,  that is Lx = G ( X ) .  Hence the map Lxo + F. 
is essential in M L .  

Remark 7.3 1) If 

then the map F. ( X )  = - J P  ( X  - xo) satisfies (7.4)-(7.6). Therefore, 
if KO is convex and (7.3), (7.7) hold, then the map Lxo - J P  ( X  - xO) 
i s  essential i n  M L .  

2) If xo E U C KO = K c X = Y and L is the identity of X ,  
conditions (7.3) and (7.7) are satisfied and Lxo - J P  ( X  - xo) i s  just 
the constant map xo. 

3 )  Suppose that F : U -+ Y is L-compact. Then  the map QF : 
U -+ YI is  also L-compact. This follows from the equality 

Thus, in Proposition 7.3, we can put F. = QF, where F : V -+ Y is  
any L-compact map. 
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We now return to the solvability of the operator equation Lx = 

T ( X )  . If T is L-compact, the following result holds: 

Theorem 7.4 Assume KO is  convex and condition (7.3) i s  satisfied. 
Let xo E D ( L )  n U and T : U -t K be L-compact. I n  addition assume: 

QT ( X )  # 0 for all X E ( X O  + X I )  n aU 

(QT ( X )  , J ( X  - x O ) )  5 0 for all X E ( X O  + X I )  n aU 

LX # (1 - X )  Lxo + AT ( X )  for X E D ( L )  n W ,  X E (0, l]. (7.9) 

Then  there exists X E D (L) n U that solves Lx  = T ( X )  . 

Proof. Fkom Proposition 7.3 and Remark 7.3 3 ) ,  the map Lxo + QT 
is essential in M6 . Suppose the conclusion is false, that is Lx  # T ( X )  

for all X E D ( L )  n U. Consider the homotopy H : U X [0, l ]  -+ K, 

H ( X ,  X )  = (1 - X )  [Lxo + QT ( X ) ]  + AT ( X )  

which is well defined by (7.8), ~ ( 0 )  C K and K convex. If Lx # 
H (x ,X )  for all X E D ( L )  n aU and X E [0, l] ,  then since H. = 
Lxo + QT is essential in ~ 6 ,  we have from Theorem 7.2 that HI = T 
is essential in . This contradicts the assumption Lx  # T ( X ) .  Thus, 
there exists X E D ( L )  rkW and X E [0, l ]  with Lx  = H ( X ,  X )  . Clearly 
X > 0. On the other hand, the equation Lx  = H ( X ,  X )  is equivalent to 
the following system 

Hence 
LX = ( 1  - X )  Lxo + AT ( X )  

for some X E D ( L )  C7 8U and X E (0, l ] ,  which contradicts (7.9). 17 

Remark 7.4 I t  is clear that, under the hypotheses of Theorem 7.4, for  
each L-compact map  G : U -t K satisfying Lxo + QG(V) C K and 
G ( X )  = T ( X )  o n  aU, there exists an  X E D ( L )  n U with Lx = G ( X )  . 
Thus,  if in Theorem 7.4 K = Y, then T i s  essential in M&. 
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7.2 Application to Periodic Solutions of 
Differential Systems 

The differential operators 

and 
L : C;-l + CO, Lu = u(m-l) u(m-l) ( 0 )  

are not invertible if B represents the periodic conditions 

Therefore, a natural application of the general coincidences results stated 
above is periodic problems. 

For example, let us consider the periodic boundary value problem 
for a system of n first order differential equations 

U' = f ( t , u ) ,  t E I  
U ( 0 )  = U ( l )  

(7.10) 

Let L : CB + CO be given by 

(Lu) ( t )  = u ( t )  - u (0 )  . 

It is elementary to check that 

and 
Im L = { v  E CO ; v  (1) = 0 ) .  

Since each v  E CO can be expressed as 

v  ( t)  = t v  ( l )  + [v ( t )  - t v  ( l ) ]  , 

we have the direct sum decomposition CO = (tRn) @ Im L .  Thus, L 
is a F'redholm map of index zero and we may set 

P u  = u ( l )  , (Qv )  ( t )  = t v  ( l )  and ( J a )  ( t)  = ta .  
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Assume f : I X ER (0 ;  Rn) 4 Rn is a continuous function. Then 
we may define T : D -+ C O ,  by 

where D = {U E CB ; Ju (t)l < R for all t E I ) .  It is well known that 
T is a compact map. In this case, the map (L + J P ) - ~  is continuous 
and consequently, T is L-compact. 

Lets introduce the family of periodic problems 

where X E [0, l] . 
We have the following existence principle. 

Theorem 7.5 Let f : I X BR (0; Rn) + Rn be a continuous function. 
Assume that the following conditions are satisfied: 

(A) for all a E Rn with lal = R, one has 

I1  f ( S ,  a )  d s  # 0 and ( a ,  f ( S ,  a )  d s )  < 0 ; I' 
( B )  lu (t)l < R for all t E I and any solution U E C 1  ( I ;  Rn) to  

(7. l l) ,  where X E [0, l ] .  

Then  there exists U E C1 ( I ;  Rn) that solves (7.10). 

Proof. Apply Theorem 7.4. 
We now deduce an existence result (compare with Theorem 10.1 in 

1581). 

Theorem 7.6 Let f : I X Rn i Rn be a continuous function. Assume 
that the following conditions are satisfied: 

(a )  there exists a sequence (Rk)  of positive numbers tending to  infinity 
such that 

for all a E Rn with lal = RI, and every k ; 
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(b) there is an r > 0 such that lal 5 r for all a E Rn satisfying 
(a,  f ( t ,  a ) )  = 0 for some t E I ;  

( G )  there exists ,B E C ( I ;  R+) , y3 E C (R+; R+) and rl > r such that 

Then there exists U E C1 ( I ;  Rn) that solves (7.10). 

Proof. Let U be any solution of (7.11) for some X E (0,  l ] .  We deduce 
that 

0 = 1 ~ ( 1 ) 1 ~  - I U ( ~ ) / ~  = 2X ( u ( s ) ,  f ( s , u ( s ) ) )  ds. I' 
Thus 

(U ( t )  , f ( t ,  U ( t ) ) )  = 0 for some t, E I .  

Now ( b )  guarantees lu (t,) l L: r .  If [U (0)  l = lu ( l )  l > r ,  then there is a 
largest c < 1 such that lu (c)  l = r and lu ( t )  l > r on (c, l ] .  Then, on 
(c,  l ] ,  we have 

It follows that 

This with (c), implies that lu (111 I r1. Thus, 

Now suppose that lu (t)l > r1 for some t .  Then there is a largest c' < t 
such that I U  (c1) I = r1 and lu (S) l > rl on (c1, t ] .  By a similar reasoning 
we get a constant r2 > r1 independent of U ,  with lu (t)l I 7-2. Finally, 
we choose R = RI, > r2 and we apply Theorem 7.5. 

We might think of extending Theorems 7.5 and 7.6 to equations in 
Banach spaces. Unfortunately, the theory above does not work since 
ker L and Yl are not necessarily finite dimensional. 
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Remark 7.5 I n  the case when XI is infinite dimensional but Yl is  
finite dimensional ( L  is  said to be semi-Fredholm to  the right), the theory 
can easily be extended as was shown by Krawcewicx [76/: Assume L : 

D ( L )  C X -+ Y is a linear map satisfying the following hypotheses: 
( 1 )  L is  a closed map; 
( 2 )  ker L and I m  L are closed and there are two closed subspaces 

Xz C X and Yl c Y such that X = X1 @ X 2  and Y = Yl @Y2, 
where X1 = ker L and Y2 = I m  L ;  

( 3 )  Yl is  finite dimensional. 
Then, since L is a closed map and I m  L is a closed space, the map 
L X 1  : D ( L )  n X2 -+ Y2 is invertible and its inverse R : Y2 --+ X2 is  
a linear continuous map. Then  the equation L x  = T ( X ) ,  x E Xz i s  
equivalent to  the system 

where Q is  the linear projector into Yl associated with the decomposi- 
t ion Y = Yl @ Yz. If L is  surjective, that is  Q = 0 ,  then the equation 
is equivalent t o  X = RT ( X ) .  This  equation can be discussed by means 
of the methods already seen assuming, for example, that RT is con- 
densing. The case when L is  not surjective can always be reduced t o  
the previous one by taking a linear continuous map S : X i Yl (hence 
completely continuous since its range is finite dimensional) such that 
L + S is  surjective. 

Related topics and applications can be found in [40],  [49], [51], [65],  
[75], [88],  [l341 and [158]. Approximation-solvability of coincidence equa- 
tions of the form Lx = T ( X )  was extensively studied by Petryshyn (see 
[l221 and [123]) using the so called A-proper technique when dim ker 
L < m. The case when ker L is infinite dimentional has also been 
studied (see [92] and [118]).  



8. Theorems of Selective 
Continuation 

In Chapters 2-7, we were concerned exclusively with homotopies N (X, X) 
defined on a cylinder U = U X [0, l] . Thus, all operators HA = H (,., X) 
(X E [O, l]) had the same domain /. Here we are concerned more 
generally with homotopies H for which the operators HA may have 
different domains u x .  This situation arises when we look for solutions 
having a particular property. The idea is to try to follow a branch of 
solutions to HA (X) = X with the desired property and thus to work 
on some neighborhood 24 of that branch which avoids all the other 
solutions. This kind of continuation with solutions having a particular 
property, will be called selective continuation. 

8.1 Selective Continuation Principles 

The main idea of selective continuation is to reduce the study of the fam- 
ily { H x )  to that of a certain family of maps from the same domain U 
into Y X R .  Thus we pass from maps acting between the spaces X and 
Y, to maps acting between the product spaces X X R and Y X R .  Such 
an idea has been used by Furi and Pera [48] and Fitzpatrick, Massabb 
and Pejsachowicz [41] and was successful in proving the solvability of 
boundary value problems when a priori bounds of solutions can be ob- 
tained only for the solutions having the particular property. 

Throughout this section we use the notation of Chapter 7. In addi- 
tion we let X = X X R, y = Y X R, KO = KO X [0, l ] ,  K: = K X [0, l] 
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and define L : D (L) C X -+ y, where D (L) = D ( L )  X R, by 

L ( X ,  X )  = ( L x ,  X )  

It is easy to check that L is a linear Fredholm map of index zero and 

k e r L = X 1  X { 0 ) ,  ImL = Y2 xR. 

Furthermore, let us consider 

P :  X + X 1  X { 0 ) ,  P ( x , X )  = ( P x , ~ ) ,  

and 

 XI X { O ) + K  X { 0 ) ,  J ( x , O )  = ( J x , O ) .  

Notice that 

( L  + JP)-' ( y ,  X )  = ( ( L  + JP)-' y, X )  for every ( y ,  X )  E y .  

For any V C X X [0, l ] ,  we denote by V A  = { X  E X ;  ( X ,  X )  E V )  
the section of V at X. 

Let U C KO be nonempty open and bounded and 824 the boundary 
of U in KO. Denote by M $ ,  ~ 5 ,  the classes of maps M $  (a; K ) ,  
M 5  (a; K )  and M $  (a; K ) ,  respectively. 

We can extend Theorem 7.2 as follows. 

Theorem 8.1 Let H : M -+ K be L-condensing (L-set-contraction, 
L-compact). Assume 

(i) H ( X ,  X )  # L x  for all ( X ,  X )  E 6'24; 

(ii) the map 7i0 ( X ,  X )  := ( H  ( X ,  X )  , 0 )  is essential in M $  ( ~ 5 ,  M G ,  
respectively). 

Then, for each X E [0, l ]  , there exists i n  Ux a coincidence point of 
HA with L. Moreover, the map 

is essential i n  M $  ( ~ 5 ,  M $ ,  respectively) for every p E [0, l] 
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Proof. We apply Theorem 7.2 to X, Y ,  KO, K ,  U ,  L, M C  and IFI 
instead of X, Y, KO,  K ,  U, L ,  WIL and H ,  where 

IFI  : U X [O,  l ]  -t K,  

( X ,  X ,  P )  = ( H  ( X ,  X )  , P )  for ( x , X )  E a, P  E [Q ,  11 . 

From assumption (i), we can easily check that 

IFI ( X ,  X ,  p) # L ( X ,  X )  for all ( X ,  X )  E 31.4, p  E [0, l ]  . 

Thus H satisfies both conditions (a) and (b) of Theorem 7.2. Notice that 
if ( X ,  X )  E U  is a coincidence point of 'H/, and L, then H  ( X ,  X )  = Lx 
and p  = X ,  and so, X E U/, and H ( x , p )  = Lx.  17 

Remark 8.1 I n  the case when U  is of the form M = U  X [0, l ] ,  where 
U  is a bounded open subset of KO,  ( i i )  implies condition ( b )  of Theorem 
7.2. Indeed, if T E AAL= M ~ ( V ;  K )  and T and No coincide o n  
8U, then the map  7 ( X ,  X )  := ( T  ( X ) ,  0 )  i s  in M C  = NIL@; K )  and 
7 ( X ,  X )  = ( H  ( X ,  0 )  ,0 )  for all ( X ,  X )  E 81.4. O n  the other hand, the maps 

( H  ( X ,  0 )  ,0 )  and ( H  ( X ,  X )  , 0 )  are homotopic via the homotopy 

Thus, from (ii), the map ( H  ( X ,  0 )  , 0 )  is essential i n  M C ,  and so 7 
is also essential i n  M ~ .  Consequently, 7 and L have a coincidence 
point i n  1.4, that is T and L  have a coincidence point i n  U. Therefore, 
HO is  essential in NIL as claimed. 

The next result is concerned with a sufficient condition for (ii) to 
hold, namely that H. be homotopic on U. to a map of the form Lxo + 
F. ( X )  like that in Proposition 7.3. 

Theorem 8.2 Suppose that KO is  convex and 

Let F. : KO + Yl be L-condensing (L-set-contraction, L-completely 
continuous, respectively) and xo E D ( L )  n h. Assume that the follow- 
ing conditions are satisfied: 
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F. (X) # 0 for all X E (xo + XI)  with (X, 0) E 824 (8.3) 

(F0 (X) , J (X - xo)) I 0 for all X E (xo + XI) with (X, 0) E dU. (8.4) 

If H : :U -+ K is L-condensing (L-set-contraction, L-compact, respec- 
tively), satisfies (i) and 

for all (X, 0) E 8U, p E (0 , l )  , then there exists X E D (L) n Ul with 
Lx = N ( x ,  1 ) .  

Proof. We show that (ii) is satisfied and then we apply Theorem 8.1. 
For this, we consider the homotopy 

ji: (X, X ,  p) = ((1 - p) (L50 + Fo  (2)) + p H  (X, X) 9 0) . 

It is immediate that 3-1 is L-condensing (L-set-contraction, L-compact, 
respectively). Also, 

L(x,X) # q ( x , X , p )  for all (z,X) E ~ U  a n d p ~  [ O , 1 ]  

(use (8.5) when p E (0 , l )  , (8.3) when p = 0 and (i) when p = 1) 
For p = 0 ,  

6 (X, X) = (Lxo + Fo ( X ) ,  0) = L (xo, 0) + F o  (X, X ) ,  

where 
.Fo : --+ Yl X {0), .Fo (X, X) = (Fo (X) ,  0) 

Now we can easily check that all the hypotheses of Proposition 7.3 are 
satisfied for 

instead of 

X, Y, KO, K, U, L, J,  P, Fo,  and xo. 

It follows that go is essential in MC and so, by Theorem 7.2, %l = ?l0 
is essential in M' too. Thus, (ii) holds and Theorem 8.1 applies. U 
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Remark 8.2 1) For KO = X and K  = Y, conditions (8.1) and (8.2) 
trivially hold. 

2) The map F. ( X )  = -JP ( X  - xo)  satisfies (8.3) and (8.4). 

Notice that for X = Y, KO = K and L  = identity of X ,  Theorem 
8.2 becomes Corollary 1 in [l381 (in this case F. = 0) .  

The next result is the analogue of Theorem 7.4 in this situation. 

Theorem 8.3 Assume KO is convex and that (8.1) holds. Let xo E 

D ( L )  n U. and T : KO -+ K be L-completely continuous. h addition 
suppose that the following conditions are satisfied: 

QT ( X )  # 0  for X E xo + X1 with ( X ,  0 )  E aU 

(QT ( X )  , J ( X  - xo)) I 0  for X E xo + X1 with ( X ,  0 )  E 

L x  # (1  - X )  Lxo + AT ( X )  for ( X ,  X )  E with X E (0,  l]. 

Then there exists X E D ( L )  n Ul with L x  = T ( X )  . 

Proof. Check that all assumptions of Theorem 7.4 are satisfied for 

instead of 
X, Y, KO,  K ,  U ,  ,L,  J, P, Q,  T  and xo: 

where 
7 :  U + K, T ( x , X )  = ( T ( x ) ,  l ) .  

Then apply Theorem 7.4. 
For similar results in terms of topological degree we refer to [24], 

[891. 

8.2 Continua of Solutions 

The continuation theorems proved in Chapter 2  for contraction map- 
pings show that the solution set { ( X ,  X )  ; H  ( X ,  X )  = X) is a compact 
and connected (continuum) set joining the point ( X  ( 0 )  , 0) to ( X  ( l )  , l )  , 
where X (0 )  is the fixed point of H. and X ( 1 )  is the fixed point of H I .  
The goal of this section is to obtain a similar result for the continuation 
theorems proved in this chapter. 
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Let (K, d) be a metric space. A set M C K is said to be coknectedif 
it can not be represented as 

M = M o u M l  with M o n 2 1 = ~ o n M l = 0 .  

A set M C K is said to be well-chained provided that for every E > 0, 
any two points a ,  b E M can be joined by an &-chain of points all 
lying in M. An &-chain joining a and b is a finite sequence of points 
a = X I ,  2 2 ,  ..., X, = b such that 

d (xk, xkS1) < E for k = l, 2, ... , n - l. 

It is easy to show that a compact set is connected if and only if it is 
well-chained. A compact connected set will be called a continuum. 

The next result from general topology is known as Whyburn's lemma. 

Lemma 8.4 Let A and B be disjoint closed subsets of a compact 
metric space (K, d) such that no connected component of K intersects 
both A and B. Then there exists a partition K = K1 U K2, where Kl 
and Kz are disjoint compact sets containing A and B ,  respectively. 

Proof. We first show that there exists an E > 0 such that no E- 

chain in K joins a point of A to a point of B. If this is not so, 
then for each positive integer n,  there exists an lln-chain A, in K 
joining a point a, E A to a point b, E B .  Since the sequence (an),>l 
has a convergent subsequence, we may assume that the whole sequence 
converges. Suppose 

A, = {X,,,; m =  1, 2, ..., m,), a, =x,,l. 

Let 

It is clear that M is a compact subset of K. Let us prove that M is 
well-chained. Let E > 0 be arbitrarily fixed and let a ,  b E M. Since 
(an)nyl is convergent, there exists n, > l/& with 

d(a,, a,) < E for n > n,, m > n,. 

Furthermore, since a is a limit point of UA, and each A, is finite, there 
exists i 2 n, and a ki with d (a, xi,ki) < E. Similarly, there exists 
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j > n, and a kj with d(b, xj,k,) < E. It is clear that the following finite 
sequence 

is an &-chain in M joining a to b. Hence M is a connected component 
of K.  But since a, E A n A,, b, E B n A,, and A and B are 
compact, we have A n M # 8 # B n M, contrary to the assumption 
that no connected component of K intersects both A and B. Thus an 
E with the desired property exists. 

Now let K1 be the set of all points of K which can be joined to 
some point of A by an &-chain in K and let Kz = K \ K1. It is 
clear that A c K1 and B C K2. Now, we claim that K1 and K2 are 
compact sets. To prove this claim it sufficies to show that K1 is both 
open and closed in K. Indeed, let xo E K1. Then, there is an &-chain 
C joining xo to some element of A. Consequently, any element X E K 
satisfying d (xo, X) < E also belongs to Kl ,  because the set C U {X) 

is an €-chain joining X to a point of A. Hence K1 is open. Finally, 
suppose that 

(xk) C K1 and xk -+ X E K as k + CO. 

Then, there is a k sufficiently large with d (xk, X) < E. Since xk E Kl,  
there exists an &-chain C in K joining xk to some point of A. Clearly, 
C U {X) is an &-chain and so X E K1. This shows that K1 is closed 
and the lemma is proved. 

We now state and prove a more general version of Theorem 8.1. 

Theorem 8.5 Suppose that all the assumptions of Theorem 8.1 are 
satisfied. Let 

C = {(X, X) E U ;  LX = H (X, X)} 

and, for each X E [0, l] , let 

Then C contains a continuum intersecting CO X (0) and Cl X {l). 

Proof. Clearly C, A = CO X (0) and B = Cl X {l) are compact sets, 
A C C and B C C. If there is no continuum intersecting A and B, 
then it follows from Whyburn's lemma that C can be represented as 
C = C' U C", where C' and C" are disjoint compact sets and A c C', 
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B C C". By Urysohn's lemma, there exists a function v E C(U; [Q, l ])  
such that 

v(x,X) = 0 on C" U824 and v(x,X) = 1 onCf.  

The map T (X, X) = (H (X, X) , v (X, X ) )  belongs to class M' and coin- 
cides with ?Yo on 8U. Since ?Lo is essential, there exists (X, X) E U 
with l' (X, X) = L (X, X) . Hence 

H (X, X) = Lx, v (X, X) = X. 

If (X, X)  E C', then v (X, X) = l .  Consequently, X = l and H (X, 1) = 
Lx. Thus, we have (X, l) E B C C", a contradiction. Similarly, if 
(x,X) E C", then v(x,X) = Q. So X = 0 and H (x,O) = Lx, whence 
(X, 0) E A C C', a contradiction. 

8.3 Continuation with Respect to a Functional 

To make the above results practical we need to  construct a set U with 
the desired properties. Such a construction was first described by Capi- 
etto, Mawhin and Zanolin [23] using a continuous functional on KO. 
Then, roughly speaking, U will be a level set of that functional. The 
results in [23] are stated in the framework of coincidence degree the- 
ory. In [138], an approach without degree was presented for fixed point 
problems, and in [143], the results were extended to coincidences. 

Suppose KO is convex, xo E KO, F. : KO -+ YI is L-condensing 
and that conditions (8.1) and (8.2) hold. In addition suppose that 

F. (X) # 0 for all X E (xo + XI)  with X # xo (8.6) 

(Fo (X) , J (X - 20)) < 0 for all X E xo + XI. (8.7) 

Let H : KO X [0, l] -+ K be L-condensing and let 

C = {(X, X) E KO X [Q, l] ; Lx = H (X, X ) ) ,  

C (xo) = {(X, 0) ; X E KO and Lx = (l - p)  (Lxo + Fo  (X)) 

+pH (X, 0) for some p E [Q, l]). 

Also consider a continuous functional @ : KO X [O, l] -+ R. 
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Theorem 8.6 Assume that there are constants c- and C+, C- < C+, 

such that if we let V = Q,-' ((c-, c+)) , the following conditions are 
satis.fied: 

( i l )  C n V is bounded; 

(i2) Q, (C) n {c-, c+) = 0; 

(i3) C (xo) is bounded and included in V. 

Then there exists X E D (L) n V1 with Lx = H (X, 1) 

Proof. Let C* = C n Q,-' ([c-, c+]) . From (i2), C* = C n V. Also 
(il) and the continuity of Q implies that C* is compact. Hence C* is 
a compact set included in the open set V. Thus, there exists a bounded 
open set U' of KO with 

On the other hand, from (i3), C (xo) is another compact set included 
in V. Thus, there exists a bounded open set U" of KO with 

C (xo) C U'' C IA" C V .  

Now the conclusion follows from Theorem 8.2 with U = U' U U". C1 

The functional Q, is said to  be proper on C provided that C n 
Q,-' ((a, b)) is bounded (equivalently, relatively compact) for each boun- 
ded real interval ( a ,  b) . 

Corollary 8.7 Suppose that the following conditions are satisfied: 

(il') Q, is proper on C; 

(i2') Q is lower bounded on C and there is a sequence (ck) of real 
numbers with ck 4 cm as Ic + cm and ck 4 Q (C) for all k ;  

(i3') C (xo) is bounded. 

Then there exists X E D (L) n KO with Lx = H (X, 1) . 
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Proof. Now (i3') and the fact that F. and H are L-condensing 
guarantees that the set C (xo) is in fact compact. Since cP is continuous, 
there are constants a and b with 

a < cP(x,X) < b for all (x,X) E C(x0). 

Furthermore, using (Q'), we can choose c- and k sufficiently large so 
that 

Now we can easily check (i1)-(i3) and we apply Theorem 8.6. 

8.4 Periodic Solutions of Superlinear Singular 
Boundary Value Problems 

In [145], we considered the existence of periodic solutions of superlinear 
singular equations of the form 

where 

g(u)lu --+ as IuI -+ 00, 

f : [O, l] X Et2 --t R is a Carathkodory function and 

If (t,., .)I 5 c (1.1 + 1.1) + W )  

for all U, v E R and a.e. t E ( O , l ) ,  where c 2 0; 

(h2) l l p  E L1(O, 1) and k E ~ ' ( 0 , l ) .  

Without loss of generality, we suppose that 

p < 1 on [ O , 1 ]  and ug(u) > 0 for U f 0. 

By a periodic solution of (8.8) we mean a function U E C[0, l] n C1 (0, l)  
with pu' E C [0, l], differentiable a.e. on (0, l), which satisfies (8.8) 
a.e. on [0, l], and the periodic conditions 
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Because we do not require p(O)p(l) # 0, equation (8.8) may be singular 
at t = O  or t = l .  

Singular two point boundary value problems have been studied by a 
variety of authors, see [l021 and the references therein. The novelty here 
is that the nonlinearity is superlinear, i.e. g(u)/u -+ m as lul -+ oo 
and that the set of all solutions may not be bounded. The regular case 

p 1 has been discussed by Capietto, Mawhin and Zanolin [23]. 
We shall apply Corollary 8.7. As spaces X and Y we take respec- 

tively 

~ k = { u E C [ O , l ] n C ' ( 0 , 1 ) ;  usatisfies (8 .9 ) ,pu '~C[0 ,1 ] )  

with norm Iul = (l/ullL + ~lpu ' l lL)~ /~  and, 

CO = {u E C[O, l]; u(0) = 0) 

with the usual norm llulloo . Recall that 1 1  . [ l q  stands for the norm of 
the space LQ (0 , l )  for 1 5 q 5 m. 

We define L : C; -+ CO by 

As in Section 7.2, we can check that 

ker L = U E C; ; U (t) = a on [0, l] , a t R) , { 
Im L = {v E CO ; v (1) = 0) 

and CO = (tR) @ Im L. Thus, L is a F'redholm map of index zero and 
we may set 

P u  = U (l) , (Qv) (t) = tv (l) and (Ja)  (t) = ta. 

We also consider the map H : C; X [0, l] + CO, given by 

] -Ap(u)+Apf(s ,u ,pu)  ds. i' { ( l  - A) [; + l+ 1 1 1 
From (hl),  (h2) and the ArzelBAscoli theorem, H is completely con- 
tinuous on CA X [0, l] and, since in our case (L + JP)-' is continuous, 
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H is also L-completely continuous. Observe that to solve (8.8)- (8.9) we 
have to find a U E CA with Lu = N(u, 1). 

Next we define F. : CA -+ tR ,  as 

ds. 

Clearly, F. is completely continuous and, consequently, L-completely 
continuous. Also, since zg(z) > 0 for z # 0, F. satisfies (8.6) with 
xo = 0 and (8.7). Indeed, for a E kerL, a # 0, one has 

and 

(Fo(a), Ja) = -ag(a) ds/p(s) I 0. I' 
Notice that F. = QF,  where F : CA + CO is given by 

Finally, we consider the functional CJ : CA X [0, l] -+ R, given by 

+Xpu g(u) - Xpuf (S, U, put)) S(u) (S) ds l 
where S(u) (t) = min{l, 1/(u2 + (put)')). It is easy to see that 6, is 
continuous. 

We have the following existence principle for (8.8)-(8.9). 

Theorem 8.8 Assume (hl) and (h2). Also suppose that 

(h3) there is an R 2 1 with llull 5 R for each (U, X) E C with 

min io,'l (u2 + (put)') < 1; 

(h4) for each n E N there is R, 2 1 such that llull I R, for any 
(u,X) E C satisfying 

@(%A) = n and minlo,ll (U' + 2 1. 

Then (8.8)-(8.9) has at least one solution. 
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Proof. We apply Corollary 8.7. We first observe that (il ') and (2 ' )  
follow from (h3), (h4) since 

To prove (8.10), let XI = U, x2 = put and X = (xl, x2). Then 

Consequently, since Ix(t) l > 1 on [0, l], we have 

and 

@(U, X) = 2- 2.ir 6' (arctan G)' dsi 

@(U, X) = - ( x h 2  - ~ 1 x 5 )  min{l, l/ lx12)ds 
l IS' 2.ir 0 

and so 2 @(U, X) is equal to the (finite) number of (simple) zeroes of U 

on [O, 1). Here, by a simple zero of U on [O,1) we mean a number 
t E [O,l) with u(t) = 0 and (put)(t) # 0. 

We now check (i3'). Suppose 

. 

for some p E (0, l]. Then, 

or, equivalently, 

Lu = p ( F  - QF)(u)  and QF(u) = 0. 

Hence Lu = pF(u)  . It follows that 

Multiplying by pu' and letting G(s) = g(x)dx, we obtain 
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Thus the function (pu')2 /2 + p G(u) is decreasing. From (8.9), it takes 
the same value at  t = 0 and t = 1. Consequently, it is constant. 
Then, from (8.13), it follows that U' = 0, that is U a. Now (8.12) 
guarantees that 0 = -pg(a)/p and so a = 0. Also, if for p = 0 one has 
Lu = F. (U), then U E ker L and F. (U) = 0, and so U = 0. Therefore 
C (0) = (0) and Corollary 8.7 applies. 

Now we state and prove an auxiliary result due to Capietto, Mawhin 
and Zanolin [23] which makes it possible to obtain lower bounds for 

(U, X) when (U, X)  E C and llull is large. 
Let f : I X R2 X [O, l] -+ R2 be a Carathkodory function, i.e. 

f ( . , y, X)  is measurable for each (y, X) , f (t, . , . ) is continuous for a.e. 
t and, for each r > 0, there is h, E L1 ( I ; R )  such that I f  ( t ,  y,X)( _< 
h, (t) for a.e. t E I and all l yJ 5 r, X E [0, l]. Consider the one- 
parameter family of problems 

where X E [0, l] . Also define 

where 2 (t) = min { l ,  l/ I y (t) 1 2 )  . As above, for each solution (y, X) of 
(8.14) satisfying l y (t) 1 1 1 for all t E I ,  2 4 ( y, X) is the number of 
zeroes of yl on [0, 1). 

l 1  
4 (Y, X) = - // [fi (t ,  Y (t) , X) y2 (t) - f2  (t, Y (t) , h) yl (t)] z (t) dt 2i.r 0 

Lemma 8.9 Suppose that there is a constant KO > 0, a continuous 
function O : aB1 (0; R2) -+ R+ and a function y E L' ( I ;  R + )  such 
that the following inequality 

, 

holds for a.e. t E I, all X E [0, l] and each y E R2 with lyl 2 KO, 
where for each X E [0, l] , a* E L' ( I ;  R) and 

i1 a* (t) dt > 0. 
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Then, for every E > 0, there exists a constant R, > 1 (independent 

of y and X) such that, for each couple (y, X) satisfying (8.14) and 
(y (t)l > R, for all t E I, it follows that 

where 
1 2" (e) = - J do 

27r o O (cos 6, sin 0) 

Proof. Without loss of generality, we can suppose that E 5 1. Let 
A > max {l, KO) and a = min {0 (y) ; lyl = 1). Suppose that (y, X)  
satisfies (8.14) and ly (t)l > A for all t E I .  Using polar coodinates, we 
can write 

and 

Then, from (8.15) we obtain 

0' (t) 5 - a x  (t) O (cos 0 (t) , sin 0 (t)) + y (t) / l y (t)I . 

Consequently 

0' (t) < -m (t) + r (t) l ( 4  . O (COS 0 (t) , sin 0 (t)) 

Integration over I yields 

0' (t) ,jt = /*(l) do 1' O (COS O (t) , sin 6 (t)) q o )  O (cos 6, sin 6) 

1 
5 - 1 l ~ h l l 1  f a I I Y I I I  . 

Since 0 (1) - 6 (0) = 2k7r for some integer k ,  if we choose 
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this inequality becomes 

Hence 

k  5 -llaxlll/(2.1r(@))+E < E 5 1. 

Thus k  = - I k (  , and the conclusion follows since I k  l = 4 ( y  , X )  . 
Returning to our problem, by Lemma 8.9 we can prove the following 

result. 

Lemma 8.10 For each n E N there exists r, 2 1 such that 

for every ( U ,  X )  E C with @ ( U ,  X )  = n. 

Proof. For y = ( y l ,  y2) E Ft2,  let 

Since g(y l ) /y l  -+ oo as lyll -+ m, for each j E N, there is a d j  > O 
with 

Y I ~ ( Y I )  t (2j2  + c2/2 + c)$ - d j  for all yl E R. 

Using l l p  > p, we obtain 

On the other hand, 

and 

(1  - X)PYlY2l(l + 1 ~ 2 1 )  2 -p Iy1I 
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For I yl > 1, these inequalities yield 

2 P (2j2y? + Y2212)l I Y I  - P O +  W ) )  - djp-l 

Thus, inequality (8.15) is fulfilled with 

and 

O ( y )  = 2j2y? + y; 12. 

Since (O) = l / j ,  from Lemma 8.9, there exists r j  2 1 with 

whenever ( U ,  X )  E C and Ix( t)  l > r j  for all t E [0, l] (recall x ( t )  = 
( ~ ( t ) ,  p ( t ) u 1 ( t ) ) ) .  Finally, for each n E N, let j = j ( n )  be the smallest 
nonnegative integer satisfying 

Then r ,  = q(,) is the number we are looking for. 

Remark 8.3 Consider the following condition. 

( h 5 )  for every r > 1,  there is  R ( r )  > 1 such that llull 5 R ( r )  for 
each ( U ,  X )  E C with minio,ll (u2 + ( p ~ ' ) ~ )  5 r2 .  

B y  Lemma 8.10, (h5) clearly implies both (h3) and (h4). For exam- 
ple, (h5) holds for p - 1 (see [23]). 
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In what follows we will give sufficient conditions so that (h3) and 
(h4) hold. 

By a standard extension argument, we shall suppose that all func- 
tions on t are l-periodic and defined on the whole real line. In particu- 
lar, for each (U, X) E C we may suppose that U and pu' are 1-periodic 
continuous functions on R and ( U ,  X)  satisfies (8.11) for a.e. t E R. 

Let 

V(Y) = G(Y1) + Y; /2 for Y = (YI ,  ~ 2 )  E R ~ ,  

where 

~ ( ~ 1 1  = Jy' 0 g(s) ds, 

and let 
p(r) = sup {V(y); Iyl < r )  for each r > 1. 

Proposition 8.11 Suppose 

(h6) there exists P E L1(O, 1; R+) and !Q : [O, m )  -t (0, m) continu- 
ous, such that 

for all y E Ft2, X E [O, l] and a.e. t E [0, l ] ,  and 

Then (h3) is satisfied. 

Proof. Let (U, X)  E C be such that min[o,ll Ix(t)l < 1. Let to E [0, l] 
be chosen so that Ix(to) l = min Ix(t) l . Then, V(x(to)) < p(1). On 
the other hand, from (8.17), 

~ ( x ( t ) ) '  < P(t)!Q(V(x(t))) for a.e. t E I. 

Integration from to to t ,  to < t < to + 1, yields 

and the conclusion follows by (8.18), since V(y) --+ oo as l yl --+ m .  
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Remark 8.4 I f  

then inequality (8.18) with p(1) replaced by p(r) ,  is true for each r 2 1. 
Note in  this case, even (h5) is satisfied. We  are in  this case for p = 1, 
when (8.17) holds with q ( z )  = z + l (see [23]). 

Proposition 8.12 Suppose 

(h2") lip E L4(0,1) for some q > 1, and k E Lm(O, 1) .  

Then (h4) is satisfied. 

For the  proof we need some lemmas. First we present an inequality 
o f  Opial type,  essentially due t o  Beesack and Das [13]. 

Lemma 8.13 Assume that U ,  W E C [a, b] n C 1 ( a ,  b ) ,  W > 0 on ( a ,  b),  
l l w  E L1(a,  b) and wu' E C [a, b]. If u (a )  = 0 ,  then 

If U (b) = 0,  then (8.1 9) holds with 

Proof. Suppose v ( a )  = 0. Let a < a1 < b. Then 

t 
v (t)l < v (a111 + ll v '  ( S )  ds, a1 5 t < b. 

By  Holder's inequality, this yields 
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for a1 < t < b. Letting a1 --t a we obtain 

Now, set 

~ ( t )  = W ( S )  v t ( s ) 1 2 d s .  I" (8.21) 

Notice 
r f ( t )  = ~ ( t ) I v ' ( t ) / ~ ,  a < t  < b .  (8.22) 

From (8.20), (8.22) and Holder's inequality, we obtain 

< l (W ( t )  I" ds/w ( S ) )  ' l 2  dt 

5 {l W ( t )  (I" ds/w ( S ) )  dt l" { J d b  LLtdt}112 

W ( t )  (I" ds/w ( S ) )  dt 

This, with (8.21), implies (8.19).The proof is similar when v(b) = 0. 
For the next two lemmas, we suppose ( U ,  X )  E C (also recall the 

notation X = ( U ,  put)). 

Lemma 8.14 Suppose 0 < t a  - t l  < 1, t1  < to < tz ,  Ix(to)l 5 r and 
put 1 0 (or < 0 )  on [tl , t2]. Then there exists 7 2 1 only depending 
on r (independent of t o ,  t l ,  t z ,  u and X) with 

Proof. From 
p2ut 

(put)' = -(l - X )  (8.23) 
1 + lputI 
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if we multiply by put and integrate from to to t ,  we get 

t 
[(I - X)/P + XP] P U / ~ ( U )  ds + X j p2uff(s, U, put) d ~ .  

to 

Let 71 > r be such that g(z)/z > 1 for JzJ > 71. Assume put 2 0 on 
[tl , t2] (the case 5 0 on [tl, tz] is similar). Let 

1 r = -(I - X)P (pu')2 - [(l - X)- + xp] putg(u). 
1 + IputI P 

First, we estimate the integral J:o T(s)ds. We have two cases to con- 
sider: 

1) Let to 5 t. Then u(to) 5 u(s) for to 5 s 5 t2. 
a) For those s with u(s) > 71, we have -utg(u) 5 -utu 5 0, and 

where (U > rl) = {S; U(S) > rl}. 
b) Also notice 

c) We have [to, t] n (U < -rl) = 0 because otherwise, from -r 5 
u(to) 5 U ( S )  < -7-1 we can derive r > 71, a contradiction. 

Thus 

2) Let t < to. Then u(s) 5 u(to) for tl  5 s 5 to. 
a) We have [t, to] n (U > rl) = 0 because otherwise, we have 

71 < U(S) 5 u(tO) 5 r ,  a contradiction. 
b) Notice 
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c) Also we have 

because g(u) 5 U < -71 and consequently, 

((1 - WP+ XP) putg(u) 5 0. 

Thus 

Therefore, in both cases, we have 

where 7 2  = 1 + Illlplll max[-,,,,I 1 g 1. Notice that (8.25) is also true if 
pul < 0 on [tl, t2]. 

Regarding the last term of (8.24) we have 

+ I I  IC Ill IIpulII, . 

From Lemma 8.13, we obtain 

where 0 = (ll~llL'(1) I l ~ I ~ l l L ' ( 1 )  / 2) . 
Then, from (8.26) we get 
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For 6 > 0 and l / q +  llqt = 1 ,  we have 

2 
5 Ill/pIq I ~ P ~ ~ ~ - ~ ~ - ~ ~ I  I / _  (2q16)-1/4te2Sit-t0i 

Now using (8 .24) ,  (8.25) and (8 .27) ,  we obtain 

+ c  (o + 1 )  lll/pllq ( 2 6 4 - ' l q '  l/pute-61s-t01/12 00 . (8.28) 

Next choose 6 > 0 so that 

112 > e (o + 1) 1 1  l / p I q  (2qt6)-1/qt.  

Then, from (8.28) it follows that there exists 7 3  > 1 with 

Hence 

I ( p u t ) ( t )  1 L 7 on [tl, t21 , 
where 7 = ~ ~ 6 ~ .  

Lemma 8.15 Suppose 0 < t2 - t l  < 1, ( p u t ) ( t l )  = ( p u 1 ) ( t 2 )  = 0 ,  
put > 0 (or < 0) o n  [tl ,  t2],  and U > 0 (or < 0) o n  ( t l ,  t z ) .  Then  
there exists T* >_ 1 independent of t l ,  t2,  U and X ,  wi th  

I ( p u t )  ( t )  l < .* 0. [tl,  t21 . 
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Proof. Let r >, 0 be such that 

zg(z) > cz2 + (C + 1 1  k 11, + 1) 121 for IzI > r. (8.29) 

We show 
either lu(tl)l < r or lu(t2)l l r. 

Then we apply Lemma 8.14 with to = t l  or to = t2, respectively. 
Suppose, by contradiction, lu(tl)1 > r and lu(t2)l > r. Then, since U 

is monotone and preserves its sign on (tl, t2), we have lu(t)l > r for 
all t E [tl, t2]. Assume u(t) > r on [tl, t2]. Then, (8.23), (8.29) with 
(1 - X)/p + Xp 2 p and g(u(t)) > 0 establishes 

for a.e. t in those neighborhoods of tl and t2 (subintervals of [tl, t2]) 
where I (pu') (t) l 5 1. Consequently, pu' is strictly decreasing in those 
neighborhoods of tl and t2. Since (pul)(tl) = (pu1)(t2) = 0, this 
implies that pul changes its sign on [tl, t2], a contradiction. Repeating 
the same reasoning for the case u(t) < -r on [tl , t2], we complete the 
proof of Lemma 8.15. 

Lemma 8.16 Suppose 0 < t2 - t l  < 1, min[t,,t,l lu(t)l < r and 
I(pu')(t)l < T on [tl, t2]. Then there exists r* 2 r only depending 
on r and T, such that Ix(t)l 5 r* on [to, tl]. 

Proof. Let to E [tl, t2] be such that lu(to)l < r .  We have -r/p 5 
u1 5 ~ / p ,  and so integration from to to t yields 

Consequently, 

lu(t)l 5 r + 7- 111/~lll on It17 t21. 

Thus, r* = max {r + T Ill/p(ll, 7 ) .  
We are now ready to prove Proposition 8.12. 

Proof of Proposition 8.12. Let (U, X) be any element of C satisfying 

min [0,1~ Ix(t)l 2 1 and @(u,X) = n .  

From Lemma 8.10, min[o,ll Ix(t) l 5 r,. 
Let us consider the nondecreasing sequence sj,  j E Z, of real 

numbers with the following properties: 
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1) (puf)(sj) = 0, s2j < s2j+l, pu' > O (or < 0) on (szj, szj+l); 
2) U changes its sign on (s2jY ~ 2 j + ~ )  and preserves the sign on 

[~2j+l ,  ~ ~ j + 2 ] ,  for all j E Z. 
Since @(U, X) = n and U is l-periodic on R, 

Sj+4nl = if S j  for all j, 1 E $3. 

Let j o  E Z be such that min isjot S 3 0 + 1 ~  Ix(t) l < r,. TWO cases are 
possible: 

a) j o  is even. Then, we first use Lemma 8.14 to get TO > 1 with 

Next, from Lemma 8.16, there is an > r, with Iz(t)l < on 

[sj0, ~ j ~ + l ] .  Furthermore, we successively obtain 5 < T2 < ... < 
,,.4n-1 
- with 

If j is odd, from Lemma 8.15, we have 

and then, from Lemma 8.16 with tl = sj ,  tz = sj+l,  r = - rj-j"-l and 
T = T*, we get Tj-jO as desired. If j is even, we use Lemma 8.14 with 
t l  = to = Sj ,  t2 = Sj+l and r = - rj-j"-l, and we get rj-j, > 1 with 

. . 
Then, from Lemma 8.16 with tl = sj ,  t2 =: sjSl, T = - 7-3-30-1 and 

T = rj-j,, we find r j - j o  > --  rj-jo-l With 
t 

Ix(t)l 5 rj-jO on [sj, s ~ + ~ ] .  

b) jo is odd. By a similar reasoning, starting this time with Lemma 
8.15 instead of Lemma 8.14, we obtain a sequence 'i;O 5 T1 5 T2 < ... < 
~4,-1 with 
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Since the length of the interval [ s j0 ,  sjo+dn] is one, 

is the bound we are looking for. 
Now we can state the following existence result. 

Theorem 8.17 Assume (h l ) ,  (h2*) and (h6). Then  (8.8)-(8.9) has at 
least one solution. 

Proof. Use Propositions 8.11 and 8.12 and apply Theorem 8.8. 
As an example, consider the following problem 

1 
- (put)' + u3 = W ) ,  ~ ( 0 )  = ~ ( l ) ,  ( 0 )  = (put )  ( l ) ,  
P 

where p E C [ O , l ]  n C1(O,l), 0 < p  5 1 on ( O , l ) ,  l l p  E L Q ( 0 , l )  for 
some q > 1 and k E Lm(O, l), has at least one solution provided that 

where P ( t )  = max { l / p ( t )  - p ( t ) ,  p ( t )  I k ( t )  1 )  . Indeed, (8.17) holds with 
Q ( 2 )  = 8z2 + 22 + 112, while p(1) = 112. 

For other techniques of "a priori" estimation of solutions based on 
an analysis of the phase plane we refer the reader to [42] and [89]. For 
other applications of the general continuation theorems, see [73]. 



9. The Unified Theory 

In this chapter we present some general principles which makes it possi- 
ble to understand globally particular theorems of Leray-Schauder type 
for a great variety of single and set-valued maps in metric, locally con- 
vex or Banach spaces. In fact, this book could start with this axiomatic 
theory of the Leray-Schauder type theorems. Nevertheless, we have pre- 
ferred to introduce successively the main classes of maps for which a 
continuation theorem is known and immediately give examples of typ- 
ical applications. After such an excursion the reader could ask himself 
or herself about the common feature of all theorems of Leray-Schauder 
type. Some answers can be found in the papers [130]-[132], [134]-[l361 
and [142]. In what follows we shall give a generalization of the results 
from [l321 and [134]. 

9.1 A General Continuation Principle 

Let E, 0 be two sets and A, B two proper subsets of and 0, 
respectively. Consider a nonempty class of maps 

whose elements are called admissible m a p s  and let 

be any map with values in a nonempty set 2. 
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For each admissible map l?, the value v (r-I (B)) stands as a 
"measure9' of the set r-' (B) of all solutions X E to the inclusion 
r (X) E B. 

Let 0 = v (0). An admissible map l? is said to be v-essential (in 
M )  if 

v (r-I (B)) = v (F'-' (B)) # o 
for any admissible map l?' having the same restriction to A as l?, 
i.e. rlA = r t lA .  In the opposite case is said to be v-inessential 
(in M) .  Thus, is v-inessential if v (F-' (B)) = 0 or there exists an 
admissible map r' with 

rlA = I'llA and v (F-' (B)) # v (r'-' (B)) . 

Also consider an equivalence relation on M with 

(A) if rlA = PIA, then F m F'. 

We are interested in the case when the equivalence classes contain 
only v-essential maps or only v-inessential maps. A sufficient condition 
to have such a case is the following one: 

(H) if I' m F', then there is an homotopy q : E X [0, l] -+ O and a 
function v : E + [O, l] such that 

and 
1 for X E CV 

v (X) = 
0 for X E A, 

where CV = {X E Z; q (X, X) E B for some X E [0, 11) . 

Lemma 9.1 Assume that conditions (A)  and (H) hold. Let r be an 
admissible map. Then l? is v-inessential ij and only lif v (F-' (B)) = 0 
or there exists an admissible map l?' with 

F' and v (IT' (B)) # v (F'-' (B)) . ( 9 4  
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Proof. The necessity follows from the definition of the v-inessential 
maps and condition (A). 

Suppose now that I" satisfies (9.1). Let V and v be the maps associ- 
ated with F and l?' as in condition (H). If C,, = 0, then 7 ( . ,0)-' ( B )  = 
0, i.e. ~ ' - l  ( B )  = 0 and so v (rpl ( B ) )  = 0 which means that I' is 
v-inessential. Next, assume C,, # 0. Let r* = ( . , v ( . )) . By (H), 
l?* E M. In addition, we have 

lrlA = r*IA and F ( B )  = F*-' ( B )  . (9.2) 

Therefore 

v (F-' ( B ) )  # v ( r -  B )  = v (r*-l ( B ) )  . 

The relations (9.2) and (9.3) show that T' is v-inessential. D 
The following result represents the abstract version of the topological 

transversality theorem. 

Theorem 9.2 Assume that conditions ( A )  and (H)  hold. Let F and 
I" be two admissible maps with I' E F'. Then  I' and F' are both 
v-essential or  both v-inessential and in the first case one has 

Proof. Suppose that l? is v-inessential. If v (l?'-' ( B ) )  = 0, then 
clearly, l?' is v-inessential. Thus we may assume that v (I"1 (B ) )  # 0. 

In the case when v (Fp1 ( B ) )  = 0, the v-inessentiality of I" follows 
from Lemma 9.1 and the symmetry of relation = . Suppose now that 
v (F-' (B ) )  # 0 also. Then, Lemma 9.1 implies that there exists an 
admissible map F" with 

l? l?'' and v (F-' ( B ) )  # v (Fu-' ( B ) )  

Using the symmetry and the transitivity of relation E , from I' F' 
and I' = P',  we obtain l?' E F". Now, if v (I"' ( B ) )  # v (I"'-' ( B ) )  , 
then Lemma 9.1 applied to F' and F" implies that r' is v-inessential, 
while if v (F'-' ( B ) )  = v (Fu-' ( B ) )  , we deduce that v (I"' ( B ) )  # 
v (F-I ( B ) )  and the v-inessentiality of l?' follows once more from 
Lemma 9.1, this time applied to l?' and F. Therefore, l?' is also v- 
inessential. 
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Now suppose 
# 0 and v (F1-' 
proof of Lemma 

that F and r1 are v-essential maps. Clearly, v (F-' (B)) 
(B)) # 0. Since % =:F1, we can construct, as in the 
9.1, an admissible map F* with 

I'lA = F*JA and F1-'(B) = r*-l(B) 

Consequently, 
v (F1p1 (B)) = v (r*-l (B)) . (9.5) 

On the other hand, since I'IA = r*IA and is v-essential, we must 
have 

v (r-I (B)) = V (r*-l (B)) . (9.6) 

Now (9.4) follows from (9.5) and (9.6). U 
There are two kinds of Leray-Schauder type theorems. Firstly, re- 

sults for large classes of maps for example, completely continuous, set- 
contractions, condensing or monotone type maps. Theorems 5.4 and 7.2 
are of this kind. Secondly, results in terms of a given homotopy. Exam- 
ple of this kind are the continuation theorems for contractions on metric 
spaces and maps of Monch type (Theorems 2.4, 5.3 and 7.1). We can 
understand globally all these results if we look at Theorem 9.2. To see 
this, let us now suppose that no class of maps is given but only a single 

map 7 : X [0, l] -+ O satisfying 

77 (X, X) 6 B for all X E A, X E [0, l ] .  

We choose a family of functions 

A c (6 : E + [0, l];  61, is constant} (9.9) 

containing the constant functions O and l .  Then, we attach to r,~ and 
A the following class of maps 

and define an equivalence relation on MV,A by 

r I A  = r l / A  or { r I A ,  r l / A )  = {voIA,  7 1 1 ~ ) .  

Here, as usual, = ( , X) for each X E [O, l] . Also consider a 
function v defined at least on the following family of sets 
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Corollary 9.3 Assume that there exists a function v : -+ [O, l] such 
that: 

1 for z E C ,  
v (X) = 

0 f o r x ~ A ;  

(1 - v) S + VS' E A for all S ,  6' E A. (9.8) 

Then 70 and 71 are both Y-essential or both v-inessential i n  M,,* 
and 

Proof. We apply Theorem 9.2. Clearly condition (A) is satisfied. To 
check (B) let 

Define the homotopy 

We have that q ( . , 0) = I' and ( . , l) = I". Then (B) holds for ?j 
since C;; C C?. 

Remark 9.1 Condition (9.8) implies that for each 6 E A, there exists 
S* E n ~ i t h  

S (X) for X E C ,  
S* (X) = 

0 for X E A. 

(Take S* = v6). This  is condition ( i )  i n  a somewhat more general result 
[[142], Theorem 2. l]. 

Remark 9.2 I n  the case when 

the above equivalence relation on  M V , ~  can be equivalently deJined by 

I' FZ I" X = X' or {X, X') = (0, l ) ,  

where = 7 ( . ,S) , SIA E X, F' = 7 ( . ,S1) , 6'IA -- X'. This particular 
case was considered in [[l 341, Theorem 21. 
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The existence of a function v like that in Corollary 9.3 is, at least in 
some particular cases, connected with separation/ extension results of 
Urysohn type (we refer to [35] for basic facts of general topology). Here 
are two remarkable versions of Corollary 9.3: 

A general continuation principle in normal topological spaces 

Corollary 9.4 Assume that E is  a normal topological space, V is  a 
closed set with - 

C , c V c E \ A  

and that the following condition is  satisfied: 

for all S, 6' E A and v E C (E; [O, l]) with v (X) = 0 o n  A, v (X) = l 
o n  V. Then  and 71 are both v-essential or  both v-inessential in 

and 

U (7c1 (8)) = v (K1 (8)) . 

Proof. Since E is a normal topological space and 2, V are closed 
disjoint sets, there exists a function v E C (E; [0, l]) with the required 
properties. 

Notice that condition (9.9) is satisfied for 

A = {S E C (E; [O, l]) ; 61, is constant). 

As we shall see, this is the case for most Leray-Schauder type theo- 
rems. However it is not the case for the Leray-Schauder theorem for 
contractions on metric spaces. Recall that any metric space is normal. 

A general continuation principle in completely regular spaces 

Corollary 9.5 Assume that E i s  a completely regular space, V i s  a 
closed set with 

- 
C , c V c E \ A  

and in addition that V or 3 is  compact. Also assume that (9.9) holds. 
T h e n  and 71 are both v-essential or  both U-inessential in Mv,a 
and 

v (sl ( B ) )  = v (v? (3) 
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Proof. Since 2, V are closed sets of a completely regular space and at 
least one of them is compact, there exists a function v with the desired 
properties (see [35]). U 

Recall that any locally convex space is completely regular. 

In Theorem 9.2 no compatibility between the "measure" v and the 
class of admissible maps is assumed. In fact, to apply Theorem 9.2 and 
Corollary 9.3 in practice, we need to identify simple v-essential maps. 
This can be achieved by using, for example, methods from degree theory 
or fixed point theory. For degree theory we refer the reader to [32], [84] 
and [151]. 

Throughout this book we have exclusively used as v the simple 
indicator function 

When v is given by (9.10), we concisely speak about essentiality instead 
of v-essentiality. 

9.2 A General Fixed Point Continuatiora 
Principle 

Now we specialize Theorem 9.2 and its corollaries in order to obtain 
fixed point theorems of Leray-Schauder type. The essentiality of some 
simple maps will be obtained by using fixed point theorems for self-maps 
of a certain subset of E. 

Consider a set E, E and A two proper subsets of E with A C S 
and A # S. Also consider a class of maps 

N C {y :E-+ E ;  A n  F i x y  = 0) 

whose elements are called admissible. The notation Fix y stands for the 
set of all fixed points of y. An admissible map y is said to be essential 
if 

y1 E N and = yIA implies ~ i x y '  # 0. 

Let -- be an equivalence relation on N and assume that the following 
conditions are satisfied: 

(a) if yIA = ? ' l A ,  then y y l ;  
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(h) if y y' , then there exists a : Z X [0, l] -+ E and a function 
v : = +  " [0, l] such that 

a ( . , O )  = y, a ( . , l )  = y', a ( . , v ( . ) )  E N 

and 
1 for X E C ,  

v  (X) = 
O f o r x ~ A ,  

where C ,  = {X E E ; c (X, X) = X for some X E [0, l]) . 

Theorem 9.6 Assume that conditions (a)  and (h)  are satisfied. Let y 
and y' be two admissible maps with y y'. Then  y and y' are both 
essential or both inessential. 

Proof. Consider 8 = E X E, B = {(X, X) ; z E E) ,  

= {r : + 8 ; I' (X) = (7 (X) , X) , where y E N) 

and define 
r ~ r ' - ~  y' 

where I' = (y ( . )  , . )  and I" = (y' ( . )  , . ) . Then I' is essential 
(inessential) if and only if the corresponding map y is. Moreover, (a) is 
equivalent to (A) and (h) implies (H), if we put (X, X)  = (a (X, X)  , X )  . 
Thus we can apply Theorem 9.2. O 

If instead of the class N we consider a single homotopy a : E X 

[O, l] -+ E and a family of functions as in (9.7), we may apply Theorem 
9.6 to the class of maps 

and to the equivalence relation on N,,A 

YIA = Y'IA or { ? / A ,  Y'IA) = { ~ o I A ,  allA). 

Thus, we have the following fixed point version of Corollary 9.3. 

Corollary 9.7 Assume that there exists a function v  : E -+ [O, l] 
satisfying conditions (9.8) with C ,  replacing C,. Then  a0 and c1 
are both essential or  both inessential in N,,A. 
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The next proposition gives us a scheme to establish the essentiality 
of some maps in N. It is stated in terms of fixed point structures. 

By a fixed point structure on a given set E we mean a pair (P, F) , 
where P is a class of nonvoid subsets of E and F is a map attaching 
to each set D E P, a family F (D) of maps from D into D having at 
least one fixed point each. 

Proposition 9.8 Let (P, F) be a fixed point structure o n  the set E 
and let y~ E N .  If for every y E N satisfying ? I A  = yOIA, there 
exists Dy E P and 7 E F (Dy) such that 

and Fix 7 \ E = Q), (9.11) 

then yo is essential. 

Proof. Since 7 E F (Dy), there exists an X E Dy with 7 (X) = X. 

Then by (9. ll), X E E and so y (X) = X. Consequently, yo is essential. 

Examples 

Now we show how the Leray-Schauder type theorems stated in the 
previous chapters can be derived from the general principles described 
in this chapter. 

1) Theorem 2.4 follows from Corollary 9.7 applied to: E = K,  
E = U, a (2,X) = H(x,X) and 

A = (6 E C(U; [0, l]) ; 61,, and 61. are constant) , 

where V = W and W is the union of open balls B, (X) when 

X E C H  = {y; H (y, X) = y for some X E [0, l]) 

and r > 0 is so small that 

In this case, the essentiality of any map in is equivalent to the 
equality RH = [0, l] , where 

ha = {X E [0, l] ; H (X, X) = X for some X E U) 
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2) Theorem 5.3 follows from Corollary 9.7 and Proposition 9.8 if we 
- 

put: E = K ,  E = U, a(x,X) = (1 - X)xo +XT(x)  and 

A = (6 E C(U; [0, l]) ; 6Iao is constant). 

Thus, the conclusion of Theorem 5.3 follows from Corollary 9.7 if we 
prove that the constant map xo is essential. For this, let y be any 
function in No,* with yldU -. xo. Suppose that 

where 6 E A. Let 
Dy = my (U) 

Let (P, F) be the Monch's fixed point structure, i.e. P is the class of 
all nonempty closed convex subsets of X and F (D) is the set of all 
continuous maps from D into D satisfying condition (5.1) in Propo- 
sition 5.2. Let us observe that 7 E F (Dy) . Indeed, let S C Dy be 
countable and 

Using the representation formula for y, (9.12), we see that 

mm {{xO) U ?(S n U)) c m {{xo) U T ( S  n V)). 

Consequently, S C m {{xo) U T ( S  n g ) ) .  Since T satisfies (5.2), 
this yields that 3 n U is compact. Furthermore, the continuity of 
T implies that T(S  n g )  is compact and then, by Mazur's lemma, 
Zii?iV { { X ~ ) U T ( S ~ ~ ) )  is also compact. It follows that S is compact and 
so E F (Dy) .  Since (9.11) clearly holds, it follows that the constant 
map xo is essential as claimed. 

3) Theorem 5.4 follows from Theorem 9.6 if we take: E = K,  = U, 
A = aU,  N = M ,  where M is MS, M D  or MC, and the equivalence 
relation on M ,  T N T' if there exists H : V X [0, 11 -7\ K condensing 
(set-contraction, compact, respectively) such that HA is fixed point free 
on a U  for any X E [0, l ] ,  T = H. and T' = H I .  
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4) Theorem 7.2 can be deduced from Theorem 9.2 if we set: E = U, 
A = ~ u ,  e = ~ ,  B =  (01, 

(PdL being M$,  RIP^ or M k ) ,  v is given by (9.10) and X I" 
if there exists an L-condensing (L-set-contraction, L-compact, respec- 
tively) map H : U X [0, l] + K such that No = L - I', HI = L -F' 
and H (X, X) # Lx for all x E dU and X E [0, l] . 

An extra example is presented in the next section. 

9.3 Continuation Theorems for Maps of 
Monotone Type 

Let (X, I . I) be a Banach space and ( . , . ) be the duality between X* 
and X .  

A map T : D C X -+ X* is said to be 
a) monotone if 

(T (X) - T (y) , X - y) > 0 for all X, y E D;  

b) maximal monotone if it is monotone and 

(X* - T (g) ,  X - y) > 0 for all y E D ==+ X E D ,  T (X) = X*; 

c) strongly monotone if there exists c > 0 such that 

(T(x)  - T ( y ) ,  X - y) > cIx - y 1 2  for all X, y E D;  

d) $-monotone if there exists a function $ : (0, CO) -+ (0, m) with 

lim sup $ (t)  > $ (a) for any a > 0, 
t+a 

such that 

Notice that in the last definition, $ could be any nondecreasing function 
from (0, CO) into (0, CO) . 

e) The map T is said to be of type (S) if for any sequence (xk) C D 
with xk -+ X E X weakly and limsup (T  (xk) , xk - X) 5 0, we have 
xk t X strongly. 



148 Theorems of leray-Schauder T y p e  and Applications 

Proposition 9-9 Let Tl and T2 two maps from D C X into X*, 
where D is  closed convex. Suppose t ha t 'T l  sends bounded sets into 
relatively compact sets and T2 is  +-monotone. Then  Tl + T2 is of 

type ( S ) .  

Proof. Assume the contrary. Then, there exists a sequence ( X I , )  C D 
weakly convergent to some X E X ,  with 1x - X I , [  -+ a > 0 and 

lim sup ((7'1 + T2) ( X I , )  , X I ,  - X) < 0. 

Clearly, we may assume that X I ,  f X for all k .  Since D is closed 
convex, X E D. Now Tl sends bounded sets into relatively compact 
sets, so passing to a subsequence, we may suppose that (Tl ( X I , ) )  is 
strongly convergent and (Tz ( X I , )  , X I ,  - X )  ---t 0. Then 

lim sup (T2 ( X I , )  , X I ,  - X )  5 0. 

On the other hand, 

These with $ > 0 imply that + ( [ X  - x k  l )  -+ 0. Also, since [ X  - X I ,  l -+ 

a > 0, we have 
limsup $ ( [ X  -  XI,^) > $ ( a ) .  

Thus, we obtain $ ( a )  = 0, a contradiction. 
f)  T is said to be pseudomonotone if for any sequence ( X I , )  C D 

with X I ,  -+ X E D weakly and limsup (T ( X I , ) ,  X I ,  - X )  5 0, we have 

(T ( X )  , X - y )  5 lim inf (T ( X I , )  , X I ,  - y )  

for all y E X. 
g) T is hemicontinuous if T ( X  + t y )  -+ T ( X )  weakly as t -+ 0 for 

every X E D and y E X. 

Proposition 9.10 Let T : D -+ X* be monotone and hemicontinuous, 
where D C X is open. Then  T is pseudornonotone. 

Proof. Let (XI,) C D be a sequence with X I ,  -+ X E D weakly and 

limsup (T ( X I , )  , X I ,  - X )  < 0. 
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Since T is monotone, we have 

and so 
lim (T (xk) , xk - X) = 0. 

Let y E X and zt = X + t  (y - X ) ,  t > 0. Since D is open and X E D ,  
we have xt E D for 0 < t < to. By the monotonicity of T,  we have 

Then 

Letting k --t oo and dividing by -t, we obtain 

(T  (xt) , X - y) 5 liminf (T (xk) , X - y) . 

Now the hemicontinuity of T implies 

(T  (X) , X - y) 5 lim inf (T (xk) , X - y) . 

Finally, 

liminf (T  (xk) , X - y) = liminf ( (T  (xk) , X - xk) + ( T  (xk), xk - y)) 

= lim inf (T (xk) , xk - y) 

Thus T is pseudomonotone. 
Notice that any hemicontinuous monotone map T : X + X* is 

maximal monotone (see [l 191, Corollary 111.2.3). 
If X is reflexive, then it can be renormed so that X and X* are 

both locally uniformly convex. Then the duality map 3 is single-valued, 
bijective, bicontinuous, monotone and of type ( S )  (see [20], Proposition 
8, or [119], 111.2.6). In this case, the maximal monotonicity of a mono- 
tone map T is equivalent to the surjectivity of 3 + T. Moreover, if T 
is maximal monotone, then 3 + T  is bijective and (F+ T ) ~ '  : X* -+ X 
is demicontinuous (see [l 191, 111.2.11). 

For other results on monotone operators we refer the reader to [161]. 
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In what follows we shall state the topological transversality theorem 
for maps of the form (3 + T ) - l ( 3  - f )  with f demicontinuous of 
type (S) and T  : X  + X*  maximal monotone. We shall apply this 
theorem to establish the existence of solutions to the operator equation 
( T  + f )  ( X )  = 0. 

Throughout this section X  is a reflexive Banach space which is 
normed so that X  and X* are both locally uniformly convex, T : 

X --+ X* is a maximal monotone map and U C X  is a nonempty open 
bounded subset of X .  Let us consider the following class of maps: 

M = {g = (3 + T)- l  (3 - f )  ; f demicontinuous of type ( S )  , 

A map g E M is said to be essential in M if every g' E M with 

g' ( X )  = g ( X )  on dU has a fixed point. 

Theorem 9,11 Let h* : X [O,  11 -+ X* be such that for every pair of 
sequences ( X k )  C (0, l] and ( x k )  C V with X I ,  --+ X ,  xr, --+ X weakly 
and 

lim sup (h* ( x k ,  X k )  , xk - X )  5 0, 

we have xk + X strongly and h* ( x k ,  X k )  + h* ( X ,  X )  weakly. Let 

and assume 

(i) h  ( X ,  X )  # X for all X E aU and X E [O,  l ]  ; 

(ii) h. i s  essential in M .  

Then  hl i s  essential in M too. 

Proof, The result follows from Theorem 9.6, if we take E = U ,  A = 
dU, N = M  and g N g' if there is a h* as above with 

g = ( + T ) ( -  h ) ,  g' = ( F + T ) - l ( 3 -  h;). 

First we check condition (a). Suppose g, g' E M ,  

g = ( 3 + T ) - l ( ~ - f ) ,  g' = (F+T)-'(3- f') 
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and g l a u  = . Then, by the injectivity of (3 + T)-', one has 

f 1x1 = f l l au .  Define 

h * ( . , X )  = ( 1  - X )  f + X f l .  

It is easily seen that h* satisfies the required condition and hence that 

9 " g 1 .  
Now we check condition (h). Suppose g g'. Let C = { X  E V ;  

h ( X ,  X )  = X for some X E [0, l ] ) .  By (i), C n dU = 0. In addition C 
is closed. Indeed, let ( x k )  C C such that xr, -+ x as k -+ m. Since 
xk E C, there is a X I ,  E [0, 11 with h ( x k ,  X k )  = xk ,  or equivalently 

Passing if necessary to a subsequence, we may suppose without loss of 
generality that X k  4 X and xr, + X weakly for some X E [0, l ]  and 
X E X. By the monotonicity of T we have 

It follows that lim sup (h* ( x k ,  X k )  , xk - X )  5 0. Consequently, xr, -+ X 

strongly and h* ( x k ,  X k )  + h* ( X ,  X )  weakly. Now we pass to the limit 
in 

and we obtain 
(-h* ( X ,  X )  - T ( y )  , X - Y )  > 0. 

Then, the maximal monotonicity of T ,  implies -h* ( X ,  X )  = T ( X )  , 
that is h ( X ,  X )  = X .  This shows that X E C and so C is closed. 
Now it is easy to see that condition (h) is satisfied for any function 
v E C ( V ;  [ O ,  l ] )  with U ( X )  = 0 on d U ,  v ( X )  = 1 on C. 

Corollary 9.12 Let X be a reflexive Banach space which is normed so 
that X and X* are locally uniformly convex, T : X -+ X* a maximal 
monotone map with T ( 0 )  = 0 ,  U C X an open bounded subset with 
0 E U and fo  : V -+ X* a demicontinuous map of type ( S ) .  Assume 
that 

( 1  - X )  .F ( X )  + Xfo ( X )  + T ( X )  # 0 for X E dU, X E [O, l ]  . (9.13) 

Then there exists X E U with 

(T + f o )  ( X )  = 0. (9.14) 
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Proof* Equation (9.14) is equivalent to the fixed point problem X = 

( F  + T)-'(F - fo) (X) . Observe that 

where 
h* ( . ,X)  = (1 - X ) 3 + X f o  

Hence according to the above theorem, we have only to show that the 
null map is essential in M. 

To do this, let g E M be such that g (X) = 0 on aU. Then 

g = ( F  + T)-'(F - f ), where f is demicontinuous of type (S) , 
0 $ ( T  + f )  (aU) and f (X) = F (X) on aU. We need to show that 
g has a fixed point, i.e. we must show there exists X E U with 
(T  + f )  (X) = 0. 

Let X. be any finite-dimensional subspace of X and let P: X* + 

X,* X. be the canonical projection of X* onto X& Let U. = UnXo 
and 

G :  go + Xo, G(x)  = P ( T +  f )  (X) .  

Clearly, G is continuous. In addition, 

X (z - G (X)) # X for all X E duo and X E [0, l] . 

Indeed, if we suppose that X (X - G (X)) = X for some X E aUo and 
X E [0, l] , then since X E aU  and f (X) = F (X) , we have 

Now since T (0) = 0, we have 

( T ( x ) ,  X) = (T(x)  - T (0) ,  X - 0) 2 0. 

Thus X = 0, which is impossible because 0 E U while X E 8U. Now, 
the classical Leray-Schauder principle implies that there exists X E U. 
with X - G (X) = X, that is G (X) = 0 or equivalently, 

( T  (X) + f ( X ) ,  y) = 0 for all y E Xo. 

Thus the set 

Vx, = {X E U; ((T + f )  (X) ,  X) 5 0 ,  ( ( T +  f )  ( X ) ,  Y) = O  o n x o )  
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is nonempty. Clearly, the family {Vxo; X. C X ,  dim X. < m) has the 
finite intersection property. Denote by Vx, the closure of Vxo with 
respect to the weak topology on X .  Since X  is reflexive, Vx, is 
weakly compact and so the family 

{vx,; Xo C X ,  dim X. < w, 1 
has nonempty intersection. Let xo be a point of this intersection. For an 
arbitrary point y  E X  choose X. finite-dimensional with xo, y  E Xo. 
Let (xk)  C Vxo be such that xk -+ xo weakly. Since xr, E Vx,, we 
have 

( T  ( xk )  + f ( xk )  , Y )  = 0. 

It follows that ( ( T  + f )  ( xk)  , xk - xo)  5 0,  or equivalently 

Now since 

(T ( ~ k )  , xk - 2 0 )  > ( T  ( ~ 0 )  , 21, - so) 

and ( T  (xo) , xk - xO)  --+ 0,  we deduce that 

lim sup ( f  ( xk)  , xk - xo)  I 0. 

Since f is of class ( S )  and demicontinuous, this yields xk -+ xo strongly 
and f ( x k )  -+ f ( x O )  weakly. Then, from (9.15), we obtain 

(T ( ~ k ) ,  X O )  -+ - ( f  ( x o ) ,  X O )  and ( T  ( x k ) ,  Y )  -+ - ( f  (xo) , Y )  . 

Now, 

5 (T ( ~ k )  - T  ( Y )  , 21, - Y )  = ( T  ( xk )  - T  ( y )  , X o  - 3)  

+ (T (xk)  xk) - ( T  ( x k ) ,  2 0 )  - ( T  ( Y )  , X k  - X O )  

I (T ( ~ k )  - ( Y )  , X 0  - Y )  - ( f  ( x k )  , xk) - ( T  (xk)  , 2 0 )  

- ( T ( Y ) ,  X k  - xo ) ,  

and letting k -+ cm we obtain 

Since y  is arbitrary in X  and T  is maximal monotone, we conclude 
that - f ( x o )  = T ( x o )  as we wished. C] 

Next we state a continuation theorem for pseudomonotone maps. 
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Corollary 9.13 Let X be a reflexive Banach space which is normed so 
that X and X* are locally unzformly convex, T : X -+ X* a maximal 
monotone map with T ( 0 )  = Q, U C X an open bounded convex subset 
with 0 E U and f : U -+ X* a demicontinuous pseudomonotone map. 
Assume that 

( f  ( X ) ,  X )  > 0 for all X E dU. 

Then there exists X E with (T + f )  ( X )  = 0. 

Proof. It is easily seen that for each k E N, k 2 1,  the map f k  = 
f + k.F is demicontinuous of type (S) and satisfies ( f k  ( X )  , X )  > 0 on 
dU. This immediately yields 

(1 - X )  .F ( X )  + X fr ,  ( X )  + T ( X )  # 0 for X E dU, X E [0, l ]  . 

Thus, from Corollary 9.12, there is an xk E U with T ( x k )  + f k  ( x k )  = 0. 
Hence T ( x k )  + f ( x k )  -+ 0. Since X is reflexive and U is bounded 
and convex, we may suppose that xr, -+ xo E U weakly. In addition 

= (T ( ~ k )  + f ( x k )  , xk - 2 0 )  - (T ( x k )  , xk - X O )  

5 ( T ( x k )  + f  (xr , ) ,  xr, -20)  - ( T ( x o ) ,  x~c - x o ) .  

It follows that 
lim sup ( f  ( x k )  , xk - x o )  < 0. 

Since f is pseudomonotone, this yields 

Then 

2 limsup (- f ( x k )  - T ( x k ) ,  xk  - y )  = 0.  

Consequently, - f ( x o )  = T ( x o )  . 
We note that the above results also follow from the extended de- 

gree theory applied to maps of monotone type (see Browder [20]). The 
elementary approach presented here comes from [132]. 

For other examples we refer the reader to [l311 and [136]. 



10. Multiplicity 

This chapter presents a Leray-Schauder type theory which guarantees 
the existence of fixed points in shells of Banach spaces. This is turn will 
enable us to discuss the existence of multiple fixed points for operator 
equations. In particular we will use the elementary ideas of Chapter 9 
to present some fixed point theorems of cone compression or expansion 

type. 

10.1 Leray-Sehauder Theorems of Gompression- 
Expansion Type 

We feel this chapter should be self contained so for the convenience of 
the reader we now gather together the results of Chapter 9 that will be 
needed to discuss multiplicity. 

Let K be a closed subset of a Banach space X and U an open 
subset of K .  

1) M(V; K )  denotes the set of all compact (continuous with rela- 
tively compact image) maps F : V + K ;  here V denotes the closure 
of U in K .  

2) We let ~ ~ ~ ( 7 7 ;  K )  denote the maps F E M ( U ; K )  with X # 
F(x) for X E aU; here aU  denotes the boundary of U in K .  

3) A map F E ~ ~ ~ ( 7 7 ;  K) is essential in hfau (U; K )  if for every 
map G E Mau(V; K )  with Glau = Flau we have that there exists 
X E V with X = G(x). Otherwise F is inessential in Adau (V; K )  i.e. 
there exists a map G E Mau(V; K )  with Glau = Flau and X # G(x) 
for X E V. 
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4) Now F, G E M ~ ~ ( U ;  K )  are homotopic in M ~ ~ ( V ;  K )  written 
F E G in M ~ ~ ( V ;  K )  if there exists a compact map N : V X [0, l ]  + K 
such that Nx = N ( .  , X) : V -+ K belongs to M ~ ~ ( V ;  K )  for each 
X E [0, l ]  and No = F,  NI = G. 

Theorem 10.1 Let X ,  K and U be as above. Suppose F and G are 
two maps in (V; K )  such that F G in Mau (U; K ) .  Then  F i s  
essential in (V; K )  z j f  G is  essential in Mau (V; K ) .  

Throughout this chapter X = ( X ,  1 .  I )  will be a Banach space and 
K a closed nonempty subset of X with a x  + py  E K for all a > 0, 
p >  0 and X ,  y E K.  Let p >  0 with 

BP = { X  E K ;  1x1 < p } ,  S,, = { X  E K ;  1x1 = p), 

and of course Bp = Bp U S,,. 
For convenience we recall the following result from Chapter 5. 

Theorem 10.2 Let X = ( X ,  I. I) be a Banach space and K a closed 
subset of X with ax  + py  E K for all a > 0, ,B 2 0 and X ,  y E K .  

- 

Also let p > 0 and v0 E K .  Define the mapping F : B,, 4 K by 
F ( x )  = v0 for X E B p .  

(i) If v0 E Bp then F is  essential in MSP (B,; K ) .  
(ii)  If vo E K \ Bp then F is  inessential in Mso (Bp; K ) .  

Theorem 1 0 3  Let X = ( X ,  1 . I )  be a Banach space and M a closed 
nonempty subset of X with ax + py E K for  all a > 0, 0 > 0 
and X ,  y E K .  Also r ,  R are constants with 0 < r < R. Suppose 
F E M(Bn;  K )  and assume the following conditions hold: 

X # F ( X )  for X E SR U ST (10.1) 

F : B, -+ K i s  inessential in Msr (BT; K )  
(10.2) 

(i. e. F l B T  i s  inessential in M S ~  (B,; K ) )  

and 

F : BR -4 K i s  essential in M ~ ,  (BR; K ) .  

T h e n  F has a fixed point in R = { X  E K ;  r < 1x1 < R}. 
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Proof. Suppose E has no fixed points in R. Now (10.2) implies that 
there exists a G E M@,; K )  with GIST = FIST and with X # G(x) 
for X E B,. Define the map c f ,  : BR -+ K by 

Clearly c f ,  E M(BR;  K )  and has no fixed points in BR (since G has 
no fixed points in B, and F has no fixed points in R). This contradicts 
the fact that F : BR -+ K is essential in MS, (BR; K) .  

Theorem 10.4 Let X = (X, I .  1 )  be a Banach space and K a closed 
nonempty subset of X with a x  + /3y E K for all a > 0, ,B > 0 and 
X, y E K .  Also r ,  R are constants with 0 < r < R. Suppose the 
following conditions are satisfied: 

N : BR X [0, I] + K is a compact map  

with N(x,  0) = 0 for all X E BR and such that for (10.4) 

each X E [0, l] we have X # N(x, X) for all X E SR 

H : B, X [0, l] + K i s  a compact map 

such that for each X E [0, l] we have (10.5) 

X # H(x,X) for all X E S, 

and 
X # H(x,  0) for all X E B,. (10.7) 

Then N (  . , l )  has a fixed point i n  S2 = {X E K; r < 1x1 < R}. 

Proof. We know from Theorem 10.2 that the zero map is essential in 
MS, (BR; K ) .  Now (10.4) together with Theorem 10.1 implies 

N ( . , l )  : BR -i K is essential in MS, (BR; K) .  (10.8) 

Also (10.7) (with (10.5)) implies H (  . , 0) is inessential in MST (B,; K). 
This together with (10.5), (10.6) and Theorem 10.1 implies 

N ( . , l ) = H ( . , l ) : B , + K  isinessentialin M ~ ~ ( B , ; K ) .  (10.9) 

Now (10.8), (10.9) (and also (10.4), (10.5) and (10.6)) imply that (10.1), 
(10.2) and (10.3) of Theorem 10.3 hold with F ( .  ) = N (  . , l ) .  The result 
follows from Theorem 10.3. 

We now present a Leray-Schauder theorem of cone compression type. 
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Theorem 10.5 Let X = ( X ,  I . I )  be a Banach space and K a closed 
nonempty subset of X with a x  + py E K for all a 2 0 ,  p > 0 
and X ,  y E K .  Also r ,  R are constants with 0 < r < R. Suppose 
F E M ( B R ;  K )  and assume the following conditions hold: 

X # X F ( x )  for X E [Q, l )  and X E S E  (10.10) 

and 

there exists a v E K \ { Q )  with X # F ( x )  + S v 
for  any  S > 0 and X E S,. 

(10.11) 

Then  F has a fixed point in { X  E K ;  r < 1x1 < R}. 

Proof. Suppose X # F ( X )  for X E S ,  U S R  (otherwise we are finished). 
Choose M > 0 such that 

IF(%)( < M for all X E B,. 

Now choose So > 0 such that 

Let 

N ( . , X ) = X F ( . )  and H ( . , X ) = F ( . ) + ( l - X ) S o v .  

Now (10.10) and (10.11) (with S = ( 1  - X )  So)  imply that (10.4) and 
(10.5) are satisfied. In addition (10.6) is true since N ( x ,  1) = F ( x )  = 
H ( x ,  1)  for X E 3, and finally (10.12) implies (10.7) is satisfied (note 
H ( % ,  0 )  = F ( x )  + So v ) .  The result follows from Theorem 10.4. C] 

In our next theorem K C X will be a cone. Let p > 0 with 

R,  = { X  E X ;  1x1 < p};  8 x R p  = { X  E X ;  1x1 = p ) ,  

BP = { X  E K ;  1x1 < p}, S p  = { X  E K ;  1x1 = p). 

Notice 

B, = R , n K  and S, = a K ( R p n K )  = K n a X f l p .  
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Theorem 10.6 Let X = ( X ,  I . I )  be a Banach space, K C X a cone 
and let I. I be increasing with respect t o  K .  Also let r ,  R are constants 
with 0 < r < R. Suppose F : DR f l  K --+ K i s  a compact m a p  and 
assume the following conditions hold: 

and 
IF ( X ) /  > 1x1 for all X E K n dxR,. (10.14) 

T h e n  F has a fixed point in K n { X  E X ;  r < 1x1 I R) 

Proof. Notice (10.13) implies that (10.10) is true. To see this suppose 
there exists X E SR and X E [0,1) with X = X F ( x ) .  Then 

a contradiction. Also (10.14) implies that (10.11) is true. To see this 
suppose there exists v E K \ ( 0 )  with X = F ( x )  + 6 v for some 6 > 0 
and X E S,. Now since I . I is increasing with respect to K we have 
since 6 v  E K, 

a contradiction. The result follows from Theorem 10.5. 
For our next two results we will again assume K C X is a closed 

nonempty set with a x  + /3y E K for all scalars a > 0, /3 2 0 and 
X ,  y E K .  

Theorem 10.9 Let X be a Banach space and K C X a closed nonempty 
set with a x  + /3y E K for all a >_ 0,  /3 > 0 and X ,  y E K .  Also r,  R 
are constants with 0 < r < R. Suppose F E h f ( B R ;  K )  and assume 
the following conditions hold: 

X # F ( x )  for X E SR U S, (10.15) 

F : B, + K is  essential in MST(Br ;  K )  

(i. e. F l g  i s  essential in Ads, (B,; K ) )  

and 
F : BR -+ K is  inessential in MS, (BR; K ) .  (10.17) 

Then  F has at least two fixed points xo and X I  with xo E B, and 
X I  E R =  { X  E K ;  r < 1x1 < R ) .  
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Proof. We know from (10.16) that F has a fixed point in B,. 
- 

Let !P = FIE and suppose !P : R + K has no fixed points. Now 
F : BR -+ K being inessential in n/ls,(BR; K )  means that there exists 

- 
a compact map G : BR -+ K with GlsR = Fls, and X # G(x) for 
X E BR. Fix p E (0, r )  and consider the map @ given by 

Notice Q, : BR --+ K is well defined since if p < 1x1 5 r then 

Also @ : BR i K is a compact map. In addition 

and 
@ l n =  !PI,= FIE 

and so has no fixed points in BR (since G has no fixed points in 
BR and F has no fixed points in 8). 

Lets concentrate on Q, : B, --+ K (i.e. 91%). Now 

- 

so Q, : B, -+ K is a compact map with @ l s r  = FIST and Q, has no 
fixed points in S. This contradicts (10.16). 

Next we present a Leray-Schauder theorem of cone expansion type. 

Theorem 18.8 Let X be a Banach space and K C X a closed nonempty 
set with a x + p y  E K for all a > 0, ,i3 > 0 and X, y E K .  Also r ,  
R are constants with 0 < r < R. Suppose F E M(BR; K )  and assume 
the following conditions hold: 

X # X F(x)  for X E [ O , 1 )  and X E S, (10.18) 

and 

there exists a v E K \ {0} with X # F(%) + G v 
for any S > 0 and X E SR. 

(10.19) 

Then F has a fixed point in {X E K ;  7- 5 1x1 < R}. 



Proof. Assume X # F(x)  for X E S, U SR (otherwise we are finished). 
The result follows immediately from Theorem 10.7 once we show condi- 
tions (10.16) and (10.17) are satisfied. 

Consider the homotopy 

H : B, X [O, l] + K defined by N(x, X)  = X F(x) .  

Notice f i  = 0, NI = F and so since X f F(x)  on S, we have No 2 N1 
in Msr (B,; K )  (this follows since W : B, X [Q, l] + K is a compact map 
with HA E (B,; K) for each X E [Q, 11 since (10.18) holds). From 
Theorem 10.2 we have that WO : B, + K is essential in Msr (B,; K )  
and this together with Theorem 10.1 implies F : B, + K is essential 
in nilsT(B,; K) .  Thus (10.16) holds. 

Let So > 0 be such that 

160 v/ > sup IF(x)l + R. (10.20) 
XESR 

Consider the homotopy 

N : BR X [Q, l] -+ K defined by N(x,X) = F(x)  + XSov. 

Notice N is a compact map with No = F and NI = F + So v. Then 
since (10.19) holds (for all S 2 0 since we are assuming x # F(x)  on 
SR), we have 

No 2 Nl in M s R ( B R ; ~ ) .  (10.21) 

Notice (10.20) implies for X E [0, l] and X E SR that 

Thus 

X # XF(x) +Sou if X E [Q, l] and X E SR. (10.22) 

Let G : BR + K be the constant map G(x) = So v. Consider the 
homotopy 

J :  BR X [0,1] K defined by J(x,X) = Sou +XF(x) .  

Now J is a compact map with Jo = G and J1 = NI. From (10.22) we 
have that 

N~ 2 G in MS,(BR; K). (10.23) 
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Now (10.21) and (10.23) imply 

However since G ( x )  = So v and So v E K\BR (see (10.20)) we have from 
Theorem 10.2 that G is inessential in Ms,(BR; K ) .  Now Theorem 10.1 
guarantees that N~ = F is inessential in h fS ,  (BR; K ) .  Consequently 
(10.17) holds. U 

Theorem 10.9 Let X = ( X ,  I .  1 )  be a Banach space, K C X a cone 
and let I .  I be increasing with respect to  K .  Also r ,  R are constants 
with 0 < r < R. Suppose F : nR n K -+ K (here RR = { X  E X ;  
1x1 < R } )  is  a compact map  and assume the following conditions hold: 

IF(x)l > 1x1 for all X E K n d x Q R  (10.25) 

and 
IF(x)l < 1x1 for all X E K n axR,. (10.26) 

T h e n  F has a fixed point in K n { X  E X ;  r 5 1x1 < R } .  

Proof. Notice (10.25) and (10.26) imply (10.18) and (10.19) are true 
(see the ideas used in Theorem 10.6). U 

We now combine some of the theorems in this chapter (and also 
Chapter 5)  to establish the existence of multiple fixed points. 

Theorem 10.10 Let X = ( X ,  I. I )  be a Banach space, K c X a cone 
and let I. I be increasing with respect to  K .  Also r ,  R are constants 
with 0 < r < R. Suppose F : QR C7 K i K (here R R  = { X  E X ;  
1x1 < R } )  i s  a compact map  and assume the following conditions hold: 

X # F ( % )  for all X E K n axQ, (10.27) 

IF(x)l > 1x1 for all X E K n &RR (10.28) 

and 
(F(x ) I  5 1x1 for all X E K n dxR,. (10.29) 

Then  F has at least two fixed points xo and X I  with xo E K R,  and 

X I  € ~ n ( n R \ % ) .  
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Proof. Now Theorem 5.3 (note (10.29) implies X # X F ( x )  for all 
X E [O,1) and X E K n axR,) implies F has a fixed point xo E K nn , .  
In fact (10.27) implies xo E K n R,. Also Theorem 10.9 implies F has 

a fixed point X I  E K n (nn \ 0,). In fact X I  E K n (nn \ n,) (To see 

this note if this is not true then X I  E K and 1x11 = r ,  so X I  E KnaxR,.  
This contradicts (10.27)). 

Theorem 10.11 Let X = ( X ,  I .  I )  be a Banach space, K C X a cone 
and let I. I be increasing with respect t o  K .  Also let L, r ,  R be con- - 
stunts with 0 < L < r < R. Suppose F : RR n K --t K (here 
RR = { X  E X ;  1x1 < R}) is  a compact map and assume the following 
conditions hold: 

X # F ( x )  for all X E K n a x R ,  (10.30) 

IF(x)l > 1x1 for all X E K n a x R L  (10.31) 

IF(x)I 5 1x1 for all X E K n dxR, (10.32) 

and 
IF(x)I > 1x1 for all X E K f-  a xRR.  (10.33) 

Then  F has at least two fixed points xo and X I  with xo E K n ( R ,  \ RL)  

and X I  E K n (nn \Q,). 

Proof. Theorem 10.6 guarantees the existence of xo E K n  R, \ RL . (- ) 
In fact (10.30) implies that xo E K n (R ,  \ R L )  . Theorem 10.9 guaran- 
tees the existence of X I .  

10.2 Multiple Solutions of Focal Boundary Value 
Problems 

To show how the theory in this chapter can be applied in practice we next 
present some results which guarantee the existence of multiple solutions 
to the (p,  n - p)  focal boundary value problem 
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where 1 < p < n - 1 and n > 2. In particular we will use Theorem 
10.10 and Theorem 10.11 to establish the multiplicity results for (10.34). 
First, however, we gather together some preliminary information that 
will be needed later. The next result is well known (see [l], [2],for a 
proof). 

Theorem 10.12 The Green's function g(t, S) for the boundary value 
problem 

exists and 

where P ( t )  = lJzxl (t - t i)mt.  

Now suppose u E Cnpl[O, l] n Cn(O, 1) satisfies 

We know (e.g. [l], [2]) that for (t, S) E [0, l] X [0, l], 

and 
( - - ~ ) " - ~ ~ ( j ) ( t , s )  2 0, p < j < n - 1; 

here G(t, S) is the Green's function for 

and ~ ( j )  ( t ,  S) = G(t, S). From the above properties of G we have 
immediately that 

u(')(t) > o for t E [0,1], o < i < p  
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and 
u(p+l) ( t )  5 0 for t E [0, l ]  

with 
sup ~ u ( ~ ) ( t ) l  = ~ ( ~ ) ( l )  for O < i < p - l .  

t€K"w 

Fix i E ( 0 ,  1, ... , p - l )  and let +i(t) = u(i )  ( t ) .  It is easy to see that 
+i(t) satisfies the following p - i + 1 conditions 

and 

+i( l )  = U ( ~ ) ( I ) ;  

these are conjugate conditions [l] .  In addition notice 

+?-i+l) ( t )  = u(pil) ( t )  5 0 for t E [O,  11. 

Following [5], +i ( t )  can be expressed as 

where gl ( t ,  S )  is the Green's function for 

By Theorem 10.12, 

sgn gl ( t ,  S )  = sgn [tppi (t - I ) ]  = - 1. 

Consequently (10.36) implies 

4i ( t )  > tP-i +i ( 1 )  for t E [0, l ] ,  

U(')  ( t )  > tp- i  U(')  ( l )  = tp- i  sup ~ u ( ~ )  ( t )  l for t E [o, l ] .  
t ~ [ O , l l  
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Theorem 18.13 Suppose U E Cn-'[o, l ]  n Cn(O, 1)  satisfies 

( - l ) n - p u ( n ) ( t )  > 0 for t E ( 0 , l )  

u( j ' (0)  = Q ,  0 5  j < p - l  

u ( j ) ( l )  = 0,  p < j < n - 1. 

Then 
( t )  > u ( ~ )  ( l )  = sup (t)l (10.37) 

t t [ O , l l  

for t E [0, l ]  and i E ( 0 ,  1, ..., p - l } .  

Also recall the Greens function G ( t ,  S )  for (10.35) can be expressed 
explicitly as 

if 0 5 S 5 t ,  whereas 

if t < s < l .  
We begin by establishing via Theorem 10.10 the existence of twin 

nonnegative solutions to the (p ,  n - p) focal problem (10.34). 

Theorem 10.14 Assume the following conditions are satisfied: 

q4 E C ( 0 , l )  with 4 > 0 on ( 0 , l )  and 6 E L1[O, l ]  (10.38) 

f : [0, l ]  X [0, W )  -+ [0, m) is continuous with 
(10.39) 

f ( t ,  U )  > 0 for ( t ,  U )  E 10, 11 X ( 0 , ~ )  

f ( t , u )  < w ( u )  on [O,  l ]  X ( 0 , ~ )  with W > 0 
continuous and nondecreasing on [0, m) (10.40) 

3 r > Q with 
I 

> 1 (10.41) 
W(.) SUPtt,o,q S; ( - l )n -pG( t ,  S )  4 ( s )  ds  

there exists m E (0, f) (choose and fix i t )  and 

r E L 1 [ m ,  l ]  with r > 0 on (m, 1 )  and with (10.42) 

q4(t>f ( t ,  4 2 r( t )  W ( U )  on  [m, 11 X (0 ,  m) 
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and 

3 R > r  with 
R 

(-l)n-P G ( a ,  S )  T ( S )  ds; (10.43) 
w 

here 0 < a < l is such that 

Then (1 0.34) has two solutions u l ,  u2 E Cn-l [0, l ]  n Cn(O, l )  with 
ul  > 0 on [0, l ] ,  u2 > 0 on (0 ,  l ]  and 

Proof. To show the existence of u l ,  u2 we will use Theorem 10.10. 
Let X = (C[O, l ] ,  ( 1  . 11,) and 

K = {U E C[O,l]  : U > 0 on [O,1] and u ( t )  > tP llul10 for t E [ O , l ] ) .  

Also let F : K + C[O, l ]  be defined by 

A standard argument shows F : K + C[O, l ]  is completely continuous. 
Next we show F : K + K. If U E K ,  then clearly F ( U )  ( t)  > 0 for 
t E [0, l ] .  Also notice that 

(-1)n-P F ( t )  > 0 on (09 1 )  

F (U)( ' )  ( 0 )  = 0 ,  o < j < p -  1 

F ( u ) ( j )  (I) = 0 ,  p < j < 7~ - 1 

and so Theorem 10.13 implies 

Consequently F ( U )  E K so F : K -+ K .  Let 

R, = {U E C[O, l ] ;  llulloo < r }  and RR = {U E C[O, l ] ;  llulloo < R}. 

We first show 
u # F ( u )  for y E K n a R , .  (10.46) 
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To see this suppose there exists U E K n d o ,  with U = F ( U ) .  Then 
llulloo = r and also 

for t E [0, l ] .  Consequently 

This contradicts (10.42) and so (10.46) is true. 
Next we show 

IIF (u)lI, 5 llulloo for U E KnaQ,.  (10.47) 

To see this let U E K n 80,. Then /lull, = r and for t E [0, l ] ,  

1 
< w ( r )  sup J ( - 1 l n - p ~ ( t ,  S )  4 ( s )  ds < r = I ~ U I I , .  

t € [ O , l ]  0 

Consequently IIF (u)lloo < llull, SO (10.47) is true. 
Next we show 

To see this let U E K f18flR. Then 11ull, = R and ~ ( t )  2 t p R  for 
t E [0, l ] .  In particular u(t) 2 m p  R for t E [m, l]  and so 

u(t) E [mpR ,  R] for t E [ m , l ] .  

Now with a as defined in (10.44) we have using (10.42) and (10.43), 
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Thus [IF (u)lloo > [lulloo and SO (10.48) is true. 

Now Theorem 10.10 implies F has a fixed point u2 E K n  (RR \ R,) 
i.e. r  < IIu2IlW 5 R. In addition uz(t) > tp  IIu2lIoo 2 t p r  for t E [O,1] 
so u2 > 0 on (0 ,  l ] .  Also Theorem 10.10 implies F has a fixed point 
ul E K n R, i.e. llylllw < r .  

In Theorem 10.14 it is possible for llullloo to be zero in some ap- 
plications. Our next theorem guarantees the existence of two solutions 
ul, ua E Cn-l [0, l ]  n Cn(O, 1)  with ul  > 0 and u2 > 0 on (0 ,  l ] .  

Theorem 10.15 Suppose (1 0.38)-(10.43) hold. In  addition assume that 
there exists L ,  0 < L < r  with 

Then (10.34) has two solutions u l ,  u2 E Cn-'[o, l ]  n Cn(O, 1 )  with 
u l  > 0,  u2 > 0 on (0 ,  l ]  and 

Proof. We will apply Theorem 10.11. Let X, K and F be as in 
Theorem 10.14. As in Theorem 10.14 we have F : K + K. Let 

RL = {U E C[O, l ] ;  llulloo < L} and R,  = {U E C[O, l]; llulloo < r } .  

As in Theorem 10.14 we have 

U # F ( u )  and IIF(u)lloo I l l ~ l l ~  for U E K n a f l , .  

In addition (follow the reasoning used to prove (10.48) using (10.49) 
now) we have 
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Now Theorem 10.11 implies F has a fixed point ul  E K  n (Q,  \ Q L )  

i.e. L 5 Ilullloo < r .  Inaddition ul(t)  > t p  llulllw > t p L  for t E [ O , 1 ]  
(so ul > 0 on (0, l]) .  Also Theorem 10.11 implies F has a fixed point 

u2 E K n  (aR \Q-) i.e. r < Ilu211, 5 R. Also u2(t) 2 t p r  for 

t E [O,l]. 

Example. The boundary value problem 

has two solutions ul ,  u2 E C1[O, l] n C2(0, 1) with ul  > 0, u2 > 0 on 
(Q, 11 and Ilulllw < 1 < I I ~ 2 l l ~ .  

To see this we will apply Theorem 10.15 with n = 2, p = 1, q5 = r = 
1/21, m = 114 and w(x) = X" + xP. Clearly (10.38), (10.39), (10.40) 
and (10.42 hold. In this situation 

Now (10.41) holds (with r = 1) since if r = 1, 

Also notice since ,B > 1, 

so there exists R > r = 1 with (10.43) holding. Finally since a! < 1, 

so there exists L ,  0 < L < r = 1, with (10.43) holding. Theorem 10.15 
now guarantees the result. 

Remark 10.1 It is easy to use the results of Theorem 10.6 and Theorem 
10.9 to write criteria which guarantee the existence of more than two 
fixed points. W e  leave the details to the reader. 



Local Continuation 
Theorems 

All the continuation theorems presented so far were global, even if, in 
some cases, some local arguments have been used in their proofs. 

For a given map : V C & X [ O , 1 ]  -+ O, a subset B C O and 
an element (xo, Q) E V with (xo, 0) E B,  we have tried to prove the 
existence of a map 

X : [Q, l] -+ E with X (0) = xo, (X ( X ) ,  X) E V and 

v(x(X),X) E B for all X E [ O , 1 ]  

Such a function X ( . ) is called (global) implicit function for the inclusion 

and the corresponding existence result is said to be a (global) continua- 
tion or (global) implicit function theorem. In many cases it is important 
to know if the implicit function is unique and has some additional prop- 
erties. For example, when E is a set in a normed space, we can ask 
about the existence of a continuous or differentiable implicit function. 
Such properties of the implicit function are reflections of the correspond- 
ing properties of 7. 

Suppose that (xo, Xo) E D is a solution of (1 1.1). It may happen 
that (11.1) admits a solution X (X) only for X in some neighborhood of 
Xa. In this case one says that X ( . ) defines a local implicit function and 
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the corresponding existence result is called local continuation or local 
implicit function theorem. 

It seems to be natural that every global continuation theorem yields 
a local result. Conversely, we can pass from a local theorem to a global 
one if we add suitable extra conditions. Thus, we expect that a local 
theorem will require less hypotheses than a global one. The aim of this 
short chapter is to state local versions for some of the global continuation 
theorems presented so far and to suggest their applicability. 

In the literature, the local implicit function theorems are most fre- 
quently formulated with parameter X in a suitable topological space R. 
In what follows we shall adopt this usage. 

In the first section, we state the local continuation theorem for con- 
tractive maps in complete metric spaces and, as a consequence, Robin- 
son's nonsmooth implicit function theorem in Banach spaces. In the next 
section, the classical smooth implicit function theorem is derived, and in 
the third section, two special local continuation theorems for completely 
continuous and $-monotone maps are proved. Finally, an application to 
stable positive solutions of focal boundary value problems is presented. 

B 1.1 Local @ontinuation Theorems for 
@ontractions 

First we state and prove a local implicit function theorem for contrac- 
tions on complete metric spaces. A special case of this theorem repre- 
sents one of the main ingredients in the proof of the global continuation 
Theorem 2.4. 

Theorem 11.1 Let A be a topological space, (K, d) a complete metric 
space and U C K open. Let H : U X A + K .  Suppose that xo E U, 
X. E A and H (xo, Xo) = xo. Also assume that H (xO, . ) is continuous 
at X. and 

d(H(x1,X) ,  H(x2,X)) l pd(x1, x2) (11.2) 

for all X I ,  2 2  E U, X E A, where p < 1. Then ,  there exists a neigh- 
borhood V C A of X. and a function X ( . ) from V into U such that  
X (Xo) = xo and for each X E V, X (X)  i s  the unique solution in U of 
the equation H (X, X) = X. Also X ( . ) i s  continuous at Xo. Moreover, 

l )  if for each X E U, H (X, . ) i s  continuous o n  A, then X ( . ) i s  
continuous o n  V ;  
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2) i f  A is a metric space with metric dA and there exists p1 > 0 
such that 

d (H (X, XI) , H (X, Xz)) I P I ~ A  (h, X2) (11.3) 

for all X E U and XI, X2 E A, then X ( . ) satisfies 

P1 d(x(Xl), X(Xz)) 5 ---- dA (X1, X2) , for all XI, X2 E V; (11.4) 
l-P 

3) if A c R, then there exists a maximal interval V C A with these 
properties, and under the assumption of l ) ,  this maximal interval V i s  
open i n  A. 

Proof. Let S > 0 be such that B6 (xo) c U. By the continuity of 
H (xo, . ) at Xo, there exists a neighborhood V of X. with 

for X E V. Then 

for all X E Bs (xo) and X E V. Hence, for each X E V, HA = N ( . , X) 
is a self-map of B6 (xo) . From Banach's contraction principle, it has a 
unique fixed point X (X) . 

We have 

5 d(ff (X (XI), XI), H (X (XZ), XI)) + d ( H  (X ( h ) ,  XI), H (X (h), X2)) 

5 ~d (X (XI) , X (X2)) + d (H (X (Xz) , XI) , H (X (Xz) , X2)) . 
Hence 

From this, under the assumption of l), it follows that X ( . ) is continuous 
at each X2 E V. 

When we only have that H (xo, . ) is continuous at Xo, then, if in 
(1 1.5) we set X2 = XO , one finds that X ( . ) is continuous at Xo. 
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Furthermore, (11.4) follows f rom (11.5) and (11.3). 
Now, assume that  t h e  conditions o f  3)  hold. I f  (Vl, x1 ( . )) and 

(V2, x2 ( . )) are two couples w i t h  t h e  required properties, t h e n  f rom 
(11.2)) one deduces tha t  x l  ( X )  = x2 ( X )  for all X E V1 n V2 and so, 
t h e  maximal interval V is t h e  union o f  all such intervals. It is open i n  
A because o f  i ts maximality. 

T h e  following local implicit function theorem due t o  Robinson [l481 
is t h e  variant o f  Theorem 11.1 for equations o f  t h e  form F ( X ,  X) = 0. 

Theorem 11.2 Let ( K ,  d )  be a complete metric space, A a topological 
space and Y a normed linear space. Let xo E K,  X. E A, Ul an  
open neighborhood of xo and X. E A .  Suppose that F : U1 X A + Y, 
F ( x o ,  X o )  = 0, and there exists an  one-to-one map A : U1 -+ Y such 
that the following conditions are satisfied: 

( a )  A strongly approximates F in X at ( x o ,  X o )  , i.e. for each E > 0 ,  
there exist neighborhoods U, and V, of xo and X. such that 

for all X I ,  x2 E UE and X E V, ; 

(b) F ( x o ,  . ) is continuous at Xo ; 

( c )  A ( U l )  is  a neighborhood of A ( x o )  in Y ;  

( d )  A-' is Lipschitxian with Lipschitz constant l. > 0 .  

Then, there exist neighborhoods U C U1 and V C A of xo and X. 
respectively, and a function X : V --+ U such that X ( X o )  = xo and for 
each X E V, X ( X )  is the unique solution i n  U of F ( X ,  X )  = 0.  Also 
X ( . ) is  continuous at Xo. Moreover, 

1) if for each X E U l ,  F ( X ,  . ) is  continuous on  A ,  then X ( . ) is  
continuous o n  V ;  

2) if A is a metric space with metric d A  and for each X E U l ,  
F ( X ,  . ) is Lipschitzian o n  h with Lipschitz constant 11, then for each 
l > lol l ,  there is a set T/i as above so that X ( . ) is Lipschitzian on  I/i 
with Lipschitz constant l .  
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Proot From (c), there is an r > 0 with B, (A (xo)) C A (Ul). 
Choose E > 0 with ~1~ < 1. From (a) it follows that there is an 
a > 0 and a neighborhood V. c A of X. such that 

for all X I ,  xa E B, (xO) C Ul and X E Vo. On the other hand, since 
F (xo, Xo) = 0, for all X E B, (xo) and X E Vo, we have 

Taking into account the continuity of F (xo, . ) at Xo, we may assume 
that a! and V. are small enough that 

Then [A (X) - F (X, X)  - A (xo) I < r. Hence 

for all X E U := B, (xo; K )  and X E Vo. Consequently, the map 
H (X, X) = Apl (A (X) - F (X, X)) is well-defined from U X into K. 
We now check that (11.2) holds for p = &lo. Indeed, for every XI ,  x2 E U 
and X E Vo, we have 

All the other assumptions are fulfilled, so Theorem 11.1 applies. 
Assume that the additional assumption of 2) holds. Then, since l > 

loll, E can be chosen such that 1 = loll/ (1 - clO) . Now the conclusion 
follows from Theorem 11.1. 2), where p = and p1 = loll. Cl 
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P 1.2 The Classical Implicit h n e t  ion Theorem 
We shall derive the classical implicit function theorem from Theorem 
11.2. We first introduce some notions and notation. 

Let X and Y be two real Banach spaces and let E (X, Y )  be 
the space of all linear continuous maps from X into Y. Let U C X 
be open. A map F : U i Y is said to be (Fre'chet-) dijferentiable at 
xo E U if there exists an F' (xo) E L (X, Y) such that 

F (X) - F (xo) = F' (xo) ( X - xo) + W (xo, X) 

for all X E U, where W (xo, X) = o (lx - xol) , i.e. 

In this case F' (xo) is called the (Fre'chet-) derivative of F at xo. If F 
is differentiable at each X E U and F' : U -+ E (X, Y) is continuous, 
then F is said to be continuously dijferentiable on U and we denote 
this by F E C1 (U; Y) . 

In case that F depends on two variables X and X, we use the 
notations F; and Fi for the corresponding partial derivatives. 

Theorem 11.3 Let X, A, Y be Banach spaces, U1 C X and V1 C A 
open neighborhoods of xo and Xo, respectively. Suppose that 

( i )  F : Ul X Vl -+ Y and F (xo, Xo) = 0; 
(ii)  F (xo, . ) is continuous at Xo; 
(iii) there exists F; on  Ul X K ,  F; is continuous at (xo, Xo) and 

the map F; (xo, Xo) E L (X, Y) is invertible. 
Then, there exist neighborhoods U C U1 and V c V1 of xo and 

X. respectively, and a function X : V + U such that X (Xo) = xo and 
for each X E V, X (X) is  the unique solution of F (X, X) = 0. Also, 
X ( . ) is  continuous at Xo. Moreover, 

l )  if for each X E Ul, F (X, . ) is  continuous on  Vl, then X ( . ) is  
continuous on  V; 

2) zf for each X E Ul, F (X, . ) is Lipschitzian on  Vl with Lzpschitz 

constant 11, then for each l > loll, where l. = 1 1  [F; (xo, yo)]-l 1 1  , there 

is such a set K so that X (.) is Lipschitzian on  K with Lipschitx 
constant l .  

Proof. We apply Theorem 11.2 to A = F; (xo, Xo) . Since F; (xo, Xo) 
E L (X, Y), by the open mapping theorem, A (Ul) is open and A-' 
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E L (Y, X ) .  Thus conditions (c) and (d) of Theorem 11.2 are satisfied. 
We now check condition (a). For every X I ,  xz E Ul and X E Vl, let 

f ( t )  = F ( t x 1  + (1  - t ) x 2 ,  X ) ,  t E [O , l ] .  

Then 
r l  

= 1' ( F ,  ( t x l  + ( l  - t )  x2, X )  - A) ( X I  - 2 2 )  d t .  

Consequently 
IF ( X I ,  X )  - F ( 2 2 ,  X )  - A ( X I  - x2)1 

Let E > 0. Since F; is continuous at ( x o ,  X o )  , there is a S > Q with 

whenever Ix-xoj < S and I X - X o l  < S. Then, if X I ,  xz E UE = 

Bs (xo ;  X )  and X E V, = Bs ( X o ;  A) , we also have t x l  + (1  - t )  x2 E 

Bs ( xo  ; X )  and so 

Therefore 

Thus, Theorem 11.2 applies. 

Proposition 11.4 Suppose that all the assumptions of Theorem 11.3 
are satisfied. I n  addition, assume that there exists F; o n  Ul X Vl 
and F; is  continuous at ( x o ,  X o )  . Then  the implicit function X ( . ) i s  
diflerentiable at X. and 
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Proof. Without loss of generality, we may suppose that x o  = 0 and 
X. = 0. We have to show that for each E > 0, there exists S > 0 such 
that for all X E V with (X I  < 6, we have 

where 
B = - [F: (0 ,o ) l - l  F; (0,O) 

Indeed, we have 

X (X) - B A  = A-'A X (X) + A-'F; (0,O) X 

= A-' (F: (0,O) X (X) + F; (0,O) X) . 

Since F (X (X) , X) = F (0, 0) = 0, this yields 

Ix (4 - B X I  

I /a-'I IF (X (X) , X) - F (09 0) - F: (0,O) X (X) - F; (0,O) X . 

On the other hand, since F;, F; exist in a neighborhood of the origin 
and are continuous at origin, we have 

1 1 

= l F; (X, tX )  Xd t  + F: (tx, 0) xdt - F; (0,O) X - F; (0,O) X 

L rl [ Ix I  + IXII 

provided that (X, X) is sufficiently close to the origin. Hence 

I. (4 - B @)I I rl [ l x  ( A l l  + IXII 

L rl [I" (4 - B ( A l l  + IB (X)I + lX l l  . 
Then, if we take < 1, we have 

I. (4 - B I r PI (1 + 1lB11> / (1 - 17). 

Finally, taking q such that q (1 + 1 1  B 1 1 )  / (1 - q) I E, we obtain that 
lx (X) - B (X)( < E ( X (  for X close enough to X. = 0. U 
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Corollary 11.5 Let X  and Y be Banach spaces, U1 C X open, 
Vl C R, xo E U1 and X. E V1 interior t o  V l .  Suppose that 

F  E c 1 ( U 1  X X; Y ) ,  F(xo ,Xo)  = 0 

and 
(xo ,  X o )  E L ( X ,  Y )  is  invertible. 

Then,  there exists a maximal interval V C V1 with X. E V and 
a function X ( . ) E C' ( V ;  U l )  such that X ( X o )  = xo, and for each 
X E v, 

F ( X  ( X )  , X )  = 0 and FA ( X  ( X ) ,  X )  is invertible. 

I n  addition, this maximal interval is open in V l .  

Proof. The existence of the maximal interval with the desired prop- 
erties is a consequence of the local uniqueness of the solutions of the 
equations F ( . , X )  = 0. The property of V being open in Vl is the 
consequence of the local continuation possible in a neighborhood of each 
zero ( X ,  X )  of F with X interior to Vl and F: ( X ,  X )  invertible. 

11.3 Two Special Local Continuation Theorems 

We begin with the local version of Granas' topological transversality 
theorem for completely continuous maps. First we introduce the follow- 
ing definition. A map T from an open subset U of a Banach space X 
into X ,  is said to be locally essential at xo E U if there exists a ball 
B, ( x o )  C U such that the restriction of T to B, ( xo )  is essential in 

MC (B, ( xo )  ; X )  . Recall that a map belongs to MC (B, (lo) ; X )  if 

it is compact from B, ( xo )  into X and is fixed point free on aB, ( x o )  . 

Theorem 11.6 Let A be a metric space, X  a Banach space, U  C X 
open, xo E U and X a  E A. Suppose that the following conditions are 
satisfied: 

( i )  H : U X A -+ X is  completely continuous; 
(ii) H (xo ,  X o )  = xo; 
(iii) H ( . , X o )  i s  locally essential at xo. 
Then, there exists a neighborhood V of X. such that for each X E V, 

there is  an  x ( X )  E U with H ( X  ( X )  , X )  = X ( X )  . Moreover, i f  A c 
R, then there exists a maximal interval V C A having the following 
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properties: a) X. E V; b) for each X E V, there exists X (X) E U 
with H (X (X) , X) = x (X) and N ( . , X) is locally essential at X (X) . In 
addition, this maximal interval is open in A. 

Proof- H ( . , Xo) being locally essential at  xo guarantees that there is 
a ball (xo)  C U such that H ( , Xo) is essential in MC (xo) ; X) . ( 
We only have to show that there is a neighborhood V of X. such that 
H ( . , X) is essential in MC (B, (xo) ; X) for all X E V. We claim 
that there exists a neighborhood V of X. with 

for all p E [0, l] , X E V and Ix - xol = r. To prove this, assume the 
contrary. Then, there are the sequences PI, E [0, l ] ,  Xk E A and xk 
with Ixk - xol = r ,  such that XI, + X. as k + cm and 

Clearly, we may suppose that PI, converges to some po E [0, l] . By the 
assumption that H is completely continuous, we may also suppose that 
the sequences (H (xk, Xo)) and ( H  (xk, X k ) )  are convergent. Then, by 
(11.7), (xk) converges, say to X. Letting I? + cm in (11.7), we obtain 

(1 - PO) H (X, Xo) + poH (X, Xo) = H (X, Xo) = 3, 

where 12 - xO/ = r. This contradicts the property of H ( . , Xo) be- 
ing fixed point free on dBr (xo) . This proves our claim. Next, since 
H ( , Xo) is assumed to be essential in MC (B, (xo) ; X) , from (11.6) 
and Theorem 5.4, we have that H ( . , X) is essential too for all X E V. C] 

The following local implicit function theorem is due to Zabrejko (see 
[g]) and follows from the global continuation result, Corollary 9.13. 

Theorem 11.7 Let X be a reflexive Banach space, A a topological 
space. Let U. C X be open with xo E U. and F : U. X A + X* .  
Suppose that there is a function : (0, m) -+ (0 ,  cm) such that for each 
X E A, F ( . , X) is hemicontinuous and 

for all X,  y E U. with X # y. In addition assume that F (xo, Xo) = 0 
and F (xo, . )  is continuous at X. for some X. E A. Then, there 
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exists a neighborhood V of X. and a function X : V -+ U. such that 
X (Xo) = xo and F (X (X) , X) = 0 for all X E V. 

Proof. Since any monotone hemicontinuous map from a part of a re- 
flexive Banach space to its dual is demicontinuous on the interior of its 
domain (see [118], Proposition 3.2.2), F ( . , X) is demicontinuous on 
U. Also, according to Proposition 9.10, F ( . , X)  is pseudomonotone. 
We show that for each X in some neighborhood of Xo, Corollary 9.13 
applies to f ( . , X) given by f (X, X) = F (X + xo, X) , with T = 0 and 
U = B, (0) , where r > 0 is such that B, (xo) C Uo. Indeed, for 
\ X  1 = r, we have 

Since (r) > 0, F (xo, Xo) = 0 and F (xo, . ) is continuous, there exists 
a neighborhood V of X. with 

$ ( r )  - r lF(xo,X)I  > 0 for all X E V. 

From Corollary 9.13, there exists 3 (X) E B, (0) with f (3 (X) , X)  = 0. 
Then, 

X (X) : = Z (X) + xo E U. and F (X (X) , X) = 0. 

For results of the above type see [7] and the references therein. Lo- 
cal implicit function theorems for accretive maps derived from global 
continuation results appear in [34]. A good survey on local continua- 
tion theorems containing much literature is the recent paper by Appell, 
Vignoli and Zabrejko [g]. 

11.4 Continuation and Stability 

The goal of this section is to focus on the idea that "stability" implies 
continuation. In fact, conditions like as: "Ho is a constant map" (The- 
orem 5.3), "Ho is essential" (Theorem 5.4), or " (f (X) , X) > 0 on dU 
" (Corollary 9.13) are all expressions of a stability-like property of the 
starting solution of the corresponding equation X = 0. 

We conclude with an example illustrating the above assertion and 
also the applicability of the local implicit function theorems. We shall 
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discuss the existence of a maximal continuum of stable positive solutions 
ux ,  0 < X < X* < m, of the one-parameter family of (p ,  n - p) focal 
boundary value problems 

where l < p <  n -  l ,  n 2 2 and X E  R .  
Let C; be the space of all functions U E C n  [0, l] satisfying 

and let C = C [ O ,  l ]  

Theorem 11.8 Suppose f E C' (R+ ; (0 ,  m))  . Then there exists a 
maximal X* E (0 ,  m] and a C 1  function X F-+ ux from [0, X * )  into 
C; such that uo = 0 and for each X E (0 ,  X * ) ,  ux > 0 on (0 ,  l ) ,  
solves (11.8) and the map 

(Lo  - X f '  ( U X ) )  v = ( - l )n-pv(n)  - X f l ( U X ) V  

is invertible. 

Proof. We shall apply Corollary 11.5. Let X = (C;, I . II,,,) , A = 

R, Y = (C, 11.11,) and let F :  Cg X R-+ C be given by 

where f E (R; (0,oo))  is any positive smooth extension of f from 
R+ to R. 

It is easy to show that F E C 1  (X X R; Y) and 

(Recall that F; ( U ,  X )  is a linear continuous map from C; into C ) .  
Also, 

F (0,O) = 0 and FA (0,  0 )  v = v(n) .  

Now according to the preliminaries in Section 10.2, F; (0,O) is invert- 
ible. Thus, Corollary 11.5 implies the existence of a maximal (open) 
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real interval V containing 0 and of a C' function X - ux from 
V into CS such that uo = 0 and for each X E V, F (ux, X) = 0 and 
F; (ux, X) is invertible. 

Notice for X E V, X > 0, 

( - l ) n - ~ ~ p )  (t) = ~ f ( u x  (t)) > o for t E (0, l ) .  

Now, Theorem 10.13 guarantees ux ( t )  > 0 for t E (0 , l )  . Hence, for 
X E V, X > 0, U, solves (11.8) and the extension f of f does not 
play a role. Finally, let [0, X*) = V n [0, 00). 

Notice from Theorem 10.13, we have more than the positivity of ux, 
namely 

(j) U, (t) > tp-j /IuY)II_ > o for t E (0, l ) ,  

j = 0, l . p - l and 0 < X < X*. 
In what follows, we are interested in the right bound X* and in extra 

properties of the function X tt ux, 0 5 X < X*. For this, we shall 
restrict ourselves to the particular "autoadjoint" case, when n = 2m 
(m > 1) and p = m. Thus, we shall discuss the problem 

First, we need some notions. Let U E Cgm be a solution to 

where a, f E C. Then, if we multiply the equation in (11.10) by any 
function v E Cgm and integrate, we obtain 

1' (u(m)v(m) + auv - fv  ) dt = 0. 

Thus, it is natural to define a weak solution of (11.10) (for a E Loo (0,l) 
and f E L2 (0,l)) to be a function U E wr" which satisfies (11.11) 
for all v E Cgm; here 
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The space may be endowed with the inner product and the 
corresponding norm 

The equivalence of I . 1 1  and 1 . , on is immediate. Notice 

that if a,  f t C and u t n is a weak solution of (11.10), 
then U also satisfies u(j) (1) = 0, m 5 j 5 2m - 1, that is U is a 
classical solution of (11.10). This means that the conditions u(j) (1) = 0, 
m 5 j 5 2m - 1 are implied by the variational identity (11.11). Hence 
they are so called natural boundary conditions. 

Next, let 

X~ (LO + a) = inf { [(U(m)); + au2] dt / I ~ U I I ~  ; U E w;'~, U # 0} . 

(11.12) 

Lemma 11.9 For each a E C, XI (Lo + a) is the smallest (first) 
eigenvalue of (Lo + a, B) and it is continuous in a. 

Proof. Let X = X1 (Lo + a ) .  We shall prove that there exists a non 
zero solution p E w;12 to 

(-l)m p(2m) + up = Xp. (11.13) 

For this, let (uk) be any sequence with the following properties: 

uk E l l ~ ~ / 1 ~  = 1 and 

+auk dt -+ X as k -+ cm. 1 2] 

Hence (uk) is bounded in Since the imbedding of wm12 into 
L2 (0 , l )  is completely continuous, we may suppose passing if necessary 
to a subsequence, that uk -+ p in L2 (0, l) , where p E L2 (0, l)  . 
Clearly, I I ~ J ( ( ~  = 1 and 

1 
ap2dt as k -+ cm. 

Furthermore, using the identity 
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(11.14) and (11.15), we obtain 

This implies that u k  i (P in Now (11.14) guarantees 

that is the infimum in (11.12) is attained. 
Now we claim that cp is a weak solution to (11.13). Indeed, for any 

fixed v E Cim, the function 

1 

9 (7) = 1 [(((P + ~ v ) ( ~ ) ) ~  + a  ((P + ~ v ) ~ ]  d t /  lip + rvll; 

is well defined in some neighborhood of the origin and attains its infimum 
at T = 0. Direct computation yields 

This proves our claim. 
The fact that X1 (Lo + a)  is the smallest eigenvalue and its contin- 

uous dependance on a are left to the reader. U 

Notice (1 1.12) guarantees that 

X 1  (Lo + a )  > 0 for every a 2 0. 

Also, observe that 

if X 1  (Lo + a)  = 0, then L. + a is not invertible 

and 
if X1 (Lo + a)  > 0, then L. + a is coercive, 

i.e. there exists a constant c > 0 with 

for all U E (take c = XI (Lo + a))  
For a coercive map L. +a we have the following maximum principle. 
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Lemma 11.10 Suppose that a E C and the map Lo + a is coercive. 
If U E Cirri is the solution of the problem (11.10) for some f E C and 
f ( t )  > Q for all t E (Q, l ) ,  then U (t)  2 0 on ( 0 , l ) .  

The proof of this lemma follows from standard arguments and is 
omitted. 

Theorem 11.11 Suppose f E C1 (R+; (Q, m ) )  is strictly increasing 
and convex. Then there exists a maximal X* E (0, m) and a C1 
function X ux from [Q, X*) into C m  such that uo = 0 and for 
each X E (Q, X*) , ux > Q on (0 , l )  , solves (11.9) and is stable i n  the 
sense that 

XI (Lo - Xf' (W)) > 0. (11.16) 

Moreover, 

Proof. According to Theorem 11.8, for each 0 < X < X*, the map 
L. - X f' (ux) is invertible. Suppose that 

for some X E (Q, X*) . Then, since X1 (Lo) > 0 and XI (Lo + a) is 
continuous in a ,  there is an X E (Q, X] with 

It follows that the map L. - X f '  (ux) is not invertible, a contradiction. 
Thus, (11.16) holds for all X E [Q, X*). 

Now we shall prove that X* < oo. Suppose X* = m .  Then, since 
f is increasing, 

Loux = Xf (ux) > Xf (Q) on (09 1 ) .  (11.18) 

Let W E Cgm be the solution of the problem 
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From Theorem 10.13, W > 0 on (0,l). From (11.18) and (11.19), we 
have 

L. (uA - X f (0) W) > 0 on (0,l) . 

Now Lemma 11 .l0 implies 

ux (t) 2 X f (0) W (t) for all t E (0,l) . (11.20) 

Taking into account (l 1.20), the increasing monotonicity of f' (since 
f is convex) and the coercivity of L. - X f' (ux) , we obtain 

for all v E Cim and 0 < X. 5 X. If we let X + m ,  this gives 

1' f ( x O ~  (01 W) u2 dt = o for all v E cim. 

Consequently, 

ft(Xof (O)w(t)) = 0 for all t E (0,l). 

Now fix any t E (0,l) and let X. -t oo to deduce that f' (S) --+ 0 as 
S + m ,  a contradiction. Thus, X* < m. 

The last step is to prove (11.19). From Theorem 11.8, we know that 
the map X W ux is C1. Now, if we differentiate (11.9) with respect 
to X, we obtain 

Since L. -X f' (ux) is coercive and f ( U * )  > 0, Lemma 11.10 guarantees 
that dux l dX 2 0. Then, since f' (ux) 2 0 and f (ux) > 0 on (0,1) , 
we have 

dux 
Xf' (U),) + f (UA) > 0 on (0, l) . 
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Now (11.17) follows from (11.21) by successive integration. U 

For other aspects concerning the connection between stability and 
continuation (degree theory) we refer the reader to Ortega [l161 and the 
references therein. 



Epilogue 

In this book we have presented continuation theorems for several classes 
of nonlinear maps. Moreover we have placed these theorems in a global 
setting. Also we have discussed typical applications in differential equa- 
tions. 

Hopefully after reading this book the reader will be aware of the 
powerful applicability of these theorems. As a result the reader may be 
interested in establishing new such continuation theorems or in applying 
our results to other problems. 

1) If the reader is mainly interested in abstract results, he or she 
should remember two basic ideas in establishing continuation theorems. 
Suppose one wishes to discuss the solvability of the inclusion rl (X) E 

B C O, X E E. The basic idea in this book is to try to deduce it from a 
simpler inclusion ro (X) E B, by continuation, i.e. by using a suitable 
homotopy 7 : E X [0, l] -+ O joining ro and rl. The reader could try 

(a) to prove that the set A, = {X E [0, l] ; 7 (X, X) E B for some 
X E [0, l]) is open and closed simultaneously in [0, l] , 
or 

(b) assuming that E is the closure of an open subset U of a metric 
space, to prove that the set C, = {X E V ;  7 (X, X)  E B for some 
X E [0, l]) is closed and disjoint of aU, and then that for each map 

of the form 7 ( . , v  ( . )) , where v E C U; [0, l] , v (X) = 0 on 8U, (- ) 
v (X) = l on C,, there exists at least one solution to the inclusion 

7 (2, v (4) E B. 

Also the reader should be aware that the time of broad classes of 
maps has gone. Thus, instead of dreaming up continuation theorems for 
some larger class of maps, it may be more useful to look at particular 
"pathological" maps which arise in mathematical modelling. 
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In regards to the topics in this book, we stress in particular the selec- 
tive continuation results. In particular we mention nonlinear problems 
without a priori bounds on solutions. There are many unanswered ques- 
tions in this area and we hope many mathematicians, young and old, 
will become interested in these problems. 

Another exciting direction concerns the interaction between topolog- 
ical methods in general (the continuation ones in particular) and other 
kinds of methods, for example variational methods, numerical methods, 
or methods from adjacent fields such as algebraic topology. 

2) If the reader is interested more in applications, then he or she 
will need to discover and exploit the properties of the specific operator 
corresponding to each particular problem and so to identify the abstract 
result which is directly applicable. 

One of the main reasons for writing this book was to present abstract 
results with connections to concrete applications. This was not only our 
personal goal but also a basic principle for most applied mathematics 
today. Therefore, in bur opinion, the correct way to study and present 
research in nonlinear analysis is to go from applications to theory and 
back again to applications. 
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