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Preface

Fixed point theory is a powerful and fruitful tool in modern mathematics and may
be considered as a core subject in nonlinear analysis. In the last 50 years, fixed point
theory has been a flourishing area of research. In this book, we introduce topological
fixed point theory for several classes of single- and multivalued maps. The selected
topics reflect our particular interests.

The text is divided into seven chapters. In Chap. 1, we present basic notions
in locally convex topological vector spaces. Special attention is devoted to weak
compactness, in particular to the theorems of Eberlein–Šmulian, Grothendieck, and
Dunford–Pettis. Leray–Schauder alternatives and eigenvalue problems for decom-
posable single-valued nonlinear weakly compact operators in Dunford–Pettis spaces
are considered in Chap. 2. In Chap. 3, we present some variants of Schauder, Kras-
noselskii, Sadovskii, and Leray–Schauder-type fixed point theorems for different
classes of weakly sequentially continuous (resp. sequentially continuous ) operators
on general Banach spaces (resp. locally convex spaces). Sadovskii, Furi–Pera, and
Krasnoselskii fixed point theorems and nonlinear Leray–Schauder alternatives in the
framework of weak topologies and involving multivalued mappings with weakly
sequentially closed graph are considered in Chap. 4. The results are formulated
in terms of axiomatic measures of weak noncompactness. In Chap. 5, we present
some fixed point theorems in a nonempty closed convex of any Banach algebras or
Banach algebras satisfying a sequential condition .P/ for the sum and the product
of nonlinear weakly sequentially continuous operators. We illustrate the theory
by considering functional integral and partial differential equations. The existence
of fixed points and nonlinear Leray–Schauder alternatives for different classes of
nonlinear .ws/-compact operators (weakly condensing, 1-set weakly contractive,
strictly quasi-bounded) defined on an unbounded closed convex subset of a Banach
space is discussed in Chap. 6. We also discuss the existence of nonlinear eigenvalues
and eigenvectors and surjectivity of quasi-bounded operators. In Chap. 7, we present
some approximate fixed point theorems for multivalued mappings defined on
Banach spaces. Weak and strong topologies play a role here and both bounded
and unbounded regions are considered. A method is developed indicating how to
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use approximate fixed point theorems to prove the existence of approximate Nash
equilibria for noncooperative games.

We hope the book will be of use to graduate students and theoretical and applied
mathematicians who work in fixed point theory, integral equations, ordinary and
partial differential equations, game theory, and other related areas.

Sfax, Tunisia Afif Ben Amar
Galway, Ireland Donal O’Regan
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Chapter 1
Basic Concepts

In this chapter we discuss some concepts needed for the results presented in this
book.

1.1 Topological Spaces: Some Fundamental Notions

Let X;Y be arbitrary sets. We use the standard notations x 2 X for “x is an element
of X,” X � Y for “X is a subset of Y .” The set of all subsets of X is denoted by P.X/.
Let fXigi2I be a family of sets. For the union of this family we use the notation

S

i2I
Xi

and for intersection the notation
T

i2I
Xi. If I D N we have a sequence of sets and we

use respectively the notations
1S

nD1
Xn and

1T
nD1

Xn. A mapping f of X into Y is denoted

by f W X �! Y . The domain of f is X and the image of X under f is called the range
of f . For any A � X, we write f .A/ to denote the set ff .x/ W x 2 Ag � Y . For any
B � Y; f �1.B/ D fx 2 X W f .x/ 2 Bg. If f W X �! Y and g W Y �! Z are mappings,
the composition mapping x 7�! g.f .x// is denoted by g ı f . We denote the empty
set by ;.

Definition 1.1. Let X be any nonempty. A subset � of P.X/ is said to be a topology
on X if the following axioms are satisfied:

1. X and ; are members of � ,
2. the intersection of any two members of � is a member of � ,
3. the union of any family of members of � is again in �

We say that the couple .X; �/ is a topological space. If � is a topology on X the
members of � are then said to be � -open subsets of X.

© Springer International Publishing Switzerland 2016
A.B. Amar, D. O’Regan, Topological Fixed Point Theory for Singlevalued
and Multivalued Mappings and Applications, DOI 10.1007/978-3-319-31948-3_1
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2 1 Basic Concepts

Definition 1.2. Let .X; �/ be a topological space.

1. The closure of a subset A of X, denoted by A is the smallest closed subset
containing A.

2. The interior of a subset A of X, denoted by Aı, is the largest open subset of A.
3. The boundary of a subset A of X, denoted by @A, is the set A n Aı.
4. A subset D is dense in a subset A if D � A � D.
5. A limit point or a cluster pointer or an accumulation point of a subset A is a point

x 2 X such that each neighborhood of x contains at least one point of A distinct
from x.

6. A subset A of X is compact if, for each open covering of A, there exists a finite
subcovering. The set A is relatively compact if A is compact.

7. The space is locally compact if, for each x 2 X, there is a neighborhood Vx of x
such that Vx is compact.

8. A subset A of X is countably compact if, for each countable open covering of A,
there is a finite subcovering.

Definition 1.3. A direct set is a nonempty set I with a relation � such that

1. ˛ � ˛ for all ˛ 2 I,
2. if ˛ � ˇ and ˇ � � , then ˛ � � ,
3. for each pair ˛; ˇ of elements of I, there is �˛;ˇ such that ˛ � �˛;ˇ and ˇ � �˛;ˇ .

Definition 1.4. Let .X; �/ be a topological space and I be a directed set. A function
x from I into X is said to be a net in X. The expression x.i/ is usually denoted by xi,
and the net itself is denoted by fxigi2I . The set I is the index set for the net.

Definition 1.5. Let .X; �/ be a topological space. A net fxigi2I is said to be
convergent to a point x� 2 X if for any neighborhood V of x�, there exists an index
iV 2 I such that for any i 2 I satisfying iV � i, we have that xi 2 V . If a net fxigi2I

is convergent to x�, we write lim
i2I

xi D x�

Remark 1.1. It is known that a subset A of X is closed, if and only if for any net
fxigi2I in A the condition lim

i2I
xi D x0 implies x0 2 A.

Definition 1.6. Let .X; �1/, .Y; �2/ be topological spaces and let f W X �! Y be a
mapping. We say that f is continuous at a point x 2 X, if for each �2-neighborhood
V of y D f .x/, f �1.V/ is a �1-neighborhood of x. If f is continuous at any x 2 X,
then in this case we say that f is continuous on X.

Definition 1.7. Let .X; �/ a topological space:

1. The space X is T0 if for each pair of distinct points in X, at least one has a
neighborhood not containing the other.

2. The space X is T1 if, for each pair of distinct points in X, each has a neighborhood
not containing the other.

3. The space is T2 or Hausdorff or separated if, for each pair of distinct points x and
y, there are disjoint neighborhoods Vx and Vy of x, and y, respectively.
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4. The space is T3 is regular if it is T1 and, for each x and each closed subset F not
containing x, there are disjoint open sets U and V such that x 2 U and F � V .

5. The space X is T3 12 or completely regular or Tychonoff if it is Hausdorff and, for
each x and each closed F of X not containing x, there is a continuous function
˛ W X �! Œ0; 1� such that ˛.x/ D 0 and ˛.y/ D 1 for each y 2 F. In other
words, X is completely regular if C.X; Œ0; 1�/ separates points from closed sets
in X. Since singletons are closed in X, we deduce that C.X; Œ0; 1�/, also separates
points in X.

6. The space is T4 or normal if it is Hausdorff and, for each disjoint closed subsets
F1;F2 � X, there are disjoint open subsets V1 and V2 such that F1 � V1 and
F2 � V2.

Lemma 1.1 (Urysohn). If F1 and F2 are disjoint closed sets in a normal space X,
then there is a continuous function ˛ 2 C.X; Œ0; 1�/ such that ˛ D 0 on F1 while
˛ D 1 on F2.

Theorem 1.1 (Tietze’s Extension). If F is a closed subset of a normal space X,
then each continuous function ˛ 2 C.F; Œ0; 1�/ extends to a continuous function
Q̨ 2 C.X; Œ0; 1�/ on all of X.

Remark 1.2. From Urysohn’s lemma, every normal space is completely regular.
Thus, metric spaces and compact Hausdorff are completely regular.

Proposition 1.1. Let X be a completely regular space. Let F1, F2 be disjoint subsets
of X, with F1 closed and F2 compact. Then there exists a continuous function ˛ W
X �! Œ0; 1� such that ˛ � 0 throughout F1 and ˛ � 1 throughout F2.

1.2 Normed Spaces and Banach Spaces

All linear spaces considered in this section are supposed to be over a field K, which
can be R or C.

Definition 1.8. Given a linear space X and a topology � on X. X is called a
topological vector space if the following axioms are satisfied:

.1/ .x; y/ �! x C y is continuous on X � X into X.

.2/ .�; x/ �! �x is continuous on � � X into X.

Remark 1.3. Note that we can extend the notion of Cauchy sequence, and therefore
of completeness, to a topological vector space : a sequence xn in a topological vector
space is Cauchy if for neighborhood U of � there exists N such that xm � xn 2 U for
all m; n � N:

An important class of topological vector spaces is the class of normed vector
spaces.



4 1 Basic Concepts

Definition 1.9. Let X be a linear space. A norm on X is a map k:k W X �! Œ0;1/

such that

1. kxk D 0 ” x D 0 .x 2 X/;
2. k�xk D j�j kxk .� 2 K; x 2 X/;
3. kx C yk � kxk C kyk .x; y 2 X/.

A linear space equipped with a norm is called a normed space.

Proposition 1.2. Let .X; k:k/ be a normed space. Then the mapping

d W X � X �! Œ0;1/; .x; y/ 7�! kx � yk

is a metric. We may thus speak of convergence, etc., in normed spaces.

Remark 1.4. Let .X; k:k/ be a normed space. The sets B.�; 1/ D fx 2 X W kxk < 1g
and B1.�/ D fx 2 X W kxk � 1g are the open unit ball and the closed unit ball of X,
respectively.

Definition 1.10. A normed space X is called a Banach space if the corresponding
metric space is complete, i.e., every Cauchy sequence in X converges in X.

Now, we discuss some important properties of the first and second duals of a
normed space.

Definition 1.11. The topological dual X� of a normed space .X; k:k/ is a Banach
space. The operator norm on X� is also called the dual norm, also denoted by k:k.
That is

k�k D sup
kxk�1

j�.x/j D sup
kxkD1

j�.x/j :

The topological dual of X0 is called the second dual (or the double dual) of X and
is denoted by X��. The normed space X can be embedded isometrically in X�� in a
natural way. Each x 2 X gives rise to a norm-continuous linear functional

Ox.�/ D �.x/ for each � 2 X�:

Lemma 1.2. For each x 2 X, we have kOxk D kxk D max
k�k�1

j�.x/j, where kOxk is the

operator norm of Ox as a linear functional on the normed space X�.

Corollary 1.1. The mapping x 7�! Ox from X into X�� is a linear isometry (a linear
operator and an isometry), so X can be identified with a subspace OX of X��.

When the linear isometry x 7�! Ox from a Banach space X into its double dual
X�� is surjective, the Banach space is called reflexive. That is, we have the following
definition.

Definition 1.12. A space X is called reflexive if X D OX D X��.
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1.3 Convex Sets

We start with some basic definitions and a few observations.

Definition 1.13. Let X be a linear space. A subset S of X is said to be convex if and
only if �x C .1 � �/y 2 S for every x; y 2 S and � 2 Œ0; 1�. That is, a convex set is
one that contains all points on any “line segment” joining two of its members.

Lemma 1.3. In any linear space

1. The sum of two convex sets is convex
2. Scalar multiples of convex sets are convex
3. A set S is convex if and only if ˛S C ˇS D .˛ C ˇ/S for all nonnegative scalars
˛ and ˇ.

4. The intersection of an arbitrary family of convex sets is convex.
5. In a topological vector space, both the interior and the closure of a convex set

are convex.

Definition 1.14. Let S be any set in a linear space X, and let S be the class of all
convex subsets of X that contains S. We have S ¤ ; since X 2 S . Then,

T
S is a

convex set in X which, obviously, contains S. Clearly, this set is the smallest (that
is, 	 � minimum) subset of X that contains S-it is called the convex hull of S and
denoted by co.S/.

Remark 1.5. S D co.S/ iff S is convex.

Note

co.S/ D f
nX

iD1
�ixi W �i � 0 and xi 2 S for all i � n and

nX

iD1
�i D 1g:

1.3.1 Cones

Definition 1.15. A nonempty subset C of linear space X is called a convex cone if
it satisfies the following properties:

1. C is a convex set.
2. From x 2 C and � � 0, it follows that �x 2 C.
3. From x 2 C and �x 2 C, it follows that x D �

A cone can be characterized by 3/ together with

x; y 2 C and �;� � 0 imply �x C �y 2 C:

Examples 1.1. 1. The set R
nC of all vectors x D .	1; : : : ; 	n/ with nonnegative

components is a cone in R
n.



6 1 Basic Concepts

2. The set CC of all real continuous functions on Œa; b�with only nonnegative values
is a cone in the space CŒa; b�.

Remark 1.6. The set C � lp.1 � p < 1/, consisting of all sequences .	n/n�1, such
that for some a > 0

1X

nD1
j	njp � a

is a convex set in lp, but obviously, not a cone.

1.3.2 Ordered Vector Spaces

Definition 1.16. If a cone C is fixed in a linear space X, then an order can be
introduced for certain pairs of vectors in X. Namely, if x � y 2 C for some x; y 2 X
then we write x � y or y � x and say x is greater than or equal to y or y is smaller
than or equal to x. The pair .X;C/ is called an ordered vector space or a vector
space partially ordered by the cone C. An element x is called positive, if x � 0 or,
which means the same, if x 2 C holds. Moreover

C D fx 2 X W x � 0g:

Remark 1.7. We consider the linear space R
2 ordered by its first quadrant as the

cone C D R
2C. Considering the vectors x D .1;�1/ and y D .0; 2/, neither the

vector x � y D .1;�3/ nor y � x D .�1; 3/ is in C, so neither x � y nor x � y holds.
An ordering in a linear space, generated by a cone, is always only a partial ordering.

It can be shown that the binary relation � has the following properties:

1. x � x 8x 2 X (reflexivity).
2. x � y and y � z imply x � z (transitivity)
3. x � y and ˛ � 0; ˛ � 0; ˛ 2 R, imply ˛x � ˛y:
4. x1 � y1 and x2 � y2 imply x1 C x2 � y1 C y2.

Example 1.1. In the real space CŒa; b� we define the natural order x � y for two
functions x and y by x.t/ � y.t/;8t 2 Œa; b�: Then x � 0 if and only if x is a
nonnegative function in Œa; b�. The corresponding cone is denoted by CC.
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1.3.3 Vector Lattices

Definition 1.17. An ordered vector space X is called a vector lattice or linear
lattice or Riesz space, if for two arbitrary elements x; y 2 X there exist an element
z 2 X with the following properties:

1. x � z and y � z,
2. if t 2 X with x � t and y � t, then z � t.

Such an element z is uniquely determined, is denoted by x _ y, and is called the
supremum of x and y (more precisely: supremum of the set consisting of the
elements x and y)

In a vector lattice, there also exists the infimum for any x and y, which is denoted
by x ^ y.

Definition 1.18. A vector lattice in which every nonempty subset X that is order
bounded from above has a supremum (equivalently, if every nonempty subset
that is bounded from below has an infimum) is called a Dedekind or a K-space
(Kantorovich space).

Example 1.2. The space CŒa; b� is a vector lattice.

Remark 1.8. For an arbitrary element x of a vector lattice X, the elements
xC D x _ �; x� D .�x/ _ � and jxj D xC C x� are called the positive part,
negative part, and modulus of the element x, respectively. For every element x 2 X
the three element xC; x�; jxj are positive.

1.3.4 Ordered Normed Spaces

Definition 1.19. Let X be normed space with the norm k:k. A cone XC � X is
called a solid, if XC contains a ball (with positive radius), or equivalently, XC
contains at least one interior point.

A cone XC is called normal if the norm in X is semimonotonic, i.e., there exists
a constant M > 0 such that

0 � x � y H) kxk � Mky:k

A cone is called regular if every monotonically increasing sequence which is
bounded above

x1 � x2 � : : : � xn � : : : � z

is a Cauchy sequence in X. In a Banach space every closed regular cone is normal.
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Examples 1.2. 1. The usual cones are solid in the space R;CŒa; b�, but in the spaces
Lp.Œa; b�/ and lp.1 � p < 1/ they are not solid.

2. The cones of the vectors with nonnegative components and the nonnegative
functions in the spaces Rn; c0; lp and Lp, respectively, are normal.

3. The cones in R
n; lp and Lp are regular.

1.3.5 Normed Vector Lattices and Banach Lattices

Definition 1.20. Let X be a vector lattice, which is a normed space at the same
time. X is called a normed lattice or normed vector lattice, if the norm satisfies
the condition

jxj � jyj implies kxk � kyk 8 x; y 2 X .monotonicity of the norm/:

A complete (with respect to the norm) normed lattice is called a Banach lattice.

Example 1.3. The spaces CŒa; b�;Lp and lp are Banach lattices.

Definition 1.21. Let S be a subset of a normed space X. The closed convex hull
of S denoted by co.S/, is defined as the smallest (that is, 	 �minimum) closed and
convex subset of X that contains S.

Let X be a normed space. Note

co.S/ WD
\

fA 2 P.X/ W A is closed in X; it is convex, and S � Ag:

(Note, co.;/ D ;.)
Clearly, we can view co.:/ as a self-map on 2X . Every closed and convex subset

of X is a fixed point of this map, and co.S/ is a closed and convex set for any S � X.
We have this following useful formula

Proposition 1.3. Let X be a normed space. Then

co.S/ D co.S/ for any S � X:

Proof. Since co.S/ is convex, it is a closed and convex subset of X that contains S,
so co.S/ � co.S/. The 	 part follows from the fact that co.S/ is a closed set in X
that includes co.S/. �
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1.4 Locally Convex Vector Spaces

Definition 1.22. A seminorm on a linear space X is a map p W X �! Œ0;1/ with
the following properties:

1. p.�x/ D j�j p.x/ .� 2 K/; x 2 X.
2. p.x C y/ � p.x/C p.y/ .x; y 2 X/.

Remark 1.9. If p is a seminorm on a linear space X then F D fx 2 X W p.x/ D 0g is
a linear subspace of X.

Definition 1.23. A linear space X is called locally convex if it is equipped with a
family P of seminorms on X such that

\

p2P
fx 2 X W p.x/ D 0g D f�g:

Example 1.4. Let X be a topological space, and let C.X/ denote the vector space of
all continuous functions on X. Let K be the collection of all compact subsets of X.
For K 2 K, define

pK.f / WD supfjf .x/j W x 2 Kg .f 2 C.X//:

Then C.X/ equipped with .pK/K2K is a locally convex vector space.

Definition 1.24. Let X be a locally convex vector space. A subset U of X is defined
as open if, for each x0 2 U, there are 
 > 0 and p1; : : : ; pn 2 P such that

�

x 2 X W max
jD1;:::;n pj.x � x0/ < 


�

� U:

Proposition 1.4. Let X be a locally convex vector space. Then the collection of
open subsets of X in Definition 1.24 is a topology on X.

Proposition 1.5. Let X be a locally convex vector space. Then a net fx˛g˛ in X
converges to x0 2 X in the topology if and only if p.x˛ � x0/ �! 0 for each p 2 P .

Proof. Suppose that x˛ �! x0 in the topology. Fix 
 > 0 and p 2 P . Then
U WD fx 2 X W p.x�x0/ < 
g is an open neighborhood of x0. Hence, there is an index
˛0 such that x˛ 2 U, i.e., p.x˛ � x0/ < 
 for all ˛ 
 ˛0. Hence p.x˛ � x0/ �! 0.

Conversely, suppose that p.x˛�x0/ �! 0 for all p 2 P . Let U be a neighborhood
of x0, i.e., there is an open set V � U with x0 2 V . By Definition 1.24, there are

 > 0 and p1; : : : ; pn 2 P such that

�

x 2 X W max
jD1;:::;n pj.x � x0/ < 


�

� V:
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Since pj.x˛ � x0/ �! 0 for j D 1; : : : ; n there is an index ˛0 such that

pj.x˛ � x0/ < 
 .j D 1; : : : ; n; ˛ 
 ˛0/:

This means, however, that x˛ 2 V � U for all ˛ 
 ˛0. �

Remark 1.10. Let X be a locally convex vector space, and let Y be a finite
dimensional subspace. Then, the relative topology on Y is induced by a norm.

Remark 1.11. A locally convex vector space is a topological vector space. In
particular a locally convex vector space is completely regular.

Remark 1.12. Let X be locally convex vector space. If the number of seminorms is
finite, we may add them to get a norm generating the same topology. If the number
is countable, we may define a metric

d.x; y/ D
X

n

2�n pn.x � y/

1C pn.x � y/
;

so the topology is metrizable.

Definition 1.25. Let Y be a subset of a linear space X. A point x0 2 Y is said to
be an internal point of provided for each x 2 X, there is some �0 > 0 for which
x0 C �x belongs to Y if j�j � �0.

Proposition 1.6. Let X be a locally convex topological vector space.

1. A subset Y of X is open if and only if for each x0 2 X and � ¤ 0, x0 C Y and �Y
are open.

2. The closure of a convex subset of X is convex.
3. Every point is an open subset Y of X is an internal point of Y.

Proposition 1.7. Let X be a locally convex topological vector space and
� W X �! R be linear. Then � is continuous if and only if there is neighborhood of
the origin on which j�j is bounded, that is, there is a neighborhood of the origin, Y,
and an M > 0 for which

j�j � M on Y: (1.1)

Proof. First suppose � is continuous. Then it is continuous at x D � and so, since
�.�/ D � , there is a neighborhood Y of � such that j�.x/j D j�.x/ � �.�/j < 1 for
x 2 Y . Thus j�j is bounded on Y . To prove the converse, let Y be a neighborhood of
� and M > 0 be such (1.1) holds. For each � > 0; �Y is also a neighborhood of �
and j�j � �M on �Y . To verify the continuity of � W X �! R, let x0 belong to X
and 
 > 0. Choose � so that �M < 
: Then x0 C �Y is a neighborhood of x0 and if
x belongs to x0 C �Y , then x � x0 belongs to �Y so that

j�.x/ � �.x0/j D j�.x � x0/j � �M < 
:

�
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Theorem 1.2 (Analytic Form the Hahn–Banach Extension Theorem). Let X be
a linear space over K and p a semi-norm on X. Let X0 be a linear subspace of X,
and let f0 be a linear functional on X0 satisfying the relation

jf0.x/j � p.x/ for all x 2 X0: (1.2)

Then there exists a linear functional f on X with the following properties:

f .x/ D f0.x/ for all x 2 X0; jf .x/j � p.x/ for all x 2 X:

So, f is an extension of the functional f0 onto the whole space X preserving the
relation (1.2).

Remark 1.13. If X0 is a linear subspace of a normed space X and f0 is a continuous
linear functional on X0, then p.x/ D kf0kkxk is a seminorm on X satisfying (1.2).
Important consequences are

1. For every element x ¤ � there is a functional f 2 X� with f .x/ D kxk and
kf k D 1:

2. For every linear subspace X0 � X and x0 … X0 with the positive distance
d D inf

x2X0
kx � x0k > 0 there is an f 2 X� such that

f .x/ D 0 for all x 2 X; f .x0/ D 1 and kf k D 1

d
:

1.5 Weak and Weak� Topologies

To present some fixed point theory in a Banach spaces setting in this book we need
to understand other topologies (different from the norm topology and weaker than
it). The “weak topologies” arise naturally in this setting which is the subject of the
present section.

Definition 1.26. Let X be a locally convex linear topological space and X� is its
topological dual. Then fp� W � 2 X�g with

p�.x/ D j�.x/j .x 2 X; � 2 X�/

is a family of seminorms on X such that
T
�2X�fx 2 X W p�.x/ D 0g D f�g. The

corresponding topology on X is called the weak topology on X and it is denoted by
�.X;X�/.

Consequently, if X is a locally convex linear topological space and X� is its
topological dual, then �.X;X�/ the weak topology of X is a locally convex topology
as well. Moreover, we have
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Proposition 1.8. Let X be a locally convex linear topological space with topologi-
cal dual X�. Then the dual of .X; �.X;X�// is also X�. That is, the dual space of X
with respect to the �.X;X�/-topology is exactly X�.

If U is a weak neighborhood of � of a locally convex linear topological space X
then, by definition, there exists 
 > 0 and finitely many functionals 'n 2 X� such
that fx W j'n.x/j < 
 8 ng is contained in U. Thus U contains the closed subspace
ker.'1/ \ : : : \ ker.'n/.

Note that if C is any convex set in X then the closure of C is a closed convex set
in X, and from the previous proposition, we obtain

Theorem 1.3 (Mazur). Let X be a locally convex linear topological space, then:

1. The weak-closure (that is, the �.X;X�/-closure) of any convex set C in X
coincides with the closure of C in the original topology of X.

2. The closed convex subsets of X and the weakly closed convex subsets of X are
the same collections, that is, a convex set in X is weakly closed if and only if it is
closed.

Remark 1.14. In a normed linear space X, a convex set is norm closed if and only if
it is weakly closed, while for a given linear subspace of X, its norm closure coincides
with its weak closure.

On the dual space X� we have two new topologies. We may endow it with the
weak topology, the weakest one such that all functionals in X�� are continuous, or

Definition 1.27. Let X be a locally convex linear topological space and X� is its
topological dual. Then fpx W x 2 Xg with

px.�/ D j�.x/j .x 2 X; � 2 X�/

is a family of seminorms on X� such that
T

�2X�

fx 2 X W px.�/ D 0g D f�g. The

corresponding topology on X� is called the weak� topology on X� and it is denoted
by �.X�;X��/.

Remark 1.15. 1. The weak� topology is weaker than the weak topology.
2. If X is reflexive, the weak and weak� topologies coincide.

1.6 Convergence and Compactness in Weak Topologies

We present the Eberlein–Šmulian criteria for weak compactness of subsets of a
Banach space in this section.

Theorem 1.4. If a sequence of elements of a Banach space converges weakly, then
the sequence is norm bounded.
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Theorem 1.5. If xn * x in some Banach space, then kxk � lim inf
n�!1 kxnk.

Examples 1.3 (Weak and Weak� Convergence).

1. Consider weak convergence in Lp.�/ where � is a bounded subset of Rn. From
the characterization of the dual of Lp we see that

fn
w�

�! f in L1 H) fn * f in Lp H) fn * f in Lq

whenever 1 � q � p < 1: In particular we claim that the complex exponentials

e2
 inx w�

�! 0 in L1.Œ0; 1�/ as n �! 1. This is simply the statement that

lim
n�!1

Z 1

0

g.x/e2
 inxdx D 0;

for all g 2 L1.Œ0; 1�/, i.e., that the Fourier coefficients of an L1 function tends
to 0, which is known as the Riemann–Lebesgue Lemma. (Proof: Certainly true
if g is a trigonometric polynomial. The trigonometric polynomials are dense in
C.Œ0; 1�/ by the Weirstrass Approximation Theorem, and C.Œ0; 1�/ is dense in
L1.Œ0; 1�/.) This is one common example of weak convergence which is not norm
convergence, namely weak vanishing by oscillation.

2. Another common situation is weak vanishing to infinity. For a simple example, it
is easy to see that the unit vectors in lp converge weakly to zero for 1 < p < 1
(and weak� in l1, but not weakly in l1). For another example let fn 2 Lp.R/

be a sequence of function which are uniformly bounded in Lp, and for which
fnjŒ�n;n� � 0. Then we claim that fn �! 0 weakly in Lp if 1 < p < 1. Thus we
have to show that

lim
n�!1

Z

R

fngdx D 0;

for all g 2 Lq. Let Sn D fx 2 R j jxj � ng. Then lim
n

R
Sn

jgjq dx D 0 (by the

dominated convergence theorem). However

ˇ
ˇ
ˇ
ˇ

Z

R

fngdx

ˇ
ˇ
ˇ
ˇ D

ˇ
ˇ
ˇ
ˇ

Z

Sn

fngdx

ˇ
ˇ
ˇ
ˇ � kfnkLpkgkLq.Sn/ � CkgkLq.Sn/ �! 0:

The same proof shows that if the fn are uniformly bounded they tend to 0 in L1
weak�. Note that the characteristic functions �Œn;nC1� do not tend to zero weakly
in L1 however.

3. Consider the measure �n D 2n�Œ�1
n ; 1n �

dx. Formally �n tends to the delta function
ı0 as n �! 1. Using the weak� topology on C.Œ�1; 1�/ this convergence

becomes: �n
w�

�! ı0.
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Theorem 1.6 (Alaoglu–Bourbaki Theorem). Let X be a normed space. Then the
closed unit ball of X� is compact in the weak � topology on X�.

Proof. For each x 2 X, let

Kx WD f� 2 K W j�j � kxkg:

Since each Kx is closed and bounded, it is compact. By Tychonoff’s theorem,
Q

x2X
Kx

is compact in the product topology. Embed the closed unit ball of X� into
Q

x2X
Kx via

B1.�/ �!
Y

x2X

Kx; � 7�! .�.x//x2X:

Let f�˛g˛ be a net in the closed unit ball of X�, we will show that it has a convergent
subnet. The net f.�˛.x//x2Xg˛ has a subnet f.�ˇ.x//x2Xgˇ that converges in the
product topology, i.e., for each x 2 X, there is �x 2 Kx such that

�x D lim
ˇ
�ˇ.x/:

Define � W X �! K by letting �.x/ WD �x for x 2 X. For x; y 2 X and � 2 K, we
have

�.xCy/ D �xCy D lim
ˇ
�ˇ.xCy/ D lim

ˇ
�ˇ.x/Clim

ˇ
�ˇ.y/ D �xC�y D �.x/C�.y/

and

�.�x/ D ��x D lim
ˇ
�ˇ.�x/ D � lim

ˇ
�ˇ.x/ D ��x D ��.x/:

Hence, � is linear. Moreover, note that, for x 2 X with kxk � 1

j�.x/j D j�xj � kxk � 1

because �x 2 Kx. It follows that � 2 X� lies in the closed unit ball. From the
definition of the weak � topology, it is clear that the net .�˛/˛ converges to � in the
weak � topology of X�. So, we obtain the weak � compactness of the closed unit
ball of X�. �

Are all norm closed and bounded subsets of X weakly compact? The answer is
no (in general).

Example 1.5. Consider the closed unit ball B1.�/ of the Banach space c0, a norm
closed, bounded set. If it were weakly compact, every sequence in B1.�/ would
have to have a weak cluster point in B1.�/. Now for each n 2 N, let en denote
the nth-unit vector in B1.�/ and consider the sequence fsngn � B1.�/ given by
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sn D e1 C e2 C : : : C en for each n 2 N. If s 2 B1.�/ were a weak cluster point
of fsngn, then for each � 2 .c0/�, �.s/ would be a weaker cluster point of f�.sn/gn,
that is, the values of �.sn/ would be arbitrarily close to �.s/ infinitely often. But
note, the value of �.sn/, for any n, is a continuous linear functional on c0, so let us
denote it by �n. Of course, we have that �n.sm/ D 1 for any m � n, so that �n.s/
must have the value 1 for any n. That is, s must be the constant sequence of 1s, and
hence not in c0. Consequently, B1.�/ is not weakly compact.

Proposition 1.9. Let X be a normed linear space. Then the natural embedding
J W X �! X�� is a topological homeomorphism between the locally convex
topological vector spaces X and J.X/, where X has the weak topology and J.X/
has the weak � topology.

Theorem 1.7 (Kakutani). A Banach space is reflexive if and only if its closed unit
ball is weakly compact.

Corollary 1.2. Every closed, bounded, convex subset of a reflexive Banach space
is weakly compact.

Proof. Let X be a Banach space. According to Kakutani’s theorem, the closed unit
ball of X is weakly compact. Hence so is any closed ball. According to Mazur’s
theorem, every closed, convex subset of X is weakly closed. Therefore any closed,
convex, bounded subset of X is a weakly closed subset of a weakly compact set and
hence must be weakly compact. �

Definition 1.28. Let X be a topological space. A subset A of X is called

1. relatively compact if and only if A’s closure is compact,
2. relatively sequentially compact if and only if every sequence of members of A

contains a subsequence converging in X,
3. relatively countably compact if and only if every sequence of members of A has

a cluster point in X.

Remark 1.16. In general, the concepts of relative compactness and relative sequen-
tial compactness are unrelated, but both, of course, imply relative countable
compactness. As is well known, all three of these notions agree in metric spaces.

Theorem 1.8 (Eberlein–Šmulian Theorem). Let X be a Banach space and
A � X. Then the following assertions are equivalent:

1. A is relatively weakly compact,
2. A is relatively countably weakly compact,
3. A is relatively weakly sequentially compact.

Remark 1.17. Let X be a Banach space. If A � X is weakly compact, then A is
bounded in X.

Corollary 1.3. Let B1.�/ be the closed unit ball of a Banach space X. Then B1.�/
is weakly compact if and only if it is weakly sequentially compact.

We now combine Kakutani’s theorem and the Eberlein–Šmulian theorem.
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Theorem 1.9 (Characterization of Weak Compactness). Let B1.�/ the closed
unit ball of a Banach space X. Then the following three assertions are equivalent:

1. X is reflexive,
2. B1.�/ is weakly compact,
3. B1.�/ is weakly sequentially compact.

Theorem 1.10 (Krein–Šmulian Theorem). In a Banach space, the convex hull of
a relatively weakly compact set is a relatively weakly compact set.

1.7 Metrizability of Weak Topologies

We now establish some metrizable properties of weak topologies.

Theorem 1.11. Let X be an infinite dimensional normed linear space. Then neither
the weak topology on X nor the weak � topology on X� is metrizable.

Proof. To show that the weak topology on X is not metrizable, we argue by
contradiction. Otherwise, there is a metric � W X � X �! Œ0;1/ that induces
the weak topology on X. Fix a natural number n. Consider the weak neighborhood
fx 2 X W �.x; �/ < 1

n g of � . We may choose a finite subset Fn of X� and 
n > 0 for
which

fx 2 X W j�.x/j < 
n for all � 2 Fng � fx 2 X W �.x; �/ < 1

n
g:

Define Wn to be the linear space of Fn. Then

\�2Wn ker� � fx 2 X W �.x; �/ < 1

n
g: (1.3)

Since X is infinite dimensional, it follows from the Hahn–Banach theorem that X�
also is infinite dimensional. Choose �n 2 X� � Wn. We infer that there is an xn 2 X
for which �n.xn/ ¤ 0 while �.xn/ D 0 for all � 2 Fn. Define un D n:unkunk . Observe

that kunk D n and by (1.3), that �.x; �/ < 1
n . Therefore fung is an unbounded

sequence in X that converges weakly to � . This contradicts the fact that every weakly
compact subset of X is bounded. Therefore the weak topology is not metrizable.

To prove that the weak � topology on X� is not metrizable, we once more argue by
contradiction. Otherwise, there is a metric �� W X� � X� �! Œ0;1/ that induces the
weak � topology on X�. Fix a natural number n. Consider the weak � neighborhood
f�� 2 X� W ��.x; �/ < 1

n g of � . We may choose a finite subset An of X and 
n > 0

for which

f� 2 X� W j�.x/j < 
n for all x 2 Ang � f� 2 X� W ��.�; �/ <
1

n
g:
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Define Xn to be the linear span of An. Then

f� 2 X� W �.x/ D 0 for all x 2 Xng � f� 2 X� W ��.�; �/ <
1

n
g: (1.4)

Since Xn is finite dimensional, it is closed and is a proper subspace of X since X is
infinite dimensional. We know that there is a nonzero functional �n 2 X� which
vanishes on Xn. Define 'n D n:�n

k�nk . Observe that k'nk D n and, by (1.4), that

��.'n; �/ <
1
n . Therefore f'ng is an unbounded sequence in X� that converges

pointwise to � . This contradicts the Uniform Boundedness Theorem. Thus the weak
� topology on X� is not metrizable. �

Finite dimensionality can be characterized in terms of weak topologies.

Theorem 1.12 (Finite Dimensional Spaces). For a normed space X the following
are equivalent.

1. The vector space X is finite dimensional.
2. The weak and norm topologies on X coincide.
3. The weak topology on X is metrizable.
4. The weak topology is countable.

Corollary 1.4. The weak interior of every closed or open ball in an infinite
dimensional normed space is empty.

Proof. Let X be an infinite dimensional normed space, and assume by way of
contradiction that there exists a weak neighborhood W of zero and some x 2 B1.�/
such that x C W � B1.�/. If y 2 W, then k 1

2
yk D 1

2
k.x C y/ � xk � 1, so

1
2
W � B1.�/. This means that B1.�/ is a weak neighborhood of zero, so (by

Theorem 1.12) X is finite dimensional, a contradiction. Hence the closed unit ball
B1.�/ of X has an empty weak interior. �

Corollary 1.5. In any infinite dimensional normed space, the closed unit sphere is
weakly dense in the closed unit ball.

Theorem 1.13. Let X be a normed linear space and W a separable subspace of X�
that separates points in X. Then the W-weak topology on the closed unit ball B1.�/
of X is metrizable.

Proof. Since W is separable, B�
1 .�/\W also is separable, where B�

1 .�/ is the closed
unit ball of X. Choose a countable dense subset f�kg1

kD1 of B�
1 .�/ \ W. Define

� W B1.�/ � B1.�/ �! R by

�.x; y/ D
1X

kD1

1

2k
j�k.x � y/j for all x; y 2 B1.�/:

This is properly defined since each �k belongs to B�
1 .�/. We first claim that � is a

metric on B1.�/: The symmetry and triangle inequality are inherited by � from the
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linearity of the �0
ks. On the other hand, since W separates points in X, any dense

subset of B�
1 .�/ \ W also separates points in X. Therefore, for x; y 2 B1.�/ with

x ¤ y, there is a natural number k for which �k.x�y/ ¤ 0 and therefore �.x; y/ > 0.
Thus � is a metric on B1.�/. Observe that for each natural number n; since each �k

belongs to B�
1 .�/,

1

2n

� nX

kD1
j�k.z/j

�

� �.z; �/ �
nX

kD1
j�k.z/j C 1

2n
for all z 2 B1.�/:

We deduce from the previous inequalities and the denseness of f�kg1
kD1 in B�

1 .�/\W
that fz 2 B1.�/ j �.z; �/ < 1

n g1
nD1 is a base at the origin for the W-weak topology

on B1. Therefore the topology induced by the metric � is the W-weak topology on
B1.�/. �

Corollary 1.6. Let X be a normed space.

1. The weak topology on the closed unit ball of X is metrizable if X� is separable.
2. The weak � topology on the closed unit ball B�

1 .�/ of X� is metrizable if X is
separable.

Theorem 1.14. Let X be a reflexive Banach space. Then the weak topology on the
closed unit ball B1.�/ is metrizable if and only if X is separable.

Proof. Since X is reflexive, if X is separable, then X� is separable. Therefore, by the
previous corollary, if X is separable, then the weak topology on B1.�/ is metrizable.
Conversely, suppose the weak topology on B1.�/ is metrizable. Let � W B1.�/ �
B1.�/ �! Œ0;1/ be a metric that induces the weak topology on B1.�/. Let n be a
natural number. We may choose a finite subset Fn of X� and 
n > 0 for which

fx 2 B1.�/ W j�.x/j < 
n for all � 2 Fng � fx 2 B1.�/ W �.x; �/ < 1

n
g:

Therefore
�\

�2Fn

ker�

�

\ B1.�/ � fx 2 B1.�/ W �.x; �/ < 1

n
g: (1.5)

Define Z to be the closed linear span of
1S

nD1
Fn. Then Z is separable since finite linear

combinations, with rational coefficients, of the functional
1S

nD1
Fn is a countable

dense subset of Z. We claim that Z D X�. Otherwise, there is a nonzero S 2 .X�/�,
which vanishes of Z. Since X is reflexive, there is some x0 2 X for which S D J.x0/.
Thus x0 ¤ � and �k.x0/ D 0 for all k. According to (1.5), �.x0; �/ < 1

n for all n.
Hence x0 ¤ � but �.x0; �/ D 0. This is a contradiction. Therefore X� is separable
and so X also is separable. �
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1.8 Weak Compactness in L1.X; �/: The Dunford–Pettis
Theorem

For a measure space .X;M; �/, in general, the Banach space L1.X; �/ is not
reflexive, in which case, according to the Eberlein–Šmulian theorem, there are
bounded sequences in L1.X; �/ that fail to have weakly convergent subsequences.

As we see in the following example, for Œa; b� a nondegenerate closed, bounded
interval, a bounded sequence in L1Œa; b� may fail to have a weakly convergent
subsequence.

Example 1.6. For I D Œ0; 1� and a natural n, define In D Œ0; 1n � and fn D n:�In .
Then ffng is a bounded sequence in L1Œ0; 1� since kfnk D 1 for all n. We claim that
ffng fails to have a subsequence that converges weakly in L1Œ0; 1�. Indeed, suppose
otherwise. Then there is a subsequence ffnk g that converges weakly in L1Œ0; 1� to
f 2 L1Œ0; 1�. For each Œc; d� � Œ0; 1�, integration against �Œc;d� is a bounded linear
functional on L1Œ0; 1�. Thus

Z d

c
f D lim

k�!1

Z d

c
fnk :

Therefore

Z d

c
f D 0 for all 0 < c < d � 1:

It follows that f D 0 almost everywhere on Œ0; 1�. Therefore

0 D
Z 1

0

f D lim
k�!1

Z 1

0

fnk D 1:

This contradiction shows that ffng has no weakly convergent subsequence.

Definition 1.29. Let .X;M; �/ a measure space. A subset G of L1.X; �/ is said to
be uniformly integrable (equi-integrable) provided for each 
 > 0, there is a ı > 0
such that for any measurable set E

if �.E/ < ı; then sup
f 2G

Z

E
jf j d� < 
:

For finite measure spaces, we have the following characterization of uniform
integrability.

Proposition 1.10. For a finite measure space .X;M; �/ and a subset G of L1.X; �/,
the following two properties are equivalent:

1. The subset G is uniformly integrable.
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2. For each 
 > 0, there is an M > 0 such that

sup
f 2G

Z

fx2X j jf .x/j�Mg
jf j < 
:

Remark 1.18. For a finite measure space .X;M; �/, a subset G of L1.X; �/ is
uniformly integrable if

sup
f 2G

Z

fx2X j jf .x/j�Mg
jf j d� �! 0 as M �! 1:

This means that all of the elements of G can be truncated at height M with uniform
error (in the L1 norm).

Examples 1.4. 1. Any finite subset G D ff1; : : : ; fng; n � 1 is uniformly inte-
grable. In fact, for each i D 1 : : : n, from Chebyshev’s inequality we have
�.fx 2 X j jf .x/j � Mg/ & 0 as M % 1. Thus, since for each i D 1 : : : n,
E 7�! R

E jfij d� is absolutely continuous with respect to �, we get

sup
1�i�n

Z

fx2X j jfi.x/j�Mg
jf j d� �! 0 as M �! 1:

2. If there exists an element g 2 L1.X; �/ such that jf j � g for all f 2 G, then G is
uniformly integrable.

Remark 1.19. For a finite measure space .X;M; �/, if a subset G of L1.X; �/ is
uniformly integrable, then it is norm bounded. Indeed, if we choose M 2 R such
that

R
fx2X j jf .x/j�Mg jf j d� � 1 for all f 2 G, then kf k1 D R

X jf j d� � M�.X/C 1 for
all f 2 G.

Proposition 1.11. Let .X;M; �/ be a finite measure space and ffng be a sequence
in L1.X; �/ such that lim

n�!1
R

E fnd� exists in R for every E 2 M. Then

1. ffng is uniformly integrable and
2. ffng converges weakly to some f 2 L1.X; �/, in particular

R
E fnd� �! R

E fd�
for every E 2 M.

Theorem 1.15 (Vitali–Hahn–Saks). Let f�ng be a sequence of signed measures
on a � -algebra M such that �.E/ D lim

n�!1�n.E/ exists in R for each E 2 M.

Then � is a signed measure on M.

Lemma 1.4. For a finite measure space .X;M; �/ and bounded uniformly inte-
grable sequence ffng 2 L1.X; �/, there is a subsequence ffnk g such that for each
measurable subset E of X,

�Z

E
fnk d�

�

is Cauchy:
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Theorem 1.16 (The Dunford–Pettis Theorem). For a finite measure space
.X;M; �/ and bounded sequence ffng in L1.X; �/, the following two properties
are equivalent:

1. ffng is uniformly integrable over X.
2. Every subsequence of ffng has a further subsequence that converges weakly in

L1.X; �/.

Proof. First assume 1. It suffices to show that ffng has a subsequence that converges
weakly in L1.X; �/. Without loss of generality, by considering positive and negative
parts, we assume that each fn is nonnegative. According to the preceding lemma,
there is a subsequence of ffng which we denote by fhng, such that for each
measurable subset E of X,

�Z

E
hnd�

�

is Cauchy:

For each n, define the set function �n on M by

�n.E/ D
Z

E
hnd� for all E 2 M:

Then, by the countable additivity over domains of integration, �n is a measure and
it is absolutely continuous with respect to �. Moreover, for each E 2 M; f�n.E/g is
Cauchy. The real numbers are complete and hence we may define a real-valued set
function � on M by

lim
n�!1 �n.E/ D �.E/ for all E 2 M:

Since fhng is bounded in L1.X; �/, the sequence f�n.X/g is bounded. Therefore, the
Vitali–Hahn–Saks theorem tells us that � is a measure on .X;M/ that is absolutely
continuous with respect to �. According to the Radon–Nikodym theorem, there is a
function f 2 L1.X; �/ for which

�n.E/ D
Z

E
fd� for all E 2 M:

Since

lim
n�!1

Z

E
fnd� D

Z

E
fd� for all E 2 M;

lim
n�!1

Z

X
fn:'d� D

Z

X
f :'d� for every simple function ':
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By assumption, ffng is bounded in L1.X; �/. Furthermore, by a simple approxima-
tion lemma, the simple functions are dense in L1.X; �/. Hence

lim
n�!1

Z

X
fn:gd� D

Z

X
f :gd� for all g 2 L1.X; �/;

that is, ffng converges weakly in L1.X; �/ to f .
It remains to show that 2 implies 1. We argue by contradiction. Suppose ffng

satisfies 2 but fails to be uniformly integrable. Then there is an 
 > 0, a subsequence
fhng of ffng, and a sequence fEng of measurable sets for which

lim
n�!1 �n.En/ D 0 but

Z

En

hnd� � 0 for all n: (1.6)

By assumption 2 we may assume that fhng converges weakly in L1.X; �/ to h. For
each n, define the measure �n on M by

�n.E/ D
Z

E
fd� for all E 2 M:

Then each �n is absolutely continuous with respect to � and the weak convergence
in L1.X; �/ of fhng to h implies that

f�n.E/g is Cauchy for all E 2 M:

But the Vitali–Hahn–Saks theorem tells us that f�n.E/g is uniformly absolutely
continuous with respect to � and this contradicts (1.6). Therefore 2 implies 1 and
the proof is complete. �

Theorem 1.17. For a finite measure space .X;M; �/, a subset G of L1.X; �/ is
relatively weakly compact if and only if it is uniformly integrable.

Corollary 1.7. Let .X;M; �/ be a finite measure space, G be a subset of L1.X; �/
and a function g 2 L1.X; �/ such that

jf j � g a.e. on X for all f 2 G:

Then G is relatively weakly compact.

Corollary 1.8. Let .X;M; �/ be a finite measure space and ffng a sequence in
L1.X; �/ that is dominated by the function g 2 L1.X; �/ in the sense that

jfnj � g a.e. on X for all n:

Then ffng has a subsequence that converges weakly in L1.X; �/.
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Proof. The sequence ffng is bounded in L1.X; �/ and uniformly integrable. Apply
the Dunford–Pettis theorem. �

Corollary 1.9. Let .X;M; �/ be a finite measure space, 1 < p < 1, and ffng a
bounded sequence in Lp.X; �/. Then ffng has a subsequence that converges weakly
in L1.X; �/.

Proof. Since �.X/ < 1, we infer from Hölder’s Inequality that ffng is a
bounded sequence in L1.X; �/ and is uniformly integrable. Apply the Dunford–
Pettis theorem. �

1.9 The Dunford–Pettis Property

1.9.1 Weakly Compact Operators

Definition 1.30. Suppose that X and Y are Banach spaces. A linear operator T
from X into Y is weakly compact if T.D/ is relatively weakly compact subset of
Y whenever D is a bounded subset of X.

The collection of all weakly compact linear operators from X into Y is denoted by
W.X;Y/ or just W.X/ if X D Y .

Proposition 1.12. Every compact linear operator from a Banach space into a
Banach space is weakly compact.

Proposition 1.13. Every weakly compact linear operator from a Banach space into
a Banach space is bounded.

The equivalence of the following characterization of weak compactness for linear
operators is easily proved using elementary arguments and the Eberlein–Šmulian’s
theorem (see Theorem 1.8).

Proposition 1.14. Suppose that T is a linear operator from a Banach space X into
a Banach space Y. Then the following are equivalent

.i/ The operator T is weakly compact.
.ii/ The subset T.B1.�// is relatively weakly compact subset of Y.
.iii/ Every bounded sequence fxng in X has a subsequence fxnjg such that the

sequence fTxnjg converges weakly.

Remark 1.20. We have W.X;Y/ ¤ ;:
Proposition 1.15. If X and Y are Banach spaces, then W.X;Y/ is a closed
subspace of L.X;Y/.
Proposition 1.16. Suppose that X, Y and Z are Banach spaces that T 2 L.X;Y/
and that S 2 L.Y;Z/. If either T or S is weakly compact then ST is weakly compact.

Proposition 1.17. If X is a Banach space, then W.X/ is a closed ideal in X.
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1.9.2 The Dunford–Pettis Property

Definition 1.31. Let X be a Banach space. We say that X has the Dunford–Pettis
property if �n.xn/ �! 0 whenever xn 2 X and �n 2 X�; n 2 N, satisfy xn * � in
X and �n * � in X�.

A Dunford–Pettis space is a Banach space with the Dunford–Pettis property.

Examples 1.5. 1. Alexandre Grothendieck showed that every C.K/-space (for K
compact and Hausdorff) has the Dunford–Pettis property, and further that given
any Banach space X, anytime X� has the Dunford–Pettis property, so does X.

2. l1 has the Dunford–Pettis property. Indeed, if xn * � in l1, then xn �! � by
the Schur property of l1. If, moreover, �n 2 l�1 are such that �n * � in l�1 ,
then sup k�nk � C < 1 for some C > 0 and thus j�n.xn/j � k�nkkxnk � C
kxnk �! 0. Since c�

0 D l1; c0 also has the Dunford–Pettis property.
3. Of course, by the classical Dunford–Pettis theorem, we know that every L1.�/-

space has the Dunford–Pettis property. You might also notice as L1.�/ is
isometrically a C.K/-space with L1.�/� D L1.�/. Thus L1.�/ has the Dunford–
Pettis property.

4. Given any Banach space X, we let C0.X/ denote the collection of all sequences i
n X which converge to � in norm, endowed with the supremum norm, and it can
be shown that C0.X/ has the Dunford–Pettis property.

Proposition 1.18. Let X be a Banach space. Then the following are equivalent.

.i/ X has the Dunford–Pettis property.
.ii/ Every weakly compact operator from X into any Banach space maps weakly

compact sets to norm compact sets.

Proof. .i/ H) .ii/ W Assume that for some ı > 0 and xn * � we have kT.xn/k � ı

for all n. Let �n 2 SY� be such that �.T.xn//kT.xn/k for all n. Since T� is weakly
compact, by eventual passing to a subsequence we may assume that for some
� 2 X�;T�.�n/ * � 2 X� in X�. Since X has the Dunford–Pettis property, we have

0 D lim.T�.�n/ � �/.xn/ D lim.�n.T.xn// � �.xn// D lim kT.xn/k

as lim�.xn/ D 0. This contradicts kT.xn/k � ı > 0 for all n.
.ii/ H) .i/ W Assume xn * � in X and �n * � in X�. Define an operator

T W X �! c0 by T.x/ D .�1.x/; �2.x/; : : :/. If en denotes the unit vector in l1,
then T�.en/.x/ D en.T.x// D �n.x/ for every n and every x 2 X. Thus T�.en/ is
contained in the closed convex hull S of f�ng and so is T�.Bl1 .�//. Since �n * � , S
is weakly compact by Krein’s theorem. Thus T� is a weakly compact operator and
so is T by Gantmacher’s theorem. Since xn * � , by .ii/, kT.xn/k �! 0 and since
f�ng is a bounded set in X�; j�n.xn/j � sup

k
j�k.xn/j �! 0 as n �! 1: Therefore

.i/ holds. �
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Remark 1.21. An infinite-dimensional reflexive Banach space cannot have the
Dunford–Pettis property. Indeed, the identity mapping IX on a reflexive Banach
space X is weakly compact, so if X had the Dunford–Pettis property then B1.�/
will be k:k-compact, and so dim X < 1, a contradiction.

1.10 Angelic Spaces

The term “angelic space” was introduced by Fremlin.

Definition 1.32. A topological space A is called a Fréchet–Urysohn space if for
every B � A and x 2 B there is a sequence fxng � B such that xn �! x.

Definition 1.33. A completely regular Hausdorff topological space A is called a
g-space, if its relatively countably compact subsets are relatively compact.

Definition 1.34. A Hausdorff topological space X is said to be angelic space if for
every relatively countably compact subset A of X the following two claims hold.

1. A is relatively compact.
2. If b 2 A, then there is a sequence in A that converges to b.

Obviously, if K is a compact topological space, K is a Fréchet–Urysohn space if
and only if it is angelic. It can be said that a Hausdorff topological space X is angelic
if and only if X is a g-space for which any compact subspace is a Fréchet–Urysohn
space.

Example 1.7. Let xn D p
nen 2 l2, where en is the standard nth unit vector in l2.

Then 0 2 fpnengw
. Let U the neighborhood of 0 given by vectors x1; x2; : : : ; xn 2 l2

and " > 0. Consider the element y 2 l2 defined by yi D
kDnP

kD1

ˇ
ˇxk

i

ˇ
ˇ. Note that for an

infinite number of indexes i we have jyij2 < "
i since otherwise y … l2. Therefore

for an infinite number of indexes i we have
ˇ
ˇ
ˇ
p

iei

ˇ
ˇ
ˇ .xk/ < " for k D 1; : : : ; n; in

particular U\fpieig ¤ ;. Consequently there is no subsequence of fxng that weakly
converges to 0. Thus l2 with its weak topology is not a Fréchet–Urysohn space.

Theorem 1.18. If X is an angelic space, and A � X, then the following assertions
are equivalent.

1. A is countably compact.
2. A is sequentially compact.
3. A is compact.

Remark 1.22. In angelic spaces the classes of compact, countably compact, and
sequentially compact sets coincide.
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Remark 1.23. An important class of nonmetrizable spaces for which the equiva-
lence also holds is provided by infinite dimensional Banach spaces endowed with
their weak topology (the Eberlein–Šmulian theorem (Theorem 1.8)).

1.11 Normed Algebras

Definition 1.35. A vector space X over K is called an algebra, if a product x:y 2 X
is also defined for every two elements x; y 2 X, or with a simplified notation the
product xy is defined so that for arbitrary x; y; z 2 X and ˛ 2 K the following
conditions are satisfied:

1. x.yz/ D .xy/z;
2. x.y C z/ D xy C xz;
3. .x C y/z D xz C yz;
4. ˛.xy/ D .˛x/y D x.˛y/.

An algebra X is said to be commutative if xy D yx holds for two arbitrary
elements x; y, and X is said to be unital if it possesses a (multiplicative) unit (this is
also called an identity). Note that if X has an identity, then it is unique: since if e
and e0 are units, then e D ee0 D e0.

Definition 1.36. An algebra X is called a normed algebra or Banach algebra if it
is a normed linear space or a Banach space and the norm has the additional property

kx:yk � kxkkyk: (1.7)

In a normed algebra all the above operations are continuous, i.e., additionally, if
xn �! x and yn �! y, then also xnyn �! xy.

Remark 1.24. Every normed algebra can be completed to a Banach algebra, where
the product is extended to the norm completion with respect to (1.7). Also, for any
x; x0; y; y0 2 X, we have

kxy � x0y0k D kx.y � y0/C .x � x0/yk � kxkky � y0k C kx � x0kky0k

and so we see that

Remark 1.25. If e denotes the unit in the unital Banach algebra X, then e D e2 and
so we have kek � kekkek; which implies that kek � 1.

Lemma 1.5. Let X be a Banach algebra with identity e. Then there is a norm kj : kj
on X, equivalent to the original norm, such that .X; kj : kj/ is a unital Banach
algebra with kj e kjD 1.
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Examples 1.6. 1. Consider CŒ0; 1�, the Banach space of continuous complex-
valued functions defined on the interval Œ0; 1� equipped with the sup-norm
namely, kf k D sup

s2Œ0;1�
jf .s/j, and with multiplication defined point-wise

.fg/.s/ D f .s/g.s/; for s 2 Œ0; 1�:
Then CŒ0; 1� is a commutative unital Banach algebra, the constant function 1 is
the unit element.

2. As above, but replace Œ0; 1� by any compact topological space.
3. The linear space W.Œ0; 2
�/ of all complex-valued functions x continuous on
Œ0; 2
� and having an absolutely convergent Fourier series expansions, i.e.,

x.t/ D
1X

nD�1
cneint;

with the norm kxk D
1P

nD�1
jcnj and the usual multiplication.

4. The space L.X/ of all bounded linear operators on the normed space X with the
operator norm and the usual algebraic operations, where the product TS of two
operators is defined as the sequential application, i.e., TS.x/ D T.S.x//; x 2 X:

5. The space L1.�1;1/ of all measurable and absolutely integrable functions on
the real axis with the norm

kxk D
Z 1

�1
jx.t/j dt

is a Banach algebra if the multiplication is defined as the convolution .x�y/.t/ DR1
�1 x.t � s/y.s/ds:

6. Let D denote the closed unit disc in C, and let X denote the set of continuous
complex-valued functions on D which are analytic in the interior of D. Equip X
with pointwise addition and multiplication and the norm

kf k D supfjf .z/j W z 2 @Dg

where @D is the boundary of D, that is, the unit circle. (That this is, indeed, a
norm follows from the maximum modulus principle.) Then X is complete, and
so is a (commutative) unital Banach algebra. X is called the disc algebra.

1.12 Measures of Weak Noncompactness

The theory of measures of weak noncompactness was introduced by De Blasi in
[65]. This measure was used to establish existence results for weak solutions in a
variety of settings (see [8, 20, 21, 26, 48, 49, 62, 86, 87, 127, 129, 159, 161]).
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Definition 1.37. Let X be a Banach space and B the collection of all bounded sets
of X. The measure of weak noncompactness ˇ W B �! RC is defined by

ˇ.C/ D inff" > 0 W there exists a weakly compact set D such that C � D C "B1.�/g:

Proposition 1.19. If X is a Banach space and ˇ W B �! RC is the weak measure
of noncompactness, then

1. ˇ.C/ D 0 if and only if C
w

is weakly compact (regularity),
2. ˇ.�C/ D j�jˇ.C/ for all � 2 R and ˇ.C1 C C2/ � ˇ.C1/C ˇ.C2/ (seminorm),
3. if C1 � C2, then ˇ.C1/ � ˇ.C2/ (monotonicity),
4. ˇ.C1/ [ C2 D maxfˇ.C1/; ˇ.C2/g (semi-additivity),
5. ˇ.C/ D ˇ.C

w
/;

6. ˇ.C/ � diamC,
7. ˇ.C/ D ˇ.coC/.

Proposition 1.20. If X is a Banach space and B1.�/ denotes the unit closed ball of
X, then

1. if X is reflexive, we have ˇ.B1.�// D 0,
2. if X is nonreflexive, we have ˇ.B1.�// D 1.

Proposition 1.21. If X is a Banach space and C � X is bounded, then

ˇ.C C �.B1.�// D ˇ.C/C �ˇ.B1.�// for all � � 0:

Proposition 1.22. If X is a Banach space, fCngn�1 � B is a decreasing sequence
of weakly closed sets in X and ˇ.Cn/ # 0 as n �! 1, then

T

n�1
Cn is nonempty and

weakly compact.

Proof. Let xn 2 Cn; n � 1. We have ˇ.fxngn�1/ D ˇ.fxngn�k/ � ˇ.Ck/ for all
k � 1. Since ˇ.Ck/ # 0 as k ! 1, we obtain ˇ.fxngn�1/ D 0 and so fxngn�1

w
is

weakly compact. From the Eberlein–Šmulian theorem (Theorem 1.8), we can find a
subsequence fxmgm�1 of fxngn�1 such that xn * x in X as m ! 1. Clearly x 2 Cn

for all n � 1 (since all these sets are weakly closed) and so x 2 T

n�1
Cn ¤ ;.

Moreover, ˇ.
T

n�1
Cn/ � ˇ.Cn/ for all n � 1, hence ˇ.

T

n�1
Cn/ D 0, which means

that
T

n�1
Cn is weakly compact. �

On the other hand it is rather difficult to express the De Blasi measure of
weak noncompactness by a convenient formula. The first formula of this type
was obtained by Appell and De Pascale in the Lebesgue space L1.a; b/ [8]. This
formula is very convenient and handy and based on the Dunford–Pettis theorem.
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The De Blasi Measure of weak noncompactness ˇ in L1.a; b/ can be expressed by
the formula

ˇ.X/ D lim
"!0

8
<

:
sup
x2X

8
<

:
sup

2

4
Z

D

jx.t/jdt W D � I; m.D/ � "

3

5

9
=

;

9
=

;
: (1.8)

Also, using the concept of uniform integrability (equi-integrability), Banas̀ and
Sadarangani [28] introduced a measure of weak noncompactness in the Lebesgue
space L1.0; 1/ and showed that this measure is equal to the De Blasi measure of
weak noncompactness.

Further assume that a > 0 is a fixed number. For an arbitrary function
x 2 L1.0; 1/ denote by I.x; a/ the set defined by

I.x; a/ D ft 2 I W jx.t/j > ag:

We introduce the function H defined on the family all bounded subsets of L1.0; 1/
by the formula

H.X/ D lim
a�!1 Ha.X/;

where

Ha.X/ D
�Z

I.x;a/
jx.t/j dt W x 2 X

�

:

Theorem 1.19. H.X/ D ˇ.X/ for all bounded subsets X of L1.0; 1/.

Now we describe some measures of weak noncompactness in the space L1.RC/.
First we recall the criterion for weak noncompactness due to Dieudonné [79].

Theorem 1.20. A bounded set X � L1 is relatively weakly compact if and only if

1. for any " > 0 there is ı > 0 such that if jDj � ı then
R

D jx.t/j dt � "; x 2 X
2. for any " > 0 there is T > 0 such that

R1
T jx.t/j dt � " for any x 2 X.

Further, take a nonempty subset X of L1 and fix " > 0; x 2 X. Let

w.x; "/ D sup

�Z

D
jx.t/j dt W D � RC; jDj � "

�

;

w.X; "/ D supŒw.x; "/ W x 2 X�;

w0.X/ D lim
"�!0

w.X; "/;

a.X/ D lim
T�!1

�

sup

�Z 1

T
jx.t/j dt W x 2 X

��
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Finally, put

�.X/ D w0.X/C a.X/:

Lemma 1.6. The function �.X/ has the following properties:

1. �.X/ D 0 ” X is relatively weakly compact,
2. X � Y H) �.X/ � �.Y/,
3. �.X C Y/ � �.X/C �.Y/,
4. �.�X/ D j�j �.X/ for � 2 R,
5. �.coX/ D �.X/, where coX denotes the convex closure of the set X,
6. �.X [ Y/ D maxŒ�.X/; �.Y/�,
7. �.Br/ D 2r.

Proof. Note that the property 1/ is a simple consequence of Theorem 1.20. The
proof of properties 2)–6) is standard and follows from the definition of the function
� . In order to prove 7/ it is enough to show that �.B1/ D 2. Obviously �.B1/ � 2.
To show the converse inequality let us take the set X � B1;X D fnPŒn;nC1� W n D
1; 2; : : :g where PD will denote the characteristic function of a set D. It is easily seen
that w0.X/ D 1 and a.X/ D 1 so that �.B1/ � �.X/ D 2. This completes the proof.

�

Theorem 1.21. ˇ.X/ � �.X/ � 2ˇ.X/.

Proof. Assume first that ˇ.X/ D r. Then for an arbitrary " > 0 there is a weakly
compact set Y such that X � Y C .r C "/B1. Hence, in view of the properties of the
function � described in Lemma 1.6 we get

�.X/ � �.Y/C .r C "/�.B1/ D 2.r C "/

which proves the right-hand side inequality.
Before proving the second inequality we introduce some auxiliary notations.

Namely, for a fixed b > 0 let

�.x; b/ D Œt 2 RC W jx.t/j > b�;

�T.x; b/ D Œt 2 Œ0;T� W jx.t/j > b�:

Actually, �T.x; b/ � �.x; b/ for any T > 0. Further, for an arbitrary x 2 X we
may write

x D xPŒ0;T�n�T .x;b/ C xP�T .x;b/ C xPŒT;1/:

In what follows assume that " > 0 and T > 0 are fixed and let b � supŒkxk x2X�
"

.
Next, let
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wT.X; "/ D supŒw.xPŒ0;T�; "/ W x 2 X�;

aT.X/ D sup

�Z 1

T
jx.t/j dt W x 2 X

�

;

XT
b D ŒxPŒ0;T�n�T .x;b/ W x 2 X�;

BT D ŒxPŒ0;T� W x 2 B1�;

BT D ŒxPŒ0;1/ W x 2 B1�;

and we see that the following inclusions hold

X � XT
b C wT.X; "/BT C aT.X/BT :

Hence, taking into account that the set XT
b is relatively weakly compact, we arrive

at the following inequality

ˇ.X/ � wT.X; "/C aT.X/ � w.X; "/C aT.X/:

Passing with T to infinity we derive ˇ.X/ � �.X/. Thus the proof is complete. �

1.13 The Superposition Operator

In this section we will denote by I an interval Œ0; 1�, and by L1.I/ the space of
Lebesgue integrable functions (equivalence classes of functions) on I, with the
standard norm kxk D R 1

0
jx.t/j dt. Recall that by Lp we will denote the space of

(equivalences classes of) functions x satisfying
R 1
0

jx.t/jp dt < 1.

Definition 1.38. Assume that f .t; x/ D f W I � R ! R is a given function. For
an arbitrary function x W I ! R denote by Nf x the function defined on I by the
formula .Nf x/.t/ D f .t; x.t//. The operator Nf defined in such a way is said to be
the superposition operator generated by the function f .

The first contribution to the theory of the superposition operator dates back to
Carathéodory [56].

Definition 1.39. We say that the function f D f .t; x/ satisfies Carathéodory
conditions if it is measurable in t for each x 2 R and is continuous in x for almost
all t 2 I.

This theory received a new impetus after the fundamental paper of Krasnosel’skii
[117] who showed a necessary and sufficient condition for the superposition
operator to be continuous from the space Lp into Lq.
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Theorem 1.22. Let f satisfy the Carathéodory conditions. The superposition oper-
ator Nf generated by the function f maps continuously the space Lp.I/ into
Lq.I/ .p; q � 1/ if and only if

jf .t; x/j � a.t/C b jxj p
q ;

for all t 2 I and x 2 R, where a 2 Lq.I/ and b � 0.

Inspired by Krasnosel’skii’s result some necessary and sufficient conditions were
formulated which guarantee that the superposition operator is a continuous self-
mapping of the space of continuous functions, the space of Hölder functions [45],
the Orlicz space [177], the generalized Orlicz [173] space, and the Roumieu space
[156].

The fundamental property of the superposition operator defined on the space L1

is contained in the following theorem.

Theorem 1.23. Assume that f W I � R ! R satisfies the Carathéodory conditions.
Then the superposition operator Nf generated by f transforms the space L1 into
itself if and only if jf .t; x/j � a.t/ C bjxj for t 2 I and x 2 R, where a.t/ is a
function from the space L1 and b is a nonnegative constant. Moreover, the operator
F is continuous on the space L1.

Remark 1.26. It should be noted that the superposition Nf takes its values in L1.I/
if and only if the generating function f is independent on x (see [9]).

It is worthwhile mentioning that under the assumptions of the above theorem the
superposition operator Nf need not be weakly sequentially continuous on the space
L1 or on a ball of L1. Indeed this fact is a consequence of the following old result
due to Shragin [186].

Theorem 1.24. Assume that f W I � R ! R satisfies the Carathéodory conditions.
Then the superposition operator Nf generated by f is weakly sequentially continu-
ous on L1 if and only if the generating function f has the form

f .t; x/ D a.t/C b.t/x ;

where a 2 L1.I/ and b 2 L1.I/.

1.14 Some Aspects of Continuity in L1-Spaces

Let E be a Banach space with the norm k:k. For a sequence fxng � E and x 2 E we
write xn �! x whenever the sequence fxng converges to x (in the norm k:k). If fxng
converges weakly to x we will write that xn * x.
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Definition 1.40. Let us assume that E1;E2 are Banach spaces and X � E1 is a
nonempty set. An operator T W X �! E2 is said to be weakly sequentially
continuous on the set X if for every sequence fxng � X and x 2 X such that xn * x
we have that Txn * Tx. The operator T will be called demicontinuous provided
Txn * Tx for fxng � X and x 2 X such that xn �! x.

Obviously T is continuous if xn �! x implies that Txn �! Tx for fxng � X and
x 2 X.

Remark 1.27. Observe that every continuous operator is also demicontinuous.
It is also easy to show that every weakly sequentially continuous operator is
demicontinuous. In order to show that the converse implication is not true we give
an example connected with the theory of the superposition operator.

Example 1.8. The superposition operator Nf transforms the space L1 into itself
and is continuous. Obviously Nf is also demicontinuous in this setting. On the
other hand the operator Nf need not be weakly sequentially continuous which is
a consequence of an old result due to Shragin [186] (see Theorem 1.24).

Let .a; b/ be a given interval. For simplicity we assume that .a; b/ D .0; 1/ and
let I D .0; 1/. Let S D S.I/ denote the set of measurable (in Lebesgue sense)
functions on I and let m stand for the Lebesgue measure in R. The set S furnished
with the metric

%.x; y/ D infŒa C mfs W jx.s/ � y.s/j � ag W a > 0�

becomes a complete metric space. Moreover, it is well known that the convergence
generated by this metric coincides with convergence in measure. The compactness
in such a space is called “compactness in measure” and such sets have very nice
properties when considered as subsets of Lp-spaces of integrable functions .p � 1/.

Lemma 1.7. If a sequence fxng � L1 and is compact in measure then this sequence
converges in measure.

Lemma 1.8. A sequence fxng � L1 converges in the norm of L1 to a function x 2 L1

if and only if fxng converges in measure to x and is weakly compact.

In what follows let us suppose that X is a bounded subset of L1 being compact in
measure. Then we have the following results.

Theorem 1.25. If T W X �! L1 is continuous then it is also weakly sequentially
continuous.

Proof. Fix arbitrarily a sequence fxng � X being weakly convergent to x 2 X.
By assumption we have that the sequence fxng is compact in measure. Hence and
by Lemma 1.7 we deduce that fxng converges in measure to x. On the other hand
observe that the sequence fxng is weakly compact. This fact in conjunction with
Lemma 1.8 allows us to infer that xn �! x in the norm of the space L1. Thus in
view of the assumption we obtain that Txn �! Tx which implies that Txn * Tx and
completes the proof. �
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Theorem 1.26. If T W X �! L1 is demicontinuous operator then T is weakly
sequentially continuous on X.

The proof may be obtained in the same way as in the proof of Theorem 1.25.
In what follows we give a result which summarizes and generalizes Theo-

rems 1.25 and 1.26.

Theorem 1.27. Let X be a subset of L1 compact in measure and let T W X �! X.
Then the following three conditions are equivalent:

a) T is continuous.
b) T is demicontinuous.
c) T is weakly sequentially continuous.

Proof. Taking into account the results established in Theorems 1.25 and 1.26 we
see that it is enough to show that c/ H) a/. Thus let us assume that T is weakly
sequentially continuous on X and take a sequence fxng contained in X and such
that xn �! x; x 2 X. Then xn * x which in view of the assumption implies that
Txn * Tx. However fTxng is compact in measure and therefore from Lemma 1.7 we
obtain that fTxng converges in measure to Tx. Since fTxng is also weakly compact
(as weakly convergent) we conclude that Txn �! Tx in the norm. This ends the
proof. �

The complete description of compactness in measure was given by Fréchet [84]
but the following sufficient condition will be useful [122].

Theorem 1.28. Let X be a bounded subset of the space L1. Suppose there is a family
of measurable subsets f�cg0�c�1 of the interval I such that m.�c/ D c. If for any
c 2 I and for any x 2 X we have

x.t1/ � x.t2/

for t1 2 �c and for t2 62 �c, then the set X is compact in measure.

It is clear that by putting �c D Œ0; c/ [ D or �c D Œ0; c/ n D, where D is a set
with measure zero, this family contains nonincreasing functions (possibly except for
a set D). We will call the functions from this family “a.e. nonincreasing” functions.
This is the case, when we choose an integrable and nonincreasing function y and
all the functions equal a.e. to y satisfies the above condition. Thus we can write
that elements from L1.I/ belong to this class of functions. Due to the compactness
criterion in the space of measurable functions (with the topology convergence in
measure) we have a result concerning the compactness in measure of a subset X of
L1.I/ [19].

Lemma 1.9. Let � be a bounded subset of Lp.I/ consisting of functions which are
a.e. nondecreasing (or a.e. nonincreasing) on the interval I. Then � is compact in
measure in Lp.I/.
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Proof. Let R > 0 be such that � � Br.�/. It is known that � is compact
in measure as a subset of S. Since the compactness in measure is equivalent to
sequential compactness, we are interested in studying the properties of the latter. By
taking an arbitrary sequence fxngn in � we obtain that there exists a subsequence
fxnk gk convergent in measure to some x in the space S. Since the balls in Lp.I/
spaces .p � 1/ are closed in the topology of convergence in measure, we obtain
x 2 Br.�/ � Lp.I/ and finally x 2 �. �

1.15 Fixed Point Theory

We first state the Schauder fixed point theorem.

Theorem 1.29. If � is a nonempty closed convex subset of a Banach space X and
T is a continuous map from � to � whose image is countably compact, then T has
a fixed point.

Next we consider the Tikonov (Tychonoff) fixed point theorem.

Theorem 1.30. Let � be a convex compact subset of a locally convex topological
space X. If T is a continuous map on � into �, then T has a fixed point.

Remark 1.28. Tychonoff’s theorem contains as a special case the earlier result of
Schauder asserting the existence of a fixed point for each weakly continuous self
mapping of a weakly compact convex subset � of a separable Banach space.

It is not always possible to show that a given mapping between functional Banach
spaces is weakly continuous, but quite often its weak sequential continuity offers
no problem. This follows from the fact that Lebesgue’s dominated convergence
theorem is valid for sequences but not for nets.

Theorem 1.31 ([11, Theorem 1]). Let X be a metrizable, locally convex topologi-
cal vector space and let� be a weakly compact convex subset of X. Then any weakly
sequentially continuous map T W � �! � has a fixed point.

The proof of the last theorem is based on showing that any weakly sequentially
continuous selfmap of the weakly compact � is in fact weakly continuous (due
to the angelicity of the weak topology of metrizable locally convex spaces) and
reducing the result to the Tychonoff fixed point theorem.

1.15.1 The Krasnosel’skii’s Fixed Point Theorem

Many problems arising from diverse areas of natural science involve the study of
solutions of nonlinear equations of the form

Ax C Bx D x; x 2 �;
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where � is a closed and convex subset of a Banach space X, see for example
[52, 55, 69, 70, 76]. Krasnosel’skii’s fixed point theorem appeared as a prototype
for solving equations of the previous type. The Krasnosel’skii’s fixed point theorem
in its original form is as follows.

Theorem 1.32. Let � be a closed convex nonempty subset of a Banach space
.X; k:k. Suppose that A and B map � into X and that

.i/ Ax C By 2 �, for all x; y 2 �
.ii/ A is continuous on � and A.�/ is contained in a compact subset of X
.iii/ B is a ˛ contraction in X, with ˛ 2 Œ0; 1Œ:
Then there exist y in � such that

Ay C By D y:

Condition .i/ can be quite restrictive, but this can be relaxed as follows.

Theorem 1.33. Let � be a closed, convex and nonempty subset of a Banach space
.X; k:k/. Suppose that A W � �! X and B W X �! X such that

.i/ B is a contraction with constant ˛ < 1,
.ii/ A is continuous and A.�/ is contained in a compact subset of X,
.iii/ Œx D Bx C Ay; y 2 �� H) x 2 �.

Then there is a y 2 � with Ay C By D y.

1.15.2 Leray–Schauder Theory

We state a Leray–Schauder result which is useful in applications.

Theorem 1.34 (Leray–Schauder). Let� be an open bounded set in a real Banach
space X and let T W � �! X be a completely continuous operator. Let y 2 � be a
point such that xC�T.x/ ¤ y for each x 2 @� and � 2 Œ0; 1�, where @� denotes the
boundary of the set �. Then the equation .Id C T/.x/ D y has at least one solution.

The following version of this theorem is useful in applications:

Theorem 1.35. Let T be a completely continuous operator in the Banach space X.
If all solutions of the family of equations

x D �T.x/ .� 2 Œ0; 1�/ (1.9)

are uniformly bounded, i.e., 9 c > 0 such that 8� and 8x satisfying (1.9) the a priori
estimate kxk � c holds, then the equation x D T.x/ has a solution.
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1.15.3 Multivalued Maps

For a set Y , denote by P.Y/ the power set of Y . By a multivalued map, we mean
a map

T W X �! P.Y/

which thus assigns to each point x 2 X a subset T.x/ � Y . Note that a map
S W X �! Y can be identified with a multivalued map S0 W X �! Y by setting
S0.x/ D fS.x/g.

For T W X �! P.Y/ and M � X we define

T.M/ D
[

x2M

T.x/;

and the graph G.T/ of T will be the set

G.T/ D f.x; y/ W x 2 X; y 2 T.x/g:

Definition 1.41. Let X and Y be topological spaces and T W T W X �! P.Y/
a multivalued map. T is called upper semicontinuous, if for every x 2 X and
every open set V in Y with T.x/ � V , there exists a neighborhood U.x/ such that
T.U.x// � V .

Using simple topological arguments, these definitions can be equivalently stated in
a simpler formulation. The preimage T�1.A/ of a set A � Y under a multivalued
map T is defined as

T�1.A/ D fx 2 X W T.x/ \ A ¤ ;g:

Note that, unlike single-valued maps, the inclusion T.T�1.A// � A need not
hold. However, unless T�1.A/ D ;, we have T.T�1.A// \ A ¤ ;.

Proposition 1.23. Let X and Y be topological spaces and T W X �! P.Y/ a
multivalued map. Then, T is upper semicontinuous if and only if T�1.A/ is closed
for all closed sets A � Y.

In some special cases, the graph of a map can be used to characterize upper
semicontinuity.

Theorem 1.36. Let X and Y be topological spaces and T W X �! P.Y/ a
multivalued mapping. Assume that T.x/ is closed for all x 2 X. Then T is upper
semicontinuous if and only if G.T/ is closed in X � Y.

The Kakutani-fixed point theorem was the first fixed point result concerning
multivalued mappings. It is a generalization of the fixed point theorem by Brouwer.
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Theorem 1.37 (Kakutani Fixed Point Theorem). Let � be a nonempty compact
convex subset of Rn. Let T W � �! P.�/ satisfy

1. for each x 2 �, T.x/ is nonempty closed and convex,
2. T is upper semicontinuous.

Then T has a fixed point.

Theorem 1.38 (Fan–Glicksberg Fixed Point Theorem [95]). Let X be a locally
convex topological vector space and let � � X be nonempty compact and convex.
Let T W � �! P.�/ satisfy

1. for each x 2 �, T.x/ is nonempty closed and convex,
2. T is upper semicontinuous.

Then T has a fixed point.

A generalization of the previous theorem is the Himmelberg fixed point
theorem [108].

Theorem 1.39 (Himmelberg Fixed Point Theorem). Let� be a nonempty convex
subset of a topological vector space X. Let T W � �! P.�/ satisfy

1. for each x 2 �, T.x/ is nonempty closed and convex,
2. T is upper semicontinuous.
3. T.�/ is relatively compact.

Then T has a fixed point.



Chapter 2
Nonlinear Eigenvalue Problems
in Dunford–Pettis Spaces

In this chapter, we present some variants of Leray–Schauder type fixed point
theorems and eigenvalue results for decomposable single-valued nonlinear weakly
compact operators in Dunford–Pettis spaces.

2.1 Introduction

In this section we discuss operator equations of the form

GTx D �x; (2.1)

in appropriate spaces of functions, where by GT we mean the composition G ı T
of single-valued mappings and � is a scalar. Recently, several authors [37, 38, 135]
have taken advantage of the representation F D GT and established fixed point
theorems for F-self mapping on closed convex subset of Banach spaces. In
applications to construct a set � of a space E such that F takes � back into � is
very difficult and sometimes impossible. As a result, it makes sense to discuss maps
F W � �! X. To do this, one of the most important tools in nonlinear analysis is the
Leray–Schauder principle. Due to the lack of compactness for many problems posed
in L1-spaces, we also give alternatives of Leray–Schauder type for some nonlinear
weakly compact composite operators F D GT in Dunford–Pettis spaces, where
G and T verify some sequential conditions (.H1/ and .H2)). Let S be a nonlinear
operator from a Banach space X into itself. We will use the following two conditions.

.H1/

�
If fxngn2N is a weakly convergent sequence in E; then
fSxngn2N has a strongly convergent subsequence in E:

© Springer International Publishing Switzerland 2016
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.H2/

�
If fxngn2N is a weakly convergent sequence in E; then
fSxngn2N has a weakly convergent subsequence in E:

In the literature a continuous map satisfying the condition .H1/ is called
.ws/-compact [100].

The following fixed point result will be used throughout this section. The proof
follows from the Schauder fixed point theorem.

Theorem 2.1. Let � be a nonempty closed convex subset of a Banach space X.
Assume that F W � �! � is a continuous map which verifies .H1/. If F.�/ is
weakly relatively compact, then there exists x 2 � such that Fx D x:

2.2 Nonlinear Eigenvalue Problems

We use Theorem 2.1 to obtain a nonlinear alternative of Leray–Schauder type for
decomposable nonlinear weakly compact operators in Dunford–Pettis spaces.

Theorem 2.2. Let X be a Dunford–Pettis space,� a nonempty closed convex subset
of X, U a relatively open subset of � and z 2 U. If G W X ! X and T W U ! X are
operators satisfying:

1. G is a bounded linear weakly compact operator.
2. T is a nonlinear continuous operator satisfying .H2/.
3. T.U/ is bounded and G.T.U// � �.

Then, either

.A1/ GT has a fixed point in U, or

.A2/ there is a point x 2 @�U (the boundary of U in �) and � 2 .0; 1/ with
x D .1 � �/z C �GTx:

Remark 2.1. (a) Since� is closed, the closure in� of U and closure are the same,
for U � �.

(b) For U � �, we have @�U D U \�nU.

Proof. Consider GT W U ! �. Suppose .A2/ does not hold. Also without loss of
generality, assume that the operator GT has no fixed point in @�U (otherwise we are
finished, i.e., .A1/ occurs). Let D be the set defined by

D D
�

x 2 U W x D .1 � �/z C �GTx; for some � 2 Œ0; 1�
�

:

Now D ¤ ; since z 2 D. Also D is closed. To see this, let .xn/ be a sequence
in D such that xn ! x 2 U. For all n 2 N, there exists a �n 2 Œ0; 1� such that
xn D .1 � �/z C �nGTxn. Now �n 2 Œ0; 1�, so we can extract a subsequence f�njgj

such that �nj �! � 2 Œ0; 1�. So, by the continuity of the operators G and T we obtain
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that .1� �nj/z C �nj GTxnj �! .1� �/z C �GTx. Hence x D .1� �/z C �GTx and
x 2 D. Next, we shall prove that the set D is sequentially compact. To see this, let
fxngn be any sequence in D. Since GT.D/ is weakly relatively compact, we obtain by
the Eberlein–Šmulian theorem (Theorem 1.8) that there exists a subsequence fxnjgj

of fxngn with GTxnj * y for some y 2 �. We have xnj D .1 � �nj/z C �nj GTxnj for
some �nj 2 Œ0; 1�. Passing eventually to a new subsequence, we may assume that
�nj ! � for � 2 Œ0; 1�. So, fxnjgj * .1��/z C�y. Next, since T verifies .H2/, then
fTxnjgj has a weakly convergent subsequence, say fTxnjk

gk. Using the fact that the
linear operator G is weakly compact together with Proposition 1.18, we infer that
the sequence fGTxnjk

gk is strongly convergent. Hence fxnjk
gk is strongly convergent

as well. Hence D is compact. Because E is a Hausdorff locally convex space, we
have that E is completely regular (see Remark 1.11). Since D \ .� n U/ D ;, then
by Proposition 1.1, there is a continuous function ' W � �! Œ0; 1�, such that
'.x/ D 1 for x 2 D and '.x/ D 0 for x 2 � n U. Since � is convex, z 2 �, we can
define the operator cGT W � ! � by

cGTx D
8
<

:

.1 � '.x//z C '.x/GTx; if x 2 U;

z; if x 2 � n U:

We first check that cGT is continuous and satisfies .H1/. Indeed, we have @�U D
@�U and the operators ' and GT are continuous, so cGT is continuous. By an
argument similar to the one used above, it is easy to show that GT satisfies .H1/.
Since Œ0; 1� is compact, it follows that cGT satisfies .H1/. Now, the set GT.U/ is
weakly relatively compact. Applying the Krein -Šmulian theorem (Theorem 1.10),
we have that the set D� D conv.GT.U/ [ fzg/ is convex and weakly compact.
Moreover, cGT.D�/ � D�. Thus, all the assumptions of Theorem 2.1 are satisfied
for the operator cGT . Therefore, there exists x0 2 � with cGTx0 D x0. From the
definition of cGT , x0 must be an element of U. Then x0 D .1�'.x0//z C'.x0/GTx0,
which implies that x0 2 D and so '.x0/ D 1. Accordingly, GTx0 D x0 and the proof
is complete. �

Corollary 2.1. Let E be a Dunford–Pettis space, � a nonempty closed convex
subset of E, U a relatively open subset of � and z 2 U. Suppose G W E ! E is a
bounded linear weakly compact operator and T W U ! E is a nonlinear continuous
operator satisfying .H2/, T.U/ is bounded and G.T.U// � �. Also, assume that
GT satisfies the Leray–Schauder boundary condition

x ¤ .1 � �/z C �GTx; � 2 .0; 1/; x 2 @�U;

then the set of fixed point of GT in U is nonempty and compact.

Proof. By Theorem 2.2, the operator GT has a fixed point in U. Let

S D
�

x 2 U W GTx D x;

�

be the fixed point set of GT . Since the operators G and T



42 2 Nonlinear Eigenvalue Problems in Dunford–Pettis Spaces

are continuous, S is obviously a closed subset of U such that GT.S/ D S . Following
an argument similar to that in Theorem 2.2, we obtain that S is sequentially compact
and, hence, it is compact. �

As a special case, we obtain a fixed point theorem of Rothe type [175] for
decomposable nonlinear weakly compact operators.

Corollary 2.2. Let E be a Dunford–Pettis space, � a nonempty closed convex
subset of E, U a relatively open subset of � and z 2 U. Suppose G W E ! E
is a bounded linear weakly compact operator and T W U ! E is a nonlinear
continuous operator satisfying .H2/ and T.U/ is bounded. In addition, assume that
U is starshaped with respect to z and G.T.@�U// � U. Then the set of fixed points
of F in U is nonempty and compact.

Proof. Because U is starshaped with respect to � and GT.@�U/ � U, then
x ¤ .1 � �/z C �GTx; � 2 .0; 1/; x 2 @�U. Applying Corollary 2.1, the set of
fixed points of GT in U is nonempty and compact. �

Corollary 2.3. Let E be a Dunford–Pettis space, � a nonempty closed convex
subset of E, U a relatively open subset of � and � 2 U. Suppose G W E ! E is a
bounded linear weakly compact operator and T W U ! E is a nonlinear continuous
operator satisfying .H2/, T.U/ is bounded and G.T.U// � �. In addition, suppose
GT has no fixed point in U. Then, there exist an x 2 @�U and � 2 .0; 1/ such that
x D �GTx.

Corollary 2.4. Let E be a Dunford–Pettis space, � a nonempty closed convex
subset of E, U a relatively open subset of � with � 2 U and ˛ � 1. Suppose
G W E ! E is a bounded linear weakly compact operator and T W U ! E
is a nonlinear continuous operator satisfying .H2/, T.U/ is bounded and
G.T.U// � �. In addition, assume that there is a real number k > ˛ such that

G.T.U// \ .k:U/ D ;: (2.2)

Then there exist an x 2 @�U and � � k such that GTx D �x:

Remark 2.2. � is the zero vector of E.

Proof. Consider F D GT W U ! �. We suppose that for all x 2 @�U and
� � k;F.x/ ¤ �x. Let F1 D 1

k F and

D D
�

x 2 U W x D �F1x; for some � 2 Œ0; 1�
�

:

The set D is nonempty because � 2 D. Following an argument similar to that in
Theorem 2.2, we obtain that D is compact. Now we show that D \ .� n U/ D ;. If
this is not the case, there exists an x 2 � n U and ˇ 2 Œ0; 1� such that ˇF1x D x.
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If ˇ D 0, then x D � , which contradicts � 2 U. If ˇ ¤ 0, then Fx D k
ˇ

x . k
ˇ

� k/,
which contradicts (3.15). Thus, D \ .� n U/ D ;. Let F�

1 W � ! � the operator
defined by

F�
1 x D

8
<

:

'.x/F1x; if x 2 U;

z; if x 2 � n U:

Following arguments similar to those used in the proof of Theorem 2.2, we prove
that F�

1 has a fixed point y 2 �. If y 62 U, '.y/ D 0 and y D � , which contradicts
the hypothesis � 2 U. Then y 2 U and y D '.y/Fy, which implies that y 2 D,
and so '.y/ D 1 and Fy D ky. Hence, F.U/ \ .k:U/ ¤ ;, another contradiction.
Accordingly, there exist an x 2 @�U and � � k such that Fx D GTx D �x. �

In the rest of this section we shall discuss nonlinear Leray–Schauder alternatives
for decomposable nonlinear positive operators. Let E1 and E2 be two Banach lattice
spaces, with positive cones EC

1 and EC
2 , respectively. An operator F from E1 into E2

is said to be positive if it carries the positive cOone EC
1 into EC

2 (i.e., F.EC
1 / � EC

2 ).

Theorem 2.3. Let� be a nonempty closed convex subset of a Banach lattice E such
that �C WD � \ EC ¤ ;. Assume F W � �! � is a positive continuous operator
satisfying .H1/. If F.�/ is weakly relatively compact, then F has at least a positive
fixed point in �.

Proof. Clearly, the set �C is a closed convex subset of EC and F.�C/ � �C.
Also, F.�C/ � F.�/, so F.�C/ is weakly relatively compact. Now, it suffices to
apply Theorem 2.1 to prove that F has a fixed point in �C � �. �

Theorem 2.4. Let E be a Dunford–Pettis lattice space, � a nonempty closed
convex subset of E, U a relatively open subset of � and z 2 U \ EC. Suppose
G W E ! E is a positive bounded linear weakly compact operator and T W U ! E
is a positive nonlinear continuous operator satisfying .H2/, T.U/ is bounded and
G.T.U// � �. Then, either

.A1/ GT has a positive fixed point in U, or

.A2/ there is a point x 2 @�U \ EC (the positive boundary of U in �) and
� 2 .0; 1/ with x D .1 � �/z C �GTx:

Proof. Consider GT W U ! �. Suppose .A2/ does not hold. Also without loss
of generality, assume that the operator GT has no positive fixed point in @�U
(otherwise we are finished, i.e., .A1/ occurs). Let D be the set defined by

D D
�

x 2 U \ EC W x D .1 � �/z C �GTx; for some ł 2 Œ0; 1�
�

:

Now D ¤ ; since z 2 D. Because E is a normed lattice, EC is closed, and so,
U \ EC is a closed subset of �. Following arguments similar to those used in
the proof of Theorem 2.2, we prove that D is compact. Because E is a Hausdorff
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locally convex space, we have that E is completely regular (see Remark 1.11). Since
D\.�nU/ D ;, then by Proposition 1.1, there is a continuous function ' W � �!
Œ0; 1�, such that '.x/ D 1 for x 2 D and '.x/ D 0 for x 2 � n U. Since� is convex,
z 2 �, we can define the operator cGT W � ! � by

cGTx D
8
<

:

.1 � '.x//z C '.x/GTx; if x 2 U;

z; if x 2 � n U:

Clearly, the operator cGT is positive. By an argument similar to that in Theorem 2.2
and using Theorem 2.3, we prove that there exists a positive element x0 2 � with
cGTx0 D x0. If x0 … U, '.x0/ D 0 and x0 D z, which contradicts the hypothesis
z 2 U. Then, x0 2 U and x0 D .1�'.x0//zC'.x0/GTx0, which implies that x0 2 D
and so '.x0/ D 1. Accordingly, GTx0 D x0 and x0 is a positive fixed point of GT
which completes the proof. �

Corollary 2.5. Let E be a Dunford–Pettis lattice space, � a nonempty closed
convex subset of E, U a relatively open subset of � and z 2 U \ EC. Suppose
G W E ! E is a positive bounded linear weakly compact operator and T W U ! E
is a positive nonlinear continuous operator satisfying .H2/, T.U/ is bounded and
G.T.U// � �. Also, assume that GT satisfies the Leray–Schauder boundary
condition

x ¤ .1 � �/z C �GTx; � 2 .0; 1/; x 2 @�U \ EC;

then the set of positive fixed points of GT in U is nonempty and compact.



Chapter 3
Fixed Point Theory in Locally Convex Spaces

3.1 Leray–Schauder Alternatives

In this section we discuss the existence of fixed points for weakly sequentially con-
tinuous mappings on domains of Banach spaces. We first present some applicable
Leray–Schauder type theorems for weakly condensing and 1-set weakly contractive
operators. The main condition is formulated in terms of De Blasi’s measure of weak
noncompactness ˇ (see Sect. 1.12).

Definition 3.1. Let D be a nonempty subset of Banach space E. If F maps D into
E, we say that

(a) F is condensing (with respect to ˇ) if F is bounded and ˇ.F.V// < ˇ.V/ for all
bounded subsets V of D with ˇ.V/ > 0,

(b) F is 1-set contractive (with respect to ˇ) if F is bounded and ˇ.F.V// � ˇ.V/
for all bounded subsets V of D.

Theorem 3.1. Let X be a Banach space, � � E a closed convex subset, U � �

a weakly open set (with respect to the weak topology of �) and such that � 2 U.
Assume that Uw is a weakly compact subset of � and F W Uw �! � is a weakly
sequentially continuous mapping. Then, either

.A1/ F has a fixed point, or

.A2/ there is a point u 2 @�U (the weak boundary of U in �) and � 2 .0; 1/ with
u D �Fu:

Proof. Suppose .A2/ does not hold. We observe that supposition is satisfied also for
� D 0 (since � 2 U). If .A2/ is satisfied for � D 1, then in this case we have a fixed
point in u 2 @�U and there is nothing to prove. In conclusion, we can consider that
the supposition is satisfied for any x 2 @�U and any � 2 Œ0; 1�. Let D be the set
defined by

© Springer International Publishing Switzerland 2016
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D D
�

x 2 Uw W x D �F.x/; for some � 2 Œ0; 1�
�

:

The set D is nonempty because � 2 U. We will show that D is weakly compact.
The weak sequential continuity of F implies that D is weakly sequentially closed.
For that, let fxngn a sequence of D such that xn * x, x 2 Uw. For all n 2 N, there
exists a �n 2 Œ0; 1� such that xn D �nF.xn/. Now �n 2 Œ0; 1�, so we can extract
a subsequence f�njgj such that �nj �! � 2 Œ0; 1�. So, �nj Fxnj * �Fx. Hence
x D �F.x/ and x 2 D. Let x 2 Uw, weakly adherent to D. Since Dw is weakly
compact, by the Eberlein–Šmulian theorem, there exists a sequence fxngn � D such
that xn * x, so x 2 D. Hence Dw D D and D is a weakly closed subset of the
weakly compact set Uw. Therefore D is weakly compact. Because E endowed with
its weak topology is a Hausdorff locally convex space, we have that X is completely
regular. Since D \ .� n U/ D ;, it follows by Proposition 1.1 that there is a weakly
continuous function ' W � �! Œ0; 1�, such that '.x/ D 1 for x 2 D and '.x/ D 0

for x 2 � n U. Let F� W � �! � be the mapping defined by:

F�x D
8
<

:

'.x/Fx; if x 2 U;

�; if x 2 � n U:

Because @�U D @�Uw, ' is weakly continuous and F is weakly sequentially
continuous, we have that F� is weakly sequentially continuous. Also, F�.�/ �
co.F.Uw/[f�g/. Let D� D conv.F.Uw/[f�g/. It follows, using the Krein–Šmulian
theorem and the weakly sequential continuity of F that D� is a weakly compact
convex set. Moreover F�.D�/ � D�. Since F� is weakly sequentially continuous,
it follows using Theorem 1.31 that F� has a fixed point x0 2 �. If x0 62 U,
'.x0/ D 0 and x0 D � , which contradicts the hypothesis � 2 U. Then x0 2 U
and x0 D '.x0/F.x0/, which implies that x0 2 D, and so '.x0/ D 1 and the proof is
complete. �

Remark 3.1. The condition Uw is weakly compact in the statement of Theorem 3.1
can be removed if we assume that F.Uw/ is relatively weakly compact.

Theorem 3.2. Let � a nonempty, convex closed set in a Banach space E. Assume
F W � �! � is a weakly sequentially continuous map and condensing with respect
to ˇ. In addition, suppose that F.�/ is bounded. Then F has a fixed point.

Proof. Let x0 2 �. We consider the family F of all closed bounded convex subsets
D of� such that x0 2 D and F.D/ � D. Obviously F is nonempty, since co.F.�/[
fx0g/ 2 F . We let K D \

D2FD. We have that K is closed convex and x0 2 K. If x 2 K,

then Fx 2 D for all D 2 F and hence F.K/ � K. Therefore we have that K 2 F . We
will prove that K is weakly compact. Denoting by K� D co.F.K/ [ fx0g/, we have
K� � K, which implies that F.K�/ � F.K/ � K�. Therefore K� 2 F , K � K�.
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Hence K D K�. Since K is weakly closed, it suffices to show that K is relatively
weakly compact. If ˇ.K/ > 0, we obtain

ˇ.K/ D ˇ.co.F.K/ [ fx0g// � ˇ.F.K// < ˇ.K/;

which is a contradiction. Hence, ˇ.K/ D 0 and so K is relatively weakly
compact. Now, F is a weakly sequentially continuous map of K into itself. From
Theorem 1.31, F has a fixed point in K � �. �

Theorem 3.3. Let � be a closed convex subset of a Banach space E. In addition,
let U be a weakly open subset of � with � 2 U, and F W Uw �! � a weakly
sequentially continuous map, condensing with respect to ˇ and F.Uw/ is bounded.
Then, either

.A1/ F has a fixed point, or

.A2/ there is a point u 2 @�U (the weak boundary of U in �) and � 2 .0; 1/ with
u D �Fu:

Proof. Suppose .A2/ does not hold and F does not have a fixed point in @�U
(otherwise, we are finished, i.e., .A1/ occurs). Let D be the set defined by

D D
�

x 2 Uw W x D �F.x/; for some � 2 Œ0; 1�
�

:

Now D is nonempty and bounded, because � 2 D and F.Uw/ is bounded. We have
D � conv.f�g [ F.D//. So, ˇ.D/ ¤ 0 implies

ˇ.D/ � ˇ.co.f0g [ F.D// � ˇ.F.D// < ˇ.D/;

which is a contradiction. Hence, ˇ.D/ D 0 and D is relatively weakly compact.
Now, we prove that D is weakly closed. Arguing as in the proof of Theorem 3.1,
we prove that D is weakly sequentially closed. Let x 2 Uw, and weakly adherent
to D. Since Dw is weakly compact, by the Eberlein–Šmulian theorem, there exists
a sequence fxngn � D such that xn * x, so x 2 D. Hence Dw D D and D is a
weakly closed. Therefore D is weakly compact. Because E endowed with its weak
topology is a Hausdorff locally convex space, we have that E is completely regular.
Since D \ .� n U/ D ;, by Proposition 1.1 there is a weakly continuous function
' W � �! Œ0; 1�, such that '.x/ D 1 for x 2 D and '.x/ D 0 for x 2 � n U. Let
F� W � �! � be the mapping defined by:

F�x D
8
<

:

'.x/Fx; if x 2 U;

�; if x 2 � n U:

Clearly, F�.�/ is bounded. Because ' is weakly continuous and F is weakly
sequentially continuous, we have that F� is weakly sequentially continuous.
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We claim that the mapping F� is condensing. Indeed, let X � �, bounded, with
ˇ.X/ ¤ 0. Then, since

F�.X/ � co.f�g [ F.X \ U/;

we have

ˇ.F�.X// � ˇ.F.X \ U//:

If X \ U is relatively weakly compact, then F.X \ U/ is relatively weakly compact
and ˇ.F.X \ U// D 0 < ˇ.X/. If ˇ.X \ U/ ¤ 0, then ˇ.F.X \ U// < ˇ.X \ U/ �
ˇ.X/ and ˇ.F�.X// < ˇ.X/. So, F� is condensing with respect to ˇ. Therefore
Theorem 3.2, implies that F� has a fixed point x0 2 �. If x0 62 U, '.x0/ D 0 and
x0 D � , which contradicts the hypothesis � 2 U. Then x0 2 U and x0 D '.x0/F.x0/,
which implies that x0 2 D, and so '.x0/ D 1 and the proof is complete. �

Theorem 3.4. Let � be a closed convex subset of a Banach space E. In addition,
let U be a weakly open subset of � with � 2 U, and F W Uw �! � a weakly
sequentially continuous, 1-set contraction map with respect to ˇ and F.Uw/ is
bounded. Assume that

(a) u ¤ �Fu; � 2 .0; 1/; u 2 @�U:
(b) .I � F/.Uw/ is closed.

Then, F has a fixed point in Uw:

Proof. Let Fn D tnF n D 1; 2; : : :, where ftngn is a sequence of .0; 1/ such that
tn �! 1. Since � 2 � and � is convex, it follows that Fn maps Uw into �.
Suppose that �nFnyn D yn for some yn 2 @�U and for some �n 2 .0; 1/. Then
we have �ntnFnyn D yn which contradicts hypothesis .a/ since �ntn 2 .0; 1/. Let X
an arbitrary bounded subset of Uw. Then we have

ˇ.Fn.X// D ˇ.tnF.X// � tnˇ.F.X// � tnˇ.X/:

So, if ˇ.X/ ¤ 0 we have

ˇ.Fn.X// < ˇ.X/:

Therefore Fn is condensing with respect to ˇ on Uw. From Theorem 3.3, Fn has a
fixed point, say, xn in Uw. Therefore, xn � Fxn D .1 � tn/Fxn�!� as n �! 1,
since tn �! 1 as n �! 1 and F.Uw/ is bounded. From, condition .b/, we obtain
� 2 .I � F/.Uw/ and hence there is a point x0 in Uw such that � D .I � F/x0. Thus
x0 is a fixed point of F in Uw. �



3.2 Fixed Point Theory for 1-Set Weakly Contractive Operators 49

3.2 Fixed Point Theory for 1-Set Weakly Contractive
Operators

In this section we consider an axiomatic definition of the measure of weak
noncompactness (see Appell’s survey on measures of noncompactness [10]). Let
E be a Banach space. In what follows we make use of the following notation
Pbd.E/ D fD � E W D boundedg.

A function � W Pbd.E/ �! R
C is said to be a measure of weak noncompactness

if, for every � 2 Pbd.E/, the following properties are satisfied:

(1) �.�/ D 0 ” � 2 W.E/.
(2) �.co.�// D �.�/;

(3) �1 � �2 H) �.�1/ � �.�2/;

(4) �.�1 [�2/ D maxf�.�1/; �.�2/g;
(5) �.�1 C�2/ � �.�1/C �.�2/;

(6) �.��/ D j�j�.�/; � 2 R.

In [26] a measure of weak noncompactness in the above sense is called to be
regular. We note that De Blasi’s measure ˇ is a regular measure of weak noncom-
pactness. For more examples and properties of measures of weak noncompactness
we refer the reader to [6, 23, 26, 123, 124].

Throughout we let � be a measure of weak noncompactness on E.

Definition 3.2. Let D be a nonempty subset of Banach space E. If F maps D into
E, we say that

(a) F is�-condensing if F is bounded and�.F.V// < �.V/ for all bounded subsets
V of D with �.V/ > 0,

(b) F is �-nonexpansive if F is bounded and �.F.V// � �.V/ for all bounded
subsets V of D.

Lemma 3.1. Let C be a nonempty weakly closed set of a Banach space E and
F W C �! E a weakly sequentially continuous and �-condensing operator with
F.C/ is bounded. Then

.a/ for all weakly compact subset K of E, .I � F/�1.K/ is weakly compact.

.b/ I � F maps weakly closed subset of C onto weakly sequentially closed sets in E.

Proof. .a/ Let K � E be a nonempty weakly compact set and let D D .I�F/�1.K/.
Since I � F is weakly sequentially continuous, D is weakly sequentially closed.
Moreover, we have

�.D/ � �.K/C �.F.D// D �.F.D//:

Since F is �-condensing, it follows that �.D/ D 0. Let x 2 C, be weakly
adherent to D. Since Dw is weakly compact, by the Eberlein–Šmulian theorem,
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there exists a sequence fxngn � D such that xn * x, so x 2 D. Hence Dw D D
and D is a weakly closed subset of C. Therefore D is weakly compact.

.b/ Let D � C be a weakly closed set and consider xn 2 .I�F/.D/ such that xn * x
in E. We have xn D .I � F/.un/;8n � 1 with un 2 D. The set K D fxngw is
weakly compact and so .I � F/�1.K/ is weakly compact. Therefore, we may
assume that un * u in D, for some u 2 D. Due to the weak sequential continuity
of I �F, we have x D .I �F/.u/ and so x 2 .I �F/.D/. Accordingly .I �F/.D/
is weakly sequentially closed.

�

Definition 3.3. A subset D of a Banach space is called weakly sequentially closed
if, whenever xn 2 D for all n 2 N and xn * x, then x 2 D.

Definition 3.4. Let D be a nonempty weakly closed set of a Banach space E and
F W D �! E a weakly sequentially continuous operator. F is said to be weakly
semi-closed operator at � if the conditions xn 2 D, xn � F.xn/ �! � imply that
there exists x 2 D such that F.x/ D x (here � means the zero vector of the space E).

It should be noted that this class of operators, as special cases, includes the
weakly sequentially continuous operators which are weakly compact, weakly
contractive, �-condensing, .I � F/.D/ is weakly sequentially closed and others (see
Lemma 3.1 ).

The following fixed point result, stated in [35] is an analogue of Sadovskii’s
fixed point result [3], will be used throughout this section. The proof follows from
Theorem 1.31

Theorem 3.5. Let� be a nonempty, convex closed set in a Banach space E. Assume
F W � �! � is a weakly sequentially continuous and �-condensing mapping. In
addition, suppose that F.�/ is bounded. Then F has a fixed point.

Proposition 3.1. Let � be a nonempty unbounded closed convex subset of a
Banach space E. Suppose that F W � �! � is a weakly sequentially continuous �-
nonexpansive operator and F.�/ is bounded. In addition, assume that F is weakly
semi-closed at � . Then F has a fixed point in �.

Proof. Let x0 be a fixed element of �. Define Fn D tnF C .1 � tn/x0 n D 1; 2; : : :,
where .tn/n is a sequence of .0; 1/ such that tn �! 1. Since x0 2 � and� is convex,
it follows that Fn maps � into itself. Clearly Fn is weakly sequentially continuous
and Fn.�/ is bounded. Let X an arbitrary bounded subset of �. Then we have

�.Fn.X// D �.tnF.X/C f.1 � tn/x0g/ � tn�.F.X//C �.f.1 � tn/x0g/ � tn�.X/:

So, if �.X/ ¤ 0 we have

�.Fn.X// < �.X/:



3.2 Fixed Point Theory for 1-Set Weakly Contractive Operators 51

Therefore Fn is �-condensing on �. From Theorem 3.5, Fn has a fixed point, say,
xn in �. Consequently, kxn � F.xn/k D k.tn � 1/.F.xn/ � x0/k �! 0 as n �! 1,
since tn �! 1 as n �! 1 and F.�/ is bounded. Since F is weakly semi-closed at
� , there exists x 2 � such that F.x/ D x. Accordingly, F has a fixed point in �. �

Theorem 3.6. Let � be a closed wedge of a Banach space E, x0 2 �, U a weakly
open subset of � such that x0 2 U and ˛ � 1. Suppose that F W Uw �! �

is weakly sequentially continuous, �-condensing operator and F.Uw/ is bounded.
Then, either

.A1/ the operator equation F.x/ D ˛x has a solution in Uw, or

.A2/ there is a point x 2 @�U and k > ˛ with Fx � ˛x0 D k.x � x0/:

Proof. Suppose .A2/ does not hold. If .A2/ is satisfied for k D ˛, then the result
follows. In conclusion, we can consider that the supposition is not satisfied for any
x 2 @�U and any k � ˛. Let D be the set defined by

D D
�

x 2 Uw W x D �

˛
F.x/C .1 � �/x0; for some � 2 Œ0; 1�

�

:

Now D is nonempty and bounded, because x0 2 D and F.Uw/ is bounded. We have
D � co.fx0g [ . 1

˛
F.D///. Because the set fx0g is weakly compact and ˛ � 1, then

�.D/ ¤ 0 implies

�.D/ � �.conv.fx0g [ . 1
˛

F.D/// � 1

˛
.F.D// < �.D/;

which is a contradiction. Hence, �.D/ D 0 and D is relatively weakly compact.
Now, we prove that D is weakly closed. The weak sequentially continuity of F
implies that D is weakly sequentially closed. For that, let fxngn a sequence of D
such that xn * x, x 2 Uw. For all n 2 N, there exists a �n 2 Œ0; 1� such that
xn D �n

˛
F.xn/C .1��n/x0. Now �n 2 Œ0; 1�, so we can extract a subsequence f�njgj

such that �nj �! � 2 Œ0; 1�. So,
�nj

˛
F.xnj/C.1��nj/x0 *

�
˛

F.x/C.1��/x0. Hence
x D �

˛
F.x/ C .1 � �/x0 and x 2 D. Let x 2 Uw, be weakly adherent to D. Since

Dw is weakly compact, by the Eberlein–Šmulian theorem, there exists a sequence
fxngn � D such that xn * x, so x 2 D. Hence Dw D D and D is a weakly closed
subset of Uw. Therefore D is weakly compact. We prove that D \ .� n U/ D ;. In
fact, let x 2 D, then there exists � 2 .0; 1� such that x D �

˛
F.x/C.1��/x0 (if � D 0

then x D x0 … � n U). So, F.x/ � ˛x0 D ˛
�
.x � x0/ and thus x … � n U . ˛

�
� ˛/.

Because E endowed with its weak topology is a Hausdorff locally convex space, we
have that E is completely regular. Since D \ .� n U/ D ;, by Proposition 1.1 there
is a weakly continuous function ' W � �! Œ0; 1�, such that '.x/ D 1 for x 2 D and
'.x/ D 0 for x 2 � n U. Since � is a wedge, x0 2 �, we can define the operator
F� W � �! � by:
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F�.x/ D
8
<

:

'.x/
˛

F.x/C .1 � '.x//x0; if x 2 Uw;

�; if x 2 �nUw

Clearly, F�.�/ is bounded. Because @�U D @�Uw, ' is weakly continuous and F is
weakly sequentially continuous, we have that F� is weakly sequentially continuous.
Let X � �, bounded. Then, since

F�.X/ � co.fx0g [ F.X \ U//;

we have

�.F�.X// � �.co.fx0g [ . 1
˛

F.X \ U/// � �.F.X \ U//; .˛ � 1/:

If X \ U is relatively weakly compact, then F.X \ U/ is relatively weakly compact
and �.F.X \ U// D 0 < �.X/. If �.X \ U/ ¤ 0, then �.F.X \ U// < �.X \ U/ �
�.X/. So, �.F�.X// < �.X/ if �.X/ ¤ 0 and hence F� is �-condensing. Therefore
by Theorem 3.5 F� has a fixed point x1 2 �. If x1 62 U, '.x1/ D 0 and x1 D x0,
which contradicts the hypothesis x0 2 U. Then x1 2 U and x1 D '.x1/

˛
F.x1/C .1 �

'.x1//x0, which implies that x1 2 D. Accordingly, '.x1/ D 1 and so F.x1/ D ˛x1
and the proof is complete. �

Remark 3.2. If either ˛ D 1 or x0 D � , then we obtain the same conclusion by only
assuming that � is a nonempty unbounded closed convex subset of E.

Corollary 3.1. Let � be a closed wedge of a Banach space E, x0 2 �, U a weakly
open subset of � such that x0 2 U and ˛ � 1. Suppose that F W Uw �! � is
a weakly sequentially continuous, �-condensing operator and F.Uw/ is bounded.
Assume that

Fx � ˛x0 ¤ k.x � x0/; for all x 2 @�U; k > ˛:

Then the equation F.x/ D ˛x has at least a solution in Uw.

Corollary 3.2. Let � be a closed wedge of a Banach space E, x0 2 �, U a weakly
open subset of � such that x0 2 U and ˛ � 1. Suppose that F W Uw �! � is a
weakly sequentially continuous, weakly compact operator and F.Uw/ is bounded.
Assume that

F.x/ � ˛x0 ¤ k.x � x0/; for all x 2 @�U; k > ˛:

Then the equation F.x/ D ˛x has at least a solution in Uw.

Remark 3.3. The conditions F is a weakly compact operator and F.Uw/ is bounded
in the statement of Corollary 3.2 can be removed if we assume that Uw is weakly
compact.
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Corollary 3.3. Let � be a nonempty unbounded closed convex set of a Banach
space E, x0 2 �, U a weakly open subset of � such that x0 2 U. Suppose that
F W Uw �! � is a weakly sequentially continuous, �-condensing operator and
F.Uw/ is bounded. Assume that

F.x/ � x0 ¤ k.x � x0/; for all x 2 @�U; k > 1:

Then F has a fixed point in Uw.

Theorem 3.7. Let � be a closed wedge of a Banach space E, x0 2 �, U a weakly
open subset of � such that x0 2 U and ˛ � 1. Suppose that F W Uw �! � is
a weakly sequentially continuous �-nonexpansive operator and F.Uw/ is bounded.
In addition, assume that F is weakly semi-closed at � . Then, either

.A1/ the operator equation F.x/ D ˛x has a solution in Uw, or

.A2/ there is a point x 2 @�U and k > ˛ with F.x/ � ˛x0 D k.x � x0/:

Proof. Suppose .A2/ does not hold. Let Fn D tn
˛

F C .1 � tn/x0 n D 1; 2; : : :,
where ftngn is a sequence of .0; 1/ such that tn �! 1. Since x0 2 � and � is a
wedge, it follows that Fn maps Uw into�. Clearly Fn.Uw/ is bounded. Suppose that
�nFn.yn/C .1 � �n/x0 D yn for some yn 2 @�U and for some �n 2 .0; 1/. So,

yn D �nFn.yn/C .1 � �n/x0;

D �ntn
˛

F.yn/C �n.1 � tn/x0 C .1 � �n/x0;

D �ntn
˛

F.yn/C .1 � �ntnx0/:

Hence F.yn/ � ˛x0 D ˛
�ntn
.yn � x0/, a contradiction with the fact that ˛

�ntn
> ˛. Let

X an arbitrary bounded subset of Uw. Then we have

�.Fn.X// D �.
tn
˛

F.X/C f.1 � tn/x0g/ � tn
˛
�.F.X//C �.f.1 � tn/x0g/ � tn�.X/:

So, if �.X/ ¤ 0 we have

�.Fn.X// < �.X/:

Therefore Fn is �-condensing on Uw (note that ˛ � 1). From Corollary 3.3, Fn has a
fixed point, say, xn in Uw. Therefore, kxn � 1

˛
F.xn/k D .1�tn/k 1˛F.xn/ � x0k �! 0

as n �! 1, since tn �! 1 as n �! 1 and F.Uw/ is bounded. Since 1
˛

F is either
�-condensing (if ˛ > 1) or �-nonexpansive (if ˛ D 1), by Lemma 3.1 and the
condition that F is weakly semi-closed at � , we obtain that there exists a point x1 in
Uw such that � D .I � 1

˛
F/.x1/. Thus F.x1/ D ˛x1. �
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Corollary 3.4. Let � be a closed wedge of a Banach space E, x0 2 �, U a weakly
open subset of � such that x0 2 U and ˛ � 1. Suppose that F W Uw �! �

is a weakly sequentially continuous �-nonexpansive operator weakly semi-closed
at � and F.Uw/ is bounded. In addition we suppose that F satisfies the following
condition

F.x/ � ˛x0 ¤ k.x � x0/; for all x 2 @�U; k > ˛: (3.1)

Then the equation F.x/ D ˛x has at least one solution in Uw.

Corollary 3.5. Let � be a nonempty unbounded closed convex subset of a Banach
space E and U a weakly open subset of �. Suppose F W Uw �! � is a weakly
sequentially continuous �-nonexpansive operator weakly semi-closed at � and
F.Uw/ is bounded. In addition, assume that there exists x0 2 U such that

x ¤ �F.x/C .1 � �/x0 for all x 2 @�U; � 2 .0; 1/:

Then F has a fixed point in Uw.

Corollary 3.6. Let � be a nonempty unbounded closed convex of a Banach space
E, U a weakly open subset of � such that � 2 U. Suppose F W Uw �! � is a
weakly sequentially continuous �-nonexpansive operator weakly semi-closed at �
and F.Uw/ is bounded. In addition, assume that F satisfies the Leray–Schauder
boundary condition

�F.x/ ¤ x for all x 2 @�U; � 2 .0; 1/: .L-S/

Then F has a fixed point in Uw.

Remark 3.4. Corollary 3.6 generalizes the Leray–Schauder’s theorem to the case of
weakly sequentially continuous, �-nonexpansive and semi-weakly closed operator
at � .

Theorem 3.8. Let E, �, U and F be as the same as in Corollary 3.6. In addition,
assume that

kF.x/k � kxk; for all x 2 @�U: (3.2)

Then F has a fixed point in Uw.

Proof. It suffices to prove that (3.2) satisfies condition .L�S/. Suppose the contrary.
Then there exists x0 2 @�U; �0 2 .0; 1/ such that �0F.x0/ D x0. So, kF.x/k D
1
�0

kx0k > kx0k, contradicting (3.2). �

Theorem 3.9. Let � be a closed wedge of a Banach space E, U a weakly open
subset of � and ˛ � 1. Suppose that F W Uw �! � is a weakly sequentially con-
tinuous �-nonexpansive operator weakly semi-closed at � and F.Uw/ is bounded.
In addition, assume that F satisfies one of the following conditions
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(a) � 2 U, F.x/ ¤ �x, for x 2 @�U; � > ˛,
(b) x0 2 U; kF.x/ � ˛x0k � ˛kx � x0k for all x 2 @�U.

Then the operator equation F.x/ D ˛x has a solution in Uw.

Proof. Suppose that .a/ is satisfied. We only need to let x0 D � in Corollary 3.4.
If .b/ is satisfied, we suppose that the operator equation F.x/ D ˛x has no solution in
@�U (otherwise we are finished). In order to apply Corollary 3.4, we prove that (3.1)
is satisfied. Suppose that (3.1) is not true, that is, there exist k0 > ˛ and x1 2 @�U
such that F.x1/�˛x0 D k0.x1�x0/. From .b/, we obtain k0kx1 � x0k � ˛kx1 � x0k.
Since x1 2 @�U and U is a weakly open subset of �, thus x1 � x0 ¤ � . Therefore,
kx1 � x0k ¤ 0 and we obtain k0 � ˛ and this contradicts k0 > ˛. So (3.1)
holds. Accordingly, from Corollary 3.4 the operator equation F.x/ D ˛x has a
solution in Uw. �

Remark 3.5. In Theorem 3.9, if the operator F satisfies the condition .a/, then it
suffices to take � a nonempty unbounded closed convex subset of E.

As a consequence we have the following fixed point result.

Corollary 3.7. Let � be a closed wedge of a Banach space E, x0 2 �, U a
weakly open subset of � and ˛ � 1. Suppose that F W Uw �! � is a weakly
sequentially continuous �-nonexpansive operator, weakly semi-closed at � and
F.Uw/ is bounded. In addition, assume that F satisfies one of the following condition

kF.x/ � x0k � kx � x0k;

for every x 2 @�;U. Then the operator F has a fixed point in Uw.

The next lemma holds easily

Lemma 3.2. When y > 1 and ˇ > 0, the following inequality holds:

.y � 1/ˇC1 < yˇC1 � 1:

Theorem 3.10. Let E,�, U, F be the same as in Corollary 3.6. In addition, assume
that there exists ˇ > 0 such that

kF.x/ � xkˇC1 � kF.x/kˇC1 � kxkˇC1 (3.3)

for every x 2 @�U. Then the operator F has a fixed point in Uw.

Proof. We suppose that the operator F has no fixed point in @�U (otherwise we are
finished). In order to apply Corollary 3.6, we prove that

x ¤ �F.x/; � 2 .0; 1/; x 2 @�U: (3.4)
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Suppose that (3.4) is not true, that is, there exist �0 2 .0; 1/ and x0 2 Uw, such that
�0F.x0/ D x0. That is F.x0/ D 1

�0
x0. Inserting F.x0/ D 1

�0
x0 into (3.3), we obtain

k 1
�0

x0 � x0kˇC1 � k 1
�0

x0kˇC1 � kx0kˇC1:

This implies

.
1

�0
� 1/ˇC1kx0kˇC1 � .

1

�
ˇC1
0

� 1/kx0kˇC1: (3.5)

Since x0 2 @�U, we see x0 ¤ � . Therefore, kx0kˇC1 ¤ 0 and by (3.5), we obtain

.
1

�0
� 1/ˇC1 � 1

�
ˇC1
0

� 1;

and this contradicts Lemma 3.2, since 1
�0

2 .1;1/. Hence

x ¤ �F.x/; � 2 .0; 1/; x 2 @�U:

Accordingly, by Corollary 3.6, F has a fixed point in Uw. �

Remark 3.6. Theorem 3.10 is a generalization of the Altman fixed point theorem in
the case of weakly sequentially, �-nonexpansive and weakly semi-closed operator
at � .

Corollary 3.8. Let E,�, U, F be the same as in Corollary 3.6. In addition, assume
that there exists ˇ > 0 and ˛ � 1 such that

kF.x/ � ˛xkˇC1 � kF.x/kˇC1 � k˛xkˇC1 (3.6)

for every x 2 @�U. Then the operator equation F.x/ D ˛x has a solution in Uw.

Proof. Using (3.6), we obtain

1

˛ˇC1 kF.x/ � ˛xkˇC1 � 1

˛ˇC1 kF.x/kˇC1 � 1

˛ˇC1 k˛xkˇC1 for x 2 @�U:

So,

k 1
˛

F.x/ � xkˇC1 � k 1
˛

F.x/kˇC1 � kxkˇC1:

Consequently, the operator 1
˛

F, which is weakly sequentially continuous
�-nonexpansive, weakly semi-closed at � , satisfies the conditions of Theorem 3.10.
It follows from Theorem 3.10 that the conclusion of Corollary 3.8 holds true. �
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Theorem 3.11. Let E,�, U, F be the same as in Corollary 3.6. In addition, assume
that

kF.x/k � kF.x/ � xk (3.7)

for every x 2 @�U. Then the operator F has a fixed point in Uw.

Proof. It suffices to prove that (3.7) implies (3.6). �

Remark 3.7. Theorem 3.11 is a generalization of the Petryshyn fixed point theorem
in the case of weakly sequentially,�-nonexpansive and weakly semi-closed operator
at � .

Corollary 3.9. Let E,�, U, F be the same as in Corollary 3.6. In addition, assume
that there exists ˛ � 1 such that

kF.x/k � kF.x/ � ˛xk (3.8)

for every x 2 @�U. Then the operator equation F.x/ D ˛x has a solution in Uw.

Similarly, we can obtain the following results by using the above-mentioned
methods. We omit their proofs.

Lemma 3.3. When y > 1 and ˇ 2 .�1; 0/[.0; 1/, the following inequality holds:

.y � 1/ˇ > yˇ � 1:

Theorem 3.12. Let E,�, U, F be the same as in Corollary 3.6. In addition, assume
that there exists ˇ 2� � 1; 0/ [ .0; 1/ such that

kF.x/ � xkˇ � kF.x/kˇ � kxkˇ (3.9)

for every x 2 @�U. Then the operator F has a fixed point in Uw.

Corollary 3.10. Let E,�, U, F be the same as in Corollary 3.6. In addition, assume
that there exists ˇ 2 .�1; 0/ [ .0; 1/ and ˛ � 1 such that

kF.x/ � ˛xkˇ � kF.x/kˇ � k˛xkˇ (3.10)

for every x 2 @�U. Then the operator equation F.x/ D ˛x has a solution in Uw.

Lemma 3.4. When y > 1 and ˇ > 0, the following inequality holds:

.y C 1/ˇC1 > yˇC1 C 1:
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Theorem 3.13. Let E,�, U, F be the same as in Corollary 3.6. In addition, assume
that there exists ˇ > 1 such that

kF.x/C xkˇ � kF.x/kˇ C kxkˇ (3.11)

for every x 2 @�U. Then the operator F has a fixed point in Uw.

Corollary 3.11. Let E,�, U, F be the same as in Corollary 3.6. In addition, assume
that there exists ˇ > 1 and ˛ � 1 such that

kF.x/C ˛xkˇ � kF.x/kˇ C k˛xkˇ (3.12)

for every x 2 @�U. Then the operator equation F.x/ D ˛x has a solution in Uw.

Lemma 3.5. When y > 1 and ˇ 2 .�1; 0/[.0; 1/, the following inequality holds:

.y C 1/ˇ < yˇ C 1:

Theorem 3.14. Let E,�, U, F be the same as in Corollary 3.6. In addition, assume
that there exists ˇ 2 .�1; 0/ [ .0; 1/ such that

kF.x/C xkˇ � kF.x/kˇ C kxkˇ (3.13)

for every x 2 @�U. Then the operator F has a fixed point in Uw.

Corollary 3.12. Let E,�, U, F be the same as in Corollary 3.6. In addition, assume
that there exists ˇ 2 .�1; 0/ [ .0; 1/ and ˛ � 1 such that

kF.x/C ˛xkˇ � kF.x/kˇ C k˛xkˇ (3.14)

for every x 2 @�U. Then the operator equation F.x/ D ˛x has a solution in Uw.

3.3 Fixed Point Theorems for Function Spaces

We discuss some Sadovskii fixed point type results for function spaces which
guarantee existence results for the general operator equation

x.t/ D Fx.t/; t 2 Œ0;T�;T > 0

relative to the weak uniform convergence topology which is not metrizable.
Let I D Œ0;T� an interval of the real line equipped with the usual topology.

Let E be a Banach space with norm k:k. E� will denote the dual of E and Ew will
denote the space E when endowed with its weak topology. On the space C.I;Ew/ of
continuous functions from I to Ew we define a topology as follows. Let Fin.E�/ be
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the class of all nonempty and finite subsets in E�, Let O 2 Fin.E�/ and let us define
k:kO W C.I;Ew/ �! RC by

kf kO WD sup
t2I

sup
x�2O

jx�.f .t//j

for each f 2 C.I;Ew/. One may see that fk:kOIO 2 Fin.E�/g is a family of
seminorms on C.I;Ew/ which defines a topology of a locally convex, separated
space, called the uniform weak convergence topology. We emphasize that this
topology (except for the case in which E is finite dimensional) is not metrizable.
We will denote by Cw.I;E/ the space of weakly continuous functions on I with the
topology of weak uniform convergence. For more details see [176].

Definition 3.5. A function f W I � E �! E is said to be weakly–weakly continuous
at .t0; x0/ if given " > 0 and x� 2 E�, there exists ı > 0 and a weakly open set U
containing x0 such that jx�.f .t; x/ � f .t0; x0//j < " whenever jt � t0j < ı and x 2 U.

Definition 3.6. A family F D ffi; i 2 Ig (where I is some index set) of EI is said
to be weakly equicontinuous if given " > 0; x� 2 E� there exists ı > 0 such that,
for t; s 2 I, if jt � sj < ı, then jx�.fi.t/ � fi.s//j < " for all i 2 I:
Lemma 3.6. (a) Let V be a bounded subset of C.I;E/. Then

sup
t2I
ˇ.V.t// � ˇ.V/

where V.t/ D fx.t/ W x 2 Vg.
(b) Let V � C.I;E/ be a family of strongly equicontinuous functions. Then

ˇ.V/ D sup
t2I
ˇ.V.t// D ˇ.V.I//

where V.I/ D [
t2I

fx.t/ W x 2 Vg, and the function t 7�! ˇ.V.t// is continuous.

Theorem 3.15. Let E be a Banach space with Q a nonempty subset of C.I;E/. Also
assume that Q is a closed convex subset of Cw.I;E/, F W Q �! Q is continuous
with respect to the weak uniform convergence topology, F.Q/ is bounded and F
is ˇ-condensing (i.e., ˇ.F.X// < ˇ.X/ for all bounded subsets X � Q such that
ˇ.X/ ¤ 0). In addition, suppose the family F.Q/ is weakly equicontinuous. Then
the set of fixed points of F is nonempty and compact in Cw.I;E/.

Proof. Let F the fixed points set of F in Q. We claim that F is nonempty. Indeed,
let x0 2 F.Q/ and G be the family of all closed bounded convex subsets D of C.I;E/
such that x0 2 D and F.D/ � D. Obviously G is nonempty, since co.F.Q// 2 G (the
closed convex hull of F.Q/ in C.I;E/). We let K D \

D2GD. We have that K is closed

convex and x0 2 K. If x 2 K, then F.x/ 2 D for all D 2 G and hence F.K/ � K.
Therefore we have that K 2 G. We claim that K is a compact subset of Cw.I;E/.
Denoting by K� D co.F.K/ [ fx0g/(the closed convex hull of F.K/ in C.I;E/),
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we have K� � K, which implies that F.K�/ � F.K/ � K�. Therefore K� 2 G,
K � K�. Hence K D K�. Clearly K is bounded and if ˇ.K/ ¤ 0, we obtain

ˇ.K/ D ˇ.co.F.K/ [ fx0g/ � ˇ.co.F.K/ [ fx0g// � ˇ.F.K// < ˇ.K/;

which is a contradiction, so ˇ.K/ D 0. Since K is a weakly closed subset of C.I;E/
(notice a convex subset of a Banach space is closed iff it is weakly closed), then K
is a weakly compact subset of C.I;E/. We claim that K is closed in Cw.I;E/. To see
this, let S D EI be endowed with the product topology. We consider C.I;E/ as a
vector subspace of S . Hence its weak topology is the topology induced by the weak
topology of S . Suppose .x˛/ is a net in K with x˛ �! z in Cw.I;E/. Then x˛.t/
tends weakly to z.t/ for each t 2 I. For each t 2 I, let Ht D fx˛.t/g. Clearly the
weak closure of Ht is a weakly compact subset of E. But the weak topology of EI

is the product topology of the weak topology of E. Hence the subset H D Q

t2I
Hw

t

is a weakly compact subset of S by the Tychonoff theorem. Obviously the subset
fx˛; zg � H. The set H \ K is weakly compact in K, hence in C.I;E/. Using the
fact that for each x� 2 E� and t 2 I the point evaluation mapping y 7�! x�y.t/ is a
continuous linear functional on C.I;E/, we get z 2 K. Now we apply the Arzelà–
Ascoli theorem. Because the family F.Q/ is weakly equicontinuous, we have that
the family co.F.Q// (the closure is taken in Cw.I;E/) is weakly equicontinuous and
therefore, K is weakly equicontinuous. Thus, it remains to show that for each t 2 I,
the set K.t/ D fx.t/; x 2 Kg is weakly relatively compact in E. By Lemma 3.6 .a/,
ˇ.K.t// � ˇ.K/. Then ˇ.K.t// D 0 for each t 2 I. Thus for each t 2 I, K.t/ is
weakly relatively compact in E. Now we apply Tychonoff theorem (Theorem 1.30)
with the locally convex Hausdorff space Cw.I;E/ to obtain that F ¤ ;. It remains to
show that F is compact in Cw.I;E/. To do this, we let H be the family of all closed
bounded convex subsets D of C.I;E/ such that F � D and F.D/ � D. Obviously H
is nonempty, since co.F.Q// 2 H (the closed convex hull of F.Q/ in C.I;E/). We
let R D \

D2HD. Arguing as above, we prove that R is compact in Cw.I;E/, F.R/ � R

and F � R. Finally, applying the Schauder fixed point theorem, we deduce that F
is compact. �

Corollary 3.13. Let E be a Banach space and Q be a nonempty subset of C.I;E/.
Also assume that Q is a closed convex subset of Cw.I;E/, F W Q �! Q is continuous
with respect to the weak uniform convergence topology, F.Q/ is bounded, and F
is ˇ-condensing. In addition, suppose the family F.Q/ is strongly equicontinuous.
Then the set of fixed points of F is nonempty and compact in Cw.I;E/.

Proof. Thanks to Theorem 3.15, it suffices to prove that the family F.Q/ is weakly
equicontinuous which is the case. �

Corollary 3.14. Let E be a Banach space and Q be a nonempty subset of C.I;E/.
Also assume that Q is a closed convex subset of Cw.I;E/, F W Q �! Q is continuous
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with respect to the weak uniform convergence topology, and the family F.Q/ is
bounded and strongly equicontinuous. In addition, suppose

For each t 2 I;F.Q/.t/ is relatively weakly compact in E:

Then the set of fixed points of F is nonempty and compact in Cw.I;E/

Proof. We claim that the set F.Q/ is relatively weakly compact in C.I;E/.
Indeed, the family F.Q/ of C.I;E/ is bounded and strongly equicontinuous, so by
Lemma 3.6, we have ˇ.F.Q// D sup

t2I
ˇ.F.Q/.t// D 0. Therefore F.Q/ is a relatively

weakly compact subset of C.I;E/. Accordingly, F is ˇ-condensing. The result now
follows from Corollary 3.13. �

Remark 3.8. If F.Q/ is bounded and E is reflexive, then for each t 2 I, F.Q/.t/ is
relatively weakly compact in E since a subset of a reflexive Banach space is weakly
compact iff it is closed in the weak topology and bounded in the norm topology.

We close this section by stating a fixed point theorem for weakly sequentially
continuous mappings.

Theorem 3.16. Let E a Banach space and Q be a nonempty, convex closed set in E.
Assume F W Q �! Q is a weakly sequentially continuous map and the family F.Q/
is bounded and strongly equicontinuous. In addition, suppose

For each t 2 I;F.Q/.t/ is relatively weakly compact in E:

Then F has a fixed point.

Proof. Arguing as in the proof of Corollary 3.14, we obtain that F.Q/ is a relatively
weakly compact subset of C.I;E/. Hence, F is ˇ-condensing. It suffices now to
apply Theorem 3.2 to prove the result. �

Remark 3.9. It can be proved that the set of fixed points of F is weakly compact in
C.I;E/.

3.4 Fixed Point Theory for the Sum of Two Operators

In this section we present fixed point theorems with two topologies. We introduce
the notion of � -measure of noncompactness in a Hausdorff topological vector space
.E; �/ where � is a weaker Hausdorff locally convex vector topology on E (� � �/.
We also introduce the concept of demi-� -compact and � -semi-closed operator at the
origin.
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3.4.1 Preliminaries

Throughout this section we assume that .E; �/ is a Hausdorff topological vector
space (HTVS, in short) with zero element � and � is a weaker Hausdorff locally
convex vector topology on E (� � �). If E is a normed space, the symbol Br.z/ will
denote the closed ball centered at z and with radius r. To denote the convergence in
.E; �/ we write !� while the symbol ! denotes the convergence in .E; �/.

We now introduce the following definition of the concept of a � -measure of
noncompactness (� -MNC, in short).

Definition 3.7. Let C be a lattice with a least element denoted by 0. A function
ˆ� defined on the family ME of all nonempty and bounded subsets of .E; �/ with
values in C will be called a � -MNC in E if it satisfies the following conditions:

(i) ˆ�.co� .�// � ˆ�.�/ for each � 2 ME, where the symbol co� ..�// denotes
the closed convex hull of � in .E; �/.

(ii) �1 � �2 ) ˆ�.�1/ � ˆ�.�2/.
(iii) ˆ�.fag [�/ D ˆ�.�/ for any a 2 E and � 2 ME.
(iv) ˆ�.�/ D 0 if and only if � is relatively � -compact in E.

Observe that (i) still holds true if we had ˆ�.co�.�// � ˆ�.�/.
In the case when C has additionally the structure of a cone in a linear space over

the field of real numbers, we will say that a � -MNC ˆ� is positively homogeneous
provided ˆ�.��/ D �ˆ�.�/ for all � > 0 and for � 2 ME. Moreover, ˆ� is
referred to as subadditive if ˆ�.�1 C �2/ � ˆ�.�1/ C ˆ�.�2/ for all �1;�2 2
ME.

As an example of � -MNC we have the important and well-known De Blasi
measure of weak noncompactness ˇ.

Definition 3.8. Let � be a nonempty subset of E and let ˆ� be a � -MNC in E with
values in a lattice C with a least element 0 and being a cone. If T maps� into E, we
say that:

(a) T is ˆ� -Lipschitzian if T.D/ 2 ME for any bounded subset D of � and there
exists a constant k � 0 such that ˆ�.T.D// � kˆ�.D/ for D 2 ME, D � �.

(b) T is ˆ� -contraction if T is ˆ� -Lipschitzian with k < 1.
(c) T isˆ� -condensing if T isˆ� -Lipschitzian with k D 1 andˆ�.T.D// < ˆ�.D/

for D 2 ME such that D � � and ˆ�.D/ > 0.
(d) T is ˆ� -nonexpansive if T is ˆ� -Lipschitzian with k D 1.

Observe that in the formulation of points .c/ and .d/ of the above definition we can
remove the assumption that C has a cone structure.

Starting from now on we will always assume that a lattice C has a cone
structure (i.e., C is a lattice with a least element 0 which is a cone in a real linear
space) provided we require that ˆ� is a positively homogeneous or subadditive
� -MNC in E.

Now we formulate other definitions needed in our considerations.
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Definition 3.9. Let � be a nonempty subset of E. An operator T W � ! E is said
to be � -compact if for any nonempty and bounded subset D of � the set T.D/ is
relatively � -compact.

Definition 3.10. An operator T W � ! E (� is a nonempty subset of E) is said
to be � -sequentially continuous on � if for each sequence fxng � � with xn !� x,
x 2 �, we have that Txn !� Tx.

Remark 3.10. It is worthwhile mentioning that in several situations it is rather
easy to show that a mapping between Banach spaces is weakly sequentially
continuous, while the proof of weak continuity of that mapping can be difficult.
In many applications involving integral equation-problems, one of the reasons for
this difficulty is the fact that the Lebesgue dominated convergence theorem fails to
work for nets.

Remark 3.11. If X is angelic, then any sequentially continuous map on a compact
set is continuous.

Remark 3.12. Hereafter, by bounded sets in E, we will mean �-bounded sets.

3.4.2 Fixed Point Results

We start with the following fixed point result.

Theorem 3.17. Let � be a nonempty, convex subset of a Hausdorff topological
vector space .E; �/ and let ˆ� be a � -MNC in E. Assume that compact sets in
.E; �/ are angelic. Then the following assertions hold, for everyˆ� -condensing and
� -sequentially continuous map T W � ! � with bounded range:

(i) T has a � -approximate fixed point sequence, i.e., a sequence fxng � � so that
the sequence fxn � Txng converges to � in .E; �/.

(ii) if � is � -closed, then the set F.T/ of fixed points of T is nonempty and
� -compact.

Proof. .i/ Fix arbitrarily x0 2 � and consider the family

F D fQ � � W Q is � � bounded, convex, x0 2 Q and T.Q/ � Qg :

We have F 6D ;. To see this, first note that T.�/ is � -bounded since � � � .
Thus, since � is locally convex, we get co.T.�/[ fx0g/ is also � -bounded (see
[64]). Now it is easy to see that co.T.�/ [ fx0g/ 2 F . Let now G D T

Q2F
Q

and let H D co.T.G/ [ fx0g/. We claim that G D H. Indeed, since x0 2 G and
T.G/ � G one sees that H � G. In particular, we get T.H/ � T.G/ � H. On
the other hand, since H � � and H is � -bounded (notice H � co.T.�/[fx0g/),
convex and x0 2 H, we have that H 2 F and G � H. Therefore G D H as
claimed.
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Now we claim that ˆ�.H/ D ˆ�.T.H//. Clearly from .ii/-Definition 3.7,
we have ˆ�.T.H// � ˆ�.H/ (since T.H/ � H). Now using .i/ � .iii/ of
Definition 3.7 and the fact that G D H, we get

ˆ�.H/ � ˆ�.co� .T.G/ [ fx0g// � ˆ�..T.G/ [ fx0g// D ˆ�.T.G// D ˆ�.T.H//:

Keeping in mind that T isˆ� -condensing, we conclude (via (iv)-Definition 3.7)
that ˆ�.H/ D 0 and so H

�
is � -compact. Since T.H/ � H we get that TjH W

H �! H
�

is a � -sequentially continuous mapping. By Theorem 2.1 in [32],
we get

� 2 fx � Tx; x 2 Hg:

Thus, there is a net fx�g � H so that x� � Tx� !� � .

Claim. There exists a sequence fxng � fx � Tx W x 2 Hg so that xn � Txn !� � .
Indeed, since H

�
is compact, so is H

� � H
�
. By assumption, this set is angelic.

In particular, since � 2 fx� � Tx� W �g� � H
� � H

�
, there is a sequence in fxng

so that xn � Txn !� � .

.ii/ Let C D H
�
. Redefine the set F to be

F� D fQ � � W Q is � �bounded; � �closed, convex, x0 2 Q and T.Q/ � Qg :

We can prove (using the same argument as in the proof of .i/) and the angelicity
of C) that T.C/ � C. Hence TjC W C �! C is � -sequentially continuous map
on C. Again by Theorem 2.1 in [32], we get

� 2 fx � Tx; x 2 Cg� :

Using this and once more the fact that C is angelic, we can find a point x 2 C so
that Tx D x. So F.T/ is nonempty. In addition, we have T.F.T// D F.T/ and
F.T/ is � -bounded. Hence ˆ�.F.T// D 0 which means that F.T/ is relatively
� -compact. Moreover in view of the � -sequential continuity of T , we deduce
that F.T/ is � -sequentially closed. Now we show that F.T/ is � -closed. To
this end let x 2 � be in F.T/

�
. Since F.T/

�
is � -compact, by the angelicity

of F.T/
�
, there exists a sequence fxng � F.T/ such that xn !� x. Hence

x 2 F.T/. Thus F.T/
� D F.T/ which means that F.T/ is � -compact. The proof

is complete.
�

The next example shows that the angelicity assumption in Theorem 3.17 cannot
be dropped.
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Example 3.1. There is a Hausdorff locally convex space X equipped with its weak
topology, a nonempty compact convex subset� � X, and a sequentially continuous
map T W � �! � with no approximate fixed point sequence.

Let X D .l�1;w�/ and � D f� 2 X W � � 0 and k�k � 1g. Then X is a locally
convex space, the topology is its weak one, and � is a nonempty convex subset of
X. It remains to construct the map T .

The space l�1 can be canonically identified with the space M.ˇN/ of signed
radon measures on the compact space ˇN (Čech–Stone compactification of natural
numbers). Let P W M.ˇN/ �! M.ˇN/ be defined by

P.�/ D
1X

nD1
�.n/ın; � 2 M.ˇN/;

where ıx denotes the Dirac measure supported by x. Then P is a bounded linear
operator. We set �0 D P.�/. Then �0 � � and �0 is a convex subset of l�1 which
is not totally bounded in norm. Hence, by Theorem 1 in [142], there is a Lipschitz
map F W �0 �! �0 without an approximate fixed point sequence (with respect to
the norm).

Set T D F ı P j�. We claim that T is weak�-to-weak� sequentially continuous
and has no approximate fixed point sequence in the weak� topology.

To show the first assertion, let .�n/ be a sequence in � weak� converging to
some � 2 �. Since l1 is a Grothendieck space, �n �! � weakly in l�1. Since P is
a bounded linear operator, it is also weak-to-weak continuous, hence P�n �! P�
weakly in l�1. Since P.l�1/ is isometric to the space l1, by the Schur property we
have P�n �! P� in the norm, so F.P�n/ �! F.P�/ in the norm. We conclude
that T.�n/ �! T.�/ in the norm, and hence is also in the weak� topology. This
completes the proof that T is sequentially continuous.

Next, suppose that .�n/ is an approximate fixed point sequence in �. Then �n �
T.�n/ �! � in the weak� topology. By the Grothendieck property of l1 we get
that �n � T.�n/ �! � weakly in l1. Since P is a bounded linear operator, we get
P�n � PT.�n/ �! � weakly, so P�n � PT.�n/ �! � in the norm by the Schur
theorem. Further,

P�n � PT.�n/ D P�n � T.�n/ D P�n � F.P�n/;

so .P�n/ is an approximate fixed point sequence for F with respect to the norm.
This is a contradiction, completing the proof.

Corollary 3.15. Let � be a nonempty, convex subset of a Hausdorff topological
vector space .E; �/ and let ˆ� be a � -MNC in E. Assume that compact sets in
.E; �/ are angelic, � is � -closed and T W � ! � is � -sequentially continuous and
� -compact mapping with bounded range. Then the set F.T/ of fixed points of T is
nonempty and � -compact.
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Indeed, the above assertion is an immediate consequence of Theorem 3.17 since T
is obviously ˆ� -condensing, where ˆ� is an arbitrary � -MNC in E.

Corollary 3.16. Let � be a nonempty, convex subset of a Hausdorff topological
vector space .E; �/ and let ˆ� be a subadditive � -MNC in E. Assume that compact
sets in .E; �/ are angelic and � is � -closed. Let T W � ! E and S W � ! E be two
mappings satisfying the following conditions:

(i) T is � -sequentially continuous and � -compact.
(ii) S is ˆ� -condensing and � -sequentially continuous.

(iii) .T C S/.�/ is a bounded subset of �.

Then there exists x 2 � such that x D Tx C Sx

Proof. Obviously TCS is � -sequentially continuous. Suppose D is a bounded subset
of �. Then we have

ˆ�..T C S/.D// � ˆ�.T.D/C S.D// � ˆ�.T.D//Cˆ�.S.D// � ˆ�.S.D// ;

since T.D/ is relatively � -compact. Thus, if ˆ�.D/ > 0, we get

ˆ�..T C S/.D// < ˆ�.D/ ;

which yields that T C S is ˆ� -condensing and we can apply Theorem 3.17 to
conclude that there exists x 2 � such that x D Tx C Sx. The proof is complete.

�

Corollary 3.17. Let� be a nonempty, closed and convex subset of a Banach space
E and let T W � ! E, S W E ! E be weakly sequentially continuous mappings
satisfying the following conditions:

(i) T is weakly compact.
(ii) S is a nonlinear contraction, i.e., there exists a continuous nondecreasing

function ‰ W RC ! RC D Œ0;1/ with ‰.z/ < z for z > 0 and such that
jjSx � Syjj � ‰.jjx � yjj/ for x; y 2 �.

(iii) .T C S/.�/ is a bounded subset of �.

Then there exists x 2 � such that x D Tx C Sx.

Proof. Keeping in mind Corollary 3.16 it is sufficient to show that S is ˇ-
condensing. To this end take a bounded subset D of�. Suppose that ˇ.D/ D d > 0.
Let " > 0, and then there exists a weakly compact set K of E with D � KCBdC".�/.
So for x 2 D there exist y 2 K and z 2 BdC".�/ such that x D y C z and so

jjSx � Syjj � ‰.jjx � yjj/ � ‰.d C "/:

It follows immediately that

S.D/ � S.K/C B‰.dC"/.�/:



3.4 Fixed Point Theory for the Sum of Two Operators 67

Moreover, since S is a weakly sequentially continuous mapping and K is weakly
compact (see Remark 3.11 ) then S.K/w is weakly compact. Therefore, ˇ.S.D// �
‰.d C "/. Since " > 0 is arbitrary, it follows that ˇ.S.D// � ‰.d/ < d D ˇ.D/.
Accordingly, S is ˇ-condensing and the proof is complete. �

Theorem 3.18. Let � be a nonempty, convex subset of a Hausdorff topological
vector space .E; �/ and let ˆ� be a subadditive � -MNC in E. Assume that compact
sets in .E; �/ are angelic and � is � -closed. If T W � ! E and S W � ! E are
� -sequentially continuous mappings satisfying the following conditions:

(i) T is � -compact,
(ii) S is ˆ� -condensing,

(iii) I � S is invertible on T.�/,
(iv) Œy D Tx C Sy; x 2 �� ) y 2 �,
(v) .I � S/�1T.�/ is bounded,

then there exists x 2 � such that x D Tx C Sx.

Proof. First we show that the mapping .I � S/�1T transforms � into itself. In fact,
by assumption (iii) for each y 2 � the equation z D Ty C Sz has a unique solution z.
On the other hand, assumption (iv) implies that z D .I � S/�1Ty is in �.

Further, define the mapping F W � ! � by putting

Fx D .I � S/�1Tx :

Let D D co�F.�/. Observe that the set D is � -closed, convex, � -bounded and
F.D/ � D � �. Next, denote D1 D coF.D/. Obviously, D1 is also � -closed,
convex, � -bounded and F.D1/ � D1 � D � �.

We claim that D1 is � -compact. If this is not the case, then ˆ�.D1/ > 0. Since
F.D/ � T.D/C SF.D/, we obtain

ˆ�.D1/ � ˆ�.F.D// � ˆ�.T.D/C SF.D//

� ˆ�.T.D//Cˆ�.SF.D// :

Since T is � -compact, we have ˆ�.T.D// D 0 : Thus, taking into account that S is
ˆ� -condensing, we get

ˆ�.D1/ � ˆ�.F.D// � ˆ�.S.F.D/// < ˆ�.F.D// ;

which is absurd. Hence we obtain that D1 is � -compact.
In view of Corollary 3.15 it remains to show that F W D1 ! D1 is � -sequentially

continuous. To do this take a sequence fxng � D1 such that xn !� x and x 2 D1.
Because the set fFxng is relatively � -compact then applying the angelicity of .E; �/
and passing to a subsequence fxnjg of the sequence .xn/, we get that Fxnj !� y,
y 2 D1. Hence we have that

�Txnj C Fxnj !� � Tx C y :
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On the other hand, by virtue of the � -sequential continuity of S we deduce that
SFxnj !� Sy. Combining the above established facts with the equality

SF D �T C F;

we derive that y D Fx.
Now we claim that Fxn !� Fx. Suppose that this is not the case. Then there exists

a subsequence fxnk g and a neighborhood V of Fx in .E; �/ such that Fxnk 62 V for
all k. On the other hand we have that xnk !� x, so arguing as before we can find a
subsequence fxnks

g such that Fxnks
!� Fx. Thus we obtain a contradiction. Hence it

follows that F is � -sequentially continuous.
Finally, applying Corollary 3.15 we conclude that F has a fixed point x 2 D1,

which means that Tx C Sx D x. This completes the proof. �

Theorem 3.19. Let � be a nonempty, closed and convex subset of a Banach space
E and let T W � ! E, S W E ! E be weakly sequentially continuous mappings
satisfying the following conditions:

(i) T is weakly compact.
(ii) S is a nonlinear contraction.

(iii) There exists a bounded subset D of E such that T.�/ � .I � S/.D/.
(iv) Œy D Tx C Sy; x 2 �� ) y 2 �.

Then there exists x 2 � such that x D Tx C Sx.

Proof. First we show that I � S is invertible on T.�/. To this end fix arbitrarily
y 2 � and consider the mapping Sy W E ! E, defined in the following way:

Syz D Ty C Sz:

Obviously Sy is a nonlinear contraction. Thus, by a result from [12] we infer that the
operator Sy has a unique fixed point z 2 E. Joining this statement with assumption
.iv/ we derive that z 2 �. This means that I � S is invertible on T.�/.

Further observe that in view of the above facts and assumption (iv) we have that

.I � S/�1T.�/ � D:

Therefore, the conclusion of our theorem follows from Theorem 3.18. The proof is
complete. �

Definition 3.11. Let � be a subset of a Hausdorff topological vector space E.
A mapping T W � ! E is said to be demi-� -compact whenever for any sequence
fxng � � such that the sequence xn � Txn !� y 2 E, there exists a � -convergent
subsequence of the sequence fxng. In the case when y D � , we say that T is demi-
� -compact at � .

Definition 3.12. Let � be a subset of a Banach space E. A mapping T W � ! E is
said to be demi-weakly compact whenever for any sequence fxng � � such that the
sequence xn � Txn * y 2 E, there exists a weakly convergent subsequence of the
sequence fxng. In the case when y D � , we say that T is demi-weakly compact at � .



3.4 Fixed Point Theory for the Sum of Two Operators 69

Theorem 3.20. Suppose � is a nonempty, closed, and convex subset of a Banach
space E. Next assume that the operators T W � ! E, S W E ! E are weakly
sequentially continuous and satisfy the following conditions:

(i) T is weakly compact.
(ii) S is nonexpansive (i.e., jjSx � Syjj � jjx � yjj for all x; y 2 E) and demi-weakly

compact.
(iii) There exists a bounded subset D of E and a sequence .�n/ � .0; 1/ such that

�n ! 1, T.�/ � .I � �nS/.D/ and Œy D �nSy C Tx; x 2 �� ) y 2 � for all
n D 1; 2; : : :.

Then there exists x 2 � such that x D Tx C Sx.

Proof. Observe that from the imposed assumptions it follows easily that for any
natural number n the mapping �nS is weakly sequentially continuous and is a
nonlinear contraction. Thus, applying Theorem 3.19 to the mapping T C �nS we
conclude that there exists a fixed point of this mapping belonging to �, i.e., there
exists xn 2 � such that

xn D Txn C �nSxn

for n D 1; 2; : : :.
Next, notice that fxng is a bounded sequence in the set D mentioned in assumption

(iii). Indeed, this statement is a consequence of the fact that I � �nS is invertible
on T.�/ (to show this it is sufficient to adopt a suitable part of Theorem 3.19),
assumption (iii) and the equalities:

.I � �nS/xn D Txn 2 .I � �nS/.D/ ;

xn D .I � �nS/�1Txn 2 D

for n D 1; 2; : : :.
Now, in view of assumption (i), without loss of generality we can assume that

Txn * y, y 2 E. Since the sequence fSxng is bounded and �n ! 1, in light of the
above we deduce that

xn � Sxn D Txn C .�n � 1/Sxn * y ;

where y 2 E.
Further, taking into account the demi-weak compactness of the operator S, we

derive that there exists a weakly convergent subsequence fxnk g of the sequence fxng,
i.e., xnk * x, x 2 �. Obviously, we have

xnk D Txnk C �nk Sxnk

Hence, using the weak sequential continuity of T and S, we conclude that
x D Tx C Sx. Thus x is a fixed point of the operator T C S belonging to �.
The proof is complete. �
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Theorem 3.21. Let � be a nonempty, convex subset of a Hausdorff topological
vector space .E; �/ and let ˆ� be a positively homogeneous and subadditive
� -MNC in E. Assume that compact sets in .E; �/ are angelic and � is � -closed.
In addition, assume that T W � ! E, S W � ! E are � -sequentially continuous
operators satisfying the following conditions:

(i) T is � -compact.
(ii) S is ˆ� -nonexpansive and demi-� -compact.

(iii) There exists a bounded subset �0 of � and a sequence .�n/ � .0; 1/ such that
�n ! 1 and .T C �nS/.�/ � �0.

Then there exists x 2 � such that x D Tx C Sx.

Proof. Define the sequence of operators by putting Gn D T C �nS for n D 1; 2; : : :.
Assumption (iii) implies that Gn.�/ is bounded for n D 1; 2; : : :.

Further, take an arbitrary bounded subset D of �. Then we obtain

ˆ�.Gn.D// � ˆ�.T.D/C �nS.D//

� ˆ�.T.D//C �nˆ�.S.D// D �nˆ�.S.D// :

Hence, if ˆ�.D/ > 0, we get

ˆ�.Gn.D// < ˆ�.D/ :

Thus Gn is ˆ� -condensing on �. Obviously Gn is � - sequentially continuous, so by
Theorem 3.17 we infer that Gn has a fixed point xn in �, for any n D 1; 2; : : :.

Now, repeating a suitable part of the proof of the preceding theorem we get the
desired conclusion. This completes the proof. �

Corollary 3.18. Let � be a nonempty, closed and convex subset of E and let
T W � ! E, S W E ! E be weakly sequentially continuous mappings satisfying
the below listed conditions:

(i) T is weakly compact.
(ii) S is nonexpansive and demi-weakly compact.

(iii) There exists a bounded subset �0 of � and a sequence .�n/ � .0; 1/ such that
�n ! 1 and .T C �nS/.�/ � �0 for n D 1; 2; : : :.

Then there exists x 2 � such that x D Tx C Sx.

Proof. The proof follows immediately from Theorem 3.21, provided we show that S
is ˇ-nonexpansive, where ˇ is the De Blasi measure of weak noncompactness in E.

To do this take D a bounded subset of � and put d D ˇ.D/. Fix " > 0. Then
there exists a weakly compact set K with D � K C BdC".�/. This yields that for
each x 2 D there exist y 2 K and z 2 BdC".�/ such that x D y C z. Moreover, we
have

jjSx � Syjj � jjx � yjj � d C " :
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Hence we obtain

S.D/ � S.K/C BdC".�/ :

Since S is weakly sequentially continuous and K is weakly compact, then S.K/ is
weakly compact (see Remark 3.11). This implies that ˇ.S.D// � d C ". In view of
the arbitrariness of " we get that ˇ.S.D// � d D ˇ.D/. Thus, S is ˇ-nonexpansive
which completes the proof. �

Definition 3.13. Let � be a nonempty, � -closed subset of a Hausdorff topological
vector space E and let T W � ! E be a � -sequentially continuous operator. T will
be called a � -semi-closed operator at � (� -sc, in short) if the conditions xn 2 �,
xn � Txn ! � imply that there exists x 2 � such that Tx D x.

Lemma 3.7. Let � be a � -closed subset of a Hausdorff topological vector space E
and let T W � ! E be a � -sequentially continuous mapping being demi-� -compact
at � . Then T is a � -semi-closed mapping at � .

Proof. Suppose fxng is a sequence in� such that xn � Txn ! � . Since T is demi-� -
compact we infer that there exists a subsequence fxnk g of fxng and an element x 2 E
such that xnk !� x.

We claim that x 2 � and Tx D x. Indeed, since � is � -closed, so x 2 �.
Moreover, the � -sequential continuity of T implies that Txnk !� Tx. On the other
hand, we have

xnk � Tx D .xnk � Txnk/C .Txnk � Tx/ !� � :

This yields that xnk !� Tx. Hence we infer that Tx D x and the proof is complete. �

Theorem 3.22. Let � be a nonempty, convex subset of a Hausdorff topological
vector space .E; �/ and letˆ� be a positively homogeneous and subadditive � -MNC
in E. Assume that compact sets in .E; �/ are angelic and � is � -closed. Further,
assume that T W � ! E, S W � ! E are � -sequentially mappings satisfying the
following conditions:

(i) T is � -compact.
(ii) S is ˆ� -nonexpansive.

(iii) T is � -semi-closed at �
(iv) .T C S/.�/ is a bounded subset of �.

Then there exists x 2 � such that x D Tx C Sx.

Proof. Fix z 2 � and define Gn D �n.T CS/C.1��n/z .n D 1; 2; : : :/, where .�n/

is a sequence in .0; 1/ such that �n ! 1. Since � is convex and z 2 �, in view of
assumption .iv/ we deduce that Gn maps� into itself. Moreover, Gn.�/ is bounded
for any n D 1; 2; : : :. Obviously Gn is � -sequentially continuous.
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Now, assume that D is an arbitrary bounded subset of �. Then we have

ˆ�.Gn.D// Dˆ�.f�n.T C S/.D//g C f.1 � �n/zg/
��nˆ�..T C S/.D//

��nˆ�.T.D//C �nˆ�.S.D//

D�nˆ�.S.D//

��nˆ�.D/:

Thus, if ˆ�.D/ > 0, we get

ˆ�.Gn.D// < ˆ�.D/ :

Therefore, Gn is ˆ� -condensing on � and we can apply Theorem 3.17 to obtain a
sequence .xn/ such that .xn/ � � and Gnxn D xn for n D 1; 2; : : :. Consequently,
we obtain

xn � .T C S/xn D .�n � 1/Œ.T C S/xn � z� ! 0 ;

since �n ! 1 as n ! 1 and .T C S/.�/ is bounded. Finally, keeping in mind
assumption .iii/ we conclude that there exists x 2 � such that Tx C Sx D x. The
proof is complete. �

Corollary 3.19. Let� be a nonempty, closed and convex subset of a Banach space
E. Let T W � ! E and S W E ! E be weakly sequentially continuous mappings
satisfying the following conditions:

(i) T is weakly compact.
(ii) S is nonexpansive.

(iii) T C S is wsc.
(iv) .T C S/.�/ is a bounded subset of �.

Then there exists x 2 � such that x D Tx C Sx.

3.5 Applications

3.5.1 A Volterra Integral Equation Under
Henstock–Kurzweil–Pettis Integrability

We consider the existence of a weak solution to the Volterra integral equation

x.t/ D h.t/C
Z t

0

K.t; s/f .s; x.s//ds on I;

here “
R

” denotes the HKP-integral.
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First, we introduce the concept of Henstock–Kurzweil–Pettis integrability and
give some related facts which are useful in the sequel. Throughout the next sections,
E will be a real Banach space.

Definition 3.14. A function f W I �! E is said to be Henstock–Kurzweil-
integrable, or simply HK-integrable on I, if there exists w 2 E with the following
property : for " > 0 there exists a gauge ı on I such that k�.g;P/ � wk < " for each
ı-fine Perron partition P of I. We set w D .HK/

R T
0

f .s/ds.

Remark 3.13. This definition includes the generalized Riemann integral. In a
special case, when ı is a constant function, we get the Riemann integral.

The following result states that the HK-integrability for real functions is preserved
under multiplication by functions of bounded variation.

Lemma 3.8. Let f W I �! R be an HK-integrable function and let g W I �! R be
of bounded variation. Then fg is HK-integrable.

Let us recall the following integration by parts result inspired from the previous
lemma.

Lemma 3.9. Let f W Œa; b� �! R be HK-integrable function and let g W I �! R be
of bounded variation. Then, for every t 2 Œa; b�

.HK/
Z t

a
f .s/g.s/ds D g.t/.HK/

Z t

a
f .s/ds �

Z t

a

�

.HK/
Z s

a
f .�/d�

�

dg.s/;

the last integral being of Riemann–Stieltjes type.

The generalization of the Pettis integral obtained by replacing the Lebesgue
integrability of the functions by the Henstock–Kurzweil integrability produces the
Henstock–Kurzweil–Pettis integral.

Definition 3.15 ([60]). A function f W I �! E is said to be Henstock–Kurzweil–
Pettis integrable, or simply HKP-integrable, on I if there exists a function
g W I �! E with the following properties :

.i/ 8 x� 2 E�; x�f is Henstock–Kurzweil integrable on I.
.ii/ 8 t 2 I;8 x� 2 E�; x�g.t/ D .HK/

R t
0

x�f .s/ds.

This function g will be called a primitive of f and by g.T/ D R T
0

f .t/dt we will
denote the Henstock–Kurzweil–Pettis integral of f on the interval I.

Remark 3.14. .i/ Any HK-integrable function is HKP-integrable. The converse is
not true. Then the family of all Henstock–Kurzweil–Pettis integrable functions
is larger than the family of all Henstock–Kurzweil integrable ones.

.ii/ Since each Lebesgue integrable function is HK-integrable, we find that any
Pettis integrable function is HKP-integrable. The converse is not true.



74 3 Fixed Point Theory in Locally Convex Spaces

Theorem 3.23 (Mean Value Theorem [60]). If the function f W Œa; b� �! E is
HKP-integrable, then

Z

J
f .t/dt 2 jJj conv.f .J//;

where J is an arbitrary subinterval of Œa; b� and jJj is the length of J.

Theorem 3.24. Let f W I � E �! E, h W I �! E and K W I � I �! R satisfy the
following conditions:

(1) h is weakly continuous on I.
(2) For each t 2 I, K.t; :/ continuous, K.t; :/ 2 BV.I;R/ and the application t 7�!

K.t; :/ is k:kBV-continuous. (Here BV.I;R/ represents the space of real
bounded variation functions with its classical norm k:kBV .)

(3) f W I � E �! E is a weakly–weakly continuous function such that for all
x 2 Cw.I;E/, for all t 2 I, f .:; x.:// and K.t; :/f .:; x.:// are HKP-integrable
on I.

(4) For all r > 0 and " > 0, there exists ı";r > 0 such that

k
Z t

�

f .s; x.s//dsk < "; 8 jt � � j < ı";r;8 x 2 Cw.I;E/; kxk � r: (3.15)

(5) There exists a nonnegative function L(.,.) such that:

(a) For each closed subinterval J of I and bounded subset X of E,

ˇ.f ŒJ � X�/ � supfL.t; ˇ.X//; t 2 Jg; (3.16)

(b) The function s 7�! L.s; r/ is continuous for each r 2 Œ0;C1Œ, and

sup
t2I

�

.HK/
Z t

0

jK.t; s/j L.s; r/ds

�

< r (3.17)

for all r > 0:

Then there exist an interval J D Œ0; a� such that a set of weakly continuous solutions
of the Volterra-type integral equation

x.t/ D h.t/C
Z t

0

K.t; s/f .s; x.s//ds; (3.18)

defined on J is nonempty and compact in the space Cw.J;E/.

Remark 3.15. .a/ If f .:; x.:// is HKP-integrable on I and for all � 2 I the
application Tt;� W E� �! R, defined by y� 7�!(HK)

R �
0

K.t; s/y�f .s; x.s//ds,
is weak�-continuous, then K.t; :/f .:; x.:// is HKP-integrable on I. Indeed, for
� 2 I, because Tt;� is a linear functional on E� that is weak�-continuous, then
by [176, Theorem 3.10] there exists wt;� in E such that Tt;� .y�/ D y�wt;� for all
y� 2 E�. So, .HK/

R �
0

K.t; s/y�f .s; x.s//ds D (HK)
R �
0

y�K.t; s/f .s; x.s//ds D
y�wt;� for all y� 2 E�. Therefore K.t; :/f .:; x.:// is HKP-integrable on I.
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.b/ For � 2 I, if we suppose the HK-equi-integrability of the family
fy�K.t; :/f .:; x.://; y� 2 E�; ky�k � 1g on Œ0; ��, then we guarantee the
continuity of Tt;� with respect to the weak�-topology (see [80]).

Remark 3.16. The condition (3.15) is satisfied if we suppose that f .:; x.:// is
HKP-integrable on I and for all r > 0, there exists a HK-integrable function
Mr W I �! RC such that

kf .t; y/k � Mr.t/ for all t 2 I and y 2 E; kyk � r:

To see this, let r > 0 and x� 2 E� such that kx�k � 1. For 0 � t1 <

t2 � 1, we have
ˇ
ˇ
ˇx� R t2

t1
f .s; x.s/;Tx.s//ds

ˇ
ˇ
ˇ �

ˇ
ˇ
ˇ.HK/

R t2
t1

x�f .s; x.s/;Tx.s//ds
ˇ
ˇ
ˇ.

Because s 7�! Mb0 .s/ is Henstock–Kurzweil integrable and jx�f .s; x.s/;Tx.s//j �
kx�kkf .s; x.s/;Tx.s//k � Mb0 .s/ for all s 2 Œ0; 1�, then by [128, Corollary 4.62]),
s 7�! x�f .s; x.s/;Tx.s// is absolutely Henstock–Kurzweil integrable on Œt1; t2� and

ˇ
ˇ
ˇ
ˇ.HK/

Z t2

t1

x�f .s; x.s/;Tx.s//ds

ˇ
ˇ
ˇ
ˇ � .HK/

Z t2

t1

Mb0 .s/ds:

Thus

k
Z t2

t1
f .s; x.s/;Tx.s//dsk D sup

kx�k�1

ˇ
ˇ
ˇ
ˇx

�
Z t2

t1
f .s; x.s/;Tx.s//ds

ˇ
ˇ
ˇ
ˇ � .HK/

Z t2

t1
Mb0 .s/ds;

which thanks to the continuity of the primitive in Henstock–Kurzweil integral,
becomes less then " for t2 sufficiently close to t1, and this proves the claim.

Remark 3.17. The inequality condition in Remark 3.16 is fulfilled if we suppose
that E is reflexive and the function Mr is independent of t 2 I (see [161]). }
Proof. Let c D supt2I kh.t/k, d D supt2I kK.t; :/kBV and � > 0. There exists b > 0
such that � < b�c

d . From (3.15), there exists a � T such that

sup
t2Œ0;a�

k
Z t

0

f .s; x.s//dsk < �;

for any x 2 Cw.I;E/ satisfying kxk � b. Put J D Œ0; a�, and denote by Cw.J;E/ the
space of weakly continuous functions J �! E, endowed with the topology of weak
uniform convergence, and by QB the set of all weakly continuous functions J �! Bb,
where Bb D fy 2 E W kyk � bg. We shall consider QB as a topological subspace of
Cw.J;E/. It is clear that the set QB is convex and closed. Put

Fx.t/ D h.t/C
Z t

0

K.t; s/f .s; x.s//ds on J:

We require that F W QB �! QB is continuous.
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1. Let t 2 Œ0; a�. For any x� 2 E� such that kx�k � 1, and for any x 2 QB,
x�Fx.t/ D x�h.t/C R t

0
K.t; s/x�f .s; x.s//ds. Using Lemma 3.9 and the definition

of the Riemann–Stieltjes integral, we obtainˇ
ˇ
R t
0

K.t; s/x�f .s; x.s//ds
ˇ
ˇ

D
ˇ
ˇ
ˇ
ˇK.t; t/.HK/

Z t

0

x�f .s; x.s// �
Z t

0

�

.HK/
Z s

0

x�f .�; x.�/d�

�

dKt

ˇ
ˇ
ˇ
ˇ ;

� jK.t; t/j sup
�2Œ0;t�

k
Z �

0

f .s; x.s//dsk C .VŒKtI 0; t�/ sup
s2Œ0;t�

k
Z s

0

f .�; x.�/d�k;

� jK.t; t/j sup
�2J

k
Z �

0

f .s; x.s//dsk C .VŒKtI 0; t�/ sup
s2J

k
Z s

0

f .�; x.�/d�k;

� kK.t; :/kBV sup
s2J

k
Z s

0

f .�; x.�/d�k:

Here Kt.:/ denotes K.t; :/ and VŒKtI 0; t� denotes the total variation of Kt on the
interval Œ0; t�. Hence,

jx�Fx.t/j � c C d� � b:

Then

supfjx�Fx.t/j ; x� 2 E�; kx�k � 1g � b:

So, Fx.t/ 2 Bb:

2. Now, we will show that F. QB/ is a strongly equicontinuous subset.
Let t; � 2 J. We suppose without loss of generality that � < t and that Fx.t/ ¤

Fx.�/. By the Hahn–Banach theorem, there exists x� 2 E�, such that kx�k D 1

and kFx.t/ � Fx.�/k D x�.Fx.t/ � Fx.�//

� jx�.h.t// � x�.h.�//j C
ˇ
ˇ
ˇ
ˇ.HK/

Z �

0

.K.t; s/ � K.�; s//x�f .s; x.s//ds

ˇ
ˇ
ˇ
ˇ

C
ˇ
ˇ
ˇ
ˇ.HK/

Z t

�

K.t; s/x�f .s; x.s//ds

ˇ
ˇ
ˇ
ˇ

� jx�.h.t// � x�.h.�//j C kK.t; :/ � K.�; :/kBV sup
�2J

k
Z �

0

f .s; x.s//dsk

C d sup
�2Œ�;t�

k
Z �

�

f .s; x.s//dsk:

So, the result follows from hypotheses .1/; .2/ and (3.15).
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3. Now we will prove the continuity of F.
Since f is weakly continuous, we have by a Krasnoselskii type Lemma (see

[191]) that for any x� 2 E�, " > 0 and x 2 QB there exists a weak neighborhood U
of 0 in E such that jx�.f .t; x.t// � f .t; y.t///j � "

ad for t 2 J and y 2 QB such that
x.s/�y.s/ 2 U for all s 2 J. Because the function s 7�! x�.f .s; x.s//�f .s; y.s///
is HK-integrable on J and the function s 7�! "

a d is Riemann integrable on J,
then by [128, Corollary 4.62]), s 7�! x�.f .s; x.s// � f .s; y.s/// is absolutely
Henstock–Kurzweil-integrable on J and for all t 2 J we have:

ˇ
ˇ
ˇ
ˇ.HK/

Z t

0

K.t; s/x�.f .s; x.s// � f .s; y.s///

ˇ
ˇ
ˇ
ˇ ds

� sup
�2I

kK.�; :/kBV sup
�2Œ0;t�

�ˇ
ˇ
ˇ
ˇ.HK/

Z �

0

x�.f .s; x.s// � f .s; y.s///ds

ˇ
ˇ
ˇ
ˇ

�

� d sup
�2J

�

.HK/
Z �

0

jx�.f .s; x.s// � f .s; y.s///j ds

�

� ":

Thus F is continuous.
We have already shown that F. QB/ is bounded and strongly equicontinuous,

then by Lemma 2.1 in [143], Q D convF. QB/ (the closed convex hull of F. QB/ in
C.J;E/) is also bounded and strongly equicontinuous. Clearly F.Q/ � Q � QB.
We claim that F is ˇ-condensing on Q. Indeed, let V be a subset of Q such
that ˇ.V/ ¤ 0, V.t/ D fx.t/; x 2 Vg and F.V/.t/ D fFx.t/; x 2 Vg. Because
V is bounded and strongly equicontinuous, we have by Lemma 3.6 .b/ that
supt2J ˇ.V.t// D ˇ.V/ D ˇ.V.J//. Fix t 2 J and " > 0. From the continuity of
the functions s 7�! K.t; s/ and s 7�! L.s; ˇ.V// on I, it follows that there exists
ı > 0 such that

jK.t; �/L.q; ˇ.V// � K.t; s/L.s; ˇ.V//j < "; (3.19)

if j� � sj < ı, jq � sj < ı, q; s; � 2 I. Divide the interval Œ0; t� into n subintervals
0 D t0 < t1 : : : < tn D t so that ti � ti�1 < ı .i D 1; : : : ; n/ and put Ti D Œti�1; ti�.
For each i, there exists si 2 Ti such that L.si; ˇ.V// D sups2Ti

L.s; ˇ.V//. By the
mean value theorem for Henstock–Kurzweil–Pettis integral (see Theorem 3.23),
we obtain

Fx.t/ D h.t/C
nX

iD1

Z ti

ti�1

K.t; s/f .s; x.s//ds

2 h.t/C
nX

iD1
.ti � ti�1/convfK.t; s/f .s; x.s//; s 2 Ti; x 2 Vg:
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Using (3.16), (3.17) and the properties of the measure of weak non-compactness,
we have

ˇ.F.V/.t// �
nX

iD1
.ti � ti�1/ˇ.convfK.t; s/f .s; x.s//; s 2 Ti; x 2 Vg/

�
nX

iD1
.ti � ti�1/ˇ.fK.t; s/f .s; x.s//; s 2 Ti; x 2 Vg/

�
nX

iD1
.ti � ti�1/ sup

s2Ti

jK.t; s/jˇ.f .Ti � V.Ti///

�
nX

iD1
.ti � ti�1/ jK.t; �i/j L.si; ˇ.V//;

here for each i, �i 2 Ti is a number such that jK.t; �i/j D sups2Ti
jK.t; s/j. Hence,

using (3.19), we have

ˇ.F.V/.t// �
nX

iD1

�

.HK/
Z ti

ti�1

jK.t; �i/L.si; ˇ.V// � K.t; s/L.s; ˇ.V//j ds

�

C
nX

iD1

�

.HK/
Z ti

ti�1

jK.t; s/j L.s; ˇ.V//ds

�

� "t C .HK/
Z t

0

jK.t; s/j L.s; ˇ.V//ds

� "t C sup

(

.HK/
Z t0

0

jK.t; s/j L.s; ˇ.V//; t0 2 J

)

:

As the last inequality is satisfied for every " > 0, we get

ˇ.F.V/.t// � sup

(

.HK/
Z t0

0

jK.t; s/j L.s; ˇ.V//ds; t0 2 J

)

:

Applying Lemma 3.6.b/ again for the bounded strongly equicontinuous subset
F(V), we obtain ˇ.F.V// D supt2JfF.V/.t/g. Accordingly

ˇ.F.V// � sup

(

.HK/
Z t0

0

jK.t; s/j L.s; ˇ.V//ds; t0 2 J

)

< ˇ.V/;

so, F is ˇ-condensing on Q. Since Q is a closed convex subset of C.J;E/,
the set Q is weakly closed, and using similar arguments as in the proof of
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Theorem 3.15, we can suppose that Q is a closed convex subset of Cw.J;E/
and so by Corollary 3.13 the set of the fixed points of F in QB is nonempty and
compact. This means that there exists a set of weakly continuous solutions of the
problem (3.18) on J which is nonempty and compact in Cw.J;E/.

�

3.5.2 Theory of Integral Equations in the Lebesgue Space

We show that our main result contained in Corollary 3.16 can be applied to the
theory of nonlinear integral equations in Lebesgue space.

Suppose that I is a bounded interval in R. For simplicity, we will assume that
I D Œ0; 1�. Denote by L1 D L1.I/ the space of Lebesgue integrable real functions on
the interval I with the standard norm

jjxjj D
1Z

0

jx.t/jdt :

The space L1 is also called the Lebesgue space.
It is well known [9] that the superposition operator Nf generated by a function

f satisfying Carathéodory conditions transforms the metric space S.I/ (the set of
measurable (in Lebesgue sense) functions on I) into itself.

Now, let us fix r > 0 and denote by Qr the subset of the ball Br.�/ in L1 consisting
of functions being a.e. nondecreasing (or a.e. nonincreasing) on the interval I in the
sense that there exists a subset P of I with m.P/ D 0 and such that each function
x 2 Qr is nondecreasing on the set I n P (or nonincreasing on I n P). Keeping in
mind Theorem 1.28 it is easily seen that the set Qr is compact in measure.

In what follows we will consider the nonlinear integral equation of the form

x.t/ D a.t/C
1Z

0

k.t; s/f .s; x.s//ds C
1Z

0

u.t; s; x.s//ds ; (3.20)

for t 2 I.
If we define on the space

.Hx/.t/ D
1Z

0

k.t; s/f .s; x.s//ds ; (3.21)

.Ux/.t/ D
1Z

0

u.t; s; x.s//ds ; (3.22)

for x 2 L1 and for t 2 I, then H is the Hammerstein integral operator while U
represents the Urysohn one.
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Henceforth we will assume that the functions involved in Eq. (3.20) satisfy the
following conditions:

(i) a 2 L1 is nonnegative and nondecreasing on the interval I.
(ii) f W I � R ! R satisfies Carathéodory conditions and there exists a function

p 2 L1 such that

jf .t; x/j � p.t/

for t 2 I and x 2 R. Moreover, f W I � RC ! RC.
(iii) k W I � I ! RC is measurable with respect to both variables and such that the

integral operator K defined on the space L1 by the formula

.Kx/.t/ D
1Z

0

k.t; s/x.s/ds

maps the space L1 into itself.

For further purposes let us recall the above assumption implies [122] that the
operator K maps continuously the space L1 into itself. In what follows we will
denote by jjKjj the norm of the linear operator K.

Further, we formulate our remaining assumptions.

(iv) The function t ! k.t; s/ is a.e. nondecreasing on the interval I for almost all
s 2 I.

(v) u.t; s; x/ D u W I � I � R ! R satisfies Carathéodory conditions, that is, u
is measurable with respect to .t; s/ for any x 2 R and is continuous in x for
almost all .t; s/ 2 I2.

(vi) u.t; s; x/ � 0 for .t; s/ 2 I2 and for x � 0.
(vii) The function t ! u.t; s; x/ is a.e. nondecreasing on the interval I for almost

all s 2 I and for each x 2 R.
(viii) ju.t; s; x/j � k1.t; s/.q.t/ C bjxj/ for .t; s/ 2 I2 and for x 2 R, where q is a

nonnegative member of L1, 0 � b D const. and a function k1 W I2 ! RC is
measurable and such that the linear operator K1 generated by k1 maps L1 into
itself.

(ix) bjjK1jj < 1.

Then we can formulate our existence result concerning Eq. (3.20).

Theorem 3.25. Under assumptions (i)–(ix), Eq. (3.20) has at least one solution
x 2 L1 such that x is a.e. nondecreasing on the interval I.

Proof. Observe that in view of (3.21) and (3.22) we can write Eq. (3.20) in the form

x D a C Hx C Ux :

In order to show that Corollary 3.16 can be applied in our situation let us denote by
T the operator defined on L1 by the formula

Tx D a C Hx : (3.23)
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Further, observe that the Hammerstein operator H defined by (3.21) can be written
as the product H D KNf of the superposition operator

.Nf x/.t/ D f .t; x.t//

and the linear operator

.Kx/.t/ D
1Z

0

k.t; s/x.s/ds :

Next, take an arbitrary function x 2 L1. Then, in view of assumptions (i)–(iii) and
Theorem 1.23 we infer that Tx 2 L1, where T is defined by (3.23). On the other hand,
keeping in mind assumptions .v/ and .viii/ and the majorant principle (cf.[202])
we deduce that the Urysohn operator U transforms the space L1 into itself and is
continuous.

Consider the subset � of the space L1 consisting of all functions x D x.t/
being a.e. nonnegative and nondecreasing on the interval I. It is easily seen that
the operators T and U transform the set � into itself. In fact, this statement is an
easy consequence of assumptions .i/, .ii/, .iv/, .vi/ and .vii/. This allows us to infer
that the sum T C U of these operators transforms the set � into �.

Next, for arbitrarily fixed x 2 �, in view of the imposed assumptions we obtain

j..T C U/.x//.t/j � a.t/C .Hx/.t/C .Ux/.t/; 8t:

Thus

jj.T C U/.x/jj � jjajj C jjHxjj C
1Z

0

u.t; s; x.s//ds

� jjajj C jjKNf xjj C
1Z

0

k1.t; s/.q.s/C bx.s//ds

� jjajj C jjKjjjjNf xjj C
1Z

0

k.t; s/q.s/ds C b

1Z

0

k1.t; s/x.s/ds

� jjajj C jjKjj
1Z

0

f .s; x.s//ds C jjK1jjjjqjj C bjjK1jjjjxjj

� jjajj C jjKjj
1Z

0

p.s/ds C jjK1jjjjqjj C bjjK1jjjjxjj

� jjajj C jjKjjjjpjj C jjK1jjjjqjj C bjjK1jjjjxjj
D A C bjjK1jjjjxjj
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where we let

A D jjajj C jjKjjjjpjj C jjK1jjjjqjj :

This implies

jj.T C U/.x/jj � A C bjjK1jjjjxjj : (3.24)

Further, denote by �r the set consisting of all functions x belonging to � and
such that jjxjj � r, when r D A=.1 � bjjK1jj/. Obviously the set �r is nonempty,
convex, closed and bounded. Moreover, (3.24) with the fact that T C U is a self-
mapping of the set � and taking into account assumption (ix) we deduce that the
operator T C U transforms the set �r into itself. Notice also that both the operators
T and U transform the set �r into itself.

Now, assumptions .ii/ and .iii/ (cf. also the fact pointed out after assumption .iii/
which asserts that the operator K is a continuous self-mapping of the space L1) and
taking into account Theorem 1.23 we infer that T transforms continuously the set
�r into�r. We deduce that the Urysohn operator U transforms continuously the set
�r into itself.

Thus, in view of the fact that�r is compact in measure (cf. Theorem 1.28 and the
remarks made before that theorem) we infer that the operators T and U transform
weakly continuously the set �r into itself.

Now, we show that the operator T is weakly compact on the set �r. What is
more, the operator T is also weakly compact on the set �.

To prove this assertion take an arbitrary function x 2 �. Then, for a fixed t 2 I
we get:

j.Tx/.t/j � a.t/C
ˇ
ˇ
ˇ
ˇ
ˇ
ˇ

1Z

0

k.t; s/f .s; x.s//ds

ˇ
ˇ
ˇ
ˇ
ˇ
ˇ

� a.t/C
1Z

0

k.t; s/jf .s; x.s//jds � a.t/C
1Z

0

k.t; s/p.s/ds : (3.25)

Hence, taking into account that the function t !
1R

0

k.t; s/p.s/ds is an element of

the space L1, from estimate (3.25) and Corollary 1.7 we infer that the set T.�/ is
weakly compact. Thus the operator T is weakly compact on the set �.

In what follows take a nonempty set X � �r and fix " > 0. Further, let D be a
measurable subset of the interval I such that m.D/ � ". Then, for an arbitrary x 2 X,
in view of assumption (viii) we obtain
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Z

D

j.Ux/.t/jdt �
Z

D

0

@

1Z

0

k1.t; s/q.s/ds

1

A dt C b
Z

D

0

@

1Z

0

k1.t; s/x.s/ds

1

A dt

D jjK1qjjL1.D/ C bjjK1xjjL1.D/ ;
where by L1.D/we denote the Lebesgue space of real functions defined on the set D.

Now, taking into account that the operator K1 maps the space L1.D/ into itself
and is continuous, we get

Z

D

j.Ux/.x/jdt � jjK1jjDjjqjjL1.D/ C bjjK1jjDjjxjjL1.D/

D jjK1jjD
Z

D

q.t/dt C bjjK1jjD
Z

D

x.t/dt

� jjK1jj
Z

D

q.t/dt C bjjK1jj
Z

D

x.t/dt ;

where the symbol jjK1jjD stands for the norm of the linear operator K1 acting from
the space L1.D/ into itself.

Further, keeping in mind the fact that any singleton is weakly compact in the
space L1, in view of the Dunford–Pettis theorem and Formula (1.8) we derive the
following inequality

ˇ.UX/ � bjjK1jjˇ.X/ ;

where ˇ denotes the De Blasi measure of weak noncompactness. Particularly, in
view of assumption (ix) this statement means that the operator U is condensing with
respect to ˇ.

Finally, combining all the above established facts and applying Corollary 3.16
we complete the proof. �



Chapter 4
Fixed Points for Maps with Weakly Sequentially
Closed Graph

In this chapter, we discuss Sadovskii, Krasnoselskii, Leray–Schauder, and
Furi–Pera type fixed point theorems for a class of multivalued mappings with
weakly sequentially closed graph. We first discuss a Sadovskii type result for
weakly condensing and 1-set weakly contractive multivalued maps with weakly
sequentially closed graph. Next we discuss multivalued analogues of Krasnoselskii
fixed point theorems for the sum S C T on nonempty closed convex of a Banach
space where T is weakly completely continuous and S is weakly condensing (resp.
1-set weakly contractive). In particular we consider Krasnoselskii type fixed point
theorems and Leray–Schauder alternatives for the sum of two weakly sequentially
continuous mappings, S and T by looking at the multivalued mapping .I � S/�1T ,
where I � S may not be injective. We note that the domains of all of the multivalued
maps discussed here are not assumed to be bounded.

Now we introduce notation and give preliminary results which will be needed in
this section. Let X be a Hausdorff linear topological space, and let

P.X/ D
�

A � X W A is nonempty

�

;

Pbd.X/ D
�

A � X W A is nonempty, and bounded

�

Pcv.X/ D
�

A � X W A is nonempty, and convex

�

Pcl;cv.X/ D
�

A � X W A is nonempty, closed, and convex

�

:
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Let Z be a nonempty subset of a Banach space Y and F W Z �! P.X/ be a
multivalued mapping. We let

R.F/ D
[

y2Z

F.y/ and GrF D f.z; x/ 2 Z � X W x 2 F.z/g

the range and the graph of F, respectively. Moreover, for every subset A of X, we
put F�1.A/ D fz 2 Z W F.z/ \ A ¤ ;g and FC.A/ D fz 2 Z W F.z/ � Ag.

• F is called upper semicontinuous on Z if F�1.A/ is closed, for every closed subset
A of X (or, equivalently, if FC.A/ is open, for every open subset A of X).

• F is called weakly upper semicontinuous if F is upper semicontinuous with
respect to the weak topologies of Z and X.

Now we suppose that X is a Banach space and Z is weakly closed in Y .
F is said to be weakly compact if the set R.F/ is relatively weakly compact in X.

Moreover, F is said to have weakly sequentially closed graph if for every sequence
fxngn � Z with xn * x in Z and for every sequence fyngn with yn 2 F.xn/;8n 2
N; yn * y in X implies y 2 F.x/, where * denotes weak convergence. F is called
weakly completely continuous if F has a weakly sequentially closed graph and, if A
is bounded subset of Z, then F.A/ is a relatively weakly compact subset of X.

We now present the measure of weak noncompactness in a general setting
(i.e., the values are in a lattice).

Definition 4.1. Let X be a Banach space and C a lattice with a least element, which
is denoted by 0. By a measure of weak noncompactness MWNC on X, we mean a
functionˆ defined on the set of all bounded subsets of X with values in C, such that
for any �1;�2 2 Pbd.X/:

(1) ˆ.co.�1// D ˆ.�1/, where co denotes the closed convex hull of �.
(2) �1 � �2 H) ˆ.�1/ � ˆ.�2/;

(3) ˆ.�1 [ fag/ D ˆ.�1/ for all a 2 E.
(4) ˆ.�1/ D 0 if and only if �1 is relatively weakly compact in E.

If the lattice C is a cone then the MWNC ˆ is said to be positive homogenous if
ˆ.��/ D �ˆ.�/ for all � > 0 and � 2 Pbd.X/ and it is called semi-additive if
ˆ.�1 C�2/ � ˆ.�1/Cˆ.�2/ for all �1;�2 2 Pbd.X/.

Definition 4.2. Let � be a nonempty subset of Banach space X and ˆ a MWNC
on X. If F W � �! P.X/, we say that

(a) F is ˆ-condensing if ˆ.F.D// < ˆ.D/ for all bounded sets D � � with
ˆ.D/ ¤ 0.

(b) F is ˆ-nonexpansive map if ˆ.F.D// � ˆ.D/ for all bounded sets D � �.
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4.1 Sadovskii Type Fixed Point Theorems

We begin with the following interesting property for multivalued maps with weakly
sequentially closed graph.

Theorem 4.1. Let � be a nonempty, weakly compact subset of a Banach space
X. Suppose F W � �! P.X/ has weakly sequentially closed graph and F.�/ is
relatively weakly compact. Then F has weakly closed graph.

Proof. Since .X � X/w D Xw � Xw (Xw the space X endowed its weak topology),
it follows that � � F.�/w is a weakly compact subset of X � X. Also, GrF �
� � F.�/w. So, GrF is relatively weakly compact. Let .x; y/ 2 � � F.�/w be
weakly adherent to GrF, then from the Eberlein–Šmulian theorem we can find
f.fxng; fyng/gn � GrF such that yn 2 F.xn/; xn * x and yn * y in X. Because
F has weakly sequentially closed graph, y 2 F.x/ and so .x; y/ 2 GrF. Therefore,
GrF is weakly closed. �

Remark 4.1. With the conditions of Theorem 4.1, we prove that GrF is weakly
compact.

Theorem 4.2. Let � be a nonempty, closed, convex subset of a Banach space X.
Suppose F W � �! Pcv.�/ has weakly sequentially closed graph and F.�/ is
weakly relatively compact. Then F has a fixed point.

Proof. Set K D co.F.�//. It follows from the Krein–Šmulian theorem that K is a
weakly compact convex set. We have F.�/ � K � �. Notice also that F W K �!
Pcv.K/. From Theorem 4.1 F has weakly closed graph, and so F.x/ is weakly closed
for every x 2 K. Thus by Theorem 1.36, F is weakly upper semicontinuous. Because
X endowed with its weak topology is a Hausdorff locally convex space, we apply
Theorem 1.39 to guarantee that F has a fixed point x 2 K � �. �

Theorem 4.3. Let � be a nonempty, closed, convex subset of a Banach space X.
Assume ˆ a MWNC on X and F W � �! Pcv.�/ has weakly sequentially closed
graph. In addition, suppose that F is ˆ-condensing and F.�/ is bounded. Then F
has a fixed point.

Proof. Let x0 2 �. We consider the family F of all closed bounded convex subsets
D of � such that x0 2 D and F.x/ � D for all x 2 D. Obviously F is nonempty,
since co.F.�/ [ fx0g/ 2 F . We let K D \

D2FD. We have that K is closed convex

and x0 2 K. If x 2 K, then F.x/ � D for all D 2 F and hence F.x/ � K.
Consequently, K 2 F . We now prove that K is weakly compact. Denoting by
K� D co.F.K/ [ fx0g/, we have K� � K, which implies that F.x/ � F.K/ � K�
for all x 2 K�. Therefore K� 2 F and K � K�. Consequently, K D K�. Since K is
weakly closed, it suffices to show that K is relatively weakly compact. Ifˆ.K/ > 0,
we obtain

ˆ.K/ D ˆ.co.F.K/ [ fx0g// � ˆ.F.K// < ˆ.K/;
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which is a contradiction. Hence, ˆ.K/ D 0 and so K is relatively weakly compact.
Now, F W K �! Pcv.K/ has weakly sequentially closed graph. From Theorem 4.2,
F has a fixed point in K � �. �

Corollary 4.1. Let � be a nonempty, closed, convex subset of a Banach space X.
Assume F W � �! Pcv.�/ is weakly completely continuous map with F.�/ is
bounded. Then F has a fixed point.

Theorem 4.4. Let X be a Banach space, � be a nonempty, closed, convex subset
of X and ˆ a positive homogenous MWNC on X. Assume F W � �! Pcv.�/ has
weakly sequentially closed graph, and also suppose F is ˆ-nonexpansive and F.�/
is bounded. In addition, suppose that the implication

if fxng � � with yn 2 F.xn/ for all n and xn � yn �! � as n �! 1; (4.1)

then there exists x 2 � with x 2 F.x/;

holds. Then F has a fixed point.

Remark 4.2. � denotes the zero of the space X.

Proof. Let Fn D tnF for n D 1; 2; : : :, where ftngn is a sequence of .0; 1/ such that
tn �! 1. Since � 2 � and � is convex, it follows that Fn W � �! Pcv.�/. Also Fn

has a weakly sequentially closed graph. Let D 2 Pbd.�/. Then, we have

ˆ.Fn.D// D ˆ.tnF.D// � tnˆ.D/:

So, if ˆ.D/ ¤ 0 we have

ˆ.Fn.D// < ˆ.D/:

Therefore, Fn isˆ-condensing on�. From Theorem 4.3, Fn has a fixed point, in�.
For all n, let yn 2 F.xn/ with xn D tnyn. Clearly the sequence fyngn is bounded and
xn � yn D .tn � 1/yn �! � as n �! 1, since tn �! 1 as n �! 1. Thus (4.1)
implies that there exists x 2 � with x 2 F.x/. �

Corollary 4.2. Let � be a nonempty, closed, convex subset of a Banach space X
and � 2 �. In addition assume F W � �! Pcv.�/ has weakly sequentially closed
graph, is ˇ-nonexpansive, and F.�/ is bounded. Also, suppose (4.1) holds. Then F
has a fixed point.

4.2 Leray–Schauder and Furi–Pera Type Theorems

In applications, the construction of a set � such that F.�/ � � is difficult and
sometimes impossible. As a result we investigate maps F W � �! P.X/ with
weakly sequentially closed graph.
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Lemma 4.1. Let � be a weakly closed subset of a Banach space X with � 2 �.
Assume F W � �! P.X/ has weakly sequentially closed graph with F.�/ is
bounded. Let fxngn � � and .�n/ be a real sequence. If xn * x and �n �! � 2 R,
then the condition xn 2 �nF.xn/ for all n implies x 2 �F.x/.

Proof. For all n, there exists yn 2 F.xn/ such that xn D �nyn. If � D 0, then xn * �

(F.�/ is bounded) and x 2 f�g � �. If � ¤ 0, then without loss of generality, we
can suppose that �n ¤ 0 for all n. So, ��1

n xn D yn for all n implies yn * ��1x.
Since F has weakly sequentially closed graph, we have y 2 F.x/, which means that
x 2 �F.x/. �

Lemma 4.2. Let � be a nonempty closed convex subset of a Banach space X, S
a nonempty subset of �, z 2 U and ˆ a MWNC on X such that F.S/ is bounded.
If F W S �! P.�/ isˆ-condensing, then there exists a nonempty closed and convex
subset K of� such that z 2 K \ S, K \ S is relatively weakly compact and F.K \ S/
is a subset of K.

Proof. We consider the family G D ˚
D � � W D bounded;D D coD; z 2 D;F.D \

S/ � D
�
. Obviously G is nonempty, since co.F.S/ [ fzg/ 2 G. We let K D \

D2GD.

We have that K is bounded closed convex and z 2 K. If x 2 K \ S, then F.x/ 2 D
for all D 2 G and hence F.K \ S/ � K. Therefore, we have that K 2 G. We will
prove that K is weakly compact. Denoting by K� D co.F.K \ S/ [ fzg/, we have
K� � K, which implies that F.K� \ S/ � F.K \ S/ � K�. Therefore K� 2 G and
K � K�. Hence K D K�. If ˆ.K \ S/ ¤ 0, we obtain

ˆ.K \S/ � ˆ.K/ � ˆ.coF.K \S/[fzg/ � ˆ.F.K \S/[fzg/ � ˆ.F.K \S// < ˆ.K \S/;

which is a contradiction, so ˆ.K \ S/ D 0 and K \ S is relatively weakly compact.
�

Theorem 4.5. Let X be a Banach space,� be a nonempty, closed, convex subset of
X and U be a weakly open subset of � with � 2 U. Assume ˆ a MWNC on X and
F W Uw �! Pcv.�/ has weakly sequentially closed graph. In addition, suppose F
is ˆ-condensing and F.Uw/ is bounded. Then, either

.A1/ F has a fixed point, or

.A2/ there is a point x 2 @�U (the weak boundary of U in �) and � 2 .0; 1/ with
x 2 �F.x/:

Remark 4.3. .a/ Because � is convex, its closure and weak closure are the same,
so the weak closure of U in � and weak closure are the same, for U � �.

.b/ For U � �, we have @�U D Uw \� n Uw.

Proof. Suppose .A2/ does not hold and F does not have a fixed point in @�U
(otherwise, we are finished, i.e., .A1/ occurs). By Lemma 4.2, there exists a
nonempty closed and convex subset K of � with � 2 K, K \ U is relatively weakly
compact and F.K \ U/ � K.
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Let D be the set defined by

D D
�

x 2 K \ Uw W x 2 �F.x/; for some � 2 Œ0; 1�
�

:

Now D is nonempty and bounded, because � 2 D and F.Uw/ is bounded. Also D
is weakly relatively compact. Now, we prove that D is weakly sequentially closed.
For that, let fxngn a sequence of D such that xn * x, x 2 K \ Uw. For all n 2 N,
there exists a �n 2 Œ0; 1� such that xn D �nF.xn/. Now �n 2 Œ0; 1�, so we can extract
a subsequence f�njgj such that �nj �! � 2 Œ0; 1�. We put xnj D �nj ynj , where
ynj 2 F.xnj/. Applying Lemma 4.1, we deduce that x 2 D. Let x 2 Uw, be weakly
adherent to D. Since Dw is weakly compact, by the Eberlein–Šmulian theorem, there
exists a sequence fxngn � D such that xn * x, so x 2 D. Hence Dw D D and D
is a weakly closed subset of the weakly compact set Uw. Therefore D is weakly
compact. Because X endowed with its weak topology is a Hausdorff locally convex
space, we have that X is completely regular. Since D \ .K \ @�U/ D ;, then,
by Proposition 1.1 there is a weakly continuous function ' W � �! Œ0; 1�, such
that '.x/ D 1 for x 2 K \ @�U and '.x/ D 0 for x 2 D. Since K is convex,
� 2 K, and F with nonempty convex values, we can define the multivalued map
F� W K �! Pcv.K/ by:

F�.x/ D
8
<

:

.1 � '.x//F.x/; if x 2 K \ Uw;

f�g; if x 2 K n U:

Clearly, F�.K/ is bounded. Because @K.K \U/ D @K.K \ Uw/, Œ0; 1� is compact, '
is weakly continuous and F has a weakly sequentially closed graph, by Lemma 4.1,
we have F� has weakly sequentially closed graph. Also, F�.K/ � co.F.K \ Uw/[
f�g/. Let H D co.F.K \ Uw/ [ f�g/. Since F.K \ Uw/ is relatively weakly
compact, it follows from the Krein–Šmulian theorem that H is a weakly compact
convex set of X. Moreover, F�.H/ � H. Then, F�.H/ is relatively weakly compact.
Theorem 4.2 shows that F� has a fixed point x0 2 K. From � 2 U \ K �
intwK.K \ Uw/, it follows that x0 2 F�.x0/ D .1�'.x0//F.x0/, which implies x0 2 D
and so '.x0/ D 0. Thus, x0 is a fixed point of F. �

Corollary 4.3. Let X be a Banach space, � be a nonempty, closed, convex subset
of X and U be a weakly open subset of � with � 2 U. Assume ˆ a MWNC on X
and F W Uw �! Pcv.�/ has weakly sequentially closed graph, ˆ-condensing with
F.Uw/ is bounded. In addition, suppose F satisfying the Leray–Schauder boundary
condition

x … �F.x/ for every x 2 @�U and � 2 .0; 1/:

Then F has a fixed point in Uw.
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Corollary 4.4. Let E be a Banach space,� be a nonempty, closed, convex subset of
X and U be a weakly open subset of�with � 2 U. Assume that F W Uw �! Pcv.�/

is a weakly completely continuous map with F.Uw/ is bounded. In addition, suppose
F satisfying the Leray–Schauder boundary condition

x … �F.x/ for every x 2 @�U and � 2 .0; 1/:

Then F has a fixed point in Uw.

We now use Theorem 4.4 to obtain a nonlinear alternative of Leray–Schauder
type for multivalued 1-set weakly contractive maps.

Theorem 4.6. Let� be a nonempty, closed, convex subset of a Banach space X, let
U be a weakly open subset of � with � 2 U. Assume ˆ a positive homogenous
MWNC on X, F W Uw �! Pcv.�/ has weakly sequentially closed graph, is
ˆ-nonexpansive, F.Uw/ is bounded and (4.1) holds on Uw. In addition, suppose
F satisfies the following Leray–Schauder condition

x … �F.x/ for every x 2 @�U and � 2 .0; 1/: (4.2)

Then F has a fixed point in Uw.

Proof. Let Fn D tnF, for n D 1; 2; : : :, where ftngn is a sequence of .0; 1/ such
that tn �! 1. Since � 2 � and � is convex, it follows that Fn W Uw �! Pcv.�/.
Also Fn is ˆ-condensing and has a weakly sequentially closed graph. Suppose that
yn 2 �nFn.yn/ for some yn 2 @�U and for some �n 2 .0; 1/. Then we have yn 2
�ntnFn.yn/ which contradicts hypothesis (4.2) since �ntn 2 .0; 1/. Now, applying
Corollary 4.3, the remainder of the proof is similar to that in Theorem 4.4. �

In applications, it is extremely difficult to construct a weakly open set U as in
Theorem 4.5, so we are motivated to construct a Furi–Pera type fixed point theorems
[90] for a multivalued mapping F W � �! P.X/ with weakly sequentially closed
graph. Here� is a closed convex subset of X with (possible) an empty weak interior.

Theorem 4.7. Let X be a reflexive separable Banach space, C a closed bounded
convex subset of X, and Q a closed convex subset of C with � 2 Q. Also, assume
F W Q �! Pcv.C/ has weakly sequentially closed graph. In addition, assume that
the following condition is satisfied

if f.xj; �j/g1
jD1 is a sequence in Q � Œ0; 1� with xj * x 2 @Q; �j �! � and

x 2 �F.x/ 0 � � < 1; then f�jF.xj/g � Q for j sufficiently large; here @Q

denotes the weak boundary of Q relative to C:

Then F has a fixed point in Q.
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Proof. We know from [115] that there exists a weakly continuous retraction r W
X �! Q. Consider

B D fx 2 X; x 2 Fr.x/g:

Now rF has a weakly sequentially closed graph, since F has weakly sequentially
closed graph, and r is weakly continuous. Applying Theorem 4.2 we infer that there
exists y 2 Q with y 2 rF.y/. Let z 2 F.y/ such that y D r.z/. Then z 2 B
and B ¤ ;. In addition B is weakly sequentially closed, since Fr has a weakly
sequentially closed graph. Moreover, since B � Fr.B/ � F.Q/ it follows that B
is relatively weakly compact. Now let x 2 Bw. Since Bw is weakly compact, there
is a sequence fxngn of elements of B which converges weakly to some x. Since B is
weakly sequentially closed, we deduce that x 2 B. Thus Bw D B. This implies that
B is weakly compact. We now show that B \ Q ¤ ;. Suppose B \ Q D ;. Now
since X is separable and C is weakly compact we know from Theorem 1.14 that the
weak topology on C is metrizable, let d� denote the metric. With respect to .C; d�/
note Q is closed, B is compact, B \ Q D ; so we have from [89, p. 65] that

d�.B;Q/ D inffd�.x; y/ W x 2 B; y 2 Qg > 0;

so there exists " > 0 with d�.B;Q/ > ". For i 2 f1; 2; : : :g, let

Ui D
�

x 2 C; d�.x;Q/ <
"

i

�

:

For each i 2 f1; 2; : : :g fixed Ui is open in with respect to the topology generated by
d�, and so Ui is weakly open in C. Also we have

Uw
i D Ud�

i D
�

x 2 C; d�.x;Q/ � "

i

�

and

@Ui D
�

x 2 C; d�.x;Q/ D "

i

�

:

Keeping in mind that Uw
i \ B D ;, applying Corollary 4.4, we get that there exists

� 2 .0; 1/ and yi 2 @Ui such that yi 2 �iFr.yi/. In particular, since yi 2 @Ui, then

f�iFr.yi/g ª Q for each i 2 f1; 2; : : :g: (4.3)

Now look at

D D fx 2 X W x 2 �Fr.x/; for some � 2 Œ0; 1�g:
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Now D is nonempty, because � 2 D. Also, D � conv.F.Q/[f�g/, so by the Krein -
Šmulian theorem, D is relatively weakly compact. Since Fr has weakly sequentially
closed graph and Œ0; 1� is compact, we deduce from Lemma 4.1 that D is weakly
closed. So D is weakly compact. Then, up to a subsequence, we may assume that
�j �! �� 2 Œ0; 1� and yj * y� 2 @Q. Since F has weakly sequentially closed
graph then y� 2 ��Fr.y�/. Note �� ¤ 1 since B \ Q D ;. From the assumption in
the statement of Theorem 4.7 it follows that f�jFr.xj/g � Q for j sufficiently large,
which is a contradiction. Thus B \ Q ¤ ;, so there exists x 2 Q with x 2 Fr.x/; i.e.,
x 2 Fx. �

Now, we state some new variants of Leray–Schauder type fixed point results
for the sum of two weakly sequentially continuous mappings T and S: We look at
the case when I � S may not be invertible by looking at the multivalued mapping
.I � S/�1T:

Theorem 4.8. Let � be a nonempty closed and convex subset of a Banach space
X. In addition, let U be a weakly open subset of � with � 2 U; T W Uw �! X and
S W � �! X are two weakly sequentially continuous mappings satisfying:

.i/ T.Uw/ is relatively weakly compact,
.ii/ T.Uw/ � .I � S/.�/:
.iii/ If .I � S/.xn/ * y; then there exists a weakly convergent subsequence of fxngn:

.iv/ For every y in the range of I � S; Dy D fx 2 � such that .I � S/.x/ D yg is a
convex set.

Then, either T C S has a fixed point or there is a point x 2 @�U (the weak
boundary of U in �) and a � 2 .0; 1/ with x D �T.x/C �S

	
x
�



:

Proof. First, we assume that I � S is invertible. For any given y 2 Uw; define F W
Uw �! � by F.y/ WD .I � S/�1T.y/: F is well defined by assumption .ii/:

Step 1: F.Uw/ is relatively weakly compact. For any fxngn � F.Uw/; we choose
fxngn � Uw such that yn D F.xn/: Taking into account assumption .i/; together
with the Eberlein–Šmulian’s theorem we get a subsequence fy'1.n/gn of fyngn

such that .I � S/.y'1.n// * z; for some z 2 �: Thus, by assumption .iii/; there
exists a subsequence y'1.'2.n// converging weakly to y0 2 �: Hence, F.Uw/ is
relatively weakly compact.
Step 2: F is weakly sequentially continuous. Let fxngn � Uw such that xn * x:
Because F.Uw/ is relatively weakly compact, it follows from the Eberlein–
Šmulian’s theorem that there exists a subsequence fxnk gk of fxngn such that
F.xnk/ * y; for some y 2 �: The weak sequential continuity of S leads to
SF.xnk/ * Sy: Also, from the equality SF D �T C F; we have that

�T.xnk/C F.xnk/ * �T.x/C y:

So, y D F.x/:We claim that F.xn/ * F.x/: Suppose that this is not the case, then
there exists a subsequence fx'1.n/gn and a weak neighborhood Vw of .I�S/�1T.x/
such that .I � S/�1T

	
x'1.n/


 … Vw; for all n 2 N: On the other hand, we have
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x'1.n/ * x; then arguing as before, we find a subsequence fx'1.'2.n//gn such that
.I�S/�1T.x'1.'2.n/// converges weakly to ..I�S/�1T.x/;which is a contradiction
and hence F is weakly sequentially continuous.

Consequently, using Theorem 3.1, we get either F has a fixed point or there exist a
x 2 @�U and a � 2 .0; 1/ such that x D �F.x/: This yields, either T C S has a fixed
point or there is a point x 2 @�U and a � 2 .0; 1/ such that

x

�
D .I � S/�1T.x/: (4.4)

Now (4.4) implies .I � S/
	

x
�


 D T.x/: So, x D �T.x/C �S
	

x
�



:

Second, if I�S is not invertible, .I�S/�1 could be seen as a multivalued mapping.
For any given y 2 Uw; define H W Uw �! P.�/ by H.y/ WD .I � S/�1T.y/: H is
well defined by assumption .ii/: We should prove that H fulfills the hypotheses of
Theorem 4.5.

Step 1: H.x/ is a convex set for each x 2 Uw: This is an immediate consequence
of assumption .iv/:
Step 2: H has a weakly sequentially closed graph. Let fxngn � Uw such that
xn * x and yn 2 H.xn/ such that yn * y: By the definition of H; we have
.I � S/.yn/ D T.xn/: Since T and I � S are weakly sequentially continuous, we
obtain .I � S/.y/ D T.x/: Thus y 2 .I � S/�1T.x/:
Step 3: H.Uw/ is relatively weakly compact. This assertion is proved by using
the same reasoning as the one in Step 1 of the first part of the proof. Hence, H is
ˇ-condensing.

In view of Theorem 4.5, either H has a fixed point; or there is a point x 2 @�U
and a � 2 .0; 1/ with x 2 �H.x/: By the definition of H; the last assertion implies
that either there is a point x 2 @�U such that .I � S/.x/ D T.x/ or there is a point
x 2 @�U and a � 2 .0; 1/ such that .I �S/

	
x
�


 D T.x/: This leads to either T CS has
a fixed point or there is a point x 2 @�U and a � 2 .0; 1/ with x D �T.x/C �S

	
x
�



.

�

Remark 4.4. We note that every ˇ-condensing mapping F W � � X �! X satisfies
assumption .iii/ of Theorem 4.8; here � is a subset of a Banach space X such that
F.�/ is bounded. In fact, suppose that .I � F/xn * y; for some fxngn � � and
y 2 X:Writing xn as xn D .I � F/.xn/C F.xn/ and using the subadditivity of the De
Blasi measure of weak noncompactness, we get

ˇ.fxng/ � ˇ.f.I � F/.xn/g/C ˇ.fF.xn/g/:

Since f.I � F/.xn/gw is weakly compact, we obtain ˇ.fxng/ � ˇ.fF.xn/g/: Now, we
show that ˇ.fxng/ D 0: If we suppose the contrary, then since F is ˇ-condensing,
we obtain

ˇ.fxng/ � ˇ.fF.xn/g/ < ˇ.fxng/;
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which is absurd. So, ˇ.fxng/ D 0: Consequently, fxngw is weakly compact and then
by the Eberlein–Šmulian’s theorem, there exists a weakly convergent subsequence
of fxngn: Hence, condition .iii/ is satisfied.

Corollary 4.5. Let � be a nonempty closed and convex subset of a Banach space
X. In addition, let U be a weakly open subset of � with � 2 U; T W Uw �! X and
S W � �! X are two weakly sequentially continuous mappings satisfying:

.i/ T.Uw/ is relatively weakly compact,
.ii/ S is a contraction mapping such that S.�/ is bounded.
.iii/ T.Uw/C S.�/ � �:

Then, either T C S has a fixed point or there is a point x 2 @�U (the weak boundary
of U in �) and a � 2 .0; 1/ with x D �T.x/C �S

	
x
�



:

Proof. The result follows immediately from Theorem 4.8. Indeed, since S is a
nonlinear contraction, we see that S satisfies assumption .iii/ of Theorem 4.8.
Moreover, we have I � S is a homeomorphism, so for every y in the range of I � S;
the set Dy D fx 2 � such that .I � S/.x/ D yg is reduced to f.I � S/�1.y/g which is
convex. �

4.3 Krasnoselskii Type Fixed Point Theorems

In this subsection, by using an analogue of Sadovskii’s fixed point theorem [178] for
multivalued mappings with weakly sequentially closed graph (see Theorem 4.3),
we present some multivalued analogues of Krasnoselskii fixed point theorem for
mappings of the form T C S on a nonempty closed convex set of a Banach space,
where T is weakly completely continuous and S is weakly condensing (resp. 1-set
weakly contractive) mapping with weakly sequentially closed graph measures of
weak noncompactness.

The first fixed point result of this subsection is for weakly completely continuous
multivalued mappings.

Proposition 4.1. Let � be a nonempty, closed, convex subset of a Banach space
X. Assume that F W � �! Pcv.�/ is weakly completely continuous with F.�/
bounded. Then F has a fixed point.

Proof. This is an immediate consequence of Theorem 4.3, since F is clearly
ˆ-condensing where ˆ is any MWNC on X. �

Lemma 4.3. Let � be a nonempty weakly closed set of a Banach space X, ˆ a
semi-additive MWNC on X and F W � �! P.X/ has a weakly sequentially closed
graph, ˆ-condensing with F.�/ bounded. Then

.a/ for all weakly compact subset K of X, .I � F/�1.K/ is weakly compact.

.b/ I �F maps weakly closed subset of� onto weakly sequentially closed sets in X.
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Proof. .a/ Let K � X be a nonempty weakly compact set and let D D .I�F/�1.K/.
If x 2 D, then .x � F.x// \ K is nonempty, so x 2 F.x/ C K and hence
D � F.D/C K. Consequently

ˆ.D/ � ˆ.F.D/C K/ � ˆ.F.D//Cˆ.K/ � ˆ.F.D//:

Since F is ˆ-condensing, it follows that ˆ.D/ D 0. Thus D is relatively
weakly compact. Next we will show that D is weakly closed. Let x 2 �,
be weakly adherent to D. Since Dw is weakly compact, from the Eberlein–
Šmulian theorem, there exists a sequence fxng � D such that xn * x. We have
.I � F/.xn/\ K ¤ ; for all n, so there exists yn 2 K such that yn 2 .I � F/.xn/.
Hence yn D xn � zn, where zn 2 F.xn/. Since fyng � K and K is weakly
compact, from the Eberlein–Šmulian theorem, there exists a subsequence fynk g
with ynk * y 2 K. Since znk D xnk � ynk and F has weakly sequentially closed
graph, it follows that znk * x � y and x � y 2 F.x/. Consequently, y 2 x � F.x/
and .x � F.x// \ K ¤ ;. Accordingly, x 2 .I � F/�1.K/ D D. Hence Dw D D
and D is a weakly closed subset of �. Therefore D is weakly compact.

.b/ Let D � � be a weakly closed set and consider xn 2 .I � F/.D/ such that
xn * x in X. We have xn 2 .I �F/.yn/;8n � 1 with yn 2 D. The set K D fxngw

is weakly compact and so .I � F/�1.K/ is weakly compact. Therefore, we may
assume that yn * y in D, for some y 2 D. Choose zn 2 F.yn/ such that
xn D yn � zn, and we obtain zn * y � x. Since F has weakly sequentially
closed graph, it follows that y � x 2 F.y/. Hence x 2 y � F.y/ � .I � F/.D/.
Accordingly, .I � F/.D/ is weakly sequentially closed.

�

Lemma 4.4. Let� be a weakly closed subset of a Banach space X. Assume that

(a) T W � �! P.X/ is weakly completely continuous,
(b) S W � �! P.X/ has weakly sequentially closed graph.

Then, T C S W � �! P.X/ has weakly sequentially closed graph.

Proof. Let fxng be a sequence of � such that xn * x 2 � and yn 2 .T C S/.xn/

such that yn * y 2 X. Then there exist zn 2 T.xn/ and wn 2 S.xn/ such that

yn D zn C wn: (4.5)

Since T is weakly completely continuous and fxng is bounded, there is a subse-
quence fznk g which weakly converges to some z 2 T.x/. Also from (4.5)

wnk D ynk � znk * y � z:

On the other hand, since S has weakly sequentially closed graph, we have y � z 2
S.x/ and thus y 2 z C S.x/. Since z 2 T.x/, we have y 2 T.x/C S.x/ D .T C S/.x/.
Consequently, T C S has weakly sequentially closed graph. �
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Theorem 4.9. Let � be a nonempty closed convex subset of a Banach space X and
ˆ a semi-additive MWNC on X. Assume T W � �! P.X/ and S W � �! P.X/, are
two multivalued mappings satisfying the following conditions:

(a) T is weakly completely continuous.
(b) S is ˆ-condensing, with weakly sequentially closed graph.
(c) For all x 2 �, .T C S/.x/ 2 Pcv.�/.
(d) .T C S/.�/ is a bounded set of �.

Then, there exists x 2 � such that x 2 .T C S/.x/.

Proof. Let T C S W � �! Pcv.�/. By Lemma 4.4, T C S has weakly sequentially
closed graph. We claim that T CS isˆ-condensing. To see this, let D 2 Pbd.�/with
ˆ.D/ ¤ 0. Now, since T is weakly completely continuous and S is ˆ-condensing,
we have

ˆ..T C S/.D// � ˆ.T.D/C S.D// � ˆ.T.D//Cˆ.S.D// < ˆ.S.D//:

We apply Theorem 4.3 to deduce that the mapping T C S has a fixed point in �. �

Corollary 4.6. Let� be a nonempty closed convex subset of a Banach space X and
ˆ a semi-additive MWNC on X. Assume T W � �! P.X/ and S W � �! X satisfy
the following conditions:

(a) T is weakly completely continuous.
(b) S is ˆ-condensing and weakly sequentially continuous.
(c) For all x 2 �, .T C S/.x/ 2 Pcv.�/.
(d) .T C S/.�/ is a bounded set of �.

Then, there exists x 2 � such that x 2 .T C S/.x/.

Corollary 4.7. Let � be a nonempty closed convex subset of a Banach space X.
Assume T W � �! P.X/ and S W X �! X satisfy the following conditions:

(a) T is weakly completely continuous.
(b) S is a nonlinear contraction (i.e., there exists a continuous nondecreasing

function  W Œ0;1/ �! Œ0;1/ satisfying  .z/ < z for z > 0), such
that kS.x/ � S.y/k �  .kx � yk/ for all x; y 2 X) and weakly sequentially
continuous.

(c) For all x 2 �, .T C S/.x/ 2 Pcv.�/.
(d) .T C S/.�/ is a bounded set of �.

Then, there exists x 2 � such that x 2 .T C S/.x/.

Proof. In view of Corollary 4.6 it suffices to show that S is ˇ-condensing. To see
this, let D 2 Pbd.�/. Suppose that ˇ.D/ D d > 0. Let " > 0, and then there exists
a weakly compact set K of X with D � K C BdC".0/. So for x 2 D there exist y 2 K
and z 2 BdC".0/ such that x D y C z and so
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kS.x/ � S.y/k �  .kx � yk/ �  .d C "/:

It follows immediately that

S.D/ � S.K/C BdC".0/:

Moreover, since S is a weakly sequentially continuous mapping and K is weakly
compact then S.K/w is weakly compact. Therefore, ˇ.S.D// �  .d C "/. Since
" > 0 is arbitrary, it follows that ˇ.S.D// �  .d/ < d D ˇ.D/. Accordingly, S is
ˇ-condensing. �

Corollary 4.8. Let� be a nonempty closed convex subset of a Banach space X and
ˆ a semi-additive MWNC on X. Assume T W � �! P.X/ and S W � �! X satisfy
the following conditions:

(a) T is weakly completely continuous.
(b) S is ˆ-condensing and weakly sequentially continuous.
(c) For all x 2 �, .T C S/.x/ 2 Pcv.�/.
(d) .T C S/.�/ is a bounded set of �.

Then, there exists x 2 � such that x 2 .T C S/.x/.

Definition 4.3. Let X be a Banach space. For � 2 P.X/ and x 2 X we define
d.x; �/ D inffkx � yk W y 2 �g.

Definition 4.4. Let � be a nonempty subset of Banach space X. If F W � �!
P.X/, we say that F is hemi-weakly compact if for each sequence fxng has a weakly
convergent subsequence whenever there exist yn 2 F.xn/ such that the sequence
fxn � yng is weakly convergent.

Definition 4.5. Let� be a nonempty subset of Banach space X. If F W � �! P.X/,
we say that F is hemi-weakly semiclosed at � , if there exists fxng � � such that
d.xn;F.xn// �! 0; n �! 1, then there is an x 2 � such that x 2 F.x/.

Theorem 4.10. Let � be a nonempty closed convex subset of a Banach space X
and ˆ a positive homogenous semi-additive MWNC on X. Assume T W � �! P.X/
and S W � �! P.X/, are two multi-valued mappings satisfying the following
conditions:

(a) T is weakly completely continuous.
(b) S is ˆ-nonexpansive and hemi-weakly compact with weakly sequentially closed

graph.
(c) There exists a bounded set �0 of X and a sequence f�ng � .0; 1/ such

that �n �! 1, for all x 2 �; .T C �nS/.x/ 2 Pcv.�/ and .T C �nS/
.�/ � �0 for all n:

Then, there exists x 2 � such that x 2 .T C S/.x/.
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Proof. Define Gn D T C�nS, for n 2 N. By assumption .c/, it follows that Gn maps
� into Pcv.�/ and Gn.�/ is bounded. Let D be an arbitrary bounded subset of �.
Then, we have

ˆ.Gn.D// � ˆ.T.D/C �nS.D// � ˆ.T.D//C �nˆ.S.D// � �nˆ.S.D//:

So, if ˆ.D/ ¤ 0, we have

ˆ.Gn.D// < ˆ.D/:

Therefore, Gn isˆ-condensing on�. From Lemma 4.4, Gn has weakly sequentially
closed graph. From Theorem 4.3 we infer that Gn has a fixed point xn 2 �, i.e.,

xn 2 T.xn/C �nS.xn/:

Then, there exist zn 2 T.xn/ and wn 2 S.xn/ such that

xn D zn C �nwn: (4.6)

Obviously fxng is bounded, so up to subsequence we can suppose that zn * z 2 �:
Since the sequence fwng is bounded and �n �! 1, from (4.6) we obtain

xn � wn D zn C .�n � 1/wn * z: (4.7)

Now S is hemi-weakly compact implies that fxngn has a weakly convergent
subsequence, say fxnk g. That is xnk * x 2 �. Since T has weakly sequentially
closed graph, it follows that z 2 T.x/. Also from (4.7), wnk * x � z. Keeping in
mind that S has weakly sequentially closed graph, we obtain that x � z 2 S.x/ and
so x 2 z C S.x/. Since z 2 T.x/, we have x 2 T.x/C S.x/ D .T C S/.x/. �

Corollary 4.9. Let � be a nonempty closed convex subset of a Banach space X.
Assume T W � �! P.X/ and S W X �! X satisfy the following conditions

(a) T is weakly completely continuous.
(b) S is nonexpansive (i.e., kS.x/ � S.y/k � kx � yk for all x; y 2 X), weakly

sequentially continuous and hemi-weakly compact.
(c) There exists a bounded set �0 of X and a sequence f�ng � .0; 1/ such that

�n �! 1, for all x 2 �; .T C �nS/.x/ 2 Pcv.�/ and .T C �nS/.�/ �
�0 for all n:

Then, there exists x 2 � such that x 2 .T C S/.x/.

Proof. Since S is weakly sequentially continuous, we have that S has weakly
sequentially closed graph. In view of Theorem 4.10 it suffices to show that S is
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ˇ-nonexpansive. To see this, let D 2 Pbd.�/ and d D ˇ.D/. Let " > 0, and then
there exists a weakly compact set K of X with D � K C BdC".0/. So for x 2 D there
exist y 2 K and z 2 BdC".0/ such that x D y C z and so

kS.x/ � S.y/k � kx � yk � d C ":

It follows immediately that

S.D/ � S.K/C BdC".0/

� S.K/w C BdC".0/:

Since S is weakly sequentially continuous and K is weakly compact then S.K/w is
weakly compact. Thus, ˇ.S.D// � d C ". Since " > 0 is arbitrary, it follows that
ˇ.S.D// � ˇ.D/. Accordingly, S is ˇ-nonexpansive. �

Theorem 4.11. Let � be a nonempty closed convex subset of a Banach space X
and ˆ a positive homogenous semi-additive MWNC on X. Assume T W � �! P.X/
and S W � �! P.X/, are two multivalued mappings satisfying the following
conditions:

(a) T is weakly completely continuous.
(b) S is ˆ-nonexpansive, with weakly sequentially closed graph.
(c) For all x 2 �, .T C S/.x/ 2 Pcv.�/.
(d) .T C S/.�/ is a bounded set of �.
(e) T C S is hemi-weakly semiclosed at � .

Then, there exists x 2 � such that x 2 .T C S/.x/.

Proof. Let z be a fixed element of�. Define Gn D �n.T CS/C.1��n/z; n D 1; 2; ::

where f�ng is a sequence of .0; 1/ such that �n �! 1. Since z 2 � and� is convex,
by assumption .c/ it follows that Gn W � �! Pcv.�/. By Lemma 4.4, T C S has
weakly sequentially closed graph, and by assumption .d/, Gn.�/ is bounded. Let D
be an arbitrary bounded subset of �. Then, we have

ˆ.Gn.D// D ˆ.f�n.T C S/.D/g C f.1 � �n/zg/ � �nˆ..T C S/.D//

� �nˆ.T.D//C �nˆ.S.D// � �nˆ.D/:

So, if ˆ.D/ ¤ 0 we have

ˆ.Gn.D// < ˆ.D/:
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Therefore, Gn is ˆ-condensing on � and we can apply Theorem 4.3 and obtain
fxng � � such that xn 2 Gn.xn/; n � 1. Consequently, xn 2 �n.T C S/.xn/C .1 �
�n/z; n � 1. Choose sequences fzng and fwng such that zn 2 T.xn/, wn 2 S.xn/ and
xn D �n.zn C wn/C .1 � �n/z. So,

xn � .yn C zn/ D .�n � 1/.yn C zn/C .1 � �n/z �! 0;

since �n �! 1 as n �! 1 and .T C S/.�/ is bounded. Furthermore,

d.xn; .T C S/.xn// � kxn � .yn C zn/k �! 0 as n �! 1:

Now T C S is hemi-weakly semiclosed at � implies that there exists x 2 � with
x 2 .T C S/.x/. �

Corollary 4.10. Let � be a nonempty closed convex subset of a Banach space X.
Assume T W � �! P.X/ and S W X �! X satisfy the following conditions:

(a) T is weakly completely continuous.
(b) S is nonexpansive, and weakly sequentially continuous.
(c) For all x 2 �, .T C S/.x/ 2 Pcv.�/.
(d) .T C S/.�/ is a bounded set of �.
(e) T C S is hemi-weakly semiclosed at � .

Then, there exists x 2 � such that x 2 .T C S/.x/.



Chapter 5
Fixed Point Theory in Banach Algebras

In this chapter we discuss

x D AxBx C Cx (5.1)

in suitable Banach algebras. We present some fixed point theory in Banach spaces
under a weak topology setting. One difficulty that arises is that in a Banach algebra
equipped with its weak topology the product of two weakly convergent sequences
is not necessarily weakly convergent.

5.1 Fixed Point Theorems

Definition 5.1. Let X be a Banach space. A mapping G W X �! X is
called D-Lipschitzian if there exists a continuous and nondecreasing function
�G W RC �! R

C such that

kGx � Gyk � �G.kx � yk/:

for all x; y 2 X, with �G.0/ D 0. Sometimes we call the function �G a D-function
of G on X. If �G.r/ D kr for some k > 0, then G is called a Lipschitzian function on
X with the Lipschitz constant k. Further if k < 1, then G is called a contraction on
X with the contraction k.

Remark 5.1. Every Lipschitzian mapping is D-Lipschitzian, but the converse may
not be true. If �G is not necessarily nondecreasing and satisfies �G.r/ < r, for r > 0,
the mapping G is called a nonlinear contraction with a contraction function �G .

An important fixed point theorem that is used in the theory of nonlinear
differential and integral equations is the following result of Boyd and Wong [47].

© Springer International Publishing Switzerland 2016
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Theorem 5.1. Let A W X ! X be a nonlinear contraction. Then A has a unique
fixed point x� and the sequence fAnxgn of successive iterations of A converges to x�
for each x 2 X.

Theorem 5.2. Let E be a Banach algebra and S be a nonempty closed convex subset
of E . Let A;C W E �! E and B W S �! E be three operators such that

.i/

�
I � C

A

��1
exists on B.S/.

.ii/

�
I � C

A

��1
B is weakly sequentially continuous.

.iii/

�
I � C

A

��1
B.S/ is relatively weakly compact.

.iv/ x D AxBy C Cx ) x 2 S, for all y 2 S.

Then Eq. (5.1) has at least one solution in S.

Proof. From assumption .i/, it follows that for each y in S, there is a unique xy 2 E
such that

�
I � C

A

�

xy D By: (5.2)

or, equivalently

AxyBy C Cxy D xy: (5.3)

Since hypothesis .iv/ holds, then xy 2 S. Therefore, we can define

8
<

:

N W S �! S

y �! N y D
�

I � C

A

��1
By:

Using hypotheses .ii/, .iii/, Theorem 1.31 and the Krein–Šmulian theorem, we
conclude that N has a fixed point y in S. Hence, y satisfies (5.1) i.e.,

AyBy C Cy D y:

�

Proposition 5.1. Let E be a Banach algebra and S be a nonempty closed convex
subset of E . Let A;C W E �! E and B W S �! E be three operators such that

.i/ A and C are D-Lipschitzians with the D-functions �A and �C respectively,
.ii/ A is regular on E , i.e., A maps E into the set of all invertible elements of E ,
.iii/ B is a bounded function with bound M.

Then

�
I � C

A

��1
exists on B.S/ if M�A.r/C �C.r/ < r, for r > 0.
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Proof. Let y be fixed in S and define the mapping

�
'y W E �! E

x �! 'y.x/ D AxBy C Cx:

Let x1; x2 2 E , the use of assumption .i/ leads to

k'y.x1/ � 'y.x2/k � kAx1By � Ax2Byk C kCx1 � Cx2k
� kAx1 � Ax2kkByk C kCx1 � Cx2k
� M�A.kx1 � x2k/C �C.kx1 � x2k/:

Now, an application of Theorem 5.1 yields that there is a unique element xy 2 E
such that

'y.xy/ D xy

Hence, xy satisfies (5.3) and so, by virtue of hypothesis .ii/, xy satisfies (5.2).

Therefore, the mapping

�
I � C

A

��1
is well defined on B.S/ and

�
I � C

A

��1
By D xy

and the desired result is deduced. �

In what follows, we will combine Theorem 5.2 and Proposition 5.1 to obtain the
following fixed point theorems in Banach algebras.

Theorem 5.3. Let E be a Banach algebra and S be a nonempty closed convex subset
of E . Let A;C W E �! E and B W S �! E be three operators such that

.i/ A and C are D-Lipschitzians with the D-functions �A and �C respectively,
.ii/ A is regular on E ,
.iii/ B is strongly continuous,
.iv/ B.S/ is bounded with bound M,

.v/

�
I � C

A

��1
is weakly compact on B.S/,

.vi/ x D AxBy C Cx ) x 2 S, for all y 2 S.

Then Eq. (5.1) has at least one solution in S if M�A.r/C �C.r/ < r, for all r > 0.

Proof. From Proposition 5.1, it follows that

�
I � C

A

��1
exists on B.S/. By virtue

of assumption .vi/, we obtain

�
I � C

A

��1
B.S/ � S:
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Moreover, the use of hypotheses .iv/ and .v/ leads that

�
I � C

A

��1
B.S/ is

relatively weakly compact. Now, we show that

�
I � C

A

��1
B is weakly sequentially

continuous. To see this, let fung be any sequence in S such that un * u in S. From
assumption .iii/, we have

Bun ! Bu:

Since

�
I � C

A

��1
is a continuous mapping on B.S/, we deduce that

�
I � C

A

��1
Bun !

�
I � C

A

��1
Bu:

This shows that

�
I � C

A

��1
B is weakly sequentially continuous. Finally, an appli-

cation of Theorem 5.2 yields that Eq. (5.1) has a solution in S. �

Theorem 5.4. Let S be a nonempty closed convex subset of a Banach algebra E .
Let A;C W E �! E and B W S �! E be three operators such that

.i/ A and C are D-Lipschitzians with the D-functions �A and �C respectively,
.ii/ B is weakly sequentially continuous and B.S/ is relatively weakly compact,
.iii/ A is regular on E ,

.iv/

�
I � C

A

��1
is weakly sequentially continuous on B.S/,

.v/ x D AxBy C Cx ) x 2 S, for all y 2 S.

Then Eq. (5.1) has at least one solution in S if M�A.r/C �C.r/ < r, for all r > 0.

Proof. Similar reasoning as in the proof of Theorem 5.3 guarantees that

�
I � C

A

��1

exists on B.S/ and

�
I � C

A

��1
B.S/ � S:

Since

�
I � C

A

��1
and B are weakly sequentially continuous, so, by composition

we have that

�
I � C

A

��1
B is weakly sequentially continuous. Finally, we claim that

�
I � C

A

��1
B.S/ is relatively weakly compact. To see this, let fung be any sequence

in S and let
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vn D
�

I � C

A

��1
Bun:

Since B.S/ is relatively weakly compact, there is a renamed subsequence fBung
weakly converging to an element w. This fact, together with hypothesis .iv/,
gives that

vn D
�

I � C

A

��1
Bun *

�
I � C

A

��1
w:

We infer that

�
I � C

A

��1
B.S/ is sequentially relatively weakly compact. An appli-

cation of the Eberlein–Šmulian theorem yields that

�
I � C

A

��1
B.S/ is relatively

weakly compact, which establishes our claim. The result is concluded immediately
from Theorem 5.2. �

Because the product of two weakly sequentially continuous functions is not
necessarily weakly sequentially continuous, we will introduce:

Definition 5.2. We will say that the Banach algebra E satisfies condition (P) if

.P/
�

For any sequences fxng and fyng in E such that xn * x and yn * y;
then xnyn * xyI here * denotes weak convergence

Note that, every finite dimensional Banach algebra satisfies condition .P/. Even,
if X satisfies condition .P/ then C.K;X/ is also a Banach algebra satisfying
condition .P/, where K is a compact Hausdorff space. The proof is based on
Dobrakov’s theorem:

Theorem 5.5 ([81, Dobrakov, p. 36]). Let K be a compact Hausdorff space and X
be a Banach space. Let .fn/n be a bounded sequence in C.K;X/, and f 2 C.K;X/.

Then ffngn is weakly convergent to f if and only if ffn.t/gn is weakly convergent
to f .t/ for each t 2 K.

Theorem 5.6. Let E be a Banach algebra satisfying condition .P/. Let S be a
nonempty closed convex subset of E . Let A;C W E �! E and B W S �! E be
three operators such that

.i/ A and C are D-Lipschitzians with the D-functions �A and �C respectively,
.ii/ A is regular on E ,
.iii/ A;B and C are weakly sequentially continuous on S,
.iv/ B.S/ is bounded with bound M,

.v/

�
I � C

A

��1
is weakly compact on B.S/,

.vi/ x D AxBy C Cx ) x 2 S, for all y 2 S.

Then Eq. (5.1) has at least one solution in S if M�A.r/C �C.r/ < r, for all r > 0.
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Proof. Similar reasoning as in the proof of Theorem 5.3 guarantees that

�
I � C

A

��1

exists on B.S/,

�
I � C

A

��1
B.S/ � S

and

�
I � C

A

��1
B.S/ is relatively weakly compact. In view of Theorem 5.2, it

suffices to establish that

�
I � C

A

��1
B is weakly sequentially continuous. To see

this, let fung be a weakly convergent sequence of S to a point u in S. Now, define the
sequence fvng of the subset S by

vn D
�

I � C

A

��1
Bun:

Since

�
I � C

A

��1
B.S/ is relatively weakly compact, so, there is a renamed subse-

quence such that

vn D
�

I � C

A

��1
Bun * v:

But, on the other hand, the subsequence fvng verifies

vn � Cvn D AvnBun:

Therefore, from assumption .iii/ and in view of condition (P), we deduce that v
verifies the following equation

v � Cv D AvBu;

or, equivalently

v D
�

I � C

A

��1
Bu:

Next we claim that the whole sequence fung verifies

�
I � C

A

��1
Bun D vn * v:
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Indeed, suppose that this is not the case, so, there is Vw a weakly neighborhood of
v satisfying for all n 2 N, there exists an N � n such that vN … Vw. Hence, there is
a renamed subsequence fvng verifying the property

for all n 2 N; vn … Vw: (5.4)

However

for all n 2 N; vn 2
�

I � C

A

��1
B.S/:

Again, there is a renamed subsequence such that

vn * v0:

Thus we have

v0 D
�

I � C

A

��1
Bu;

and, consequently

v D v0;

which is a contradiction with (5.4). This yields that

�
I � C

A

��1
B is weakly

sequentially continuous. �

Corollary 5.1. Let E be a Banach algebra satisfying condition (P) and let S be a
nonempty closed convex subset of E . Let A;C W E �! E and B W S �! E be three
operators such that

.i/ A and C are D-Lipschitzians with the D-functions �A and �C respectively,
.ii/ A is regular on E ,
.iii/ A;B and C are weakly sequentially continuous on S,
.vi/ A.S/;B.S/ and C.S/ are relatively weakly compacts,
.v/ x D AxBy C Cx ) x 2 S, for all y 2 S.

Then Eq. (5.1) has at least one solution in S if M�A.r/C �C.r/ < r, for all r > 0.

Proof. In view of Theorem 5.6, it is enough to prove that

�
I � C

A

��1
B.S/ is

relatively weakly compact. To do this, let fung be any sequence in S and let

vn D
�

I � C

A

��1
Bun: (5.5)
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Since B.S/ is relatively weakly compact, there is a renamed subsequence fBung
weakly converging to an element w. On the other hand, from (5.5), we obtain

vn D AvnBun C Cvn: (5.6)

Since fvng is a sequence in S, so, by assumption .iv/, there is a renamed subsequence
such that Avn * x and Cvn * y. Hence, in view of condition (P) and (5.6), we
obtain

vn * xw C y:

This shows that

�
I � C

A

��1
B.S/ is sequentially relatively weakly compact. An

application of the Eberlein–Šmulian theorem yields that

�
I � C

A

��1
B.S/ is rela-

tively weakly compact. �

Now, we shall discuss briefly the existence of positive solutions. Let E1 and E2
be two Banach algebras, with positive closed cones EC

1 and EC
2 , respectively. An

operator G from E1 into E2 is said to be positive if it carries the positive cone EC
1

into EC
2 (i.e., G.EC

1 / � EC
2 ).

Theorem 5.7. Let E be a Banach algebra satisfying condition (P) and S be a
nonempty closed convex subset of E such that SC D S\EC ¤ ;. Let A;C W E �! E
and B W S �! E be three operators such that

.i/ A and C are D-Lipschitzians with the D-functions �A and �C respectively,
.ii/ A is regular on E ,
.iii/ A;B and C are weakly sequentially continuous on SC,
.iv/ A.SC/, B.SC/ and C.SC/ are relatively weakly compacts,
.v/ x D AxBy C Cx ) x 2 SC, for all y 2 SC.

Then Eq. (5.1) has at least one solution in SC if MC�A.r/C�C.r/ < r, for all r > 0,
where MC D kB.SC/k.

Proof. Obviously SC D S \ EC is a closed convex subset of E . From Proposi-

tion 5.1, it follows that

�
I � C

A

��1
exists on B.SC/. By virtue of assumption .v/,

we have

�
I � C

A

��1
B.SC/ � SC:
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Then we can define the mapping:

8
<

:

N W SC �! SC

y �! N y D
�

I � C

A

��1
By:

Now, an application of the Corollary 5.1 yields that N has a fixed point in SC. As a
result, by the definition of N , Eq. (5.1) has a solution in SC. �

Now, we are concerned with existence of solutions of the following equation:

x D Ax C Lx Ux (5.7)

in suitable Banach algebras which involves three nonlinear operators A;L and U
(with conditions different from those above). We mention that this equation arises
frequently in biology, engineering, physics, mechanics, and economics.

In the remainder of this section, we assume that the Banach space E has the
structure of a Banach algebra satisfying condition .P/.
Lemma 5.1. If K;K0 are weakly compact subsets of E, then K:K0 WD fx:x0 W x 2
K; x0 2 K0g is weakly compact.

Proof. We will show that K:K0 is sequentially weakly compact. For that, let fxngn

be any sequence of K and let fx0
ngn be any sequence of K0. By hypothesis, there is

a renamed subsequence fxngn such that xn * x 2 K. Again, there is a renamed
subsequence fx0

ngn of K0 such that x0
n * x0 2 K0. This, together with condition .P/,

yields that

xn:x
0
n * x:x0:

This is in turn shows that K:K0 is sequentially weakly compact. Hence, an
application of the Eberlein–Šmulian theorem yields that K:K0 is weakly compact.

�

In [25], Banas introduced a class of Banach algebras satisfying a certain
condition .m/:

�.X:Y/ � kXk�.Y/C kYk�.X/;

where � is a measure of noncompactness, X;Y are bounded subsets and kXk WD
supfkxk W x 2 Xg. Here we show that such Banach algebras satisfying condition
.P/ verify, in a special and important case, condition (m) with the De Blasi measure
of weak noncompactness ˇ:

Lemma 5.2. For any bounded subset V of E and for any weakly compact subset K
of E, we have

ˇ.V:K/ � kKkˇ.V/:
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Proof. Firstly, we note that K is bounded. Then, kKk exists. Next, we may assume
that kKk > 0 (otherwise we are finished). Let 
 > 0 be given. It follows, from the
definition of ˇ, that there exists a weakly compact subset K0 of E such that

V � K0 C
�

ˇ.V/C 


kKk
�

B1.�/:

Then

V:K � K0:K C
�

ˇ.V/C 


kKk
�

B1.�/:K;

from which, we infer that

V:K � K0:K C
�

ˇ.V/C 


kKk
�

kKkB1.�/:

Now, by Lemma 5.1, one has

ˇ.V:K/ � kKkˇ.V/C 
;

which yields, since 
 is arbitrary, that

ˇ.V:K/ � kKkˇ.V/:

�

Now, we are ready to investigate the existence of solutions of Eq. (5.7).

Theorem 5.8. Let S be a nonempty subset of E and suppose that the operator
F W S �! E is of the form Fx D Ax C Lx Ux, where:

.i/ L W S �! E is a �-set-contraction with respect to the measure of weak
noncompactness ˇ, and

.ii/ A;U W S �! E are weakly compact.

Suppose that � WD kU.S/k < 1. Then, F is a strict set-contraction with respect to
ˇ if �� < 1.

Proof. Let us take arbitrary a bounded subset V of S. Then

F.V/ � A.V/C L.V/U.V/:

The use of property (vii) of ˇ leads to

ˇ.F.V// � ˇ.A.V//C ˇ.L.V/U.V//

� ˇ
�

A.V/w
�

C ˇ
�

L.V/U.V/w
�
:
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Now, by hypothesis .ii/ and in view of Lemma 5.2, we obtain

ˇ.F.V// � �ˇ.L.V//

� ��ˇ.V/:

Since 0 � �� < 1, we infer that F is a strict set-contraction with respect to ˇ. �

Combining Theorem 3.2 and Theorem 5.8, we obtain the following fixed-point
result:

Theorem 5.9. Let S be a nonempty closed convex subset of E. Let A;L and U be
three operators such that

.i/ L W S �! E is weakly sequentially continuous on S and a �-set-contraction
with respect to the measure of weak non-compactness ˇ,

.ii/ A;U W S �! E are weakly sequentially continuous on S and weakly compact,
and

.iii/ Ax C LxUx 2 S if x 2 S.

If .A C LU/.S/ and U.S/ are bounded subsets of E, then Eq. (5.7) has at least one
solution in S if 0 � �� < 1, where � WD kU.S/k:
When � in Theorem 5.9 vanishes, we obtain the following result:

Theorem 5.10. Let S be a nonempty closed convex subset of E. Let A;L and U be
three operators such that

.i/ A;L;U W S �! E are weakly sequentially continuous on S,
.ii/ A.S/;L.S/ and U.S/ are relatively weakly compact, and
.iii/ Ax C LxUx 2 S if x 2 S.

Then, then Eq. (5.7) has at least one solution in S.

Taking L � � , we obtain the Schauder–Tikhonov fixed-point theorem:

Corollary 5.2. Let S be a nonempty closed convex subset of E. Assume that A W
S �! S is weakly sequentially continuous on S such that A.S/ is relatively weakly
compact. Then, the equation x D Ax has at least one solution in S.

Theorem 5.11. Let S be a nonempty subset of E and suppose that the operator
F W S �! E is of the form Fx D Ax C LxUx, where:

.i/ L W S �! E is a condensing map with respect to the measure of weak
noncompactness ˇ, and

.ii/ A;U W S �! E are weakly compact.

If 0 � � � 1, where � WD kU.S/k, then F is a condensing map with respect to ˇ.

Proof. Let us take an arbitrary bounded subset V of S. As in Theorem 5.8, one has

ˇ.F.V// � ˇ
�

L.V/U.V/w
�

� �ˇ.L.V//:
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Thus

�.F.V// � ˇ.L.V//:

Seeing that L is a condensing map with respect to ˇ, it follows that F is a condensing
map with respect to ˇ. �

Combining Theorem 3.2 and Theorem 5.11, we obtain the following result:

Theorem 5.12. Let S be a nonempty closed convex subset of E. Let A;L and U be
three operators such that

.i/ L W S �! E is weakly sequentially continuous on S and condensing map with
respect to the measure of weak noncompactness ˇ,

.ii/ A;U W S �! E are weakly sequentially continuous on S and weakly compact,
and

.iii/ Ax C LxUx 2 S if x 2 S.

If .A C LU/.S/ and U.S/ are bounded subsets of E, then Eq. (5.7) has at least one
solution in S if 0 � � � 1, where � WD kU.S/k.

Proposition 5.2. If L W E �! E is Lipschitzian with Lipschitz constant ˛ and
weakly sequentially continuous on E, then L is ˛-set-contraction with respect to ˇ.

Proof. Let V be a bounded subset of E. We may assume that ˛ > 0 (otherwise we
are finished). Let 
 > 0 be given, and it follows from the definition of ˇ there exists
a weakly compact subset K of E such that

V � K C 	
ˇ.V/C ˛�1




B1.�/:

We infer that

L.V/ � L.K/C .˛ˇ.V/C 
/B1.�/:

To see this, let x 2 V . Then, there exist k 2 K and y 2 B1.�/ such that

x D k C 	
ˇ.V/C ˛�1




y:

Now, since L is ˛-Lipschitzian, it follows that

kL.x/ � L.k/k � ˛kx � kk
� ˛

	
ˇ.V/C ˛�1



 D ˛ˇ.V/C 
:

Therefore, the element
1

˛ˇ.V/C 

.L.x/ � L.k// belongs to B1.�/. This means that

L.x/ 2 L.K/C .˛ˇ.V/C 
/B1.�/:
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Thus

L.V/ � L.K/C .˛ˇ.V/C 
/B1.�/:

Since K is weakly compact and L is weakly sequentially continuous on E, then
L W K �! E is weakly continuous. Hence, L.K/ is weakly compact. Consequently

ˇ.L.V// � ˛ˇ.V/C 
;

which yields, since 
 is arbitrary, that

ˇ.L.V// � ˛ˇ.V/:

�

Now, combining Theorem 5.8 and Proposition 5.2, we obtain the following
result:

Theorem 5.13. Let S be a nonempty subset of E and suppose that the operator
F W S �! E is of the form Fx D Ax C LxUx, where:

.i/ L W E �! E is Lipschitzian with Lipschitz constant ˛ and weakly sequentially
continuous on E, and

.ii/ A;U W S �! E are weakly compact.

Suppose that � WD kU.S/k < 1. Then, F is a strict set-contraction with respect to
ˇ if ˛� < 1.

Proof. In view of Proposition 5.2, L is ˛-set-contraction with respect to ˇ. Now, our
desired result follows immediately from Theorem 5.8. �

Theorem 5.14. Let S be a nonempty closed convex bounded subset of E. Let A;L
and U be three operators such that

.i/ L W E �! E is Lipschitzian with Lipschitz constant ˛ and weakly sequentially
continuous on E,

.ii/ A;U W S �! E are weakly sequentially continuous on S and weakly compact,
and

.iii/ Ax C LxUx 2 S if x 2 S.

Then, Eq. (5.7) has at least one solution in S if ˛� < 1, where � WD kU.S/k.

Proof. We will show that the operator F satisfies all the conditions of Theorem 3.2,
where F is defined by:

�
F W S �! E

x �! Fx D Ax C LxUx:
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First, since A;L and U are weakly sequentially continuous on S and together
with condition .P/, we infer that F is weakly sequentially continuous. Next, by
Theorem 5.13, F is a strict set-contraction with respect to ˇ, since ˛� < 1. It follows
that F is a condensing map with respect to ˇ. Finally, the use of hypothesis .iii/ leads
to F.S/ � S and consequently F.S/ is bounded. Thus, Theorem 3.2 establishes the
desired result. �

Taking U � 1E, where 1E is the unit element of the Banach algebra E, we obtain
the Krasnoselskii’s fixed-point theorem

Corollary 5.3. Let S be a nonempty closed convex bounded subset of E. Let A and
L be two operators such that

.i/ L W E �! E is a contraction and weakly sequentially continuous on E,
.ii/ A W S �! E is weakly sequentially continuous on S and weakly compact, and
.iii/ Ax C Lx 2 S if x 2 S.

Then, the equation x D Ax C Lx has at least one solution in S.

Remark 5.2. It turns out that Corollary 5.3 remains valid in any Banach space, so,
we don’t require the sequential condition .P/.
Corollary 5.4. Suppose that U is weakly sequentially continuous and weakly
compact operator on E and let x0 2 E. If there exists a nonempty closed convex
bounded subset S of E such that � WD kU.S/k < 1 and x0 C xUx 2 S for each x 2 S,
then the equation

x D x0 C xUx (5.8)

has at least one solution in S.

Proof. It suffices to take L the identity map on E, A the constant map x0, and then
the desired result is deduced immediately from Theorem 5.8. �

5.2 Positivity

In this section, we survey some important parts of this theory by discussing the
existence of positive solutions of Eq. (5.7) in an ordered Banach algebra (E; k:k;�)
satisfying condition .P/, with positive closed cone EC and � the partial ordering
defined by EC. We recall that EC verifies (i) EC C EC � EC, (ii) �EC � EC for
all � 2 R

C, (iii) f�ECg \ EC D f0g, where 0 is the zero element of E and (iv)
EC 
 EC � EC, where “
” is a multiplicative composition in E. The details on cones
and positive cones and their properties appear in Guo and Lakshmikantham [101]
and Heikkilä and Lakshmikantham [107].

Lemma 5.3 ([74, Dhage]). Let K be a positive cone in the ordered Banach algebra
E. If u1; u2; v1; v2 2 K are such that u1 � v1 and u2 � v2, then u1u2 � v1v2.
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Theorem 5.15. Let S be a nonempty closed convex subset of E such that SC D
S \ EC ¤ ;. Let A;L;U W SC �! E be three operators such that

.i/ A;L and U are weakly sequentially continuous on SC,
.ii/ A.SC/;L.SC/ and U.SC/ are relatively weakly compact, and
.iii/ Ax C LxUx 2 SC if x 2 SC.

Then, Eq. (5.7) has at least one solution in SC.

Proof. Obviously SC is a nonempty closed convex subset of E. The use of
assumption .ii/ leads to .A C LU/.SC/ and U.SC/ are bounded subsets of E. Now,
we will apply Theorem 5.10 to infer that Eq. (5.7) has at least one solution in SC.

�

Using Theorem 5.12, we obtain the following result:

Theorem 5.16. Let S be a nonempty closed convex subset of E such that
SC D S \ EC ¤ ;. Let A;L and U be three operators such that

.i/ L W SC �! E is weakly sequentially continuous on SC and condensing map
with respect to the measure of weak noncompactness ˇ,

.ii/ A;U W SC �! E are weakly sequentially continuous on SC and weakly
compact, and

.iii/ Ax C LxUx 2 SC if x 2 SC.

If .A C LU/.SC/ and U.SC/ are bounded subsets of E, then Eq. (5.7) has at least
one solution in SC if 0 � �C � 1, where �C WD sup

x 2 SC

kUxk D kU.SC/k.

Using Theorem 5.14, we obtain the following result:

Theorem 5.17. Let S be a nonempty closed convex bounded subset of E such that
SC D S \ EC ¤ ;. Let A;L and U be three operators such that

.i/ L W E �! E is Lipschitzian with Lipschitz constant ˛ and weakly sequentially
continuous on E,

.ii/ A;U W SC �! E are weakly sequentially continuous on SC and weakly
compact, and

.iii/ Ax C LxUx 2 SC if x 2 SC.

Then, Eq. (5.7) has a solution in SC if ˛�C < 1, where �C WD kU.SC/k:
To close this section, we will prove the existence of positive solutions of Eq. (5.8)
in the Banach algebra C.K;E/, the space of continuous functions from K into E,
endowed with the sup-norm k:k1 defined by kf k1 WD supfkf .t/k W t 2 Kg,
where K is a compact Hausdorff space. Moreover, we suppose that EC verifies the
following condition .H/:

.H/
(

Let x; y 2 EC:If x � y .i.e.; y � x 2 EC/ then kxk � kyk
.i.e.; k:k is called monotone increasing or nondecreasing and EC is called normal/:

It is known that if the cone EC is normal, then every order-bounded subset is
bounded in norm.



118 5 Fixed Point Theory in Banach Algebras

We denote by CC.K/ the cone of nonnegative functions in C.K;E/ (i.e., CC.K/ D
C.K;EC/). For all f1; f2 2 C.K;E/, we will say that f1 � f2 or (f2 � f1) provided
f2 � f1 2 CC.K/.

A map F W C.K;E/ �! C.K;E/ will be called isotone if f1 � f2, then F.f1/ �
F.f2/.
Theorem 5.18. Suppose that U is weakly sequentially continuous, weakly compact
and isotone map of CC.K/ into itself. For an arbitrary x0 in CC.K/, define a
sequence fxngn�0 by:

xnC1 D x0 C xnUxn; n D 0; 1; 2; : : : :

If � D sup
n 2 N

kUxnk1 < 1, then the increasing sequence fxngn�0 of CC.K/ converges

strongly to a point x in CC.K/ a solution of Eq. (5.8), satisfying:

kxk1 � .1 � �/�1kx0k1;

and xn � x, for all n 2 N.

Before we prove this theorem we begin with the following lemma.

Lemma 5.4. Let K be a normal positive cone in the ordered Banach space E. Let
fxngn�0 be an increasing sequence of E. If fxngn�0 is norm bounded and has a weakly
convergent subsequence fx'.n/gn�0 to a point x in E, then the whole sequence fxngn�0
converges strongly to x.

Proof. First, we claim that x'.n/ � x, n 2 N. Indeed, suppose that is not the case, so,
there exists n0 2 N such that x � x'.n0/ … K. Hence, the Hahn–Banach separation
theorem for convex closed subsets assures that there exist x� 2 E�nf�g and 
 > 0

such that

x� 	x � x'.n0/

C 
 � x� 	x'.n/ � x'.n0/



; n � n0

which is a contradiction if we pass to the limit as n ! 1. Next, we will show that
fx'.n/gn�0 has a strongly convergent subsequence to the point x. Otherwise, there
exist 
 > 0 and n0 2 N verifying the property:

for all n � n0; kx � x'.n/k � 
: (5.9)

Set

Qn WD fx 2 E W x � x'.n/g; n � n0 and Q D
1[

nDn0

Qn:

Obviously, Qn is nonempty, Qn � QnC1 and Qn is convex. Therefore, Q and Q are
convex. If y 2 Q, then y 2 Qn for some n � n0 and consequently y � x'.n/. Hence

0 � x � x'.n/ � x � y:
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As a result

kx � x'.n/k � kx � yk:

The use of (5.9) leads to 
 � kx � yk. Thus, x … Q. Again, the Hahn–Banach
separation theorem for convex closed subsets assures that there exist f 2 E�nf0g
and ˛ > 0 such that

f .x/C ˛ � f .y/; y 2 Q:

Consequently

f .x/C ˛ � f
	
x'.n/



; n � n0

which is a contradiction if we pass to the limit as n ! 1. Then, there exists a
subsequence fx.'ı /.n/gn�0 of fx'.n/gn�0 such that x.'ı /.n/ ! x as n ! 1. Since
for all p � n, ' ı  .p/ � ' ı  .n/ � n, then xn � x.'ı /.p/. As p ! 1, we infer
that xn � x. But, for all 
 > 0, there exists p0 2 N such that kx � x.'ı /.p0/k � 
.
Now, for all n � ' ı  .p0/, we get

0 � x � xn � x � x.'ı /.p0/;

which implies

kx � xnk � 
; n � ' ı  .p0/:

This means that the whole sequence fxngn�0 converges strongly to x. �

Proof (Theorem 5.18). Define

�
F W CC.K/ �! CC.K/

x �! Fx D x0 C xUx:

Then

xnC1 D Fxn; n D 0; 1; 2; : : : :

So, we have that F maps the subset Q D fx0; x1; x2; : : : :g into itself. Proceeding by
induction and using the fact that U is isotone together with Lemma 5.3, we get for
each t 2 K

xn.t/ � xnC1.t/; n D 0; 1; 2; : : : :
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Then, fxngn�0 is a nondecreasing sequence. Therefore, since EC is normal, we get

kxn.t/k � kxnC1.t/k
� kx0.t/k C kxn.t/k kUxn.t/k
� kx0k1 C �kxnk1:

Taking the supremum over t, we obtain

kxnk1 � kx0k1 C �kxnk1;

which, since 0 � � < 1, implies that

kxnk1 � .1 � �/�1kx0k1; (5.10)

and consequently Q is bounded. Furthermore, notice Q D fx0g [ F.Q/, so that
ˇ.F.Q//, the measure of weak noncompactness of F.Q/, is just ˇ.Q/. Now, apply
Theorem 5.13 to infer that F is a strict set-contraction with respect to ˇ, since ˛ D 1

and 0 � � < 1. Thus, ˇ.Q/ D 0, so Q is relatively weakly compact. It follows from
the Eberlein–Šmulian theorem that Q is sequentially relatively weakly compact.
Consequently, there is a renamed subsequence fxngn�0 which converges weakly to
a point x in CC.K/ (since EC and consequently CC.K/ are weakly closed convex).
This fact, together with (5.10), gives

kxk1 � .1 � �/�1kx0k1:

Since U is weakly sequentially continuous and the fact that the Banach algebra
C.K;E/ satisfies condition .P/, we infer that F is weakly sequentially continuous.
Keeping in mind that the positive cone EC is normal, then CC.K/ is normal. We
now apply Lemma 5.4 to conclude that the whole nondecreasing sequence fxngn�0
converges strongly to x, then Fxn.D xnC1/ converges weakly to both x and Fx, so
that Fx D x. Thus, x fulfills the conclusion of Theorem 5.18, which ends the proof.

�

Theorem 5.19. Let x0 be in CC.K/ and S WD fy 2 CC.K/ W y � x0g. Let U W S �!
CC.K/ be a weakly sequentially continuous and weakly compact operator. If U.S/
is bounded, then the equation

x0 D x C xUx: (5.11)

has at least one fixed-point in S if � WD sup
x 2 S

kUxk1 < 1.

Proof. Clearly S is nonempty closed convex bounded (with bound kx0k) subset of
the Banach algebra C.K;E/. Note that Eq. (5.11) is equivalent to the equation

x D x0 C x.�Ux/:
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Fix x 2 S, so we have by definition x 2 CC.K/ and Ux 2 CC.K/. Then

xUx 2 CC.K/:

As result

x0 C x.�Ux/ 2 S:

Now, the use of Corollary 5.4 completes the proof. �

Corollary 5.5. Let x0 be in CC.K/ and S WD fy 2 CC.K/ W y � x0g. Assume that
U W S �! CC.K/ is such that:

.i/ U is weakly sequentially continuous on S,
.ii/ U is Lipschitzian with Lipschitz constant ˛, and
.iii/ U is weakly compact.

Then, there is an unique x in S solution of Eq. (5.11) if ˛kx0k C � < 1.

Proof. The existence is proved in Theorem 5.19. Now, we will show the uniqueness.
Assume that x1 and x2 are two solutions of Eq. (5.11). Hence, it follows that

x1 C x1Ux1 D x2 C x2Ux2:

Thus

x1 � x2 D x2.Ux2 � Ux1/C .x2 � x1/Ux1:

Then

kx1 � x2k � kx2k kUx2 � Ux1k C �kx2 � x1k
� kx0k kUx2 � Ux1k C �kx2 � x1k
� .˛kx0k C �/kx2 � x1k:

Since ˛kx0k C � < 1, we must have x1 D x2 which ends the proof. �

Remark 5.3. The element x0 is invertible if and only if the solution x of Eq. (5.11)
is invertible. Indeed, Eq. (5.11) is equivalent to the equation x0 D x.I C Ux/
where I is the identity operator defined by Ix D x; x 2 CC.K/. Since � WD
sup

y 2 �

kUyk1 < 1, then kUxk1 < 1 and consequently .I C Ux/ is invertible.
	
Recall that .I C Ux/�1 D P1

nD0.�1/n.Ux/n


.
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5.3 Leray–Schauder Alternatives

We present some nonlinear alternatives of Leray–Schauder type in Banach algebra
satisfying certain sequential condition .P/ for the sum and the product of nonlinear
weakly sequentially continuous operators.

Theorem 5.20. Let � be a closed convex subset in a Banach algebra E , U � � a
weakly open set (with respect to the weak topology of �) such that 0 2 U and Uw

is a weakly compact subset of �. Let A;C W E ! E B W Uw ! E be three operators
satisfying

.i/ A and C are D-Lipschitz with D-functions ˆA and ˆC respectively,
.ii/ A is regular on E , i; e:, A maps E into the set of all invertible elements of E ,
.iii/ B is weakly sequentially continuous on Uw,
.iv/ MˆA.r/CˆC.r/ < r for r > 0, with M D kB.Uw/k,
.v/ x D AxBy C Cx ) x 2 � for all y 2 Uw,

.vi/
	

I�C
A


�1
is weakly sequentially continuous on B.Uw/.

Then either

.A1/ the equation �A
	

x
�



Bx C �C

	
x
�


 D x has a solution for � D 1, or
.A2/ there is an element u 2 @�U such that �A

	
u
�



Bu C �C

	
u
�


 D u for some
0 < � < 1.

Proof. Let y 2 Uw be fixed and define the mapping �y W E ! E by

�y.x/ D AxBy C Cx (5.12)

for x 2 E . Then for any x1; x2 2 E , we have

k�y.x1/ � �y.x2/k � kAx1By � Ax2Byk C kCx1 � Cx2k
� kAx1 � Ax2kkByk C kCx1 � Cx2k
� MˆA.kx1 � x2k/CˆC.kx1 � x2k/:

In view of the hypothesis we deduce that �y is a nonlinear contraction on E .
Therefore an application of Theorem 5.1 yields that �y has a unique fixed point,
say x in E , i.e., there exists a unique x 2 E with AxBy C Cx D x. By hypothesis, it is
clear that x 2 �, so there exists a unique x 2 � with AxBy C Cx D x. By hypothesis
there exists a unique x 2 � with

�
I � C

A

�

x D By and so x D
�

I � C

A

��1
By

Hence
	

I�C
A


�1
B W Uw W! � is well defined.
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Since B is weakly sequentially continuous on Uw and
	

I�C
A


�1
is weakly

sequentially continuous on B.Uw/, so by composition we have
	

I�C
A


�1
B is weakly

sequentially continuous on Uw.
Now an application of Theorem 3.1 implies that either

.A1/
	

I�C
A


�1
B has a fixed point, or

.A2/ there is a point u 2 @�U and � 2�0; 1Œ with u D �
	

I�C
A


�1
Bu.

Assume first that x 2 U is a fixed point of the operator
	

I�C
A


�1
B. Then

x D 	
I�C

A


�1
Bx which implies that

AxBx C Cx D x:

Suppose next that there is an element u 2 @�U and a real number � 2�0; 1Œ such
that u D �

	
I�C

A


�1
Bu: Then

�
I � C

A

��1
Bu D u

�
;

so that

�A
� u

�

�
Bu C �C

� u

�

�
D u:

This completes the proof. �

Corollary 5.6. Let � be a closed convex subset in a Banach algebra E , U � � a
weakly open set (with respect to the weak topology of �) such that 0 2 U and Uw

is a weakly compact subset of �. Let A W E ! E B W Uw ! E be two operators
satisfying

.i/ A is D-Lipschitz with D-function ˆA ,
.ii/ A is regular on E ,
.iii/ B is weakly sequentially continuous on Uw,
.iv/ MˆA.r/ < r for r > 0, with M D kB.Uw/k,
.v/ x D AxBy ) x 2 � for all y 2 Uw,

.vi/
	

I
A


�1
is weakly sequentially continuous on B.Uw/.

Then either

.A1/ the equation �A
	

x
�



Bx D x has a solution for � D 1, or

.A2/ there is an element u 2 @�U such that �A
	

u
�



Bu D u for some 0 < � < 1.

Now, we will state our results in a Banach algebra satisfying condition .P/.
Theorem 5.21. Let � be a closed convex subset in a Banach algebra E satisfying
condition .P/ and U � � a weakly open set (with respect to the weak topology of
�) such that 0 2 U. Let A;C W E ! E B W Uw ! E be three operators satisfying
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.i/ A and C are D-Lipschitz with D-functions ˆA and ˆC respectively,
.ii/ A is regular on E ,
.iii/ B.Uw/ is bounded with bound M,
.iv/ MˆA.r/CˆC.r/ < r for r > 0,
.v/ x D AxBy C Cx ) x 2 � for all y 2 Uw,
.vi/ A, C are weakly sequentially continuous on � and B is weakly sequentially

continuous Uw,
.vii/

	
I�C

A


�1
B.Uw/ is relatively weakly compact.

Then either

.A1/ the equation �A
	

x
�



Bx C �C

	
x
�


 D x has a solution for � D 1, or
.A2/ there is an element u 2 @�U such that �A

	
u
�



Bu C �C

	
u
�


 D u for some
0 < � < 1.

Proof. Similarly reasoning to that in the proof of Theorem 5.20, guarantees that
	

I�C
A


�1
B is well defined from Uw to�, and it suffices to establish that

	
I�C

A


�1
B is

weakly sequentially continuous on Uw. To see this, let fung be a weakly convergent
sequence of Uw to a point u in Uw. Now, define the sequence fvng of the subset� by

vn D
�

I � C

A

��1
Bun:

Since
	

I�C
A


�1
B.Uw/ is relatively weakly compact, so, there is a renamed subse-

quence such that

vn D
�

I � C

A

��1
Bun * v:

But on the other hand, the subsequence fvng verifies vn �Cvn D AvnBun: Therefore,
from assumption .f / and in view of condition .P/, we deduce that v satisfies

v � Cv D AvBu;

or equivalently

v D
�

I � C

A

��1
Bu:

Next we claim that the whole sequence fung verifies

�
I � C

A

��1
Bun D vn * v:
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Indeed, suppose that this is not the case, so, there is Vw a weakly neighborhood of
v satisfying for all n 2 N, there exists an N � n such that vN … Vw. Hence, there is
a renamed subsequence fvng verifying the property

for all n 2 N; f vng … Vw: (5.13)

However for all n 2 N; vn 2 	 I�C
A


�1
B.Uw/.

Again, there is a renamed subsequence such that vn * v0. According to the
above, we have v0 D 	

I�C
A


�1
Bu, and consequently v0 D v; which contra-

dicts (5.13). This yields that
	

I�C
A


�1
B is weakly sequentially continuous.

In view of Remark 3.1, an application of Theorem 3.1 implies that either

.A1/
	

I�C
A


�1
B has a fixed point, or

.A2/ there is a point u 2 @�U and � 2�0; 1Œ with u D �
	

I�C
A


�1
Bu.

Assume first that x 2 Uw is a fixed point of the operator
	

I�C
A


�1
B. Then

x D 	
I�C

A


�1
Bx which implies that

AxBx C Cx D x:

Suppose next that there is an element u 2 @�U and a real number � 2�0; 1Œ such
that u D �

	
I�C

A


�1
Bu: Then

�
I � C

A

��1
Bu D u

�
;

so that

�A
� u

�

�
Bu C �C

� u

�

�
D u:

This completes the proof. �

Corollary 5.7. Let � be a closed convex subset in a Banach algebra E satisfying
condition .P/ and U � � a weakly open set (with respect to the weak topology of
�) such that 0 2 U. Let A W E ! E B W Uw ! E be two operators satisfying

.i/ A is D-Lipschitz with D-functions ˆA,
.ii/ A is regular on E ,
.iii/ B.Uw/ is bounded with bound M,
.iv/ MˆA.r/ < r for r > 0,
.v/ x D AxBy ) x 2 � for all y 2 Uw,
.vi/ A is weakly sequentially continuous on � and B is weakly sequentially

continuous Uw,
.vii/

	
I
A


�1
B.Uw/ is relatively weakly compact.
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Then either

.A1/ the equation �A
	

x
�



Bx D x has a solution for � D 1, or

.A2/ there is an element u 2 @�U such that �A
	

u
�



Bu D u for some 0 < � < 1.

Theorem 5.22. Let � be a closed convex subset in a Banach algebra E satisfying
condition .P/ and U � � a weakly open set (with respect to the weak topology of
�) such that 0 2 U. Let A;C W E ! E B W Uw ! E be three operators satisfying

.i/ A and C are D-Lipschitz with D-functions ˆA and ˆC respectively,
.ii/ A is regular on E ,
.iii/ MˆA.r/CˆC.r/ < r for r > 0,
.iv/ x D AxBy C Cx ) x 2 � for all y 2 Uw,
.v/ A, C are weakly sequentially continuous on � and B is weakly sequentially

continuous Uw,
.vi/ A.�/, B.Uw/ and C.�/ are relatively weakly compacts.

Then either

.A1/ the equation �A
	

x
�



Bx C �C

	
x
�


 D x has a solution for � D 1, or
.A2/ there is an element u 2 @�U such that �A

	
u
�



Bu C �C

	
u
�


 D u for some
0 < � < 1.

Proof. It is enough to prove that
	

I�C
A


�1
B.Uw/ is relatively weakly compact. To

do this, let fung be any sequence in .Uw/ and let

vn D
�

I � C

A

��1
Bun: (5.14)

Since B.Uw/ is relatively weakly compact, there is a renamed subsequence fBung
weakly converging to an element w. On the other hand, from (5.14), we obtain

vn D AvnBun C Cvn: (5.15)

Since fvng is a sequence in
	

I�C
A


�1
B.Uw/, so by assumption .f /, there is a renamed

subsequence such that Avn * x and Cvn * y: Hence, in view of condition .P/ and
the last equation, we obtain

vn * xw C y:

This shows that
	

I�C
A


�1
B.Uw/ is relatively weakly sequentially compact. An

application of the Eberlein–Šmulian theorem yields that
	

I�C
A


�1
B.Uw/ is relatively

weakly compact. �

Corollary 5.8. Let � be a closed convex subset in a Banach algebra E satisfying
condition .P/ and U � � a weakly open set (with respect to the weak topology of
�) such that 0 2 U. Let A W E ! E B W Uw ! E be two operators satisfying



5.4 Applications 127

.i/ A is D-Lipschitz with D-functions ˆA ,
.ii/ A is regular on E ,
.iii/ MˆA.r/ < r for r > 0,
.iv/ x D AxBy ) x 2 � for all y 2 Uw,
.v/ A is weakly sequentially continuous on � and B is weakly sequentially

continuous Uw,
.vi/ A.�/ and B.Uw/ are relatively weakly compacts.

Then either

.A1/ the equation �A
	

x
�



Bx D x has a solution for � D 1, or

.A2/ there is an element u 2 @�U such that �A
	

u
�



Bu D u for some 0 < � < 1.

5.4 Applications

In this section, first we illustrate the applicability of Corollary 5.1 and Theorem 5.4
by considering nonlinear functional integral equations.

Let .X; jj:jj/ be a Banach algebra satisfying condition (P). Let J D Œ0; 1� the
closed and bounded interval in R, the set of all real numbers. Let E D C.J;X/ the
Banach algebra of all continuous functions from Œ0; 1� to X, endowed with the sup-
norm jj jj1, defined by jjf jj1 D supfjjf .t/jj I t 2 Œ0; 1�g, for each f 2 C.J;X/. We
consider the nonlinear functional integral equation (in short, FIE):

x.t/ D a.t/C .T1x/.t/

" 

q.t/C
Z �.t/

0

p.t; s; x.s/; x.�s//ds

!

:u

#

; 0 < � < 1;

(5.16)
for all t 2 J, where u ¤ 0 is a fixed vector of X and the functions a; q; �; p;T1 are
given, while x D x.t/ is an unknown function.

We shall obtain the solution of FIE (5.16) under some suitable conditions.
Suppose that the functions involved in Eq. (5.16) verify the following conditions:

.H1/ a W J �! X is a continuous function.

.H2/ � W J �! J is a continuous and nondecreasing function.

.H3/ q W J �! R is a continuous function.

.H4/ The operator T1 W C.J;X/ �! C.J;X/ is such that

.a/ T1 is Lipschitzian with a Lipschitzian constant ˛,

.b/ T1 is regular on C.J;X/,

.c/ T1 is weakly sequentially continuous on C.J;X/,

.d/ T1 is weakly compact.

.H5/ The function p W J � J � X � X �! R is continuous such that for arbitrary
fixed s 2 J and x; y 2 X, the partial function t �! p.t; s; x; y/ is uniformly
continuous for .s; x; y/ 2 J � X � X.
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.H6/ There exists r0 > 0 such that

.a/ jp.t; s; x; y/j � r0 � kqk1 for each t; s 2 J; x; y 2 X such that jjxjj � r0
and jjyjj � r0,

.b/ kT1xk1 �
�
1 � kak1

r0

�
1

kuk for each x 2 C.J;X/,
.c/ ˛r0kuk < 1.

Theorem 5.23. Under assumptions .H1/�.H6/, Eq. (5.16) has at least one solution
x D x.t/ which belongs to the space C.J;X/.
Proof. First, we begin by showing that C.J;X/ verifies condition (P). To see this,
let fxng, fyng be any sequences in C.J;X/ such that xn * x and yn * y. So, for each
t 2 J, we have xn.t/ * x.t/ and yn.t/ * y.t/ (cf. Theorem 5.5). Since X verifies
condition (P), then

xn.t/yn.t/ * x.t/y.t/;

because fxnyngn is a bounded sequence, and this, further, implies that

xnyn * xy .cf. Theorem 5.5/;

which shows that the space C.J;X/ verifies condition (P).
Let us define the subset S of C.J;X/ by

S WD fy 2 C.J;X/; kyk1 � r0g D Br0 :

Obviously S is nonempty, convex and closed. Let us consider three operators A;B
and C defined on C.J;X/ by

.Ax/.t/ D .T1x/.t/

.Bx/.t/ D
"

q.t/C
Z �.t/

0

p.t; s; x.s/; x.�s//ds

#

:u; 0 < � < 1

.Cx/.t/ D a.t/:

We shall prove that the operators A;B and C satisfy all the conditions of
Corollary 5.1.

.i/ From assumption .H4/.a/, it follows that A is Lipschitzian with a
Lipschitzian constant ˛. Clearly C is Lipschitzian with a Lipschitzian
constant 0.

.ii/ From assumption .H4/.b/, it follows that A is regular on C.J;X/.
.iii/ Since C is constant, so, C is weakly sequentially continuous on S. From

assumption .H4/.c/, A is weakly sequentially continuous on S. Now, we
show that B is weakly sequentially continuous on S. Firstly, we verify
that if x 2 S, then Bx 2 C.J;X/. Let ftng be any sequence in J converging
to a point t in J. Then
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k.Bx/.tn/� .Bx/.t/k D











"Z �.tn/

0

p.tn; s; x.s/; x.�s//ds �
Z �.t/

0

p.t; s; x.s/; x.�s//ds

#

:u












�
"Z �.tn/

0

jp.tn; s; x.s/; x.�s//� p.t; s; x.s/; x.�s//jds

#

kuk

C
ˇ
ˇ
ˇ
ˇ
ˇ

Z �.tn/

�.t/
jp.t; s; x.s/; x.�s//jds

ˇ
ˇ
ˇ
ˇ
ˇ
kuk

�
�Z 1

0

jp.tn; s; x.s/; x.�s//� p.t; s; x.s/; x.�s/jds

�

kuk
C .r0 � kqk1/j�.tn/� �.t/j kuk:

Since tn ! t, so, .tn; s; x.s/; x.�s// ! .t; s; x.s/; x.�s//, for all s 2 J. Taking
into account hypothesis .H5/, we obtain

p.tn; s; x.s/; x.�s// ! p.t; s; x.s/; x.�s// in R:

Moreover, the use of assumption .H6/ leads to

jp.tn; s; x.s/; x.�s// � p.t; s; x.s/; x.�s//j � 2.r0 � kqk1/

for all t; s 2 J, � 2 .0; 1/. Consider

�
' W J �! R

s �! '.s/ D 2.r0 � kqk1/:

Clearly ' 2 L1.J/. Therefore, from the dominated convergence theorem and
assumption .H2/, we obtain

.Bx/.tn/ ! .Bx/.t/ in X:

It follows that

Bx 2 C.J;X/:

Next, we prove B is weakly sequentially continuous on S. Let fxng be any sequence
in S weakly converging to a point x in S. So, from assumptions .H5/ and .H6/ and
the dominated convergence theorem, we get

lim
n!1

Z 1

0

p.t; s; xn.s/; xn.�s//ds D
Z 1

0

p.t; s; x.s/; x.�s//;
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which implies

lim
n!1

�

q.t/C
Z 1

0

p.t; s; xn.s/; xn.�s//ds

�

:uD
�

q.t/C
Z 1

0

p.t; s; x.s/; x.�s//ds

�

:u:

Hence,

.Bxn/.t/ ! .Bx/.t/ in X:

Since .Bxn/n is bounded by r0kuk, then

Bxn * Bx .cf. Theorem 5.5/:

We conclude that B is weakly sequentially continuous on S.

.iv/ We will prove that A.S/;B.S/, and C.S/ are relatively weakly compact. Since
S is bounded by r0 and taking into account hypothesis .H4/.d/, it follows that
A.S/ is relatively weakly compact. Now, we show B.S/ is relatively weakly
compact.

(STEP I) By definition,

B.S/ WD fB.x/; kxk1 � r0g:

For all t 2 J, we have

B.S/.t/ D f.Bx/.t/; kxk1 � r0g:

We claim that B.S/.t/ is sequentially weakly relatively compact in X. To
see this, let fxng be any sequence in S, we have .Bxn/.t/ D rn.t/:u, where
rn.t/ D q.t/C R 1

0
p.t; s; xn.s/; xn.�s//ds. Since jrn.t/j � r0 and .rn.t// is a

real sequence, so, there is a renamed subsequence such that

rn.t/ ! r.t/ in R;

which implies

rn.t/:u ! r.t/:u in X;

and, consequently

.Bxn/.t/ ! .q.t/C r.t//:u in X:

We conclude that B.S/.t/ is sequentially relatively compact in X, and then
B.S/.t/ is sequentially relatively weakly compact in X.
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(STEP II) We prove that B.S/ is weakly equicontinuous on J. If we take

 > 0, x 2 S, x� 2 X�, t; t0 2 J such that t � t0 and t0 � t � 
, then

jx�..Bx/.t/� .Bx/.t0//j D
ˇ
ˇ
ˇ
ˇ
ˇ

Z �.t/

0

p.t; s; x.s/; x.�s//ds �
Z �.t0/

0

p.t0; s; x.s/; x.�s//ds

ˇ
ˇ
ˇ
ˇ
ˇ
kx�.u/k

�
"Z �.t/

0

jp.t; s; x.s/; x.�s//� p.t0; s; x.s/; x.�s//jds

#

kx�.u/k

C
"Z �.t0/

�.t/
jp.t0; s; x.s/; x.�s//jds

#

kx�.u/k

� Œw.p; 
/C .r0 � kqk1/w.�; 
/� kx�.u/k;

where

w.p; 
/ D supfjp.t; s; x; y/ � p.t0; s; x; y/j W t; t0; s 2 JI jt � t0j � 
I x; y 2 Br0g
w.�; 
/ D supfj�.t/ � �.t0/j W t; t0 2 JI jt � t0j � 
g:

Taking into account hypothesis .H5/ and in view of the uniform continuity
of the function � on the set J, it follows that w.p; 
/ ! 0 and w.�; 
/ ! 0

as 
 ! 0. From the Arzelà–Ascoli theorem, we conclude that B.S/
is sequentially weakly relatively compact in X. The Eberlein–Šmulian
theorem yields that B.S/ is relatively weakly compact. As C.S/ D fag,
hence C.S/ is relatively weakly compact.

.v/ Finally, it remains to prove hypothesis .v/ of Corollary 5.1. To see this, let
x 2 C.J;X/ and y 2 S such that

x D AxBy C Cx;

or, equivalently for all t 2 J,

x.t/ D a.t/C .T1x/.t/.By/.t/:

But, for all t 2 J, we have

kx.t/k � kx.t/ � a.t/k C ka.t/k:

Then

kx.t/k � k.T1x/.t/kr0kuk C kak1

�
�

1 � kak1
r0

�

r0 C kak1

D r0:
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From the last inequality and taking the supremum over t, we obtain

kxk1 � r0;

and, consequently x 2 S.

We conclude that the operators A;B and C satisfy all the requirements of Corol-
lary 5.1. Thus, an application of it yields that the FIE (5.16) has a solution in the
space C.J;X/. �

To illustrate Theorem 5.4, we consider the nonlinear functional integral equation
(in short, FIE) in C.J;X/.

x.t/ D a.t/x.t/C .T2x/.t/

" 

q.t/C
Z �.t/

0

p.t; s; x.s/; x.�s//ds

!

:u

#

; 0 < � < 1;

(5.17)
for all t 2 J, where u ¤ 0 is a fixed vector of X and the functions a; q; �; p;T2 are
given, while x in C.J;X/ is an unknown function.

We obtain the solution of FIE (5.17) under some suitable conditions on the
functions involved in (5.17). Suppose that the functions a; q; �; p and the operator
T2 verify the following conditions:

.H1/ a W J �! X is a continuous function with kak1 < 1.

.H2/ � W J �! J is a continuous and nondecreasing function.

.H3/ q W J �! R is a continuous function.

.H4/ The operator T2 W C.J;X/ �! C.J;X/ is such that

.a/ T2 is Lipschitzian with a Lipschitzian constant ˛,

.b/ T2 is regular on C.J;X/,

.c/

�
I

T2

��1
is well defined on C.J;X/,

.d/

�
I

T2

��1
is weakly sequentially continuous on C.J;X/.

.H5/ The function p W J � J � X � X �! R is continuous such that for arbitrary
fixed s 2 J and x; y 2 X, the partial function t �! p.t; s; x; y/ is uniformly
continuous for .s; x; y/ 2 J � X � X.

.H6/ There exists r0 > 0 such that

.a/ jp.t; s; x; y/j � r0 � kqk1 for each t; s 2 J; x; y 2 X such that jjxjj � r0
and jjyjj � r0,

.b/ kT2xk1 �
�

1 � kak1
r0

�
1

kuk for each x 2 C.J;X/,
.c/ ˛r0kuk < 1.

Theorem 5.24. Under assumptions .H1/�.H6/, Eq. (5.17) has at least one solution
x D x.t/ which belongs to the space C.J;X/.
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Proof. Let us consider three operators A;B and C defined on C.J;X/ by

.Ax/.t/ D .T2x/.t/

.Bx/.t/ D
"

q.t/C
Z �.t/

0

p.t; s; x.s/; x.�s//ds

#

:u; 0 < � < 1

.Cx/.t/ D a.t/x.t/:

We prove that the operators A, B, and C satisfy all the conditions of
Theorem 5.4.

.i/ From assumption .H4/.a/, A is Lipschitzian with a Lipschitzian constant ˛.
Next, we show that C is Lipschitzian on C.J;X/. To see this, fix arbitrarily
x; y 2 C.J;X/. Then, if we take an arbitrary t 2 J, we get

k.Cx/.t/ � .Cy/.t/k D ka.t/x.t/ � a.t/y.t/k
� kak1 kx.t/ � y.t/k:

From the last inequality and taking the supremum over t, we obtain

kCx � Cyk1 � kak1 kx � yk1:

This proves that C is Lipschitzian with a Lipschitzian constant kak1.
.ii/ Arguing as in the proof of Theorem 5.23, we obtain B is weakly sequentially

continuous on S and B.S/ is relatively weakly compact.
.iii/ From assumption .H4/.b/, A is regular on C.J;X/.

.iv/ We show that

�
I � C

A

��1
is weakly sequentially continuous on B.S/. To see

this, let x; y 2 C.J;X/ such that

�
I � C

A

�

.x/ D y;

or, equivalently

.1 � a/x

T2x
D y:

Since kak1 < 1, so, .1 � a/�1 exists on C.J;X/, and then

�
I

T2

�

.x/ D .1 � a/�1y:
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This implies, from assumption .H3/.c/, that

x D
�

I

T2

��1
..1 � a/�1y/:

Thus
�

I � C

A

��1
.x/ D

�
I

T2

��1
..1 � a/�1x/

for all x 2 C.J;X/. Now, let fxng be a weakly convergent sequence of B.S/ to
a point x in B.S/, then

.1 � a/�1xn * .1 � a/�1x;

and so, it follows from assumption .H4/.d/ that

�
I

T2

��1
..1 � a/�1xn/ *

�
I

T2

��1
..1 � a/�1x/;

we conclude that

�
I � C

A

��1
.xn/ *

�
I � C

A

��1
.x/:

.v/ Finally, similar reasoning as in the last part of Theorem 5.23 proves that
condition .v/ of Theorem 5.4 is fulfilled.

We conclude that the operators A;B and C satisfy all the requirements of
Theorem 5.4. �

Remark 5.4. Note that the operator C in Eq. (5.17) does not satisfy condition .iv/
of Corollary 5.1. In fact, if we take X D R and a � 1

2
, then .Cx/.t/ D 1

2
x.t/. Thus

C.S/ D f1
2

x W kxk1 � r0g;
D B r0

2
:

Because C.J;R/ is infinite dimensional, C.S/ is not relatively compact. Further-
more, R is finite dimensional, so, C.S/ is not relatively weakly compact

Corollary 5.9. Let .X; k k/ be a Banach algebra satisfying condition (P), with
positive closed cone XC. Suppose that the assumption .H1/–.H6/ hold. Also, assume
that u belongs to XC, a.J/ � XC, q.J/ � RC, p.J � J � XC � XC/ � RC and
�

I

T2

��1
is a positive operator from the cone positive C.J;XC/ of C.J;X/ into itself.

Then Eq. (5.17) has at least one positive solution x in the cone C.J;XC/.
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Proof. Let

SC WD fx 2 S; x.t/ 2 XC for all t 2 Jg:

Obviously SC is nonempty, closed, and convex. Similarly reasoning as in the proof
of Theorem 5.24 shows that

.i/ A and C are Lipschitzians with a Lipschitzian constant ˛ and kak1 respec-
tively.

.ii/ A is regular on C.J;X/.
.iii/ A;B and C are weakly sequentially continuous on SC.
.iv/ Because SC is a subset of S, so, we have A.SC/;B.SC/ and C.SC/ are relatively

weakly compact.
.v/ Finally, we shall show that the hypothesis .v/ of Theorem 5.7 is satisfied. In

fact, fix an arbitrarily x 2 C.J;X/ and y 2 SC such that

x D AxBy C Cx:

Arguing as in the proof of Theorem 5.24, we get x 2 S. Moreover, the last equation
leads to

for all t 2 J; x.t/ D a.t/x.t/C .T2x/.t/.By/.t/;

and thus,

for all t 2 J;
x.t/.1 � a.t//

.T2x/.t/
D .By/.t/:

Since for all t 2 J; ka.t/k < 1, so, .1 � a.t//�1 exists in X, and

.1 � a.t//�1 D
C1X

nD0
an.t/:

Since a.t/ belongs to the closed positive cone XC, then .1�a.t//�1 is positive. Also,
we verify that for all t 2 J, .By/.t/ is positive. Therefore, the map  defined on J by

 .t/ D .1 � a.t//�1
" 

q.t/C
Z �.t/

0

p.t; s; x.s/; x.�s//ds

!

:u

#

belongs to the positive cone C.J;XC/ of C.J;X/. Then B maps C.J;XC/ into itself.
Seeing that
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��
I

T2

�

x

�

.t/ D .1 � a.t//�1
" 

q.t/C
Z �.t/

0

p.t; s; x.s/; x.�s//ds

!

:u

#

D  .t/;

then

x D
�

I

T2

��1
. /:

Thus, x 2 C.J;XC/ and, consequently x 2 SC. �

Next, we provide an example of the operator T2 presented in Theorem 5.24.

Example of the Operator T2 in C.J;R/. Let E D C.J;R/ D C.J/ denote the
Banach algebra of all continuous real-valued functions on J with norm kxk1 D
sup
t2J

jx.t/j: Clearly C.J/ satisfies condition (P). Let b : J �! R is continuous and

nonnegative, and define

8
<

:

T2 W C.J/ �! C.J/
x �! T2x D 1

1C bjxj :

We obtain the following functional integral equation:

x.t/ D a.t/x.t/C 1

1C b.t/jx.t/j

"

q.t/C
Z �.t/

0

p.t; s; x.s/; x.�s//ds

#

; 0 < � < 1:

(5.18)
We will prove all the conditions .a/� .d/ of .H4/ in Theorem 5.24 for Eq. (5.18):

.a/ Fix x; y 2 C.J/. Then, for all t 2 J, we have

j.T2x/.t/ � .T2y/.t/j D
ˇ
ˇ
ˇ
ˇ

1

1C b.t/jx.t/j � 1

1C b.t/jy.t/j
ˇ
ˇ
ˇ
ˇ

D b.t/jjy.t/j � jx.t/jj
.1C b.t/jx.t/j/ .1C b.t/jy.t/j/

� kbk1 jx.t/ � y.t/j:

Taking the supremum over t, we obtain

kT2x � T2yk1 � kbk1 kx � yk1;

which shows that T2 is Lipschitzian with a Lipschitzian constant kbk1.
.b/ Clearly T2 is regular on C.J/.
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.c/ We show that

�
I

T2

��1
exists on C.J/. To see this, let x; y 2 C.J/ such that

�
I

T2

�

x D y;

or, equivalently

x.1C bjxj/ D y;

which implies

jxj.1C bjxj/ D jyj;

hence

.
p

bjxj/2 C jxj D jyj:

For each t0 2 J such that b.t0/ D 0, we have x D y. Then for each t 2 J such
that b.t/ > 0, we obtain

 
p

b.t/jx.t/j C 1

2
p

b.t/

!2

D 1

4b.t/
C jy.t/j;

which further implies

p
b.t/jx.t/j D � 1

2
p

b.t/
C
s

1

4b.t/
C jy.t/j;

hence

b.t/jx.t/j D �1
2

C
r
1

4
C jy.t/jb.t/;

and, consequently

x.t/ D y.t/

1C b.t/jx.t/j D y.t/

1
2

C
q

1
4

C b.t/jy.t/j
:

We remark that the equality is also verified for each t such that b.t/ D 0.
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Consider F the function defined by the expression

(
F W C.J/ �! C.J/

x �! F.x/ D x
1
2C

p
1
4Cbjxj :

It is easy to verify that for all x 2 C.J/
��

I

T2

�

ı F

�

.x/ D
�

F ı
�

I

T2

��

.x/ D x:

We conclude that

�
I

T2

��1
.x/ D x

1
2

C
q

1
4

C bjxj
:

.d/ It is easy to show that T2 and

�
I

T2

��1
is weakly sequentially continuous on

B.S/.

Remark 5.5. One can check easily that

�
I

T2

��1
is a positive operator from the

positive cone C.J;RC/ of C.J;R/ into itself.

Next we consider the following nonlinear functional differential equation (in
short, FDE) in C.J/
��

x

T2x

�

� q1

�
0

.t/ D
Z t

0

@p

@t
.t; s; x.s/; x.�s//ds C p.t; t; x.t/; x.�t//; t 2 J; 0 < � < 1

(5.19)
satisfying the initial condition

x.0/ D � 2 R (5.20)

where the functions q1; p and the operator T2 are given with q1.0/ D 0, while
x D x.t/ is an unknown function. By a solution of the FDE (5.19)–(5.20), we
mean an absolutely continuous function x W J �! R that satisfies the two
equations (5.19)–(5.20) on J.

Theorem 5.25. We consider the following assumptions:

.H1/ q1 W J �! R is a continuous function.

.H2/ The operator T2 W C.J/ �! C.J/ is such that

.a/ T2 is Lipschitzian with a Lipschitzian constant ˛,

.b/ T2 is regular on C.J/,



5.4 Applications 139

.c/

�
I

T2

��1
is well defined on C.J/,

.d/

�
I

T2

��1
is weakly sequentially continuous on C.J/,

.e/ For all x 2 C.J/, we have k.T2x/k1 � 1.

.H3/ The function p W J � J � X � X �! R is continuous such that for arbitrary
fixed s 2 J and x; y 2 R the partial function t �! p.t; s; x; y/ is C1 on J.

.H4/ there exists r0 > 0 such that

.a/ For all t; s 2 J; y; z 2 Œ�r0; r0� and x 2 C.J/, we have

jp.t; s; y; z/j � r0 � kq1k1 � j�j
j.T2x/.0/j :

.b/ ˛r0 < 1.

Then the FDE (5.19)–(5.20) has at least one solution in C.J/.
Proof. Note that the FDE (5.19)–(5.20) is equivalent to the integral functional
equation:

x.t/ D .T2x/.t/

�

q1.t/C �

.T2x/.0/
C
Z t

0

p.t; s; x.s/; x.�s//ds

�

; t 2 J; 0 < � < 1:

(5.21)
Equation (5.21) represents a particular case of Eq. (5.17) with for all t 2 J,

�.t/ D t; a.t/ D 0; u D 1 and q.t/ D q1.t/ C �

.T2x/.0/ . Therefore, we have for all

t 2 J, .Ax/.t/ D .T2x/.t/, .Bx/.t/ D q.t/C R t
0

p.t; s; x.s/; x.�s//ds and C.x/.t/ D 0.
Now, we prove that the operators A;B and C satisfy all the conditions of

Theorem 5.4. Similar reasoning guarantees that

.i/ A and C are Lipschitzians with a Lipschitzian constant ˛ and 0 respectively.
.ii/ B is weakly sequentially continuous on S and B.S/ is relatively weakly

compact where S D Br0 WD fx 2 C.J/; kxk1 � r0g.
.iii/ A is regular on C.J/.

.iv/

�
I � C

A

��1
D
�

I

T2

��1
is weakly sequentially continuous on B.S/.

It, thus, remains to prove .v/ of Theorem 5.4. First, we show that M D kB.S/k � r0.
To see this, fix an arbitrarily x 2 S. Then, for t 2 J, we get

j.Bx/.t/j � jq1.t/j C j�j
j.T2x/.0/j C

Z t

0

jp.t; s; x.s/; x.�s//jds

� jq1.t/j C j�j
j.T2x/.0/j C

Z 1

0

jp.t; s; x.s/; x.�s//jds

� kq1k1 C j�j
j.T2x/.0/j C r0 � kq1k1 � j�j

j.T2x/.0/j
D r0:
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Taking the supremum over t, we obtain

kBxk1 � r0:

Thus

M � r0;

and, consequently

˛M C ˇ D ˛M � ˛r0 < 1:

Next, fix an arbitrarily x 2 C.J/ and y 2 S such that

x D AxBy C Cx;

or, equivalently

for all t 2 J; x.t/ D .T2x/.t/.By/.t/;

then

jx.t/j � kT2xk1kByk1;

and thus, in view of assumption .H2/.e/, we have that

jx.t/j � kByk1:

Since y 2 S, this further implies

jx.t/j � r0;

and taking the supremum over t, we obtain

kxk1 � r0:

As a result, x is in S. This proves .v/. Now, applying Theorem 5.4, we see that
Eq. (5.21) has at least one solution in C.J/. �

Next, we will illustrate the applicability of our Theorem 5.10 to establish the
existence of solutions of FIE

x.t/ D a.t/C .Tx/.t/

" 

q.t/C
Z �.t/

0

p.t; s; x.�.s//; x.�.s///ds

!


 u

#

(5.22)
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Let .X; k:k/ be a Banach algebra satisfying the condition .P/. Let J D Œ0; 1�

be the closed and bounded interval in R. Let E D C.J;X/ be the Banach algebra
of all continuous functions from Œ0; 1� to X. Now, we shall obtain the solution of
FIE (5.22) under some suitable conditions. Assume that the functions involved in
Eq. (5.22) satisfy the following conditions:

.A1/ a W J �! X is a continuous function.

.A2/ �; �; � W J �! J are continuous.

.A3/ q W J �! R is a continuous function.

.A4/ The operator T W C.J;X/ �! C.J;X/ is weakly sequentially continuous and
weakly compact.

.A5/ The function p W J2 � X2 �! R is weakly sequentially continuous and
the partial function t �! p.t; s; x; y/ is uniformly continuous for .s; x; y/ 2
J � X2.

.A6/ There exists r0 > 0 such that:

.a/ jp.t; s; x; y/j � M for each t; s 2 J; x; y 2 X such that kxk � r0 and
kyk � r0,

.b/ kukkTxk1 � 1 for each x 2 C.J;X/ such that kxk1 � r0,

.c/ kak1 C kqk1 C M � r0.

Theorem 5.26. Under assumptions .A1/�.A6/, Eq. (5.22) has at least one solution
x D x.t/ which belongs to the space C.J;X/.
Proof. Note that C.J;X/ verifies condition .P/. Let us define the subset S of
C.J;X/ by:

S WD fy 2 C.J;X/ W kyk1 � r0g D Br0 :

Obviously S is nonempty closed convex bounded subset of E. Let us consider three
operators A;L and U defined on S by:

.Ax/.t/ D a.t/

.Lx/.t/ D .Tx/.t/

.Ux/.t/ D
"

q.t/C
Z �.t/

0

p.t; s; x.�.s//; x.�.s///ds

#


 u:

We prove that operators A;L and U satisfy all the conditions of Theorem 5.10.

.i/ Since A is constant, it is weakly sequentially continuous on S and weakly
compact.

.ii/ In view of hypothesis .A4/, L is weakly sequentially continuous on S and L.S/
is relatively weakly compact.

.iii/ To prove that U satisfies all the conditions of Theorem 5.10, we will first prove
that U maps S into C.J;X/. For this purpose, let ftngn�0 be any sequence in J
converging to a point t in J. Then
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k.Ux/.tn/� .Ux/.t/k � jq.tn/� q.t/j kukC











"Z �.tn/

0

p.tn; s; x.�.s//; x.�.s///ds �
Z �.t/

0

p.t; s; x.�.s//; x.�.s///ds

#

:u












�

jq.tn/� q.t/j kuk C
"Z �.tn/

0

jp.tn; s; x.�.s//; x.�.s///� p.t; s; x.�.s//; x.�.s///j ds

#

kukC
ˇ
ˇ
ˇ
ˇ
ˇ

Z �.tn/

�.t/
jp.t; s; x.�.s//; x.�.s///j ds

ˇ
ˇ
ˇ
ˇ
ˇ
kuk �

jq.tn/� q.t/j kuk C
�Z 1

0

jp.tn; s; x.�.s//; x.�.s///� p.t; s; x.�.s//; x.�.s///j ds

�

kukC

Mj�.tn/� �.t/j kuk:

Since tn ! t, then .tn; s; x.�.s//; x.�.s/// ! .t; s; x.�.s//; x.�.s///, for all
s 2 J. Taking into account hypothesis .A5/, we obtain

p.tn; s; x.�.s//; x.�.s/// ! p.t; s; x.�.s//; x.�.s/// in R:

Moreover, the use of assumption .A6/ leads to

jp.tn; s; x.�.s//; x.�.s/// � p.t; s; x.�.s//; x.�.s///j � 2M

for all t; s 2 J. Now, we can apply the Dominated Convergence Theorem and
since assumption .A3/ holds to get

.Ux/.tn/ ! .Ux/.t/ in X:

It follows that

Ux 2 C.J;X/:

Next, we will prove U is weakly sequentially continuous on S. To do so, let
fxngn be any sequence in S weakly converging to a point x in S. Then, fxngn is
bounded. We can apply the Dobrakov’s theorem to get

8t 2 J; xn.t/ * x.t/:

Hence, by assumptions .A5/–.A6/ and the Dominated Convergence Theorem,
we obtain

lim
n!1

Z �.t/

0

p.t; s; xn.�.s//; xn.�.s///ds D
Z �.t/

0

p.t; s; x.�.s//; x.�.s///ds;
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which implies

lim
n!1

 

q.t/C
Z �.t/

0

p.t; s; xn.�.s//; xn.�.s///ds

!


 u D
 

q.t/C
Z �.t/

0

p.t; s; x.�.s//; x.�.s///ds

!


 u:

Hence

.Uxn/.t/ ! .Ux/.t/ in X:

Thus

.Uxn/.t/ * .Ux/.t/ in X:

Since fUxngn is bounded by kuk.kqk1 C M/, then we can again apply the
Dobrakov’s theorem to obtain

Uxn * Ux:

We conclude that U is weakly sequentially continuous on S. It remains to prove
that U is weakly compact. Since S is bounded by r0, it is enough to prove U.S/
is relatively weakly compact.

(STEP I) By definition,

U.S/ WD fUx W kxk1 � r0g:

For all t 2 J, we have

U.S/.t/ WD f.Ux/.t/ W kxk1 � r0g:

We claim that U.S/.t/ is sequentially relatively weakly compact in X. To
see this, let fxngn�0 be any sequence in S, and we have .Uxn/.t/ D rn.t/ 
 u,
where

rn.t/ D q.t/C
Z �.t/

0

p.t; s; xn.�.s//; xn.�.s///ds:

Since jrn.t/j � .kqk1 C M/ and .rn.t//n�0 is a equibounded real sequence,
so, there is a renamed subsequence such that

rn.t/ ! r.t/ in R;
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which implies

rn.t/ 
 u ! r.t/ 
 u in X;

and consequently

.Uxn/.t/ ! .q.t/C r.t// 
 u in X:

We conclude that U.S/.t/ is sequentially relatively compact in X, and then
U.S/.t/ is relatively compact in X.
(STEP II) We prove that U.S/ is weakly equicontinuous on J. If we take

 > 0, x 2 S, x� 2 X�, t; t0 2 J such that t � t0 and t0 � t � 
, then

jx�..Ux/.t/ � .Ux/.t0//j � jq.t/ � q.t0/jjx�.u/jC
ˇ
ˇ
ˇ
ˇ
ˇ

Z �.t/

0

p.t; s; x.�.s//; x.�.s///ds �
Z �.t0/

0

p.t0; s; x.�.s//; x.�.s///ds

ˇ
ˇ
ˇ
ˇ
ˇ
jx�.u/j �

jq.t/ � q.t0/jjx�.u/jC
"Z �.t/

0

jp.t; s; x.�.s//; x.�.s///� p.t0; s; x.�.s//; x.�.s///jds

#
ˇ
ˇx�.u/

ˇ
ˇC

ˇ
ˇ
ˇ
ˇ
ˇ

"Z �.t0/

�.t/
jp.t0; s; x.�.s//; x.�.s///jds

#ˇ
ˇ
ˇ
ˇ
ˇ
jx�.u/j �

Œw.q; 
/C w.p; 
/C Mw.�; 
/�jx�.u/j;

where:

w.q; 
/ WD supfjq.t/ � q.t0/j W t; t0 2 JI jt � t0j � 
g;
w.p; 
/ WD supfjp.t; s; x; y/ � p.t0; s; x; y/j W t; t0; s 2 JI jt � t0j � 
I x; y 2 Br0g;
w.�; 
/ WD supfj�.t/ � �.t0/j W t; t0 2 JI jt � t0j � 
g:

Now, observe that from the above obtained estimate, taking into account
hypothesis .A5/ and in view of the uniform continuity of the functions q; � on the set
J, it follows that w.q; 
/ ! 0, w.p; 
/ ! 0 and w.�; 
/ ! 0 as 
 ! 0. Now, apply
the Arzelà–Ascoli Theorem to obtain that U.S/ is sequentially relatively weakly
compact in E. Now the Eberlein–Šmulian theorem yields that U.S/ is relatively
weakly compact.
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.iv/ Finally, it thus remains to prove that Ax C LxUx 2 S for all x 2 S. To see this,
let x 2 S. Then, by .A6/, for all t 2 J, one has

k.Ax/.t/C .Lx/.t/.Ux/.t/k D ka.t/C .Tx/.t/.Ux/.t/k
� kak1 C k.Ux/.t/kkTxk1
� kak1 C .M C kqk1/kukkTxk1
� r0:

From the last inequality and taking the supremum over t, we obtain

kAx C LxUxk1 � r0;

and consequently Ax C LxUx 2 S.

Thus, all operators A;L and U fulfill the requirements of Theorem 5.10. Hence, an
application of it yields that the FIE (5.22) has a solution in the space C.J;X/. �

Remark 5.6. When X is finite dimensional, the subset U.S/ � C.J;X/ is relatively
compact if and only if it is weakly equicontinuous on J and U.S/.J/ is relatively
compact in X, if and only if U.S/ is relatively weakly compact.

Remark 5.7. Observe that Eq. (5.22) contains many special types of functional
integral equations in C.J;R/:
.1/ If we take:

�.s/ D sI �.s/ D �s; 0 < � < 1 and u D 1;

then Theorem 5.26 reduces to existence results proved in [54] for the nonlinear
integral equation:

x.t/ D a.t/C .Tx/.t/

 

q.t/C
Z �.t/

0

p.t; s; x.s/; x.�s//ds

!

; 0 < � < 1:

.2/ If we take:

q.t/ D 0I �.t/ D 1I �.s/ D sI �.s/ D �s; 0 < � < 1 and u D 1;

then Theorem 5.26 reduces to existence results of functional integral equation
of Urysohn type:

x.t/ D a.t/C .Tx/.t/
Z 1

0

p.t; s; x.s/; x.�s//ds; 0 < � < 1:
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.3/ If we take:

�.t/ D �.t/ D tI q.t/ D 0I T D 1I p.t; s; x; y/ D k.t; s/x and u D 1;

then Theorem 5.26 reduces to existence results for the classical linear Volterra
integral equation on bounded interval in [50]:

x.t/ D a.t/C
Z t

0

k.t; s/x.s/ds:

.4/ If we take:

�.t/ D �.t/ D tI q.t/ D 0I T D 1I p.t; s; x; y/ D k.t; s/f .s; x/ and u D 1;

then Theorem 5.26 reduces to existence results for the nonlinear integral
equation of Volterra–Hammerstein type:

x.t/ D a.t/C
Z t

0

k.t; s/f .s; x.s//ds:

.5/ If we take:

a.t/ D 0I .Tx/.t/ D f .t; x.�.t///I p.t; s; x; y// D g.s; y/ and u D 1;

then Theorem 5.26 reduces to existence results proved in [77] for the nonlinear
integral equation:

x.t/ D f .t; x.�.t///

 

q.t/C
Z �.t/

0

g.s; x.�.s///ds

!

:

.6/ If we take:

�.s/ D �s; 0 < � < 1;

then the Theorem 5.26 reduces to existence results proved in [39] for the
nonlinear integral equation:

x.t/ D a.t/C .Tx/.t/

 

q.t/C
Z �.t/

0

p.t; s; x.s/; x.�s//ds

!


 u; 0 < � < 1:



Chapter 6
Fixed Point Theory for .ws/-Compact Operators

In this chapter we present fixed point theory and study eigenvalues and eigenvectors
of nonlinear .ws/-compact operators.

6.1 .ws/-Compact Operators

In [100] Gowda and Isac introduced the class of .ws/-compact operators.

Definition 6.1. Let D be a subset of a Banach space .E; k 
 k/. An operator (not
necessarily linear) F W D �! E is said to be .ws/-compact if F is k 
 k-continuous
and, for every weakly convergent sequence fxngn elements of D, the sequence
fF.xn/gn admits a strongly convergent subsequence.

This class of operators generalizes the well-known class of strongly continuous
operators extensively investigated in the literature.

Definition 6.2. Let E be a Banach space. An operator (not necessary linear)
F W E �! E is said to be strongly continuous on E if for every sequence fxngn

with xn * x, we have F.xn/ �! F.x/.

Remark 6.1. Clearly, a strongly continuous operator is .ws/-compact. The converse
of the preceding assertion is not in general true (even if E is reflexive) as the
following example illustrates. Let E D L2.0; 1/ and let F W E ! E be defined
by F.x/.t/ D R 1

0
x2.s/ ds D kxk22. Clearly F is k:k-continuous and in fact compact

since the range of F is R and hence F is .ws/-compact. On the other hand, if
xn.s/ D sin.n
s/, then xn * � in L2.0; 1/ but F.xn/ 6�! � in L2.0; 1/ since
kF.xn/k2 D 1

2
for all n � 1.

© Springer International Publishing Switzerland 2016
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Remark 6.2. .i/ As examples of .ws/-compact operators we have compact oper-
ators and strongly continuous operators.

.ii/ A map F is .ws/-compact if and only if it maps relatively weakly compact sets
into relatively compact ones.

.iii/ F is .ws/-compact does not imply that F is weakly sequentially continuous.
In the following example, we give a broad class of .ws/-compact mappings
which are not weakly sequentially continuous.

Let f W .0; 1/ � R �! R be a function satisfying the Carathéodory conditions,
that is, f is Lebesgue measurable in x for each y 2 R and continuous in y for each
x 2 .0; 1/. Additionally, we assume that

jf .x; y/j � a.x/C b jyj ; (6.1)

for all .x; y/ 2 .0; 1/�R, where a.x/ is a nonnegative function Lebesgue integrable
on the interval .0; 1/ and b � 0. Consider the so-called superposition operator Nf ,
generated by the function f , which to every function u defined on the interval .0; 1/
assigns the function Nf u defined by the formula

.Nf u/.x/ D f .x; u.x//; x 2 .0; 1/:

Let L1 D L1.0; 1/ denote the space of functions u W .0; 1/ �! R which are
Lebesgue integrable, equipped with the standard norm. Under the above-quoted
assumptions the superposition operator Nf maps continuously the space L1 into
itself. Define the functional

L.u/ D
Z 1

0

Nf u.x/dx D
Z 1

0

f .x; u.x//dx

for u 2 L1. Notice that L D KNf , where K is the linear functional defined on L1 by

K.u/ D
Z 1

0

u.x/dx; u 2 L1:

Clearly, K is continuous with norm kKk � 1. Thus, L is continuous. Now, we show
that L is .ws/-compact. To see this, let fyngn be a weakly convergent sequence of L1,
and then fyngn is uniformly bounded and by (6.1) we obtain

jf .x; yn.x//j � a.x/C b jyn.x/j : (6.2)

Since fyngn is weakly compact in L1, by the Dunford–Pettis criterion it turns out to
be uniformly integrable on .0; 1/, that is

8" > 0; 9 ı > 0; jD0j < ı H)
Z

D0

jyn.x/j dx < " 8n 2 N:
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Therefore by (6.2), also fNf .yn/gn is uniformly integrable on D, which implies the
weak compactness in L1 of fNf .yn/gn, and hence by the Eberlein–Šmulian theorem,
Nf .yn/n has a weakly convergent subsequence, say fNf .ynj/gj.

On the other hand, the continuity of the linear operator K, implies its weak
continuity on L1. Consequently, we obtain that fKNf .ynj/gj and so fL.ynj/gj is
pointwise converging, for almost all x 2 .0; 1/. Using again the weak continuity
of the linear operator K, we infer that fL.ynj/gj is uniformly integrable on D. Hence,
by Vitali’s convergence theorem, fL.ynj/gj is strongly convergent in L1. Accordingly,
the operator L is .ws/-compact. However, L is not weakly sequentially continuous
unless L is linear with respect to the second variable.

Remark 6.3. In reflexive Banach spaces, a .ws/-compact mapping T is compact.
This follows from the fact that bounded sets in reflexive Banach spaces are relatively
weakly compact. However, in reflexive Banach spaces, the .ws/-compactness of
an operator T does not imply its compactness even if T is a linear operator. For
example, let T be the identity map injecting l1 into l2. T is clearly not compact.
However, if fxngn is a sequence in l1 which converges weakly to x, then fxngn

converges to x in norm in l1. It follows from the continuity of T that fTxngn converges
to Tx in l2. Thus T is strongly continuous and so .ws/-compact.

6.2 Asymptotic Derivatives

Definition 6.3. Let .E; k:k/ be a Banach space and L.E;E/ the Banach space of
linear continuous mappings from E into E. If F is a mapping from E to E, the
asymptotic derivative of F (if it exists) is an element L 2 L.E;E/ such that

lim
kxk�!1

kF.x/ � L.x/k
kxk D 0:

Remark 6.4. 1. It is known that if F has an asymptotic derivative, then it is unique
and we denote it by F1 D L

2. If F is completely continuous then F1 is completely continuous too.

Example 6.1. Let � � R
n be the closure of a bounded set, which has a piecewise

smooth boundary, f W � � R �! R and K W � � R �! R two mappings. The
Hammerstein operator defined by K; f and the Lebesgue measure is

A.'/.t/ D
Z

�

K.t; s/f Œs; '.s/�ds;

where ' is for example in L2.�;�/, or in Lp.�;�/; .1 < p < 1/. If the following
conditions are satisfied:
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1.
R
�

R
�

K2.t; s/dtds < C1,
2. The substitution operator f0.'/.s/ D f Œs; '.s/�, where ' 2 L2 is such that

f0 W L2 �! L2,
3. jf .t; u/ � uj � P

Sj.t/ juj1�pj C D.t/, where t 2 �;�1 < u < C1; Sj.t/ 2
L

2
pj ; 0 < pj < 1; j D 1; 2; : : : ;m and D 2 L2,

then A W L2 �! L2 and its asymptotic derivative is

B.'/.t/ D
Z

�

K.t; s/'.s/ds:

Proposition 6.1. Consider the space L2 D L2.�;�/ and suppose that the
operators:

A.u/.x/ D
Z

�

K.x; y/u.y/dy

and

f�.u/.x/ D f Œx; u.x/�

are well defined and are continuous from L2 into L2. The abstract form of the
Hammerstein operator defined by A and f� is F.u/ D .A ı f�/.u/. If the operator f�
has an asymptotic derivative, denoted by f 1� , then the operator F is asymptotically
derivable and its asymptotic derivative F1 is the linear operator A ı f 1� .

Proof. We have

lim
kxk�!1

kF.u/ � .A ı f 1� /.u/k
kuk D lim

kxk�!1
k.A ı f�/.u/ � .A ı f 1� /.u/k

kuk D 0:

�

6.3 Quasi-Bounded Operators

Granas introduced the notion of quasi-bounded operators [96].

Definition 6.4. Let .E; k:k/ be a Banach space or a Hilbert space and F W E �! E
a mapping. We say that F is quasi-bounded if and only if

lim sup
kxk�!1

kF.x/k
kxk < C1:
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If F is quasi-bounded we let:

ŒF�qb D lim sup
kxk�!1

kF.x/k
kxk D inf

�>0
sup

kxk��
kF.x/k

kxk ;

and we say that ŒF�qb is the quasi-norm of F.

We let ŒF�b D sup
x¤0

kF.x/k
kxk and if ŒF�b < 1 we say that F is linearly bounded.

Definition 6.5. We say that a mapping F W E �! E satisfies condition .BN/
(Brezis–Nirenberg) if

lim
kxk�!1

kF.x/k
kxk D 0:

In 1984, Weber studied the spectrum of a class of nonlinear operators which are
called '�asymptotically bounded operators.

Definition 6.6. Let ' be a function from RC into RC with the property that for a
particular � > 0; '.t/ > 0 for any t � �. We say that a mapping F W E �! E is
'�asymptotically bounded if there exist b; c 2 RC such that for any x with b � kxk
we have kf .x/k � c'.kxk/.
Proposition 6.2. A mapping F W E �! E is quasi-bounded if and only if there
exists � > 0 and two positive constants ˛ and ˇ such that kF.x/k � ˛kxk C ˇ for
any x 2 E, with kxk > �.

Examples 6.1. 1. If F is linearly bounded it is known that ŒF�qb � ŒF�b and
hence, any linearly bounded mapping is quasi-bounded. In particular, any linear
continuous mapping from E into E is quasi-bounded and the converse is not true.
Indeed, if F W E �! E is a linear continuous mapping then in this case we have

lim sup
kxk�!1

kF.x/k
kxk D inf

�>0
sup

kxk��
kF.x/k

kxk D kFk < C1;

that is, in this case we have ŒF�qb D kf k.
2. Any operator, which satisfies condition .BN/, is a quasi-bounded operator.
3. If F W E �! E has a decomposition of the form F D G C H with H quasi-

bounded and G linearly bounded (or satisfying condition .BN/), then F is quasi-
bounded.

4. If F W E �! E is bounded, in the sense that there exists ˛ > 0 such that kF.x/k �
˛kxk for any x 2 E then F is quasi-bounded.

5. If there exists a mapping ' W RC �! R such that lim
t�!1

'.t/
t D 0, then any

mapping F W E �! E such that for any x 2 E, kF.x/k � ˛kxk C '.kxk/, with
˛ > 0 is a quasi-bounded mapping.

6. If F is '�asymptotically bounded and ' satisfies condition .BN/ then F is quasi-
bounded.
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Proposition 6.3. If F W E �! E has an asymptotic derivative T 2 L.E;E/ then F
is quasi-bounded and ŒF�qb D kTk.

Proof. We have

ŒF�qb D lim sup
kxk�!1

kF.x/k
kxk � lim sup

kxk�!1

kF.x/� T.x/k
kxk C lim sup

kxk�!1

kT.x/k
kxk D lim sup

kxk�!1

kT.x/k
kxk D kTk

and

kTk D lim sup
kxk�!1

kT.x/k
kxk � lim sup

kxk�!1
kT.x/ � F.x/k

kxk C lim sup
kxk�!1

kT.x/k
kxk D ŒF�qb:

�

Theorem 6.1. The quasi-norm of a quasi-bounded mapping has the following
properties.

1. If F W E �! E is quasi-bounded and � 2 P then Œ�F�qb D j�j ŒF�qb.
2. If F1;F2 W E �! E are quasi-bounded, then F1 C F2 is quasi-bounded and we

have ŒF1 C F2�qb � ŒF1�qb C ŒF2�qb.

Proof. 1. We have Œ�F�qb D lim sup
kxk�!1

k�F.x/k
kxk D j�j lim sup

kxk�!1
kF.x/k

kxk D j�j ŒF�qb.

2. It suffices to use the properties of lim sup.
�

6.4 Fixed Point Results

The following fixed point result will be used in this section. The proof follows from
Schauder’s fixed point theorem.

Theorem 6.2. Let � be a nonempty closed convex subset of a Banach space E.
Assume that F W � �! � is .ws/-compact. If F.�/ is relatively weakly compact,
then there exists x 2 � such that F.x/ D x

First, we state and prove an analogue of Sadovskii’s fixed point theorem for .ws/-
compact, weakly condensing mapping defined on unbounded closed convex set.

Theorem 6.3. Let � be a nonempty unbounded closed convex set in a Banach
space E. Assume ˆ is a MWNC on E and F W � �! � is a ˆ-condensing .ws/-
compact mapping. In addition, suppose that F.�/ is bounded. Then the set of fixed
points of F in � is nonempty and compact.

Proof. Let x0 2 � and D D fFn.x0/; n 2 Ng where F0.x0/ D x0. Then
D D F.D/ [ fx0g and so ˆ.F.D// D ˆ.D/ which means that ˆ.D/ D 0 and D
is relatively weakly compact. By Remark 6.2 .ii/ F.D/ is relatively compact. Also,
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F.F.D// � F.D/ so by [109, Lemma 1] one may choose a compact set D0 � F.D/
with D0 � conv.F.D0//. Let T D ˚

Q W D0 � Q;Q D coQ;F.Q/ � Q
�
. It is

obvious that T ¤ ;, since� 2 T . If 	 is a chain in the ordered set .E;�/ then \
Q2	Q

is a lower bound of 	 , which can be easily verified. Hence by Zorn’s lemma T has a
minimal element K. From F.K/ � K, since K is closed and convex, it follows that
the set co.F.K// is a subset of K. So we have

F.co.F.K/// � F.K/ � co.F.K//:

From D0 � co.F.K//, it follows that the set co.F.K// is in T . Since K is a minimal
element of T it follows that K D co.F.K//. Hence, ˆ.K/ D ˆ.co.F.K/// D
ˆ.F.K//. Since F is ˆ-condensing, we obtain ˆ.K/ D ˆ.F.K// D 0, and F.K/ is
relatively weakly compact. Now, F is a .ws/-compact map from the closed convex

set K into itself. From Theorem 6.2, F has a fixed point in K � �. Let S D
�

x 2

� W F.x/ D x

�

, be the fixed point set of F. Since F is continuous, S is obviously

a closed subset of � such that F.S/ D S . Since S � F.�/, F.S/ D S and F is
ˆ-condensing, we haveˆ.S/ D 0 and so S is a relatively weakly compact subset of
�. Now, F is .ws/-compact so F.S/ D S is relatively compact. Since S is closed,
we obtain that S is compact. This proof is complete. �

Corollary 6.1. Let � be a nonempty unbounded closed convex set in a Banach
space E. Assume that F W � �! � is a .ws/-compact mapping which satisfies that
F.�/ is bounded and F.D/ is relatively weakly compact whenever D is a bounded
set of �. Then the set of fixed points of F in � is nonempty and compact.

Definition 6.7. A mapping F W � ! E is said to be demi-weakly compact at
� (.dwc/ for short) if for every bounded a.f.p. sequence fxngn in � (i.e., xn �
F.xn/ ! � ) then fxngn has a weakly convergent subsequence.

Now, let us recall the following well-known concept due to Petryshyn [169]:

Definition 6.8. A mapping F W � ! E is said to be demicompact at � 2 E(.dc/
for short) if, for every bounded a.f.p. sequence fxngn in �, there exists a strongly
convergent subsequence of fxngn.

Remark 6.5. If� is a closed subset of E and F W � �! E is a continuous mapping,
demicompact at � and it admits a bounded a.f.p. sequence fxngn, then it has a fixed
point. Indeed, suppose that fxngn is a bounded sequence in� such that xn �F.xn/ !
� . It follows from the demicompactness of F that there exists a subsequence of
fxngn which converges strongly to some x 2 �. Without loss of generality, we may
assume that fxngn converges strongly to x 2 �. Hence, taking into account that
xn � F.xn/ ! � and the continuity of F, we derive, F.x/ D x.

Clearly if F W � ! E is demicompact at � then it is demi-weakly compact at � .
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Lemma 6.1. Let E be a Banach space and let � be a nonempty closed subset of E.
Assume F W � ! E is a .ws/-compact and .dwc/ mapping. Then, F is a continuous
.dc/-mapping.

Proof. Suppose that fxngn is a bounded sequence in � such that xn � F.xn/ ! �:

Since F is .dwc/ we know that there exist a subsequence fxnk g of fxngn and an
element x 2 E such that xnk * x:

We claim that there exists a subsequence fxnks
g of .xn/ such that xnks

! x. Indeed,
by the definition of a .ws/-mapping, we know that there exist a subsequence fxnks

g
of .xnk/ and an element y 2 E such that F.xnks

/ ! y: Hence,

kxnks
� yk � kxnks

� F.xnks
/k C kF.xnks

/ � yk ! 0;

and this means that xnks
! y and since � is closed, x D y 2 �: This completes the

proof. �

Theorem 6.4. Let � be a nonempty unbounded closed convex subset of a Banach
space E. Assume ˆ is a positive homogenous semi-additive MWNC on E and F W
� �! � is a .ws/-compact .dwc/ and ˆ-nonexpansive mapping with F.�/ is
bounded. Then F has a fixed point in �.

Proof. Let z be a fixed element of �: Define Fn D tnF C .1 � tn/z; n D 1; 2; : : :,
where ftngn is a sequence of .0; 1/ such that tn �! 1. Since z 2 � and � is convex,
it follows that Fn maps � into itself. Let D be an arbitrary bounded subset of �.
Then we have

ˆ.Fn.D// � ˆ.ftnF.D/g C f.1 � tn/zg/ � tnˆ.F.D// � tnˆ.D/:

So, if ˆ.D/ ¤ 0 we have

ˆ.Fn.D// < ˆ.D/:

Therefore Fn is ˆ-condensing on �. Clearly Fn is .ws/-compact mapping, so from
Theorem 6.3, Fn has a fixed point, say, xn in �. Consequently, kxn � F.xn/k D
k.tn � 1/.F.xn/ � z/k ! 0 as n �! 1, since tn �! 1 as n �! 1 and F.�/ is
bounded.

Finally, by Lemma 6.1 we have that F is a continuous .dc/- mapping. Since F
admits a bounded sequence fxngn satisfying xn � F.xn/ ! �; by Remark 6.5 we
conclude that F has a fixed point. �

Remark 6.6. If in Theorem 6.4 we add the hypothesis � 2 �, then we obtain the
same conclusion without assuming that ˆ is semi-additive.

The next example shows that in Theorem 6.4 we cannot remove the condition F
is a .ws/-compact mapping.



6.4 Fixed Point Results 155

Example 6.2. Let E be the Banach space .L1Œ0; 1�; k 
 k/ and consider the Alspach
mapping. First let

� WD ff 2 L1Œ0; 1� W 0 � f � 1; kf k1 D 1

2
g:

It is well known that � is a weakly compact convex subset of E: Now consider
F W � ! � such that for each f 2 �, F.f / is defined by

F.f .t// D
�

minf2f .2t/; 1g; t 2 Œ0; 1
2
�

maxf2f .2t � 1/ � 1; 0g; t 2 . 1
2
; 1�:

Since � is a weakly compact set, then it is clear that F is a ˇ-condensing .dwc/-
mapping with F.�/ bounded. Nevertheless, in [2] it is proved that F is a fixed point
free nonexpansive mapping.

Theorem 6.5. Let E be a Banach space, � a nonempty unbounded closed convex
subset of E and U � � an open set (with respect to the topology of �) and let z be
an element of U. Assume ˆ is a MWNC on E and F W U �! � a ˆ-condensing
.ws/-compact mapping with F.U/ is bounded. Then, either

.A1/ F has a fixed point, or

.A2/ there is a point u 2 @�U (the boundary of U in �) and ł 2 .0; 1/ with
u D �F.u/C .1 � ł/z:

Remark 6.7. U and @�U denote the closure and boundary of U in �, respectively.

Proof. Suppose .A2/ does not hold and F does not have a fixed point in @�U
(otherwise, we are finished, i.e., .A1/ occurs). Let D be the set defined by

D D
�

x 2 U W x D �F.x/C .1 � �/z; for some � 2 Œ0; 1�
�

:

Now D is nonempty and bounded, because z 2 D and F.U/ is bounded. We have
D � co.fzg [ F.D//. So, ˆ.D/ ¤ 0 implies

ˆ.D/ � ˆ.co.fzg [ F.D// � ˆ.F.D// < ˆ.D/;

which is a contradiction. Hence, ˆ.D/ D 0 and D is relatively weakly compact. We
will show that D is compact. The continuity of F implies that D is closed. For that,
let fxngn a sequence of D such that xn �! x, x 2 U. For all n 2 N, there exists a
�n 2 Œ0; 1� such that xn D �nF.xn/C .1 � łn/z/. Now �n 2 Œ0; 1�, so we can extract
a subsequence f�njgj such that �nj �! � 2 Œ0; 1�. So, �nj F.xnj/ �! �F.x/. Hence
x D łF.x/C .1 � ł/z and x 2 D. Now, we prove that D is sequentially compact. To
see this, let fxngn be a sequence of D. For all n 2 N, there exists a �n 2 Œ0; 1� such
that xn D �nF.xn/ C .1 � �n/z. Now �n 2 Œ0; 1�, so we can extract a subsequence
f�njgj such that �nj �! � 2 Œ0; 1�. We have that the set fxn; n 2 Ng is contained
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in D, so it is relatively weakly compact and consequently by the Eberlein–Šmulian
theorem it is weakly sequentially compact. Hence, without loss of generality, the
sequence fxngn has a weakly convergent subsequence fxnjgj. Since F is .ws/-
compact, then the sequence fF.xnj/gj has a strongly convergent subsequence, say
fF.xnjk

/gk. Hence, the sequence f�njk
F.xnjk

/gk is strongly convergent which means
that the sequence fxnjk

gk is also strongly convergent. Accordingly, D is compact.
Because E is a Hausdorff locally convex space, we have that E is completely
regular. Since D \ .� n U/ D ;, by Proposition 1.1, there is a continuous function
' W � �! Œ0; 1�, such that '.x/ D 1 for x 2 D and '.x/ D 0 for x 2 � n U. Let
F� W � �! � be the mapping defined by:

F�.x/ D '.x/F.x/C .1 � '.x//z:

Clearly, F�.�/ is bounded. Because @�U D @�U, ' is continuous, Œ0; 1� is compact
and F is .ws/-compact, we have that F� is .ws/-compact. Let X � �, bounded, with
ˆ.X/ ¤ 0. Then, since

F�.X/ � co.f�g [ F.X \ U/;

we have

ˆ.F�.X// � ˆ.F.X \ U//:

If X \ U is relatively weakly compact, then F.X \ U/ is relatively weakly compact
andˆ.F.X \U// D 0 < ˆ.X/. Ifˆ.X \U/ ¤ 0, thenˆ.F.X \U// < ˆ.X \U/ �
ˆ.X/ and ˆ.F�.X// < ˆ.X/. So, F� is ˆ-condensing. Therefore Theorem 6.3
implies that F� has a fixed point x0 2 �. If x0 62 U, '.x0/ D 0 and x0 D z, which
contradicts the hypothesis z 2 U. Then x0 2 U and x0 D '.x0/F.x0/C .1 � '.x0/z
which implies that x0 2 D, and so '.x0/ D 1 and the proof is complete. �

Corollary 6.2. Let E be a Banach space, � a nonempty unbounded closed convex
subset of E and U � � an open set (with respect to the topology of �) and let z be
an element of U. Assume ˆ is a MWNC on E and F W U �! � a ˆ-condensing
.ws/-compact mapping with F.U/ is bounded. Suppose that F satisfies the Leray–
Schauder boundary condition

u � z ¤ �.F.u/ � z/; � 2 .0; 1/; u 2 @�U;

then the set of fixed points of F in U is nonempty and compact.

Proof. By Theorem 6.5, F has a fixed point. Let S D
�

x 2 U W F.x/ D x;

�

be

the fixed point set of F. Since F is continuous, S is obviously a closed subset of U
such that F.S/ D S . Now, arguing as in the proof of Theorem 6.5 we have that S is
sequentially compact and hence it is compact. �
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Corollary 6.3. Let E be a Banach space,� a closed convex subset of E and U � �

an open set (with respect to the topology of �) such that � 2 U. Assume ˆ is
a MWNC on E and F W U �! � a ˆ-condensing .ws/-compact mapping with
F.U/ is bounded. In addition, assume that U is starshaped with respect to � and
F.@�U/ � U. Then the set of fixed points of F in U is nonempty and compact.

Proof. Since U is starshaped with respect to � and F.@�U/ � U, then x ¤ �F.x/
for every x 2 @�U and � 2 .0; 1/. Applying Corollary 6.2, then the set of fixed
points of F in U is nonempty and compact. �

Corollary 6.4. Let E be a Banach space, � � E a nonempty unbounded closed
convex subset, U � � an open set (with respect to the topology of �) and let z
be an element of U. Assume that F W U �! � is a .ws/-compact mapping which
satisfies F.U/ is bounded and F.D/ is relatively weakly compact whenever D is a
bounded set of U. Then, either

.A1/ F has a fixed point, or

.A2/ there is a point u 2 @�U (the boundary of U in �) and � 2 .0; 1/ with
u D �F.u/C .1 � �/z:

Corollary 6.5. Let E be a Banach space, � � E a closed convex subset, U � �

an open set (with respect to the topology of �) and such that � 2 U. Assume
F W U �! � is .ws/-compact. If U is weakly compact then, either

.A1/ F has a fixed point, or

.A2/ there is a point u 2 @�U (the boundary of U in �) and � 2 .0; 1/ with
u D �Fu:

Proof. Suppose that .A2/ does not hold. Also without loss of generality, assume
that the operator F has no fixed point in @�U (otherwise we are finished, i.e., .A1/

occurs). Let D be the set defined by

D D
�

x 2 U W x D �Fx; for some � 2 Œ0; 1�
�

:

The set D is nonempty because � 2 U. Let fxngn be a sequence of points in D. For
every n 2 N, there exists �n 2 Œ0; 1� such that xn D �nFxn. Now �n 2 Œ0; 1�, so
we can extract a subsequence f�njgj such that �nj �! � 2 Œ0; 1�. We have that the
set fxn; n 2 Ng � U so it is relatively weakly compact and hence by the Eberlein–
Šmulian theorem it is weakly sequentially compact. Consequently, without loss of
generality, the sequence fxng has a weakly convergent subsequence fxnjgj. We can
now proceed analogously as in the proof of Theorem 6.5. �

Theorem 6.6. Let E be a Banach space,� be a nonempty unbounded closed convex
of E and U � � an open set (with respect to the topology of �). In addition, let
ˆ be a positive homogenous semi-additive MWNC on E and F W U �! � a ˆ-
nonexpansive .ws/-compact mapping, with F.U/ is bounded. Assume that
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(a) There exists z 2 U such that u � z ¤ �.F.u/ � z/; � 2 .0; 1/; u 2 @�U:
(b) F is .dwc/.

Then, F has a fixed point in U:

Proof. Let Fn D tnF C .1 � tn/z; n D 1; 2; : : :, where ftngn is a sequence of .0; 1/
such that tn �! 1. Since z 2 � and � is convex, it follows that Fn maps U into
�. Suppose that D �n.Fn.yn/ � z/ D yn � z for some yn 2 @�U and for some
�n 2 .0; 1/. Then we have

yn � z D �n.Fn.yn/ � z/ D �ntnF.yn/C łn.1 � tn/z � �nz D �ntn.F.yn/ � z/;

which contradicts hypothesis .a/ since �ntn 2 .0; 1/. Let X an arbitrary bounded
subset of U. Then we have

ˆ.Fn.X// D ˆ.ftnF.X/g C f.1 � tn/zg/ � tnˆ.F.X// � tnˆ.X/:

So, if ˆ.X/ ¤ 0 we have

ˆ.Fn.X// < ˆ.X/:

Therefore, Fn is ˆ-condensing on U. From Theorem 6.5, Fn has a fixed point, say,
xn in U. Now arguing as in the proof of Theorem 6.4, we can prove that F has a
fixed point in U. �

Remark 6.8. If in Theorem 6.6 we add the hypothesis � 2 U and replace condition
(a) by

(a’) u ¤ �F.u/; � 2 .0; 1/; u 2 @�U,

then we obtain the same conclusion without assuming that ˆ is semi-additive.

Corollary 6.6. Let .E; k:k/ be a Banach space, � � E a nonempty unbounded
closed convex subset, U � � an open set (with respect to the topology of �) and
let z be an element of U. Assume F W E ! E is nonexpansive and F W U �! � is a
.ws/-compact such that F.U/ is bounded. In addition suppose that

(a) u � z ¤ �.F.u/ � z/; � 2 .0; 1/; u 2 @�U:
(b) F is .dwc/.

Then, F has a fixed point in U:

Proof. The proof follows immediately from Theorem 6.6, once we show that F is
ˇ-nonexpansive. To see this, let D be a bounded set of � and d D ˇ.D/. Let " > 0,
and then there exists a weakly compact set K of E with D � K C BdC".�/. So for
x 2 D there exist y 2 K and z 2 BdC".�/ such that x D y C z and so

kF.x/ � F.y/k � kx � yk � d C ":



6.4 Fixed Point Results 159

It follows immediately that

F.D/ � F.K/C BdC".�/

� F.K/C BdC".�/:

Since F is a .ws)-compact mapping and K is weakly compact then F.K/ is compact
and hence weakly compact. Thus, ˇ.F.D// � .d C "/. Since " > 0 is arbitrary, then
ˇ.F.D// � ˇ.D/. Accordingly, F is ˇ-nonexpansive. �

Theorem 6.7. Let � be a nonempty closed convex subset of a Banach space E and
considerˆ a MWNC on E. Assume that F W � ! � is a mapping with the following
properties:

(i) F is ˆ-condensing,
(ii) F is a .ws/-compact mapping,

(iii) There exists x0 2 � and R > 0 such that F.x/�x0 ¤ �.x�x0/ for every � > 1
and for every x 2 � \ SR.x0/:

Then F has a fixed point.

Proof. Consider �R D � \ BR.x0/. Then �R is a nonempty bounded closed and
convex subset of �. Define for each x 2 �

r.x/ D
8
<

:

.1 � R
kx�x0k /x0 C R

kx�x0k x; if kx � x0k > R;

x; if kx � x0k � R:

Clearly r is a continuous retraction of � on �R. Thus we can define the mapping
rF W �R ! �R by rF.x/ D r.F.x//. Since r is continuous and F is .ws/-compact,
obviously rF is also .ws/-compact. On the other hand, by hypothesis, if D � �R is
such that Dw is not weakly compact, we have that ˆ.F.D// < ˆ.D/. We claim that
ˆ.rF.D// < ˆ.D/. If x 2 F.D/ � F.�R/ there are two possibilities

1. kx � x0k � R, in this case r.x/ D x 2 F.D/ � co.F.D/ [ fx0g/.
2. kx � x0k > R, in this case r.x/ D .1 � R

kx�x0k /x0 C R
kx�x0k x 2 co.F.D/ [ fx0g/.

The above argument yields rF.D/ � co.F.D/[ fx0g/. Now, using the properties of
the MWNC ˆ and the properties of F, we have that

ˆ.rF.D// � ˆ.F.D// < ˆ.D/;

as claimed.
The above argument shows that rF W �R ! �R so Theorem 6.3 guarantees that

there exists y0 2 �R such that rF.y0/ D y0. We now show F.y0/ D y0. Indeed, we
have:

if F.y0/ 2 �R then y0 D rF.y0/ D r.F.y0// D F.y0/, otherwise
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if F.y0/ … �R then y0 D rF.y0/ D r.F.y0// D .1 � R
kF.y0/�x0k /x0 C

R
kF.y0/�x0k F.y0/.

Consequently ky0 � x0k D R and, if we take � D kF.y0/�x0k
R > 1, then F.y0/� x0 D

�.y0 � x0/, which is a contradiction. The proof is now complete. �

Corollary 6.7. Let � be a nonempty closed convex subset of a Banach space E.
Assume that F W � ! � is a mapping with the following properties:

(i) F is weakly compact,
(ii) F is a .ws/-compact mapping,

(iii) There exists x0 2 � and R > 0 such that F.x/�x0 ¤ �.x�x0/ for every � > 1
and for every x 2 � \ SR.x0/:

Then F has a fixed point.

Theorem 6.8. Let � be a nonempty closed convex subset of a Banach space E
and consider ˆ a positive homogenous semi-additive MWNC on E. Assume that
F W � ! � is a mapping with the following properties:

(i) F is ˆ-nonexpansive,
(ii) F is a .ws/-compact mapping,

(iii) F is .dwc/,
(iv) There exists x0 2 � and R > 0 such that F.x/� x0 ¤ �.x � x0/ for every � > 1

and for every x 2 � \ SR.x0/:

Then F has a fixed point.

Proof. Define Fn D tnF C .1 � tn/x0; n D 1; 2; : : :, where ftngn is a sequence of
.0; 1/ such that tn �! 1. Since x0 2 � and � is convex, it follows that Fn maps �
into itself. Moreover, Fn is ˆ-condensing and .ws/-compact mapping, for example
see the proof of Theorem 6.4.

By assumption .iv/, we have that Fn.x/ � x0 ¤ �.x � x0/ for all � > 1 and for
every x 2 � \ SR.x0/. Otherwise, we can find z 2 � \ SR.x0/ and � > 1 such that
Fn.x/ � x0 D �.x � x0/, but if this holds, then

�.z � x0/ D Fn.z/ � x0 D tn.F.z/ � x0/;

consequently F.z/ � x0 D �
tn
.z � x0/ which is a contradiction.

These properties allow us to invoke Theorem 6.7 and hence we have that there
exists a bounded sequence fxngn (fxngn � �\ BR.x0/) such that xn D Fn.xn/: Now,
following the proof of Theorem 6.4 gives the result. �

In the rest of this section we shall discuss a nonlinear Leray–Schauder alternative
for positive operators. Let E1 and E2 be two Banach lattices, with positive cones EC

1

and EC
2 ; respectively. An operator T from E1 into E2 is said to be positive, if it

carries the positive cône EC
1 into EC

2 (i.e., T.EC
1 / � EC

2 ).
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Theorem 6.9. Let � be a nonempty unbounded closed convex of a Banach lattice
E such that �C WD � \ EC ¤ ;. Assume F W � �! � is a positive .ws/-compact
operator. If F.�/ is relatively weakly compact then, F has at least a positive fixed
point in �.

Proof. Now �C is a closed convex subset of EC and F.�C/ � �C. Also,
F.�C/ � F.�/, so F.�C/ is relatively weakly compact. Now, it suffices to apply
Theorem 6.2 to prove that F has fixed point in �C � �. �

Theorem 6.10. Let� be a nonempty unbounded closed convex of a Banach lattice
E such that �C ¤ ;. Assume ˆ is a MWNC on E and F W � �! � a positive ˆ-
condensing .ws/-compact mapping with F.�/ is bounded. Then, the set of positive
fixed points of F in � is nonempty and compact.

Proof. Let x0 2 �C and D D fFn.x0/; n 2 Ng where F0.x0/ D x0. Then
D D F.D/ [ fx0g and D � �C. Arguing as in the proof of Theorem 6.3, there
exists a closed convex subset K such that K \ EC ¤ ;, F.K/ � K and F.K/ is
relatively weakly compact. So, by Theorem 6.9, F has a positive fixed point in�.�

Theorem 6.11. Let� be a nonempty unbounded closed convex subset of a Banach
lattice space E. In addition, let U � � an open set (with respect to the topology of
�) and let z be an element of U\EC. Assumeˆ is a MWNC on E and F W U �! �

is a positive ˆ-condensing .ws/-compact mapping with F.U/ is bounded. Then,
either

.A1/ F has a positive fixed point, or

.A2/ there is a point u 2 @�U \ EC (the positive boundary of U in �) and
� 2 .0; 1/ with u D �F.u/C .1 � �/z:

Proof. Suppose .A2/ does not hold and F does not have a positive fixed point in
@�U (otherwise, we are finished, i.e., A1 occurs. Let D be the set defined by

D D
�

x 2 U \ EC W x D �F.x/C .1 � �/z; for some � 2 Œ0; 1�
�

:

Since E is a normed lattice, EC is closed, and so, U \ EC is a closed subset of �.
Arguing as in the proof of Theorem 6.5, we prove that D is compact and that there is
a continuous function ' W � �! Œ0; 1�, such that '.x/ D 1 for x 2 D and '.x/ D 0

for x 2 � n U. Let F� W � �! � be the mapping defined by:

F�.x/ D '.x/F.x/C .1 � '.x//z:

Clearly F�.�/ is bounded. Because @�U D @�U, ' is continuous and F is a
positive .ws/-compact andˆ-condensing operator, and we have that F� is a positive
.ws/-compact and ˆ-condensing operator. Therefore, following again the proof of
Theorem 6.5 we obtain our result. �
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Corollary 6.8. Let � be a nonempty unbounded closed convex subset of a Banach
space E. In addition, let U � � an open set (with respect to the topology of �)
such that � 2 U, and F W U �! � a positive .ws/-compact map, ˆ-condensing
and F.U/ is bounded. We suppose that

for all y 2 @�U \ EC; y … ˚�F.y/; � 2 .0; 1/�;

then the set of positive fixed points of F in U is nonempty and compact.

Lemma 6.2. Let � be a nonempty closed convex subset of a Banach space E, U a
nonempty bounded subset of �, z 2 U and ˆ a MWNC on E. If F W U �! � is
ˆ-condensing, then there exists a nonempty closed and convex subset K of � such
that z 2 K \ U, K \ U is relatively weakly compact and F.K \ U/ is a subset of K.

Proof. We consider the family G D ˚
D � � W D bounded;D D coD; z 2 D;F.D \

U/ � D
�
. Obviously G is nonempty, since co.F.U/ [ fzg/ 2 G. We let K D \

D2GD.

We have that K is bounded closed convex and z 2 K. If x 2 K\U, then F.x/ 2 D for
all D 2 G and hence F.K \ U/ � K. Therefore, we have that K 2 G. We will prove
that K \U is relatively weakly compact. Denoting by K� D co.F.K \U/[fzg/, we
have K� � K, which implies that F.K� \ U/ � F.K \ U/ � K�. Therefore K� 2 G
and K � K�. Hence K D K�. If ˆ.K \ U/ ¤ 0, we obtain

ˆ.K\U/ � ˆ.K/ � ˆ.coF.K\U/[fzg/ � ˆ.F.K\U/[fzg/ � ˆ.F.K\U// < ˆ.K\U/;

which is a contradiction, soˆ.K \ U/ D 0 and K \ U is relatively weakly compact.
�

Theorem 6.12. Let � be an unbounded closed convex subset of a Banach space
.E; k:k/ with � 2 � and ˆ a MWNC on E. Suppose that F W � �! � is a .ws/-
compact and ˆ-condensing operator such that it is strictly quasibounded, that is,

l D lim sup
kxk�!1

x2�

kF.x/k
kxk < 1:

Then F has a fixed point in �.

Proof. Consider the set

D D
�

x 2 � W x D �F.x/; for some � 2 Œ0; 1�
�

:

The set D is nonempty because � 2 D. We show that there is a R > 0 sufficiently
large such that SR.�/ \ D D ;. Indeed, if we suppose the contrary, then for every
positive integer n there exists xn 2 � and �n 2 Œ0; 1� such that kxnk D n and
�nF.xn/ D xn. It follows that �n ¤ 0 and consequently F.xn/ D ��1

n xn, where
��1

n � 1. Thus we have
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kF.xn/k
kxnk D ��1

n

for all n 2 N. Since f�ngn � Œ0; 1�, there exists a convergent subsequence f�nk gk2N
of f�ngn such that lim

k�!1�nk D ��. The limit can be 0 or not. Hence in both of the

situations we have that

lim
k�!1

kF.xnk/k
kxnk k

exists and it belongs to Œ1;C1�. Since lim
k�!1kxnk k D C1, we have that

lim sup
kxk�!1

x2�

kF.x/k
kxk � 1;

which is a contradiction. Hence there exists R > 0with the property indicated above.
Consider the set � \ BR.�/. Obviously, � \ BR.�/ ¤ ;, since � 2 � \ BR.�/. By
Lemma 6.2, there exists a nonempty closed and convex subset K of � with � 2 K,
K\BR.�/ is relatively weakly compact and F.K\BR.�// � K. Now, by Remark 6.2
.ii/, the set F.K \ BR.�//[ f�g is relatively compact. Without loss of generality we
may suppose that F has no fixed point in K \ SR.�/. Set

X1 D
�

x 2 K \ BR.�/ W x D �F.x/; for some � 2 Œ0; 1�
�

:

We claim that X1 is a compact set of E. Indeed, since � 2 X1, we conclude that X1 is
nonempty. Let fxng be an arbitrary sequence in X1, converging to x� 2 K \ BR.�/.
For every n 2 N, there exists �n 2 Œ0; 1� such that xn D �nF.xn/. Since f�ng �
Œ0; 1�, there exists a convergent subsequence f�nk gk of f�ng such that lim

k�!1�nk D
�� 2 Œ0; 1�. So, by the continuity of the operator F, we obtain that �nk F.xnk/ �!
��F.x�/. Hence x� D ��F.x�/ and x� 2 X1. In conclusion we have that X1 is
closed. Next, we shall prove that the set X1 is sequentially compact. To see this,
let fxng be any sequence in X1. Since F.K \ BR.�// is relatively compact, there
exist subsequences f�nk g and fF.xnk/g such that �nk �! � 2 Œ0; 1� and F.xnk/ �!
y 2 K and hence xnk D �nk F.xnk/ �! �y. Accordingly, X1 is compact. Because
E is a Hausdorff locally convex space, we have that E is completely regular. Since
X1 \ .K \ SR.�// D ; and SR.�/\ K is closed in E, by Proposition 1.1, there exists
a continuous function ' W E �! Œ0; 1� such that '.x/ D 1 for all x 2 K \ SR.�/ and
'.x/ D 0 for all x 2 X1. Let an operator G W K �! K be defined by

G.x/ D
8
<

:

.1 � '.x//F.x/; if x 2 K \ BR.�/;

�; if x 2 K n intBR.�/:
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Since @K.K \ intBR.�// D @K.K \ BR.�//, ' is continuous and F is continuous, it
is immediate that G is continuous. Now, we prove that G is .ws/-compact. To this
end, let fxng be a weakly convergent sequence in K. We consider two cases:

a/ there exists some n0 2 N such that for all n .n � n0 H) xn 2 K \ BR.�//.
In this case, the sequence fxngn�n0 lies in K \ BR.�/ and converges weakly in
K \ BR.�/ (K \ BR.�/ is a closed convex subset of E and hence weakly closed).
Since F is .ws/-compact, the sequence fF.xn/gn�n0 has a strongly convergent
subsequence fF.xnj/g whose limit y belongs to K. Using the compactness of
Œ0; 1�, we can extract from f'.xnj/g a convergent subsequence f'.xnjk

/g, such
that lim

k�!1'.xnjk
/ D ��� 2 Œ0; 1�. As a result, the sequence fG.xnjk

/g verifies

G.xnjk
/ D .1 � '.xnjk

//F.xnjk
/ and lim

k�!1G.xnjk
/ D .1 � ���/y 2 K.

b/ If fxng is such that for all n, there exists ns 2 N such that xns … K \ BR.�/, then
we may consider a subsequence fxnsg � K n .K \ BR.�// such that G.xns/ D
� �! � 2 K.

From a/ and b/, G is .ws/-compact. Also, G.K/ � co.F.K \ BR.�//[ f�g/. Let
H D co.F.K \ BR.�// [ f�g/. Obviously, H is a compact convex subset of E and
hence G.H/ � H is relatively compact. Theorem 6.3 shows that G has a fixed point
x0 2 K. From x0 2 H � K \ BR.�/, it follows that x0 D G.x0/ D .1� '.x0//F.x0/,
which implies x0 2 X1 and so '.x0/ D 0. Thus, x0 is a fixed point of F. �

Corollary 6.9. Let � be an unbounded closed convex subset of a Banach space
.E; k:k/ with � 2 �. Suppose that F W � �! � is a .ws/-compact and weakly
compact operator such that it is strictly quasi-bounded. Then F has a fixed point
in �.

6.5 Positive Eigenvalues and Surjectivity for Nonlinear
Operators

Given a Banach space .E; k:k/ and a general mapping F W E �! E, the following
question is fundamental: Does the mapping F have an eigenvalue?

We recall that a real number �0 is said to be an eigenvalue for F if there exists an
element x0Ą 2 Enf�g such that F.x0/ D �0x0. In this section we show the existence
of positive eigenvalues and eigenvectors of .ws/-compact, weakly compact, and
weakly condensing mappings defined on unbounded domains.

Proposition 6.4. Let E be a Banach space, � � E a nonempty unbounded closed
convex subset, U � � an open set (with respect to the topology of �) and such that
� 2 U. Assume that F W U �! � is a .ws/-compact mapping which satisfies F.U/
is bounded and F.D/ is relatively weakly compact whenever D is a bounded set of
U. In addition suppose F has no fixed point in U. Then, there exist an x 2 @�U and
� 2 .0; 1/ such that x D �F.x/.
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Proof. This is an immediate consequence of Theorem 6.9. �

Theorem 6.13. Let E be a Banach space, � � E a nonempty unbounded closed
convex subset, U � � an open set (with respect to the topology of �) and such
that � 2 U. In addition let ˆ be a positive homogenous MWNC on E, k � 1 and
F W U �! � a ˆ-nonexpansive .ws/-compact mapping, with F.U/ is bounded.
Suppose that there is a real number c > k such that

F.U/ \ .c:U/ D ;:

Then there exists an x 2 @�U and � � c such that F.x/ D �x:

Proof. We suppose that for all x 2 @�U and � � c, F.x/ ¤ �x. Let F1 D 1
c F and

D D
�

x 2 U W x D �F1.x/; for some � 2 Œ0; 1�
�

:

Now D is nonempty and bounded, because � 2 D and F.U/ is bounded. We have
D � co.f�g [ F1.D//. So, since ˆ.D/ ¤ 0; F is ˆ-nonexpansive and c > 1 we
have

ˆ.D/ � ˆ.co.f�g [ F1.D// � 1

c
ˆ.F.D// < ˆ.D/;

which is a contradiction. Hence, ˆ.D/ D 0 and D is relatively weakly compact.
Clearly F1 is a .ws/-compact mapping and so D is compact. We claim that D \
.� n U/ D ;. We suppose to the contrary that D \ .� n U/ ¤ ;, and then there
exists an x 2 � n U and ˛ 2 Œ0; 1� such that ˛F1.x/ D x. If ˛ D 0, then x D � ,
which contradicts � 2 U. If ˛ ¤ 0, then F.x/ D c

˛
x . c

˛
� c/, which contradicts the

hypothesis. Thus, D \ .� n U/ D ;. Let F�
1 W � �! � be the mapping defined by:

F�
1 .x/ D '.x/F1.x/;

where ' W � �! Œ0; 1�, is a continuous function such that '.x/ D 1 for x 2 D and
'.x/ D 0 for x 2 � n U. Arguing as in the proof of Theorem 6.5, we prove that
F1 is a ˆ-condensing .ws/-compact mapping with F1.�/ is bounded. Therefore,
Theorem 6.3 implies that F�

1 has a fixed point x1 2 �. If x1 62 U, '.x1/ D 0

and x1 D � , which contradicts the hypothesis � 2 U. Then x1 2 U and x1 D
'.x1/F1.x1/, which implies that x1 2 D, and so '.x1/ D 1 and F.x1/ D cx1. Hence,
F.U/ \ .c:U/ ¤ ;, another contradiction. Accordingly, there exist an x 2 @�U and
� � c such that F.x/ D �x. �

Proposition 6.5. Let E be a Banach space, k � 1 and F W B1.�/ �! E a ˇ-
nonexpansive .ws/-compact mapping. Suppose that there is a real number c > k
such that kF.x/k � c for all x 2 B1.�/. Then there exist an x 2 S1.�/ and � � c
such that F.x/ D �x:
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Proof. It suffices to note that De Blasi’s measure ˇ of weak noncompactness is
positive and homogenous. �

Theorem 6.14. Let � be an unbounded closed convex subset of a Banach space
.E; k:k/ with � 2 � and ˆ a positive homogeneous MWNC on E. Suppose that
F W � �! � is a .ws/-compact and ˆ-condensing operator such that F.�/ ¤ �

and

l D lim sup
kxk�!1

x2�

kF.x/k
kxk < 1:

If � > l and � � 1, then � is an eigenvalue of F.

Proof. Let � > l and � � 1. Consider an operator G W � �! �, defined by

G.x/ WD 1

�
F.x/ for x 2 �:

Let D be an arbitrary bounded subset of �. Then we have

ˆ.G.D// D 1

�
ˆ.F.D// � ˆ.F.D//:

So, if ˆ.D/ ¤ 0 we have

ˆ.G.D// < ˆ.D/:

Therefore, G is ˆ-condensing. From � > l it follows that

lim sup
kxk�!1

x2�

kG.x/k
kxk D 1

�
lim sup
kxk�!1

x2�

kF.x/k
kxk D l

�
< 1:

Hence Theorem 6.12 implies that G has a fixed point x0 2 �. Because F.�/ ¤ � ,
we have that F.x0/ D �x0 and x0 ¤ � . Thus, � is an eigenvalue of F. �

Corollary 6.10. Let � be an unbounded closed convex subset of a Banach space
.E; k:k/ with � 2 �. Suppose that F W � �! � is a .ws/-compact and weakly
compact operator such that F.�/ ¤ � and

l D lim sup
kxk�!1

x2�

kF.x/k
kxk < 1:

If � > l and � � 1, then � is an eigenvalue of F.

Theorem 6.15. Let � be a closed wedge in a Banach space .E; k:k/ and ˆ a
positive homogeneous MWNC on E. Let F W � �! � be a .ws/-compact and
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k-ˆ-condensing operator with 0 < k < 1 such that F.�/ ¤ � and

l D lim sup
kxk�!1

x2�

kF.x/k
kxk < 1:

If � > l and � � k, then � is an eigenvalue of F.

Proof. Fix � > 1 such that � � k and define an operator G W � �! � by

G.x/ WD 1

k
F.x/ for x 2 �:

We show that G is ˆ-condensing. Let A � � be bounded such that ˆ.A/ > 0. Then

ˆ.G.A// D 1

k
ˆ.F.A// < ˆ.A/

because F is k-ˆ-condensing. It follows from F.�/ ¤ � that G.�/ ¤ � and

lim sup
kxk�!1

x2�

kG.x/k
kxk D l

k
< 1:

Hence by Theorem 6.14, �
0

is an eigenvalue of G for every �
0

> l
k with �

0

> 1.
Taking �

0 D �
k , there exists an x 2 �with x ¤ � such that G.x/ D �

k x or F.x/ D �x.
This completes the proof. �

Corollary 6.11. Let� be a closed wedge in a Banach space .E; k:k/. Suppose that
F W � �! � is a .ws/-compact and weakly compact operator such that F.�/ ¤ �

and

l D lim sup
kxk�!1

x2�

kF.x/k
kxk < 1:

If � > l, then � is an eigenvalue of F.

Theorem 6.16. Let � be a closed wedge in a Banach space .E; k:k/ and ˆ a
positive homogeneous and subadditive MWNC on E. Suppose that F W � �! �

is a ˆ-condensing and .ws/-compact operator such that .I � F/.�/ � � and

l D lim sup
kxk�!1

x2�

kF.x/k
kxk < 1:

Then .I � F/j� W � �! � is surjective.
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Proof. We shall use some ideas of [119]. Fix y 2 �. From the definition of l, there
is a real number R0 > 0 such that

kF.x/k � lkxk for all x 2 � with kxk � R0:

Choose a real number R � R0 such that .1 � l/R > kyk. Consider the set

D D
�

x 2 � \ BR.�/ W x D �F.x/C �y; for some � 2 Œ0; 1�
�

:

Arguing as in the proof of Theorem 6.12, we prove that D is a compact set of E.
We now claim that D \ SR.�/ D ;. Indeed, if �F.x/ C �y D x for some .�; x/ 2
Œ0; 1� � SR.�/, then

R D kxk D k�F.x/C �yk � kF.x/k C kyk � lkxk C kyk

and hence .1� l/R � kyk, which contradicts our choice of R0. Since D\SR.�// D ;
and SR.�/ \ � is closed in E, then by Proposition 1.1, there exists a continuous
function ' W E �! Œ0; 1� such that '.x/ D 1 for all x 2 �\ SR.�/ and '.x/ D 0 for
all x 2 D. Let an operator G W � �! � be defined by

G.x/ D
8
<

:

.1 � '.x//F.x/C .1 � '.x//y; if x 2 � \ BR.�/;

�; if x 2 � n intBR.�/:

Since G.�/ � conv.F.� \ BR.�// C fyg/ [ f�g/ and the set � \ BR.�/ C fyg is
bounded, we deduce that G is strictly quasi-bounded. Following an argument similar
to that in Theorem 6.12, we obtain that the operator G is .ws/-compact. We show
that G is ˆ-condensing. Let A be a bounded subset of � such that ˆ.A/ > 0. Then
G.A/ � conv.F.A \ BR.�//C fyg/ [ f�g/ and so

ˆ.G.A// � ˆ.conv.F.A \ BR.�//C fyg/ [ f�g// � ˆ.F.A \ BR.�//C fyg/ [ f�g//
� ˆ.F.A \ BR.�///Cˆ.fyg/ < ˆ.A/;

since F is ˆ-condensing. This shows that G is ˆ-condensing and so, by Theo-
rem 6.12, G has a fixed point x0 2 �. From � 2 int.BR.�//\� � int�.�\BR.�//,
it follows that x0 D G.x0/ D .1�'.x0//F.x0/C .1�'.x0//y, which implies x0 2 D
and so '.x0/ D 0. Thus, .I � F/.x0/ D y and so .I � F/j� is surjective. �

Corollary 6.12. Let � be a closed wedge in a Banach space .E; k:k/. Suppose
that F W � �! � is a .ws/-compact and weakly compact operator such that
.I � F/.�/ � � and
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l D lim sup
kxk�!1

x2�

kF.x/k
kxk < 1:

Then .I � F/j� W � �! � is surjective.

Theorem 6.17. Let � be a closed wedge in a Banach space .E; k:k/ and ˆ a
positive homogeneous and subadditive MWNC on E. Let F W � �! � be a .ws/-
compact and k-ˆ-condensing operator with 0 < k < 1 such that F.�/ ¤ � and

l D lim sup
kxk�!1

x2�

kF.x/k
kxk < 1:

If � > l and � � k, then .�I � F/j� W � �! � is surjective whenever .�I � F/
.�/ � .�/.

Proof. Fix � > l such that � � k. We show that .I � 1
�

F/j� W � �! � is surjective.
Let G W � �! � be an operator defined by

G.x/ D 1

�
F.x/ for x 2 �:

We claim that G is ˆ-condensing. Indeed, let D � � be bounded such that
ˆ.D/ > 0. Then

ˆ.G.D// D 1

�
ˆ.F.D// < ˆ.D/

because F is k-ˆ-condensing. It follows from F.�/ ¤ � that G.�/ ¤ � and

lim sup
kxk�!1

x2�

kG.x/k
kxk D l

�
< 1:

Hence by Theorem 6.16, the operator .I � G/j� is surjective and so, because �
is a wedge, we deduce that .�I � F/j� is surjective. �

6.6 Applications

We discuss a nonlinear eigenvalue value problem in a general setting. In particular
we discuss generalized Hammerstein type integral equations.
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Theorem 6.18. Let X, Y be finite dimensional Banach spaces, D a compact subset
of Rn, � 2 R and E D L1.D;X/. Assume that

(a) G W B1.�/ ! E is a ws-compact, weakly compact operator,
(b) f W D � X ! Y satisfies the Carathéodory conditions i.e., f is strongly

measurable with respect to t 2 D, for all x 2 X, and continuous with respect to
x 2 X, for almost all t 2 D,

(c) There are a 2 L1.D/ and b � 0 such that

kf .t; x/k � a.t/C bkxk; t 2 D; x 2 X;

(d) k W D � D ! L.Y;X/ (the space of bounded linear operators from Y into X) is
strongly measurable and the linear operator K defined by

.K.z//.t/ D
Z

D
k.t; s/z.s/ ds;

maps L1.D;Y/ into L1.D;X/ continuously,
(e) The functions s ! k.t; s/ are in L1.D;L.Y;X// for almost all t 2 D,
(f) j�j bkKk � 1 (kKk denotes the operator norm of K).

Consider the nonlinear operator F W B1.�/ ! E given by

F.y/ D G.y/C L.y/ D G.y/C �

Z

D
k.t; s/f .s; y.s// ds:

Set

˛ D j�j .kak C b/kKk; � D inf
y2B1.�/

kG.y/k:

If � > ˛ C 1, then F has a positive eigenvalue whose corresponding vector lies in
S1.�/.

Proof. First, we prove that L is a .ws/-compact, ˇ-nonexpansive operator. From
assumption .b/, we obtain that the Nemytskii operator generated by f and defined by

Nf .y/.t/ WD f .t; y.t//; y 2 L1.D;X/;

maps continuously L1.D;X/ into L1.D;Y/. From assumption .d/ the operator
L D �KNf is continuous. Using assumptions .b/, .c/ and .f / we prove that the
operator L is ˇ-nonexpansive. First, we observe that for all D0 � D we have

Z

D0

kNf .y/.t/kdt �
Z

D0

a.t/dt C b
Z

D0

k.y/.t/kdt:
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For any bounded subset Z of B1.�/ we have ˇ.K.Z// � kKkˇ.Z/ and we see that

ˇ.L.H// � j�j bkKkˇ.H/ � ˇ.H/

for any bounded subset H of B1.�/. Now, let fyngn be a weakly convergent sequence
of L1.D;X/, and then fyngn is uniformly bounded and by assumption .b/ we obtain

kf .t; yn/k � a.t/C bkynk: (6.3)

Since fyngn is weakly compact in L1.D;X/, by the Dunford–Pettis criterion it is
uniformly integrable on D, that is

8" > 0; 9 ı > 0; jD0j < ı H)
Z

D0

kyn.t/k dt < " 8n 2 N:

Therefore from (6.3), fNf .yn/gn is uniformly integrable on D, which implies the
weak compactness in L1.D;Y/ of fNf .yn/gn, and hence by the Eberlein–Šmulian
theorem, fNf .yn/gn has a weakly convergent subsequence, say fNf .ynj/gj.

The continuity of the linear operator K implies its weak continuity on L1.D;Y/
for almost t 2 D. Consequently, we obtain that fKNf .ynj/gj and so fL.ynj/gj is
pointwise converging, for almost all t 2 D. Using again the weak continuity of
the linear operator K, we infer that fL.ynj/gj is uniformly integrable on D. Hence,
by Vitali’s convergence theorem, fL.ynj/gj is strongly convergent in L1.D;X/.
Accordingly, the operator L is .ws/-compact. We will now apply Proposition 6.5.
Note for all y 2 B1.�/, we have

kF.y/k � kG.y/k � kL.y/k � � � ˛ > 1:

Now G is a weakly compact, .ws/-compact operator so F is a .ws/-compact and
ˇ-nonexpansive operator. Proposition 6.5, implies that F has an eigenvalue � > 1

with corresponding eigenvector y 2 S1.�/. �



Chapter 7
Approximate Fixed Point Theorems
in Banach Spaces

Let� be a nonempty convex subset of a topological vector space X. An approximate
fixed point sequence for a map F W � �! � is a sequence fxngn 2 � so that
xn � F.xn/ �! � . Similarly, we can define approximate fixed point nets for F. Let
us mention that F has an approximate fixed point net if and only if

� 2 fx � F.x/ W x 2 �g:

In this chapter some approximate fixed point theorems for multivalued mappings
defined on Banach spaces are presented. Weak and strong topologies play a role here
and both bounded and unbounded regions are considered. Also an outline of how to
use approximate fixed point theorems to guarantee that noncooperative game have
approximate Nash equilibria is given.

7.1 Approximate Fixed Point Theorems

Let X be a normed space. For every Y � X we denote the convex hull of Y by
coY . We say that the set Y is totally bounded if for every " > 0, there exists
x1; : : : ; xp" 2 X such that Y � S

i2f1;:::;p"g
B".xi/. For convenience let

© Springer International Publishing Switzerland 2016
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P.X/ D
�

Y � X W Y is nonempty

�

;

Pcv.X/ D
�

Y � X W Y is nonempty and convex

�

;

Pcl.X/ D
�

Y � X W Y is nonempty and closed

�

;

Pcl;cv.X/ D
�

Y � X W Y is nonempty closed and convex

�

:

Definition 7.1 ([94]). We say that a multivalued map F W Y �! P.X/ is partially
closed if the following property holds : if fxıgı2�; xı 2 X; xı �! x; x 2 X; and
fyıgı2�; yı 2 F.xı/; yı �! y, then F.x/\ L.x; y/ ¤ ;, where L.x; y/ D fx C �.y �
x/ W � � 0g.

Definition 7.2. For fixed ˇ 2�0; 1Œ, we say that a multivalued map F W Y �! P.X/
is ˇ-partially closed if for every net fxıgı2�; xı 2 X; xı �! x; x 2 X; and

fyıgı2�; yı 2 F.xı/; yı �! y, then F.x/ \ L
�

x
1�ˇ ; y

�
¤ ;. By considering X with

the weak topology we say that F is respectively w-partially closed, ˇ-w-partially
closed.

Definition 7.3 ([57]). Suppose .X; k:k/ is a normed space and Y � X, and let
d.x;Y/ D inf y 2 Ykx � yk. For a fixed multivalued map F W Y �! P.X/,
let us denote by WF.X/ the set of all points x 2 X such that there exists
at least one sequence fxngn in X which weakly converges to x and such that

lim
n�!1 d.xn;F.xn// D 0. The multivalued map I � F is to be weakly demiclosed

in x 2 WF.X/ if for every sequence fxngn in X which weakly converges to x and
such that lim

n�!1 d.xn;F.xn// D 0, we have x 2 F.x/.

Remark 7.1. One can easily check that the map I � F is weakly demiclosed on
WF.X/ if it is weakly demiclosed at every point of the set WF.X/ and this
definition is well posed if the set WF.X/ is nonempty.

For a normed .X; k:k/ space and for F W Y �! P.Y/ with Y � X, the set
fx 2 Y W d.x;F.x// D inf

y2F.x/
fky � xk � "g of "-fixed points of the multivalued

mapping F on Y is denoted by FIX".F/ and the set of all fixed point of F is denoted
by FIX.F/.

First, we give a result on the existence of approximate fixed points for multival-
ued mappings in reflexive Banach spaces.

Theorem 7.1. Let X be reflexive real Banach space and let � be a bounded and
convex subset of X with nonempty interior. Assume that F W � �! Pcv.�/ is a
weakly closed multivalued map (that is, a multivalued map closed with respect to
the weak topology). Then FIX".F/ ¤ ; for each " > 0.
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Proof. Suppose without loss of generality that � 2 int�. Let ˛ D supfkxk; x 2 �g.
Take " > 0 and 0 < ı < 1 such that ı˛ � ". Let C be the weakly compact and
convex subset of X defined by C D .1�ı/�, where� is the closure of�. We prove
the following inclusion

C � �: (7.1)

Fix z� 2 C D .1�ı/�, and there exists z 2 � such that z� D .1�ı/z. Obviously, if
z 2 � we have z� 2 �. Now, consider the case � n�. If we show that the segment
Œ�; zŒD ftz W t 2 Œ0; 1�g � � then z� 2 � again. Suppose, contrary to our claim,
that there exists w 2 Œ�; zŒ such that w … �. By the convexity of Y we have that
Œ�; zŒ� � and so w 2 �. Then we note that, for every n 2 N, there exists a point
xn 2 B 1

n
.w/ such that

xn … �: (7.2)

Put � D kwk > 0 and r > 0 such that Br.�/ � �, and there exists �� > 0 with
� D r C ��. Next, for every n 2 N, consider

in D inf
i�0 kz C t.xn � z/k: (7.3)

Clearly, we have

in � tkxn � wk C kz C t.w � z/k for all t � 0:

Therefore, for fixed t � 0 such that � D z C t.w � z/, we can deduce that the
sequence fingn converges to � by the inequality:

0 � in � tkxn � wk � t

n
for all n 2 N:

Hence there exists n 2 N such that 1
n < �� and in < r. Therefore, by (7.3) we can

find tn � 0 such that the point yn D z C tn.xn � z/ 2 Br.�/. If tn � 1 we deduce

kz � wkC� D kzk � kynkCkz � ynk < r C tnkxn � zk � r Ckxn � wkCkw � zk;

and so we get the contradiction � < r C kxn � wk < r C �� D �:

Conversely, suppose tn > 1, and the convexity of � implies

xn D yn

tn
C .1 � 1

tn
/z 2 �;

which is contrary to (7.2). Therefore, we can conclude that the segment Œ�; zŒ is
included in Y and then z� 2 Y again. Consequently, (7.1) is true.



176 7 Approximate Fixed Point Theorems in Banach Spaces

Next, define the multivalued map G W C �! P.C/ by G.x/ D .1 � ı/F.x/
for all x 2 C. Then G is a weakly closed multivalued with nonempty, convex, and
weakly compact values. But, with respect to the weak topology, X is a Hausdorff
locally convex topological vector space, so from the Fan-Glicksberg theorem (see
Theorem 1.38) G has at least one fixed point on C. So there is an x� 2 G.x�/ D
.1 � ı/ � F.x�/. Then there is a z 2 F.x�/ such that x� D .1 � ı/z, so kz � x�k D
ıkzk � ı˛ � ". Hence x� is an "-fixed point of F. �

Theorem 7.2. Let X be a reflexive and separable real Banach space and let � be
a bounded and convex subset of X with nonempty interior. Assume that F W � �!
Pcv.�/ is a weakly upper semicontinuous multivalued map (that is, a multivalued
upper semicontinuous with respect to the weak topology). Then FIX".F/ ¤ ; for
each " > 0.

Proof. As in the proof of Theorem 7.1, we assume that � 2 int � and
˛ D supfkxk; x 2 �g. Take " > 0 and 0 < ı < 1 such that ı˛ � "

2
and

C D .1�ı/�. Define the multivalued map G W C �! P.C/ by G.x/ D .1�ı/F.x/
for all x 2 C. Now G is weakly upper semicontinuous. In fact, since X is a separable
real Banach space and � is bounded, there exists a metric dw on X such that the
weak topology on � is induced by the metric dw (see Theorem 1.14). Let x 2 C
and assume that U is a weak neighborhood of G.x/. For � > 0, we denote with
U� the open set fy 2 C W dw.y;G.x// < �g. Since G.x/ is weakly compact,
we have that dw.C n U;G.x// D inffdw.y; z/ W y 2 C n U; z 2 G.x/g > 0,
where C n U D fy 2 C W y … Ug. So, if 0 < � 0 < � < dw.C n U;G.x//
we have G.x/ � U� 0 � fy 2 C W dw.y;G.x// � � 0g � U� � U. In view
of the weak upper semicontinuity of the multivalued map .1 � ı/F, there exists
an open neighborhood V of x such that .1 � ı/F.z/ � U� 0 for all z 2 V .
Therefore G.z/ D .1 � ı/F.z/ � fy 2 C W dw.y;G.x// � � 0g � U for all
z 2 V . So G is a weakly upper semicontinuous multivalued map at x. In light of
Theorem 1.36, G is also a weakly closed multivalued map at x. Therefore, from
the Fan-Glicksberg theorem (see Theorem 1.38), there exists a point x� 2 C such
that x� 2 G.x�/. Hence, there exists z 2 F.x�/ such that x� D .1 � ı/z, so
kz � x�k D ıkzk � ı˛ � "

2
. Moreover, there is z0 2 F.x�/ such that kz0 � zk < "

2
.

Hence kz0 � x�k < ", that is, x� 2 FIX".F/. �

In the next theorem the strong topology is involved

Theorem 7.3. Let X be a real Banach space and let � be a convex and totally
bounded subset of X with nonempty interior. Assume that F W � �! Pcv.�/ is
a closed or upper semicontinuous multivalued map. Then FIX".F/ ¤ ; for each
" > 0.

Proof. Assume without loss of generality that � 2 int �. Take " > 0 and
� > 0. Since � is totally bounded there exists m 2 N and x1; : : : ; xm 2 X such
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that � �
mS

iD1
B�.xi/, where B�.xi/ D fy 2 X W ky � xik < �g. Moreover, let

h D maxfkxik W i 2 f1; : : : ;mgg: If 0 < ı < 1 the set C D .1� ı/� is a nonempty,
convex, and totally bounded subset of X. Since C is also closed, C is complete and
therefore compact.

First, we assume that F is a closed multivalued map and we take 0 < ı < 1

such that ı.� C h/ � ". Then the multivalued map G W C �! P.C/ by G.x/ D
.1 � ı/F.x/ for all x 2 C, is closed. This implies from the Fan-Glicksberg theorem
(see Theorem 1.38) that G possesses a fixed point x�. Then there is a point z 2 F.x�/
such that x� D .1 � ı/z. Since � �

mS

iD1
B�.xi/, there exists an r 2 f1; : : : ;mg such

that z 2 B�.xr/. So, kz � x�k D ıkzk � ı.kz � xrk C kxrk/ < ı.�C h/ � ". Hence
x� 2 FIX".F/.

Assume now that F is an upper semicontinuous multivalued map. We take
0 < ı < 1 such that ı.� C h/ � "

2
. Let G W C �! P.C/, be defined by

G.x/ D .1 � ı/F.x/ for all z 2 C. We claim that G is upper semicontinuous. Let
x 2 C and assume that U is an open neighborhood of G.x/. For each � > 0, we
denote with U� the open set fy 2 C W inf

z2G.x/
kz � yk < �g. As in the proof of

Theorem 7.2, we obtain that G is an upper semicontinuous multivalued map at x
and is also a closed multivalued map at x. From the Fan-Glicksberg theorem (see
Theorem 1.38), there exists a point x� 2 C such that x� 2 G.x�/ and z 2 F.x�/
such that x� D .1 � ı/z. Since � �

mS

iD1
B�.xi/, there exists s 2 f1; : : : ;mg such that

z 2 B�.xs/, so kz � x�k D ıkzk � ı.kz � xsk C kxsk/ < ı.�C h/ � "
2
. Moreover,

there exists a point z0 2 F.x�/ such that kz0 � zk < "
2
, so kz0 � x�k < ", that is,

x� 2 FIX".F/. �

Definition 7.4. Let X be a normed space and � � X with � 2 �. A multivalued
map F W � �! P.�/ is called a tame multivalued map if, for each " > 0, there
is an R > 0 such that for each x 2 BR.�/ \� the set F.x/ \ BRC".�/ is nonempty,
where BR.�/ D fx 2 X W kxk � Rg.

Example 7.1. The map F W Œ0;1Œ�! P.Œ0;1Œ/ defined by

F.x/ D Œx C .x C 1/�1;1Œ ; for all x 2 Œ0;1Œ;

is a tame multivalued map on the unbounded set Œ0;1Œ.

Example 7.2. Let X be a normed space. Let F W X �! P.X/ be a multivalued
mapping such that the image F.X/ D fx 2 X W x 2 F.x/ for some x 2 Xg
of F is a bounded set. Then F is a tame multivalued map (for each " > 0, take
R D 1C supfkyk; y 2 F.X/g).

Remark 7.2. It follows from Example 7.2 that each F W � �! P.�/, where � is
a bounded subset of a normed space X and F.x/ is nonempty for all x 2 �, is a tame
multivalued map.
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Example 7.3. Let X be a normed space. The translation T W X �! P.X/ given by
T.x/ D x C a, where a 2 X n f�g, is not tame and for all small " > 0, T has no
"-fixed points.

Theorem 7.4. Let � be a convex subset with nonempty interior, containing � , of a
reflexive real Banach space. Assume that F W � �! Pcv.�/ is a tame and weakly
closed multivalued map. Then FIX".F/ ¤ ; for each " > 0.

Proof. Let " > 0 and R > 0 such that F.x/\ BRC "
2
.�/ ¤ ; for each x 2 BR.�/\�,

and let C D BR.�/ \ �. Now � is a nonempty, bounded, and convex set. Then
G W C �! P.C/ defined by

G.x/ D R.R C "

2
/�1F.x/ \ BRC "

2
.�/ for all x 2 C;

satisfies the conditions of Theorem 7.1. Hence there is x� 2 FIX
"
4 .G/ such that

d.x�;G.x�// � "
4
< "

2
and there exists x0 2 G.x�/ such that kx0 � x�k < "

2
.

Moreover, there exists an element z 2 F.x�/ such that z D R�1.R C "
2
/x0. This

implies that

kz � x�k � kR�1.R C "

2
/x0 � x0k C kx0 � x�k < "

2
R�1kx0k C "

2
� ":

So x� 2 FIX".F/. �

Theorem 7.5. Let � be a convex subset with nonempty interior, containing � , of
a reflexive and separable real Banach space. Assume that F W � �! Pcv.�/ is
a tame and weakly upper semicontinuous multivalued map. Then FIX".F/ ¤ ; for
each " > 0.

Proof. Using the same argument as in the proof of Theorem 7.4, we can show that
the multivalued map G, defined on BR.�/ \� by

G.x/ D R.R C "

2
/�1F.x/ \ BRC "

2
.�/;

satisfies the conditions of Theorem 7.2 and the conclusion follows as in
Theorem 7.4. �

Remark 7.3. By Theorem 7.4, the multivalued map F W Œ0;1Œ�! P.Œ0;1Œ/

defined by

F.x/ D Œx C .x C 1/�1;1Œ ; for all x 2 Œ0;1Œ;

has "-fixed points.

Theorem 7.6. Let X be a reflexive real Banach space, let � be a nonempty convex
subset of X and " > 0. Assume F W � �! Pcv.�/ is a multivalued map satisfying
the following properties:
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.i/ coF.�/ has nonempty interior,
.ii/ F.�/ is bounded in X,
.iii/ there exists ˇ" 2�0; 1Œ; ˛ˇ" � ", such that F is ˇ"-w-partially closed, where

˛ D sup
x2F.�/

kxk.

Then, there exists x" 2 coF.�/ \ FIX".F/.

Proof. From .i/ and .ii/ we have that the convex set C D coF.�/ is also bounded
and has nonempty interior. Suppose without loss of generality that � 2 int C. Put

C" D .1 � ˇ"/C; (7.4)

where ˇ" is the positive number introduced in .iii/ and C is the closure of C in the
Banach space X. Using the same argument in the proof of Theorem 7.4 we prove
the following inclusion

C" � C: (7.5)

Next, consider the map G" W C" �! Pcv.X/ defined by

G".x/ D .1 � ˇ"/F.x/; x 2 C": (7.6)

From (7.4) and taking into account that the values of F are convex, this multivalued
map assumes values in the family Pcv.C"/. The closed and convex set C" in the
Banach space X is also closed in the Hausdorff locally convex topological linear
space X endowed with its weak topology. The reflexivity of the Banach space X
guarantees that the set C" is weakly compact, since C" is normed bounded and
weakly closed (see Theorem 1.3). Moreover, the multivalued map G" is w-partially
closed. Indeed, for a fixed net fxıgı2�; xı 2 C"; xı * x; x 2 C"; and fixed
fyıgı2�; yı 2 G".xı/; yı * y, we can prove that G".x/ \ L.x; y/ ¤ ;. Notice
for every ı 2 �, there exists zı 2 F.xı/ such that yı D .1 � ˇ"/zı . The weak
convergence of the net .yı/ı2� implies that, for every W 2 W.�/ (where W.�/ is
the family of all neighborhoods of � in the weak topology) we have that there exists
ı� 2 � such that yı 2 y C .1 � ˇ"/W for all ı 2 �; ı� � ı, and so the net fzıgı2�,

zı D yı
1 � ˇ" 2 y

1 � ˇ" C W for all ı 2 �; ı� � ı;

converges weakly to the point z D y
1�ˇ" . Thus, by .iii/ we conclude that

F.x/ \ L

�
x

1 � ˇ" ; z
�

¤ ;;
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so there exists a point v 2 F.x/ and a number � � 0 characterized by

v D x

1 � ˇ" C �

�

z � x

1 � ˇ"
�

:

By (7.6) we can write

.1 � ˇ"/v D x C �.y � x/ 2 G".x/ \ L.x; y/:

Since the map G" on the topological linear space X endowed with its weak
topology satisfies all the conditions of the Glebov theorem [94], there exists a point
x" 2 C" such that x" 2 G".x"/ D .1 � ˇ"/F.x"/, and hence there exists a point
y" 2 F.x"/; x" D .1 � ˇ"/y". From .iii/ we have

d.x";F.x"// � kx" � y"k D k.1 � ˇ"/y" � y"k D ˇ"ky"k � ˛ˇ" � ";

i.e., x" 2 � is a "-fixed point for F. Moreover, by (7.5) we also have x" 2coF.�/.
Therefore, the desired result is established. �

Corollary 7.1. Let X be a reflexive real Banach space, let� be a nonempty convex
subset of X and " > 0. Assume F W � �! Pcv.�/ is a multivalued map satisfying
the following properties:

.i/ coF.�/ has nonempty interior,
.ii/ F.�/ is bounded in X,
.iii/ for every " > 0, there exists ˇ" 2�0; 1Œ; ˛ˇ" � ", such that F is ˇ"-w-partially

closed, where ˛ D sup
x2F.�/

kxk.

Then, for every " > 0, there exists x" 2 coF.�/ \ FIX".F/.

Example 7.4. Put X D R and � D� � 2; 2Œ. Let F W � �! P.X/ be the map
defined by

F.x/ D

8
ˆ̂
<̂

ˆ̂
:̂

�� x
2
; 0
�
; if x 2 Œ0; 2Œ;

�
0;� x

2

�
; if x 2� � 2; 0Œ;

f0g; if x D 2:

It is easy to see that F satisfies the hypotheses .i/ and .ii/ of Corollary 7.1. Moreover,
for fixed " > 0 assuming that ˇ" 2�0;minf1; "gŒ we see that F verifies .iii/ of
Corollary 7.1. On the other hand, F is not weakly closed, required in Theorem 7.1.
To this end it is sufficient to note that the sequence fxngn; xn D 2 � 1

n ; xn * x D 2

and the sequence fzngn; zn D �1C 1
n 2 F.xn/; zn * z D �1, but we have z D �1 …

F.2/ D f0g.



7.1 Approximate Fixed Point Theorems 181

Next by using Corollary 7.1 and by assuming the values of F are closed, we can
remove the separability assumption on the reflexive Banach space X, required in
Theorem 7.2.

Proposition 7.1. Let X be a reflexive real Banach space, let � be a nonempty
convex subset of � and " > 0. Assume F W � �! Pcl;cv.�/ is a multivalued
map satisfying the following properties:

.i/ coF.�/ has nonempty interior,
.ii/ F.�/ is bounded in X,
.iii/ F is weakly upper semicontinuous.

Then, for every " > 0, there exists x" 2 coF.�/ \ FIX".F/.

Proof. Consider the Hausdorff locally convex topological linear space X endowed
with its weak topology. Since F has closed and convex values in X, we can say that
its values are weakly closed. By .ii/ they are also weakly compact. By Theorem 1.36
and .iii/, we conclude that the graph of F is weakly closed. Next we show that F
satisfies hypotheses .iii/ of Corollary 7.1. Put ˛ D sup

x2F.�/
kxk and fix " > 0, and

let ˇ" 2�0; 1Œ be such that ˛ˇ" � ". Fix a net fxıgı2�; xı 2 �; xı * x; x 2 �. For
every net fyıgı2�; yı 2 F.xı/; yı * y, by the weak closedness of the graph of F, we

deduce y 2 F.x/ and so F.x/ \ L
�

x
1�ˇ" ; x

�
¤ ; holds. Finally we are in a position

to apply Corollary 7.1 to the map F. Hence, for every " > 0, there exists in coF.�/
an "-fixed point for F. �

Theorem 7.7. Let X be a real Banach space, let � be a nonempty convex subset
of X and " > 0. Assume F W � �! Pcv.�/ is a multivalued map satisfying the
following properties:

.i/ coF.�/ has nonempty interior,
.ii/ F.�/ is totally bounded in X,
.iii/ there exists ˇ" 2�0; 1Œ; ˇ"." C h"/ � ", such that F is ˇ"-w-partially closed,

where h" D maxfkxik W i 2 f1; : : : ; p"gg for x1; : : : ; xp" 2 X such that F.�/ �S

i2f1;:::;p"g
B".xi/.

Then, there exists x" 2 coF.�/ \ FIX".F/.

Proof. Repeating the argument in the proof of Theorem 7.6 we can see that the
convex set C DcoF.�/ satisfies the following properties

� 2 intC; C" D .1 � ˇ"/C � C; (7.7)

where ˇ" is the positive number introduced in .iii/. Clearly, the set C" is nonempty
and convex. By .ii/ we deduce that coF.�/ is a totally bounded subset of X, so C"
is totally bounded too. Since C" is also closed, we have that the metric space C" is
complete with the metric induced by the norm in X. Therefore, it is also compact in
the Banach space X.
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As in the proof of Theorem 7.6, we consider the multivalued map G" W C" �!
Pcv.X/ defined in (7.6). The multivalued map G" is partially closed. Hence, it
satisfies in the Banach space X all the conditions of the Glebov Theorem [94].
Therefore, there exists a point x" 2 C" such that x" 2 G".x"/ D .1 � ˇ"/F.x"/.
It follows that the point y" 2 F.x"/ � C such that x" D .1 � ˇ"/y" satisfies

d.x";F.x"// � kx" � y"k � ˇ"ky"k � ˇ".ky" � xkk C kxkk/ � ˇ"."C h"/ � ";

where k 2 f1; : : : ; p"g is such that y" 2 B".xk/ (see .iii/). Moreover, (7.7) implies
x" 2 coF.�/. Therefore the set coF.�/ \ FIX".F/ is nonempty. �

By using the previous theorem we deduce the following proposition.

Proposition 7.2. Let X be a real Banach space and let � be a nonempty convex
subset of X. Assume F W � �! Pcv.�/ is a multivalued map satisfying the
following properties :

.i/ coF.�/ has nonempty interior,
.ii/ F.�/ is totally bounded in X,
.iii/ for every " > 0, there exists ˇ" 2�0; 1Œ; ˇ"." C h"/ � ", such that F is ˇ"-w-

partially closed, where h" D maxfkxik W i 2 f1; : : : ; p"gg for x1; : : : ; xp" 2 X
such that F.�/ � S

i2f1;:::;p"g
B".xi/.

Then for every " > 0, there exists x" 2 coF.�/ \ FIX".F/.

Theorem 7.8. Let X be a reflexive real Banach space and let � be a nonempty
closed and convex subset of X. Assume F W � �! Pcv.�/ is a multivalued map
satisfying the following properties:

.i/ coF.�/ has nonempty interior,
.ii/ F.�/ is bounded in X,
.iii/ there exists ˇ" 2�0; 1Œ; ˛ˇ" � ", such that F is ˇ"-w-partially closed, where

˛ D sup
x2F.�/

kxk,

.iv/ the multivalued map I � F is weakly demiclosed on WF.�/.
Then, FIX.F/ is nonempty.

Proof. Set " D 1
n ; n 2 N; and by Corollary 7.1, we can choose xn 2 coF.�/ �

� so that d.xn;F.xn// <
1
n . In view of .ii/ we have that the approximate fixed

points sequence fxngn is bounded in the reflexive Banach space X. Therefore, there
exists a subsequence fxnk gnk of fxngn weakly converging to a point x 2 coF.�/.
Since � is closed and convex, x 2 �. The subsequence fxnk gnk converges weakly
to x and satisfies lim

k�!1 d.xnk ;F.xnk// D 0, and therefore, x 2 WF.�/. From .iv/,

x 2 F.x/. �
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The following example shows that the closedness of � in the above fixed point
theorem cannot be removed.

Example 7.5. Let � D�0; 1Œ� X D R and let F W � �! Pcv.�/ be the
multivalued map defined by

F.x/ D
�

x

x C 1

�

; x 2 �:

Note that the set � is not closed. Moreover, since F satisfies hypotheses .i/; .ii/,
and .iii/ of Corollary 7.1, there exists an approximate fixed points sequence fungn

having the property lim
n�!1 d.un;F.un// D 0. On the other hand, it easy to see

that for every x 2�0; 1Œ, any sequence fxngn converging to x does not satisfy
lim

n�!1 d.xn;F.xn// D 0, so the set WF.�/ is empty.

Theorem 7.9. Let X be a reflexive real Banach space and let � be a nonempty
closed and convex subset of X. Assume F W � �! Pcv.�/ is a multivalued map
satisfying the following properties:

.i/ coF.�/ has nonempty interior,
.ii/ F.�/ is bounded in X,
.iii/ for every " > 0, there exists ˇ" 2�0; 1Œ; ˇ"." C h"/ � ", such that F is ˇ"-w-

partially closed, where h" D maxfkxik W i 2 f1; : : : ; p"gg for x1; : : : ; xp" 2 X
such that F.�/ � S

i2f1;:::;p"g
B".xi/,

.iv/ the multivalued map I � F is weakly demiclosed on WF.�/.
Then, FIX.F/ is nonempty.

Proof. Set " D 1
n ; n 2 N; and by Proposition 7.2, we can choose xn 2 coF.�/ � �

so that d.xn;F.xn// <
1
n . Hence lim

n�!1 d.xn;F.xn// D 0. Since by .ii/ we have that

the set F.�/ is compact in X, so the Krein–Šmulian theorem (see Theorem 1.10)
implies that the set coF.�/ is weakly compact. Now from the Eberlein–Šmulian
theorem there exists a subsequence fxnk gnk of fxngn weakly converging to a point
x 2 coF.�/ � �. Therefore, x 2 WF.�/ and the weak demiclosedness of I � F
implies that x 2 F.x/. �

7.2 Approximate Nash Equilibria for Strategic Games

In [155], Nash equilibria for n-person noncooperative games was introduced and
using Kakutani’s fixed point theorem (see Theorem 1.37) he showed that mixed
extensions of finite n-person noncooperative games possess at least one Nash
equilibrium. The aggregate best response multivalued mapping on the Cartesian
product of the strategy spaces constructed with the aid of the best response
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multivalued mappings for each player possesses fixed points which coincide with
the Nash equilibria of the game (see [67, 95, 155]). The existence of such equilibria
usually requires a compactness condition on the strategy set of each player.

Of course, for many noncooperative games Nash equilibria do not exist. However
some games are of interest when "-Nash equilibria exist for each " > 0. Here a
strategy profile is called an "-Nash equilibrium if the unilateral deviation of one of
the players does not increase his/her payoff with more than ". One can derive the
existence of approximate equilibrium points using the following:

.i/ develop "-fixed point theorems and find conditions on strategy spaces and pay-
off functions of the game such that the aggregate "-best response multivalued
mappings satisfies conditions in an "-fixed point theorem,

.ii/ add extra conditions on the payoff-functions, guaranteeing that points in the
Cartesian product of the strategy spaces nearby each other have payoffs
sufficiently nearby.

In [40] the notion of "-Nash equilibrium is introduced:

Definition 7.5. An n-person strategic game is a tuple � D h�1; : : : ; �n; u1; : : : ; uni
where for each player i 2 N D f1; : : : ; ng the �i is the set of strategies and ui WQ

i2N
�i �! R is the payoff function. If players 1; : : : ; n choose strategies x1; : : : ; xn,

so that the functions u.x1; : : : ; xn/; : : : ; un.x1; : : : ; xn/ are the resulting payoffs for
the players 1; : : : ; n respectively. Let " > 0. Then we say that .x�

i /i2N 2 Q

i2N
�i is an

"-Nash equilibrium if

ui.xi; x
��i/ � ui.x

�/C " for all xi 2 �i and for all i 2 N:

Here x��i is a shorthand for .x�
j /j2Nnfig and we will denote by NE".�/ the set of

"-Nash equilibria for the game � .

Note that for an x� 2 NE".�/, a unilateral deviation by a player does not improve
the payoff with more than ". For each i 2 N we consider the "-best response
multivalued mapping B"i W Q

j2Nnfig
�j �! P.�i/ defined by

B"i .x�i/ D
(

xi 2 �i j ui.xi; x�i/ � sup
ti2�i

ui.ti; x�i/ � "
)

and the aggregate "-best response multivalued map B"i W � �! � defined by

B".x/ D
Y

i2N

B"i .x�i/:

Obviously, if x� 2 B".x�/, then x� 2 NE".�/, and conversely. So if B" has a fixed
point, then we have an "-Nash equilibrium. If we do not know whether B" has a
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fixed point but we know that B" has ı-fixed points for each ı > 0, then this leads
under extra continuity conditions to the existence of approximate Nash equilibria
for the game as we will see.

Proposition 7.3 (The Key Proposition). Let � D h�1; : : : ; �n; u1; : : : ; uni be an
n-person strategic game with the following three properties:

.i/ for each i 2 N D f1; : : : ; ng, �i is endowed with a metric di,
.ii/ the payoff functions u1; : : : ; un are uniform continuous functions on

� D
nQ

iD1
�i, where � is endowed with the metric d defined by

d.x; y/ D
nX

iD1
di.xi; yi/ for all x; y 2 �;

.iii/ for each " > 0 and ı > 0, the aggregate "-best response multivalued map B"

possesses at least one ı-fixed point, i.e., FIXı.B"/ ¤ ;: Then, NE".�/ ¤ ; for
each " > 0.

Proof. Take " > 0. By .ii/ we can find � > 0 such that for all x; x0 2 � with
d.x; x0/ < � we have jui.x/ � ui.x0/j < "

2
for each i 2 N. We will prove that

x� 2 FIX
�
2 .B

"
2 / H) x� 2 NE".�/:

Take x� 2 FIX
�
2 .B

"
2 /, which is possible by .iii/. Then there exists Ox 2 B

"
2 .x�/ such

that d.x�; Ox/ < �, and, consequently, for each i 2 N; d..x�
i ; x

��i/; .Oxi; x��i// < �. This
implies that

ui.x
�
i ; x

��i/ � ui.Oxi; x
��i/ � 1

2
" for all i 2 N: (7.8)

Furthermore Ox 2 B
"
2 .x�/ implies

ui.Oxi; x
��i/ � sup

ti2�i

ui.ti; x
��i/ � 1

2
" for all i 2 N (7.9)

Combining (7.8) and (7.9) we obtain

ui.x
�
i ; x

��i/ � sup
ti2�i

ui.ti; x
��i/ � " for all i 2 N; (7.10)

that is, x� 2 NE".�/. �

Next we give some examples to show that with the use of the key proposition,
we can obtain approximate Nash equilibrium theorems.
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Example 7.6 (Games on the Open Unit Square). Let h�0; 1Œ; �0; 1Œ; u1; u2i be a game
with uniform continuous payoff functions u1 and u2. Suppose that u1 is concave in
the first coordinate and u2 is concave in the second coordinate. Then for each " > 0,
the game has an "-Nash equilibrium point. In fact, apply the key proposition to the
above game and note that .i/ and .ii/ are satisfied by taking the standard metric on
�0; 1Œ. Further, .iii/ follows from Theorem 7.1 applied to the multivalued map B".

Example 7.7 (Completely Mixed Approximate Nash Equilibria for Finite Games).
Let A and B be .m � n/-matrices of real numbers. Consider the two-person game
h�m; �n; u1; u2i, where

�m D
(

p 2 R
m j pi > 0 for each i 2 f1; : : : ;mg;

mX

iD1
pi D 1

)

;

�n D
8
<

:
q 2 R

n j qj > 0 for each j 2 f1; : : : ; ng;
nX

jD1
qj D 1

9
=

;
;

u1.p; q/ D pTAq; u2.p; q/ D pTBq for all p 2 �m; q 2 �n:

Then for each " > 0 this game has an "-Nash equilibrium. Such an "-Nash
equilibrium is called completely mixed, because both players use each of their pure
strategies with positive probability. The proof follows from the key proposition and
Theorem 7.1 taking the standard Euclidean metric.

Example 7.8. Let X be a normed linear space such that there exists
a 2 X n f�g. Let � D hX;X; u1; u2i be the two-person game with u1.x1; x2/ D
�kx1 � x2k; u2.x1; x2/ D �kx1 � x2 � a

1Ckx1k k for all .x1; x2/ 2 X � X. Then
B1.x2/ D fx2g and B2.x1/ D fx1 � a

1Ckx1k g. So B.x1; x2/ D f.x2; x1 � a
1Ckx1k /g for

each .x1; x2/ 2 X � X. Hence, FIX.B/ D ;. However, for each ı > 0;FIXı.B/ ¤ ;
since one can take x 2 X with kxk � ı�1kak and, then, .x; x/ 2 FIXı.B/ because

k.x; x/ �
�

x; x � a

1C kxk
�

k D kak
1C kxk � kak

kxk � ı:

Moreover, u1 and u2 are uniform continuous functions on X � X. In fact,

ju2.x1; x2/ � u2.y1; y2/j � k.x1 � y1/ � .x2 � y2/C kx1k � ky1k
.1C kx1k/.1C ky1k/ak

� .kx1 � y1k C kx2 � y2k/.1C kak/:

Therefore, in light of the key proposition we can conclude that NE".�/ ¤ ; for
each " > 0. In fact, for kxk sufficiently large, .x; x/ 2 NE".�/, since u2.x; x2/ � u2
.x; x/ � kak

1Ckxk .
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60. M. Cichoń, I. Kubiaczyk, A. Sikorska, The Henstock-Kurzweil-Pettis integrals and existence

theorems for the Cauchy problem. Czech. Math. J. 54(129), 279–289 (2004) .
61. J.B. Conway, A Course in Functional Analysis. (Springer, Berlin, 1990)
62. F. Cramer, V. Lakshmikantham, A.R. Mitchell, On the existence of weak solution of

differential equations in nonreflexive Banach spaces. Nonlinear Anal. Theory. Methods Appl.
2, 169–177 (1978)

63. R. Dautray, J.L. Lions, Analyse mathématiques et calcul numérique, Tome 9 (Masson, Paris,
1988)

64. M.M. Day, Normed Linear Spaces (Academic, New York, 1962)
65. F.S. De Blasi, On a property of the unit sphere in Banach space. Bull. Math. Soc. Sci. Math.

R.S. Roumanie. 21, 259–262 (1977)
66. D.G. Defigueiredo, L.A. Karlovitz, On the radial projection in normed spaces. Bull. Am.

Math. Soc. 73, 364–368 (1967)
67. G. Debreu, A social equilibrium existence theorem. Proc. Natl. Acad. Sci. USA 38, 886–893

(1952)
68. B.C. Dhage, On some variants of Schauder’s fixed point principle and applications to

nonlinear integral equations. J. Math. Phys. Sci. 22(5), 603–611 (1988)
69. B.C. Dhage, On a fixed point theorem of Krasnoselskii-Schaefer type. Electron. J. Qual.

Theory Differ. Equ. 6, 1–9 (2002)
70. B.C. Dhage, Local fixed point theory for sum of two operators. Fixed Point Theory. 4, 49–60

(2003)



190 Bibliography

71. B.C. Dhage, Remarks on two fixed point theorems involving the sum and the product of two
operators. Comput. Math. Appl. 46, 1779–1785 (2003)

72. B.C. Dhage, A fixed point theorem in Banach algebras involving three operators with
applications. Kyungpook Math. J. 44(1), 145–155 (2004)

73. B.C. Dhage, On a fixed point theorem in Banach algebras with applications. Appl. Math. Lett.
18(3), 273–280 (2005)

74. B.C. Dhage, Fixed-point theorems for discontinuous multivalued operators on ordered spaces
with applications. Comput. Math. Appl. 51(3&4), 589–604 (2006)

75. B.C. Dhage, On some nonlinear alternatives of Leray-Schauder type and functional integral
equations. Arch. Math. (Brno). 42(1), 11–23 (2006)

76. B.C. Dhage, S.K. Ntouyas, An existence theorem for nonlinear functional integral equations
via a fixed point theorem of Krasnoselskii-Schaefer type. Nonlinear Digest 9, 307–317 (2003)

77. B.C. Dhage, D. O’Regan, A fixed point theorem in Banach algebras with applications to
functional integral equations. Funct. Differ. Equ. 7(3&4) 259–267 (2000)

78. J. Diestel, A survey of results related to Dunford-Pettis property, in Conference on Integration,
Topology and Geometry in Linear Spaces. Contemporary Mathematics, vol. 2 (American
Mathematical Society, Providence, 1980), pp. 15–60

79. J. Dieudonné, Sur les espaces de Köthe. J. Anal. Math. 1, 81–115 (1951)
80. L. Di Piazza, Kurzweil-Henstock type integration on Banach spaces. Real Anal. Exchange

29(2), 543–555 (2003–2004)
81. I. Dobrakov, On representation of linear operators on C0.T;X/. Czechoslov. Math. J. 21(96),

13–30 (1971)
82. P. Dodds, J. Fremlin, Compact operator in Banach lattices. Israel J. Math. 34, 287–320 (1979)
83. J. Dugundji, Topology (Allyn and Bacon, Inc., Boston, 1966)
84. N. Dunford, J.T. Schwartz, Linear Operators: Part I (Intersciences, New York, 1958)
85. R.E. Edwards, Functional Analysis, Theory and Applications (Holt, Reinhart and Winston,

New York, 1965)
86. G. Emmanuele, Measures of weak noncompactness and fixed point theorems. Bull. Math.

Soc. Sci. Math. R. S. Roumaine. 25, 353–358 (1981)
87. G. Emmanuele, An existence theorem for Hammerstein integral equations. Port. Math. 51,

607–611 (1994)
88. K.-J. Engel, Positivity and stability for one-sided coupled operator matrices. Positivity. 1,

103–124 (1997)

90. M. Furi, P. Pera, A continuation method on locally convex spaces and applications to ordinary
differential equations on noncompact intervals. Ann. Polon. Math. 47, 331–346 (1987)

91. J. Garcia-Falset, Existence of fixed points and measures of weak noncompactness. Nonlinear
Anal. 71, 2625–2633 (2009)

92. J. Garcia-Falset, Existence of fixed points for the sum of two operators. Math. Nachr. 283(12),
1736–1757 (2010)

93. J. Garcia-Falset, E. Llorens-Fuster, Fixed points for pseudo-contractive mappings
on unbounded domains. Fixed Point Theory Appl. 2010, 17 pp. (2009). doi:
10.1155/2010/769858

94. N.I. Glebov, On a generalization of the Kakutani fixed point theorem. Soviet Math. Dokl.
10(2), 446–448 (1969)

95. I.L. Glicksberg, A further generalisation of the Kakutani fixed point theorem, with application
to Nash equilibrium points. Proc. Am. Math. Soc. 3(1), 170–174 (1952)

96. A. Granas, On a class of nonlinear mappings in Banach spaces. Bull. Acad. Pol. Sci. 5, 867–
870 (1957)

97. G. Greiner, Spectral properties and asymptotic behavior of the linear transport equation. Math.
Z. 185, 167–177 (1984)

98. L. Górniewicz, Topological Fixed Point Theory of Multivalued Mappings, 2nd edn. (Springer,
Berlin, 2006)

89. K. Floret, Weakly Compact Sets. Lecture Notes in Mathematics, vol. 801. Springer (1980)



Bibliography 191
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