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Preface

Fixed point theory is a powerful and fruitful tool in modern mathematics and may
be considered as a core subject in nonlinear analysis. In the last 50 years, fixed point
theory has been a flourishing area of research. In this book, we introduce topological
fixed point theory for several classes of single- and multivalued maps. The selected
topics reflect our particular interests.

The text is divided into seven chapters. In Chap. I, we present basic notions
in locally convex topological vector spaces. Special attention is devoted to weak
compactness, in particular to the theorems of Eberlein—Smulian, Grothendieck, and
Dunford—Pettis. Leray—Schauder alternatives and eigenvalue problems for decom-
posable single-valued nonlinear weakly compact operators in Dunford—Pettis spaces
are considered in Chap. 2. In Chap. 3, we present some variants of Schauder, Kras-
noselskii, Sadovskii, and Leray—Schauder-type fixed point theorems for different
classes of weakly sequentially continuous (resp. sequentially continuous ) operators
on general Banach spaces (resp. locally convex spaces). Sadovskii, Furi—Pera, and
Krasnoselskii fixed point theorems and nonlinear Leray—Schauder alternatives in the
framework of weak topologies and involving multivalued mappings with weakly
sequentially closed graph are considered in Chap.4. The results are formulated
in terms of axiomatic measures of weak noncompactness. In Chap. 5, we present
some fixed point theorems in a nonempty closed convex of any Banach algebras or
Banach algebras satisfying a sequential condition (P) for the sum and the product
of nonlinear weakly sequentially continuous operators. We illustrate the theory
by considering functional integral and partial differential equations. The existence
of fixed points and nonlinear Leray—Schauder alternatives for different classes of
nonlinear (ws)-compact operators (weakly condensing, 1-set weakly contractive,
strictly quasi-bounded) defined on an unbounded closed convex subset of a Banach
space is discussed in Chap. 6. We also discuss the existence of nonlinear eigenvalues
and eigenvectors and surjectivity of quasi-bounded operators. In Chap. 7, we present
some approximate fixed point theorems for multivalued mappings defined on
Banach spaces. Weak and strong topologies play a role here and both bounded
and unbounded regions are considered. A method is developed indicating how to
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viii Preface

use approximate fixed point theorems to prove the existence of approximate Nash
equilibria for noncooperative games.

We hope the book will be of use to graduate students and theoretical and applied
mathematicians who work in fixed point theory, integral equations, ordinary and
partial differential equations, game theory, and other related areas.

Sfax, Tunisia Afif Ben Amar
Galway, Ireland Donal O’Regan
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Chapter 1
Basic Concepts

In this chapter we discuss some concepts needed for the results presented in this
book.

1.1 Topological Spaces: Some Fundamental Notions

Let X, Y be arbitrary sets. We use the standard notations x € X for “x is an element
of X,” X C Y for “X is a subset of Y.” The set of all subsets of X is denoted by P(X).
Let {X;};e; be a family of sets. For the union of this family we use the notation ) X;
i€l
and for intersection the notation () X;. If I = N we have a sequence of sets and we
el
oo € oo
use respectively the notations | J X, and () X,,.- A mapping f of X into Y is denoted

n=1 n=1
by f : X — Y. The domain of f is X and the image of X under f is called the range
of f. For any A C X, we write f(A) to denote the set {f(x) : x € A} C Y. For any
BCY,f'(B)={xeX : f(x) eB\.Iff: X — Yand g : Y —> Z are mappings,
the composition mapping x —> g(f(x)) is denoted by g o f. We denote the empty
set by @.

Definition 1.1. Let X be any nonempty. A subset t of P(X) is said to be a topology
on X if the following axioms are satisfied:

1. X and @ are members of t,
2. the intersection of any two members of 7 is a member of t,
3. the union of any family of members of t is again in t

We say that the couple (X, t) is a topological space. If 7 is a topology on X the
members of T are then said to be t-open subsets of X.

© Springer International Publishing Switzerland 2016 1
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2 1 Basic Concepts

Definition 1.2. Let (X, 7) be a topological space.

1. The closure of a subset A of X, denoted by A is the smallest closed subset
containing A.

. The interior of a subset A of X, denoted by A°, is the largest open subset of A.

. The boundary of a subset A of X, denoted by 94, is the set A \ A°.

. A subset D is dense in a subset A if D C A C D.

. A limit point or a cluster pointer or an accumulation point of a subset A is a point
x € X such that each neighborhood of x contains at least one point of A distinct
from x.

6. A subset A of X is compact if, for each open covering of A, there exists a finite

subcovering. The set A is relatively compact if A is compact.

7. The space is locally compact if, for each x € X, there is a neighborhood V, of x

such that V, is compact.

8. A subset A of X is countably compact if, for each countable open covering of A,

there is a finite subcovering.

[ I SIS I S

Definition 1.3. A direct set is a nonempty set / with a relation < such that

l.a<aforalla €1,
2. ifa <Band <y, thena <y,
3. for each pair «, 8 of elements of I, there is y, g such that @ < y, g and B < y, 4.

Definition 1.4. Let (X, ) be a topological space and I be a directed set. A function
x from [ into X is said to be a net in X. The expression x(i) is usually denoted by x;,
and the net itself is denoted by {x;};e;. The set I is the index set for the net.

Definition 1.5. Let (X,7) be a topological space. A net {x;};c; is said to be
convergent to a point x, € X if for any neighborhood V of x., there exists an index
iy € I such that for any i € [ satisfying iy < i, we have that x; € V. If a net {x;};e/
is convergent to x., we write liier?xi = Xy

Remark 1.1. 1t is known that a subset A of X is closed, if and only if for any net
{x;}ies in A the condition liigllxi = xo implies x € A.

Definition 1.6. Let (X, 71), (Y, 72) be topological spaces and letf : X —> Y be a
mapping. We say that f is continuous at a point x € X, if for each 7,-neighborhood
Vof y = f(x), f~1(V) is a r;-neighborhood of x. If f is continuous at any x € X,
then in this case we say that f is continuous on X.

Definition 1.7. Let (X, t) a topological space:

1. The space X is Ty if for each pair of distinct points in X, at least one has a
neighborhood not containing the other.

2. The space X is T if, for each pair of distinct points in X, each has a neighborhood
not containing the other.

3. The space is T, or Hausdorff or separated if, for each pair of distinct points x and
, there are disjoint neighborhoods V. and V), of x, and y, respectively.
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4. The space is T3 is regular if it is 7 and, for each x and each closed subset F not
containing x, there are disjoint open sets U and V such thatx € Uand F C V.

5. The space X is T, 1 or completely regular or Tychonoff if it is Hausdorff and, for
each x and each closed F of X not containing x, there is a continuous function
@ : X —> [0,1] such that &(x) = 0 and @(y) = 1 for each y € F. In other
words, X is completely regular if C(X, [0, 1]) separates points from closed sets
in X. Since singletons are closed in X, we deduce that C(X, [0, 1]), also separates
points in X.

6. The space is T4 or normal if it is Hausdorff and, for each disjoint closed subsets
Fy,F, C X, there are disjoint open subsets V; and V, such that F; C V; and
F, C V.

Lemma 1.1 (Urysohn). If F| and F, are disjoint closed sets in a normal space X,
then there is a continuous function o € C(X, [0, 1]) such that « = 0 on Fy while
o =1onF,.

Theorem 1.1 (Tietze’s Extension). If F is a closed subset of a normal space X,
then each continuous function « € C(F, |0, 1]) extends to a continuous function
a € C(X,[0,1]) on all of X.

Remark 1.2. From Urysohn’s lemma, every normal space is completely regular.
Thus, metric spaces and compact Hausdorff are completely regular.

Proposition 1.1. Let X be a completely regular space. Let Fy, F, be disjoint subsets
of X, with F closed and F, compact. Then there exists a continuous function o :
X —> [0, 1] such that o = 0 throughout Fy and o = 1 throughout F.

1.2 Normed Spaces and Banach Spaces

All linear spaces considered in this section are supposed to be over a field K, which
can be R or C.

Definition 1.8. Given a linear space X and a topology 7 on X. X is called a
topological vector space if the following axioms are satisfied:

(1) (x,y) — x + yis continuous on X x X into X.
(2) (A,x) — Axis continuous on A X X into X.

Remark 1.3. Note that we can extend the notion of Cauchy sequence, and therefore
of completeness, to a topological vector space : a sequence x,, in a topological vector
space is Cauchy if for neighborhood U of 6 there exists N such that x,, —x,, € U for
allm,n > N.

An important class of topological vector spaces is the class of normed vector
spaces.
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Definition 1.9. Let X be a linear space. A norm on X is a map |.| : X — [0, c0)
such that

L x| =0 <= x=0 (xeX),

2. ||Ax]| = |A] |Ix]| A eK,x eX),

3ol vyl < llxll + 1yl ey €X).

A linear space equipped with a norm is called a normed space.

Proposition 1.2. Let (X, ||.||) be a normed space. Then the mapping
d:XxX—[0,00), (x,y) —> |lx =yl

is a metric. We may thus speak of convergence, etc., in normed spaces.

Remark 1.4. Let (X, ||.||) be a normed space. The sets B(6, 1) = {x € X : [lx]| < 1}
and B1(0) = {x € X : ||x|| < 1} are the open unit ball and the closed unit ball of X,
respectively.

Definition 1.10. A normed space X is called a Banach space if the corresponding
metric space is complete, i.e., every Cauchy sequence in X converges in X.

Now, we discuss some important properties of the first and second duals of a
normed space.

Definition 1.11. The topological dual X* of a normed space (X, ||.||) is a Banach
space. The operator norm on X* is also called the dual norm, also denoted by ||.]|.
That is

¢l = sup [¢(x)] = sup [¢(x)].

lxll =<1 llxll =1

The topological dual of X is called the second dual (or the double dual) of X and
is denoted by X**. The normed space X can be embedded isometrically in X** in a
natural way. Each x € X gives rise to a norm-continuous linear functional

X(¢p) = ¢(x) foreach ¢ € X*.

Lemma 1.2. For each x € X, we have ||| = x| = ”m”ax |¢(x)|, where ||X|| is the
pl<1
operator norm of X as a linear functional on the normed space X*.

Corollary 1.1. The mapping x —> X from X into X** is a linear isometry (a linear
operator and an isometry), so X can be identified with a subspace X of X**.

When the linear isometry x — X from a Banach space X into its double dual
X** is surjective, the Banach space is called reflexive. That is, we have the following
definition.

Definition 1.12. A space X is called reflexive if X = X = X**.
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1.3 Convex Sets

We start with some basic definitions and a few observations.

Definition 1.13. Let X be a linear space. A subset S of X is said to be convex if and
only if Ax 4+ (1 — A)y € S for every x,y € S and A € [0, 1]. That is, a convex set is
one that contains all points on any “line segment” joining two of its members.

Lemma 1.3. [In any linear space

1. The sum of two convex sets is convex

2. Scalar multiples of convex sets are convex

3. A set S is convex if and only if «S + BS = (« + B)S for all nonnegative scalars
o and B.

4. The intersection of an arbitrary family of convex sets is convex.

5. In a topological vector space, both the interior and the closure of a convex set
are convex.

Definition 1.14. Let S be any set in a linear space X, and let S be the class of all
convex subsets of X that contains S. We have S # @ since X € S. Then, (S isa
convex set in X which, obviously, contains S. Clearly, this set is the smallest (that
is, © — minimum) subset of X that contains S-it is called the convex hull of S and
denoted by co(S).

Remark 1.5. S = co(S) iff S is convex.

Note

co(S) = {Z)Lix[ :A;>0and x; € S forall i <n and Z)Li = 1}.

i=1 i=1

1.3.1 Cones

Definition 1.15. A nonempty subset C of linear space X is called a convex cone if
it satisfies the following properties:

1. Cis a convex set.
2. From x € C and A > 0, it follows that Ax € C.
3. From x € C and —x € C, it follows that x = 6

A cone can be characterized by 3) together with
x,yeC and A,u >0 imply Ax+ puy € C.

Examples 1.1. 1. The set R of all vectors x = (§i,...,§,) with nonnegative
components is a cone in R”.
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2. The set C of all real continuous functions on [a, b] with only nonnegative values
is a cone in the space Cla, b].

Remark 1.6. The set C C I’(1 < p < 00), consisting of all sequences (£,),>1, such
that for some a > 0

o0
Yl <a
n=1

is a convex set in /7, but obviously, not a cone.

1.3.2 Ordered Vector Spaces

Definition 1.16. If a cone C is fixed in a linear space X, then an order can be
introduced for certain pairs of vectors in X. Namely, if x —y € C for some x,y € X
then we write x > y or y < x and say x is greater than or equal to y or y is smaller
than or equal to x. The pair (X, C) is called an ordered vector space or a vector
space partially ordered by the cone C. An element x is called positive, if x > 0 or,
which means the same, if x € C holds. Moreover

C={xeX:x>0}.

Remark 1.7. We consider the linear space R? ordered by its first quadrant as the
cone C = Ri. Considering the vectors x = (1,—1) and y = (0, 2), neither the
vectorx—y = (1,—3) nory—x = (—1,3) is in C, so neither x > y nor x < y holds.
An ordering in a linear space, generated by a cone, is always only a partial ordering.

It can be shown that the binary relation > has the following properties:

. x> x Yx € X (reflexivity).

. x>yandy > zimply x > z (transitivity)
.x>yanda > 0,a > 0, € R, imply ax > ay.
. x1 = yrand x; > y; imply x; + x2 > y1 + y2.

AW N =

Example 1.1. In the real space Cla, b] we define the natural order x > y for two
functions x and y by x(f) > y(t),Vt € [a,b]. Then x > O if and only if x is a
nonnegative function in [a, b]. The corresponding cone is denoted by C .
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1.3.3 Vector Lattices

Definition 1.17. An ordered vector space X is called a vector lattice or linear
lattice or Riesz space, if for two arbitrary elements x,y € X there exist an element
z € X with the following properties:

l.x<zandy <z,
2. ifreXwithx <tandy <t,thenz <t

Such an element z is uniquely determined, is denoted by x V y, and is called the
supremum of x and y (more precisely: supremum of the set consisting of the
elements x and y)

In a vector lattice, there also exists the infimum for any x and y, which is denoted
by x A y.

Definition 1.18. A vector lattice in which every nonempty subset X that is order
bounded from above has a supremum (equivalently, if every nonempty subset
that is bounded from below has an infimum) is called a Dedekind or a K-space
(Kantorovich space).

Example 1.2. The space Cla, b] is a vector lattice.

Remark 1.8. For an arbitrary element x of a vector lattice X, the elements
xy =xVvH0, x_ = (—x)V0and |x|] = x4 + x_ are called the positive part,
negative part, and modulus of the element x, respectively. For every element x € X
the three element x, x_, |x| are positive.

1.3.4 Ordered Normed Spaces

Definition 1.19. Let X be normed space with the norm ||.||. A cone Xy C X is
called a solid, if X contains a ball (with positive radius), or equivalently, X
contains at least one interior point.

A cone X is called normal if the norm in X is semimonotonic, i.e., there exists
a constant M > 0 such that

0<x=<y= x| =My

A cone is called regular if every monotonically increasing sequence which is
bounded above

XI=xn=...=x=...=Z

is a Cauchy sequence in X. In a Banach space every closed regular cone is normal.
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Examples 1.2. 1. The usual cones are solid in the space R, C[a, b], but in the spaces
L’([a,b]) and I’(1 < p < o0) they are not solid.

2. The cones of the vectors with nonnegative components and the nonnegative
functions in the spaces R”, ¢, I’ and L”, respectively, are normal.

3. The cones in R”, I’ and L” are regular.

1.3.5 Normed Vector Lattices and Banach Lattices

Definition 1.20. Let X be a vector lattice, which is a normed space at the same
time. X is called a normed lattice or normed vector lattice, if the norm satisfies
the condition

|x| <|y| implies |lx|| <|yl| Vx,y€ X (monotonicity of the norm).

A complete (with respect to the norm) normed lattice is called a Banach lattice.
Example 1.3. The spaces Cla, b], L and P are Banach lattices.

Definition 1.21. Let S be a subset of a normed space X. The closed convex hull
of S denoted by co(S), is defined as the smallest (that is, © —minimum) closed and
convex subset of X that contains S.

Let X be a normed space. Note
co(S) := m{A € P(X) : A isclosed in X, itis convex, and S C A}.

(Note, co(0) = 9.)
Clearly, we can view co(.) as a self-map on 2%. Every closed and convex subset
of X is a fixed point of this map, and co(S) is a closed and convex set for any S € X.
We have this following useful formula

Proposition 1.3. Let X be a normed space. Then
co(S) = co(S) forany S C X.
Proof. Since co(S) is convex, it is a closed and convex subset of X that contains S,

so co(S) € co(S). The D part follows from the fact that co(S) is a closed set in X
that includes co(S). |
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1.4 Locally Convex Vector Spaces

Definition 1.22. A seminorm on a linear space X is amap p : X —> [0, c0) with
the following properties:

1. p(Ax) = |A|p(x) (A eK),xeX.

2. px+y) =px) +p0)  (xyeX).

Remark 1.9. 1f p is a seminorm on a linear space X then F = {x € X : p(x) = 0} is
a linear subspace of X.

Definition 1.23. A linear space X is called locally convex if it is equipped with a
family P of seminorms on X such that

({xeX:pl) =0} = {6}

PEP

Example 1.4. Let X be a topological space, and let C(X) denote the vector space of
all continuous functions on X. Let K be the collection of all compact subsets of X.
For K € IC, define

p(f) :==sup{lf(M[:x e K} (f € C(X)).

Then C(X) equipped with (pk)kex is a locally convex vector space.

Definition 1.24. Let X be a locally convex vector space. A subset U of X is defined
as open if, for each xy € U, there are € > 0 and py, ..., p, € P such that

.....

Proposition 1.4. Let X be a locally convex vector space. Then the collection of
open subsets of X in Definition 1.24 is a topology on X.

Proposition 1.5. Let X be a locally convex vector space. Then a net {x,}q in X
converges to xy € X in the topology if and only if p(xy — x0) —> 0 for each p € P.

Proof. Suppose that x, —> xp in the topology. Fix ¢ > 0 and p € P. Then
U:={x e X:p(x—x) < €} is an open neighborhood of x;. Hence, there is an index
o such that x, € U, i.e., p(xy, — xg) < € for all @ > ay. Hence p(x, — x9) —> 0.

Conversely, suppose that p(x, —xg) —> 0 for all p € P. Let U be a neighborhood
of xo, i.e., there is an open set V C U with xy € V. By Definition 1.24, there are
€ >0andpy,...,p, € P such that
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Since p;j(xq, —x9) —> O forj = 1,...,n there is an index « such that
pj(xe —x0) < € G=1,....n,a > ap).
This means, however, that x, € V C U for all @ > «. |

Remark 1.10. Let X be a locally convex vector space, and let Y be a finite
dimensional subspace. Then, the relative topology on Y is induced by a norm.

Remark 1.11. A locally convex vector space is a topological vector space. In
particular a locally convex vector space is completely regular.

Remark 1.12. Let X be locally convex vector space. If the number of seminorms is
finite, we may add them to get a norm generating the same topology. If the number
is countable, we may define a metric

_ —n Pa(x—Y)
d(x’y)_;z L+ pax—y)’

so the topology is metrizable.

Definition 1.25. Let Y be a subset of a linear space X. A point xy € Y is said to
be an internal point of provided for each x € X, there is some Ay > 0 for which
X0 + Ax belongs to Y if [A] < A,.

Proposition 1.6. Let X be a locally convex topological vector space.

1. A subset Y of X is open if and only if for each xy € X and A # 0, xo + Y and LY
are open.

2. The closure of a convex subset of X is convex.

3. Every point is an open subset Y of X is an internal point of Y.

Proposition 1.7. Let X be a locally convex topological vector space and
¢ : X —> R be linear. Then ¢ is continuous if and only if there is neighborhood of
the origin on which |@| is bounded, that is, there is a neighborhood of the origin, Y,
and an M > 0 for which

|p| <M on Y. (1.1)

Proof. First suppose ¢ is continuous. Then it is continuous at x = 6 and so, since
¢(6) = 0, there is a neighborhood Y of 6 such that |¢(x)| = |¢p(x) — ¢(0)| < 1 for
x € Y. Thus |¢| is bounded on Y. To prove the converse, let ¥ be a neighborhood of
6 and M > 0 be such (1.1) holds. For each A > 0, AY is also a neighborhood of 6
and |¢| < AM on AY. To verify the continuity of ¢ : X — R, let x¢ belong to X
and € > 0. Choose A so that AM < €. Then xy + AY is a neighborhood of x; and if
x belongs to xp + AY, then x — x( belongs to AY so that

lp(x) —P(x0)| = |¢p(x —x0)| = AM < e.
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Theorem 1.2 (Analytic Form the Hahn—Banach Extension Theorem). Letr X be
a linear space over K and p a semi-norm on X. Let Xy be a linear subspace of X,
and let fy be a linear functional on X satisfying the relation

fox)| < px) forall x € Xy. (1.2)

Then there exists a linear functional f on X with the following properties:

fx) =folx) forallx € Xy, |[f(x)] < plx) forallx e X.

So, f is an extension of the functional fy onto the whole space X preserving the
relation (1.2).

Remark 1.13. If Xj is a linear subspace of a normed space X and f is a continuous
linear functional on Xj, then p(x) = ||fo| ||x|| is @ seminorm on X satisfying (1.2).
Important consequences are

1. For every element x # 6 there is a functional f € X* with f(x) = || and
Il = 1.
2. For every linear subspace Xy € X and xy ¢ X, with the positive distance
d= ian |x — xo]| > O there is an f € X* such that
x€Xo

fx)=0 forallx € X,f(xp) =1 and |f|| = :—1

1.5 Weak and Weak™* Topologies

To present some fixed point theory in a Banach spaces setting in this book we need
to understand other topologies (different from the norm topology and weaker than
it). The “weak topologies” arise naturally in this setting which is the subject of the
present section.

Definition 1.26. Let X be a locally convex linear topological space and X* is its
topological dual. Then {py4 : ¢ € X*} with

py(x) = |9 (x)] (xeX.¢eX")

is a family of seminorms on X such that (e« {x € X : py(x) = 0} = {#}. The
corresponding topology on X is called the weak topology on X and it is denoted by
o (X, X*).

Consequently, if X is a locally convex linear topological space and X* is its
topological dual, then o (X, X*) the weak topology of X is a locally convex topology
as well. Moreover, we have
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Proposition 1.8. Let X be a locally convex linear topological space with topologi-
cal dual X*. Then the dual of (X, o0 (X,X™)) is also X*. That is, the dual space of X
with respect to the o (X, X™)-topology is exactly X*.

If U is a weak neighborhood of 6 of a locally convex linear topological space X
then, by definition, there exists € > 0 and finitely many functionals ¢, € X* such
that {x : |@,(x)] < € V n} is contained in U. Thus U contains the closed subspace
ker(¢1) N ... Nker(g,).

Note that if C is any convex set in X then the closure of C is a closed convex set
in X, and from the previous proposition, we obtain

Theorem 1.3 (Mazur). Let X be a locally convex linear topological space, then:

1. The weak-closure (that is, the o(X,X*)-closure) of any convex set C in X
coincides with the closure of C in the original topology of X.

2. The closed convex subsets of X and the weakly closed convex subsets of X are
the same collections, that is, a convex set in X is weakly closed if and only if it is
closed.

Remark 1.14. In a normed linear space X, a convex set is norm closed if and only if
it is weakly closed, while for a given linear subspace of X, its norm closure coincides
with its weak closure.

On the dual space X* we have two new topologies. We may endow it with the
weak topology, the weakest one such that all functionals in X** are continuous, or

Definition 1.27. Let X be a locally convex linear topological space and X* is its
topological dual. Then {p, : x € X} with

px(®) = ()| (xe€X. ¢ eX")

is a family of seminorms on X* such that [ {x € X : p,(¢) = 0} = {0}. The
pex*

corresponding topology on X* is called the weak™ topology on X* and it is denoted

by o (X*, X**).

Remark 1.15. 1. The weak™ topology is weaker than the weak topology.
2. If X is reflexive, the weak and weak™ topologies coincide.

1.6 Convergence and Compactness in Weak Topologies

We present the Eberlein-Smulian criteria for weak compactness of subsets of a
Banach space in this section.

Theorem 1.4. If a sequence of elements of a Banach space converges weakly, then
the sequence is norm bounded.



1.6 Convergence and Compactness in Weak Topologies 13

Theorem 1.5. [fx, — x in some Banach space, then || x| < liminf ||x,]|.
n—0o0

Examples 1.3 (Weak and Weak™ Convergence).

1. Consider weak convergence in L”(2) where 2 is a bounded subset of R". From
the characterization of the dual of L we see that

fiss finl® = f, ~fin [’ = f, — f in L

whenever 1 < g < p < oo. In particular we claim that the complex exponentials

it 5 () in L ([0, 1]) as n —> oo. This is simply the statement that

oo

lim g(x)e* ™y = 0,
n—-o0 0

for all g € L'([0,1]), i.e., that the Fourier coefficients of an L' function tends
to 0, which is known as the Riemann—Lebesgue Lemma. (Proof: Certainly true
if g is a trigonometric polynomial. The trigonometric polynomials are dense in
C([0, 1]) by the Weirstrass Approximation Theorem, and C([0, 1]) is dense in
L'([0, 1]).) This is one common example of weak convergence which is not norm
convergence, namely weak vanishing by oscillation.

2. Another common situation is weak vanishing to infinity. For a simple example, it
is easy to see that the unit vectors in [, converge weakly to zero for 1 < p < oo
(and weak™ in o, but not weakly in ;). For another example let f;, € L”(R)
be a sequence of function which are uniformly bounded in L”, and for which
Jali—n,y = 0. Then we claim that f, —> 0 weakly in L7 if 1 < p < cc. Thus we
have to show that

lim fugdx =0,
n—-0oQ R

forall g € L. Let S, = {x € R | |x| > n}. Then lime” |g|?dx = 0 (by the

dominated convergence theorem). However

‘ / fgdy = ‘ / fugd
R Sn

The same proof shows that if the f,, are uniformly bounded they tend to 0 in L*°
weak™. Note that the characteristic functions y[,,+1; do not tend to zero weakly
in L' however.

3. Consider the measure ¢, = 2ny S jdx. Formally ¢, tends to the delta function

8y as n —> oo. Using the weak™ topology on C([—1,1]) this convergence

< Wllzrllgllzacs,y < Clliglizacs,) —> 0.

"
w
becomes: ¢, —> 8.
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Theorem 1.6 (Alaoglu—-Bourbaki Theorem). Let X be a normed space. Then the
closed unit ball of X* is compact in the weak * topology on X*.

Proof. For each x € X, let
Ky :={A € K:[A] < [|x]}.

Since each K, is closed and bounded, it is compact. By Tychonoff’s theorem, ] K,
XEX

is compact in the product topology. Embed the closed unit ball of X* into ] K, via
x€X

Bi(6) — [[Ke ¢ +— (@(0))ex.

x€X

Let {¢, }» be a net in the closed unit ball of X*, we will show that it has a convergent
subnet. The net {(¢y(x))rex}e has a subnet {(¢p(x))rex}p that converges in the
product topology, i.e., for each x € X, there is A, € K, such that

Ay = lién p(x).

Define ¢ : X — K by letting ¢(x) := A, forx € X. Forx,y € X and u € K, we
have

P(x+y) = Aoty = 1i/gn¢>ﬂ(X+y) = lim ¢ﬁ(x)+lién¢ﬁ@) =A+Ay =) +4(0)
and
P(px) = A = lién Pp(px) = Mlién% (x) = pdy = po(x).

Hence, ¢ is linear. Moreover, note that, for x € X with ||x|| <1
)| = A < [lx]| = 1

because A, € K,. It follows that ¢ € X* lies in the closed unit ball. From the
definition of the weak * topology, it is clear that the net (¢,), converges to ¢ in the
weak * topology of X*. So, we obtain the weak * compactness of the closed unit
ball of X*. |

Are all norm closed and bounded subsets of X weakly compact? The answer is
no (in general).

Example 1.5. Consider the closed unit ball B;(0) of the Banach space ¢y, a norm
closed, bounded set. If it were weakly compact, every sequence in B;(f) would
have to have a weak cluster point in B;(8). Now for each n € N, let ¢, denote
the nth-unit vector in B;(0) and consider the sequence {s,}, < B;(#) given by



1.6 Convergence and Compactness in Weak Topologies 15

s, = e +e+ ...+ e, foreachn € N. If s € B|(0) were a weak cluster point
of {s,,},, then for each ¢ € (cg)*, ¢ (s) would be a weaker cluster point of {¢(s,,) },,
that is, the values of ¢(s,) would be arbitrarily close to ¢ (s) infinitely often. But
note, the value of ¢ (s,), for any n, is a continuous linear functional on ¢, so let us
denote it by ¢,. Of course, we have that ¢,(s,,) = 1 for any m > n, so that ¢,(s)
must have the value 1 for any n. That is, s must be the constant sequence of 1s, and
hence not in ¢y. Consequently, B;(8) is not weakly compact.

Proposition 1.9. Let X be a normed linear space. Then the natural embedding
J X — X* s a topological homeomorphism between the locally convex
topological vector spaces X and J(X), where X has the weak topology and J(X)
has the weak * topology.

Theorem 1.7 (Kakutani). A Banach space is reflexive if and only if its closed unit
ball is weakly compact.

Corollary 1.2. Every closed, bounded, convex subset of a reflexive Banach space
is weakly compact.

Proof. Let X be a Banach space. According to Kakutani’s theorem, the closed unit
ball of X is weakly compact. Hence so is any closed ball. According to Mazur’s
theorem, every closed, convex subset of X is weakly closed. Therefore any closed,
convex, bounded subset of X is a weakly closed subset of a weakly compact set and
hence must be weakly compact. |

Definition 1.28. Let X be a topological space. A subset A of X is called

1. relatively compact if and only if A’s closure is compact,

2. relatively sequentially compact if and only if every sequence of members of A
contains a subsequence converging in X,

3. relatively countably compact if and only if every sequence of members of A has
a cluster point in X.

Remark 1.16. In general, the concepts of relative compactness and relative sequen-
tial compactness are unrelated, but both, of course, imply relative countable
compactness. As is well known, all three of these notions agree in metric spaces.

Theorem 1.8 (Eberlein-Smulian Theorem). Letr X be a Banach space and
A C X. Then the following assertions are equivalent:

1. A is relatively weakly compact,
2. A is relatively countably weakly compact,
3. A is relatively weakly sequentially compact.

Remark 1.17. Let X be a Banach space. If A € X is weakly compact, then A is
bounded in X.

Corollary 1.3. Let B{(0) be the closed unit ball of a Banach space X. Then B{(0)
is weakly compact if and only if it is weakly sequentially compact.

We now combine Kakutani’s theorem and the Eberlein—Smulian theorem.
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Theorem 1.9 (Characterization of Weak Compactness). Let Bi(0) the closed
unit ball of a Banach space X. Then the following three assertions are equivalent:

1. X is reflexive,
2. B1(0) is weakly compact,
3. B1(0) is weakly sequentially compact.

Theorem 1.10 (Krein—-Smulian Theorem). In a Banach space, the convex hull of
a relatively weakly compact set is a relatively weakly compact set.

1.7 Maetrizability of Weak Topologies

We now establish some metrizable properties of weak topologies.

Theorem 1.11. Let X be an infinite dimensional normed linear space. Then neither
the weak topology on X nor the weak * topology on X* is metrizable.

Proof. To show that the weak topology on X is not metrizable, we argue by
contradiction. Otherwise, there is a metric p : X x X —> [0, 0c0) that induces
the weak topology on X. Fix a natural number n. Consider the weak neighborhood
{xeX: p(x0) < %} of 8. We may choose a finite subset F,, of X* and ¢, > 0 for
which

1
xeX :|¢pW)| <e¢, forallp e F,} C{xeX :p(x,0) < —}.
n
Define W, to be the linear space of F,. Then
1
Ngew, kergp C{xe X 1 px,0) < —}. (1.3)
n

Since X is infinite dimensional, it follows from the Hahn—-Banach theorem that X*
also is infinite dimensional. Choose ¢, € X* ~ W,. We infer that there is an x,, € X
for which ¢,(x,) # 0 while ¢(x,) = 0 for all ¢ € F,. Define u, = ﬁ Observe

that ||u,|| = n and by (1.3), that p(x,0) < % Therefore {u,} is an unbounded
sequence in X that converges weakly to 6. This contradicts the fact that every weakly
compact subset of X is bounded. Therefore the weak topology is not metrizable.

To prove that the weak * topology on X* is not metrizable, we once more argue by
contradiction. Otherwise, there is a metric p* : X* x X* — [0, 00) that induces the
weak * topology on X*. Fix a natural number n. Consider the weak * neighborhood
{p* € X* : p*(x,0) < %} of 8. We may choose a finite subset A, of X and ¢, > 0
for which

{peX* : |p(x)| <e, forallx €A} C {¢p € X* : p*(¢,0) < %}
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Define X, to be the linear span of A,,. Then
1
{peX* : ¢p(x)=0forallx € X,} C {p € X* : p*(¢,0) < -}. (1.4)
n

Since X, is finite dimensional, it is closed and is a proper subspace of X since X is
infinite dimensional. We know that there is a nonzero functional ¢, € X* which

vanishes on X,. Define ¢, = ﬁ'¢—¢”” Observe that |¢,|| = n and, by (1.4), that

P (g, 0) < % Therefore {¢,} is an unbounded sequence in X* that converges
pointwise to 6. This contradicts the Uniform Boundedness Theorem. Thus the weak
* topology on X* is not metrizable. |

Finite dimensionality can be characterized in terms of weak topologies.

Theorem 1.12 (Finite Dimensional Spaces). For a normed space X the following
are equivalent.

1. The vector space X is finite dimensional.

2. The weak and norm topologies on X coincide.
3. The weak topology on X is metrizable.

4. The weak topology is countable.

Corollary 1.4. The weak interior of every closed or open ball in an infinite
dimensional normed space is empty.

Proof. Let X be an infinite dimensional normed space, and assume by way of
contradiction that there exists a weak neighborhood W of zero and some x € B;(6)
such that x + W C B;(0). If y € W, then ||%y|| = %||(x+y) —x| <1, s0
%W C Bj(0). This means that By(8) is a weak neighborhood of zero, so (by
Theorem 1.12) X is finite dimensional, a contradiction. Hence the closed unit ball
B1(0) of X has an empty weak interior. |

Corollary 1.5. In any infinite dimensional normed space, the closed unit sphere is
weakly dense in the closed unit ball.

Theorem 1.13. Let X be a normed linear space and W a separable subspace of X*
that separates points in X. Then the W-weak topology on the closed unit ball B;(6)
of X is metrizable.

Proof. Since W is separable, By (6) N W also is separable, where B} () is the closed
unit ball of X. Choose a countable dense subset {¢y}72, of By () N W. Define
p:Bi1(0) x B1 () — R by

o

1
plr.y) =Y o |#uGe =) forall x,y € Bi(6).
k=1

This is properly defined since each ¢ belongs to By (6). We first claim that p is a
metric on B (6). The symmetry and triangle inequality are inherited by p from the
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linearity of the ¢;s. On the other hand, since W separates points in X, any dense
subset of Bf () N W also separates points in X. Therefore, for x,y € B;(0) with
x # y, there is a natural number k for which ¢, (x—y) # 0 and therefore p(x,y) > 0.
Thus p is a metric on By (8). Observe that for each natural number n, since each ¢
belongs to By (6),

1 [ “ 1
E[Z |¢k(Z)|] <p(z,0) < Z | ()] + > for all z € B, (9).
k=1 k=1

We deduce from the previous inequalities and the denseness of {¢}72, in B} () NW
that {z € B(0) | p(z,0) < % }°2, is a base at the origin for the W-weak topology
on B). Therefore the topology induced by the metric p is the W-weak topology on
B1(0). |

Corollary 1.6. Let X be a normed space.

1. The weak topology on the closed unit ball of X is metrizable if X* is separable.
2. The weak * topology on the closed unit ball By (0) of X* is metrizable if X is
separable.

Theorem 1.14. Let X be a reflexive Banach space. Then the weak topology on the
closed unit ball By(0) is metrizable if and only if X is separable.

Proof. Since X is reflexive, if X is separable, then X* is separable. Therefore, by the
previous corollary, if X is separable, then the weak topology on B; () is metrizable.
Conversely, suppose the weak topology on B;(8) is metrizable. Let p : B(6) x
B1(6) —> [0, 00) be a metric that induces the weak topology on B; (). Let n be a
natural number. We may choose a finite subset F,, of X* and €, > 0 for which

{x€Bi1(0) : |px)| <e¢, forall¢p € F,} C{x e Bi(f) : p(x,0) < %}.
Therefore

|:ﬂ ker¢>j| NB1(0) C{xeBi(H) : px,0) < %} (1.5)

PEF,

(e
Define Z to be the closed linear span of | J F),. Then Z is separable since finite linear

n=1
00

combinations, with rational coefficients, of the functional | J F, is a countable
n=1

dense subset of Z. We claim that Z = X*. Otherwise, there is a nonzero S € (X*)*,

which vanishes of Z. Since X is reflexive, there is some xy € X for which § = J(x).

Thus xy # 0 and ¢ (x9) = 0 for all k. According to (1.5), p(xg, 8) < ﬁ for all n.

Hence xo # 0 but p(xp, 8) = 0. This is a contradiction. Therefore X* is separable

and so X also is separable. |
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1.8 Weak Compactness in L!(X, u): The Dunford—Pettis
Theorem

For a measure space (X, M, i), in general, the Banach space L'(X,u) is not
reflexive, in which case, according to the Eberlein—-Smulian theorem, there are
bounded sequences in L' (X, 1) that fail to have weakly convergent subsequences.

As we see in the following example, for [a, b] a nondegenerate closed, bounded
interval, a bounded sequence in L'[a, b] may fail to have a weakly convergent
subsequence.

Example 1.6. For I = [0, 1] and a natural n, define I, = [0, %] and f, = n.yy,.
Then {f,} is a bounded sequence in L'[0, 1] since ||f,|| = 1 for all #n. We claim that
{f,} fails to have a subsequence that converges weakly in L'[0, 1]. Indeed, suppose
otherwise. Then there is a subsequence {f;, } that converges weakly in L'[0, 1] to
f € L'[0, 1]. For each [c,d] < [0, 1], integration against x4 is a bounded linear

functional on L'[0, 1]. Thus
d
[ f= hm [ S-

Therefore
d
/ f=0 foral0<c<d<1.

It follows that f = 0 almost everywhere on [0, 1]. Therefore

0:/01f— lim /fnk—l

This contradiction shows that {f,} has no weakly convergent subsequence.

Definition 1.29. Let (X, M, i) a measure space. A subset G of L' (X, w) is said to
be uniformly integrable (equi-integrable) provided for each € > 0, thereisa § > 0
such that for any measurable set E

if w(E) < 8, then sup/ Ifldn < e.
feG JE

For finite measure spaces, we have the following characterization of uniform
integrability.

Proposition 1.10. For a finite measure space (X, M, 1) and a subset G of L' (X, ),
the following two properties are equivalent:

1. The subset G is uniformly integrable.
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2. Foreach € > 0, there is an M > 0 such that

sup [
J€G J{xeX | |f(v)|=M}

<e.
Remark 1.18. For a finite measure space (X, M, ), a subset G of L'(X, W) is
uniformly integrable if

sup

/ Ifldu — 0 asM — oo.
feg J{xex | |f(x)|zm}

This means that all of the elements of G can be truncated at height M with uniform
error (in the L! norm).

Examples 1.4. 1. Any finite subset G = {fi,...,f,},n > 1 is uniformly inte-
grable. In fact, for each i = 1...n, from Chebyshev’s inequality we have
pfxeX | If(x)| =M}) \y 0as M /' oo. Thus, since for eachi = 1...n,
E+—s [, ¢ fil du is absolutely continuous with respect to i, we get

sup

/ If|du — 0 asM — oo.
1<i=n J{xeX|f;(x)|=M}

2. If there exists an element g € L'(X, u) such that |[f| < g for all f € G, then G is
uniformly integrable.

Remark 1.19. For a finite measure space (X, M, ), if a subset G of L'(X, u) is
uniformly integrable, then it is norm bounded. Indeed, if we choose M € R such

that [¢ oy |z 1 dn < 1forallf € G, then [[fy = [, [fldi < Mp(X) + 1 for
allf € G.

Proposition 1.11. Let (X, M, ) be a finite measure space and {f,} be a sequence
in LY(X, j) such that lim [efudp exists in R for every E € M. Then
n—-0o0

1. {f,} is uniformly integrable and
2. {f,} converges weakly to some f € L'(X, ), in particular Jefudp — [ fdp
for every E € M.

Theorem 1.15 (Vitali-Hahn-Saks). Let {i,} be a sequence of signed measures

on a o-algebra M such that w(E) = lim w,(E) exists in R for each E € M.
n—-0o0

Then 1 is a signed measure on M.

Lemma 1.4. For a finite measure space (X, M, ) and bounded uniformly inte-

grable sequence {f,} € L'(X, ), there is a subsequence {f,} such that for each
measurable subset E of X,

{/fnkdu} is Cauchy.
E
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Theorem 1.16 (The Dunford-Pettis Theorem). For a finite measure space
(X, M, 1v) and bounded sequence {f,} in L'(X, ), the following two properties
are equivalent:

1. {f,} is uniformly integrable over X.
2. Every subsequence of {f,} has a further subsequence that converges weakly in

L'(X, ).

Proof. First assume 1. It suffices to show that {f,,} has a subsequence that converges
weakly in L! (X, ). Without loss of generality, by considering positive and negative
parts, we assume that each f, is nonnegative. According to the preceding lemma,
there is a subsequence of {f;,} which we denote by {h,}, such that for each
measurable subset E of X,

{/hndu} is Cauchy.
E

For each n, define the set function v, on M by
vu(E) = /hndu forall £ € M.
E

Then, by the countable additivity over domains of integration, v, is a measure and
it is absolutely continuous with respect to . Moreover, for each E € M, {v,(E)} is
Cauchy. The real numbers are complete and hence we may define a real-valued set
function v on M by

lim v,(E) = v(E) forall E € M.
n—>00

Since {#,} is bounded in L' (X, ), the sequence {v,(X)} is bounded. Therefore, the
Vitali-Hahn—Saks theorem tells us that v is a measure on (X, M) that is absolutely
continuous with respect to p. According to the Radon—-Nikodym theorem, there is a
function f € L'(X, ) for which

v (E) = /fdu forall £ € M.
E
Since
lim | fudp = /fdu forall E € M,
n—>00 Jg E

lim [ f,.odu = / f-pdp for every simple function ¢.
n—0od X X
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By assumption, {f,} is bounded in L' (X, ut). Furthermore, by a simple approxima-
tion lemma, the simple functions are dense in L*° (X, u). Hence

lim | f,.gdpn = /f.gdu forallg € L*(X, 1),
X

n—-o0Q X

that is, {f,} converges weakly in L' (X, ) to f.

It remains to show that 2 implies 1. We argue by contradiction. Suppose {f,}
satisfies 2 but fails to be uniformly integrable. Then there is an € > 0, a subsequence
{h,} of {f,}, and a sequence {E,} of measurable sets for which

lim v,(E,) =0 but / h,dp > 0 for all n. (1.6)
n—oo En

By assumption 2 we may assume that {/,} converges weakly in L' (X, ) to h. For
each n, define the measure v, on M by

Va(E) = /fd/j, forall £ € M.
E

Then each v, is absolutely continuous with respect to p and the weak convergence
in L' (X, j1) of {h,} to h implies that

{v,(E)} is Cauchy for all £ € M.

But the Vitali-Hahn—Saks theorem tells us that {v,(E)} is uniformly absolutely
continuous with respect to p and this contradicts (1.6). Therefore 2 implies 1 and
the proof is complete. ]

Theorem 1.17. For a finite measure space (X, M, i), a subset G of L'(X, i) is
relatively weakly compact if and only if it is uniformly integrable.

Corollary 1.7. Let (X, M, i) be a finite measure space, G be a subset of L'(X, 1)
and a function g € L' (X, jv) such that

Ifl <gaeon X forall feg.

Then G is relatively weakly compact.

Corollary 1.8. Let (X, M, 1) be a finite measure space and {f,} a sequence in
LY(X, p) that is dominated by the function g € L'(X, i) in the sense that

Ifi| < gae on X forall n.

Then {f,} has a subsequence that converges weakly in L' (X, 1t).



1.9 The Dunford—Pettis Property 23

Proof. The sequence {f,} is bounded in L' (X, 1) and uniformly integrable. Apply
the Dunford—Pettis theorem. |

Corollary 1.9. Let (X, M, ) be a finite measure space, 1 < p < oo, and {f,} a
bounded sequence in LP (X, ). Then {f,} has a subsequence that converges weakly
in L'"(X, ).

Proof. Since w(X) < oo, we infer from Holder’s Inequality that {f,} is a
bounded sequence in L'(X, 1) and is uniformly integrable. Apply the Dunford—
Pettis theorem. ]

1.9 The Dunford-Pettis Property

1.9.1 Weakly Compact Operators

Definition 1.30. Suppose that X and Y are Banach spaces. A linear operator T
from X into Y is weakly compact if T(D) is relatively weakly compact subset of
Y whenever D is a bounded subset of X.

The collection of all weakly compact linear operators from X into Y is denoted by
WX, Y) orjust W(X) if X =Y.

Proposition 1.12. Every compact linear operator from a Banach space into a
Banach space is weakly compact.

Proposition 1.13. Every weakly compact linear operator from a Banach space into
a Banach space is bounded.

The equivalence of the following characterization of weak compactness for linear
operators is easily proved using elementary arguments and the Eberlein—Smulian’s
theorem (see Theorem 1.8).

Proposition 1.14. Suppose that T is a linear operator from a Banach space X into
a Banach space Y. Then the following are equivalent

(i) The operator T is weakly compact.
(i) The subset T(B1(0)) is relatively weakly compact subset of Y.
(iti) Every bounded sequence {x,} in X has a subsequence {x,;} such that the
sequence {Tx,,} converges weakly.

Remark 1.20. We have W(X,Y) # @.

Proposition 1.15. If X and Y are Banach spaces, then W(X,Y) is a closed
subspace of L(X,Y).

Proposition 1.16. Suppose that X, Y and Z are Banach spaces that T € L(X,Y)
and that S € L(Y,Z). If either T or S is weakly compact then ST is weakly compact.

Proposition 1.17. If X is a Banach space, then W(X) is a closed ideal in X.
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1.9.2 The Dunford-Pettis Property

Definition 1.31. Let X be a Banach space. We say that X has the Dunford-Pettis
property if ¢, (x,) —> 0 whenever x, € X and ¢, € X*,n € N, satisfy x, — 0 in
X and ¢, — 0 in X*.

A Dunford-Pettis space is a Banach space with the Dunford—Pettis property.

Examples 1.5. 1. Alexandre Grothendieck showed that every C(K)-space (for K
compact and Hausdorff) has the Dunford—Pettis property, and further that given
any Banach space X, anytime X* has the Dunford—Pettis property, so does X.

2. I; has the Dunford-Pettis property. Indeed, if x, — 6 in /;, then x, —> 0 by
the Schur property of /;. If, moreover, ¢, € [ are such that ¢, — 6 in [],
then sup ||¢,|| < C < oo for some C > 0 and thus |¢,(x,)| < ||[@allllx:]] < C
[|lx. || — 0. Since ¢j = I, co also has the Dunford—Pettis property.

3. Of course, by the classical Dunford—Pettis theorem, we know that every L;(u)-
space has the Dunford—Pettis property. You might also notice as Loo(pt) is
isometrically a C(K)-space with L (t)* = Leo(t). Thus L (1¢) has the Dunford—
Pettis property.

4. Given any Banach space X, we let Cy(X) denote the collection of all sequences i
n X which converge to 6 in norm, endowed with the supremum norm, and it can
be shown that Cy(X) has the Dunford—Pettis property.

Proposition 1.18. Let X be a Banach space. Then the following are equivalent.

(i) X has the Dunford—Pettis property.
(i) Every weakly compact operator from X into any Banach space maps weakly
compact sets to norm compact sets.

Proof. (i) = (ii) : Assume that for some § > 0 and x,, — 6 we have ||T(x,)| > §
for all n. Let ¢, € Sy be such that ¢(T(x,))||T(x,)|| for all n. Since T* is weakly
compact, by eventual passing to a subsequence we may assume that for some
¢ € X*, T*(p,) — ¢ € X* in X*. Since X has the Dunford—Pettis property, we have

0 = m(T™ (¢n) — $)(xn) = Hm(u(T(xa)) — P (xa)) = lim [|T(x,) |

as lim ¢ (x,) = 0. This contradicts ||T(x,)|| > § > 0 for all n.

(i) = (i) : Assume x, — 6 in X and ¢, — 6 in X*. Define an operator
T : X — ¢y by T(x) = (¢1(x), P2(x),...). If ¢, denotes the unit vector in [,
then T*(e,)(x) = e,(T(x)) = ¢,(x) for every n and every x € X. Thus T*(e,) is
contained in the closed convex hull S of {¢,} and so is T* (B, (#)). Since ¢, — 6, S
is weakly compact by Krein’s theorem. Thus T* is a weakly compact operator and
so is T by Gantmacher’s theorem. Since x, — 6, by (ii), | T(x,)|| —> 0 and since
{¢n} is a bounded set in X*, |@, (x,)| < sup |¢x(x,)] —> 0 as n —> oo. Therefore

k

(i) holds. |
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Remark 1.21. An infinite-dimensional reflexive Banach space cannot have the
Dunford—Pettis property. Indeed, the identity mapping Ix on a reflexive Banach
space X is weakly compact, so if X had the Dunford—Pettis property then B;(0)
will be ||.||-compact, and so dim X < oo, a contradiction.

1.10 Angelic Spaces

The term ““angelic space” was introduced by Fremlin.

Definition 1.32. A topological space A is called a Fréchet-Urysohn space if for
every B C A and x € B there is a sequence {x,} C B such that x, —> x.

Definition 1.33. A completely regular Hausdorff topological space A is called a
g-space, if its relatively countably compact subsets are relatively compact.

Definition 1.34. A Hausdorff topological space X is said to be angelic space if for
every relatively countably compact subset A of X the following two claims hold.

1. A s relatively compact.
2. If b € A, then there is a sequence in A that converges to b.

Obviously, if K is a compact topological space, K is a Fréchet—Urysohn space if
and only if it is angelic. It can be said that a Hausdorff topological space X is angelic
if and only if X is a g-space for which any compact subspace is a Fréchet—Urysohn
space.

Example 1.7. Let x, = /ne, € l,, where ¢, is the standard nth unit vector in b.

Then 0 € {ﬁen}w. Let U the neighborhood of 0 given by vectors x!, x?,...,x" € I,
k=n

and ¢ > 0. Consider the element y € I, defined by y; = > |xf‘| Note that for an
k=1

< % since otherwise y ¢ . Therefore

) <efork =1,...,n in

particular UN{+/ie;} # @. Consequently there is no subsequence of {x, } that weakly
converges to 0. Thus [, with its weak topology is not a Fréchet—Urysohn space.

infinite number of indexes i we have |y,'|2

for an infinite number of indexes i we have )«/Zei

Theorem 1.18. If X is an angelic space, and A C X, then the following assertions
are equivalent.

1. A is countably compact.
2. A is sequentially compact.
3. Ais compact.

Remark 1.22. In angelic spaces the classes of compact, countably compact, and
sequentially compact sets coincide.
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Remark 1.23. An important class of nonmetrizable spaces for which the equiva-
lence also holds is provided by infinite dimensional Banach spaces endowed with
their weak topology (the Eberlein—Smulian theorem (Theorem 1.8)).

1.11 Normed Algebras

Definition 1.35. A vector space X over K is called an algebra, if a product x.y € X
is also defined for every two elements x,y € X, or with a simplified notation the
product xy is defined so that for arbitrary x,y,z € X and @ € K the following
conditions are satisfied:

. x(yz) = (xy)z,

. x(y 4+ z2) = xy + xz,

. (x+y)z=xz+yz,

- a(xy) = (ax)y = x(ay).

An algebra X is said to be commutative if xy = yx holds for two arbitrary
elements x, y, and X is said to be unital if it possesses a (multiplicative) unit (this is
also called an identity). Note that if X has an identity, then it is unique: since if e
and ¢’ are units, then e = ee’ = ¢'.

AW N =

Definition 1.36. An algebra X is called a normed algebra or Banach algebra if it
is a normed linear space or a Banach space and the norm has the additional property

eyl < [Ix N Iyll- (1.7)
In a normed algebra all the above operations are continuous, i.e., additionally, if
X, — x and y, —> y, then also x,y, —> xy.

Remark 1.24. Every normed algebra can be completed to a Banach algebra, where
the product is extended to the norm completion with respect to (1.7). Also, for any
x,x,y,y € X, we have

lxy =yl = llx(v = ¥) + e =2yl < llxllly = Yl =+ llx =21

and so we see that

Remark 1.25. If e denotes the unit in the unital Banach algebra X, then e = e* and
so we have |le|| < |le]|||le]l, which implies that ||e|| > 1.

Lemma 1.5. Let X be a Banach algebra with identity e. Then there is anorm ||| . |||
on X, equivalent to the original norm, such that (X, ||| . |||) is a unital Banach
algebra with ||| e |||= 1.
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Examples 1.6. 1. Consider CJ0, 1], the Banach space of continuous complex-
valued functions defined on the interval [0, 1] equipped with the sup-norm

namely, |[f|| = sup |f(s)|, and with multiplication defined point-wise
s€[0,1]

(f2)(s) = f(s)g(s). fors € [0,1].

Then CJ0, 1] is a commutative unital Banach algebra, the constant function 1 is
the unit element.

2. As above, but replace [0, 1] by any compact topological space.

3. The linear space W([0,2x]) of all complex-valued functions x continuous on
[0, 2] and having an absolutely convergent Fourier series expansions, i.e.,

o
X(f): Z cnemt7

n=—0o0

o0
with the norm ||x|| = Y |c,| and the usual multiplication.
n=—oo

4. The space L(X) of all bounded linear operators on the normed space X with the
operator norm and the usual algebraic operations, where the product 7S of two
operators is defined as the sequential application, i.e., TS(x) = T(S(x)), x € X.

5. The space L' (—o0, c0) of all measurable and absolutely integrable functions on
the real axis with the norm

o0
o= [ ol

o

is a Banach algebra if the multiplication is defined as the convolution (x*y)(f) =
L5 x(t — s)y(s)ds.

6. Let D denote the closed unit disc in C, and let X denote the set of continuous
complex-valued functions on D which are analytic in the interior of D. Equip X
with pointwise addition and multiplication and the norm

Il = suptlf (2)] : z € D}

where dD is the boundary of D, that is, the unit circle. (That this is, indeed, a
norm follows from the maximum modulus principle.) Then X is complete, and
so is a (commutative) unital Banach algebra. X is called the disc algebra.

1.12 Measures of Weak Noncompactness

The theory of measures of weak noncompactness was introduced by De Blasi in
[65]. This measure was used to establish existence results for weak solutions in a
variety of settings (see [8, 20, 21, 26, 48, 49, 62, 86, 87, 127, 129, 159, 161]).
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Definition 1.37. Let X be a Banach space and B the collection of all bounded sets
of X. The measure of weak noncompactness 8 : 5 —> R is defined by

B(C) = inf{e > 0 : there exists a weakly compact set D such that C C D + ¢B;(6)}.

Proposition 1.19. If X is a Banach space and B : B —> Ry is the weak measure
of noncompactness, then

B(C) = 0 if and only if C" is weakly compact (regularity),

BAC) = |A| B(C) forall A € Rand B(C + C2) < B(Cy) + B(C2) (seminorm),
if C; C Cy, then B(Cy) < B(C,) (monotonicity),

B(Cy) U Cy = max{B(C)), B(C3)} (semi-additivity),

B(C) = B(C").

B(C) < diamC,

B(C) = B(coC).

Proposition 1.20. If X is a Banach space and B(0) denotes the unit closed ball of
X, then

1. if X is reflexive, we have B(B;(6)) = 0,
2. if X is nonreflexive, we have B(B1(0)) = 1.

Proposition 1.21. If X is a Banach space and C C X is bounded, then

NS A BN~

B(C + A(B1(0)) = B(C) + AB(B1(8)) forall A =0.

Proposition 1.22. If X is a Banach space, {C,},>1 C B is a decreasing sequence
of weakly closed sets in X and B(C,) | 0 asn —> oo, then (| C, is nonempty and

n>1
weakly compact.

Proof. Let x, € Cp,n > 1. We have B({x,}n>1) = B{{Xu}nsk) < B(Cy) for all
k > 1. Since B(Cy) | 0 as k — oo, we obtain S({x,},>1) = 0 and so {xn}nle is
weakly compact. From the Eberlein—Smulian theorem (Theorem 1.8), we can find a
subsequence {x,, }m>1 of {x,},>1 such that x, — xin X as m — oo. Clearly x € C,
for all n > 1 (since all these sets are weakly closed) and so x € () C, # @.

n>1

Moreover, B(() C,) < B(C,) for all n > 1, hence B(() C,) = 0, which means
n>1 n>1
that () C, is weakly compact. |

n>1

On the other hand it is rather difficult to express the De Blasi measure of
weak noncompactness by a convenient formula. The first formula of this type
was obtained by Appell and De Pascale in the Lebesgue space Li(a, b) [8]. This
formula is very convenient and handy and based on the Dunford—Pettis theorem.
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The De Blasi Measure of weak noncompactness 8 in L;(a, b) can be expressed by
the formula

B(X) = 1iII(1) sup 9 sup / |x()|dt: D C I, m(D) <¢ . (1.8)
&> x€X
D

Also, using the concept of uniform integrability (equi-integrability), Banas and
Sadarangani [28] introduced a measure of weak noncompactness in the Lebesgue
space L;(0, 1) and showed that this measure is equal to the De Blasi measure of
weak noncompactness.

Further assume that ¢ > 0 is a fixed number. For an arbitrary function
x € Li(0, 1) denote by I(x, a) the set defined by

I(x,a) ={t el : |x(t)| > a}.

We introduce the function H defined on the family all bounded subsets of L; (0, 1)
by the formula

HX) = lim_H,(X),

where

Ho(X) = {/1< )|x(t)|dt cxeXx!.

Theorem 1.19. H(X) = B(X) for all bounded subsets X of L1(0, 1).

Now we describe some measures of weak noncompactness in the space L' (R.).
First we recall the criterion for weak noncompactness due to Dieudonné [79].

Theorem 1.20. A bounded set X C L' is relatively weakly compact if and only if

1. forany e > 0 there is § > 0 such that if |D| < & then [, |x(t)| dt < e,x € X
2. forany € > 0 there is T > 0 such that fToo |x(2)| dt < e for any x € X.

Further, take a nonempty subset X of L! and fix ¢ > 0,x € X. Let

w(x, e) = sup|:/ |x()|dt : D C Ry, |D| < 8:|,
D

w(X, €) = sup[w(x,¢) : x € X],

wo(X) = Fli_r)no w(X,e),

aX) = Tgnoo{sup[[:o |x(2)| dt : x € X:“
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Finally, put
y(X) = wo(X) + a(X).

Lemma 1.6. The function y(X) has the following properties:

. y(X) = 0 < X is relatively weakly compact,

XCY = yX) Cy@),

CyX+Y) =y(X) +p(),

- y(AX) = |Aly(X) for A € R,

. y(coX) = y(X), where coX denotes the convex closure of the set X,
- y(XUY) = max[y(X). y(¥)],

y(B,) = 2r.

NSO LA W~

Proof. Note that the property 1) is a simple consequence of Theorem 1.20. The
proof of properties 2)—6) is standard and follows from the definition of the function
y. In order to prove 7) it is enough to show that y(B;) = 2. Obviously y(B;) < 2.
To show the converse inequality let us take the set X C B, X = {nPpt1] : 1 =
1,2,...} where Pp will denote the characteristic function of a set D. It is easily seen
that wo(X) = 1 and a(X) = 1 so that y(B;) > y(X) = 2. This completes the proof.

]

Theorem 1.21. B(X) < y(X) < 2B8(X).

Proof. Assume first that §(X) = r. Then for an arbitrary ¢ > 0 there is a weakly
compact set Y such that X C Y + (r + €)B,. Hence, in view of the properties of the
function y described in Lemma 1.6 we get

yX) =y(¥) + (r+e)y(B) =2(r+¢)

which proves the right-hand side inequality.
Before proving the second inequality we introduce some auxiliary notations.
Namely, for a fixed b > 0 let
Qx,b) = [t e Ry : x()| > b),
Qr(x,b) = [t € [0,T] : |x(2)| > b].

Actually, Qr(x,b) C Q(x,b) for any T > 0. Further, for an arbitrary x € X we
may write

x = XPo\r(eb) T XParb) + XP[1.00)-

In what follows assume that ¢ > 0 and 7 > O are fixed and let b > w.

Next, let



1.13  The Superposition Operator 31
wl (X, &) = sup[w(xPp 1, €) : x € X],

a’ (X) = sup |:/°0 |x(£)|dt : x € X:| ,
T

X} = [xPp.rpares © x € X],
Br = [)CP[O.T] X E Bl],
B" = [xPp o) : X € B],

and we see that the following inclusions hold
X C X +w'(X,e)Br +a’ (X)B".

Hence, taking into account that the set X} is relatively weakly compact, we arrive
at the following inequality

BX) < wl'(X,e) +a’(X) < w(X,e) + a’ (X).

Passing with T to infinity we derive §(X) < y(X). Thus the proof is complete. H

1.13 The Superposition Operator

In this section we will denote by I an interval [0, 1], and by L!(I) the space of
Lebesgue integrable functions (equivalence classes of functions) on I, with the
standard norm ||x| = fol |x(7)| dt. Recall that by L” we will denote the space of

. . e 1
(equivalences classes of) functions x satisfying [, |x(1)|” dr < oco.

Definition 1.38. Assume that f(r,x) = f : I x R — R is a given function. For
an arbitrary function x : I — R denote by N;x the function defined on / by the
formula (NVyx)(t) = f(t,x(¢)). The operator N; defined in such a way is said to be
the superposition operator generated by the function f.

The first contribution to the theory of the superposition operator dates back to
Carathéodory [56].

Definition 1.39. We say that the function f = f(t,x) satisfies Carathéodory
conditions if it is measurable in ¢ for each x € R and is continuous in x for almost
allt e l.

This theory received a new impetus after the fundamental paper of Krasnosel’skii
[117] who showed a necessary and sufficient condition for the superposition
operator to be continuous from the space L? into L7.
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Theorem 1.22. Let f satisfy the Carathéodory conditions. The superposition oper-
ator Ny generated by the function f maps continuously the space LP(I) into

Li(I) (p,q = 1) if and only if
£(6,0] < a() + x|,

forallt € I and x € R, where a € L1(I) and b > 0.

Inspired by Krasnosel’skii’s result some necessary and sufficient conditions were
formulated which guarantee that the superposition operator is a continuous self-
mapping of the space of continuous functions, the space of Holder functions [45],
the Orlicz space [177], the generalized Orlicz [173] space, and the Roumieu space
[156].

The fundamental property of the superposition operator defined on the space L!
is contained in the following theorem.

Theorem 1.23. Assume that f : I x R — R satisfies the Carathéodory conditions.
Then the superposition operator Ny generated by f transforms the space L' into
itself if and only if |[f(t,x)| < a(t) + b|x| for t € I and x € R, where a(t) is a
function from the space L' and b is a nonnegative constant. Moreover, the operator
F is continuous on the space L'.

Remark 1.26. Tt should be noted that the superposition Ny takes its values in L ()
if and only if the generating function f is independent on x (see [9]).

It is worthwhile mentioning that under the assumptions of the above theorem the
superposition operator Ay need not be weakly sequentially continuous on the space
L' or on a ball of L'. Indeed this fact is a consequence of the following old result
due to Shragin [186].

Theorem 1.24. Assume that f : [ x R — R satisfies the Carathéodory conditions.
Then the superposition operator Ny generated by f is weakly sequentially continu-
ous on L' if and only if the generating function f has the form

f(t,x) = a(®) + b(t)x,

where a € L'(I) and b € L*°(I).

1.14 Some Aspects of Continuity in L'-Spaces

Let E be a Banach space with the norm ||.||. For a sequence {x,} C E and x € E we
write x, —> x whenever the sequence {x,} converges to x (in the norm ||.|). If {x,}
converges weakly to x we will write that x,, — x.
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Definition 1.40. Let us assume that E|, E, are Banach spaces and X C Ej is a
nonempty set. An operator 7 : X — E, is said to be weakly sequentially
continuous on the set X if for every sequence {x,} C X and x € X such that x, — x
we have that Tx, — Tx. The operator T will be called demicontinuous provided
Tx, — Tx for {x,} C X and x € X such that x, — x.

Obviously T is continuous if x,, —> x implies that Tx,, —> Tx for {x,} C X and
xeX.

Remark 1.27. Observe that every continuous operator is also demicontinuous.
It is also easy to show that every weakly sequentially continuous operator is
demicontinuous. In order to show that the converse implication is not true we give
an example connected with the theory of the superposition operator.

Example 1.8. The superposition operator Ay transforms the space L' into itself
and is continuous. Obviously N} is also demicontinuous in this setting. On the
other hand the operator Ay need not be weakly sequentially continuous which is
a consequence of an old result due to Shragin [186] (see Theorem 1.24).

Let (a, b) be a given interval. For simplicity we assume that (a,b) = (0, 1) and
let I = (0,1). Let § = S(I) denote the set of measurable (in Lebesgue sense)
functions on 7 and let m stand for the Lebesgue measure in R. The set S furnished
with the metric

o(x,y) = infla + m{s : |x(s) — y(s)| > a} : a > 0]

becomes a complete metric space. Moreover, it is well known that the convergence
generated by this metric coincides with convergence in measure. The compactness
in such a space is called “compactness in measure” and such sets have very nice
properties when considered as subsets of L”-spaces of integrable functions (p > 1).

Lemma 1.7. [fa sequence {x,} C L' and is compact in measure then this sequence
converges in measure.

Lemma 1.8. A sequence {x,} C L' converges in the norm of L' to a function x € L'
if and only if {x,} converges in measure to x and is weakly compact.

In what follows let us suppose that X is a bounded subset of L' being compact in
measure. Then we have the following results.

Theorem 1.25. If T : X —> L' is continuous then it is also weakly sequentially
continuous.

Proof. Fix arbitrarily a sequence {x,} C X being weakly convergent to x € X.
By assumption we have that the sequence {x,} is compact in measure. Hence and
by Lemma 1.7 we deduce that {x,} converges in measure to x. On the other hand
observe that the sequence {x,} is weakly compact. This fact in conjunction with
Lemma 1.8 allows us to infer that x, —> x in the norm of the space L'. Thus in
view of the assumption we obtain that 7x,, —> Tx which implies that T, — Tx and
completes the proof. |
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Theorem 1.26. If T : X —> L' is demicontinuous operator then T is weakly
sequentially continuous on X.

The proof may be obtained in the same way as in the proof of Theorem 1.25.
In what follows we give a result which summarizes and generalizes Theo-
rems 1.25 and 1.26.

Theorem 1.27. Let X be a subset of L' compact in measure and let T : X — X.
Then the following three conditions are equivalent:

a) T is continuous.
b) T is demicontinuous.
c) T is weakly sequentially continuous.

Proof. Taking into account the results established in Theorems 1.25 and 1.26 we
see that it is enough to show that ¢) = a). Thus let us assume that T is weakly
sequentially continuous on X and take a sequence {x,} contained in X and such
that x, — x,x € X. Then x, — x which in view of the assumption implies that
Tx, — Tx. However {TXx,} is compact in measure and therefore from Lemma 1.7 we
obtain that {Tx,} converges in measure to Tx. Since {Tx,} is also weakly compact
(as weakly convergent) we conclude that Tx, —> Tx in the norm. This ends the
proof. ||

The complete description of compactness in measure was given by Fréchet [84]
but the following sufficient condition will be useful [122].

Theorem 1.28. Let X be a bounded subset of the space L'. Suppose there is a family
of measurable subsets {Q }o<c<1 of the interval I such that m(2.) = c. If for any
c € I and for any x € X we have

x(t1) < x(tp)

fort; € Q. and for t, & Q., then the set X is compact in measure.

It is clear that by putting Q. = [0,¢) U D or Q. = [0,c¢) \ D, where D is a set
with measure zero, this family contains nonincreasing functions (possibly except for
a set D). We will call the functions from this family “a.e. nonincreasing” functions.
This is the case, when we choose an integrable and nonincreasing function y and
all the functions equal a.e. to y satisfies the above condition. Thus we can write
that elements from L!(I) belong to this class of functions. Due to the compactness
criterion in the space of measurable functions (with the topology convergence in
measure) we have a result concerning the compactness in measure of a subset X of
LY(I) [19].

Lemma 1.9. Let Q be a bounded subset of L (I) consisting of functions which are
a.e. nondecreasing (or a.e. nonincreasing) on the interval 1. Then 2 is compact in
measure in LP ().
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Proof. Let R > 0 be such that @ C B,(0). It is known that Q is compact
in measure as a subset of S. Since the compactness in measure is equivalent to
sequential compactness, we are interested in studying the properties of the latter. By
taking an arbitrary sequence {x,}, in  we obtain that there exists a subsequence
{xy, }x convergent in measure to some x in the space S. Since the balls in L”(J)
spaces (p > 1) are closed in the topology of convergence in measure, we obtain
x € B,(6) C LP(I) and finally x € Q. |

1.15 Fixed Point Theory

We first state the Schauder fixed point theorem.

Theorem 1.29. If Q is a nonempty closed convex subset of a Banach space X and
T is a continuous map from Q2 to Q2 whose image is countably compact, then T has
a fixed point.

Next we consider the Tikonov (Tychonoff) fixed point theorem.

Theorem 1.30. Let Q2 be a convex compact subset of a locally convex topological
space X. If T is a continuous map on 2 into 2, then T has a fixed point.

Remark 1.28. Tychonoft’s theorem contains as a special case the earlier result of
Schauder asserting the existence of a fixed point for each weakly continuous self
mapping of a weakly compact convex subset 2 of a separable Banach space.

It is not always possible to show that a given mapping between functional Banach
spaces is weakly continuous, but quite often its weak sequential continuity offers
no problem. This follows from the fact that Lebesgue’s dominated convergence
theorem is valid for sequences but not for nets.

Theorem 1.31 ([11, Theorem 1]). Let X be a metrizable, locally convex topologi-
cal vector space and let Q2 be a weakly compact convex subset of X. Then any weakly
sequentially continuous map T : Q —> Q has a fixed point.

The proof of the last theorem is based on showing that any weakly sequentially
continuous selfmap of the weakly compact €2 is in fact weakly continuous (due
to the angelicity of the weak topology of metrizable locally convex spaces) and
reducing the result to the Tychonoff fixed point theorem.

1.15.1 The Krasnosel’skii’s Fixed Point Theorem

Many problems arising from diverse areas of natural science involve the study of
solutions of nonlinear equations of the form

Ax + Bx = x, x € Q,
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where €2 is a closed and convex subset of a Banach space X, see for example
[52, 55, 69, 70, 76]. Krasnosel’skii’s fixed point theorem appeared as a prototype
for solving equations of the previous type. The Krasnosel’skii’s fixed point theorem
in its original form is as follows.

Theorem 1.32. Let Q be a closed convex nonempty subset of a Banach space
X, |I.Il. Suppose that A and B map 2 into X and that

(i) Ax+ By € @, forall x,y € Q
(i) A is continuous on Q2 and A(R2) is contained in a compact subset of X
(iii) Bis a a contraction in X, with o € [0, 1].

Then there exist y in 2 such that
Ay + By =y.

Condition (i) can be quite restrictive, but this can be relaxed as follows.

Theorem 1.33. Let Q be a closed, convex and nonempty subset of a Banach space
X, I.ID- Suppose that A : Q@ —> X and B : X —> X such that

(i) B is a contraction with constant o < 1,
(i) A is continuous and A(RQ) is contained in a compact subset of X,
(iii) [x =Bx+ Ay,y € Q] = x € Q.

Then there is ay € Q with Ay + By = y.

1.15.2 Leray—Schauder Theory

We state a Leray—Schauder result which is useful in applications.

Theorem 1.34 (Leray—Schauder). Let Q2 be an open bounded set in a real Banach
space X and let T : Q@ —> X be a completely continuous operator. Let y € Q be a
point such that x+ AT (x) # y for each x € 0Q and A € [0, 1], where 92 denotes the
boundary of the set Q2. Then the equation (Id + T)(x) = y has at least one solution.

The following version of this theorem is useful in applications:

Theorem 1.35. Let T be a completely continuous operator in the Banach space X.
If all solutions of the family of equations

x=AT(x) (elo,1]) (1.9)

are uniformly bounded, i.e., ¢ > 0 such that ¥ A and Vx satisfying (1.9) the a priori
estimate ||x|| < ¢ holds, then the equation x = T(x) has a solution.
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1.15.3 Multivalued Maps

For a set Y, denote by P(Y) the power set of Y. By a multivalued map, we mean
a map

T:X — P(Y)

which thus assigns to each point x € X a subset 7(x) € Y. Note that a map
S : X —> Y can be identified with a multivalued map §' : X —> Y by setting
§'(x) = {S(0)}.

ForT: X — P(Y) and M C X we define

M) = | T,

XEM
and the graph G(T') of T will be the set
G(T) ={(x,y) :xeX,ye Tx)}.

Definition 1.41. Let X and Y be topological spaces and T : T : X — P(Y)
a multivalued map. T is called upper semicontinuous, if for every x € X and
every open set V in Y with T(x) C V, there exists a neighborhood U(x) such that
T(U) < V.

Using simple topological arguments, these definitions can be equivalently stated in
a simpler formulation. The preimage T~'(A) of a set A C Y under a multivalued
map T is defined as

T7'A) ={xeX:T(x) NA # 0.

Note that, unlike single-valued maps, the inclusion 7(7~'(A)) € A need not
hold. However, unless 7' (A) = @, we have T(T~!(A)) N A # .

Proposition 1.23. Let X and Y be topological spaces and T : X — P(Y) a
multivalued map. Then, T is upper semicontinuous if and only if T~'(A) is closed
for all closed sets A C Y.

In some special cases, the graph of a map can be used to characterize upper
semicontinuity.

Theorem 1.36. Let X and Y be topological spaces and T : X — P(Y) a
multivalued mapping. Assume that T(x) is closed for all x € X. Then T is upper
semicontinuous if and only if G(T) is closed in X X Y.

The Kakutani-fixed point theorem was the first fixed point result concerning
multivalued mappings. It is a generalization of the fixed point theorem by Brouwer.
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Theorem 1.37 (Kakutani Fixed Point Theorem). Letr Q2 be a nonempty compact
convex subset of R". Let T : Q —> P(2) satisfy

1. for each x € Q, T(x) is nonempty closed and convex,
2. T is upper semicontinuous.

Then T has a fixed point.

Theorem 1.38 (Fan—Glicksberg Fixed Point Theorem [95]). Let X be a locally
convex topological vector space and let Q2 C X be nonempty compact and convex.
Let T : Q —> P(RQ) satisfy

1. for each x € Q, T(x) is nonempty closed and convex,
2. T is upper semicontinuous.

Then T has a fixed point.

A generalization of the previous theorem is the Himmelberg fixed point
theorem [108].

Theorem 1.39 (Himmelberg Fixed Point Theorem). Let Q2 be a nonempty convex
subset of a topological vector space X. Let T : Q@ —> P () satisfy

1. for each x € Q, T(x) is nonempty closed and convex,
2. T is upper semicontinuous.
3. T(R2) is relatively compact.

Then T has a fixed point.



Chapter 2
Nonlinear Eigenvalue Problems
in Dunford-Pettis Spaces

In this chapter, we present some variants of Leray—Schauder type fixed point
theorems and eigenvalue results for decomposable single-valued nonlinear weakly
compact operators in Dunford—Pettis spaces.

2.1 Introduction

In this section we discuss operator equations of the form
GTx = Ax, 2.1

in appropriate spaces of functions, where by GT we mean the composition Go T
of single-valued mappings and A is a scalar. Recently, several authors [37, 38, 135]
have taken advantage of the representation /' = G7T and established fixed point
theorems for F-self mapping on closed convex subset of Banach spaces. In
applications to construct a set 2 of a space E such that F' takes 2 back into 2 is
very difficult and sometimes impossible. As a result, it makes sense to discuss maps
F : 2 — X. To do this, one of the most important tools in nonlinear analysis is the
Leray—Schauder principle. Due to the lack of compactness for many problems posed
in L!-spaces, we also give alternatives of Leray—Schauder type for some nonlinear
weakly compact composite operators ' = GT in Dunford—Pettis spaces, where
G and T verify some sequential conditions ((#) and (#5)). Let S be a nonlinear
operator from a Banach space X into itself. We will use the following two conditions.

If {x,}nen 1s a weakly convergent sequence in E, then
{Sxn}nen has a strongly convergent subsequence in E.

(H1)
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(H2) If {x,}nen 1s a weakly convergent sequence in E, then
2 {Sx,}nen has a weakly convergent subsequence in E.

In the literature a continuous map satisfying the condition (#;) is called
(ws)-compact [100].

The following fixed point result will be used throughout this section. The proof
follows from the Schauder fixed point theorem.

Theorem 2.1. Let 2 be a nonempty closed convex subset of a Banach space X.
Assume that F . Q —> Q is a continuous map which verifies (H,). If F(RQ) is
weakly relatively compact, then there exists x € 2 such that Fx = x.

2.2 Nonlinear Eigenvalue Problems

We use Theorem 2.1 to obtain a nonlinear alternative of Leray—Schauder type for
decomposable nonlinear weakly compact operators in Dunford—Pettis spaces.

Theorem 2.2. Let X be a Dunford—Pettis space, $2 a nonempty closed convex subset
of X, U a relatively open subset of Qand z € U. If G : X — Xand T : U — X are
operators satisfying:

1. G is a bounded linear weakly compact operator.
2. T is a nonlinear continuous operator satisfying (H,).
3. T(U) is bounded and G(T(U)) C L.

Then, either

(A))  GT has afixed point in U, or
(Ay)  there is a point x € dqU (the boundary of U in Q) and X € (0, 1) with
x=(1—-2A)z+ AGTx.

Remark 2.1. (a) Since €2 is closed, the closure in €2 of U and closure are the same,
for U C Q2. .
(b) For U C @, wehave dqU = U N Q\U.

Proof. Consider GT : U — . Suppose (A,) does not hold. Also without loss of
generality, assume that the operator GT has no fixed point in do U (otherwise we are
finished, i.e., (A;) occurs). Let D be the set defined by

D=1{xeU : x=(1—-2A)z+ AGTx, for some A € [0, 1]} .

Now D # @ since z € D. Also D is closed. To see this, let (x,) be a sequence
in D such that x, — x € U. For all n € N, there exists a A, € [0, 1] such that
X, = (1 = Az + 1,GTx,. Now A, € [0, 1], so we can extract a subsequence {A,, };

such that A,, —> A € [0, 1]. So, by the continuity of the operators G and 7' we obtain
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that (1 —A,,)z + A,,GTx,, — (1 —A)z + AGTx. Hence x = (1 — 1)z + AGTx and
x € D. Next, we shall prove that the set D is sequentially compact. To see this, let
{x,}» be any sequence in D. Since GT'(D) is weakly relatively compact, we obtain by
the Eberlein—Smulian theorem (Theorem 1.8) that there exists a subsequence EoRY
of {x,}, with GTx,; — y for some y € Q. We have x,, = (1 — 1,)z + A, GTx,, for
some A, € [0, 1]. Passing eventually to a new subsequence, we may assume that
An; — Afor A € [0, 1]. So, {x,;}; = (1 —A)z+ Ay. Next, since T verifies (H5), then
{Tx,;}; has a weakly convergent subsequence, say {Tx,, }¢. Using the fact that the
linear operator G is weakly compact together with Proposition 1.18, we infer that
the sequence {GTxy, }« is strongly convergent. Hence {x,, }« is strongly convergent
as well. Hence D is compact. Because E is a Hausdorff locally convex space, we
have that E is completely regular (see Remark 1.11). Since D N (2 \ U) = @, then
by Proposition 1.1, there is a continuous function ¢ : € — [0, 1], such that
@(x) = 1forx € D and ¢(x) = 0 forx € 2\ U. Since Q2 is convex, z € 2, we can
define the operator GT:Q - Q by

_ (1 —@(x))z + ¢(x)GTx, ifx € U,

GTx =
z, ifxe Q\U.

We first check that GT is continuous and satisfies (H1). Indeed, we have dqU =
doU and the operators ¢ and GT are continuous, so GT is continuous. By an
argument similar to the one used above, it is easy to show that GT satisfies (H1).
Since [0, 1] is compact, it follows that GT satisfies (H1). Now, the set GT(U) is
weakly relatively compact. Applying the Krein -Smulian theorem (Theorem 1.10),
we have that the set D, = conv(GT(U) U {z}) is convex and weakly compact.
Moreover, GT (D«) C Dy. Thus, all the assumptions of Theorem 2.1 are satisfied
for the operator GT. Therefore, there exists x, € 2 with GT Xo = Xg. From the
definition of GT , Xo must be an element of U. Then xy = (1 — ¢ (x9))z + ¢(x0)GTxo,
which implies that xy € D and so ¢(xy) = 1. Accordingly, GTxy = x( and the proof
is complete. |

Corollary 2.1. Let E be a Dunford—Pettis space, 2 a nonempty closed convex
subset of E, U a relatively open subset of Q and z € U. Suppose G : E — Eisa
bounded linear weakly compact operator and T : U — E is a nonlinear continuous
operator satisfying (H,), T(U) is bounded and G(T(U)) C Q. Also, assume that
GT satisfies the Leray—Schauder boundary condition

x# (1 =Nz +AGTx, Ae(0,1), x € dgU,

then the set of fixed point of GT in U is nonempty and compact.
Proof. By Theorem 2.2, the operator GT has a fixed point in U. Let
S =1{xeU : GTx = x, { be the fixed point set of GT. Since the operators G and T
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are continuous, S is obviously a closed subset of U such that GT(S) = S. Following
an argument similar to that in Theorem 2.2, we obtain that S is sequentially compact
and, hence, it is compact. |

As a special case, we obtain a fixed point theorem of Rothe type [175] for
decomposable nonlinear weakly compact operators.

Corollary 2.2. Let E be a Dunford—Pettis space, 2 a nonempty closed convex
subset of E, U a relatively open subset of 2 and z € U. Suppose G : E — E
is a bounded linear weakly compact operator and T : U — E is a nonlinear
continuous operator satisfying (H) and T(U) is bounded. In addition, assume that
U is starshaped with respect to z and G(T(dqU)) C U. Then the set of fixed points
of F in U is nonempty and compact.

Proof. Because U is starshaped with respect to 6 and GT(dqU) < U, then
x # (1 =A)z+ AGTx,A € (0,1),x € doU. Applying Corollary 2.1, the set of
fixed points of GT in U is nonempty and compact. |

Corollary 2.3. Let E be a Dunford—Pettis space, 2 a nonempty closed convex
subset of E, U a relatively open subset of Q and 6 € U. Suppose G : E — E isa
bounded linear weakly compact operator and T : U — E is a nonlinear continuous
operator satisfying (Hs), T(U) is bounded and G(T(U)) C Q. In addition, suppose
GT has no fixed point in U. Then, there exist an x € dqU and A € (0, 1) such that
x = AGTx.

Corollary 2.4. Let E be a Dunford—Pettis space, 2 a nonempty closed convex
subset of E, U a relatively open subset of Q2 with 6 € U and a > 1. Suppose
G : E — E is a bounded linear weakly compact operator and T : U — E
is a nonlinear continuous operator satisfying (H,), T(U) is bounded and
G(T(U)) C Q. In addition, assume that there is a real number k > o such that

G(T(U)) N (k.U) = 0. (2.2)

Then there exist an x € 0qU and A > k such that GTx = Ax.

Remark 2.2. 0 is the zero vector of E.

Proof. Consider F = GT : U — . We suppose that for all x € dqU and
A >k, F(x) # Ax.Let F| = {F and

D=1xeU : x=AFx, forsome A € [0,1]}.

The set D is nonempty because 8 € D. Following an argument similar to that in
Theorem 2.2, we obtain that D is compact. Now we show that D N (2 \ U) = @. If
this is not the case, there exists an x € Q \ U and B € [0, 1] such that 8F|x = x.
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If B = 0, then x = 6, which contradicts 6 € U. If 8 # 0, then Fx = %x (% > k),
which contradicts (3.15). Thus, D N (2 \ U) = 9. Let F{ : Q — Q the operator
defined by

o(x)Fx, if x € U,
Fix =
z, ifxeQ\U.

Following arguments similar to those used in the proof of Theorem 2.2, we prove
that F has a fixed pointy € Q. If y € U, ¢(y) = 0 and y = 0, which contradicts
the hypothesis 8 € U. Theny € U and y = ¢(y)Fy, which implies that y € D,
and so ¢(y) = 1 and Fy = ky. Hence, F(U) N (k.U) # @, another contradiction.
Accordingly, there exist an x € dqU and A > k such that Fx = GTx = Ax. [ |

In the rest of this section we shall discuss nonlinear Leray—Schauder alternatives
for decomposable nonlinear positive operators. Let E and E, be two Banach lattice
spaces, with positive cones Efr and E;r , respectively. An operator F from Ej into E,
is said to be positive if it carries the positive cone E; into ES (i.e., F(E]") C ES).

Theorem 2.3. Let Q2 be a nonempty closed convex subset of a Banach lattice E such
that QT := Q NEY # 0. Assume F : Q@ —> Q is a positive continuous operator
satisfying (H1). If F(2) is weakly relatively compact, then F has at least a positive
fixed point in Q.

Proof. Clearly, the set QT is a closed convex subset of ET and F(QT) € Q7.
Also, F(QT) C F(RQ), so F(Q™) is weakly relatively compact. Now, it suffices to
apply Theorem 2.1 to prove that F has a fixed point in @+ C Q. |

Theorem 2.4. Let E be a Dunford—Pettis lattice space, 2 a nonempty closed
convex subset of E, U a relatively open subset of Q and z € U N ET. Suppose
G : E — E is a positive bounded linear weakly compact operator and T : U — E
is a positive nonlinear continuous operator satisfying (H»), T(U) is bounded and
G(T(U)) C Q. Then, either

(A))  GT has a positive fixed point in U, or
(A2)  there is a point x € dqU N E™ (the positive boundary of U in Q) and
A e (0,1)withx = (1—1)z+ AGTx.

Proof. Consider GT : U — Q. Suppose (A;) does not hold. Also without loss
of generality, assume that the operator GT has no positive fixed point in doU
(otherwise we are finished, i.e., (A;) occurs). Let D be the set defined by

D=1xeUNE" :x=(1-X)z+ AGTx, forsomet € [0, 1] .

Eow D # (@ since z € D. Because E is a normed lattice, E7 is closed, and so,
U N ET is a closed subset of Q. Following arguments similar to those used in
the proof of Theorem 2.2, we prove that D is compact. Because E is a Hausdorff
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locally convex space, we have that E is completely regular (see Remark 1.11). Since
DN (2\U) = @, then by Proposition 1.1, there is a continuous function¢ : Q —
[0, 1], such that ¢(x) = 1 forx € D and ¢(x) = 0 forx € Q \ U. Since 2 is convex,
z € §2, we can define the operator GT:Q—Q by

_ (1 - @)z + ¢(x)GTx, ifx € U,
GTx =
z, ifxe Q\ U.

Clearly, the operator GT is positive. By an argument similar to that in Theorem 2.2
and using Theorem 2.3, we prove that there exists a positive element xo € 2 with
GTxy = xo. If xo ¢ U, p(xo) = 0 and xy = z, which contradicts the hypothesis
z € U.Then, xg € U and xy = (1 —(xp))z+ ¢(x9) GTxy, which implies that xo € D
and so ¢(xg) = 1. Accordingly, GTxy = x¢ and xj is a positive fixed point of GT
which completes the proof. |

Corollary 2.5. Let E be a Dunford—Pettis lattice space, 2 a nonempty closed
convex subset of E, U a relatively open subset of Q and z € U N ET. Suppose
G : E — E is a positive bounded linear weakly compact operator and T : U — E
is a positive nonlinear continuous operator satisfying (H»), T(U) is bounded and
G(T(U)) C Q. Also, assume that GT satisfies the Leray—Schauder boundary
condition

x# (1 =Mz +AGTx, L €(0,1), xe IqgUNET,

then the set of positive fixed points of GT in U is nonempty and compact.



Chapter 3
Fixed Point Theory in Locally Convex Spaces

3.1 Leray-Schauder Alternatives

In this section we discuss the existence of fixed points for weakly sequentially con-
tinuous mappings on domains of Banach spaces. We first present some applicable
Leray—Schauder type theorems for weakly condensing and 1-set weakly contractive
operators. The main condition is formulated in terms of De Blasi’s measure of weak
noncompactness f (see Sect. 1.12).

Definition 3.1. Let D be a nonempty subset of Banach space E. If F maps D into
E, we say that

(a) F is condensing (with respect to f) if F is bounded and S(F(V)) < B(V) for all
bounded subsets V of D with (V) > 0,

(b) F is 1-set contractive (with respect to 8) if F is bounded and B(F(V)) < B(V)
for all bounded subsets V of D.

Theorem 3.1. Let X be a Banach space, 2 C E a closed convex subset, U C Q
a weakly open set (with respect to the weak topology of ) and such that 0 € U.
Assume that U" is a weakly compact subset of Q and F : U¥ —> Q is a weakly
sequentially continuous mapping. Then, either

(Ay) F has a fixed point, or
(Ay) there is a point u € dqU (the weak boundary of U in Q) and A € (0, 1) with
u = AFu.

Proof. Suppose (A,) does not hold. We observe that supposition is satisfied also for
A = 0 (since O € U). If (A,) is satisfied for A = 1, then in this case we have a fixed
point in u € doU and there is nothing to prove. In conclusion, we can consider that
the supposition is satisfied for any x € doU and any A € [0, 1]. Let D be the set
defined by
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D={xeU" : x= AF(x), forsome A € [0, 1]} .

The set D is nonempty because 6 € U. We will show that D is weakly compact.
The weak sequential continuity of F implies that D is weakly sequentially closed.
For that, let {x,}, a sequence of D such that x, — x, x € U". For all n € N, there
exists a A, € [0, 1] such that x, = A,F(x,). Now A, € [0, 1], so we can extract
a subsequence {A,}; such that A,, — A € [0,1]. So, A,,Fx,, — AFx. Hence
x = AF(x) and x € D. Let x € U", weakly adherent to D. Since D" is weakly
compact, by the Eberlein—Smulian theorem, there exists a sequence {x,}, C D such
that x, = x, sox € D. Hence D¥ = D and D is a weakly closed subset of the
weakly compact set U". Therefore D is weakly compact. Because E endowed with
its weak topology is a Hausdorff locally convex space, we have that X is completely
regular. Since D N (2 \ U) = 0, it follows by Proposition 1.1 that there is a weakly
continuous function ¢ : 2 — [0, 1], such that ¢(x) = 1 forx € D and p(x) =0
forx € Q\ U.Let F* : Q@ —> Q be the mapping defined by:

@X)Fx, ifx e U,
F*x =
0, ifxe Q\U.

Because dqU = 0dqU", ¢ is weakly continuous and F is weakly sequentially
continuous, we have that F* is weakly sequentially continuous. Also, F*(2) C
Co(F(UY)U{B}). Let Dy = conv(F(UY)U{#}). It follows, using the Krein—Smulian
theorem and the weakly sequential continuity of F that D, is a weakly compact
convex set. Moreover F*(Dy) C Dy. Since F* is weakly sequentially continuous,
it follows using Theorem 1.31 that F* has a fixed point xg € Q. If x &€ U,
@(xp) = 0 and xy = 6, which contradicts the hypothesis & € U. Then x, € U
and xo = @(x0)F(xp), which implies that xo € D, and so ¢(xp) = 1 and the proof is
complete. |

Remark 3.1. The condition U" is weakly compact in the statement of Theorem 3.1
can be removed if we assume that F(U") is relatively weakly compact.

Theorem 3.2. Let Q2 a nonempty, convex closed set in a Banach space E. Assume
F: Q — Q is a weakly sequentially continuous map and condensing with respect
to B. In addition, suppose that F(2) is bounded. Then F has a fixed point.

Proof. Let xy € Q2. We consider the family F of all closed bounded convex subsets
D of @ such that xy € D and F(D) C D. Obviously F is nonempty, since co(F(£2) U
{x0}) € F.WeletK = ﬂ}_D We have that K is closed convex and xy € K. If x € K,

then Fx € D for all D € F and hence F(K) C K. Therefore we have that K € F. We
will prove that K is weakly compact. Denoting by K, = co(F(K) U {xo}), we have
K« C K, which implies that F(Kx) C F(K) C K. Therefore K, € F, K C K.
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Hence K = K.. Since K is weakly closed, it suffices to show that K is relatively
weakly compact. If B(K) > 0, we obtain

B(K) = B(Co(F(K) U {x0})) < B(F(K)) < B(K).

which is a contradiction. Hence, $(K) = 0 and so K is relatively weakly
compact. Now, F is a weakly sequentially continuous map of K into itself. From
Theorem 1.31, F has a fixed point in K C 2. ]

Theorem 3.3. Let Q be a closed convex subset of a Banach space E. In addition,
let U be a weakly open subset of Q with 8 € U, and F : U¥ —> Q a weakly
sequentially continuous map, condensing with respect to B and F(U") is bounded.

Then, either

(A1) F has a fixed point, or
(Ay) there is a point u € dqU (the weak boundary of U in Q) and A € (0, 1) with
u = AFu.

Proof. Suppose (A;) does not hold and F does not have a fixed point in doU
(otherwise, we are finished, i.e., (A1) occurs). Let D be the set defined by

D=!xeU" : x = AF(x), for some A € [0, 1]; .

Now D is nonempty and bounded, because # € D and F(U") is bounded. We have
D C conv({8} U F(D)). So, B(D) # 0 implies

B(D) = B(co({0} U F(D)) = B(F(D)) < B(D),

which is a contradiction. Hence, S(D) = 0 and D is relatively weakly compact.
Now, we prove that D is weakly closed. Arguing as in the proof of Theorem 3.1,
we prove that D is weakly sequentially closed. Let x € U", and weakly adherent
to D. Since D" is weakly compact, by the Eberlein-Smulian theorem, there exists
a sequence {x,}, C D such that x, — x, so x € D. Hence D = D and D is a
weakly closed. Therefore D is weakly compact. Because E endowed with its weak
topology is a Hausdorff locally convex space, we have that E is completely regular.
Since D N (2 \ U) = @, by Proposition 1.1 there is a weakly continuous function
@ : Q2 —> [0, 1], such that ¢(x) = 1 forx € D and ¢(x) = 0 forx € Q2 \ U. Let
F* : Q@ — Q be the mapping defined by:

o(x)Fx, ifx e U,
F'x=

6, ifxeQ\U.

Clearly, F*(2) is bounded. Because ¢ is weakly continuous and F is weakly
sequentially continuous, we have that F* is weakly sequentially continuous.
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We claim that the mapping F* is condensing. Indeed, let X C 2, bounded, with
B(X) # 0. Then, since

F*(X) C co({0} U F(X N U),
we have

BF* (X)) = BFX N D)).

If X N U is relatively weakly compact, then F(X N U) is relatively weakly compact
and B(FXNU)) =0< BX).IfBXNU) #0,then B(FXNU)) <BXNU) <
B(X) and B(F*(X)) < B(X). So, F* is condensing with respect to . Therefore
Theorem 3.2, implies that F* has a fixed point xo € Q. If xo & U, ¢(x9) = 0 and
xo = 6, which contradicts the hypothesis & € U. Then xy € U and xo = ¢(x0)F(xo),
which implies that xo € D, and so ¢(xp) = 1 and the proof is complete. ||

Theorem 3.4. Let Q2 be a closed convex subset of a Banach space E. In addition,
let U be a weakly open subset of Q with @ € U, and F : U — Q a weakly
sequentially continuous, 1-set contraction map with respect to B and F(U") is
bounded. Assume that

(a) us# AFu,A € (0,1),u € dqU.
(b) (I —F)(U") is closed.

Then, F has a fixed point in U".

Proof. Let F,, = t,F n = 1,2,..., where {t,}, is a sequence of (0, 1) such that
t, —> 1. Since 6§ € Q and Q is convex, it follows that F, maps U" into .
Suppose that A,F,y, = y, for some y, € doU and for some A, € (0, 1). Then
we have A,t,F,y, = y, which contradicts hypothesis (a) since A,f, € (0, 1). Let X
an arbitrary bounded subset of U". Then we have

B(Fa(X)) = B(1.F (X)) = tf(F(X)) < 1uf(X).

So, if B(X) # 0 we have

B(Fu(X)) < B(X).

Therefore F, is condensing with respect to 8 on U”. From Theorem 3.3, F,, has a
fixed point, say, x, in U". Therefore, x, — Fx, = (1 — t,)Fx,—6 as n —> oo,
since 1, —> 1 as n —> oo and F(U") is bounded. From, condition (b), we obtain
6 € (I — F)(U") and hence there is a point xo in U" such that § = (I — F)xo. Thus
Xo is a fixed point of F in U". [ |
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3.2 Fixed Point Theory for 1-Set Weakly Contractive
Operators

In this section we consider an axiomatic definition of the measure of weak
noncompactness (see Appell’s survey on measures of noncompactness [10]). Let
E be a Banach space. In what follows we make use of the following notation
Ppa(E) = {D C E : D bounded}.

A function i : Ppy(E) —> R™T is said to be a measure of weak noncompactness
if, for every Q € Ppy(E), the following properties are satisfied:

(1) () =0« Q € W(E).

(2) p(co(2)) = n(),

(3) Q1 € Q= u(Q)) = n(y),

(4) (21U Q) = max{u(2y), u(22)},
(5) p(21 + Q22) < () + w(R2),

(6) w(A) = |A| (), 4 € R.

In [26] a measure of weak noncompactness in the above sense is called to be
regular. We note that De Blasi’s measure f is a regular measure of weak noncom-
pactness. For more examples and properties of measures of weak noncompactness
we refer the reader to [6, 23, 26, 123, 124].

Throughout we let it be a measure of weak noncompactness on E.

Definition 3.2. Let D be a nonempty subset of Banach space E. If F maps D into
E, we say that

(a) Fis pu-condensing if F is bounded and u(F(V)) < u(V) for all bounded subsets
V of D with u(V) > 0,

(b) F is p-nonexpansive if F is bounded and w(F(V)) < wu(V) for all bounded
subsets V of D.

Lemma 3.1. Let C be a nonempty weakly closed set of a Banach space E and
F : C — E a weakly sequentially continuous and (-condensing operator with
F(C) is bounded. Then

(a) for all weakly compact subset K of E, (I — F)~'(K) is weakly compact.
(b) I—F maps weakly closed subset of C onto weakly sequentially closed sets in E.

Proof. (a) LetK C E be anonempty weakly compact set and let D = (I—F)~!(K).
Since I — F is weakly sequentially continuous, D is weakly sequentially closed.
Moreover, we have

n(D) = u(K) + u(F(D)) = u(F(D)).

Since F' is p-condensing, it follows that u(D) = 0. Let x € C, be weakly
adherent to D. Since D" is weakly compact, by the Eberlein—Smulian theorem,
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there exists a sequence {x,}, C D such that x, — x, so x € D. Hence D'=D
and D is a weakly closed subset of C. Therefore D is weakly compact.

(b) LetD C C be aweakly closed set and consider x,, € (I—F)(D) such thatx, — x
in E. We have x, = (I — F)(u,),Vn > 1 with u,, € D. The set K = {x,}" is
weakly compact and so (I — F)~!(K) is weakly compact. Therefore, we may
assume that u, — uin D, for some u € D. Due to the weak sequential continuity
of I —F, we have x = (I—F)(u) and so x € (I—F)(D). Accordingly (I —F)(D)
is weakly sequentially closed.

Definition 3.3. A subset D of a Banach space is called weakly sequentially closed
if, whenever x,, € D for all n € N and x, — x, then x € D.

Definition 3.4. Let D be a nonempty weakly closed set of a Banach space E and
F : D — FE a weakly sequentially continuous operator. F is said to be weakly
semi-closed operator at 6 if the conditions x,, € D, x, — F(x,) —> 6 imply that
there exists x € D such that F(x) = x (here 6 means the zero vector of the space E).

It should be noted that this class of operators, as special cases, includes the
weakly sequentially continuous operators which are weakly compact, weakly
contractive, u-condensing, (I — F)(D) is weakly sequentially closed and others (see
Lemma 3.1).

The following fixed point result, stated in [35] is an analogue of Sadovskii’s
fixed point result [3], will be used throughout this section. The proof follows from
Theorem 1.31

Theorem 3.5. Let Q2 be a nonempty, convex closed set in a Banach space E. Assume
F : Q — Q is a weakly sequentially continuous and |L-condensing mapping. In
addition, suppose that F(2) is bounded. Then F has a fixed point.

Proposition 3.1. Let Q be a nonempty unbounded closed convex subset of a
Banach space E. Suppose that F : Q —> Q is a weakly sequentially continuous [i-
nonexpansive operator and F(S2) is bounded. In addition, assume that F is weakly
semi-closed at 0. Then F has a fixed point in Q.

Proof. Let xj be a fixed element of Q2. Define F,, = t,F + (1 —t,)xo n = 1,2,...,
where (1,,), is a sequence of (0, 1) such that z, —> 1. Since xy € Q2 and 2 is convex,
it follows that F,, maps 2 into itself. Clearly F, is weakly sequentially continuous
and F,(€2) is bounded. Let X an arbitrary bounded subset of 2. Then we have

r(Fa(X)) = p(tuF (X) +{(1 = t)x0}) < tab(F(X)) + pn({(1 — t)x0}) < tapt(X).
So, if w(X) # 0 we have

p(Fr(X)) < pn(X).
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Therefore F,, is p-condensing on €2. From Theorem 3.5, F), has a fixed point, say,
X, in Q. Consequently, ||x, — F(x,) || = |(z, — D) (F(x,) — x0)|| — 0 as n —> o0,
since t, —> 1 as n —> oo and F(L2) is bounded. Since F is weakly semi-closed at
0, there exists x € 2 such that F(x) = x. Accordingly, F has a fixed point in 2. W

Theorem 3.6. Let Q2 be a closed wedge of a Banach space E, xy € 2, U a weakly
open subset of Q such that xy € U and a > 1. Suppose that F : UY — Q
is weakly sequentially continuous, ji-condensing operator and F(U") is bounded.
Then, either

(A)) the operator equation F(x) = ax has a solution in U", or
(Ay) thereis a point x € dqU and k > a with Fx — axy = k(x — xo).

Proof. Suppose (A;) does not hold. If (A;) is satisfied for k = «, then the result
follows. In conclusion, we can consider that the supposition is not satisfied for any
x € dqU and any k > «. Let D be the set defined by

— A
D=dxeU" : x=—F()+ (1 — A)xp, forsome A € [0, 1];.
a

Now D is nonempty and bounded, because xy € D and F(U") is bounded. We have
D C co({xo} U (éF(D))). Because the set {x(} is weakly compact and o > 1, then

w(D) # 0 implies

p(D) = (@ ({0} U (- FDY) < — (D)) < (D),

which is a contradiction. Hence, (D) = 0 and D is relatively weakly compact.
Now, we prove that D is weakly closed. The weak sequentially continuity of F
implies that D is weakly sequentially closed. For that, let {x,}, a sequence of D
such tAhat X, — x,x € U". For all n € N, there exists a A, € [0, 1] such that

Xy = 2F(x;) + (1 —A,)x0. Now 4, € [0, 1], so we can extract a subsequence {4, };

such that A, —> A € [0, 1]. So, %F(xnj) +(1=A,)x0 — %F(x) 4+ (1—A)xp. Hence
x = %F(x) 4+ (1 — A)xp and x € D. Let x € U", be weakly adherent to D. Since
D" is weakly compact, by the Eberlein-Smulian theorem, there exists a sequence
{x,}, C D such that x, — x, so x € D. Hence D" = D and D is a weakly closed
subset of U". Therefore D is weakly compact. We prove that D N (Q \ U) = @. In
fact, let x € D, then there exists A € (0, 1] such that x = %F(x) +(I=A)x (ifA =0
then x = xo ¢ 2\ U). So, F(x) —axg = §(x —xo) and thus x ¢ Q\ U ( > a).
Because E endowed with its weak topology is a Hausdorff locally convex space, we
have that E is completely regular. Since D N (2 \ U) = @, by Proposition 1.1 there
is a weakly continuous function ¢ : Q — [0, 1], such that ¢(x) = 1 for x € D and
o(x) = 0forx € Q\ U. Since Q2 is a wedge, xo € 2, we can define the operator
F*: Q — Qby:



52 3 Fixed Point Theory in Locally Convex Spaces

‘) 29 F(x) + (1 — p(x))xo, if x € T,
F X) =
6, ifx € Q\U"

Clearly, F*(£2) is bounded. Because dq U = dq U, ¢ is weakly continuous and F is
weakly sequentially continuous, we have that F* is weakly sequentially continuous.
Let X C €2, bounded. Then, since

F*(X) C co({xo} U F(X N U)),

we have
w(F* (X)) < p(co(fxo} U (éF(X NU))) < puFEXNU)), (x=1).

If X N U is relatively weakly compact, then F(X N U) is relatively weakly compact
and u(FXNU)) =0 < uX). ff u(XNU) # 0, then p(F(XNU)) < u(XNU) <
w(X). So, w(F*(X)) < u(X) if u(X) # 0 and hence F* is -condensing. Therefore
by Theorem 3.5 F* has a fixed point x; € Q. If x; & U, ¢(x;) = 0 and x; = xo,
which contradicts the hypothesis xo € U. Then x; € U and x; = wS”F () + (1 —
©(x1))x0, which implies that x; € D. Accordingly, ¢(x;) = 1 and so F(x;) = ax;
and the proof is complete. |

Remark 3.2. If either« = 1 or xyp = 6, then we obtain the same conclusion by only
assuming that €2 is a nonempty unbounded closed convex subset of E.

Corollary 3.1. Let 2 be a closed wedge of a Banach space E, xo € 2, U a weakly
open subset of Q such that xo € U and o > 1. Suppose that F : UY — Q is
a weakly sequentially continuous, ji-condensing operator and F(U") is bounded.
Assume that

Fx — axg # k(x — xp), forall x € dqU, k > a.

Then the equation F(x) = ax has at least a solution in U".

Corollary 3.2. Let 2 be a closed wedge of a Banach space E, xy € 2, U a weakly
open subset of Q such that xo € U and o > 1. Suppose that F : U¥ — Q is a
weakly sequentially continuous, weakly compact operator and F(U") is bounded.
Assume that

F(x) —axg # k(x — xp), forall x € dqU, k > «.

Then the equation F(x) = ax has at least a solution in U".

Remark 3.3. The conditions F is a weakly compact operator and F (Wlis bounded
in the statement of Corollary 3.2 can be removed if we assume that U" is weakly
compact.



3.2 Fixed Point Theory for 1-Set Weakly Contractive Operators 53

Corollary 3.3. Let Q be a nonempty unbounded closed convex set of a Banach
space E, xo € Q, U a weakly open subset of Q2 such that xo € U. Suppose that
F : U¥ — Q is a weakly sequentially continuous, ji-condensing operator and
F(U") is bounded. Assume that

F(x) —xo # k(x — xp), forall x € dqU, k > 1.

Then F has a fixed point in U".

Theorem 3.7. Let Q2 be a closed wedge of a Banach space E, xy € 2, U a weakly
open subset of Q such that x, € U and a > 1. Suppose that F : UY —> Q is
a weakly sequentially continuous jL-nonexpansive operator and F(U") is bounded.
In addition, assume that F is weakly semi-closed at 0. Then, either

(A)) the operator equation F(x) = ax has a solution in U", or

(Az) thereis a point x € dqU and k > o with F(x) — axy = k(x — xo).

Proof. Suppose (A;) does not hold. Let F,, = %”F + A —=t)xon = 1,2,...,
where {t,}, is a sequence of (0, 1) such that r, —> 1. Since xop € Q and Q is a
wedge, it follows that F,, maps U" into 2. Clearly F,,(U") is bounded. Suppose that
AnFu(yn) + (1 = A)xg =y, for some y, € dqU and for some A, € (0, 1). So,

Yn = )LnFn(yn) + (1 - An)XO,
_ A’}'ll}'l
- o
Aty
a o

F(,Vn) + An(l - tn)xo + (1 - An)-xO»

F(.Vn) + (1 - AntnxO)'

Hence F(y,) — axo = 37~ (ya — Xo), a contradiction with the fact that 7>~ > «. Let
X an arbitrary bounded subset of U". Then we have

w(Fu(X)) = M(%F(X) +{(1 —t)xo}) < %M(F(X)) + n({(1 = tx)x0}) = tapt(X).
So, if w(X) # 0 we have

p(Fu(X)) < p(X).

Therefore F), is p-condensing on I (note that @ > 1). From Corollary 3.3, F,, has a
fixed point, say, x, in U". Therefore, |x, — éF(xn)H = (1—t,)| éF(xn) — x|l — O
asn — oo, since t, —> 1 as n —> oo and F(W) is bounded. Since éF is either
p-condensing (if « > 1) or pu-nonexpansive (if « = 1), by Lemma 3.1 and the
condition that F is weakly semi-closed at 6, we obtain that there exists a point x; in
U such that § = (I—éF)(x]).Thus F(x1) = ax;. ]
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Corollary 3.4. Let 2 be a closed wedge of a Banach space E, xo € Q, U a weakly
open subset of Q such that xy € U and « > 1. Suppose that F : U¥ — Q
is a weakly sequentially continuous [L-nonexpansive operator weakly semi-closed
at 0 and F(U) is bounded. In addition we suppose that F satisfies the following
condition

F(x) —axy # k(x — xo), forall x € U,k > a. (3.1)

Then the equation F(x) = ax has at least one solution in U".

Corollary 3.5. Let Q2 be a nonempty unbounded closed convex subset of a Banach
space E and U a weakly open subset of Q. Suppose F : U¥ — Q is a weakly
sequentially continuous L-nonexpansive operator weakly semi-closed at 6 and
F(U") is bounded. In addition, assume that there exists xo € U such that

x # AF(x) + (1 — A)xo forall x € dqU, A € (0,1).

Then F has a fixed point in UY.

Corollary 3.6. Let Q2 be a nonempty unbounded closed convex of a Banach space
E, U a weakly open subset of Q such that @ € U. Suppose F : U¥ — Q is a
weakly sequentially continuous -nonexpansive operator weakly semi-closed at 0
and F(U") is bounded. In addition, assume that F satisfies the Leray—Schauder
boundary condition

AF(x) # x forall x € dqU, A € (0,1). (L-S)

Then F has a fixed point in UY.

Remark 3.4. Corollary 3.6 generalizes the Leray—Schauder’s theorem to the case of
weakly sequentially continuous, p-nonexpansive and semi-weakly closed operator
at 6.

Theorem 3.8. Let E, 2, U and F be as the same as in Corollary 3.6. In addition,
assume that

IF@)| < lIxl.  forall x € daU. 3.2)

Then F has a fixed point in UY.

Proof. Tt suffices to prove that (3.2) satisfies condition (L—S). Suppose the contrary.
Then there exists xo € doU, Ay € (0, 1) such that AgF(xp) = xp. So, |[F(x)| =
ﬁ||x0|| > ||xo||, contradicting (3.2). ]

Theorem 3.9. Let 2 be a closed wedge of a Banach space E, U a weakly open
subset of Q and o > 1. Suppose that F : U¥ — Q is a weakly sequentially con-
tinuous L-nonexpansive operator weakly semi-closed at 6 and F(U") is bounded.
In addition, assume that F satisfies one of the following conditions
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(a) 0 €U, F(x) # Ax, forxedqU,A > q,
(b) xo € U, ||F(x) — axo|| < a|lx —xo| forallx € 0qU.

Then the operator equation F(x) = ax has a solution in U".

Proof. Suppose that (a) is satisfied. We only need to let xo = 6 in Corollary 3.4.
If (b) is satisfied, we suppose that the operator equation F(x) = ox has no solution in
dq U (otherwise we are finished). In order to apply Corollary 3.4, we prove that (3.1)
is satisfied. Suppose that (3.1) is not true, that is, there exist ky > « and x; € doU
such that F(x1) —axg = ko(x; —xo). From (b), we obtain ko ||x; — xo|| < a||x; — x0]|-
Since x; € dqU and U is a weakly open subset of €2, thus x; — xo # 6. Therefore,
lx1 —xo0] # O and we obtain ky < « and this contradicts ky > «. So (3.1)
holds. Accordingly, from Corollary 3.4 the operator equation F(x) = ax has a
solution in U". ]

Remark 3.5. In Theorem 3.9, if the operator F satisfies the condition (a), then it
suffices to take €2 a nonempty unbounded closed convex subset of E.

As a consequence we have the following fixed point result.

Corollary 3.7. Let 2 be a closed wedge of a Banach space E, xo € 2, U a
weakly open subset of Q@ and @ > 1. Suppose that F : U¥ — Q is a weakly
sequentially continuous [L-nonexpansive operator, weakly semi-closed at 0 and
F(U") is bounded. In addition, assume that F satisfies one of the following condition

[1£:(x) = xoll < [lx — xoll.

for every x € dq, U. Then the operator F has a fixed point in U".
The next lemma holds easily

Lemma 3.2. Wheny > 1 and B > 0, the following inequality holds:
(y— 1)/3-1-1 < yﬁ+l —1.

Theorem 3.10. Let E, 2, U, F be the same as in Corollary 3.6. In addition, assume
that there exists 8 > 0 such that

IFG) = x| PFH = [ F@) P+ — [l P (3.3)

for every x € dqU. Then the operator F has a fixed point in U".

Proof. We suppose that the operator F has no fixed point in do U (otherwise we are
finished). In order to apply Corollary 3.6, we prove that

x £ AF(x), A € (0,1), x € dgU. (3.4)
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Suppose that (3.4) is not true, that is, there exist Ao € (0, 1) and x € UV, such that
AoF (xg) = xo. That is F(xp) = A—loxo. Inserting F(x) = A—luxo into (3.3), we obtain

B+1 B+1

1 1
o B+l S —
X X X X
||A0 0 0” st ”AO 0” ” 0”

This implies

1
(— = D x| P! — Dlxof T (3.5)

1
> (31
o Agﬂ

Since xo € dqU, we see xo # 0. Therefore, ||xo||#*! # 0 and by (3.5), we obtain

1
— 1 B+l o

—1,

and this contradicts Lemma 3.2, since ;—0 € (1, 00). Hence
x # AF(x),A € (0,1),x € dqU.

Accordingly, by Corollary 3.6, F has a fixed point in U". [ |

Remark 3.6. Theorem 3.10 is a generalization of the Altman fixed point theorem in
the case of weakly sequentially, ;-nonexpansive and weakly semi-closed operator
at 6.

Corollary 3.8. Let E, 2, U, F be the same as in Corollary 3.6. In addition, assume
that there exists B > 0 and a > 1 such that

IF ) = axlPH = | FOoIPF — floe] P (3.6)

for every x € dqU. Then the operator equation F(x) = ax has a solution in U".

Proof. Using (3.6), we obtain

1 1
PO = axl P = R

|ﬂ+1

—— ||| for x € dqU.

aﬁ"rl

So,
1 Bt = i L gy p+ g1
Il FE) = X7 =l FOo 7 — [l ™

Consequently, the operator éF , which is weakly sequentially continuous
p-nonexpansive, weakly semi-closed at 6, satisfies the conditions of Theorem 3.10.
It follows from Theorem 3.10 that the conclusion of Corollary 3.8 holds true. W
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Theorem 3.11. Let E, 2, U, F be the same as in Corollary 3.6. In addition, assume
that

IFQI < 1F(x) — x]| (3.7
for every x € dqU. Then the operator F has a fixed point in U".

Proof. 1t suffices to prove that (3.7) implies (3.6). |

Remark 3.7. Theorem 3.11 is a generalization of the Petryshyn fixed point theorem

in the case of weakly sequentially, ;t-nonexpansive and weakly semi-closed operator
at 6.

Corollary 3.9. Let E, 2, U, F be the same as in Corollary 3.6. In addition, assume
that there exists o > 1 such that

[F < 1F(x) — ox] (3.8)

for every x € dqU. Then the operator equation F(x) = ax has a solution in U".

Similarly, we can obtain the following results by using the above-mentioned
methods. We omit their proofs.

Lemma 3.3. Wheny > 1 and 8 € (—o0,0)U (0, 1), the following inequality holds:
—-DF >y —1.

Theorem 3.12. Let E, 2, U, F be the same as in Corollary 3.6. In addition, assume
that there exists B €] — 00, 0) U (0, 1) such that

IFG) =P < IF@IP = [IxI” (3.9)

for every x € dqU. Then the operator F has a fixed point in UY.

Corollary 3.10. LetE, 2, U, F be the same as in Corollary 3.6. In addition, assume
that there exists B € (—00,0) U (0, 1) and @ > 1 such that

IF ) — ax|? < [FG)IP — flox])? (3.10)

for every x € dqU. Then the operator equation F(x) = ax has a solution in U".

Lemma 3.4. Wheny > 1 and B > 0, the following inequality holds:

(4 D>y,
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Theorem 3.13. Let E, 2, U, F be the same as in Corollary 3.6. In addition, assume
that there exists 8 > 1 such that

IF@) + 1P < IFIP + |1x? (3.11)

for every x € dqU. Then the operator F has a fixed point in U".

Corollary 3.11. LetE, 2, U, F be the same as in Corollary 3.6. In addition, assume
that there exists B > 1 and o > 1 such that

IFG) + ox|f < [F@)|P + [lox]? (3.12)

for every x € dqU. Then the operator equation F(x) = ax has a solution in U".

Lemma 3.5. Wheny > 1 and 8 € (—o0,0)U (0, 1), the following inequality holds:
O+ 1P <y +1.

Theorem 3.14. Let E, 2, U, F be the same as in Corollary 3.6. In addition, assume
that there exists B € (—o0,0) U (0, 1) such that

IFG) + x|1f = |[F 1P + [|x]| (3.13)

for every x € dqU. Then the operator F has a fixed point in U".

Corollary 3.12. LetE, 2, U, F be the same as in Corollary 3.6. In addition, assume
that there exists B € (—o0,0) U (0, 1) and o > 1 such that

[F(x) 4 ax]|? > |F@)|P + [jox]|? (3.14)

for every x € dqU. Then the operator equation F(x) = ax has a solution in U".

3.3 Fixed Point Theorems for Function Spaces

We discuss some Sadovskii fixed point type results for function spaces which
guarantee existence results for the general operator equation

x(t) = Fx(t), t€[0,T],T >0

relative to the weak uniform convergence topology which is not metrizable.

Let I = [0, 7] an interval of the real line equipped with the usual topology.
Let E be a Banach space with norm ||.||. E* will denote the dual of E and E,, will
denote the space E when endowed with its weak topology. On the space C(/, E,,) of
continuous functions from I to E,, we define a topology as follows. Let Fin(E*) be
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the class of all nonempty and finite subsets in E*, Let O € Fin(E*) and let us define
I-llo : CU, Eyw) — R4 by

Ifllo == sup sup |x*(f(1))]

tel x*€O

for each f € C(I,E,). One may see that {||.||0; O € Fin(E*)} is a family of
seminorms on C(I, E,,) which defines a topology of a locally convex, separated
space, called the uniform weak convergence topology. We emphasize that this
topology (except for the case in which E is finite dimensional) is not metrizable.
We will denote by C,,(I, E) the space of weakly continuous functions on I with the
topology of weak uniform convergence. For more details see [176].

Definition 3.5. A functionf : I x E — E is said to be weakly—weakly continuous
at (9, xo) if given ¢ > 0 and x* € E*, there exists § > 0 and a weakly open set U
containing xo such that |x*(f(z, x) — f (¢, x0))| < & whenever |t — )| < § andx € U.

Definition 3.6. A family 7 = {f;,i € Z} (where Z is some index set) of E’ is said
to be weakly equicontinuous if given ¢ > 0,x* € E* there exists § > 0 such that,
fort,s € I, if |t — s| < 8, then |x*(f;(¢) — fi(s))| < & forall ie 7.

Lemma 3.6. (a) Let V be a bounded subset of C(I, E). Then
Su?ﬂ(V(f)) =BV
te

where V(t) = {x(t) : x € V}.
(b) LetV € C(I,E) be a family of strongly equicontinuous functions. Then

B(V) = Sllg)ﬂ(V(t)) =pvVD)

where V(I) = U’{x(t) . x € V}, and the function t —> B(V (1)) is continuous.
te

Theorem 3.15. Let E be a Banach space with Q a nonempty subset of C(I, E). Also
assume that Q is a closed convex subset of C,,(I,E), F : Q —> Q is continuous
with respect to the weak uniform convergence topology, F(Q) is bounded and F
is B-condensing (i.e., B(F(X)) < B(X) for all bounded subsets X C Q such that
B(X) # 0). In addition, suppose the family F(Q) is weakly equicontinuous. Then
the set of fixed points of F is nonempty and compact in C,(I, E).

Proof. Let F the fixed points set of F in Q. We claim that F is nonempty. Indeed,
let xo € F(Q) and G be the family of all closed bounded convex subsets D of C(I, E)
such that xy € D and F(D) C D. Obviously G is nonempty, since co(F(Q)) € G (the
closed convex hull of F(Q) in C(I,E)). We let K = DQgD' We have that K is closed

convex and xy € K. If x € K, then F(x) € D for all D € G and hence F(K) C K.
Therefore we have that K € G. We claim that K is a compact subset of C,, (I, E).
Denoting by Kx = co(F(K) U {x¢})(the closed convex hull of F(K) in C(I, E)),
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we have K. C K, which implies that F(Kx) C F(K) C Kx. Therefore K« € G,
K C K. Hence K = K. Clearly K is bounded and if §(K) # 0, we obtain

B(K) = B(Co(F(K) U {xo}) = B(co(F(K) U {xo})) = B(F(K)) < B(K),

which is a contradiction, so S(K) = 0. Since K is a weakly closed subset of C(/, E)
(notice a convex subset of a Banach space is closed iff it is weakly closed), then K
is a weakly compact subset of C(I, E). We claim that K is closed in C,,(I, E). To see
this, let S = E’ be endowed with the product topology. We consider C(I, E) as a
vector subspace of S. Hence its weak topology is the topology induced by the weak
topology of S. Suppose (x,) is a net in K with x, —> z in C,,(I, E). Then x,(¢)
tends weakly to z(r) for each t € I. For each t € I, let H, = {x,(t)}. Clearly the
weak closure of H, is a weakly compact subset of E. But the weak topology of E’

is the product topology of the weak topology of E. Hence the subset H = [] H'
rel
is a weakly compact subset of S by the Tychonoff theorem. Obviously the subset

{x4,2} C H.The set H N K is weakly compact in K, hence in C(/, E). Using the
fact that for each x* € E* and t € [ the point evaluation mapping y —> x*y(7) is a
continuous linear functional on C(I, E), we get z € K. Now we apply the Arzela—
Ascoli theorem. Because the family F(Q) is weakly equicontinuous, we have that
the family co(F(Q)) (the closure is taken in C,,(I, E)) is weakly equicontinuous and
therefore, K is weakly equicontinuous. Thus, it remains to show that for each 7 € I,
the set K(f) = {x(r),x € K} is weakly relatively compact in E. By Lemma 3.6 (a),
B(K(t)) < B(K). Then B(K(f)) = O for each ¢ € I. Thus for each ¢t € I, K(¢) is
weakly relatively compact in E. Now we apply Tychonoff theorem (Theorem 1.30)
with the locally convex Hausdorff space C,,(/, E) to obtain that 7 # . It remains to
show that F is compact in C,,(I, E). To do this, we let H be the family of all closed
bounded convex subsets D of C(I, E) such that 7 C D and F(D) C D. Obviously H
is nonempty, since co(F(Q)) € H (the closed convex hull of F(Q) in C(I, E)). We
letR = DQHD. Arguing as above, we prove that R is compact in C,,(I, E), F(R) C R

and F C R. Finally, applying the Schauder fixed point theorem, we deduce that F
is compact. ||

Corollary 3.13. Let E be a Banach space and Q be a nonempty subset of C(I, E).
Also assume that Q is a closed convex subset of C,,(I, E), F : Q —> Q is continuous
with respect to the weak uniform convergence topology, F(Q) is bounded, and F
is B-condensing. In addition, suppose the family F(Q) is strongly equicontinuous.
Then the set of fixed points of F is nonempty and compact in C,,(I, E).

Proof. Thanks to Theorem 3.15, it suffices to prove that the family F(Q) is weakly

equicontinuous which is the case. ]

Corollary 3.14. Let E be a Banach space and Q be a nonempty subset of C(I, E).
Also assume that Q is a closed convex subset of C\,(I, E), F : Q — Q is continuous



3.4 Fixed Point Theory for the Sum of Two Operators 61

with respect to the weak uniform convergence topology, and the family F(Q) is
bounded and strongly equicontinuous. In addition, suppose

For each t € 1, F(Q)(?) is relatively weakly compact in E.

Then the set of fixed points of F is nonempty and compact in C,,(I, E)

Proof. We claim that the set F(Q) is relatively weakly compact in C([, E).

Indeed, the family F(Q) of C(I, E) is bounded and strongly equicontinuous, so by

Lemma 3.6, we have 8(F(Q)) = supB(F(Q)(¢)) = 0. Therefore F(Q) is a relatively
rel

weakly compact subset of C(I, E). Accordingly, F is 8-condensing. The result now
follows from Corollary 3.13. |

Remark 3.8. 1f F(Q) is bounded and E is reflexive, then for each ¢ € I, F(Q)(?) is
relatively weakly compact in E since a subset of a reflexive Banach space is weakly
compact iff it is closed in the weak topology and bounded in the norm topology.

We close this section by stating a fixed point theorem for weakly sequentially
continuous mappings.

Theorem 3.16. Let E a Banach space and Q be a nonempty, convex closed set in E.
Assume F : Q —> Q is a weakly sequentially continuous map and the family F(Q)
is bounded and strongly equicontinuous. In addition, suppose

For each t € I, F(Q)(¢) is relatively weakly compact in E.

Then F has a fixed point.

Proof. Arguing as in the proof of Corollary 3.14, we obtain that F(Q) is a relatively
weakly compact subset of C(I, E). Hence, F is S-condensing. It suffices now to
apply Theorem 3.2 to prove the result. ]

Remark 3.9. 1t can be proved that the set of fixed points of F' is weakly compact in
C(I,E).

3.4 Fixed Point Theory for the Sum of Two Operators

In this section we present fixed point theorems with two topologies. We introduce
the notion of t-measure of noncompactness in a Hausdorff topological vector space
(E, T') where 7 is a weaker Hausdorff locally convex vector topology on E (z < T').
We also introduce the concept of demi-z-compact and t-semi-closed operator at the
origin.
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3.4.1 Preliminaries

Throughout this section we assume that (E, ') is a Hausdorff topological vector
space (HTVS, in short) with zero element 6 and t is a weaker Hausdorff locally
convex vector topology on E (t < I'). If E is a normed space, the symbol B, (z) will
denote the closed ball centered at z and with radius r. To denote the convergence in
(E, t) we write &> while the symbol — denotes the convergence in (E, I').

We now introduce the following definition of the concept of a r-measure of
noncompactness (t-MNC, in short).

Definition 3.7. Let C be a lattice with a least element denoted by 0. A function
@, defined on the family Mp of all nonempty and bounded subsets of (E, I') with
values in C will be called a t-MNC in E if it satisfies the following conditions:

(1) P.(co®(2)) < &,(R2) for each Q2 € My, where the symbol co® ((2)) denotes
the closed convex hull of 2 in (E, 7).
() Q1 C Q= B (Q)) < Q).
(iii)) ®,({a} U Q) = &,(R2) forany a € E and Q2 € M.
(iv) ®.(2) = 0if and only if €2 is relatively 7-compact in E.

Observe that (i) still holds true if we had @, (co" (R2)) < ®,(R).

In the case when C has additionally the structure of a cone in a linear space over
the field of real numbers, we will say that a T-MNC ®, is positively homogeneous
provided ®,(AQ2) = A® () for all A > 0 and for Q € Mg. Moreover, @, is
referred to as subadditive if ®, (2 + Q,) < ®.(2) + ©, () for all 2, R, €
ME.

As an example of 7-MNC we have the important and well-known De Blasi
measure of weak noncompactness S.

Definition 3.8. Let 2 be a nonempty subset of E and let ®, be a 7-MNC in E with
values in a lattice C with a least element 0 and being a cone. If T maps €2 into E, we
say that:

(a) T is ®,-Lipschitzian if T(D) € Mg for any bounded subset D of €2 and there
exists a constant k > 0 such that ®,(7(D)) < k®.(D) forD € Mg, D C L.

(b) T is ®,-contraction if T is ®,-Lipschitzian with k < 1.

(¢) Tis ®,-condensing if T is ®,-Lipschitzian with k = 1 and ®,(T(D)) < ®.(D)
for D € Mg such that D C Q and ®,(D) > 0.

(d) T is ®,-nonexpansive if T is ®,-Lipschitzian with k = 1.

Observe that in the formulation of points (c) and (d) of the above definition we can
remove the assumption that C has a cone structure.

Starting from now on we will always assume that a lattice C has a cone
structure (i.e., C is a lattice with a least element O which is a cone in a real linear
space) provided we require that @, is a positively homogeneous or subadditive
-MNCin E.

Now we formulate other definitions needed in our considerations.
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Definition 3.9. Let Q2 be a nonempty subset of E. An operator 7 : Q2 — E is said
to be t-compact if for any nonempty and bounded subset D of 2 the set T(D) is
relatively T-compact.

Definition 3.10. An operator 7 : 2 — E (2 is a nonempty subset of E) is said
to be t-sequentially continuous on €2 if for each sequence {x,} C Q with x, % x,
x € Q, we have that Tx,, = Tx.

Remark 3.10. 1t is worthwhile mentioning that in several situations it is rather
easy to show that a mapping between Banach spaces is weakly sequentially
continuous, while the proof of weak continuity of that mapping can be difficult.
In many applications involving integral equation-problems, one of the reasons for
this difficulty is the fact that the Lebesgue dominated convergence theorem fails to
work for nets.

Remark 3.11. If X is angelic, then any sequentially continuous map on a compact
set is continuous.

Remark 3.12. Hereafter, by bounded sets in £, we will mean I'-bounded sets.

3.4.2 Fixed Point Results

We start with the following fixed point result.

Theorem 3.17. Let Q2 be a nonempty, convex subset of a Hausdorff topological
vector space (E,T") and let ®,; be a T-MNC in E. Assume that compact sets in
(E, 7) are angelic. Then the following assertions hold, for every ®.-condensing and
t-sequentially continuous map T : Q — Q with bounded range:

(i) T has a t-approximate fixed point sequence, i.e., a sequence {x,} C 2 so that
the sequence {x, — Tx,} converges to 0 in (E, ).

(ii) if Q is t-closed, then the set F(T) of fixed points of T is nonempty and
T-compact.

Proof. (i) Fix arbitrarily xy € Q2 and consider the family
F ={Q C Q: Qist —bounded, convex, xo € Q and T(Q) C Q} .

We have F # @. To see this, first note that 7(£2) is 7-bounded since 7 < T.
Thus, since 7 is locally convex, we get co(T(£2) U {xp}) is also t-bounded (see
[64]). Now it is easy to see that co(T(2) U {xo}) € F.Letnow G = () QO
QeF
and let H = co(T(G) U {x¢}). We claim that G = H. Indeed, since xy € G and
T(G) C G one sees that H C G. In particular, we get T(H) C T(G) C H. On
the other hand, since H C 2 and H is t-bounded (notice H C co(T(2)U{xo})),
convex and xo € H, we have that H € F and G C H. Therefore G = H as
claimed.
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Now we claim that ®,(H) = ®,.(T(H)). Clearly from (ii)-Definition 3.7,
we have @, (T(H)) < ®.(H) (since T(H) C H). Now using (i) — (iii) of
Definition 3.7 and the fact that G = H, we get

®:(H) = 0. (co"(T(G) U {xo})) = @ ((T(G) U {x0})) = (T(G)) = P(T(H)).

Keeping in mind that T is <I> -condensing, we conclude (via (iv)-Definition 3.7)
that @, (H) = 0and so H' is T-compact. Since T(H) C H we get that Ty :
H— H isart- sequentially continuous mapping. By Theorem 2.1 in [32],
we get

0 €{x—Tx,x € H}.

Thus, there is a net {x,} C H so that x, — Tx, = 6.

Claim. There ex1sts a sequence {x,} C {x Tx : x € H} so that x, — Tx, 0.
Indeed, since H' is compact, so is H —-H. By assumptlon this set is angelic.
In particular, since 6 € {x; — Tx, : o} CH —H ,thereisa sequence in {x;}
so that x, — Tx, = 6.

(ii) Let C = H' . Redefine the set F to be
Fx« = {0 C Q : Qist—bounded, T —closed, convex, xo € Q and T(Q) C Q} .

We can prove (using the same argument as in the proof of (7)) and the angelicity
of C) that T(C) C C. Hence T|c : C —> C is t-sequentially continuous map
on C. Again by Theorem 2.1 in [32], we get

0ef{x—Tx,xe C}Z.

Using this and once more the fact that C is angelic, we can find a pointx € C so
that Tx = x. So F(T) is nonempty. In addition, we have T(F(T)) = F(T) and
F(T) is T-bounded. Hence ®,(F(T)) = 0 which means that F(T) is relatively
T-compact. Moreover in view of the r-sequential continuity of 7, we deduce
that F(T) is t-sequentially closed. Now we show that F(T) is t-closed. To
this end let x € Q be in mf. Since mz is T-compact, by the angelicity
of WT, there exists a sequence {x,} C F(T) such that x, - x. Hence
x € F(T). Thus WT)T = F(T) which means that F(T) is t-compact. The proof
is complete.

|

The next example shows that the angelicity assumption in Theorem 3.17 cannot
be dropped.
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Example 3.1. There is a Hausdorff locally convex space X equipped with its weak
topology, a nonempty compact convex subset 2 C X, and a sequentially continuous
map T : Q2 — Q with no approximate fixed point sequence.

LetX = (I5,,w*)and Q = {p € X : 4 >0 and |u| < 1}. Then X is a locally
convex space, the topology is its weak one, and €2 is a nonempty convex subset of
X. It remains to construct the map 7.

The space I3, can be canonically identified with the space M(BN) of signed
radon measures on the compact space SN (Cech—Stone compactification of natural
numbers). Let P : M(BN) — M(BN) be defined by

P(u) =) ums,.  peM(@PBN),
n=1

where §, denotes the Dirac measure supported by x. Then P is a bounded linear
operator. We set Q¢ = P(£2). Then Q¢ C 2 and €2 is a convex subset of I, which
is not totally bounded in norm. Hence, by Theorem 1 in [142], there is a Lipschitz
map F : Q¢ —> Q2 without an approximate fixed point sequence (with respect to
the norm).

Set T = F o P |q. We claim that T is weak*-to-weak™ sequentially continuous
and has no approximate fixed point sequence in the weak™* topology.

To show the first assertion, let (i) be a sequence in 2 weak™ converging to
some p € 2. Since I is a Grothendieck space, u, —> p weakly in I . Since P is
a bounded linear operator, it is also weak-to-weak continuous, hence Py, — Pu
weakly in I% . Since P(I%,) is isometric to the space I!, by the Schur property we
have Pu, —> Pu in the norm, so F(Pu,) —> F(Pp) in the norm. We conclude
that T(u,) —> T(w) in the norm, and hence is also in the weak™ topology. This
completes the proof that T is sequentially continuous.

Next, suppose that (,) is an approximate fixed point sequence in 2. Then u,, —
T(,) —> 0 in the weak™® topology. By the Grothendieck property of /o, we get
that w,, — T(1,) —> 6 weakly in /. Since P is a bounded linear operator, we get
Pu, — PT(u,) — 6 weakly, so Pu,, — PT(t,) —> 0 in the norm by the Schur
theorem. Further,

Py, _PT(Mn) = P, _T(Mn) = P _F(P/*Ln)y

so (Pu,) is an approximate fixed point sequence for F' with respect to the norm.
This is a contradiction, completing the proof.

Corollary 3.15. Let Q be a nonempty, convex subset of a Hausdorff topological
vector space (E,T") and let ®; be a tT-MNC in E. Assume that compact sets in
(E, 7) are angelic, Q2 is t-closed and T : Q — Q is t-sequentially continuous and
T-compact mapping with bounded range. Then the set F(T) of fixed points of T is
nonempty and t-compact.



66 3 Fixed Point Theory in Locally Convex Spaces

Indeed, the above assertion is an immediate consequence of Theorem 3.17 since T
is obviously ®,-condensing, where ®; is an arbitrary t-MNC in E.

Corollary 3.16. Let Q2 be a nonempty, convex subset of a Hausdorff topological
vector space (E, ') and let . be a subadditive T-MNC in E. Assume that compact
sets in (E, t) are angelic and Q is t-closed. Let T : 2 — E and S : Q — E be two
mappings satisfying the following conditions:

(i) T is t-sequentially continuous and t-compact.
(ii) S is ®,-condensing and t-sequentially continuous.
(iii) (T 4 S)(R2) is a bounded subset of 2.

Then there exists x € Q2 such that x = Tx + Sx
Proof. Obviously T+ S is 7-sequentially continuous. Suppose D is a bounded subset
of Q. Then we have

O (T + 5)(D)) = (T (D) + S(D)) < P(T(D)) + 2:(S(D)) = P.(S(D)) ,
since T(D) is relatively t-compact. Thus, if ®,(D) > 0, we get

(T + $)(D)) < (D) ,

which yields that T 4 S is ®,-condensing and we can apply Theorem 3.17 to
conclude that there exists x € 2 such that x = Tx + Sx. The proof is complete.
]

Corollary 3.17. Let Q be a nonempty, closed and convex subset of a Banach space
EandletT : Q — E, S : E — E be weakly sequentially continuous mappings
satisfying the following conditions:

(i) T is weakly compact.

(ii) S is a nonlinear contraction, i.e., there exists a continuous nondecreasing
function ¥ : Ry — R+ = [0,00) with W(z) < z for 7z > 0 and such that
[[Sx — Syl| < W([|x —yl[) for x,y € Q.

(iii) (T 4 S)(R2) is a bounded subset of 2.

Then there exists x € Q such that x = Tx + Sx.

Proof. Keeping in mind Corollary 3.16 it is sufficient to show that S is S-
condensing. To this end take a bounded subset D of 2. Suppose that 8(D) = d > 0.
Let ¢ > 0, and then there exists a weakly compact set K of E with D € K+ By+.(6).
So for x € D there existy € K and z € B;4.(0) such that x = y + z and so

[18x = Syll = W([lx —yl)) = W(d +¢).
It follows immediately that

S(D) € S(K) + Bya+e)(0).
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Moreover, since S is a weakly sequentially continuous mapping and K is weakly
compact (see Remark 3.11 ) then S(K)" is weakly compact. Therefore, B(S(D)) <
W(d + ¢). Since ¢ > 0 is arbitrary, it follows that 8(S(D)) < V(d) < d = B(D).
Accordingly, S is f-condensing and the proof is complete. |

Theorem 3.18. Let 2 be a nonempty, convex subset of a Hausdorff topological
vector space (E, ') and let . be a subadditive T-MNC in E. Assume that compact
sets in (E, t) are angelic and Q is t-closed. If T : Q@ — Eand S : Q — E are
t-sequentially continuous mappings satisfying the following conditions:

(i) T is T-compact,
(ii) S is ®,-condensing,
(iii) 1 — S is invertible on T(R2),
(iv) [y=Tx+ Sy, xe Q] = yeQ,
(v) (I=8)7'T(RQ) is bounded,

then there exists x € Q2 such that x = Tx + Sx.

Proof. First we show that the mapping (I — S)™'T transforms 2 into itself. In fact,
by assumption (iii) for each y € Q the equation z = Ty + Sz has a unique solution z.
On the other hand, assumption (iv) implies that z = (I — S)™! Ty is in Q.

Further, define the mapping F : Q2 — 2 by putting

Fx=(I-95""Tx.

Let D = ¢o"F(R2). Observe that the set D is t-closed, convex, t-bounded and
F(D) € D C Q. Next, denote D; = ¢oF(D). Obviously, D, is also t-closed,
convex, t-bounded and F(D,) C D; C D C Q.

We claim that D; is T-compact. If this is not the case, then ®,(D;) > 0. Since
F(D) C T(D) + SF(D), we obtain

< ©(T(D)) + 9 (SF(D)) .

Since T is t-compact, we have ®,(T(D)) = 0 . Thus, taking into account that S is
®.-condensing, we get

. (D)) = :(F(D)) = O (S(F(D))) < P (F(D)) ,

which is absurd. Hence we obtain that D is T-compact.

In view of Corollary 3.15 it remains to show that F : D; — D, is t-sequentially
continuous. To do this take a sequence {x,} C D such that x, & x and x € D;.
Because the set {Fx,} is relatively T-compact then applying the angelicity of (E, 7)
and passing to a subsequence {x,,} of the sequence (x,), we get that Fx,, © y,
y € D;. Hence we have that

—Txy; + Fxy, 5 —Tx+y.
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On the other hand, by virtue of the t-sequential continuity of S we deduce that
SFx,; = Sy. Combining the above established facts with the equality

SF=-T+F,

we derive that y = Fx.

Now we claim that Fx,, = Fx. Suppose that this is not the case. Then there exists
a subsequence {x,, } and a neighborhood V of Fx in (E, 7) such that Fx,, ¢ V for
all k. On the other hand we have that x,, & x, so arguing as before we can find a
subsequence {x,,kx} such that Fx,, - Fx. Thus we obtain a contradiction. Hence it
follows that F is t-sequentially continuous.

Finally, applying Corollary 3.15 we conclude that F has a fixed point x € Dy,
which means that Tx 4+ Sx = x. This completes the proof. ]

Theorem 3.19. Let Q be a nonempty, closed and convex subset of a Banach space
EandletT : Q@ — E, S : E — E be weakly sequentially continuous mappings
satisfying the following conditions:

(i) T is weakly compact.

(ii) S is a nonlinear contraction.
(iii) There exists a bounded subset D of E such that T(2) C (I — S)(D).
(iv) [y=Tx+ Sy, xe Q] = ye Q.

Then there exists x € 2 such that x = Tx + Sx.

Proof. First we show that I — S is invertible on 7(2). To this end fix arbitrarily
y € £ and consider the mapping S, : E — E, defined in the following way:

Syz =Ty + Sz.

Obviously Sy is a nonlinear contraction. Thus, by a result from [12] we infer that the
operator S, has a unique fixed point z € E. Joining this statement with assumption
(iv) we derive that z € Q2. This means that / — S is invertible on T(2).

Further observe that in view of the above facts and assumption (iv) we have that

(I—957'T(Q) c D.

Therefore, the conclusion of our theorem follows from Theorem 3.18. The proof is
complete. ||

Definition 3.11. Let 2 be a subset of a Hausdorff topological vector space E.
A mapping T : Q2 — E is said to be demi-r-compact whenever for any sequence
{x,} C K such that the sequence x, — Tx, &>y € E, there exists a T-convergent
subsequence of the sequence {x,}. In the case when y = 6, we say that T is demi-
T-compact at 6.

Definition 3.12. Let 2 be a subset of a Banach space E. A mapping 7 : 2 — E'is
said to be demi-weakly compact whenever for any sequence {x,} C Q2 such that the
sequence x, — Tx, — y € E, there exists a weakly convergent subsequence of the
sequence {x,}. In the case when y = 6, we say that T is demi-weakly compact at 6.
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Theorem 3.20. Suppose 2 is a nonempty, closed, and convex subset of a Banach
space E. Next assume that the operators T : Q@ — E, S : E — E are weakly
sequentially continuous and satisfy the following conditions:

(i) T is weakly compact.
(ii) S is nonexpansive (i.e., ||Sx—Sy|| < ||x—y|| for all x,y € E) and demi-weakly
compact.
(iii) There exists a bounded subset D of E and a sequence (A,) C (0, 1) such that
Av = L T(RQ) C(I—=A,8)(D)and [y = 1,Sy + Tx, x € Q] = y € Q forall
n=12,...

Then there exists x €  such that x = Tx + Sx.

Proof. Observe that from the imposed assumptions it follows easily that for any
natural number n the mapping A,S is weakly sequentially continuous and is a
nonlinear contraction. Thus, applying Theorem 3.19 to the mapping 7 + A,S we
conclude that there exists a fixed point of this mapping belonging to €2, i.e., there
exists x, € 2 such that

Xp = Tx,, + A,Sx,

forn=1,2,....

Next, notice that {x, } is a bounded sequence in the set D mentioned in assumption
(iii). Indeed, this statement is a consequence of the fact that I — A,,S is invertible
on T(2) (to show this it is sufficient to adopt a suitable part of Theorem 3.19),
assumption (iii) and the equalities:

(I = AuS)x, = Tx, € (I — A,8)(D) ,
Xp = (I —A,8) "' Tx, € D

forn=1,2,....

Now, in view of assumption (i), without loss of generality we can assume that
Tx, — y,y € E. Since the sequence {Sx,} is bounded and A, — 1, in light of the
above we deduce that

X, —Sx, = Ty, + (A, — DSx, — y,

where y € E.

Further, taking into account the demi-weak compactness of the operator S, we
derive that there exists a weakly convergent subsequence {x,, } of the sequence {x,},
ie., x, — x,x € Q. Obviously, we have

Xp, = Ty + A Sxy,
Hence, using the weak sequential continuity of 7 and S, we conclude that

x = Tx 4+ Sx. Thus x is a fixed point of the operator T + S belonging to €.
The proof is complete. |
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Theorem 3.21. Let 2 be a nonempty, convex subset of a Hausdorff topological
vector space (E,T") and let ®, be a positively homogeneous and subadditive
©-MNC in E. Assume that compact sets in (E, t) are angelic and Q2 is t-closed.
In addition, assume that T : Q@ — E, S : Q — E are t-sequentially continuous
operators satisfying the following conditions:

(i) T is T-compact.
(ii) S is ®,-nonexpansive and demi-t-compact.
(iii) There exists a bounded subset Q2 of 2 and a sequence (A,;) C (0, 1) such that
An — land (T + 1,5)(R2) C Q.

Then there exists x € 2 such that x = Tx + Sx.

Proof. Define the sequence of operators by putting G, = T+ A,S forn = 1,2, ....
Assumption (iii) implies that G,,(€2) is bounded forn = 1,2, .. ..
Further, take an arbitrary bounded subset D of 2. Then we obtain

. (Gu(D)) = O(T(D) + A1,5(D))
= @ (T(D)) + 4n P (S(D)) = 2, P (S(D)) .

Hence, if ®,(D) > 0, we get
@, (Gu(D)) < ©.(D) .

Thus G, is ®,-condensing on 2. Obviously G, is 7- sequentially continuous, so by

Theorem 3.17 we infer that G, has a fixed point x,, in 2, foranyn = 1,2, .. ..
Now, repeating a suitable part of the proof of the preceding theorem we get the

desired conclusion. This completes the proof. |

Corollary 3.18. Let Q2 be a nonempty, closed and convex subset of E and let
T:Q — E S: E — E be weakly sequentially continuous mappings satisfying
the below listed conditions:

(i) T is weakly compact.
(ii) S is nonexpansive and demi-weakly compact.
(iii) There exists a bounded subset Q2 of 2 and a sequence () C (0, 1) such that
Aw = land (T 4+ 1,8)(RQ) C Qo forn=1,2,....

Then there exists x € Q such that x = Tx + Sx.

Proof. The proof follows immediately from Theorem 3.21, provided we show that S
is B-nonexpansive, where 8 is the De Blasi measure of weak noncompactness in E.

To do this take D a bounded subset of 2 and put d = B(D). Fix ¢ > 0. Then
there exists a weakly compact set K with D C K + B;+.(0). This yields that for
each x € D there exist y € K and z € By.(0) such that x = y 4+ z. Moreover, we
have

[ISx = Syl| < ||x—yll <d+e.
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Hence we obtain
S(D) C S(K) + By+:(0) .

Since S is weakly sequentially continuous and K is weakly compact, then S(K) is
weakly compact (see Remark 3.11). This implies that B(S(D)) < d + &. In view of
the arbitrariness of ¢ we get that §(S(D)) < d = B(D). Thus, S is f-nonexpansive
which completes the proof. ]

Definition 3.13. Let 2 be a nonempty, r-closed subset of a Hausdorff topological
vector space E and let T : Q — E be a r-sequentially continuous operator. 7" will
be called a T -semi-closed operator at 6 (z-sc, in short) if the conditions x, € €2,
X, — Tx, — 0 imply that there exists x € 2 such that Tx = x.

Lemma 3.7. Letr Q be a t-closed subset of a Hausdorff topological vector space E
and let T : Q — E be a t-sequentially continuous mapping being demi-t-compact
at 0. Then T is a t-semi-closed mapping at 6.

Proof. Suppose {x,} is a sequence in 2 such that x,, — Tx, — 6. Since T is demi-t-
compact we infer that there exists a subsequence {x,, } of {x,} and an elementx € E
such that x,, & x.

We claim that x € Q and Tx = x. Indeed, since Q is 7-closed, so x € Q.
Moreover, the t-sequential continuity of 7 implies that Tx,, & Tx. On the other
hand, we have

X, — Tx = (0, — Txn) + (Txy, — Tx) 50

This yields that x,, = Tx. Hence we infer that 7x = x and the proof is complete. ll

Theorem 3.22. Let Q2 be a nonempty, convex subset of a Hausdorff topological
vector space (E, I') and let ®, be a positively homogeneous and subadditive t-MNC
in E. Assume that compact sets in (E, t) are angelic and Q2 is t-closed. Further,
assume that T : Q@ — E, S : Q — E are t-sequentially mappings satisfying the
following conditions:

(i) T is T-compact.
(ii) S is ®,-nonexpansive.
(iii) T is t-semi-closed at 0
(iv) (T + S)(R2) is a bounded subset of Q.

Then there exists x € Q such that x = Tx + Sx.

Proof. Fix z € Q and define G, = A,(T+S)+(1—-A,)z(n = 1,2,...), where (1,)
is a sequence in (0, 1) such that A, — 1. Since Q2 is convex and z € €2, in view of
assumption (iv) we deduce that G,, maps €2 into itself. Moreover, G,(€2) is bounded
forany n = 1,2, .... Obviously G, is 7-sequentially continuous.



72 3 Fixed Point Theory in Locally Convex Spaces

Now, assume that D is an arbitrary bounded subset of 2. Then we have

D (Gu(D)) = D ({Au(T + S)(D))} + {(1 — A,)z})
<0, @:((T + 5)(D))
<2, @ (T(D)) + 1,9-(S(D))
= A, ®:(S(D))
<A, @ (D).

Thus, if ®,(D) > 0, we get
@, (Gu(D)) < @.(D) .

Therefore, G, is ®,-condensing on 2 and we can apply Theorem 3.17 to obtain a
sequence (x,) such that (x,) C Q and G,x, = x, forn = 1,2,.... Consequently,
we obtain

Xo— (T +8)x, = A — DT+ S)x,— 2] — 0,

since A, — 1 asn — oo and (T + S)(L2) is bounded. Finally, keeping in mind
assumption (iii) we conclude that there exists x €  such that Tx 4+ Sx = x. The
proof is complete. ||

Corollary 3.19. Let Q be a nonempty, closed and convex subset of a Banach space
E LetT : Q — Eand S : E — E be weakly sequentially continuous mappings
satisfying the following conditions:

(i) T is weakly compact.
(ii) S is nonexpansive.
(iii) T + S is wsc.
(iv) (T + S)(2) is a bounded subset of Q2.

Then there exists x € 2 such that x = Tx + Sx.

3.5 Applications

3.5.1 A Volterra Integral Equation Under
Henstock—Kurzweil-Pettis Integrability

We consider the existence of a weak solution to the Volterra integral equation

x(t) = h(t) + /:K(t, $)f (s, x(s))ds onl,

here “/™ denotes the HKP-integral.
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First, we introduce the concept of Henstock—Kurzweil—Pettis integrability and
give some related facts which are useful in the sequel. Throughout the next sections,
E will be a real Banach space.

Definition 3.14. A function f : I — FE is said to be Henstock—Kurzweil-
integrable, or simply HK-integrable on [, if there exists w € E with the following
property : for ¢ > 0 there exists a gauge 6 on I such that ||o (g, P) — w|| < ¢ for each
-fine Perron partition P of I. We set w = (HK) fOT f(s)ds.

Remark 3.13. This definition includes the generalized Riemann integral. In a
special case, when § is a constant function, we get the Riemann integral.

The following result states that the HK-integrability for real functions is preserved
under multiplication by functions of bounded variation.

Lemma 3.8. Lerf : I —> R be an HK-integrable function and let g : | —> R be
of bounded variation. Then fg is HK -integrable.

Let us recall the following integration by parts result inspired from the previous
lemma.

Lemma 3.9. Letf : [a,b] —> R be HK-integrable function and let g : I —> R be
of bounded variation. Then, for every t € [a, D]

(HK) / F()g(s)ds = g(0)(HK) / F(s)ds — / ((HK) / ﬂr)dr)dg(s),

the last integral being of Riemann—Stieltjes type.

The generalization of the Pettis integral obtained by replacing the Lebesgue
integrability of the functions by the Henstock—Kurzweil integrability produces the
Henstock—Kurzweil-Pettis integral.

Definition 3.15 ([60]). A function f : I — E is said to be Henstock—Kurzweil—
Pettis integrable, or simply HKP-integrable, on [ if there exists a function
g : 1 —> E with the following properties :

(i) Vx* € E*,x*f is Henstock—Kurzweil integrable on /.
(i) Ytel,Vx* e E* x*g(t) = (HK) [, x*f(s)ds.

This function g will be called a primitive of f and by g(T") = fOT f(®dt we will
denote the Henstock—Kurzweil—Pettis integral of f on the interval I.

Remark 3.14. (i) Any HK-integrable function is HKP-integrable. The converse is
not true. Then the family of all Henstock—Kurzweil—Pettis integrable functions
is larger than the family of all Henstock—Kurzweil integrable ones.

(ii) Since each Lebesgue integrable function is HK-integrable, we find that any
Pettis integrable function is HKP-integrable. The converse is not true.
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Theorem 3.23 (Mean Value Theorem [60]). If the function f : [a,b] —> E is
HKP-integrable, then

/ﬂmhaﬂwmmﬂx
J

where J is an arbitrary subinterval of [a, b] and |J| is the length of J.

Theorem 3.24. Letf : I XE — E, h:1 — Eand K : I x I — R satisfy the
following conditions:

(1) his weakly continuous on I.
(2) Foreacht € I, K(t,.) continuous, K(t,.) € BV(I,R) and the application t —>
K(t,.) is ||.||pv-continuous. (Here BV (I,R) represents the space of real
bounded variation functions with its classical norm ||.| py.)

(3) f : I x E — E is a weakly—weakly continuous function such that for all
x € C,(LLE), forallt € I, f(.,x(.)) and K(t, .)f (., x(.)) are HKP-integrable
onl.

(4) Forall r > 0 and € > 0, there exists 8, , > 0 such that

t
||/ f(s,x(s))ds|| <e, V|t—1| <8e,,VxeCo(,E),|x|| <r. (3.15)

(5) There exists a nonnegative function L{(.,.) such that:

(a) For each closed subinterval J of I and bounded subset X of E,
B(fIJ x X]) < sup{L(z, B(X)).1 € J}, (3.16)

(b) The function s —> L(s, r) is continuous for each r € [0, +o0, and

tel

sup % (HK) /f |K(t,s)| L(s,r)ds; <r (3.17)
0

forall r > 0.

Then there exist an interval J = [0, a] such that a set of weakly continuous solutions
of the Volterra-type integral equation

t
K0 = h) + [ K56 (3.18)
0
defined on J is nonempty and compact in the space C,,(J, E).

Remark 3.15. (a) If f(.,x(.)) is HKP-integrable on I and for all t € [ the
application T, : E* —> R, defined by y* ——>(HK) [y K(z,5)y*f(s, x(s))ds,
is weak*-continuous, then K(t,.)f(.,x(.)) is HKP-integrable on /. Indeed, for
7 € I, because T, is a linear functional on E* that is weak*-continuous, then
by [176, Theorem 3.10] there exists w, ; in E such that T; . (y*) = y*w, . for all
y* € E*. So, (HK) .for K(t,s)y*f (s, x(s))ds = (HK) .for V*K(t,5)f (s, x(s))ds =
y*w, . for all y* € E*. Therefore K(¢,.)f(.,x(.)) is HKP-integrable on I.
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() For © € I, if we suppose the HK-equi-integrability of the family
K@, )f(,x(),y* € E* ||y*|l < 1} on [0,7], then we guarantee the
continuity of T, ; with respect to the weak*-topology (see [80]).

Remark 3.16. The condition (3.15) is satisfied if we suppose that f(.,x(.)) is
HKP-integrable on I and for all » > 0, there exists a HK-integrable function
M, : I — R, such that

If (.0 < M, (t) forall 7 € Tandy € E, |[y| < r.

To see this, let » > 0 and x* € E* such that |x*|] < 1. For 0 < 1 <
x5, x(5), Tx(s))ds( < ‘(HK) S (5, x(5), Tx(s))ds).
Because s —> M, (s) is Henstock—Kurzweil integrable and |[x*f (s, x(s), Tx(s))| <
[l 1L (s, x(s), Tx(s5))|| < M, (s) for all s € [0, 1], then by [128, Corollary 4.62]),
s > x*f(s,x(s), Tx(s)) is absolutely Henstock—Kurzweil integrable on [, f2] and

t, < 1, we have

‘(HK) /fz X*f(s, x(s), Tx(s))ds

n

< () [ My (5.
1

Thus

n
|| / F(s.x(s). Tx(e))ds]| = sup
n

=<1

x* /tzf(s,x(s), Tx(s))ds

< (HK) / " My (5)ds.

which thanks to the continuity of the primitive in Henstock—Kurzweil integral,
becomes less then ¢ for #, sufficiently close to 1, and this proves the claim.

Remark 3.17. The inequality condition in Remark 3.16 is fulfilled if we suppose
that E is reflexive and the function M, is independent of ¢ € I (see [161]). <&

Proof. Let ¢ = sup,¢; |h(?)||, d = sup,¢; |[K(2,.)||pv and o > 0. There exists b > 0

such that u < ’%". From (3.15), there exists a < T such that

sup || [ f(s,x(s))ds| < w,

t€[0.a] Jo

for any x € C,,(I, E) satisfying ||x|| < b. PutJ = [0, a], and denote by C,,(J, E) the
space of weakly continuous functions / — E, endowed with the topology of weak
uniform convergence, and by B the set of all weakly continuous functions J —> By,
where B, = {y € E : ||y|| < b}. We shall consider B as a topological subspace of
C,.(J, E). It is clear that the set B is convex and closed. Put

F.(t) = h(t) + /OIK(I, $)f (s, x(s))ds on J.

We require that F : B —> B is continuous.
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1. Let r € [0,a]. For any x* € E* such that |x*|] < 1, and for any x € B,
X*Fo(t) = x*h(r) + fot K(t, $)x*f (s, x(s))ds. Using Lemma 3.9 and the definition
of the Riemann—Stieltjes integral, we obtain

| fo K (2, 9)x*F (s, x(s))ds|

'K(t, 1‘)(HK)/0 x*f(s,x(s))—/o ((HK)/0 x*f(r,x(r)dr)dK,

)

IA

|K(2,0)| sup ||| f(s.x(s))ds|| + (V[K;: 0.1]) Sup] I | f(.x(x)d|],

vel0] JO s€[0,1

=< |K(, t)lSléI; I ; f(s.x(s))ds|| + (V[K:: 0. 1]) sup [ ; f(z.x(r)dr].

< IK (. )llay sup] / fex(@dr].
s€J 0

Here K,(.) denotes K(¢,.) and V[K; 0, 7] denotes the total variation of K, on the
interval [0, #]. Hence,

|X*F ()] < c+du < b.
Then
sup{|x*F.(t)| , x* € E*, |x*|| < 1} < b.
So, Fx(l) € By. .
2. Now, we will show that F(B) is a strongly equicontinuous subset.
Let ¢, T € J. We suppose without loss of generality that T < ¢ and that F,(r) #

F\(7). By the Hahn—Banach theorem, there exists x* € E*, such that ||x*| = 1
and ”Fx(t) - Fx(f)” = x*(Fx(t) —F (7))

< W (h(0) = x" (h(x))| + ’(HK) /0 (K(t,5) — K(7,5)x7f (5, x(s))ds

+ '(HK) /IK(I, )X*f (s, x(s))ds

= W (h(®) —x" (h()] + K (2,.) — K(z., )llsv sup I ; f(s. x(s))ds|

¢
+d sup ||| f(s, x(s))ds||.

Ce[rt] Jrt

So, the result follows from hypotheses (1), (2) and (3.15).
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3. Now we will prove the continuity of F.

Since f is weakly continuous, we have by a Krasnoselskii type Lemma (see
[191]) that for any x* € E*, ¢ > O and x € B there exists a weak neighborhood U
of 0 in E such that [x*(f(z, x(t)) —f(z,y(t))| < o5 fort € Jand y € B such that
x(s)—y(s) € Uforall s € J. Because the function s —> x* (f (s, x(5)) —f (s, ¥(5)))
is HK-integrable on J and the function s —> - is Riemann integrable on J,
then by [128, Corollary 4.62]), s ——> x*(f(s,x(s)) — f(s,y(s))) is absolutely

Henstock—Kurzweil-integrable on J and for all ¢ € J we have:

'(HK)/O K(t,9)x" (f(s.x(s)) = f(5.¥(5))) | ds

= SUP K. sy sup (‘(HK)/O X (F (s, x(5)) = f (5. 9(5)))ds

T€[0,1]

)

< dsup ((HK) /0 I (F (5. x(5)) —f(s,y(s)))lds) <.

€]

Thus F is continuous.

We have already shown that F (E’) is bounded and strongly equicontinuous,
then by Lemma 2.1 in [143], Q = convF(B) (the closed convex hull of F(B) in
C(J,E)) is also bounded and strongly equicontinuous. Clearly F(Q) C Q C B.
We claim that F is -condensing on Q. Indeed, let V be a subset of Q such
that B(V) # 0, V() = {x(¢),x € V} and F(V)(t) = {F(¢),x € V}. Because
V is bounded and strongly equicontinuous, we have by Lemma 3.6 (b) that
sup,e; B(V(1)) = B(V) = B(V(J)). Fix t € J and & > 0. From the continuity of
the functions s —> K(¢,s) and s —> L(s, B(V)) on I, it follows that there exists
8 > 0 such that

|K (1, ©)L(g. B(V)) — K(2. )L(s. B(V))| < ¢, (3.19)

if |t —s| <6, |g—s| <38, q,s, T €I. Divide the interval [0, 7] into n subintervals
O=ty<t...<t,=tsothatt,—t,_1 <8(i=1,...,n)and put T; = [t;_1, t;].
For each i, there exists s; € T; such that L(s;, B(V)) = super, L(s, B(V)). By the
mean value theorem for Henstock—Kurzweil—Pettis integral (see Theorem 3.23),
we obtain

Fo(t) =h(t)+ ) / ' K(t, $)f (s, x(s))ds
i=1 Yt~

€h(t) + Y (1 — ti)TONVEK (1, $)f (5. x(s)). 5 € Tr.x € V}.

i=1
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Using (3.16), (3.17) and the properties of the measure of weak non-compactness,
we have

BF(V)(1) < D (t; — ti-1) B(CONVIK (£, 5)f (5, x(5)), 5 € Ty, x € V})

i=1

< Y (6= ti-)BUK () (5, x(s)). 5 € T, x € V)

i=1

< Y (6= 1) sup [K (2, 5)| B((Ti x V(T})))

i=1 s€T;

< Z(l‘i —ti-1) |[K(t, 7)) | L(si, B(V)),
i=1

here for each i, 7; € T; is a number such that |K(z, ;)| = sup,ey, |K(#, 5)|. Hence,
using (3.19), we have

n

BEV)@) <Y ((HK) / K L BOYV)) — K (6, 5)Ls. B(V)) ds)

i=1
+ 3 (0 [ kL6 ps)
i=1 fim1
<¢t + (HK) / K 9)| LEs. B(V))ds
0

<&t + sup

(HK)/O |K(t,s)| L(s, B(V)),? eJ§ .

As the last inequality is satisfied for every ¢ > 0, we get

B(F(V)(®) < sup

(HK) /0 [ IK(,5)| L(s, B(V))ds,? € J} :

Applying Lemma 3.6(b) again for the bounded strongly equicontinuous subset
F(V), we obtain B(F(V)) = sup,c;{F(V)(?)}. Accordingly

B(F(V)) < sup

(HK) /O IK(t, )| L(s, B(V))ds, GJ} < B(V),

so, F is B-condensing on Q. Since Q is a closed convex subset of C(J,E),
the set Q is weakly closed, and using similar arguments as in the proof of
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Theorem 3.15, we can suppose that Q is a closed convex subset of C,,(/, E)
and so by Corollary 3.13 the set of the fixed points of F in B is nonempty and
compact. This means that there exists a set of weakly continuous solutions of the
problem (3.18) on J which is nonempty and compact in C,,(J, E).

3.5.2 Theory of Integral Equations in the Lebesgue Space

We show that our main result contained in Corollary 3.16 can be applied to the
theory of nonlinear integral equations in Lebesgue space.

Suppose that  is a bounded interval in R. For simplicity, we will assume that
I = [0,1]. Denote by L' = L!(I) the space of Lebesgue integrable real functions on
the interval I with the standard norm

1
I = / (Ol
0

The space L' is also called the Lebesgue space.

It is well known [9] that the superposition operator N; generated by a function
f satisfying Carathéodory conditions transforms the metric space S(I) (the set of
measurable (in Lebesgue sense) functions on /) into itself.

Now, let us fix » > 0 and denote by Q, the subset of the ball B,(f) in L' consisting
of functions being a.e. nondecreasing (or a.e. nonincreasing) on the interval / in the
sense that there exists a subset P of / with m(P) = 0 and such that each function
x € @, is nondecreasing on the set I \ P (or nonincreasing on / \ P). Keeping in
mind Theorem 1.28 it is easily seen that the set Q, is compact in measure.

In what follows we will consider the nonlinear integral equation of the form

1 1
x(t) = a(t) + /k(l, $)f (s, x(s))ds + / u(t, s, x(s))ds , (3.20)
0 0

fort el
If we define on the space

I
(Hx)(t) = /k(t, $)f (s, x(s))ds , (3.21)

0
1

(Ux)(r) = [u(t, s, x(s))ds , (3.22)

0

for x € L' and for t € I, then H is the Hammerstein integral operator while U
represents the Urysohn one.
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Henceforth we will assume that the functions involved in Eq. (3.20) satisfy the
following conditions:

(i) a € L' is nonnegative and nondecreasing on the interval /.
(1) f : I x R — R satisfies Carathéodory conditions and there exists a function
p € L such that

[f . 0] < p()

for¢t € I and x € R. Moreover, f : [ x Ry — Ry.
(1) k: 1 xI — Ry is measurable with respect to both variables and such that the
integral operator K defined on the space L! by the formula

1

(Kx)(t) = / k(t, s)x(s)ds

0
maps the space L! into itself.

For further purposes let us recall the above assumption implies [122] that the
operator K maps continuously the space L' into itself. In what follows we will
denote by ||K|| the norm of the linear operator K.

Further, we formulate our remaining assumptions.

(iv) The function t — k(z, s) is a.e. nondecreasing on the interval I for almost all
sel.

v) u(t,s,x) = u: I xIxR — R satisfies Carathéodory conditions, that is, u
is measurable with respect to (z, s) for any x € R and is continuous in x for
almost all (¢, s) € I°.

(vi) u(t,s,x) > 0 for (t,s) € I? and for x > 0.

(vii) The function r — u(t, s, x) is a.e. nondecreasing on the interval I for almost
all s € I and for each x € R.

(viil) |u(t, s,x)| < ki, 5)(q(t) + b|x|) for (¢,5) € I? and for x € R, where g is a
nonnegative member of L', 0 < b = const. and a function k; : I> — Ry is
measurable and such that the linear operator K generated by k; maps L' into
itself.

(ix) b|IKi|[ < 1.

Then we can formulate our existence result concerning Eq. (3.20).

Theorem 3.25. Under assumptions (i)—(ix), Eq.(3.20) has at least one solution
x € L' such that x is a.e. nondecreasing on the interval I.

Proof. Observe that in view of (3.21) and (3.22) we can write Eq. (3.20) in the form
x=a+ Hx+ Ux.

In order to show that Corollary 3.16 can be applied in our situation let us denote by
T the operator defined on L' by the formula

Tx = a+ Hx. (3.23)
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Further, observe that the Hammerstein operator H defined by (3.21) can be written
as the product H = KN of the superposition operator

N (1) = £ (2, (1))
and the linear operator
1

(Kx)(t) = / k(t, s)x(s)ds .

0

Next, take an arbitrary function x € L!. Then, in view of assumptions (i)—(iii) and
Theorem 1.23 we infer that Tx € L!, where T is defined by (3.23). On the other hand,
keeping in mind assumptions (v) and (viii) and the majorant principle (cf.[202])
we deduce that the Urysohn operator U transforms the space L' into itself and is
continuous.

Consider the subset Q of the space L' consisting of all functions x = x(f)
being a.e. nonnegative and nondecreasing on the interval /. It is easily seen that
the operators 7 and U transform the set €2 into itself. In fact, this statement is an
easy consequence of assumptions (i), (ii), (iv), (vi) and (vii). This allows us to infer
that the sum 7 4 U of these operators transforms the set €2 into €2.

Next, for arbitrarily fixed x € €2, in view of the imposed assumptions we obtain

(T + U)@®)(0)] < a(®) + (Hx)(1) + (Ux)(1), Vi
Thus

1
1T + D)@ <lall + [|Hx]] + / u(t. s, x(s))ds
0

1
<lal| + [IKNd]| + / k1 (1,5)((s) + bx(s))ds
0
1 1

<!lall + KNG + / k(t. $)g(s)ds + b / 1 (1, 5)x(s)ds

0 0

1
<llall + IIKII/f(s,X(S))der 1K [1lgl| + BlIK x|
0

1
< llall + IIKII/p(s)der 1K [1lgl| + lIK [
0

< llall + [IKIIIpll + 1K1 [[lgl] + bIK [ ]]x]|
= A+ b||Ki[|]x]]
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where we let
A = [lall + [IKI[lIpIl + K1 l[l1gl] -
This implies
T+ U)®)[| = A+ blIKi][]x]] - (3:24)

Further, denote by €2, the set consisting of all functions x belonging to €2 and
such that ||x|| < r, when r = A/(1 — b||K;]|). Obviously the set 2, is nonempty,
convex, closed and bounded. Moreover, (3.24) with the fact that T + U is a self-
mapping of the set 2 and taking into account assumption (ix) we deduce that the
operator T + U transforms the set €2, into itself. Notice also that both the operators
T and U transform the set 2, into itself.

Now, assumptions (i) and (iii) (cf. also the fact pointed out after assumption (iii)
which asserts that the operator K is a continuous self-mapping of the space L') and
taking into account Theorem 1.23 we infer that T transforms continuously the set
2, into £2,. We deduce that the Urysohn operator U transforms continuously the set
2, into itself.

Thus, in view of the fact that €2, is compact in measure (cf. Theorem 1.28 and the
remarks made before that theorem) we infer that the operators 7 and U transform
weakly continuously the set €2, into itself.

Now, we show that the operator T is weakly compact on the set 2,. What is
more, the operator 7 is also weakly compact on the set €2.

To prove this assertion take an arbitrary function x € 2. Then, for a fixed t € 1
we get:

1

(T < alt) + f K(t. $)f (5. x(s))ds

0

1 1

<a(r) + /k(t, )If (s, x(s))|ds < a(t) + /k(t, s)p(s)ds . (3.25)

0 0

1
Hence, taking into account that the function t — [ k(z, s)p(s)ds is an element of
0

the space L', from estimate (3.25) and Corollary 1.7 we infer that the set T() is
weakly compact. Thus the operator T is weakly compact on the set 2.

In what follows take a nonempty set X C €2, and fix ¢ > 0. Further, let D be a
measurable subset of the interval I such that m(D) < ¢. Then, for an arbitrary x € X,
in view of assumption (viii) we obtain
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1 1

D/|(Ux)(t)|dt f/ /k] (t.5)q(s)ds dt+b/ /Iq (t, 8)x(s)ds | dt

p \o p \0o
= |[K1ql| 1wy + DIIK1x[| L1y

where by L' (D) we denote the Lebesgue space of real functions defined on the set D.
Now, taking into account that the operator K; maps the space L' (D) into itself
and is continuous, we get

/|(UX)(X)|dt < IKillpllgllrpy + BIK: Il x| 1)
D

= IKillo / A [ x(0)di

D D

< Ik / g(t)dt + bl | / x(0)d |
D D

where the symbol ||K;||p stands for the norm of the linear operator K; acting from
the space L' (D) into itself.

Further, keeping in mind the fact that any singleton is weakly compact in the
space L', in view of the Dunford-Pettis theorem and Formula (1.8) we derive the
following inequality

B(UX) = bl|K:|[B(X)

where 8 denotes the De Blasi measure of weak noncompactness. Particularly, in
view of assumption (ix) this statement means that the operator U is condensing with
respect to 3.

Finally, combining all the above established facts and applying Corollary 3.16
we complete the proof. ]



Chapter 4
Fixed Points for Maps with Weakly Sequentially
Closed Graph

In this chapter, we discuss Sadovskii, Krasnoselskii, Leray—Schauder, and
Furi—Pera type fixed point theorems for a class of multivalued mappings with
weakly sequentially closed graph. We first discuss a Sadovskii type result for
weakly condensing and 1-set weakly contractive multivalued maps with weakly
sequentially closed graph. Next we discuss multivalued analogues of Krasnoselskii
fixed point theorems for the sum S + 7 on nonempty closed convex of a Banach
space where T is weakly completely continuous and S is weakly condensing (resp.
1-set weakly contractive). In particular we consider Krasnoselskii type fixed point
theorems and Leray—Schauder alternatives for the sum of two weakly sequentially
continuous mappings, S and T by looking at the multivalued mapping (I — S)~'T,
where I — S may not be injective. We note that the domains of all of the multivalued
maps discussed here are not assumed to be bounded.

Now we introduce notation and give preliminary results which will be needed in
this section. Let X be a Hausdorff linear topological space, and let

PX) = {A CX:Ais nonempty},
Poa(X) = {A C X : A is nonempty, and bounded }
Pov(X) = {A C X : A is nonempty, and convex %

Petev(X) A C X : A is nonempty, closed, and convex } .
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Let Z be a nonempty subset of a Banach space Y and F : Z — P(X) be a
multivalued mapping. We let

R(F) = | JF(y) and GrF = {(z.x) e Zx X : x € F(2)}
yEZ

the range and the graph of F, respectively. Moreover, for every subset A of X, we
put F'(A) ={z€Z:F@)NA# @ and FT(A) = {z € Z: F(z) C A}.

* Fis called upper semicontinuous on Z if F~!(A) is closed, for every closed subset
A of X (or, equivalently, if F*(A) is open, for every open subset A of X).

e F is called weakly upper semicontinuous if F is upper semicontinuous with
respect to the weak topologies of Z and X.

Now we suppose that X is a Banach space and Z is weakly closed in Y.

F is said to be weakly compact if the set R(F) is relatively weakly compact in X.
Moreover, F is said to have weakly sequentially closed graph if for every sequence
{x,}» C Z with x, — x in Z and for every sequence {y,}, with y, € F(x,),Vn €
N,y, — yin X implies y € F(x), where — denotes weak convergence. F is called
weakly completely continuous if F has a weakly sequentially closed graph and, if A
is bounded subset of Z, then F(A) is a relatively weakly compact subset of X.

We now present the measure of weak noncompactness in a general setting
(i.e., the values are in a lattice).

Definition 4.1. Let X be a Banach space and C a lattice with a least element, which
is denoted by 0. By a measure of weak noncompactness MWNC on X, we mean a
function ® defined on the set of all bounded subsets of X with values in C, such that
for any Q1,Q2, € Pbd(X):

(1) ®(co(£21)) = P(L2;), where co denotes the closed convex hull of .
Q) Q1 S Q= Q) < D(Q),

(3) (2, U{a}) = &(Q2)) foralla € E.

(4) ®(2;) = 0if and only if 2, is relatively weakly compact in E.

If the lattice C is a cone then the MWNC ® is said to be positive homogenous if
D(AQ2) = AP(Q) for all A > 0 and 2 € Pyg(X) and it is called semi-additive if
D(Q2) + 22) = P(2) + D(Q2y) for all 21, Q25 € Pra(X).

Definition 4.2. Let 2 be a nonempty subset of Banach space X and & a MWNC
on X.If F: Q@ — P(X), we say that

(a) F is ®-condensing if ®(F(D)) < (D) for all bounded sets D C Q2 with
(D) #£ 0.
(b) F is ®-nonexpansive map if ®(F(D)) < O(D) for all bounded sets D C .
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4.1 Sadovskii Type Fixed Point Theorems

We begin with the following interesting property for multivalued maps with weakly
sequentially closed graph.

Theorem 4.1. Let Q2 be a nonempty, weakly compact subset of a Banach space
X. Suppose F : Q —> P(X) has weakly sequentially closed graph and F(S2) is
relatively weakly compact. Then F has weakly closed graph.

Proof. Since (X x X),, = X,, x X,, (X,, the space X endowed its weak topology),
it follows that Q x F(2)* is a weakly compact subset of X x X. Also, GrF C
Q x F(2)". So, GrF is relatively weakly compact. Let (x,y) € Q x F(2)" be
weakly adherent to GrF, then from the Eberlein-Smulian theorem we can find
{(xn}, D) }n € GrF such that y, € F(x,),x, — x and y, — y in X. Because
F has weakly sequentially closed graph, y € F(x) and so (x,y) € GrF. Therefore,
GrF is weakly closed. n

Remark 4.1. With the conditions of Theorem 4.1, we prove that GrF is weakly
compact.

Theorem 4.2. Let Q2 be a nonempty, closed, convex subset of a Banach space X.
Suppose F : Q —> P () has weakly sequentially closed graph and F(R2) is
weakly relatively compact. Then F has a fixed point.

Proof. Set K = ¢o(F()). It follows from the Krein—Smulian theorem that K is a
weakly compact convex set. We have F(2) € K C Q. Notice also that F : K —>
Pev(K). From Theorem 4.1 F has weakly closed graph, and so F(x) is weakly closed
for every x € K. Thus by Theorem 1.36, F is weakly upper semicontinuous. Because
X endowed with its weak topology is a Hausdorff locally convex space, we apply
Theorem 1.39 to guarantee that F' has a fixed point x € K C Q. |

Theorem 4.3. Let Q2 be a nonempty, closed, convex subset of a Banach space X.
Assume ® a MWNC on X and F : Q —> P (Q) has weakly sequentially closed
graph. In addition, suppose that F is ®-condensing and F(2) is bounded. Then F
has a fixed point.

Proof. Let xy € 2. We consider the family J of all closed bounded convex subsets
D of Q such that xo € D and F(x) € D for all x € D. Obviously F is nonempty,
since CO(F(R2) U {xo}) € F. We let K = ﬂfD We have that K is closed convex

and xp € K. If x € K, then F(x) € D for all D € F and hence F(x) C K.
Consequently, K € F. We now prove that K is weakly compact. Denoting by
K« = co(F(K) U {x0}), we have K, C K, which implies that F(x) C F(K) C K«
for all x € K. Therefore K« € F and K C K. Consequently, K = K. Since K is
weakly closed, it suffices to show that K is relatively weakly compact. If ®(K) > 0,
we obtain

P(K) = P(co(F(K) U {xo})) = ®(F(K)) < P(K),
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which is a contradiction. Hence, ®(K) = 0 and so K is relatively weakly compact.
Now, F : K — P.,(K) has weakly sequentially closed graph. From Theorem 4.2,
F has a fixed point in K C . |

Corollary 4.1. Let Q be a nonempty, closed, convex subset of a Banach space X.
Assume F : Q —> Py () is weakly completely continuous map with F(S2) is
bounded. Then F has a fixed point.

Theorem 4.4. Let X be a Banach space, Q2 be a nonempty, closed, convex subset
of X and ® a positive homogenous MWNC on X. Assume F : Q —> P, (2) has
weakly sequentially closed graph, and also suppose F is ®-nonexpansive and F(S2)
is bounded. In addition, suppose that the implication

if {x,} C Qwithy, € F(x,) forall n and x,, — y, — 6 as n — 00, 4.1)

then there exists x € Q with x € F(x),

holds. Then F has a fixed point.
Remark 4.2. 6 denotes the zero of the space X.

Proof. LetF, =t,F for n=1,2,..., where {t,}, is a sequence of (0, 1) such that
t, —> 1. Since 6 € Q and 2 is convex, it follows that F,, : Q@ —> P, (2). Also F,,
has a weakly sequentially closed graph. Let D € Ppq(€2). Then, we have

O(Fu(D)) = @(t,F (D)) < 1,®(D).
So, if (D) # 0 we have
®(F,(D)) < ®(D).

Therefore, F, is ®-condensing on 2. From Theorem 4.3, F,, has a fixed point, in 2.
For all n, let y, € F(x,) with x, = t,y,. Clearly the sequence {y,}, is bounded and
Xy —Yn = (ty — 1)y, —> 6 asn —> oo, since t, —> 1 as n —> oo. Thus (4.1)
implies that there exists x € Q with x € F(x). |

Corollary 4.2. Let Q2 be a nonempty, closed, convex subset of a Banach space X
and 0 € Q. In addition assume F : Q —> P.y () has weakly sequentially closed
graph, is -nonexpansive, and F(S2) is bounded. Also, suppose (4.1) holds. Then F
has a fixed point.

4.2 Leray-Schauder and Furi—Pera Type Theorems

In applications, the construction of a set Q such that F(2) € Q is difficult and
sometimes impossible. As a result we investigate maps F : Q@ —> P(X) with
weakly sequentially closed graph.
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Lemma 4.1. Let Q be a weakly closed subset of a Banach space X with 6 € Q.
Assume F : Q —> P(X) has weakly sequentially closed graph with F(R2) is
bounded. Let {x,}, € Q and (A,) be a real sequence. If x, — x and A, —> A € R,
then the condition x, € A,F(x,) for all n implies x € AF(x).

Proof. For all n, there exists y, € F(x,) such that x, = A,y,. If A = 0, then x, — 6
(F(R2) is bounded) and x € {A} € Q.If A # 0, then without loss of generality, we
can suppose that A, # 0 for all n. So, A, 'x, =y, for all n implies y, — A~ !x.
Since F has weakly sequentially closed graph, we have y € F(x), which means that
x € AF(x). |

Lemma 4.2. Let Q2 be a nonempty closed convex subset of a Banach space X, S
a nonempty subset of Q, z € U and ® a MWNC on X such that F(S) is bounded.
IfF : S — P(R2) is ®-condensing, then there exists a nonempty closed and convex
subset K of Q2 such that z € KNS, KNS is relatively weakly compact and F(K N S)
is a subset of K.

Proof. We consider the family G = {D C Q : D bounded,D =coD,z € D,F(DN
S) C D}. Obviously G is nonempty, since co(F(S) U {z}) € G. We let K = DﬂgD.
€

We have that K is bounded closed convex and z € K. If x € KN S, then F(x) € D
for all D € G and hence F(K N S) C K. Therefore, we have that K € G. We will
prove that K is weakly compact. Denoting by K, = co(F(K N S) U {z}), we have
K« C K, which implies that F(Kx N S) € F(K N S) € K. Therefore K, € G and
K C K..Hence K = K. If (K N S) # 0, we obtain

B(KNS) < B(K) < BEF(KNS)ULZ)) < dF(KNS)U Lz} < B(F(KNS)) < B(KNS),

which is a contradiction, so (K N §) = 0 and K N S is relatively weakly compact.
|

Theorem 4.5. Let X be a Banach space, 2 be a nonempty, closed, convex subset of
X and U be a weakly open subset of Q with 6 € U. Assume ® a MWNC on X and
F : U" — P.,(Q) has weakly sequentially closed graph. In addition, suppose F
is ®-condensing and F(UY) is bounded. Then, either

(A1) F has a fixed point, or
(Ay)  there is a point x € dqU (the weak boundary of U in Q) and A € (0, 1) with
X € AF(x).

Remark 4.3. (a) Because 2 is convex, its closure and weak closure are the same,
so the weak closure of U in ﬂld weak closure are the same, for U C Q.
(b) For U C 2, we have dqU = U¥ N Q\ U".

Proof. Suppose (A2) does not hold and F does not have a fixed point in doU
(otherwise, we are finished, i.e., (A;) occurs). By Lemma 4.2, there exists a
nonempty closed and convex subset K of 2 with 8 € K, K N U is relatively weakly
compact and F(K N U) C K.
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Let D be the set defined by
D=xeKNU" : x € AF(x), forsome A € [0, 1]} .

Now D is nonempty and bounded, because 6 € D and F(U") is bounded. Also D
is weakly relatively compact. Now, we prove that D is weakly sequentially closed.
For that, let {x,}, a sequence of D such that x, — x,x € KN U". Foralln € N,
there exists a A, € [0, 1] such that x, = A1,F(x,). Now A, € [0, 1], so we can extract
a subsequence {A,}; such that A,, — A € [0,1]. We put x,;, = A,,y,, where
Ynj € F(xy;). Applying Lemma 4.1, we deduce that x € D. Let x € U", be weakly
adherent to D. Since D" is weakly compact, by the Eberlein—Smulian theorem, there
exists a sequence {x,}, C D such that x, — x, sox € D. Hence D* = D and D
is a weakly closed subset of the weakly compact set U". Therefore D is weakly
compact. Because X endowed with its weak topology is a Hausdorff locally convex
space, we have that X is completely regular. Since D N (K N dqU) = @, then,
by Proposition 1.1 there is a weakly continuous function ¢ : Q — [0, 1], such
that ¢(x) = 1 forx € K N dqU and ¢(x) = 0 for x € D. Since K is convex,
0 € K, and F with nonempty convex values, we can define the multivalued map
F* : K — P (K) by:

(1—9px)F(x), ifxe KNUY,
F*(x) =
{0}, ifxe K\ U.

Clearly, F*(K) is bounded. Because dg (K N U) = dg(K N UY), [0, 1] is compact, ¢
is weakly continuous and F has a weakly sequentially closed graph, by Lemma 4.1,
we have F* has weakly sequentially closed graph. Also, F*(K) C co(F(KNU") U
{6}). Let H = Cco(F(KNU") U {6}). Since F(KNUY) is relatively weakly
compact, it follows from the Krein-Smulian theorem that H is a weakly compact
convex set of X. Moreover, F*(H) C H. Then, F*(H) is relatively weakly compact.
Theorem 4.2 shows that F* has a fixed point xp € K. From 6§ € UN K C
inty (K N U"), it follows that xo € F*(x9) = (1—¢(x0))F(xo), which implies xo € D
and so ¢(xg) = 0. Thus, x is a fixed point of F. |

Corollary 4.3. Let X be a Banach space, 2 be a nonempty, closed, convex subset
of X and U be a weakly open subset of Q2 with 0 € U. Assume ® a MWNC on X
and F : UY — Pey(Q) has weakly sequentially closed graph, ®-condensing with
F(U") is bounded. In addition, suppose F satisfying the Leray—Schauder boundary
condition

x & AF(x) forevery x € dqU and A € (0,1).

Then F has a fixed point in U".
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Corollary 4.4. Let E be a Banach space, Q2 be a nonempty, closed, convex subset of
X and U be a weakly open subset of Q with @ € U. Assume that F : U” —> P, ()
is a weakly completely continuous map with F(U") is bounded. In addition, suppose
F satisfying the Leray—Schauder boundary condition

x & AF(x) forevery x € dqU and A € (0,1).

Then F has a fixed point in U".

We now use Theorem 4.4 to obtain a nonlinear alternative of Leray—Schauder
type for multivalued 1-set weakly contractive maps.

Theorem 4.6. Let Q2 be a nonempty, closed, convex subset of a Banach space X, let
U be a weakly open subset of Q with 8 € U. Assume © a positive homogenous
MWNC on X, F : U¥ —> P (Q) has weakly sequentially closed graph, is
®-nonexpansive, F(U) is bounded and (4.1) holds on U". In addition, suppose
F satisfies the following Leray—Schauder condition

x & AF(x) forevery x € dqU and A € (0,1). 4.2)

Then F has a fixed point in U".

Proof. Let F, = t,F, forn = 1,2,..., where {1}, is a sequence of (0, 1) such
that #, —> 1. Since # € Q and Q is convex, it follows that F, : U" —> P ().
Also F, is ®-condensing and has a weakly sequentially closed graph. Suppose that
Yn € AnF,(y,) for some y, € dqU and for some A, € (0, 1). Then we have y, €
AutyF,(y,) which contradicts hypothesis (4.2) since A,7, € (0, 1). Now, applying
Corollary 4.3, the remainder of the proof is similar to that in Theorem 4.4. |

In applications, it is extremely difficult to construct a weakly open set U as in
Theorem 4.5, so we are motivated to construct a Furi—Pera type fixed point theorems
[90] for a multivalued mapping F : Q —> P(X) with weakly sequentially closed
graph. Here €2 is a closed convex subset of X with (possible) an empty weak interior.

Theorem 4.7. Let X be a reflexive separable Banach space, C a closed bounded
convex subset of X, and Q a closed convex subset of C with 0 € Q. Also, assume
F : Q — P (C) has weakly sequentially closed graph. In addition, assume that
the following condition is satisfied

ifi(x, A))}72 is a sequence in Q x [0, 1] with x; —~ x € 9Q, A; —> A and
XE€AF(x) 0 <A <1, then {A\;F(x;)} S Q for j sufficiently large; here 0Q

denotes the weak boundary of Q relative to C.

Then F has a fixed point in Q.
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Proof. We know from [115] that there exists a weakly continuous retraction r :
X — Q. Consider

B={xeX,xeFr(x)}.

Now rF has a weakly sequentially closed graph, since F has weakly sequentially
closed graph, and r is weakly continuous. Applying Theorem 4.2 we infer that there
exists y € Q with y € rF(y). Let z € F(y) such that y = r(z). Then z € B
and B # (. In addition B is weakly sequentially closed, since Fr has a weakly
sequentially closed graph. Moreover, since B C Fr(B) € F(Q) it follows that B
is relatively weakly compact. Now let x € B". Since B" is weakly compact, there
is a sequence {x,}, of elements of B which converges weakly to some x. Since B is
weakly sequentially closed, we deduce that x € B. Thus B* = B. This implies that
B is weakly compact. We now show that BN Q # @. Suppose BN Q = @. Now
since X is separable and C is weakly compact we know from Theorem 1.14 that the
weak topology on C is metrizable, let d* denote the metric. With respect to (C, d*)
note Q is closed, B is compact, BN Q = @ so we have from [89, p. 65] that

d*(B, Q) = inf{d*(x,y) : x € B,y € Q} > 0,

so there exists ¢ > 0 with d*(B, Q) > s. Fori € {1,2,...}, let
. €
U=xeC,d(x,0) < -;.
i

Foreachi € {1,2,...} fixed U; is open in with respect to the topology generated by
d*, and so U; is weakly open in C. Also we have

UF = UF = {x €C.d"(xQ) < f.}
1
and

U, = {x €C.d*(x,0) = ?}

Keeping in mind that U_lw N B = @, applying Corollary 4.4, we get that there exists
A € (0,1) and y; € dU; such that y; € A;Fr(y;). In particular, since y; € dU;, then

{AiFr(y;)} € QO foreachie {1,2,...}. 4.3)
Now look at

D ={xeX:xe€ AFr(x), forsome A € [0, 1]}.
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Now D is nonempty, because 6 € D. Also, D C conv(F(Q)U{8}), so by the Krein -
Smulian theorem, D is relatively weakly compact. Since Fr has weakly sequentially
closed graph and [0, 1] is compact, we deduce from Lemma 4.1 that D is weakly
closed. So D is weakly compact. Then, up to a subsequence, we may assume that
Aj — A* € [0,1] and y; — y* € 0Q. Since F has weakly sequentially closed
graph then y* € A*Fr(y*). Note A* # 1 since BN Q = @. From the assumption in
the statement of Theorem 4.7 it follows that {A;Fr(x;)} € Q for j sufficiently large,
which is a contradiction. Thus BN Q # @, so there exists x € Q with x € Fr(x), i.e.,
x € Fx. |

Now, we state some new variants of Leray—Schauder type fixed point results
for the sum of two weakly sequentially continuous mappings 7" and S. We look at
the case when / — § may not be invertible by looking at the multivalued mapping
(I—-S)7'T.

Theorem 4.8. Let €2 be a nonempty closed and convex subset of a Banach space
X. In addition, let U be a weakly open subset of Q with @ € U, T : U¥ —> X and
S : Q — X are two weakly sequentially continuous mappings satisfying:

(i) T(UY) is relatively weakly compact,
(i) T(U") C (I —9S)(Q).
(iii) If I —S)(x,) — v, then there exists a weakly convergent subsequence of {x,},.
(iv) For everyy in the range of I — S, Dy, = {x € Q such that (I — S)(x) =y} isa
convex set.

Then, either T + S has a fixed point or there is a point x € dqU (the weak
boundary of U in Q) and a A € (0,1) withx = AT(x) + AS (f) .

Proof. First, we assume that / — § is invertible. For any given y € UV, define F :
UY — Q by F(y) := (I — S)"'T(y). F is well defined by assumption (ii).

Step 1: F(U") is relatively weakly compact. For any {x,}, C F(U"), we choose
{x,}, C U" such that y, = F(x,). Taking into account assumption (i), together
with the Eberlein—Smulian’s theorem we get a subsequence Doy $n Of {Vntn
such that (I — S)(yy,(m)) — 2, for some z € 2. Thus, by assumption (iii), there
exists a subsequence yy, (o, (n)) converging weakly to yo € 2. Hence, F (U”) is
relatively weakly compact.

Step 2: F is weakly sequentially continuous. Let {x,}, C U" such that x, — x.
Because F(U") is relatively weakly compact, it follows from the Eberlein—
Smulian’s theorem that there exists a subsequence {x,, }x of {x,}, such that
F(x,) — y, for some y € Q. The weak sequential continuity of S leads to
SF(x,,) — Sy. Also, from the equality SF = —T + F, we have that

_T(xnk) + F(xnk) - _T(x) + Y.
So,y = F(x). We claim that F(x,) — F(x). Suppose that this is not the case, then

there exists a subsequence {x,, (,) }» and a weak neighborhood V" of (I—S)~'T'(x)
such that (I — S)™'T (xy,m)) ¢ V", for all n € N. On the other hand, we have
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X,y — X, then arguing as before, we find a subsequence {x, (¢,(n)) }» such that
(I—S8) "' T (xy, (pa(ny)) converges weakly to ((I—S)~'T(x), which is a contradiction
and hence F is weakly sequentially continuous.

Consequently, using Theorem 3.1, we get either F' has a fixed point or there exist a
x € dqU and a A € (0, 1) such that x = AF(x). This yields, either T + S has a fixed
point or there is a point x € dqU and a A € (0, 1) such that

% = (I -97'T®). (4.4)

Now (4.4) implies (I — S) (f) = T(x). So, x = AT(x) + AS (%) )

Second, if I—S is not invertible, (/—S) ' could be seen as a multivalued mapping.
For any given y € U", define H : U — P(Q) by H(y) := (I — S)"'T(y). H is
well defined by assumption (ii). We should prove that H fulfills the hypotheses of
Theorem 4.5.

Step 1: H(x) is a convex set for each x € U". This is an immediate consequence
of assumption (iv).

Step 2: H has a weakly sequentially closed graph. Let {x,}, C U" such that
x, — xand y, € H(x,) such that y, — y. By the definition of H, we have
(I —S)(yy) = T(xy). Since T and I — S are weakly sequentially continuous, we
obtain (I — S)(y) = T(x). Thusy € (I — 5)~'T(x).

Step 3: H(U") is relatively weakly compact. This assertion is proved by using
the same reasoning as the one in Step 1 of the first part of the proof. Hence, H is
B-condensing.

In view of Theorem 4.5, either H has a fixed point; or there is a point x € doU
and a A € (0, 1) with x € AH(x). By the definition of H, the last assertion implies
that either there is a point x € dq U such that (I — S)(x) = T(x) or there is a point
x € dgUandal € (0, 1) such that (I—S) (§) = T(x). This leads to either T+ S has
a fixed point or there is a point x € dqU and a A € (0, 1) with x = AT (x) + AS (%)

|

Remark 4.4. We note that every B-condensing mapping F : Q C X — X satisfies
assumption (iii) of Theorem 4.8; here 2 is a subset of a Banach space X such that
F(2) is bounded. In fact, suppose that (I — F)x, — y, for some {x,}, C Q and
y € X. Writing x, as x, = (I — F)(x,) + F(x,) and using the subadditivity of the De
Blasi measure of weak noncompactness, we get

Bxa}) = BRU = F)(xn)}) + BEF(x)}).

Since {(I — F)(x,)}" is weakly compact, we obtain S({x,}) < B({F(x,)}). Now, we
show that 8({x,}) = 0. If we suppose the contrary, then since F is -condensing,
we obtain

Bxa}) = BAF ()} < B({x}).
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which is absurd. So, B({x,}) = 0. Consequently, {x,}" is weakly compact and then
by the Eberlein—Smulian’s theorem, there exists a weakly convergent subsequence
of {x,},. Hence, condition (iif) is satisfied.

Corollary 4.5. Let 2 be a nonempty closed and convex subset of a Banach space
X. In addition, let U be a weakly open subset of Q with 0 € U, T : U¥ — X and
S : Q — X are two weakly sequentially continuous mappings satisfying:

(i) T(U") is relatively weakly compact,
(it) S is a contraction mapping such that S(§2) is bounded.
@iii) T(U")+ S(Q) C Q.

Then, either T + S has a fixed point or there is a point x € dqU (the weak boundary
of UinQ)anda A € (0,1) withx = AT(x) + AS (%) )

Proof. The result follows immediately from Theorem 4.8. Indeed, since S is a
nonlinear contraction, we see that S satisfies assumption (iii) of Theorem 4.8.
Moreover, we have I — S is a homeomorphism, so for every y in the range of I — S,
the set Dy, = {x €  such that (I — S)(x) = y} is reduced to {(I — S)~!(y)} which is
convex. |

4.3 Krasnoselskii Type Fixed Point Theorems

In this subsection, by using an analogue of Sadovskii’s fixed point theorem [178] for
multivalued mappings with weakly sequentially closed graph (see Theorem 4.3),
we present some multivalued analogues of Krasnoselskii fixed point theorem for
mappings of the form T + S on a nonempty closed convex set of a Banach space,
where T is weakly completely continuous and S is weakly condensing (resp. 1-set
weakly contractive) mapping with weakly sequentially closed graph measures of
weak noncompactness.

The first fixed point result of this subsection is for weakly completely continuous
multivalued mappings.

Proposition 4.1. Let Q2 be a nonempty, closed, convex subset of a Banach space
X. Assume that F : Q — Py () is weakly completely continuous with F(S2)
bounded. Then F has a fixed point.

Proof. This is an immediate consequence of Theorem 4.3, since F is clearly
®-condensing where ® is any MWNC on X. |

Lemma 4.3. Let Q2 be a nonempty weakly closed set of a Banach space X, ® a
semi-additive MWNC on X and F : Q —> P(X) has a weakly sequentially closed
graph, ®-condensing with F(2) bounded. Then

(a) for all weakly compact subset K of X, (I — F)~'(K) is weakly compact.
(b) I—F maps weakly closed subset of Q2 onto weakly sequentially closed sets in X.
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Proof. (a) LetK C X be anonempty weakly compact set andlet D = (I—F)~!(K).
If x € D, then (x — F(x)) N K is nonempty, so x € F(x) + K and hence
D C F(D) + K. Consequently

®(D) = ®(F(D) + K) = ®(F(D)) + ®(K) = O(F(D)).

Since F is ®-condensing, it follows that ®(D) = 0. Thus D is relatively
weakly compact. Next we will show that D is weakly closed. Let x € €,
be weakly adherent to D. Since D" is weakly compact, from the Eberlein—
Smulian theorem, there exists a sequence {x,} C D such that x, — x. We have
(I —F)(x,) N K # @ for all n, so there exists y, € K such thaty, € (I — F)(x,).
Hence y, = x, — z,, where z, € F(x,). Since {y,} C K and K is weakly
compact, from the Eberlein—Smulian theorem, there exists a subsequence e}
with y,, — y € K. Since z,, = x,;, — y,, and F has weakly sequentially closed
graph, it follows that z,, — x —y and x —y € F(x). Consequently, y € x — F(x)
and (x — F(x)) N K # @. Accordingly, x € (I — F)~'(K) = D. Hence D¥ = D
and D is a weakly closed subset of 2. Therefore D is weakly compact.

(b) Let D C 2 be a weakly closed set and consider x, € (I — F)(D) such that
X, = xinX. We have x, € I —F)(y,), Vn > 1 withy, € D. The set K = {x,,}"
is weakly compact and so (I — F) ™' (K) is weakly compact. Therefore, we may
assume that y, — y in D, for some y € D. Choose z, € F(y,) such that
X, = Yn — Zn, and we obtain z; — y — x. Since F has weakly sequentially
closed graph, it follows that y — x € F(y). Hence x € y — F(y) € (I — F)(D).
Accordingly, (I — F)(D) is weakly sequentially closed.

Lemma 4.4. Let Q2 be a weakly closed subset of a Banach space X. Assume that

(a) T : QL —> P(X) is weakly completely continuous,
(b) S: Q2 —> P(X) has weakly sequentially closed graph.

Then, T + S : Q —> P(X) has weakly sequentially closed graph.
Proof. Let {x,} be a sequence of 2 such that x, — x € Q and y, € (T + S)(x,)
such that y, — y € X. Then there exist z,, € T'(x,) and w,, € S(x,) such that

Yn = Zn + Wy 4.5)

Since T is weakly completely continuous and {x,} is bounded, there is a subse-
quence {z,, } which weakly converges to some z € 7(x). Also from (4.5)

Whe =Yg — 3y — Y — 2.
On the other hand, since S has weakly sequentially closed graph, we have y — z €

S(x) and thus y € z 4+ S(x). Since z € T(x), we have y € T(x) + S(x) = (T + S)(x).
Consequently, T 4 S has weakly sequentially closed graph. |
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Theorem 4.9. Let Q2 be a nonempty closed convex subset of a Banach space X and
® a semi-additive MWNC on X. Assume T : Q@ — P(X) and S : Q — P(X), are
two multivalued mappings satisfying the following conditions:

(a) T is weakly completely continuous.

(b) S is ®-condensing, with weakly sequentially closed graph.
(c) Forallx € Q, (T + 8)(x) € Pey(2).

(d) (T + S)(R2) is a bounded set of Q2.

Then, there exists x € Q such that x € (T + S)(x).

Proof. LetT + S : Q — P (R2). By Lemma 4.4, T 4+ S has weakly sequentially
closed graph. We claim that 7+ S is ®-condensing. To see this, let D € P,q(£2) with
®(D) # 0. Now, since T is weakly completely continuous and S is ®-condensing,
we have

O(T +5)(D)) = ®(T(D) + S(D)) = O(T(D)) + D(S(D)) < P(S(D)).

We apply Theorem 4.3 to deduce that the mapping 7' + S has a fixed point in 2. W

Corollary 4.6. Let Q2 be a nonempty closed convex subset of a Banach space X and
® a semi-additive MWNC on X. Assume T : Q@ — P(X) and S : Q@ —> X satisfy
the following conditions:

(a) T is weakly completely continuous.

(b) S is ®-condensing and weakly sequentially continuous.
(c) Forallx € Q, (T + S)(x) € Py (R2).

(d) (T + S)(R2) is a bounded set of Q2.

Then, there exists x € Q such that x € (T + S)(x).

Corollary 4.7. Let Q2 be a nonempty closed convex subset of a Banach space X.
Assume T : Q@ —> P(X) and S : X —> X satisfy the following conditions:

(a) T is weakly completely continuous.

(b) S is a nonlinear contraction (i.e., there exists a continuous nondecreasing
Sfunction ¥ : [0,00) —> [0,00) satisfying ¥(z) < z for z > 0), such
that ||S(x) =S < v (l|lx—=yl|) for all x,y € X) and weakly sequentially
continuous.

(c) Forallx € Q, (T + 8)(x) € Pey(R2).

(d) (T + S)(R2) is a bounded set of Q2.

Then, there exists x € Q such that x € (T + S)(x).

Proof. In view of Corollary 4.6 it suffices to show that S is f-condensing. To see
this, let D € Pya(£2). Suppose that B(D) = d > 0. Let ¢ > 0, and then there exists
a weakly compact set K of X with D € K + B;4.(0). So for x € D there existy € K
and z € By4+.(0) such that x = y 4 z and so



98 4 Fixed Points for Maps with Weakly Sequentially Closed Graph

[SC) = SWII = ¥ (llx—ylD) = ¥(d + ).
It follows immediately that
S(D) < S(K) + Ba+¢(0).

Moreover, since S is a weakly sequentially continuous mapping and K is weakly
compact then S(K)" is weakly compact. Therefore, S(S(D)) < ¥ (d + &). Since
& > 0 is arbitrary, it follows that 8(S(D)) < ¥ (d) < d = B(D). Accordingly, S is
B-condensing. [ ]

Corollary 4.8. Let Q2 be a nonempty closed convex subset of a Banach space X and
® a semi-additive MWNC on X. Assume T : 2 —> P(X) and S : @ —> X satisfy
the following conditions:

(a) T is weakly completely continuous.

(b) S is -condensing and weakly sequentially continuous.
(c) Forallx € Q, (T + S)(x) € Pey(2).

(d) (T + S)(R2) is a bounded set of Q2.

Then, there exists x € Q such that x € (T + S)(x).

Definition 4.3. Let X be a Banach space. For 2 € P(X) and x € X we define
d(x,2) = inf{|lx —y| : y € Q}.

Definition 4.4. Let 2 be a nonempty subset of Banach space X. If F : Q@ —
P(X), we say that F is hemi-weakly compact if for each sequence {x,} has a weakly
convergent subsequence whenever there exist y, € F(x,) such that the sequence
{x, — yn} is weakly convergent.

Definition 4.5. Let Q2 be a nonempty subset of Banach space X. If F : Q@ — P(X),
we say that F is hemi-weakly semiclosed at 6, if there exists {x,} C 2 such that
d(x,, F(x;)) — 0,n —> 00, then there is an x € 2 such that x € F(x).

Theorem 4.10. Let Q be a nonempty closed convex subset of a Banach space X
and ® a positive homogenous semi-additive MWNC on X. Assume T : Q@ —> P(X)
and S : Q@ — P(X), are two multi-valued mappings satisfying the following
conditions:

(a) T is weakly completely continuous.

(b) S is ®-nonexpansive and hemi-weakly compact with weakly sequentially closed
graph.

(c) There exists a bounded set Qo of X and a sequence {A,} < (0,1) such
that A, —> 1, for all x € Q. (T + L,8)(x) € Po(Q) and (T + A,5)
() C Qo forall n.

Then, there exists x € Q2 such that x € (T + S)(x).
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Proof. Define G, = T+ A,,S, for n € N. By assumption (¢), it follows that G,, maps
Q into Pey(2) and G,(£2) is bounded. Let D be an arbitrary bounded subset of 2.
Then, we have

®(G,(D)) < ©(T(D) + A1,5(D)) < &(T(D)) + A, D(S(D)) < 1, 2(S(D)).
So, if ®(D) # 0, we have
(G, (D)) < ®(D).

Therefore, G, is ®-condensing on 2. From Lemma 4.4, G, has weakly sequentially
closed graph. From Theorem 4.3 we infer that G, has a fixed point x,, € €, i.e.,

Xn € T(x,) + AnS(x).
Then, there exist z, € T(x,) and w,, € S(x,) such that
Xp = Zn + AgWy. 4.6)

Obviously {x,} is bounded, so up to subsequence we can suppose that z, — z € Q.
Since the sequence {w,} is bounded and A, — 1, from (4.6) we obtain

Xp—Wp =2+ A, — Dw, — z. 4.7

Now S is hemi-weakly compact implies that {x,}, has a weakly convergent
subsequence, say {x,,}. That is x,, — x € . Since T has weakly sequentially
closed graph, it follows that z € T'(x). Also from (4.7), w,, — x — z. Keeping in
mind that S has weakly sequentially closed graph, we obtain that x — z € S(x) and
so x € 7z + S(x). Since z € T(x), we have x € T(x) + S(x) = (T + S)(x). |

Corollary 4.9. Let Q2 be a nonempty closed convex subset of a Banach space X.
Assume T : @ —> P(X) and S : X —> X satisfy the following conditions

(a) T is weakly completely continuous.

(b) S is nonexpansive (i.e., |S(x) — S| < |x—y| for all x,y € X), weakly
sequentially continuous and hemi-weakly compact.

(c) There exists a bounded set Qy of X and a sequence {A,} < (0, 1) such that
A —> 1 forall x € Q,(T + 2,9 (x) € Poy(RQ) and (T + 1,5)(R) C
Qq forall n.

Then, there exists x € Q such that x € (T + S)(x).

Proof. Since S is weakly sequentially continuous, we have that S has weakly
sequentially closed graph. In view of Theorem 4.10 it suffices to show that S is
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B-nonexpansive. To see this, let D € Ppq(R2) and d = B(D). Let ¢ > 0, and then
there exists a weakly compact set K of X with D € K + B;4+.(0). So for x € D there
exist y € K and z € By4.(0) such that x = y + z and so

[1SG) = SOl < [lx—yll =d +e.
It follows immediately that

S(D) < S(K) + Ba+:(0)
- W + By1:(0).

Since S is weakly sequentially continuous and K is weakly compact then S(K)" is
weakly compact. Thus, B(S(D)) < d + . Since € > 0 is arbitrary, it follows that
B(S(D)) < B(D). Accordingly, S is B-nonexpansive. ]

Theorem 4.11. Let Q2 be a nonempty closed convex subset of a Banach space X
and ® a positive homogenous semi-additive MWNC on X. Assume T : Q2 — P(X)
and S : Q@ — P(X), are two multivalued mappings satisfying the following
conditions:

(a) T is weakly completely continuous.

(b) S is ®-nonexpansive, with weakly sequentially closed graph.
(c) Forallx € Q, (T + S)(x) € P.y(2).

(d) (T + S)(R2) is a bounded set of Q2.

(e) T + S is hemi-weakly semiclosed at 0.

Then, there exists x € Q such that x € (T + S)(x).

Proof. Let z be a fixed element of Q. Define G, = A,(T+S)+(1—A1,)z,n = 1,2, ..
where {14, } is a sequence of (0, 1) such that A, —> 1. Since z € 2 and 2 is convex,
by assumption (c) it follows that G, : & —> P, (2). By Lemma 4.4, T + S has
weakly sequentially closed graph, and by assumption (d), G, (2) is bounded. Let D
be an arbitrary bounded subset of 2. Then, we have

B(G(D)) = PUAT + S)(D)} + {(1 = 1)2) < L, (T + (D))

< L, ®(T(D)) + 1, 9(S(D)) = 1,2(D).
So, if ®(D) # 0 we have

®(G,(D)) < ®(D).
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Therefore, G, is ®-condensing on €2 and we can apply Theorem 4.3 and obtain
{x,} C 2 such that x, € G,(x,),n > 1. Consequently, x, € A,(T + S)(x,) + (1 —
Ax)z,n > 1. Choose sequences {z,} and {w,} such that z, € T(x,), w, € S(x,) and
Xn = An(zn +wy) + (1 = A,)z. So,

Xn = On +20) = (An = DOn +20) + (1 = A)z — 0,
since A, —> 1 asn —> oo and (T + S)(2) is bounded. Furthermore,
d(xp, (T 4+ 8) (%)) < ||x0 — On + 20)|| —> 0 as n — oo.
Now T + S is hemi-weakly semiclosed at 6 implies that there exists x € Q with

x e (T+S)(x). [ ]

Corollary 4.10. Let Q2 be a nonempty closed convex subset of a Banach space X.
Assume T : Q@ —> P(X) and S : X —> X satisfy the following conditions:

(a) T is weakly completely continuous.

(b) S is nonexpansive, and weakly sequentially continuous.
(c) Forallx € Q, (T + S)(x) € Py (2).

(d) (T + S)(R2) is a bounded set of Q2.

(e) T + S is hemi-weakly semiclosed at 6.

Then, there exists x € Q2 such that x € (T + S)(x).



Chapter 5
Fixed Point Theory in Banach Algebras

In this chapter we discuss
x = AxBx + Cx 5.1)

in suitable Banach algebras. We present some fixed point theory in Banach spaces
under a weak topology setting. One difficulty that arises is that in a Banach algebra
equipped with its weak topology the product of two weakly convergent sequences
is not necessarily weakly convergent.

5.1 Fixed Point Theorems

Definition 5.1. Let X be a Banach space. A mapping G : X — X is
called D-Lipschitzian if there exists a continuous and nondecreasing function
¢g : RT — R™T such that

1Gx = Gyl = ¢g(llx —yl).

for all x,y € X, with ¢g(0) = 0. Sometimes we call the function ¢g a D-function
of G on X. If ¢g(r) = kr for some k > 0, then G is called a Lipschitzian function on
X with the Lipschitz constant k. Further if £ < 1, then G is called a contraction on
X with the contraction k.

Remark 5.1. Every Lipschitzian mapping is D-Lipschitzian, but the converse may
not be true. If ¢g is not necessarily nondecreasing and satisfies ¢¢g(r) < r, forr > 0,
the mapping G is called a nonlinear contraction with a contraction function ¢g.

An important fixed point theorem that is used in the theory of nonlinear
differential and integral equations is the following result of Boyd and Wong [47].
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Theorem 5.1. Let A : X — X be a nonlinear contraction. Then A has a unique
fixed point x* and the sequence {A"x}, of successive iterations of A converges to x*
foreach x € X.

Theorem 5.2. Let € be a Banach algebra and S be a nonempty closed convex subset
of E. Let A,C : £ —> £ and B : S —> & be three operators such that

—1
@) (I_TC) exists on B(S).

J—c\"!

(if) (T) B is weakly sequentially continuous.
I—c\!

(iii) (T B(S) is relatively weakly compact.

(iv) x=AxBy+ Cx = x € S, forally € S.
Then Eq. (5.1) has at least one solution in S.

Proof. From assumption (i), it follows that for each y in S, there is a unique x, € £

such that
I1-C
( 2 )xy = By. 5.2)

or, equivalently
AxyBy + Cx, = xy. (5.3)
Since hypothesis (iv) holds, then x, € S. Therefore, we can define

N:§—S
1—c\™"
y—>J\/y=(T) By.

Using hypotheses (i), (iii), Theorem 1.31 and the Krein-Smulian theorem, we
conclude that A/ has a fixed point y in S. Hence, y satisfies (5.1) i.e.,
AyBy 4+ Cy = y.
|

Proposition 5.1. Let £ be a Banach algebra and S be a nonempty closed convex
subset of E. Let A,C : £ —> E and B : S —> & be three operators such that

(i) A and C are D-Lipschitzians with the D-functions ¢, and ¢c respectively,
(if) Ais regular on &, i.e., A maps £ into the set of all invertible elements of £,
(iii) B is a bounded function with bound M.

—1
Then (%‘) exists on B(S) if Mpa(r) + ¢c(r) < r, for r > 0.
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Proof. Let y be fixed in S and define the mapping

oy E—E
x —> ¢y(x) = AxBy + Cx.

Let x1, x; € &, the use of assumption (i) leads to

loy(x1) — @y (x2)|| < |Ax1By — Ax;By|| + ||Cx; — Cxs ||
[Ax; — Axz ||| Byll + [|Cx1 — Cxs|
Mepa(llx1 — x2ll) + dc(llxr — xall).

IA

IA

Now, an application of Theorem 5.1 yields that there is a unique element x, € £
such that

‘py(xy) =Xy
Hence, x, satisfies (5.3) and so, by virtue of hypothesis (ii), x, satisfies (5.2).
-\ I—c\!
Therefore, the mapping (T) is well defined on B(S) and (T) By = x,

and the desired result is deduced. |

In what follows, we will combine Theorem 5.2 and Proposition 5.1 to obtain the
following fixed point theorems in Banach algebras.

Theorem 5.3. Let € be a Banach algebra and S be a nonempty closed convex subset
of . Let A,C : £ —> £ and B : S —> & be three operators such that

(i) A and C are D-Lipschitzians with the D-functions ¢4 and ¢ respectively,
(i) A is regular on &,
(iii) B is strongly continuous,
(iv) B(S) is bounded with bound M,
1-c\™!
(v) T is weakly compact on B(S),
(vi) x=AxBy+ Cx = x €S, forally € S.

Then Eq. (5.1) has at least one solution in S if Mp4(r) + ¢c(r) < r, for all r > 0.

1-c\!
Proof. From Proposition 5.1, it follows that (T) exists on B(S). By virtue

of assumption (vi), we obtain

-1
(%) B(S) C S.
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1-c\™!
Moreover, the use of hypotheses (iv) and (v) leads that (T) B(S) is

o\ !
relatively weakly compact. Now, we show that (T) B is weakly sequentially
continuous. To see this, let {u,} be any sequence in S such that u, — u in S. From

assumption (iif), we have

Bu,, — Bu.

1—-c\™'
Since (T) is a continuous mapping on B(S), we deduce that

(I—C)—‘ (I—C)_l
—_— Bu, - | —— Bu.
A A
ol
This shows that (T B is weakly sequentially continuous. Finally, an appli-

cation of Theorem 5.2 yields that Eq. (5.1) has a solution in S. |

Theorem 5.4. Let S be a nonempty closed convex subset of a Banach algebra E.
Let A,C: £ — £ and B : S —> & be three operators such that

(i) A and C are D-Lipschitzians with the D-functions ¢4 and ¢¢ respectively,
(i) B is weakly sequentially continuous and B(S) is relatively weakly compact,
(iii) A is regular on &,

1=\ . .
(iv) T is weakly sequentially continuous on B(S),

(v) x=AxBy+ Cx = x €S, forally € S.

Then Eq. (5.1) has at least one solution in S if M4 (r) + ¢c(r) < r, for all r > 0.

—c\!
Proof. Similar reasoning as in the proof of Theorem 5.3 guarantees that (T)

exists on B(S) and
I-¢ _IB(S) cSs
1 .

-1
Since (T) and B are weakly sequentially continuous, so, by composition

c\ !
we have that (T) B is weakly sequentially continuous. Finally, we claim that

1-c\™!
(T) B(S) is relatively weakly compact. To see this, let {u,} be any sequence
in S and let
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(%)
v, =|——| Bu,.
A

Since B(S) is relatively weakly compact, there is a renamed subsequence {Bu,}
weakly converging to an element w. This fact, together with hypothesis (iv),

gives that
-\ 1-c\™!
vy=——) Bu,—[—— | w.
A A

1-c\™!
We infer that (T) B(S) is sequentially relatively weakly compact. An appli-

-1
cation of the Eberlein—Smulian theorem yields that — B(S) is relatively

weakly compact, which establishes our claim. The result is concluded immediately
from Theorem 5.2. ]

Because the product of two weakly sequentially continuous functions is not
necessarily weakly sequentially continuous, we will introduce:

Definition 5.2. We will say that the Banach algebra £ satisfies condition (P) if

P) For any sequences {x,} and {y,} in £ such that x, — xand y, — y,
then x,y, — xy; here — denotes weak convergence
Note that, every finite dimensional Banach algebra satisfies condition (P). Even,
if X satisfies condition (P) then C(K,X) is also a Banach algebra satisfying
condition (P), where K is a compact Hausdorff space. The proof is based on
Dobrakov’s theorem:

Theorem 5.5 ([81, Dobrakov, p. 36]). Let K be a compact Hausdorff space and X
be a Banach space. Let (f,), be a bounded sequence in C(K,X), andf € C(K, X).

Then {f,}, is weakly convergent to f if and only if {f,(t)}, is weakly convergent
to f(t) for each t € K.

Theorem 5.6. Let £ be a Banach algebra satisfying condition (P). Let S be a
nonempty closed convex subset of £. Let A,C : & — Eand B : S — & be
three operators such that

(i) A and C are D-Lipschitzians with the D-functions ¢4 and ¢¢ respectively,
(i) A is regular on &,
(iii) A, B and C are weakly sequentially continuous on S,
(iv) B(S) is bounded with bound M,
1-c\™!
(v) T is weakly compact on B(S),
(vi) x=AxBy+ Cx=> x €S, forally € S.

Then Eq. (5.1) has at least one solution in S if Mp4(r) + ¢c(r) < r, for all r > 0.
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~1
Proof. Similar reasoning as in the proof of Theorem 5.3 guarantees that (T)
exists on B(S),

—1
(I:TC) BS)CS

J—c\!
and (T) B(S) is relatively weakly compact. In view of Theorem 5.2, it

~1
suffices to establish that (T) B is weakly sequentially continuous. To see

this, let {u, } be a weakly convergent sequence of S to a point « in S. Now, define the
sequence {v,} of the subset S by

()

v, = ——— Bu,,.
A

-1

I—
Since (T B(S) is relatively weakly compact, so, there is a renamed subse-

quence such that

()
v, = ——— Bu, — v.
A

But, on the other hand, the subsequence {v,} verifies
v, — Cv, = Av,Bu,.

Therefore, from assumption (iif) and in view of condition (P), we deduce that v
verifies the following equation

v — Cv = AvBu,

or, equivalently

(%)
v=|——| Bu
A

Next we claim that the whole sequence {u,} verifies

(%)
e Bu, = v, — v.
A
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Indeed, suppose that this is not the case, so, there is V* a weakly neighborhood of
v satisfying for all n € N, there exists an N > n such that vy ¢ V*. Hence, there is
a renamed subsequence {v,} verifying the property

foralln e N, v, ¢ V", (5.4)

However
I—c\"
forallm e N, v, € (T) B(S).

Again, there is a renamed subsequence such that

v, — V.
Thus we have
. (I-C\!
v =[——] Bu,
A
and, consequently
v=",

1—c\™!
which is a contradiction with (5.4). This yields that (T) B is weakly
sequentially continuous. |

Corollary 5.1. Let € be a Banach algebra satisfying condition (P) and let S be a
nonempty closed convex subset of £. Let A,C : £ —> & and B : § —> & be three
operators such that

(i) A and C are D-Lipschitzians with the D-functions ¢4 and ¢¢ respectively,
(i) A is regular on &,
(iii) A, B and C are weakly sequentially continuous on S,
(vi) A(S), B(S) and C(S) are relatively weakly compacts,
(v) x=AxBy+ Cx = x €S, forally € S.

Then Eq. (5.1) has at least one solution in S if Mp4(r) + ¢c(r) < r, forall r > 0.

c\ !
Proof. In view of Theorem 5.6, it is enough to prove that (T) B(S) is

relatively weakly compact. To do this, let {u,} be any sequence in S and let

-1
Uy = (%) Bu,,. (5.5)
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Since B(S) is relatively weakly compact, there is a renamed subsequence {Bu,}
weakly converging to an element w. On the other hand, from (5.5), we obtain

v, = Av,Bu, + Cv,. 5.6)

Since {v,} is a sequence in S, so, by assumption (iv), there is a renamed subsequence
such that Av, — x and Cv, — y. Hence, in view of condition (P) and (5.6), we
obtain

Uy — XW + y.

1-c\™!
This shows that (T) B(S) is sequentially relatively weakly compact. An

. 1-c\™!
application of the Eberlein—Smulian theorem yields that (T) B(S) is rela-
tively weakly compact. |

Now, we shall discuss briefly the existence of positive solutions. Let £; and &,
be two Banach algebras, with positive closed cones 51‘*' and 52+ , respectively. An
operator G from &) into &, is said to be positive if it carries the positive cone 51+
into €2+ (i.e., Q(Sf”) C 52+).

Theorem 5.7. Let £ be a Banach algebra satisfying condition (P) and S be a
nonempty closed convex subset of € such that St = SNET # 0. LetA,C: £ — £
and B : S —> & be three operators such that

(i) A and C are D-Lipschitzians with the D-functions ¢4 and ¢¢ respectively,
(i) A is regular on &,
(iii) A, B and C are weakly sequentially continuous on ST,
(iv) A(ST), B(ST) and C(ST) are relatively weakly compacts,
(v) x=AxBy+ Cx = x€ ST, forally € ST.

Then Eq. (5.1) has at least one solution in ST if M ¢(r) +¢c(r) < 1, forall r > 0,
where MT = |B(SH)|.

Proof. Obviously St = § N E* is a closed convex subset of £. From Proposi-

c\!
tion 5.1, it follows that (T) exists on B(S1). By virtue of assumption (v),

we have

-1
(%) B(st) c sT.
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Then we can define the mapping:

N St — 5§t
1-Cc\!
y—>Ny=(T) By.

Now, an application of the Corollary 5.1 yields that N has a fixed point in ST. As a
result, by the definition of A, Eq. (5.1) has a solution in St. |

Now, we are concerned with existence of solutions of the following equation:
x =Ax+ LxUx 5.7

in suitable Banach algebras which involves three nonlinear operators A, L and U
(with conditions different from those above). We mention that this equation arises
frequently in biology, engineering, physics, mechanics, and economics.

In the remainder of this section, we assume that the Banach space E has the
structure of a Banach algebra satisfying condition (P).

Lemma 5.1. If K, K’ are weakly compact subsets of E, then K.K' := {xx' : x €
K, X' € K'} is weakly compact.

Proof. We will show that K.K’ is sequentially weakly compact. For that, let {x,},
be any sequence of K and let {x}, be any sequence of K’. By hypothesis, there is
a renamed subsequence {x,}, such that x, — x € K. Again, there is a renamed
subsequence {x/ },, of K’ such that x/, — x’ € K’. This, together with condition (P),
yields that

/ /
Xp. X, — X.X .

This is in turn shows that K.K’ is sequentially weakly compact. Hence, an
application of the Eberlein—Smulian theorem yields that K.K’ is weakly compact.
|

In [25], Banas introduced a class of Banach algebras satisfying a certain
condition (m):

pX.Y) < [IX[[(¥) + Y]] (X)),

where 1 is a measure of noncompactness, X, Y are bounded subsets and || X|| :=
sup{||x|| : x € X}. Here we show that such Banach algebras satisfying condition
(P) verify, in a special and important case, condition () with the De Blasi measure
of weak noncompactness f:

Lemma 5.2. For any bounded subset V of E and for any weakly compact subset K
of E, we have

BV.K) < [K[B(V).
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Proof. Firstly, we note that K is bounded. Then, ||K|| exists. Next, we may assume
that ||K|| > O (otherwise we are finished). Let € > 0 be given. It follows, from the
definition of B, that there exists a weakly compact subset K’ of E such that

€

VCK + (,B(V) + K]

)BI(Q).
Then

VKCK K+ (ﬂ(V) n ”67”) Bi(0).K,

from which, we infer that

VKCK.K+ (ﬂ(V) + ﬁ) KB (6).

Now, by Lemma 5.1, one has
B(V.K) < [IK[|B(V) + €.

which yields, since € is arbitrary, that

B(V.K) < |K|B(V).

Now, we are ready to investigate the existence of solutions of Eq. (5.7).

Theorem 5.8. Let S be a nonempty subset of E and suppose that the operator
F : S — E is of the form Fx = Ax + Lx Ux, where:

(i) L : S — E is a A-set-contraction with respect to the measure of weak
noncompactness B, and
(i) A,U : S — E are weakly compact.

Suppose that y := ||U(S)|| < oo. Then, F is a strict set-contraction with respect to
Bifiy <1.
Proof. Let us take arbitrary a bounded subset V of S. Then

F(V) CA(V)+L(V)U(V).
The use of property (vii) of 8 leads to

BIE(YV)) = BA(V)) + BLV)U(V))
< B (A7) + B (LHTW)).
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Now, by hypothesis (ii) and in view of Lemma 5.2, we obtain

B(F(V)) < yB(L(V))
< AyB(V).

Since 0 < Ay < 1, we infer that F is a strict set-contraction with respect to . W

Combining Theorem 3.2 and Theorem 5.8, we obtain the following fixed-point
result:

Theorem 5.9. Let S be a nonempty closed convex subset of E. Let A,L and U be
three operators such that

(i) L : S —> E is weakly sequentially continuous on S and a A-set-contraction
with respect to the measure of weak non-compactness B,
(if)y A,U : S — E are weakly sequentially continuous on S and weakly compact,
and
(iii) Ax+ LxUx e Sifx e S.

If (A + LU)(S) and U(S) are bounded subsets of E, then Eq. (5.7) has at least one
solution in S if 0 < Ay < 1, where y := ||U(S)||.

When A in Theorem 5.9 vanishes, we obtain the following result:

Theorem 5.10. Let S be a nonempty closed convex subset of E. Let A, L and U be
three operators such that

(i) A,L,U : S — E are weakly sequentially continuous on S,
(i) A(S), L(S) and U(S) are relatively weakly compact, and
(iii) Ax+ LxUx € Sifx € S.

Then, then Eq. (5.7) has at least one solution in S.
Taking L = 6, we obtain the Schauder—Tikhonov fixed-point theorem:

Corollary 5.2. Let S be a nonempty closed convex subset of E. Assume that A :
S —> S is weakly sequentially continuous on S such that A(S) is relatively weakly
compact. Then, the equation x = Ax has at least one solution in S.

Theorem 5.11. Let S be a nonempty subset of E and suppose that the operator
F : S — E is of the form Fx = Ax + LxUx, where:

(i) L : S — E is a condensing map with respect to the measure of weak
noncompactness B, and
(ii)y A, U : S —> E are weakly compact.

If0 <y <1, wherey := |U(S)||, then F is a condensing map with respect to B.

Proof. Let us take an arbitrary bounded subset V of S. As in Theorem 5.8, one has

BEW)) = B (LHTW)
= YBL(V)).
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Thus

pr(F(V)) = BLV)).
Seeing that L is a condensing map with respect to 8, it follows that F is a condensing
map with respect to . u
Combining Theorem 3.2 and Theorem 5.11, we obtain the following result:

Theorem 5.12. Let S be a nonempty closed convex subset of E. Let A, L and U be
three operators such that

(i) L:S —> E is weakly sequentially continuous on S and condensing map with
respect to the measure of weak noncompactness f3,
(i) A,U : S —> E are weakly sequentially continuous on S and weakly compact,
and
(iii) Ax+ LxUx e Sifx € S.

If (A + LU)(S) and U(S) are bounded subsets of E, then Eq. (5.7) has at least one
solution in S if 0 <y <1, where y := |[U(S)|.

Proposition 5.2. If L : E — FE is Lipschitzian with Lipschitz constant o and
weakly sequentially continuous on E, then L is a-set-contraction with respect to p.

Proof. Let V be a bounded subset of E. We may assume that @ > 0 (otherwise we
are finished). Let € > 0 be given, and it follows from the definition of § there exists
a weakly compact subset K of E such that

VCK+ (B(V)+a'€)Bi(b).
We infer that
L(V) C L(K) 4+ (¢B(V) + €)B1(9).
To see this, let x € V. Then, there exist k € K and y € B;(6) such that
x=k+ (,B(V) + a_le) y.
Now, since L is «-Lipschitzian, it follows that
L) = LD = ellx — k]|

<a(B(V)+a'e)=af(V)+e.

Therefore, the element (L(x) — L(k)) belongs to B;(#). This means that

1
af(V) + €

L(x) € L(K) + («B(V) + €)B1(9).
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Thus
L(V) C L(K) + (aB(V) + €)B,(9).

Since K is weakly compact and L is weakly sequentially continuous on E, then
L : K — E is weakly continuous. Hence, L(K) is weakly compact. Consequently

BL(V)) =af(V) + e,

which yields, since € is arbitrary, that

BL(V)) = af(V).

Now, combining Theorem 5.8 and Proposition 5.2, we obtain the following
result:

Theorem 5.13. Let S be a nonempty subset of E and suppose that the operator
F : S — E is of the form Fx = Ax + LxUx, where:

(i) L: E —> E is Lipschitzian with Lipschitz constant o and weakly sequentially
continuous on E, and
(if)y A,U : S — E are weakly compact.

Suppose that y := ||U(S)|| < oo. Then, F is a strict set-contraction with respect to
Bifay < 1.

Proof. In view of Proposition 5.2, L is a-set-contraction with respect to 5. Now, our
desired result follows immediately from Theorem 5.8. |

Theorem 5.14. Let S be a nonempty closed convex bounded subset of E. Let A, L
and U be three operators such that

(i) L : E —> E is Lipschitzian with Lipschitz constant o and weakly sequentially
continuous on E,
(if)y A,U : S —> E are weakly sequentially continuous on S and weakly compact,
and
(iii) Ax+ LxUx e Sifx € S.

Then, Eq. (5.7) has at least one solution in S if oy < 1, where y := |[U(S)|-
Proof. We will show that the operator F satisfies all the conditions of Theorem 3.2,

where F is defined by:

F:S—E
x —> Fx = Ax + LxUx.
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First, since A,L and U are weakly sequentially continuous on S and together
with condition (P), we infer that F' is weakly sequentially continuous. Next, by
Theorem 5.13, F is a strict set-contraction with respect to 8, since ay < 1. It follows
that F is a condensing map with respect to 8. Finally, the use of hypothesis (iii) leads
to F(S) € S and consequently F(S) is bounded. Thus, Theorem 3.2 establishes the
desired result. |

Taking U = g, where 1 is the unit element of the Banach algebra E, we obtain
the Krasnoselskii’s fixed-point theorem

Corollary 5.3. Let S be a nonempty closed convex bounded subset of E. Let A and
L be two operators such that

(i) L : E—> E is a contraction and weakly sequentially continuous on E,
(if) A :S — E is weakly sequentially continuous on S and weakly compact, and
(iii) Ax+Lx e SifxeS.

Then, the equation x = Ax + Lx has at least one solution in S.

Remark 5.2. 1Tt turns out that Corollary 5.3 remains valid in any Banach space, so,
we don’t require the sequential condition (P).

Corollary 5.4. Suppose that U is weakly sequentially continuous and weakly
compact operator on E and let xo € E. If there exists a nonempty closed convex
bounded subset S of E such that y := ||U(S)|| < 1 and xo + xUx € S for each x € S,
then the equation

x = x9 + xUx (5.8)

has at least one solution in S.

Proof. 1Tt suffices to take L the identity map on E, A the constant map xy, and then
the desired result is deduced immediately from Theorem 5.8. |

5.2 Positivity

In this section, we survey some important parts of this theory by discussing the
existence of positive solutions of Eq. (5.7) in an ordered Banach algebra (E, ||.|, <

satisfying condition (P), with positive closed cone E and < the partial ordering
defined by E*. We recall that ET verifies (i) ET + ET C ET, (ii) AET C E for
all A € RY, (iii) {—ET} N ET = {0}, where 0 is the zero element of E and (iv)
EY-Et C E*, where - is a multiplicative composition in E. The details on cones
and positive cones and their properties appear in Guo and Lakshmikantham [101]
and Heikkild and Lakshmikantham [107].

Lemma 5.3 ([74, Dhage]). Let K be a positive cone in the ordered Banach algebra
E. Ifu;,up, v1, v, € K are such that u; < vy and uy < v,, then ujuy < viv,.
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Theorem 5.15. Let S be a nonempty closed convex subset of E such that St =
SNET #£@. Let AL, U : St —> E be three operators such that

(i) A, L and U are weakly sequentially continuous on ST,
(i) A(ST),L(ST) and U(S™) are relatively weakly compact, and
(iii) Ax + LxUx € ST ifx € S*.

Then, Eq. (5.7) has at least one solution in S™.

Proof. Obviously St is a nonempty closed convex subset of E. The use of
assumption (ii) leads to (A 4+ LU)(ST) and U(S*) are bounded subsets of E. Now,
we will apply Theorem 5.10 to infer that Eq. (5.7) has at least one solution in S

|

Using Theorem 5.12, we obtain the following result:

Theorem 5.16. Let S be a nonempty closed convex subset of E such that
StT=SnEt # 0. Let A, L and U be three operators such that

(i) L: St — E is weakly sequentially continuous on St and condensing map
with respect to the measure of weak noncompactness f3,
(iiy A,U : ST — E are weakly sequentially continuous on St and weakly
compact, and
(iii) Ax+ LxUx € St ifx € ST.

If (A + LU)(ST) and U(S) are bounded subsets of E, then Eq. (5.7) has at least
one solution in ST if0 < y* < 1, where y* := sup |Ux|| = [|[UST)|.
xest

Using Theorem 5.14, we obtain the following result:

Theorem 5.17. Let S be a nonempty closed convex bounded subset of E such that
ST =SNE" #0. Let A, L and U be three operators such that

(i) L: E — E is Lipschitzian with Lipschitz constant « and weakly sequentially
continuous on E,
(iiy A,U : ST — E are weakly sequentially continuous on St and weakly
compact, and
(iii) Ax + LxUx € ST ifx € ST.

Then, Eq. (5.7) has a solution in ST ifay™ < 1, where y* := | U(S1)].

To close this section, we will prove the existence of positive solutions of Eq. (5.8)
in the Banach algebra C(K, E), the space of continuous functions from K into E,
endowed with the sup-norm |.||e defined by ||f|lec = sup{|lf(t)|| : ¢ € K},
where K is a compact Hausdorff space. Moreover, we suppose that E+ verifies the
following condition (#):

H) Letx,y e EYIfx <y (ie, y—x e E1) then ||x|| < |yl
(i.e., |.| is called monotone increasing or nondecreasing and E¥ is called normal).

It is known that if the cone ET is normal, then every order-bounded subset is
bounded in norm.
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We denote by C4 (K) the cone of nonnegative functions in C(K, E) (i.e., C+(K) =
C(K,E™)). For all fi,f» € C(K,E), we will say that f; < f> or (5, > f;) provided

fo—fi € C(K).
A map F : C(K,E) — C(K, E) will be called isotone if fj < f5, then F(f;) <

F(f).

Theorem 5.18. Suppose that U is weakly sequentially continuous, weakly compact
and isotone map of C4+(K) into itself. For an arbitrary xy in C4(K), define a
sequence {x,}n,>0 by:

Xp+1 = X0 + x,Ux,, n=0,1,2,....

Ify = sup ||Ux,lleo < 1, then the increasing sequence {x,},>0 of C+(K) converges
n €N

strongly to a point x in C4+(K) a solution of Eq. (5.8), satisfying:

Il < (1 =) Ixolloo,
and x, < x, foralln € N.
Before we prove this theorem we begin with the following lemma.

Lemma 5.4. Let K be a normal positive cone in the ordered Banach space E. Let
{xn}n>0 be an increasing sequence of E. If {x, }n>0 is norm bounded and has a weakly
convergent subsequence {Xy(n) }n>0 t0 a point x in E, then the whole sequence {x,},>¢
converges strongly to x.

Proof. First, we claim that x,(,) < x,n € N. Indeed, suppose that is not the case, so,
there exists np € N such that x — x,,,) ¢ K. Hence, the Hahn—Banach separation
theorem for convex closed subsets assures that there exist x* € E*\{#} and ¢ > 0
such that

x* (x —x(p(,,o)) +e<x* (x(p(,,) — xw(no)) , > ng

which is a contradiction if we pass to the limit as n — oo. Next, we will show that
{Xom) }n=0 has a strongly convergent subsequence to the point x. Otherwise, there
exist € > 0 and ny € N verifying the property:

forall n > ng, |[|x —xpm)| > €. (5.9)
Set
o
On:={x€E:x<Xxym}, n>npand Q = U O,

n=no

Obviously, Q, is nonempty, Q, C Q,+ and Q, is convex. Therefore, Q and Q are
convex. If y € Q, then y € Q, for some n > ng and consequently y < x,,). Hence

0<x—Xxpm <x—y.
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As a result

% = xp@m | < llx =yl

The use of (5.9) leads to € < ||x — y||. Thus, x ¢ Q. Again, the Hahn—Banach
separation theorem for convex closed subsets assures that there exist f € E*\{0}
and o > 0 such that

f&) +a <f().yeO.

Consequently

f(-x) + o Sf (xtp(n)) , =Ny

which is a contradiction if we pass to the limit as n — oo. Then, there exists a
subsequence {X(goy)(n) fn=0 Of {Xpm)}n=0 such that x(yoy)m — x as n — oo. Since
forallp > n, ¢ o Y(p) = ¢ o Y (n) > n, then x, < X(poy)(p)- As p — 00, we infer
that x, < x. But, for all € > 0, there exists py € N such that [[x — Xgoy)po) | < €.
Now, for all n > ¢ o ¥ (pg), we get

0 < x—x0 =X —X(goy)(po)»
which implies
Ix = xull < €. n=@ov(po).
This means that the whole sequence {x,},>0 converges strongly to x. |
Proof (Theorem 5.18). Define
F:Ci(K) — C+(K)

x — Fx = xo + xUx.

Then

Xpt1 = Fx,, n=0,1,2,....

So, we have that F maps the subset O = {xo, x1, X2, . ...} into itself. Proceeding by
induction and using the fact that U is isotone together with Lemma 5.3, we get for
eachr e K

X, (1) < Xp1(1), n=0,1,2,....
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Then, {x,},>0 is a nondecreasing sequence. Therefore, since E™ is normal, we get

DI < [xn+1 @]
=< @I + [lxa ()| 1Uxa (1) |

=< [%olloo + ¥ [l -

Taking the supremum over ¢, we obtain

[x%nlloo = %0lloo + ¥ 1%l oo

which, since 0 < y < 1, implies that

Ixalloo < (1= ¥)""[1%0]l00- (5.10)

and consequently Q is bounded. Furthermore, notice Q = {xo} U F(Q), so that
B(F(Q)), the measure of weak noncompactness of F(Q), is just 8(Q). Now, apply
Theorem 5.13 to infer that F is a strict set-contraction with respect to 8, since o = 1
and 0 < y < 1. Thus, B(Q) = 0, so Q is relatively weakly compact. It follows from
the Eberlein—-Smulian theorem that Q is sequentially relatively weakly compact.
Consequently, there is a renamed subsequence {x,},>0 Which converges weakly to
a point x in C4 (K) (since ET and consequently C (K) are weakly closed convex).
This fact, together with (5.10), gives

Ixlloo < (1 =) X0 lloo-

Since U is weakly sequentially continuous and the fact that the Banach algebra
C(K, E) satisfies condition (P), we infer that F is weakly sequentially continuous.
Keeping in mind that the positive cone E is normal, then C (K) is normal. We
now apply Lemma 5.4 to conclude that the whole nondecreasing sequence {x,},>0
converges strongly to x, then Fx,(= x,+1) converges weakly to both x and Fx, so
that Fx = x. Thus, x fulfills the conclusion of Theorem 5.18, which ends the proof.

|

Theorem 5.19. Let xg be inC1(K) and S :={y € C+(K) : y < xo}. Let U : § —
C+(K) be a weakly sequentially continuous and weakly compact operator. If U(S)
is bounded, then the equation

X0 = x + xUx. 5.11)
has at least one fixed-point in S if y := sup ||Ux||co < L.

x €S

Proof. Clearly S is nonempty closed convex bounded (with bound |xo||) subset of
the Banach algebra C(K, E). Note that Eq. (5.11) is equivalent to the equation

x = xo + x(—Ux).
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Fix x € S, so we have by definition x € C4(K) and Ux € C4(K). Then

xUx € C4(K).
As result
xo + x(—=Ux) € S.
Now, the use of Corollary 5.4 completes the proof. ]

Corollary 5.5. Let xo be in C+(K) and S := {y € C+(K) : y < xo}. Assume that
U:S—> C+(K) is such that:

(i) U is weakly sequentially continuous on S,
(if) U is Lipschitzian with Lipschitz constant o, and
(iii) U is weakly compact.

Then, there is an unique x in S solution of Eq. (5.11) if a||xo]| +y < 1.
Proof. The existence is proved in Theorem 5.19. Now, we will show the uniqueness.

Assume that x; and x; are two solutions of Eq. (5.11). Hence, it follows that

x1 +x1Ux; = x0 + xUxs.

Thus
x1 —x = x2(Uxy — Uxy) + (x2 —x1) Uxy.
Then
xr — 22|l < [l |Ux2 — Uxa || + y[lx2 — x1 |
< |Ixoll 1Ux2 — Uxy[| + y[lx2 — x1 |
=< (a[lxoll + ) llxz — x1 .
Since a||xp|| + y < 1, we must have x; = x, which ends the proof. ]

Remark 5.3. The element xj is invertible if and only if the solution x of Eq. (5.11)
is invertible. Indeed, Eq.(5.11) is equivalent to the equation xo = x(I + Ux)
where I is the identity operator defined by Ix = x, x € C4(K). Since y :=

sup ||Uylleoc < 1, then |Ux|looc < 1 and consequently (I + Ux) is invertible.
yEQ

(Recall that (I + Ux)™" = 302 (=1)"(Ux)").



122 5 Fixed Point Theory in Banach Algebras
5.3 Leray-Schauder Alternatives

We present some nonlinear alternatives of Leray—Schauder type in Banach algebra
satisfying certain sequential condition (P) for the sum and the product of nonlinear
weakly sequentially continuous operators.

Theorem 5.20. Let €2 be a closed convex subset in a Banach algebra &, U C Q2 a
weakly open set (with respect to the weak topology of §2) such that 0 € U and U"
is a weakly compact subset of Q. Let A, C : £ — £ B : UY — & be three operators

satisfying

(i) A and C are D-Lipschitz with D-functions ®4 and O respectively,
(i) Aisregularon &, i,e., A maps & into the set of all invertible elements of £,
(iii) B is weakly sequentially continuous on U",
(iv) M®A(r) + Pc(r) < rforr > 0, withM = |B(U")|,
(v) x=AxBy + Cx = x € Q forall y e U",
(vi) (%)_1 is weakly sequentially continuous on B(U").

Then either

(A1)  the equation LA (f) Bx+ AC (j\—‘) = x has a solution for A = 1, or
(A2) there is an element u € dqU such that LA (%) Bu + AC (%) = u for some
O0<iA<l.

Proof. Lety € U be fixed and define the mapping ¢y € — Eby
¢y(x) = AxBy + Cx (5.12)
for x € £. Then for any x;, x, € £, we have

¢y (x1) — Py ()|l < [[Ax1By — AxzBy|| + ||Cx; — Cxa|
< [|Ax1 — Axa|[[[Byll + [|Cx1 — Cxa|
< MOu(|lx1 — x2[) + c(llxr — x2).
In view of the hypothesis we deduce that ¢, is a nonlinear contraction on &.
Therefore an application of Theorem 5.1 yields that ¢, has a unique fixed point,
say x in &, i.e., there exists a unique x € £ with AxBy + Cx = x. By hypothesis, it is

clear that x € 2, so there exists a unique x € 2 with AxBy + Cx = x. By hypothesis
there exists a unique x € 2 with

I-C By and I-C ‘IB
= and So = _—
A )= * A Y

Hence (%)_1 B:UY :— Q is well defined.




5.3 Leray-Schauder Alternatives 123

Since B is weakly sequentially continuous on U" and (%)_1 is weakly
sequentially continuous on B(U"), so by composition we have (%‘)_1 B is weakly

sequentially continuous on U".
Now an application of Theorem 3.1 implies that either

(A1) (%)_1 B has a fixed point, or
(A2) thereisa pointu € dqU and A €]0, 1] withu = A (I_TC)_l Bu.

Assume first that x € U is a fixed point of the operator (ﬂ)ilB. Then

A
x= (%)_1 Bx which implies that
AxBx + Cx = x.

Suppose next that there is an element u € dqU and a real number A €]0, 1[ such

that u = A (%’ﬂ)_1 Bu. Then

so that
A (%) Bu+AC (%) — u.

This completes the proof. |

Corollary 5.6. Let 2 be a closed convex subset in a Banach algebra £, U C Q2 a
weakly open set (with respect to the weak topology of ) such that 0 € U and U"
is a weakly compact subset of Q. Let A : £ — £ B : U¥ — & be two operators
satisfying

(i) A is D-Lipschitz with D-function @y ,

(if) A is regular on &,
(iii) B is weakly sequentially continuous on U,
(iv) M®A(r) < rforr > 0, with M = || B(U")],

(v) x=AxBy = x € Q forall yc U",
(vi) (%)_l is weakly sequentially continuous on B(UY).

Then either

(A1)  the equation LA (f) Bx = x has a solution for A = 1, or
(A2) there is an element u € dqU such that LA (%) Bu = ufor some 0 < A < 1.

Now, we will state our results in a Banach algebra satisfying condition (P).

Theorem 5.21. Let Q be a closed convex subset in a Banach algebra & satisfying
condition (P) and U C 2 a weakly open set (with respect to the weak topology of
Q) suchthatO e U. Let A,C : £ — & B: UY — & be three operators satisfying
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(i) A and C are D-Lipschitz with D-functions ®4 and D¢ respectively,
(if) A is regular on &,
(iii) B(U") is bounded with bound M,
(iv) M®s(r) + Pc(r) < rforr >0,
(v) x=AxBy + Cx = x € Q forall y € U",
(vi) A, C are weakly sequentially continuous on 2 and B is weakly sequentially
continuous uv,
(vii) (’ C) B(W) is relatively weakly compact.

Then either

(A1)  the equation LA ( )Bx + AC ( ) = x has a solution for A = 1, or
(A2) there is an element u € dqU such that A ( )Bu + AC( ) = u for some
0<iA<l

Proof. Similarly reasoning to that in the proof of Theorem 5.20, guarantees that

(IZC) B is well defined from U to €2, and it suffices to establish that (1 C) Bis

weakly sequentially continuous on U". To see this, let {u,} be a weakly convergent
sequence of U to a point u in U". Now, define the sequence {v, } of the subset Q by

v, =|—— Bu,.
A
- C)

Since ( < B(W) is relatively weakly compact, so, there is a renamed subse-
quence such that

(%)
v, = ——— Bu,, — v.
A

But on the other hand, the subsequence {v,} verifies v, — Cv,, = Av,Bu,. Therefore,
from assumption (f) and in view of condition (P), we deduce that v satisfies

v — Cv = AvBu,

or equivalently

(%)
v=|—— Bu.
A

Next we claim that the whole sequence {u,} verifies

I—c\!
T Bu, = v, — v.
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Indeed, suppose that this is not the case, so, there is V* a weakly neighborhood of
v satisfying for all n € N, there exists an N > n such that vy ¢ V*. Hence, there is
a renamed subsequence {v,} verifying the property

foralln € N, {v,} ¢ V". (5.13)

However for alln € N, v, € (%)_1 B(UY).

Again, there is a renamed subsequence such that v, — v’. According to the
above, we have v/ = (’_TC)_l Bu, and consequently v = v, which contra-
dicts (5.13). This yields that (I_TC)71 B is weakly sequentially continuous.

In view of Remark 3.1, an application of Theorem 3.1 implies that either

(A1) (I_TC)_l B has a fixed point, or

A2) there is a point u € doU and A €]0, 1] with u = A (5€ ' Bu.
p A

Assume first that x € U" is a fixed point of the operator (%)_1 B. Then

x = (15€)™" Bx which implies that
AxBx + Cx = x.

Suppose next that there is an element u € dqU and a real number A €]0, 1[ such

thatu = A (%)71 Bu. Then

so that

This completes the proof. n

Corollary 5.7. Let Q be a closed convex subset in a Banach algebra & satisfying
condition (P) and U C 2 a weakly open set (with respect to the weak topology of
Q) suchthat 0 € U. Let A : £ — £ B : UY — & be two operators satisfying

(i) A is D-Lipschitz with D-functions @y,
(it) A is regular on &,
(iti) B(U") is bounded with bound M,
(iv) M®4(r) < rforr >0,
(v) x=AxBy = x € Q forall y € U",
(vi) A is weakly sequentially continuous on 2 and B is weakly sequentially
continuous W,
(vii) (%)_1 B(UY) is relatively weakly compact.
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Then either

(A1)  the equation LA (") Bx = x has a solution for A = 1, or
(A2) there is an element u € dqU such that LA ( )Bu = uforsome () < A < 1.

Theorem 5.22. Let Q be a closed convex subset in a Banach algebra & satisfying
condition (P) and U C 2 a weakly open set (with respect to the weak topology of
Q) suchthat0 € U. Let A,C : £ — & B: UY — & be three operators satisfying

(i) A and C are D-Lipschitz with D-functions ®4 and O respectively,
(if) A is regular on &,
(fii) M®A(r) + Pc(r) < rforr >0,
(iv) x=AxBy + Cx = x € Q forall y € U",
(v) A, C are weakly sequentially continuous on 2 and B is weakly sequentially
continuous U,
(vi) A(R), B(U") and C(2) are relatively weakly compacts.

Then either
(A1)  the equation LA ( )Bx + AC ( ) = x has a solution for A = 1, or

(A2) there is an element u € dqU such that LA ( )Bu + )LC( ) = u for some
0<iA<l.

Proof. Tt is enough to prove that (%’ﬂ)_1 B(U") is relatively weakly compact. To
do this, let {u,} be any sequence in (U") and let

I — —1
Up = (—C) Bu,. (5.14)

Since B(U") is relatively weakly compact, there is a renamed subsequence {Bu,}
weakly converging to an element w. On the other hand, from (5.14), we obtain

v, = Av,Bu, + Cv,. (5.15)

Since {v,} is a sequence in (1 AC) B(W), so by assumption (f), there is a renamed
subsequence such that Av,, — x and Cv,, — y. Hence, in view of condition (P) and

the last equation, we obtain
Uy — XW + y.

This shows that (I_—C)_IB(W) is relatively weakly sequentially compact. An

application of the Eberlein—Smulian theorem yields that (I C) B(m) is relatively
weakly compact. |

Corollary 5.8. Let Q be a closed convex subset in a Banach algebra £ satisfying
condition (P) and U C Q a weakly open set (with respect to the weak topology of
Q) suchthatO e U. Let A : £ — £ B: UY — & be two operators satisfying
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(i) A is D-Lipschitz with D-functions ®, ,
(i) A is regular on &,
(iii) M®4(r) < rforr>0,
(iv) x =AxBy = x € Q forall y € U,
(v) A is weakly sequentially continuous on Q and B is weakly sequentially
continuous U",
(vi) A(RQ) and B(U") are relatively weakly compacts.

Then either

(A1) the equation LA (f) Bx = x has a solution for A =1, or
(A2) there is an element u € dqU such that LA (%) Bu = u for some 0 < A < 1.

5.4 Applications

In this section, first we illustrate the applicability of Corollary 5.1 and Theorem 5.4
by considering nonlinear functional integral equations.

Let (X,]|.]|) be a Banach algebra satisfying condition (P). Let J = [0, 1] the
closed and bounded interval in R, the set of all real numbers. Let £ = C(J, X) the
Banach algebra of all continuous functions from [0, 1] to X, endowed with the sup-
norm || ||eo, defined by ||f|lco = sup{|lf(?)|| ; ¢ € [0, 1]}, for each f € C(J, X). We
consider the nonlinear functional integral equation (in short, FIE):

o(1)
x(t) = a(t) + (T1x) () |:(q(t) + /0 p(t, s,x(s),x(ks))ds) ui| ,0< A <1,

(5.16)
for all ¢+ € J, where u # 0 is a fixed vector of X and the functions «, g, o, p, T are
given, while x = x(¢) is an unknown function.

We shall obtain the solution of FIE (5.16) under some suitable conditions.
Suppose that the functions involved in Eq. (5.16) verify the following conditions:

(Hy) a:J—> Xisacontinuous function.

(Hy) o :J —> Jisacontinuous and nondecreasing function.
(H3) ¢ :J —> Ris acontinuous function.

(H4) The operator T : C(J,X) — C(J, X) is such that

(a) T, is Lipschitzian with a Lipschitzian constant «,
(b) T, isregular on C(J,X),

(c) Ty is weakly sequentially continuous on C(J, X),
(d) T, is weakly compact.

(Hs5) The function p : J x J x X x X —> R is continuous such that for arbitrary
fixed s € J and x,y € X, the partial function 1 —> p(¢, s, x, y) is uniformly
continuous for (s, x,y) € J x X x X.
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(Hg¢) There exists ry > 0 such that

(a) |p(t,s,x,¥)| <ro—|lqlleo for each t, s € J; x,y € X such that ||x|| < rg
and [|y|| < ro,

) IT1x|lo < (1 — m) L for each x € C(J, X),

= ro ) Tull
(c) argllul| < 1.

Theorem 5.23. Under assumptions (H)—(Hg), Eq. (5.16) has at least one solution
x = x(t) which belongs to the space C(J, X).

Proof. First, we begin by showing that C(J, X) verifies condition (P). To see this,
let {x,,}, {y,} be any sequences in C(J, X) such that x, — x and y, — y. So, for each
t € J, we have x,(tf) — x(¢) and y,(t) — y(¢) (cf. Theorem 5.5). Since X verifies
condition (P), then

X (D)yn () = x(@)y (1),
because {x,y,}, is a bounded sequence, and this, further, implies that
Xy, — xy (cf. Theorem 5.5),

which shows that the space C(J, X) verifies condition (P).
Let us define the subset S of C(J, X) by

S = {y € C(J’X)’ ”y”OO 5 I"()} = BVO'

Obviously S is nonempty, convex and closed. Let us consider three operators A, B
and C defined on C(J, X) by

(Ax)(1) = (T1x)(7)
(1)

(Bx)(r) = |:q(t) +/ plt, s,x(s),x()ts))ds:| au, 0<Ai<l1
0

(Cx)(1) = a(p).

We shall prove that the operators A, B and C satisfy all the conditions of
Corollary 5.1.

(i) From assumption (H4)(a), it follows that A is Lipschitzian with a
Lipschitzian constant «. Clearly C is Lipschitzian with a Lipschitzian
constant 0.

(it) From assumption (Hy4)(b), it follows that A is regular on C(J, X).

(iif) Since C is constant, so, C is weakly sequentially continuous on S. From
assumption (Hi)(c), A is weakly sequentially continuous on S. Now, we
show that B is weakly sequentially continuous on S. Firstly, we verify
that if x € S, then Bx € C(J,X). Let {z,} be any sequence in J converging
to a point ¢ in J. Then
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(Bx)(t,) — (Bx)()]| =

IA

+

=

129

0(n) a(n)
|:/ p(ta, s, x(s), x(As))ds — / p(t, s,x(s),x(ks))ds} u
0 0

o (tn)
/(; |p(tn9 S, X(S)’ X(AS)) - p(t’ S, X(S), X()LS)) |d5i| ”M”

o(ty)
/ ot 5 Ll
o(f

r 1
[0 1Pt 5. (5). x(hs)) — p(. s,x<s),x<xs>|ds] lull

+ (ro = llglleo)lo (ta) — o (O flull.

Since t, — t, 80, (t,, 5, x(s), x(As)) — (¢, s, x(s), x(As)), for all s € J. Taking
into account hypothesis (Hs), we obtain

p(t,, s, x(s), x(As)) — p(t, s, x(s), x(As)) in R.

Moreover, the use of assumption (Hg) leads to

p(tn. 5, x(s5), X(A5)) — p(2. 5, x(5), X(A5))| = 2(r0 = [|¢]l00)

forallt,s € J, A € (0, 1). Consider

¢:J—R
s —> @(s) = 2(ro — [19ll0)-

Clearly ¢ € L'(J). Therefore, from the dominated convergence theorem and
assumption (H,), we obtain

It follows that

(Bx)(t,) — (Bx)(¢) in X.

Bxe C(U.X).

Next, we prove B is weakly sequentially continuous on S. Let {x,} be any sequence
in S weakly converging to a point x in S. So, from assumptions (Hs) and (Hg) and
the dominated convergence theorem, we get

1 1
lim / p(t,s,x,,(s),x,,(ks))ds:/ p(t, s, x(s), x(As)),
n—>od 0 0
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which implies

1

1
nll)rgo (q(t)—i—/o p(t,s,x,,(s),x,,()ts))ds) u= (q(t)—i—/o p(t, s,x(s),x()ts))ds) u.

Hence,
(Bx,)(t) — (Bx)(¢) in X.
Since (Bx,), is bounded by ry||u||, then
Bx,, — Bx (cf. Theorem 5.5).

We conclude that B is weakly sequentially continuous on S.

(iv) We will prove that A(S), B(S), and C(S) are relatively weakly compact. Since
S is bounded by r( and taking into account hypothesis (Hy)(d), it follows that
A(S) is relatively weakly compact. Now, we show B(S) is relatively weakly
compact.

(STEP I) By definition,
B(S) := {B(x). [|Ixloo = ro}-
For all t € J, we have
B(8)(1) = {(Bx)(1). ||Ixllco = r0}-

We claim that B(S)(¢) is sequentially weakly relatively compact in X. To
see this, let {x,} be any sequence in S, we have (Bx,)(t) = r,(f).u, where

r.(t) = q() + folp(t, 8§, X, (8), X, (A8))ds. Since |r,, ()| < ro and (r,(f)) is a
real sequence, so, there is a renamed subsequence such that
ra(t) = r(t) in R,
which implies
rp(t).u — r(t).uin X,
and, consequently

(Bx,) () — (q(t) + r(¢)).uin X.

We conclude that B(S)(#) is sequentially relatively compact in X, and then
B(S)(1) is sequentially relatively weakly compact in X.
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(STEP II) We prove that B(S) is weakly equicontinuous on J. If we take
e>0,xe S, x*eX* t,f €eJsuchthatt <t and? —t < ¢, then

™ ((Bx)(1) — (Bx)(1)]

[l Gyl

o (1) o(t)
/ p(t, s, x(s), x(As))ds — / p(t, s, x(s), x(As))ds
0 0

IA

a(r)
/0 Ip(t, s, x(s), x(As)) — p(¢', 5, x(s), x(ks))|dsi| [lx* @)l

[ ro)
+ / Ip(t 5. x(5). x(hs)ds | 1" @)
L a(r)

IA

W, €) + (ro — llgllcc)w(o. )] Ix* @),

where

w(p,€) = sup{|p(t,s,x,y) —p(t',s,x, )| :t,{,s € J;|[t—1| < € x,y € B}

w(o,€) = sup{lo(t) — o ()| : t,f €J;|t—1| <€)

Taking into account hypothesis (Hs) and in view of the uniform continuity
of the function ¢ on the set J, it follows that w(p, €) — 0 and w(o,€) — 0
as € — 0. From the Arzela—Ascoli theorem, we conclude that B(S)
is sequentially weakly relatively compact in X. The Eberlein—Smulian
theorem yields that B(S) is relatively weakly compact. As C(S) = {a},
hence C(S) is relatively weakly compact.

(v) Finally, it remains to prove hypothesis (v) of Corollary 5.1. To see this, let
x € C(J,X) and y € S such that

x = AxBy + Cx,
or, equivalently for all 7 € J,
x(1) = a(?) + (T1x) (1) (By) (2).
But, for all r € J, we have
I = x(@) = a@®] + lla@®].
Then

Ix@I = [Ty @ lrollull + llalleo

lal
(1 BN CIES
ro

= ry.

IA
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From the last inequality and taking the supremum over #, we obtain

[xlloe =< ro,

and, consequently x € S.

We conclude that the operators A, B and C satisfy all the requirements of Corol-
lary 5.1. Thus, an application of it yields that the FIE (5.16) has a solution in the
space C(J, X). |

To illustrate Theorem 5.4, we consider the nonlinear functional integral equation
(in short, FIE) in C(J, X).

()
x(t) = a(t)x(t) + (Trx)(2) |:(q(t) + /0 p(t, s,x(s),x(x\s))ds) u:| ,0< A<,

(5.17)
for all t € J, where u # 0 is a fixed vector of X and the functions a, ¢, o, p, T, are
given, while x in C(J, X) is an unknown function.

We obtain the solution of FIE (5.17) under some suitable conditions on the
functions involved in (5.17). Suppose that the functions a, ¢, o, p and the operator
T, verify the following conditions:

(Hy) a:J— Xisacontinuous function with ||a|lc < 1.
(Hy) o :J — Jis acontinuous and nondecreasing function.
(H3) ¢ :J —> Ris a continuous function.

(H4) The operator 75 : C(J,X) —> C(J, X) is such that

(a) T, is Lipschitzian with a Lipschitzian constant o,
(b) T, isregular on C(J, X),
1

I\
(o) (7) is well defined on C(J, X),
2

7\
(d) (7) is weakly sequentially continuous on C(J, X).
2

(H5) The function p : J x J x X x X —> R is continuous such that for arbitrary
fixed s € J and x,y € X, the partial function r — p(¢, s, x, y) is uniformly
continuous for (s,x,y) € J x X x X.

(Hg¢) There exists ry > 0 such that

(a) |p(t,s,x,¥)] < ro—|lqllec foreach t,s € J; x,y € X such that ||x|| < rg
and |[y|| < ro,
1
) 1T2x)lo < (1 - W)— foreachx € C(J, X),
ro /) |ull
(c) ary|lull < 1.

Theorem 5.24. Under assumptions (H,)—(Hg), Eq. (5.17) has at least one solution
x = x(t) which belongs to the space C(J, X).
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Proof. Let us consider three operators A, B and C defined on C(/, X) by

(Ax)(t) = (T2x)(1)
o(r)

(Bx)(r) = |:q(t) + / p(t, s,x(s),x(/\s))dsi| u, 0<i<l
0

(Cx)(1) = a(n)x(@).

We prove that the operators A, B, and C satisfy all the conditions of
Theorem 5.4.

(@

(it)
(iii)
(iv)

From assumption (Hy)(a), A is Lipschitzian with a Lipschitzian constant «.
Next, we show that C is Lipschitzian on C(J, X). To see this, fix arbitrarily
x,y € C(J,X). Then, if we take an arbitrary ¢ € J, we get

[(C) (@) = (CDOI = lla(®)x(@) — a@®)y@)]|
< llalleo [Ix(2) = y(@).

From the last inequality and taking the supremum over ¢, we obtain

[Cx = Cylloo = llalloo llx = Ylloo-

This proves that C is Lipschitzian with a Lipschitzian constant ||a|| .
Arguing as in the proof of Theorem 5.23, we obtain B is weakly sequentially
continuous on S and B(S) is relatively weakly compact.

From assumption (H,4)(b), A is regular on C(J, X).
-1
We show that (T is weakly sequentially continuous on B(S). To see

this, let x, y € C(J, X) such that
I1-C
(55 )@=

(1—a)x
sz -

or, equivalently

Since ||afloo < 1, s0, (1 —a)~" exists on C(J, X), and then

(Tiz) @ =(1-ay.
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This implies, from assumption (H3)(c), that

-1
x= (Tiz) ((1—a)y).

I—c\! I\ _
(T) (x) = (Fz) (1—a)""x)

for all x € C(J, X). Now, let {x,} be a weakly convergent sequence of B(S) to
a point x in B(S), then

Thus

(1-—a)'x, = (1 —a)lx,

and so, it follows from assumption (Hy4)(d) that

—1 -1
(Tiz) ((1—a)—1xn>A(Tiz) ((1—a) '),

we conclude that
1—c\! I—Cc\!
(5°) w=(5°) @

(v) Finally, similar reasoning as in the last part of Theorem 5.23 proves that
condition (v) of Theorem 5.4 is fulfilled.

We conclude that the operators A, B and C satisfy all the requirements of
Theorem 5.4. u

Remark 5.4. Note that the operator C in Eq. (5.17) does not satisfy condition (iv)
of Corollary 5.1. In fact, if we take X = Rand a = %, then (Cx)(¢) = %x(t). Thus

1
C(S) = {52 lIxllo = ro}.

= Bn.
2

Because C(J, R) is infinite dimensional, C(S) is not relatively compact. Further-
more, R is finite dimensional, so, C(S) is not relatively weakly compact

Corollary 5.9. Let (X, || ||) be a Banach algebra satisfying condition (P), with

positive closed cone X+, Suppose that the assumption (Hy)—(Hg) hold. Also, assume

that u belongs to X*, a(J) C X, q(J) C Ry, p(J x J x Xt x X*) C Ry and
7\

(7) is a positive operator from the cone positive C(J, XT) of C(J, X) into itself.
2

Then Eq. (5.17) has at least one positive solution x in the cone C(J,X™).
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Proof. Let
ST :={xeS, x(r) e Xt forallt € J}.
Obviously ST is nonempty, closed, and convex. Similarly reasoning as in the proof

of Theorem 5.24 shows that

(i) A and C are Lipschitzians with a Lipschitzian constant & and | a|l« respec-

tively.

(i) Aisregular on C(J, X).

(iii) A, B and C are weakly sequentially continuous on S*.

(iv) Because ST is a subset of S, so, we have A(ST), B(S1) and C(S™) are relatively
weakly compact.

(v) Finally, we shall show that the hypothesis (v) of Theorem 5.7 is satisfied. In
fact, fix an arbitrarily x € C(J,X) and y € S such that

x = AxBy + Cx.

Arguing as in the proof of Theorem 5.24, we get x € S. Moreover, the last equation
leads to

forallt € J, x(t) = a(t)x(t) + (TLx)(1)(By)(1),
and thus,

forallz € J, X0 —a) _ (BY)(1).

(T2x) (1)

Since for all ¢t € J, ||la(?)|| < 1, so, (1 — a(¢))~" exists in X, and
+o00
(I—a@)™ =) d"0.
n=0

Since a(t) belongs to the closed positive cone X T, then (1—a(t))~! is positive. Also,
we verify that for all # € J, (By)(t) is positive. Therefore, the map v defined on J by

o(t)
v =1 —a@)” [(q(t) + /0 p(t,s,X(S),X(AS))dS) u]

belongs to the positive cone C(J,X ™) of C(J, X). Then B maps C(J, X ™) into itself.
Seeing that
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o(1)
((Ti) x) t)=(1—a@)™ [(q(t) +/ p(t, s,x(s),x(XS))dS) ’4] =¥,
5 0

then
7\
=(z) »

Thus, x € C(J,X") and, consequently x € ST. [ |
Next, we provide an example of the operator T, presented in Theorem 5.24.

Example of the Operator T, in C(J,R). Let £ = C(J,R) = C(J) denote the
Banach algebra of all continuous real-valued functions on J with norm ||x||ec =

sup |x(?)|. Clearly C(J) satisfies condition (P). Let b : J —> R is continuous and
reJ
nonnegative, and define

Ty : C(J) — C(J)
1

1+ bl

x —> Thx =

We obtain the following functional integral equation:

1 o(r)
x(t) = a(t)x(t) + W[g(r) + /0 p(t, s,x(s),x(ks))ds:|, 0<i<l.

(5.18)
We will prove all the conditions (a) — (d) of (H4) in Theorem 5.24 for Eq. (5.18):

(a) Fixx,y € C(J). Then, for all t € J, we have

1 1
L+ b)) 1+ b@)|y0)]
_ b(®)|ly()] — x(0)]]
(1 + b)) (1 + bO)|y(®)])
< bllos 1x(r) — y(0)1.

() (0) — (D) ()] = ‘

Taking the supremum over ¢, we obtain
IT2x = Taylleo < [1Blloo X = Ylloo,

which shows that 7, is Lipschitzian with a Lipschitzian constant ||| -
(b) Clearly T, is regular on C(J).
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7\
(¢) We show that (T_) exists on C(J). To see this, let x, y € C(J) such that
2

or, equivalently

x(1 4 blx[) =y,
which implies
x|(1 + blx[) = [yl.
hence
(Vblal)* + || = Iyl

For each #y € J such that b(ty) = 0, we have x = y. Then for each ¢ € J such
that b(f) > 0, we obtain

2
1 1
(Jb(r)|x<z)|+ . W) = 5 T DOl

which further implies

1 1
VOO ==+ [ 55 + DO

PO = 5 + 13 + bOIbO),

_ Y(®) .
L+0OROL 14 14 by

We remark that the equality is also verified for each ¢ such that b(r) = 0.

hence

and, consequently

x(1)
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Consider F the function defined by the expression

F:C(J) — C({J)
x— F(x) = T 1

VAT N

It is easy to verify that for all x € C(J)

()+rpo=(-(£))o -

We conclude that

(L)“(x) oz
b L+ L+ bl

7\
(d) It is easy to show that 7, and (F) is weakly sequentially continuous on

2
B(S).

7\"!
Remark 5.5. One can check easily that (T_) is a positive operator from the

positive cone C(J, Ry) of C(J, R) into itself.

Next we consider the following nonlinear functional differential equation (in
short, FDE) in C(J)

((i) _ ql)/ (1) = ft %(r, 5, x(s), X(hs))ds + p(t, 1, (1), x(M1)), € J, 0 < A < 1
0

sz
(5.19)
satisfying the initial condition
x(0)=¢eR (5.20)
where the functions ¢, p and the operator T, are given with ¢;(0) = 0, while

x = x(t) is an unknown function. By a solution of the FDE (5.19)—(5.20), we
mean an absolutely continuous function x : J — R that satisfies the two
equations (5.19)—(5.20) on J.

Theorem 5.25. We consider the following assumptions:

(H1) q1:J —> Ris a continuous function.
(Hy)  The operator T, : C(J) —> C(J) is such that

(a) T, is Lipschitzian with a Lipschitzian constant o,
(b) T, is regular on C(J),
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7\
(c) (F) is well defined on C(J),
2
—1
(d) T is weakly sequentially continuous on C(J),
2

(e) Forallx € C(J), we have ||(T2x)|loo < 1.

(H3) The functionp : J x J x X x X —> R is continuous such that for arbitrary
fixed s € J and x,y € R the partial function t — p(t,s,x,y) is C! on J.
(Hy)  there exists ro > 0 such that

(a) Forallt,s € J;y,z € [—ro, ro] and x € C(J), we have

I¢]

I, 5,9, 29 <ro—lq1llc — =
[(T>x)(0)]

b) arg < 1.
Then the FDE (5.19)—(5.20) has at least one solution in C(J).

Proof. Note that the FDE (5.19)-(5.20) is equivalent to the integral functional
equation:

t
x(t) = (Trx)(2) |:q1(t) + L —l—/ p(t, s,x(s),x(/\s))ds:| ,telJ, 0<A <.
(Tx)(0)  Jo
(5.21)
Equation (5.21) represents a particular case of Eq.(5.17) with for all + € J,
o) = t,a(t) = 0,u = 1 and q(t) = q:1(t) + m. Therefore, we have for all
t e J, (Ax)(t) = (Tx)(1), (Bx)(t) = q(t) + fotp(t, s, x(s), x(As))ds and C(x)(z) = 0.
Now, we prove that the operators A, B and C satisfy all the conditions of
Theorem 5.4. Similar reasoning guarantees that

(i) A and C are Lipschitzians with a Lipschitzian constant « and 0 respectively.
(ii) B is weakly sequentially continuous on S and B(S) is relatively weakly
compact where S = B,, := {x € C(J), |x]lco < r0}-
(iii) Aisregular on C(J).

1=\ 1\ . .
(iv) T =\z is weakly sequentially continuous on B(S).
2

It, thus, remains to prove (v) of Theorem 5.4. First, we show that M = ||B(S)| < ro.
To see this, fix an arbitrarily x € S. Then, for ¢ € J, we get

BOO)] < 1 (0)] + % + [0 1p(t. 5.3(s). x(15))|ds
<la@l+ 2Ly [ ' Ip(ts5,x(6), 5(us)) s
= @O Jo
3 LT {
< ot + 1ol 10 = oo = ol

= ry.
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Taking the supremum over ¢, we obtain
[Bxlloo =< ro.
Thus
M <o,
and, consequently
aM + B =aoM <ary < 1.
Next, fix an arbitrarily x € C(J) and y € § such that
x = AxBy + Cx,
or, equivalently
forall r € J, x(¢) = (Tox)(1)(By)(2),
then
()] = [ T2xlloo Byl oo-
and thus, in view of assumption (H3)(e), we have that
X)) < [1Bylloo-
Since y € S, this further implies
lx(@)| < ro,
and taking the supremum over ¢, we obtain
Ixlloe = 0.

As a result, x is in S. This proves (v). Now, applying Theorem 5.4, we see that
Eq. (5.21) has at least one solution in C(J). |

Next, we will illustrate the applicability of our Theorem 5.10 to establish the
existence of solutions of FIE

o(1)
x(1) = a(t) + (Tx)(1) [(q(t) + /0 p(t.s.x(¢ (S)),X(U(S)))dS) u] (5.22)
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Let (X, ||.||) be a Banach algebra satisfying the condition (P). Let J = [0, 1]
be the closed and bounded interval in R. Let E = C(J, X) be the Banach algebra
of all continuous functions from [0, 1] to X. Now, we shall obtain the solution of
FIE (5.22) under some suitable conditions. Assume that the functions involved in
Eq. (5.22) satisfy the following conditions:

(A1) a:J—> Xis acontinuous function.

(A2) 0,¢,n:J —> J are continuous.

(A3) ¢ :J —> Ris acontinuous function.

(A4) The operator T : C(J, X) —> C(J, X) is weakly sequentially continuous and
weakly compact.

(As) The function p : J*> x X> — R is weakly sequentially continuous and
the partial function t —> p(t, s, x, y) is uniformly continuous for (s, x,y) €
Jx X2

(Ag) There exists ro > 0 such that:

(a) |p(t,s,x,y)] < M for each t,s € J; x,y € X such that ||x| < ry and

Iyl < ro,
() |lu|l|Tx|loo < 1 for each x € C(J, X) such that ||x||e < ro,

(© llalleo + llgllec +M < ro.

Theorem 5.26. Under assumptions (A1) — (Ag), Eq. (5.22) has at least one solution
x = x(t) which belongs to the space C(J, X).

Proof. Note that C(J,X) verifies condition (P). Let us define the subset S of
C(/,X) by:
S:={y€Cl.X): [¥lloo = ro} = By.

Obviously S is nonempty closed convex bounded subset of E. Let us consider three
operators A, L and U defined on S by:

(Ax) (1) = a(1)
(Lx) (@) = (Tx)()

(1)
(Ux)(1) = [Q(I)Jr /0 p(t.s.x(¢ (S)),X(n(S)))dS] “u.

We prove that operators A, L and U satisfy all the conditions of Theorem 5.10.

(i) Since A is constant, it is weakly sequentially continuous on S and weakly
compact.
(if) In view of hypothesis (A4), L is weakly sequentially continuous on S and L(S)
is relatively weakly compact.
(iii) To prove that U satisfies all the conditions of Theorem 5.10, we will first prove
that U maps S into C(J, X). For this purpose, let {t,},>0 be any sequence in J
converging to a point ¢ in J. Then
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[(Ux)(5) — (Ux)O) < lg(tn) — q(D)] ull+

=

o(ty) o(t)
H [ [O Pt 5, 2(£(5)). x(n(5)))dls — [0 ot s,X(E(S)),X(n(S)))dS} .u
o(ty)
la(t) — g)] lul + [ [ 9055605060 = pt 5.5 ). 26D ds} ull+

flull <

o(ty)
/ o s ds

1
) — g ull + [ [ 19546069 50500 = 5.6 6. 5060 ds} ull +

Mlo(t;) — o ()] llull.

Since 1, — 1, then (1,5, x(£(s)), x(n(s))) — (2,5,x({(5)), x(11(s))), for all
s € J. Taking into account hypothesis (As), we obtain

pltn. 5, x(5(s)), x(n(s))) — p(t. 5, x({(5)), x(n(5))) in R.

Moreover, the use of assumption (A¢) leads to

P (20, 5. x(5(5)). x(n(s))) — p(t. 5, x(L (), x(1(5)))| = 2M

for all ¢, s € J. Now, we can apply the Dominated Convergence Theorem and
since assumption (A3) holds to get

(Ux)(t,) — (Ux)(?) in X.
It follows that
Ux e C(J,X).

Next, we will prove U is weakly sequentially continuous on S. To do so, let
{x,}., be any sequence in S weakly converging to a point x in S. Then, {x,}, is
bounded. We can apply the Dobrakov’s theorem to get

VteJ, x,(t) — x(¢).
Hence, by assumptions (A5)—(A¢) and the Dominated Convergence Theorem,
we obtain

o(r) o(1)
lim ; p(t. 5., (8(5)). X (1(5)))ds = /0 p(t.5.x(8(s)). x(11(s)))ds.

n—>o0
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which implies
o(r)
Jlim (g(r) + /0 P, s,xn@(s)),xn(n(s»)ds) u=

o(r)
(61@ +[0 P(hS»X(é(S)),x(n(S)))dS) “u.

Hence

(Uxy)(1) = (Ux)(1) in X.
Thus

(Ux,) (1) = (Ux)(1) in X.

Since {Ux,}, is bounded by ||u|(]l¢llcc + M), then we can again apply the
Dobrakov’s theorem to obtain

Ux,, — Ux.
We conclude that U is weakly sequentially continuous on S. It remains to prove

that U is weakly compact. Since S is bounded by ry, it is enough to prove U(S)
is relatively weakly compact.

(STEP 1) By definition,
U(S) :=={Ux: [|Ixlleo = ro}-
For all r € J, we have
US) @ = {U0)) : [lxlleo = ro}-
We claim that U(S)(¢) is sequentially relatively weakly compact in X. To

see this, let {x,},>0 be any sequence in S, and we have (Ux,)(t) = r,(¢) - u,
where

o(1)
ra(t) = q(2) +/0 p(t. 5, x,(8(5)). % (11(5)))ds.

Since |7,(1)] < (|¢lleoc + M) and (7,,(¢))n>0 is a equibounded real sequence,
so, there is a renamed subsequence such that

ra(t) = r(f) in R,
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which implies
ra(@) - u—r(t) -uinX,
and consequently
(Ux,)(t) = (q(t) + r(t)) - uin X.
We conclude that U(S)(r) is sequentially relatively compact in X, and then
U(S)(7) is relatively compact in X.
(STEP II) We prove that U(S) is weakly equicontinuous on J. If we take
e>0,xe S, x*eX*, t,f €eJsuchthatt <t and? —t < ¢, then

X ((Ux) (1) — (U)()] = lq(t) — q(£)[]x™ ()] +

()| <

a(1) ()
‘ /0 (2. 5.5 (5)) 31 (s)))ds — /0 p(t 5. x(E(5)). x(1(s)))ds

l9(1) — q()[Ix™ )|+

o(t)
[/0 Ip(t. 5, (£ (5)), x(n(s))) — p(¢', S,X(i(S))J(f)(S)))IdS} ()] +

()] <

o(t)
' { / (5. x(£ (5)). X(n(S)))IdS}

(O]

[w(g.€) +w(p.€) + Mw(o, )]lx™ (u)],

where:

w(g.€) == sup{lq(t) —q()| : 1.1 € J: |t — 1| < €},
w(p, €) = sup{|p(t, s, x,y) —p(t',s,x,y)| : t,{,s € J; |t —'| < €; x,y € By},

w(o.,€) := sup{lo(t) —o ()| : t.,/ € J;|t—1| < €}.

Now, observe that from the above obtained estimate, taking into account
hypothesis (As) and in view of the uniform continuity of the functions ¢, o on the set
J, it follows that w(g, €) — 0, w(p,€) — 0 and w(o, €) — 0 as € — 0. Now, apply
the Arzela—Ascoli Theorem to obtain that U(S) is sequentially relatively weakly
compact in E. Now the Eberlein—Smulian theorem yields that U(S) is relatively
weakly compact.
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(iv) Finally, it thus remains to prove that Ax + LxUx € S for all x € S. To see this,
let x € S. Then, by (Ag), for all ¢ € J, one has
[(Ax) (1) + (L) () (Ux) D[ = lla() + (Tx) () (Ux) ()|
= llalleo + (UX) DI Tx]l oo
lalloo + (M + [lglloo) [l | Tx[l oo

A

< ro.

From the last inequality and taking the supremum over ¢, we obtain
[Ax + LxUx|| oo < 1o,

and consequently Ax + LxUx € S.

Thus, all operators A, L and U fulfill the requirements of Theorem 5.10. Hence, an
application of it yields that the FIE (5.22) has a solution in the space C(J, X). |

Remark 5.6. When X is finite dimensional, the subset U(S) C C(J, X) is relatively
compact if and only if it is weakly equicontinuous on J and U(S)(J) is relatively
compact in X, if and only if U(S) is relatively weakly compact.

Remark 5.7. Observe that Eq.(5.22) contains many special types of functional
integral equations in C(J, R):

(1) If we take:
C(s)=s:n(s)=As, 0 <A <landu=1,

then Theorem 5.26 reduces to existence results proved in [54] for the nonlinear
integral equation:

o(r)
x(t) = a() + (Tx)(1) <q(t) + /0 p(t,s,x(s),x()ts))ds) ,0<A <1,

(2) If we take:
qit) =0;0() =1; ¢(s) =s; n(s) =As,0<A < landu =1,

then Theorem 5.26 reduces to existence results of functional integral equation
of Urysohn type:

1
x(t) = a(t) + (Tx)(t)/(; p(t, s, x(s), x(As))ds, 0 < A < 1.
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If we take:
o(t)=C¢@) =t q@t) =0, T =1, p(t,s,x,y) = k(t,s)xand u = 1,

then Theorem 5.26 reduces to existence results for the classical linear Volterra
integral equation on bounded interval in [50]:

x(t) = a(t) + /lk(t, s)x(s)ds.
0
If we take:

o) =¢@) =1 q@) =0: T =1; pt.s.x.y) = k(t,$)f (s.x) and u = 1,

then Theorem 5.26 reduces to existence results for the nonlinear integral
equation of Volterra—Hammerstein type:

x(t) = a(t) + /tk(t, $)f (s, x(s))ds.
0
If we take:

a(t) = 0: (Tx)(1) = f(1,.x(v(n)); p(t,5,x,y)) = g(s,y) and u = 1,

then Theorem 5.26 reduces to existence results proved in [77] for the nonlinear
integral equation:

o(r)
x(1) = f(2.x(v(1))) (q(t) + /0 g(&x(n(S)))dS)-

If we take:
n(s) =As, 0 <A <1,

then the Theorem 5.26 reduces to existence results proved in [39] for the
nonlinear integral equation:

o(r)
x(t) = a(t) + (Tx)(r) <q(t) + / p(t, s,x(s),x()ts))ds) ‘u, 0 <A < 1.

0



Chapter 6
Fixed Point Theory for (ws)-Compact Operators

In this chapter we present fixed point theory and study eigenvalues and eigenvectors
of nonlinear (ws)-compact operators.

6.1 (ws)-Compact Operators

In [100] Gowda and Isac introduced the class of (ws)-compact operators.

Definition 6.1. Let D be a subset of a Banach space (E, || - ||). An operator (not
necessarily linear) F : D —> E is said to be (ws)-compact if F is || - ||-continuous
and, for every weakly convergent sequence {x,}, elements of D, the sequence
{F(x,)}, admits a strongly convergent subsequence.

This class of operators generalizes the well-known class of strongly continuous
operators extensively investigated in the literature.

Definition 6.2. Let E be a Banach space. An operator (not necessary linear)
F : E — E is said to be strongly continuous on E if for every sequence {x,},
with x, — x, we have F(x,) — F(x).

Remark 6.1. Clearly, a strongly continuous operator is (ws)-compact. The converse
of the preceding assertion is not in general true (even if E is reflexive) as the
following example illustrates. Let E = L*(0,1) and let F : E — E be defined
by F(x)(r) = fol x2(s)ds = |x||3. Clearly F is |.|-continuous and in fact compact
since the range of F is R and hence F is (ws)-compact. On the other hand, if
X,(s) = sin(nms), then x, — @ in L?>(0,1) but F(x,) # 6 in L*(0, 1) since
IF(x)l2 = 5 foralln > 1.

© Springer International Publishing Switzerland 2016 147
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Remark 6.2. (i) As examples of (ws)-compact operators we have compact oper-
ators and strongly continuous operators.

(if) A map F is (ws)-compact if and only if it maps relatively weakly compact sets
into relatively compact ones.

(iii) F is (ws)-compact does not imply that F is weakly sequentially continuous.
In the following example, we give a broad class of (ws)-compact mappings
which are not weakly sequentially continuous.

Letf : (0,1) x R — R be a function satisfying the Carathéodory conditions,
that is, f is Lebesgue measurable in x for each y € R and continuous in y for each

x € (0, 1). Additionally, we assume that

If (e, y)| < alx) +blyl, (6.1)

for all (x,y) € (0, 1) x R, where a(x) is a nonnegative function Lebesgue integrable
on the interval (0, 1) and b > 0. Consider the so-called superposition operator j\/f
generated by the function f, which to every function u defined on the interval (0, 1)
assigns the function Nyu defined by the formula

Ny (x) = f(x, u(x)), x€(0,1).
Let L' = L'(0,1) denote the space of functions u : (0,1) —> R which are
Lebesgue integrable, equipped with the standard norm. Under the above-quoted

assumptions the superposition operator N; maps continuously the space L' into
itself. Define the functional

1 1
L(u) =/0 Mu(x)dx:/o f(x, u(x))dx

for u € L'. Notice that L = KN, where K is the linear functional defined on L! by

K@) = /] u(x)dx, uelL'.
0

Clearly, K is continuous with norm ||K|| < 1. Thus, L is continuous. Now, we show
that L is (ws)-compact. To see this, let {y,}, be a weakly convergent sequence of L!,
and then {y,}, is uniformly bounded and by (6.1) we obtain

[f e yn (| < a(x) + b |ya(x)] . (6.2)

Since {y,}, is weakly compact in L', by the Dunford—Pettis criterion it turns out to
be uniformly integrable on (0, 1), that is

Ve > 0,356 >0, |Dy| <8=>/ [yn(x)] dx < & Vn € N.
Do
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Therefore by (6.2), also {N}(y,)}, is uniformly integrable on D, which implies the
weak compactness in L! of {\}(y,)},, and hence by the Eberlein-Smulian theorem,
Ni(ya)n has a weakly convergent subsequence, say {N;(y,,)};-

On the other hand, the continuity of the linear operator K, implies its weak
continuity on L!. Consequently, we obtain that {KN;(v;)}; and so {L(y,)}; is
pointwise converging, for almost all x € (0, 1). Using again the weak continuity
of the linear operator K, we infer that {L(y,,)}; is uniformly integrable on D. Hence,
by Vitali’s convergence theorem, {L(y,,)}; is strongly convergent in L'. Accordingly,
the operator L is (ws)-compact. However, L is not weakly sequentially continuous
unless L is linear with respect to the second variable.

Remark 6.3. In reflexive Banach spaces, a (ws)-compact mapping T is compact.
This follows from the fact that bounded sets in reflexive Banach spaces are relatively
weakly compact. However, in reflexive Banach spaces, the (ws)-compactness of
an operator 7' does not imply its compactness even if T is a linear operator. For
example, let T be the identity map injecting /; into /. T is clearly not compact.
However, if {x,}, is a sequence in /; which converges weakly to x, then {x,},
converges to x in norm in /;. It follows from the continuity of T that {T’x, },, converges
to Tx in [p. Thus T is strongly continuous and so (ws)-compact.

6.2 Asymptotic Derivatives

Definition 6.3. Let (E, ||.||) be a Banach space and L(E, E) the Banach space of
linear continuous mappings from E into E. If F is a mapping from E to E, the
asymptotic derivative of F (if it exists) is an element L € L(E, E) such that

[FC) = LI _

llx—>o0 [l

0.

Remark 6.4. 1. It is known that if F has an asymptotic derivative, then it is unique
and we denote it by F*° = L

2. If F is completely continuous then F*° is completely continuous too.

Example 6.1. Let 2 C R”" be the closure of a bounded set, which has a piecewise
smooth boundary, f : @ xR — R and K : 2 x R — R two mappings. The
Hammerstein operator defined by K, f and the Lebesgue measure is

A1) = /Q K(t.5)fs. o(s))ds.

where ¢ is for example in L?($2, i), orin L (2, ), (1 < p < 00). If the following
conditions are satisfied:
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1. [q [o K2(t.5)dtds < +o0,
2. The substitution operator fo(p)(s) = f[s,@(s)], where ¢ € L? is such that
fo: 2 — 12,
3.0 \f(tu) —ul < Y. 8;() |ul' ™" 4 D(t), where t € Q,—00 < u < +00,Sj(1) €
2
L, 0<pi<1,j=1,2,...,mandD € [?,

then A : L — L? and its asymptotic derivative is
B0 = [ KC9p0)ds

Proposition 6.1. Consider the space L*> = L*(Q,u) and suppose that the
operators:

AW () = /Q K (e y)u(y)dy
and

Fe@) (@) = flx, u(x)]

are well defined and are continuous from L? into L>. The abstract form of the
Hammerstein operator defined by A and f« is F(u) = (A o fi)(u). If the operator fy
has an asymptotic derivative, denoted by f2°, then the operator F is asymptotically
derivable and its asymptotic derivative F* is the linear operator A o f2°.

Proof. We have
IF = Aol _ - IAof)w =~ Aof)w _

flxl—>o0 [lue]| llxll—>o0 [Jacl

0.

6.3 Quasi-Bounded Operators

Granas introduced the notion of quasi-bounded operators [96].
Definition 6.4. Let (E, ||.||) be a Banach space or a Hilbert space and F : E —> E
a mapping. We say that F' is quasi-bounded if and only if

L IF@I
im sup

Ixl—o0 1]

< 400
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If F is quasi-bounded we let:

1 = limsup lEOL _ e qup 1E@I
T e Il Oz, ]

and we say that [F],, is the quasi-norm of F.

We let [F], = sup ”'m) I and if [F]» < oo we say that F is linearly bounded.
xF#0

Definition 6.5. We say that a mapping F : E —> F satisfies condition (BN)
(Brezis—Nirenberg) if

IF@I _,

Il —>oc0  [|x]|

In 1984, Weber studied the spectrum of a class of nonlinear operators which are
called p—asymptotically bounded operators.

Definition 6.6. Let ¢ be a function from R into R4 with the property that for a
particular p > 0, ¢(f) > O for any r > p. We say that a mapping F : E —> E is
@—asymptotically bounded if there exist b, ¢ € R4 such that for any x with b < ||x||
we have [[f (x)[| < co([lx[]).

Proposition 6.2. A mapping F : E —> E is quasi-bounded if and only if there
exists p > 0 and two positive constants a and f such that ||F(x)|| < a|lx|| + B for
any x € E, with ||x|| > p.

Examples 6.1. 1. If F is linearly bounded it is known that [F],s < [F], and
hence, any linearly bounded mapping is quasi-bounded. In particular, any linear
continuous mapping from E into E is quasi-bounded and the converse is not true.
Indeed, if F' : E — E is a linear continuous mapping then in this case we have

F F
lim sup L] = inf sup IE@I = ||F|| < +o0,

Ixl—>o0 |1l P>01>, Il

that is, in this case we have [F],, = ||f]|.

2. Any operator, which satisfies condition (BN), is a quasi-bounded operator.

3. If F : E — E has a decomposition of the form F = G + H with H quasi-
bounded and G linearly bounded (or satisfying condition (BN)), then F is quasi-
bounded.

4. If F : E — Eis bounded, in the sense that there exists @ > 0 such that | F(x)|| <
a||x|| for any x € E then F is quasi-bounded. "

ol

5. If there exists a mapping ¢ : R4 —> R such that lim == = 0, then any
—> 00

mapping F : E —> E such that for any x € E, |[F(x)| < a|x|| + ¢(]x]|), with
a > 0 is a quasi-bounded mapping.

6. If F is g—asymptotically bounded and ¢ satisfies condition (BN) then F is quasi-
bounded.
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Proposition 6.3. If F : E — E has an asymptotic derivative T € L(E, E) then F
is quasi-bounded and [Flg = ||T)|.

Proof. We have

IFG@) imsup I1F(x) — Tl 1Tl _ 17l

[Flgp = limsup < limsuyj + limsup lim su = ||T||
Il—oo Il el —> 00 [lxl Ill—oo NIl Il—oo Il
and
. T(x . T(x)—F(x . T(x
IT|| = lim supu < limsu 1769 = FIl + hmsupM = [Flg.
l—oo X 7 i—oo Il Il—oo 1]
[ ]

Theorem 6.1. The quasi-norm of a quasi-bounded mapping has the following
properties.

1. If F : E — E is quasi-bounded and A € P then [AF]y = |A| [Flgp.
2. If F\,F, : E — E are quasi-bounded, then F\ 4 F, is quasi-bounded and we
have [F] + Fz]qh < [Fl]qh + [Fz]q},.

Proof. 1. We have [AF], = limsup ”)‘lﬁ(ﬁ()” = |A| lim sup “Iifh)” = |A[[Flg-
[l —>o0 llxl—>o0
2. It suffices to use the properties of lim sup.

6.4 Fixed Point Results

The following fixed point result will be used in this section. The proof follows from
Schauder’s fixed point theorem.

Theorem 6.2. Let 2 be a nonempty closed convex subset of a Banach space E.
Assume that F : Q —> Q is (ws)-compact. If F(Q) is relatively weakly compact,
then there exists x € 2 such that F(x) = x

First, we state and prove an analogue of Sadovskii’s fixed point theorem for (ws)-
compact, weakly condensing mapping defined on unbounded closed convex set.

Theorem 6.3. Let 2 be a nonempty unbounded closed convex set in a Banach
space E. Assume ® is a MWNC on E and F : Q@ —> Q2 is a ®-condensing (ws)-
compact mapping. In addition, suppose that F(2) is bounded. Then the set of fixed
points of F in Q is nonempty and compact.

Proof Let x, € Q and D = {F"(xo),n € N} where F(xg) = xo. Then
D = F(D) U {x} and so ®(F(D)) = ®(D) which means that ®(D) = 0 and D
is relatively weakly compact. By Remark 6.2 (ii) F(D) is relatively compact. Also,
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F(F(D)) € F(D) so by [109, Lemma 1] one may choose a compact set Dy C F(D)

with Dy € conv(F(Dy)). Let T = {Q : Dy € Q.0 = T0Q.F(Q) € Q}. Itis

obvious that 7 # @, since 2 € 7. If £ is a chain in the ordered set (E, C) then QméQ
€

is a lower bound of &, which can be easily verified. Hence by Zorn’s lemma 7 has a
minimal element K. From F(K) C K, since K is closed and convex, it follows that
the set co(F(K)) is a subset of K. So we have

F(co(F(K))) € F(K) S co(F(K)).

From Dy C co(F(K)), it follows that the set co(F(K)) is in 7. Since K is a minimal
element of 7 it follows that K = Co(F(K)). Hence, ®(K) = ®(co(F(K))) =
®(F(K)). Since F is ®-condensing, we obtain ®(K) = ®(F(K)) = 0, and F(K) is
relatively weakly compact. Now, F' is a (ws)-compact map from the closed convex

set K into itself. From Theorem 6.2, F has a fixed pointin K € Q.LetS = {x €

Q : Fx) = x} , be the fixed point set of F. Since F is continuous, S is obviously

a closed subset of Q such that F(S) = S. Since S C F(RQ), F(S) = S and F is
d-condensing, we have ®(S) = 0 and so S is a relatively weakly compact subset of
Q. Now, F is (ws)-compact so F(S) = S is relatively compact. Since S is closed,
we obtain that S is compact. This proof is complete. |

Corollary 6.1. Let Q2 be a nonempty unbounded closed convex set in a Banach
space E. Assume that F : Q@ —> Q is a (ws)-compact mapping which satisfies that
F(Q) is bounded and F(D) is relatively weakly compact whenever D is a bounded
set of Q2. Then the set of fixed points of F in Q2 is nonempty and compact.

Definition 6.7. A mapping F : Q@ — E is said to be demi-weakly compact at
6 ((dwc) for short) if for every bounded a.f.p. sequence {x,}, in Q (i.e., x, —
F(x,) — 0) then {x,}, has a weakly convergent subsequence.

Now, let us recall the following well-known concept due to Petryshyn [169]:

Definition 6.8. A mapping F : Q2 — E is said to be demicompact at 8 € E((dc)
for short) if, for every bounded a.f.p. sequence {x,}, in €2, there exists a strongly
convergent subsequence of {x,},.

Remark 6.5. If Q is a closed subset of E and F : 2 — E is a continuous mapping,
demicompact at 6 and it admits a bounded a.f.p. sequence {x,},, then it has a fixed
point. Indeed, suppose that {x, }, is a bounded sequence in €2 such that x,, — F(x,) —
6. 1t follows from the demicompactness of F that there exists a subsequence of
{x,}» which converges strongly to some x € 2. Without loss of generality, we may
assume that {x,}, converges strongly to x € €. Hence, taking into account that
X, — F(x,) — 0 and the continuity of F, we derive, F(x) = x.

Clearly if F : Q@ — E is demicompact at 6 then it is demi-weakly compact at 6.
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Lemma 6.1. Let E be a Banach space and let Q2 be a nonempty closed subset of E.
Assume F : Q — E is a (ws)-compact and (dwc) mapping. Then, F is a continuous

(dc)-mapping.

Proof. Suppose that {x,}, is a bounded sequence in 2 such that x, — F(x,) — 6.
Since F is (dwc) we know that there exist a subsequence {x, } of {x,}, and an
element x € E such that x,, — x.

We claim that there exists a subsequence {x,, } of (x,) such that x,, — x. Indeed,
by the definition of a (ws)-mapping, we know that there exist a subsequence {x,, }
of (x,,) and an element y € E such that F(x,, ) — y. Hence,

ey = ¥l =< Mns, = F Qo)+ [1F () =yl = 0,

and this means that x,, — y and since €2 is closed, x = y € Q. This completes the
proof. ]

Theorem 6.4. Let Q2 be a nonempty unbounded closed convex subset of a Banach
space E. Assume @ is a positive homogenous semi-additive MWNC on E and F :
Q — Q is a (ws)-compact (dwc) and P-nonexpansive mapping with F(2) is
bounded. Then F has a fixed point in 2.

Proof. Let z be a fixed element of Q. Define F,, = t,F + (1 —t,)z, n = 1,2,...,
where {t,}, is a sequence of (0, 1) such that t, —> 1. Since z € Q and Q2 is convex,
it follows that F,, maps 2 into itself. Let D be an arbitrary bounded subset of 2.
Then we have

O(Fu(D)) = @({tnF (D)} + {(1 — 1,)2}) < 1t ®(F(D)) < 1, ®(D).

So, if ®(D) # 0 we have
®(F,(D)) < (D).

Therefore F,, is ®-condensing on 2. Clearly F,, is (ws)-compact mapping, so from
Theorem 6.3, F, has a fixed point, say, x, in . Consequently, |x, — F(x,)| =
I, — D)(F(x,) —2)|| = 0asn —> oo, since t, —> 1 as n —> oo and F(R2) is
bounded.

Finally, by Lemma 6.1 we have that F is a continuous (dc)- mapping. Since F
admits a bounded sequence {x,}, satisfying x, — F(x,) — 6, by Remark 6.5 we
conclude that F has a fixed point. |

Remark 6.6. 1f in Theorem 6.4 we add the hypothesis 8 € 2, then we obtain the
same conclusion without assuming that ® is semi-additive.

The next example shows that in Theorem 6.4 we cannot remove the condition F
is a (ws)-compact mapping.
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Example 6.2. Let E be the Banach space (L'[0, 1], || - ||) and consider the Alspach
mapping. First let

Q= (el 0<f <1 Iflh = 5

It is well known that 2 is a weakly compact convex subset of E. Now consider
F : Q — Q such that for each f € Q, F(f) is defined by

min{2f(27), 1}, t € [0, 1
max{2f (2t —1) — 1,0}, t € (3, 1].

Since €2 is a weakly compact set, then it is clear that F is a 8-condensing (dwc)-
mapping with F(€2) bounded. Nevertheless, in [2] it is proved that F is a fixed point
free nonexpansive mapping.

Theorem 6.5. Let E be a Banach space, €2 a nonempty unbounded closed convex
subset of E and U C 2 an open set (with respect to the topology of 2) and let 7 be
an element of U. Assume ® is a MWNC on E and F : U — Q a ®-condensing
(ws)-compact mapping with F(U) is bounded. Then, either

(A1)  F has a fixed point, or
(Az)  there is a point u € dqU (the boundary of U in Q) and t € (0, 1) with
u=AFu) + (1 -1z

Remark 6.7. U and dqU denote the closure and boundary of U in 2, respectively.

Proof. Suppose (A;) does not hold and F does not have a fixed point in doU
(otherwise, we are finished, i.e., (A1) occurs). Let D be the set defined by

D=1xeU : x=AF(x)+ (1—21)z forsome A € [0, 1]} .

Now D is nonempty and bounded, because z € D and F(U) is bounded. We have
D C co({z} U F(D)). So, ®(D) # 0 implies

®(D) = (co({z} U F(D)) = ®(F(D)) < (D),

which is a contradiction. Hence, ®(D) = 0 and D is relatively weakly compact. We
will show that D is compact. The continuity of F implies that D is closed. For that,
let {x,}, a sequence of D such that x, — x, x € U. For all n € N, there exists a
A, € [0, 1] such that x,, = A,F(x,) + (1 —1,)z). Now A, € [0, 1], so we can extract
a subsequence {A,,}; such that A,, — A € [0, 1]. So, 4,,F(x,;) —> AF(x). Hence
x = 1F(x) + (1 —t)z and x € D. Now, we prove that D is sequentially compact. To
see this, let {x,}, be a sequence of D. For all n € N, there exists a A, € [0, 1] such
that x, = A,F(x,) + (1 — A,)z. Now A, € [0, 1], so we can extract a subsequence
{An}; such that A,, — A € [0, 1]. We have that the set {x,,n € N} is contained
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in D, so it is relatively weakly compact and consequently by the Eberlein—Smulian
theorem it is weakly sequentially compact. Hence, without loss of generality, the
sequence {x,}, has a weakly convergent subsequence {x,};. Since F is (ws)-
compact, then the sequence {F(x,,)}; has a strongly convergent subsequence, say
{F(xy;, ) }x- Hence, the sequence {A,, F(x,, )}k is strongly convergent which means
that the sequence {x,, }i is also strongly convergent. Accordingly, D is compact.
Because E is a Hausdorff locally convex space, we have that E is completely
regular. Since D N (2 \ U) = @, by Proposition 1.1, there is a continuous function
@ : 2 —> [0, 1], such that ¢(x) = 1 forx € D and ¢(x) = 0 forx € Q2 \ U. Let
F* . Q@ — Q be the mapping defined by:

F*(x) = 9()F(x) + (1 - ¢(x))z.

Clearly, F*(S2) is bounded. Because dqU = dq U, ¢ is continuous, [0, 1] is compact
and F is (ws)-compact, we have that F* is (ws)-compact. Let X C €2, bounded, with
®(X) # 0. Then, since

F*(X) C co({0} U F(XNU),
we have
O(F* (X)) < ®(F(X N U)).

If X N U is relatively weakly compact, then F(X N U) is relatively weakly compact
and ®(F(XNU)) =0 < &(X). If D(XNU) # 0, then D(F(XNU)) < dXNU) <
®(X) and O(F*(X)) < ®(X). So, F* is ®-condensing. Therefore Theorem 6.3
implies that F* has a fixed point xo € Q. If xo & U, ¢(x9) = 0 and xo = z, which
contradicts the hypothesis z € U. Then xg € U and xo = ¢(x0)F(x0) + (1 — ¢(x0)z
which implies that xy € D, and so ¢(xy) = 1 and the proof is complete. ]

Corollary 6.2. Let E be a Banach space, 2 a nonempty unbounded closed convex
subset of E and U C 2 an open set (with respect to the topology of 2) and let 7 be
an element of U. Assume ® is a MWNC on E and F : U — Q a ®-condensing
(ws)-compact mapping with F(U) is bounded. Suppose that F satisfies the Leray—
Schauder boundary condition

u—z# AFu) —2),A €(0,1),u € dqU,
then the set of fixed points of F in U is nonempty and compact.

Proof. By Theorem 6.5, F has a fixed point. Let S = {x € U : F(x) = x, ; be

the fixed point set of F. Since F is continuous, S is obviously a closed subset of U
such that F(S) = S. Now, arguing as in the proof of Theorem 6.5 we have that S is
sequentially compact and hence it is compact. |
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Corollary 6.3. Let E be a Banach space, Q2 a closed convex subset of E and U C Q
an open set (with respect to the topology of ) such that 6 € U. Assume  is
a MWNC on E and F : U — Q a ®-condensing (ws)-compact mapping with
F(U) is bounded. In addition, assume that U is starshaped with respect to 6 and
F(0qU) C U. Then the set of fixed points of F in U is nonempty and compact.

Proof. Since U is starshaped with respect to 6 and F(dqU) C U, then x # AF(x)
for every x € doU and A € (0,1). Applying Corollary 6.2, then the set of fixed
points of F in U is nonempty and compact. |

Corollary 6.4. Let E be a Banach space, 2 C E a nonempty unbounded closed
convex subset, U C 2 an open set (with respect to the topology of 2) and let
be an element of U. Assume that F : U — S is a (ws)-compact mapping which
satisfies F(U) is bounded and F(D) is relatively weakly compact whenever D is a
bounded set of U. Then, either

(A1)  F has a fixed point, or
(Ay)  there is a point u € dqU (the boundary of U in ) and A € (0, 1) with
u=AF@u)+ (1—21)z.

Corollary 6.5. Let E be a Banach space, 2 C E a closed convex subset, U C Q2
an open set (with respect to the topology of 2) and such that 0 € U. Assume
F: U — Qs (ws)-compact. If U is weakly compact then, either

(A)) F has a fixed point, or
(Az)  there is a point u € dqU (the boundary of U in Q) and A € (0, 1) with
u = AFu.

Proof. Suppose that (A;) does not hold. Also without loss of generality, assume
that the operator F has no fixed point in doU (otherwise we are finished, i.e., (A;)
occurs). Let D be the set defined by

D=1xeU: x= \Fx, for some A € [0, 1]; .

The set D is nonempty because 8 € U. Let {x,}, be a sequence of points in D. For
every n € N, there exists A, € [0, 1] such that x, = A,Fx,. Now A, € [0, 1], so
we can extract a subsequence {A,,}; such that A,, —> A € [0, 1]. We have that the
set {x,,n € N} C U so it is relatively weakly compact and hence by the Eberlein—
Smulian theorem it is weakly sequentially compact. Consequently, without loss of
generality, the sequence {x,} has a weakly convergent subsequence {x,,};. We can
now proceed analogously as in the proof of Theorem 6.5. |

Theorem 6.6. Let E be a Banach space, 2 be a nonempty unbounded closed convex
of E and U C K an open set (with respect to the topology of Q). In addition, let
® be a positive homogenous semi-additive MWNC on E and F : U — Q a ®-
nonexpansive (ws)-compact mapping, with F(U) is bounded. Assume that
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(a) There exists 7 € U such thatu — 7 # A(F(u) —z),A € (0,1),u € dqU.
(b) F is (dwc).

Then, F has a fixed point in U.

Proof. LetF, = t,F + (1 —t,)z, n = 1,2,..., where {t,}, is a sequence of (0, 1)
such that r, —> 1. Since z € 2 and Q2 is convex, it follows that F,, maps U into
Q. Suppose that = A,(F,(y,) —z) = y, — z for some y, € dqU and for some
A, € (0,1). Then we have

Yn —2= An(Fn(yn) - Z) = AntnF(Yn) + 1n(l - tn)Z — Az = /\ntn(F(yn) —Z),

which contradicts hypothesis (a) since A,t, € (0,1). Let X an arbitrary bounded
subset of U. Then we have

O(Fu(X)) = Pt FX)} +{(1 — 1,)7}) < 1, P(F(X)) < 1, P(X).
So, if ®(X) # 0 we have
D(F,(X)) < 2(X).

Theref_ore, F, is ®-condensing on U. From Theorem 6.5, F, has a fixed point, say,
X, in U. Now arguing as in the proof of Theorem 6.4, we can prove that F" has a
fixed point in U. ]

Remark 6.8. 1f in Theorem 6.6 we add the hypothesis 8 € U and replace condition
(a) by

@) u#AF(u),A € (0,1),u € dqU,

then we obtain the same conclusion without assuming that ® is semi-additive.

Corollary 6.6. Let (E, ||.||) be a Banach space, Q2 C E a nonempty unbounded
closed convex subset, U C 2 an open set (with respect to the topology of 2) and
let z be an element of U. Assume F : E — E is nonexpansive and F : U — Q is a
(ws)-compact such that F(U) is bounded. In addition suppose that

(a) u—z# A(F@u)—2),A € (0,1),ucdqU.

(b) Fis (dwc).

Then, F has a fixed point in U.

Proof. The proof follows immediately from Theorem 6.6, once we show that F is
B-nonexpansive. To see this, let D be a bounded set of Q2 and d = B(D). Let ¢ > 0,

and then there exists a weakly compact set K of E with D € K + B;4.(0). So for
x € D there exist y € K and 7 € By.(0) such that x = y 4+ z and so

[FC) = FOI < llx =yl =d +e.
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It follows immediately that

F(D) € F(K) + By+:(0)

c m + By (0).

Since F is a (ws)-compact mapping and K is weakly compact then F(K) is compact
and hence weakly compact. Thus, 8(F(D)) < (d + ¢). Since ¢ > 0 is arbitrary, then
B(F(D)) < B(D). Accordingly, F is f-nonexpansive. ]

Theorem 6.7. Let Q2 be a nonempty closed convex subset of a Banach space E and
consider ® a MWNC on E. Assume that F : Q2 — Q is a mapping with the following
propetrties:

(i) F is ®-condensing,
(ii) F is a (ws)-compact mapping,
(iii) There exists xo € Q2 and R > 0 such that F(x) —xo 7# A(x—xo) for every A > 1
and for every x € Q N Sg(xo).
Then F has a fixed point.

Proof. Consider Qg = Q N Bg(xp). Then Qg is a nonempty bounded closed and
convex subset of 2. Define for each x € Q

R R .
(I = =X + ey i [lx —xoll > R,

r(x) =

X, if ||x —xo]| <R.

Clearly r is a continuous retraction of €2 on Q. Thus we can define the mapping
rF : Qgr — Qg by rF(x) = r(F(x)). Since r is continuous and F is (ws)-compact,
obviously rF is also (ws)-compact. On the other hand, by hypothesis, if D C Qg is
such that D" is not weakly compact, we have that ®(F(D)) < ®(D). We claim that
®(rF(D)) < ®(D). If x € F(D) C F(2g) there are two possibilities

1. |lx — x0|| <R, in this case r(x) = x € F(D) C co(F(D) U {x¢})-
2. ||x — xo|| > R, in this case r(x) = (1 — ”x_Rm” )Xo + ||x—Rx0||x € co(F(D) U {xo}).

The above argument yields rF (D) C co(F(D) U {x¢}). Now, using the properties of
the MWNC & and the properties of F, we have that

®(rF(D)) = ®(F(D)) < (D),

as claimed.

The above argument shows that rF' : Qg — Qg so Theorem 6.3 guarantees that
there exists yg € Qz such that rF(yy) = yo. We now show F(yy) = yo. Indeed, we
have:

if F(yg) € Qg then yo = rF(yo) = r(F(yo)) = F(yo), otherwise
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if F(yo) ¢ Qg then yo = rF(vo) = r(F(w)) = (1 — o=y +
R
TG ol - 00)-

Consequently ||yo — xo|| = R and, if we take A = w > 1, then F(yo) —x0 =
A(yo — x0), which is a contradiction. The proof is now complete. |

Corollary 6.7. Let Q2 be a nonempty closed convex subset of a Banach space E.
Assume that F : Q — Q is a mapping with the following properties:

(i) F is weakly compact,
(ii) F is a (ws)-compact mapping,
(iii) There exists xg € Q2 and R > 0 such that F(x) —xo # A(x—Xxg) for every A > 1
and for every x € Q N Sg(xp).

Then F has a fixed point.

Theorem 6.8. Let Q2 be a nonempty closed convex subset of a Banach space E
and consider ® a positive homogenous semi-additive MWNC on E. Assume that
F : Q — Q is a mapping with the following properties:

(i) Fis ®-nonexpansive,
(ii) F is a (ws)-compact mapping,
(iii) F is (dwc),
(iv) There exists xy € Q and R > 0 such that F(x) —xo # A(x—xg) for every A > 1
and for every x € Q2 N Sg(xo).

Then F has a fixed point.

Proof. Define F, = t,F + (1 — t,)xg, n = 1,2,..., where {t,}, is a sequence of
(0, 1) such that t, —> 1. Since xy € 2 and 2 is convex, it follows that F,, maps 2
into itself. Moreover, F,, is ®-condensing and (ws)-compact mapping, for example
see the proof of Theorem 6.4.

By assumption (iv), we have that F,,(x) — xg # A(x — xo) for all A > 1 and for
every x € Q N Sg(xp). Otherwise, we can find z € Q N Sg(xp) and A > 1 such that
F,(x) —xo = A(x — xp), but if this holds, then

Az —x0) = F(2) —x0 = 1,(F(2) — xp),

consequently F(z) —xo = %(z — Xp) which is a contradiction.

These properties allow us to invoke Theorem 6.7 and hence we have that there
exists a bounded sequence {x,}, ({x,}, C € N Bg(xp)) such that x, = F,(x,). Now,
following the proof of Theorem 6.4 gives the result. ]

In the rest of this section we shall discuss a nonlinear Leray—Schauder alternative
for positive operators. Let E| and E;, be two Banach lattices, with positive cones Efr
and E2+ , respectively. An operator T from E; into E, is said to be positive, if it
carries the positive cone E; into E; (i.e., T(E]") C E;).
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Theorem 6.9. Let 2 be a nonempty unbounded closed convex of a Banach lattice
E such that QT := Q NET # @. Assume F : Q — Q is a positive (ws)-compact
operator. If F(2) is relatively weakly compact then, F has at least a positive fixed
point in 2.

Proof Now Q7 is a closed convex subset of E¥ and F(QT) < QT. Also,
F(QT) C F(R), so F(QT) is relatively weakly compact. Now, it suffices to apply
Theorem 6.2 to prove that F has fixed point in QT C Q. [ |

Theorem 6.10. Let Q2 be a nonempty unbounded closed convex of a Banach lattice
E such that QT # 0. Assume ® isa MWNC on E and F : Q — Q a positive ®-
condensing (ws)-compact mapping with F(S2) is bounded. Then, the set of positive
fixed points of F in 2 is nonempty and compact.

Proof. Let xp € Q1 and D = {F'(xy),n € N} where F'(xo) = x. Then
D = F(D) U {xo} and D € Q. Arguing as in the proof of Theorem 6.3, there
exists a closed convex subset K such that K N ET # @, F(K) € K and F(K) is
relatively weakly compact. So, by Theorem 6.9, F has a positive fixed point in 2.1

Theorem 6.11. Let 2 be a nonempty unbounded closed convex subset of a Banach
lattice space E. In addition, let U C Q an open set (with respect to the topology of
Q) and let z be an element of UNEY. Assume ® isa MWNC on E and F : U — Q
is a positive ®-condensing (ws)-compact mapping with F(U) is bounded. Then,
either

(A1)  F has a positive fixed point, or
(Ay)  there is a point u € dqU N ET (the positive boundary of U in Q) and
A€ (0,1) withu = AF(u) + (1 — 1)z

Proof. Suppose (A;) does not hold and F does not have a positive fixed point in
dq U (otherwise, we are finished, i.e., A; occurs. Let D be the set defined by

D={xeUNE" : x=AF() + (1 — 1)z, forsome A € [0,1];.

Since E is a normed lattice, ET is closed, and so, U N E7 is a closed subset of .
Arguing as in the proof of Theorem 6.5, we prove that D is compact and that there is
a continuous function ¢ : Q@ — [0, 1], such that ¢(x) = 1 forx € D and ¢(x) = 0
forx € Q\ U.Let F* : Q@ —> Q be the mapping defined by:

F*(x) = p(F () + (1 — p(x))z.

Clearly F*(Q) is bounded. Because dqU = dqU, ¢ is continuous and F is a
positive (ws)-compact and ®-condensing operator, and we have that F* is a positive
(ws)-compact and ®-condensing operator. Therefore, following again the proof of
Theorem 6.5 we obtain our result. ]
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Corollary 6.8. Let Q2 be a nonempty unbounded closed convex subset of a Banach
space E. In addition, let U C Q2 an open set (with respect to the topology of 2)
such that @ € U, and F : U — Q a positive (ws)-compact map, ®-condensing
and F(U) is bounded. We suppose that

forally €e 9qUNEY, y¢ {AF(y).A € (0, 1)},

then the set of positive fixed points of F in U is nonempty and compact.

Lemma 6.2. Let Q2 be a nonempty closed convex subset of a Banach space E, U a
nonempty bounded subset of Q, z € U and ® a MWNC on E. If F : U — Q is
®-condensing, then there exists a nonempty closed and convex subset K of Q2 such
that z € KN U, KN U is relatively weakly compact and F(K N U) is a subset of K.

Proof. We consider the family G = {D € © : D bounded, D = oD,z € D,F(D N
U) C D}. Obviously G is nonempty, since co(F(U) U {z}) € G. We let K = DﬂgD.
€

We have that K is bounded closed convex and z € K. If x € KN U, then F(x) € D for
all D € G and hence F(K N U) C K. Therefore, we have that K € G. We will prove
that K N U is relatively weakly compact. Denoting by K.« = co(F(KNU) U {z}), we
have K, C K, which implies that F(K. N U) € F(K N U) C K. Therefore K, € G
and K C K. Hence K = K. If ®(K N U) # 0, we obtain

®(KNU) < O(K) < ®[@EF(KNU)UzY) < ®(F(KNU)ULZY) < ®(F(KNU)) < (KNU),

which is a contradiction, so (KN U) = 0 and K N U is relatively weakly compact.
]

Theorem 6.12. Let Q be an unbounded closed convex subset of a Banach space
(E, ||.ID) with 8 € Q2 and ® a MWNC on E. Suppose that F : Q —> Q is a (ws)-
compact and ®-condensing operator such that it is strictly quasibounded, that is,

[FG

[ = limsup——— < 1
Il—soo 1]l
XEQ

Then F has a fixed point in 2.

Proof. Consider the set
D={xeQ :x=AF(x), forsome A € [0,1];.

The set D is nonempty because 6 € D. We show that there is a R > 0 sufficiently
large such that Sg(6) N D = @. Indeed, if we suppose the contrary, then for every
positive integer n there exists x, € € and A, € [0, 1] such that ||x,|| = n and
AnF(x,) = x,. It follows that A, # 0 and consequently F(x,) = )L;lx,,, where
A;l > 1. Thus we have
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1P _
E

for all n € N. Since {A,}, C [0, 1], there exists a convergent subsequence {A,, }ren
of {A,}, such that klim An, = A*. The limit can be 0 or not. Hence in both of the
—>00

situations we have that

F(x,
i G

k—>00 ”'x”k [

exists and it belongs to [1, +00]. Since . lim ||x,, | = 400, we have that
—>00
F
Jim sup [FG) o1,

Ixl—>o0 1]
x€EQ

which is a contradiction. Hence there exists R > 0 with the property indicated above.
Consider the set 2 N Bg(6). Obviously, 2 N Br(6) # @, since 8 € 2 N Br(6). By
Lemma 6.2, there exists a nonempty closed and convex subset K of  with 6 € K,
KNBg(0) is relatively weakly compact and F(KNBg(8)) C K. Now, by Remark 6.2
(ii), the set F(K N Bg(6)) U {0} is relatively compact. Without loss of generality we
may suppose that F has no fixed point in K N Sg(8). Set

Xy =Jx € KNBr(A): x=AF(x), for some A € [0, 1]; .

We claim that X, is a compact set of E. Indeed, since 6 € X;, we conclude that X; is
nonempty. Let {x,} be an arbitrary sequence in X;, converging to x* € K N Br(6).
For every n € N, there exists A, € [0, 1] such that x, = A,F(x,). Since {A,} C
[0, 1], there exists a convergent subsequence {A,, }; of {A,} such that kir)noo)&nk =

A* € [0, 1]. So, by the continuity of the operator F, we obtain that A, F(x,,) —
A*F(x*). Hence x* = A*F(x*) and x* € X,. In conclusion we have that X is
closed. Next, we shall prove that the set X; is sequentially compact. To see this,
let {x,} be any sequence in X;. Since F(K N Bg(#)) is relatively compact, there
exist subsequences {A,, } and {F(x,,)} such that A,, — A € [0, 1] and F(x,,) —
y € K and hence x,, = A, F(x,) —> Ay. Accordingly, X, is compact. Because
E is a Hausdorff locally convex space, we have that E is completely regular. Since
X1 N (K N Sg(F)) = @ and Sg(0) NK is closed in E, by Proposition 1.1, there exists
a continuous function ¢ : E — [0, 1] such that ¢(x) = 1 for all x € K N Sg(#) and
@(x) = 0 for all x € X;. Let an operator G : K —> K be defined by

(1 —@®))F(x), if x € K N Bg(0),
G(x) =
0, if x € K\ intBg(6).
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Since dx (K N intBg(0)) = dx(K N Br(6)), ¢ is continuous and F is continuous, it
is immediate that G is continuous. Now, we prove that G is (ws)-compact. To this
end, let {x,} be a weakly convergent sequence in K. We consider two cases:

a) there exists some ny € N such that for all n (n > ny = x, € K N Bg(9)).
In this case, the sequence {x,},>, lies in K N Bg(#) and converges weakly in
K N Br(0) (KN Bg(0) is a closed convex subset of E and hence weakly closed).
Since F' is (ws)-compact, the sequence {F(x,)},>n, has a strongly convergent
subsequence {F(x,)} whose limit y belongs to K. Using the compactness of
[0, 1], we can extract from {¢(x,)} a convergent subsequence {¢(x,, )}, such
that kir)nosp(xnjk) = A*™* € [0, 1]. As a result, the sequence {G(x,, )} verifies
Glin,) = (1= (i, )F () and lim Glxy,) = (1= A"y € K.

b) 1If {x,} is such that for all n, there exists n, € N such that x,, ¢ K N Bg(6), then

we may consider a subsequence {x, .} C K \ (K N Bg(#)) such that G(x,,) =
0 — 0 K.

From a) and b), G is (ws)-compact. Also, G(K) C co(F(K N Bg(0)) U {B}). Let
H = to(F(K N Br(9)) U {8}). Obviously, H is a compact convex subset of E and
hence G(H) C H is relatively compact. Theorem 6.3 shows that G has a fixed point
xo € K. From xy € H C K N Bg(0), it follows that xo = G(xg) = (1 — ¢ (x0))F(xo),
which implies xy € X; and so ¢(xp) = 0. Thus, x is a fixed point of F. |

Corollary 6.9. Let 2 be an unbounded closed convex subset of a Banach space
(E, ||I.ID with 0 € Q. Suppose that F : Q —> Q is a (ws)-compact and weakly
compact operator such that it is strictly quasi-bounded. Then F has a fixed point
in Q.

6.5 Positive Eigenvalues and Surjectivity for Nonlinear
Operators

Given a Banach space (E, ||.||) and a general mapping F : E —> E, the following
question is fundamental: Does the mapping F have an eigenvalue?

We recall that a real number A is said to be an eigenvalue for F if there exists an
element xoA € E\ {6} such that F(xy) = A¢xo. In this section we show the existence
of positive eigenvalues and eigenvectors of (ws)-compact, weakly compact, and
weakly condensing mappings defined on unbounded domains.

Proposition 6.4. Let E be a Banach space, 2 C E a nonempty unbounded closed
convex subset, U C 2 an open set (with respect to the topology of 2) and such that
0 € U. Assume that F : U —> Q is a (ws)-compact mapping which satisfies F(U)
is bounded and F(D) is relatively weakly compact whenever D is a bounded set of
U. In addition suppose F has no fixed point in U. Then, there exist an x € dqU and
A € (0, 1) such that x = AF(x).



6.5 Positive Eigenvalues and Surjectivity for Nonlinear Operators 165

Proof. This is an immediate consequence of Theorem 6.9. ]

Theorem 6.13. Let E be a Banach space, 2 C E a nonempty unbounded closed
convex subset, U C 2 an open set (with respect to the topology of 2) and such
that 0 € U. In addition let ® be a positive homogenous MWNC on E, k > 1 and
F : U — Q a ®-nonexpansive (ws)-compact mapping, with F(U) is bounded.
Suppose that there is a real number ¢ > k such that

FU) N (c.U) = 0.

Then there exists an x € dqU and A > c¢ such that F(x) = Ax.

Proof. We suppose that for all x € dqU and A > ¢, F(x) # Ax. Let F| = %F and
D={xeU : x= AF(x), forsome A € [0,1] .

Now D is nonempty and bounded, because 6 € D and F(U) is bounded. We have
D C co({0} U F(D)). So, since ®(D) # 0, F is ®-nonexpansive and ¢ > 1 we
have

B(D) = Bleo({8} U Fy(D)) < - B(F(D)) < BD),

which is a contradiction. Hence, ®(D) = 0 and D is relatively weakly compact.
Clearly F, is a (ws)-compact mapping and so D is compact. We claim that D N
(2 \ U) = 0. We suppose to the contrary that D N (2 \ U) # 0, and then there
exists an x € Q \ U and o € [0, 1] such that ¢F;(x) = x. If « = 0, then x = 6,
which contradicts 6 € U. If & # 0, then F(x) = £x (5 > c), which contradicts the
hypothesis. Thus, D N (2 \ U) = @. Let F} : @ —> 2 be the mapping defined by:

Fi(x) = o(0)F1(x),

where ¢ : @ — [0, 1], is a continuous function such that ¢(x) = 1 for x € D and
o(x) = 0 for x € Q \ U. Arguing as in the proof of Theorem 6.5, we prove that
F is a ®-condensing (ws)-compact mapping with F;(£2) is bounded. Therefore,
Theorem 6.3 implies that F} has a fixed point x; € Q. If x; & U, ¢(x1) = 0
and x; = 6, which contradicts the hypothesis & € U. Then x; € U and x; =
@(x1)F1(x1), which implies that x; € D, and so ¢(x;) = 1 and F(x;) = cx;. Hence,
F(U) N (c.U) # @, another contradiction. Accordingly, there exist an x € dq U and
A > c such that F(x) = Ax. |

Proposition 6.5. Let E be a Banach space, k > 1 and F : B1(0) — E a B-
nonexpansive (ws)-compact mapping. Suppose that there is a real number ¢ > k
such that |[F(x)|| > c for all x € Bi(0). Then there exist an x € S;(0) and A > ¢
such that F(x) = Ax.
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Proof. Tt suffices to note that De Blasi’s measure § of weak noncompactness is
positive and homogenous. |

Theorem 6.14. Let 2 be an unbounded closed convex subset of a Banach space
(E,|I.]l) with 6 € Q2 and ® a positive homogeneous MWNC on E. Suppose that
F : Q — Q is a (ws)-compact and ®-condensing operator such that F(0) # 6
and

. [FE) |
[ = limsup

Inll—o0 1]l
xEQ

<00
IfA > land A > 1, then A is an eigenvalue of F.
Proof. Let A > land A > 1. Consider an operator G : Q2 —> €2, defined by

1

G(x) := XF(X) for x € Q.

Let D be an arbitrary bounded subset of €2. Then we have

1

(G(D)) = 7 ©(F(D)) = (F(D)).

So, if (D) # 0 we have
®(G(D)) < (D).

Therefore, G is ®-condensing. From A > [ it follows that

lim sup 16 _ 11. IFQI _ 7
Ixl—oo Il Al—oo  IIXIl A
xEQ xEQ

Hence Theorem 6.12 implies that G has a fixed point xo € 2. Because F(0) # 6,
we have that F(xy) = Axg and xoy # 6. Thus, A is an eigenvalue of F. ]

Corollary 6.10. Let Q be an unbounded closed convex subset of a Banach space
(E,|I.ll) with 8 € Q. Suppose that F : Q@ —> Q is a (ws)-compact and weakly
compact operator such that F(6) # 6 and

. [ F ()l
[ = limsup
Ixl—o00 Il
xEQ

< o0

If A > land A > 1, then A is an eigenvalue of F.

Theorem 6.15. Let Q2 be a closed wedge in a Banach space (E,|.||) and ® a
positive homogeneous MWNC on E. Let F : Q —> Q be a (ws)-compact and
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k-®-condensing operator with 0 < k < 1 such that F(0) # 6 and

. [FG
[ = limsup

Inll—o0 1]l
x€EQ

< 0
If A > land A > k, then A is an eigenvalue of F.
Proof. Fix A > 1 such that A > k and define an operator G : 2 — Q2 by
1

G(x) := zF(x) for x € Q.

We show that G is ®-condensing. Let A C Q2 be bounded such that ®(A) > 0. Then
1
(G(A)) = L (F(4)) < 2(4)

because F is k-®-condensing. It follows from F(0) # 0 that G(0) # 6 and

i IG 1

im sup = -

Ixl—>o00 NIl k
XEQ

Hence by Theorem 6.14, A’ is an eigenvalue of G for every A" > % with A" > 1.

Taking A" = %, there exists an x €  with x # 6 such that G(x) = %x or F(x) = Ax.
This completes the proof. n

Corollary 6.11. Let Q2 be a closed wedge in a Banach space (E, ||.||). Suppose that
F : Q — Q is a (ws)-compact and weakly compact operator such that F(0) # 0
and

[FG

[ = limsup ——— < o0
lil—oo [l
XEQ

If A > [, then A is an eigenvalue of F.

Theorem 6.16. Let 2 be a closed wedge in a Banach space (E, ||.|) and ® a
positive homogeneous and subadditive MWNC on E. Suppose that F : Q —> Q
is a ®-condensing and (ws)-compact operator such that (I — F)(2) C Q and

L [E)l
[ = lim sup
ll—o0 1]
XEQ

< 1.

Then (I — F)|q : Q —> Q is surjective.



168 6 Fixed Point Theory for (ws)-Compact Operators

Proof. We shall use some ideas of [119]. Fix y € €. From the definition of /, there
is a real number Ry > 0 such that

IF)| < I]|x]| forall x € Q with ||x|| > R.

Choose a real number R > R, such that (1 — )R > ||y||. Consider the set

D= xe QNBg(d): x=AF(x) + Ay, for some A € [0, 1];.

Arguing as in the proof of Theorem 6.12, we prove that D is a compact set of E.
We now claim that D N Sg(6) = @. Indeed, if AF(x) + Ay = x for some (4,x) €
[0, 1] x Sg(A), then

R = |lx|| = [AF() + Ayl < [IFCI + [yl < x| + {1yl

and hence (1—I1)R < ||y||, which contradicts our choice of Ry. Since DN Sg(6)) = @
and Sg(6) N Q is closed in E, then by Proposition 1.1, there exists a continuous
function ¢ : E — [0, 1] such that ¢(x) = 1 for all x € Q N Sg(8) and ¢(x) = O for
all x € D. Let an operator G : 2 —> 2 be defined by

6w (I =9@))F @) + (1 — @)y, if x € 2N Br(0).
X) =
0, if x € Q \ intBg(0).

Since G(£2) € conv(F (2 N Bg(0)) + {y}) U {6}) and the set Q2 N Br(8) + {y} is
bounded, we deduce that G is strictly quasi-bounded. Following an argument similar
to that in Theorem 6.12, we obtain that the operator G is (ws)-compact. We show
that G is ®-condensing. Let A be a bounded subset of 2 such that ®(A) > 0. Then
G(A) C conv(F(A N Bg(0)) + {y}) U {B}) and so

®(G(A)) = @(conv(F(A N Bg(0)) + {y}) U{6})) = P(F(A N Br(0)) + 1y} U {0}))
< ®(F(ANBr(0)) + ({y}) < P(A).

since F is ®-condensing. This shows that G is ®-condensing and so, by Theo-
rem 6.12, G has a fixed point xy € Q. From 6 € int(Bg(0)) N Q2 C into (2 N Br(6)),
it follows that xo = G(xp) = (1 —@(x0))F(x0) + (1 —@(x0))y, which implies xo € D
and so ¢(xg) = 0. Thus, (I — F)(xo) = y and so (I — F)|q is surjective. |

Corollary 6.12. Let Q2 be a closed wedge in a Banach space (E, ||.||). Suppose
that F : Q —> Q is a (ws)-compact and weakly compact operator such that
(I—-F)(RQ) S Qand
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<1

F
I = limsup [FG

Ixll—>o0 1]
xEQ

Then (I — F)|q : @ —> Q is surjective.

Theorem 6.17. Let Q2 be a closed wedge in a Banach space (E, |.||) and ® a
positive homogeneous and subadditive MWNC on E. Let F : Q —> Q be a (ws)-
compact and k-®-condensing operator with 0 < k < 1 such that F(0) # 0 and

[F@)|

I = limsup ——— < o0
Ixl—>o0 1]
xEQ

If A > land A > k, then (Al — F)|q : Q@ —> Q is surjective whenever (Al — F)
() € (Q).

Proof. Fix A > [suchthat A > k. We show that (I — %F)|Q 1 Q@ — Q is surjective.
Let G : 2 — Q2 be an operator defined by

G(x) = %F(x) forx € Q.

We claim that G is ®-condensing. Indeed, let D C €2 be bounded such that
®(D) > 0. Then

B(G(D)) = S O(FD)) < @(D)

because F is k-®-condensing. It follows from F(0) # 0 that G(0) # 6 and

S
im sup =

Ixl—o0 NIl A
xEQ

< 1.

Hence by Theorem 6.16, the operator (I — G)|g is surjective and so, because 2
is a wedge, we deduce that (Al — F)|g is surjective. |

6.6 Applications

We discuss a nonlinear eigenvalue value problem in a general setting. In particular
we discuss generalized Hammerstein type integral equations.
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Theorem 6.18. Let X, Y be finite dimensional Banach spaces, D a compact subset
of R", A € Rand E = L'(D, X). Assume that

(a) G:Bi(0) — E is a ws-compact, weakly compact operator,

(b) f : D x X — Y satisfies the Carathéodory conditions i.e., [ is strongly
measurable with respect to t € D, for all x € X, and continuous with respect to
x € X, for almost all t € D,

(c) There are a € L'(D) and b > 0 such that

If @0l <a@® +0blx|, teD,xeX,

(d) k:D x D — L(Y,X) (the space of bounded linear operators from Y into X) is
strongly measurable and the linear operator K defined by

K@) = /D k(t. $)2(s) ds.

maps L'(D, Y) into L' (D, X) continuously,
(e) The functions s — k(t,s) are in L°°(D, L(Y, X)) for almost all t € D,
(f) |AIDIK|| < 1(||K| denotes the operator norm of K).

Consider the nonlinear operator F : B;(0) — E given by

F(y) = G() + L(y) = Gy) + A /Dk(t, $)f (s, y(s)) ds.

Set

o = [A|(lall + B)IK],y = inf [GO)|.
y€B1(0)

If y > a + 1, then F has a positive eigenvalue whose corresponding vector lies in

S1(6).

Proof. First, we prove that L is a (ws)-compact, S-nonexpansive operator. From
assumption (b), we obtain that the Nemytskii operator generated by f and defined by

Ny (@) = f(t,y(1)),y € L'(D, X),
maps continuously L!'(D,X) into L'(D,Y). From assumption (d) the operator

L = AKN; is continuous. Using assumptions (b), (c¢) and (f) we prove that the
operator L is B-nonexpansive. First, we observe that for all Dy C D we have

/D NGOl = /D atdr+b /D OOl
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For any bounded subset Z of B;(0) we have 8(K(Z)) < |K||f(Z) and we see that

B(L(H)) < |A|bIK||p(H) < B(H)

for any bounded subset H of By (8). Now, let {y,}, be a weakly convergent sequence
of L'(D, X), and then {y,}, is uniformly bounded and by assumption () we obtain

If .yl = a(®) + bllyall. (6.3)

Since {y,}, is weakly compact in L!(D, X), by the Dunford—Pettis criterion it is
uniformly integrable on D, that is

Ve > 0,35 >0,|Dy| < § = ly. ()|l dt < & Vn €N,
Dy

Therefore from (6.3), {N;(y,)}, is uniformly integrable on D, which implies the
weak compactness in L'(D, Y) of {N;(y,)},, and hence by the Eberlein—Smulian
theorem, {N}(y,)}, has a weakly convergent subsequence, say {\/; ) }j-

The continuity of the linear operator K implies its weak continuity on L' (D, Y)
for almost t+ € D. Consequently, we obtain that {KJ\&(y,,j)}j and so {L(y,)}; is
pointwise converging, for almost all + € D. Using again the weak continuity of
the linear operator K, we infer that {L(y,;)}; is uniformly integrable on D. Hence,
by Vitali’s convergence theorem, {L(y,)}; is strongly convergent in LY(D,X).
Accordingly, the operator L is (ws)-compact. We will now apply Proposition 6.5.
Note for all y € B1(8), we have

IFODI = IGODHI = LW =z y —a > 1.

Now G is a weakly compact, (ws)-compact operator so F is a (ws)-compact and
B-nonexpansive operator. Proposition 6.5, implies that F' has an eigenvalue n > 1
with corresponding eigenvector y € S;(6). |



Chapter 7
Approximate Fixed Point Theorems
in Banach Spaces

Let €2 be a nonempty convex subset of a topological vector space X. An approximate
fixed point sequence for a map F : Q@ —> Q is a sequence {x,}, € Q so that
X, — F(x,) —> 6. Similarly, we can define approximate fixed point nets for F. Let
us mention that F has an approximate fixed point net if and only if

0e{x—F(x):xeQ}.

In this chapter some approximate fixed point theorems for multivalued mappings
defined on Banach spaces are presented. Weak and strong topologies play a role here
and both bounded and unbounded regions are considered. Also an outline of how to
use approximate fixed point theorems to guarantee that noncooperative game have
approximate Nash equilibria is given.

7.1 Approximate Fixed Point Theorems

Let X be a normed space. For every Y C X we denote the convex hull of Y by
coY. We say that the set Y is totally bounded if for every ¢ > 0, there exists
Xi,...,%X,, € XsuchthatY C |J B.(x;). For convenience let

i€{l,...pe}
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PX) = { 1Y is nonempty} ,
Poy(X) = { Y C X : Y is nonempty and convex } ,
PaX) = { Y C X : Y is nonempty and closed } ,
Peev(X) = { : Y is nonempty closed and convex } .

Definition 7.1 ([94]). We say that a multivalued map F : Y — P(X) is partially
closed if the following property holds : if {xs}ser,xs € X, x5 — x,x € X, and
{ys}sea,vs € F(xs),ys —> ¥, then F(x) N L(x,y) # @, where L(x,y) = {x + A(y —
x) 1 A >0}

Definition 7.2. For fixed B €]0, 1], we say that a multivalued map F : ¥ — P(X)
is B-partially closed if for every net {xs}sca,xs € X,xs — x,x € X, and

{vstsen,vs € F(xs),ys —> y, then F(x) N L (ﬁ,y) # (. By considering X with

the weak topology we say that F is respectively w-partially closed, B-w-partially
closed.

Definition 7.3 ([57]). Suppose (X, ||.||) is a normed space and ¥ C X, and let
d(x,Y) = infy e Y|x—y|. For a fixed multivalued map F : ¥ — P(X),
let us denote by WJF(X) the set of all points X € X such that there exists
at least one sequence {x,}, in X which weakly converges to X and such that
nE}noo d(x,, F(x,)) = 0. The multivalued map / — F is to be weakly demiclosed

inx € WF(X) if for every sequence {x,}, in X which weakly converges to X and
such that E)n d(x,, F(x,)) = 0, we have X € F(x).
n o0

Remark 7.1. One can easily check that the map I — F is weakly demiclosed on
WF(X) if it is weakly demiclosed at every point of the set WF(X) and this
definition is well posed if the set W (X) is nonempty.

For a normed (X, |.||) space and for F : Y — P(Y) with ¥ C X, the set
{x €Y :dx Fx) = 1nf {||y x|| < e} of e-fixed points of the multivalued

mapping F on Y is denoted by FIX*(F) and the set of all fixed point of F is denoted
by FIX(F).

First, we give a result on the existence of approximate fixed points for multival-
ued mappings in reflexive Banach spaces.

Theorem 7.1. Let X be reflexive real Banach space and let Q2 be a bounded and
convex subset of X with nonempty interior. Assume that F : Q —> P, () is a
weakly closed multivalued map (that is, a multivalued map closed with respect to
the weak topology). Then FIX®(F) # @ for each ¢ > 0.
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Proof. Suppose without loss of generality that 6 € int Q. Let @ = sup{|x||,x € Q}.
Take ¢ > 0 and 0 < § < 1 such that oo < ¢. Let C be the weakly compact and
convex subset of X defined by C = (1—8)RQ, where Q2 is the closure of 2. We prove
the following inclusion

CccQ. (7.1)

Fix z* € C = (1—6)Q, and there exists z € Q such that z* = (1 —§)z. Obviously, if
z € Q we have z* € Q. Now, consider the case 5\ Q. If we show that the segment
[0,z][= {tz : t € [0,1]} C Q then z* € Q again. Suppose, contrary to our claim,
that there exists w € [6, z[ such that w ¢ Q. By the convexity of ¥ we have that
[0, z[C Q and so w € . Then we note that, for every n € N, there exists a point
X, €B 1 (w) such that

X, ¢ Q. (7.2)

Put p = ||w| > 0 and r > O such that B,.(f) C €, and there exists p* > 0 with
p = r + p*. Next, for every n € N, consider

i, = inf ||z + 1(x, — 2) . (7.3)
i>0

Clearly, we have

in < t|x, —w| + |lz+ t(w—12z)| forall r=>0.

Therefore, for fixed 7 > 0 such that 8 = z + 7(w — z), we can deduce that the
sequence {i, }, converges to 6 by the inequality:

- t
0<i, <ft|x,—w| < - forall neN.
n

Hence there exists 7 € N such that % < p* and iz < r. Therefore, by (7.3) we can
find £ > 0 such that the point y; = z + t7(xz — z) € B,(0). If tz < 1 we deduce

lz=wll+p = llzll < llyall +llz = yall < r+tlaw =zl < r+llxa = wi+ lw =z,

and so we get the contradiction p < r + [lxz —w[| <r+ p* = p.
Conversely, suppose #; > 1, and the convexity of 2 implies

. g
= (- —)ze R,
Iz Iz
which is contrary to (7.2). Therefore, we can conclude that the segment [6, z[ is
included in Y and then z* € Y again. Consequently, (7.1) is true.
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Next, define the multivalued map G : C — P(C) by G(x) = (1 — §)F(x)
for all x € C. Then G is a weakly closed multivalued with nonempty, convex, and
weakly compact values. But, with respect to the weak topology, X is a Hausdorff
locally convex topological vector space, so from the Fan-Glicksberg theorem (see
Theorem 1.38) G has at least one fixed point on C. So there is an x* € G(x*) =
(1 — &) x F(x*). Then there is a z € F(x*) such that x* = (1 — §)z, so ||z —x*| =
8|zl < S < e. Hence x™ is an e-fixed point of F. ]

Theorem 7.2. Let X be a reflexive and separable real Banach space and let Q2 be
a bounded and convex subset of X with nonempty interior. Assume that F ;. Q —>
Pev(R2) is a weakly upper semicontinuous multivalued map (that is, a multivalued
upper semicontinuous with respect to the weak topology). Then FIX*(F) # @ for
each ¢ > 0.

Proof. As in the proof of Theorem 7.1, we assume that 6 € int  and

o = sup|lx||,x € Q}. Take &¢ > 0 and 0 < § < 1 such that o < 3 and

C = (1—6)Q. Define the multivalued map G : C — P(C) by G(x) = (1—8)F(x)
for all x € C. Now G is weakly upper semicontinuous. In fact, since X is a separable
real Banach space and €2 is bounded, there exists a metric d,, on X such that the
weak topology on €2 is induced by the metric d,, (see Theorem 1.14). Let x € C
and assume that U is a weak neighborhood of G(x). For 0 > 0, we denote with
U, the open set {y € C : d,(y,G(x)) < o}. Since G(x) is weakly compact,
we have that d,,(C \ U,G(x)) = inf{d,(y,2) : y € C\ U,z € Gx)} > 0,
where C\U = {y € C: y ¢ U}. So0,if 0 < ¢’ < 0 < d,(C\ U,G())
we have G(x) C Uy C {y € C : d,(y,G(x)) < o'} C U, C U. In view
of the weak upper semicontinuity of the multivalued map (1 — §)F, there exists
an open neighborhood V of x such that (1 — §)F(z) C U, for all z € V.
Therefore G(z) = (1 —8§)F(z) € {y € C : dy(y.G(x)) < o’} C U for all
z € V. So G is a weakly upper semicontinuous multivalued map at x. In light of
Theorem 1.36, G is also a weakly closed multivalued map at x. Therefore, from
the Fan-Glicksberg theorem (see Theorem 1.38), there exists a point x* € C such

that x* € G(x*). Hence, there exists z € F(x*) such that x* = (1 — §)z, so
|z —x*|| = 8llz]| < 8 < 5. Moreover, there is 2 € F(x*) such that ||z —z|| < 5.
Hence |7/ — x*| < ¢, thatis, x* € FIX¢(F). [ |

In the next theorem the strong topology is involved

Theorem 7.3. Let X be a real Banach space and let Q2 be a convex and totally
bounded subset of X with nonempty interior. Assume that F : Q —> P (Q) is
a closed or upper semicontinuous multivalued map. Then FIX®(F) # @ for each
e>0.

Proof. Assume without loss of generality that § € int Q. Take ¢ > 0 and
n > 0. Since 2 is totally bounded there exists m € N and x;,...,x, € X such
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that Q € |J By(x;), where B,(x;,) = {y € X : |[[y—x| < n}. Moreover, let

i=1
h=max{|x] : ie{l,....,m}}.If0 <8 < 1theset C = (1 —8)Q is a nonempty,
convex, and totally bounded subset of X. Since C is also closed, C is complete and
therefore compact.

First, we assume that F is a closed multivalued map and we take 0 < § < 1
such that §(n + h) < e. Then the multivalued map G : C — P(C) by G(x) =
(1 = 8§)F(x) for all x € C, is closed. This implies from the Fan-Glicksberg theorem
(see Theorem 1.38) that G possesses a fixed point x*. Then there is a point z € F(x*)

such that x* = (1 — §)z. Since Q C | B, (x;), there exists an r € {1,...,m} such

i=1

that z € B (x,). So, [lz —x*|| = §l|z|| < 6(|lz— x|l + ||Ix.]]) < 8(n+ h) < e. Hence
x* € FIX*(F).

Assume now that F is an upper semicontinuous multivalued map. We take
0 <& < 1suchthat §(n+h) < 5.Let G : C —> P(C), be defined by
G(x) = (1 — 8)F(x) for all z € C. We claim that G is upper semicontinuous. Let
x € C and assume that U is an open neighborhood of G(x). For each o > 0, we
denote with U, the open set {y € C : Elg;f) lz—y|l < o}. As in the proof of

2 X

Theorem 7.2, we obtain that G is an upper semicontinuous multivalued map at x
and is also a closed multivalued map at x. From the Fan-Glicksberg theorem (see
Theorem 1.38), there exists a point x* € C such that x* € G(x*) and z € F(x*)

such that x* = (1 — §)z. Since Q C |J B,(x;), there exists s € {1, ..., m} such that

i=1
7 € By(xy), so [lz —x*[| = 8lzll < 8(llz — x5|| + llxsll) < 8(n + h) < 5. Moreover,
there exists a point 7 € F(x*) such that ||z —z|| < 5, so [/ —x*| < &, that is,
x* € FIX*(F). ]

Definition 7.4. Let X be a normed space and 2 € X with 8 € Q. A multivalued
map F : Q —> P(RQ) is called a tame multivalued map if, for each ¢ > 0, there
is an R > 0 such that for each x € Bg(6) N Q the set F(x) N Bg4.(6) is nonempty,
where Br(0) = {x € X : ||x|| < R}.

Example 7.1. The map F : [0, co[—> P([0, oo[) defined by
F(x) =[x+ (x+ 1)7!, oo forall x € [0, o0,

is a tame multivalued map on the unbounded set [0, oo[.

Example 7.2. Let X be a normed space. Let F : X — P(X) be a multivalued
mapping such that the image F(X) = {x € X : x € F(x) forsome x € X}
of F is a bounded set. Then F is a tame multivalued map (for each ¢ > 0, take
R =1+ sup{|yl. y € F(X)}.

Remark 7.2. 1t follows from Example 7.2 that each F : Q@ — P(R2), where Q is
a bounded subset of a normed space X and F(x) is nonempty for all x € €, is a tame
multivalued map.
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Example 7.3. Let X be a normed space. The translation 7 : X — P(X) given by
T(x) = x + a, where a € X \ {0}, is not tame and for all small ¢ > 0, T has no
e-fixed points.

Theorem 7.4. Let Q2 be a convex subset with nonempty interior, containing 0, of a
reflexive real Banach space. Assume that F . Q —> P, () is a tame and weakly
closed multivalued map. Then FIX®(F) # 9 for each ¢ > 0.

Proof. Lete > 0and R > 0 such that F(x) N Bg42 (6) # @ for eachx € Br(0) N2,
and let C = Bgr(6) N Q. Now 2 is a nonempty, bounded, and convex set. Then
G : C — P(C) defined by

G(x) = R(R + g)*lF(x) N Bry:(0) forallx € C,

satisfies the conditions of Theorem 7.1. Hence there is x* € FIX%(G) such that
dx*,G(x*)) < 7 < 5 and there exists X' € G(x*) such that [x" —x*|| < 3.
Moreover, there exists an element z € F(x*) such that z = R™'(R + £)x. This

implies that
* —1 €\ / / * €1y €
o= < IR R+ ) =2l + ¥ =5 < SR+ 5 <.

Sox* € FIX*(F). [ ]

Theorem 7.5. Let Q2 be a convex subset with nonempty interior, containing 0, of
a reflexive and separable real Banach space. Assume that F : Q —> P (Q) is
a tame and weakly upper semicontinuous multivalued map. Then FIX®(F) # @ for
each ¢ > 0.

Proof. Using the same argument as in the proof of Theorem 7.4, we can show that
the multivalued map G, defined on Bg(6) N Q by

£
G(x) = R(R + E)AF(X) N Br5(0).
satisfies the conditions of Theorem 7.2 and the conclusion follows as in
Theorem 7.4. |
Remark 7.3. By Theorem 7.4, the multivalued map F : [0, c0o[— P([0, oo])
defined by
F(x) =[x+ (x+ 1)~ oo forall x e [0, o0,

has e-fixed points.

Theorem 7.6. Let X be a reflexive real Banach space, let Q2 be a nonempty convex
subset of X and ¢ > 0. Assume F : Q —> P, () is a multivalued map satisfying
the following properties:
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(i) coF(R2) has nonempty interior,
(if) F(R2) is bounded in X,
(iii) there exists B, €]0,1[,aB: < &, such that F is B.-w-partially closed, where
a= sup x|
XEF(Q)
Then, there exists x, € coF(2) N FIX*(F).

Proof. From (i) and (ii) we have that the convex set C = coF(2) is also bounded
and has nonempty interior. Suppose without loss of generality that & € int C. Put

Ce = (1-B)C, (7.4)

where . is the positive number introduced in (iii) and C is the closure of C in the
Banach space X. Using the same argument in the proof of Theorem 7.4 we prove
the following inclusion

C. CC. (7.5)
Next, consider the map G, : C; —> P.y(X) defined by
G:(x) = (1—=B-)F(x), xeC.. (7.6)

From (7.4) and taking into account that the values of F are convex, this multivalued
map assumes values in the family P, (C;). The closed and convex set C, in the
Banach space X is also closed in the Hausdorff locally convex topological linear
space X endowed with its weak topology. The reflexivity of the Banach space X
guarantees that the set C, is weakly compact, since C, is normed bounded and
weakly closed (see Theorem 1.3). Moreover, the multivalued map G, is w-partially
closed. Indeed, for a fixed net {xs}sen,xs € Ce,xs — x,x € C,, and fixed
{ys}sea,vs € Ge(xs),ys — y, we can prove that G.(x) N L(x,y) # . Notice
for every § € A, there exists zz € F(xs) such that ys = (1 — B.)zs. The weak
convergence of the net (ys)sea implies that, for every W € W(60) (where W(90) is
the family of all neighborhoods of 6 in the weak topology) we have that there exists
8* € Asuchthatys € y+ (1 — B)W forall § € A,8* < §, and so the net {zs}sea.,

Y c Y

=1_,38 1_,35

25 4+ W forall § € A,§* <3,

converges weakly to the point z = # Thus, by (iii) we conclude that

F(x)ﬂL(l_x'Bs,z) #0,
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so there exists a point v € F(x) and a number A > 0 characterized by

v=1_xﬂ8+1(z—1_xﬂs).

By (7.6) we can write
(1= B)v =x+A(y —x) € Ge(x) N L(x, ).

Since the map G, on the topological linear space X endowed with its weak
topology satisfies all the conditions of the Glebov theorem [94], there exists a point
x* € C, such that x* € G.(x*) = (1 — B.)F(x*), and hence there exists a point
¢ € F(x%),x* = (1 — B,)y*. From (iii) we have

d(x*, F(x) =[x =yl = II(1 = Be)y" =yl = Belly'll = e <&,

i.e., x* € Q is a e-fixed point for F. Moreover, by (7.5) we also have x* €coF(2).
Therefore, the desired result is established. |

Corollary 7.1. Let X be a reflexive real Banach space, let Q2 be a nonempty convex
subset of X and ¢ > 0. Assume F : Q —> P, () is a multivalued map satisfying
the following properties:

(i) coF(R2) has nonempty interior,
(if) F(R2) is bounded in X,
(iii) for every € > 0, there exists B, €]0, 1[, aB, < &, such that F is B.-w-partially
closed, where « = sup |x|.
XEF(Q)
Then, for every € > 0, there exists x, € coF(2) N FIX*(F).

Example 7.4. Put X = Rand Q@ =] — 2,2[. Let F : Q@ —> P(X) be the map
defined by

[-%.0]. ifx € [0,2],
F(x) = 1 10,—3], ifx €] —2,0],
{0}, if x=2.

It is easy to see that F satisfies the hypotheses (i) and (if) of Corollary 7.1. Moreover,
for fixed ¢ > 0 assuming that B, €]0, min{l, ¢}[ we see that F verifies (iii) of
Corollary 7.1. On the other hand, F is not weakly closed, required in Theorem 7.1.
To this end it is sufficient to note that the sequence {x,},,x, = 2 — %, Xp —~x=2
and the sequence {z,},,2, = —1 + % € F(x,),z, — z=—1,butwehave z = —1 ¢
F(2) = {0}.
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Next by using Corollary 7.1 and by assuming the values of F' are closed, we can
remove the separability assumption on the reflexive Banach space X, required in
Theorem 7.2.

Proposition 7.1. Let X be a reflexive real Banach space, let Q2 be a nonempty
convex subset of Q and ¢ > 0. Assume F : Q —> Pu(RQ) is a multivalued
map satisfying the following properties:

(i) coF(R2) has nonempty interior,
(if) F(R2) is bounded in X,
(iii) F is weakly upper semicontinuous.

Then, for every € > 0, there exists x, € coF(2) N FIX*(F).

Proof. Consider the Hausdorff locally convex topological linear space X endowed
with its weak topology. Since F has closed and convex values in X, we can say that
its values are weakly closed. By (ii) they are also weakly compact. By Theorem 1.36
and (iii), we conclude that the graph of F is weakly closed. Next we show that F'

satisfies hypotheses (iii) of Corollary 7.1. Put @ = sup |x| and fix ¢ > 0, and
XEF(Q)

let B, €]0, 1] be such that a8, < e. Fix a net {xs}sen,Xxs € 2,x5 — x,x € Q. For

every net {ys}sea,ys € F(xs), s — y, by the weak closedness of the graph of F, we

deduce y € F(x) and so F(x) N L (ﬁ,x) # ( holds. Finally we are in a position
to apply Corollary 7.1 to the map F. Hence, for every & > 0, there exists in coF(£2)

an e-fixed point for F. |

Theorem 7.7. Let X be a real Banach space, let Q2 be a nonempty convex subset
of X and ¢ > 0. Assume F : Q —> P () is a multivalued map satisfying the
following properties:

(i) coF(R2) has nonempty interior,
(if) F(R2) is totally bounded in X,
(iii) there exists B, €]0, 1], Be(e + h.) < &, such that F is B.-w-partially closed,
where hy = max{||x;|| :i € {l,...,pe}} forxi,...,x,, € X such that F(2) C
U Ba(xi)~

Then, there exists x, € coF (2) N FIX*(F).

Proof. Repeating the argument in the proof of Theorem 7.6 we can see that the
convex set C =coF (L) satisfies the following properties

6 cintC, C,=(1-8,)CCC, (7.7)

where f, is the positive number introduced in (iif). Clearly, the set C, is nonempty
and convex. By (ii) we deduce that coF(£2) is a totally bounded subset of X, so C,
is totally bounded too. Since C; is also closed, we have that the metric space C; is
complete with the metric induced by the norm in X. Therefore, it is also compact in
the Banach space X.
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As in the proof of Theorem 7.6, we consider the multivalued map G, : C; —
Pev(X) defined in (7.6). The multivalued map G, is partially closed. Hence, it
satisfies in the Banach space X all the conditions of the Glebov Theorem [94].
Therefore, there exists a point x°* € C, such that x* € G.(x*) = (1 — B.)F(x°).
It follows that the point y* € F(x®) C C such that x* = (1 — ,)y° satisfies

d(x", F(x)) < [lx° =yl < Belly*ll = Belly” — xell + llxell) < Be(e + he) < e,
where k € {1,...,p.} is such that y* € B.(x;) (see (iif)). Moreover, (7.7) implies
x° € coF(R2). Therefore the set coF(2) N FIX®(F) is nonempty. |

By using the previous theorem we deduce the following proposition.

Proposition 7.2. Let X be a real Banach space and let 2 be a nonempty convex
subset of X. Assume F : Q —> P (Q) is a multivalued map satisfying the
following properties :

(i) coF(R2) has nonempty interior,
(if) F(R2) is totally bounded in X,
(iii) for every ¢ > 0, there exists B, €]0, 1], Be(e + he) < &, such that F is B-w-

partially closed, where hy = max{||x;| :i € {l,...,pe}} forxi,...,xp,, € X
suchthat F(Q) C  |J  Be(x).
i€{l,....pe}

Then for every € > 0, there exists x, € coF(2) N FIX*(F).

Theorem 7.8. Let X be a reflexive real Banach space and let 2 be a nonempty
closed and convex subset of X. Assume F . Q —> Py () is a multivalued map
satisfying the following properties:

(i) coF(R2) has nonempty interior,
(if) F(R2) is bounded in X,
(iii) there exists B, €]0,1[,aB. < &, such that F is B.-w-partially closed, where

o= sup |x],
XEF(Q)

(iv) the multivalued map I — F is weakly demiclosed on WF (2).

Then, FIX(F) is nonempty.

Proof. Set ¢ = %,n € N, and by Corollary 7.1, we can choose x, € coF(2) C
Q so that d(x,, F(x,)) < % In view of (ii) we have that the approximate fixed
points sequence {x,}, is bounded in the reflexive Banach space X. Therefore, there
exists a subsequence {x,, }, of {x,}, weakly converging to a point X € coF(Q2).
Since Q2 is closed and convex, X € 2. The subsequence {x,, }, converges weakly

to X and satisfies klim d(xp,, F(x,,)) = 0, and therefore, x € WF(L2). From (iv),
—>00
X € F(%). ]
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The following example shows that the closedness of €2 in the above fixed point
theorem cannot be removed.

Example 7.5. Let Q =]0,1[C X = Randlet F : @ — P (R2) be the
multivalued map defined by

X
x+1

F(x)={ }, x € Q.

Note that the set €2 is not closed. Moreover, since F' satisfies hypotheses (i), (ii),

and (iif) of Corollary 7.1, there exists an approximate fixed points sequence {u,},

having the property lim d(u,, F(u,)) = 0. On the other hand, it easy to see
n—o0

that for every x €]0, 1], any sequence {x,}, converging to x does not satisfy
E}n d(x,, F(x,)) = 0, so the set WF(2) is empty.
n o0

Theorem 7.9. Let X be a reflexive real Banach space and let Q be a nonempty
closed and convex subset of X. Assume F : Q —> P, () is a multivalued map
satisfying the following properties:

(i) coF(R2) has nonempty interior,

(if) F(R2) is bounded in X,

(iii) for every ¢ > 0, there exists B €]0, 1[, Be(e + h:) < &, such that F is Be-w-
partially closed, where hy = max{||x;| :i € {l,...,pe}} forxi,...,xp,, € X
suchthat F(Q) C  |J B:(x),

i€{l,...pe}
(iv) the multivalued map I — F is weakly demiclosed on WF(2).

Then, FIX(F) is nonempty.

Proof. Sete = % n € N, and by Proposition 7.2, we can choose x,, € coF(2) C Q
so that d(x,, F(x,)) < 1. Hence lim d(x,, F(x,)) = 0. Since by (ii) we have that
n—-o0

n

the set F(Q) is compact in X, so the Krein—-Smulian theorem (see Theorem 1.10)
implies that the set coF(Q) is weakly compact. Now from the Eberlein-Smulian
theorem there exists a subsequence {x,, },, of {x,}, weakly converging to a point
¥ € coF(Q) C Q. Therefore, ¥ € WF(S2) and the weak demiclosedness of I — F
implies that X € F(X). ]

7.2 Approximate Nash Equilibria for Strategic Games

In [155], Nash equilibria for n-person noncooperative games was introduced and
using Kakutani’s fixed point theorem (see Theorem 1.37) he showed that mixed
extensions of finite n-person noncooperative games possess at least one Nash
equilibrium. The aggregate best response multivalued mapping on the Cartesian
product of the strategy spaces constructed with the aid of the best response
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multivalued mappings for each player possesses fixed points which coincide with
the Nash equilibria of the game (see [67, 95, 155]). The existence of such equilibria
usually requires a compactness condition on the strategy set of each player.

Of course, for many noncooperative games Nash equilibria do not exist. However
some games are of interest when e-Nash equilibria exist for each ¢ > 0. Here a
strategy profile is called an e-Nash equilibrium if the unilateral deviation of one of
the players does not increase his/her payoff with more than . One can derive the
existence of approximate equilibrium points using the following:

(i) develop e-fixed point theorems and find conditions on strategy spaces and pay-
off functions of the game such that the aggregate e-best response multivalued
mappings satisfies conditions in an e-fixed point theorem,

(if) add extra conditions on the payoff-functions, guaranteeing that points in the
Cartesian product of the strategy spaces nearby each other have payoffs
sufficiently nearby.

In [40] the notion of ¢-Nash equilibrium is introduced:

Definition 7.5. An n-person strategic gameisatuple I' = (Qq,..., Q,, ur, ..., u,)
where for each player i € N = {1,...,n} the Q; is the set of strategies and u; :

[T €2; — R is the payoff function. If players 1, ..., n choose strategies xi, . .. , Xy,
ieN
so that the functions u(xy,...,x,),...,u,(x1,...,x,) are the resulting payoffs for

the players 1, ..., n respectively. Let ¢ > 0. Then we say that (x*);ey € [] Q; is an
ieN
&-Nash equilibrium if

ui(x;, x*,) < u;(x™) + ¢ forall x; € Q; and forall i€ N.
Here x*; is a shorthand for (x}") jen\(;y and we will denote by NE*(I") the set of

e-Nash equilibria for the game I'.

Note that for an x* € NE®(T"), a unilateral deviation by a player does not improve
the payoff with more than ¢. For each i € N we consider the e-best response
multivalued mapping B : [[ €; — P(Q;) defined by

JEN\{}

Bi(x—j) = qx; € Q| uj(xj, x—;) > sup u;(tj, x—j) — €
LER;

and the aggregate e-best response multivalued map B; : 2 —> Q2 defined by
B (x) = [ [ Bi(x-0).
ieN

Obviously, if x* € B(x*), then x* € NE*(T"), and conversely. So if B has a fixed
point, then we have an e-Nash equilibrium. If we do not know whether B® has a
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fixed point but we know that B® has 6-fixed points for each § > 0, then this leads
under extra continuity conditions to the existence of approximate Nash equilibria
for the game as we will see.

Proposition 7.3 (The Key Proposition). Let I' = (Qy,...,Q,,u1,...,u,) be an
n-person strategic game with the following three properties:
(i) foreachie N ={l1,...,n}, Q; is endowed with a metric d;,
(ii) the payoff functions uy,...,u, are uniform continuous functions on
n

Q = [ @, where Q is endowed with the metric d defined by

i=1
d(x,y) = Zdi(xi,yi) forall x,y € Q,
i=1

(iii) for each e > 0 and § > 0, the aggregate e-best response multivalued map B*
possesses at least one 8-fixed point, i.e., FIX®(B%) # @. Then, NE*(T") # @ for
each e > 0.

Proof. Take ¢ > 0. By (if) we can find > 0 such that for all x,x' €  with
d(x,x") < n we have |u;(x) — u;(x")| < 5 for each i € N. We will prove that

x* € FIX?(B%) = x* € NE*(I).
Take x* € FIX? (B%), which is possible by (iii). Then there exists € B2 (x*) such

that d(x*, ) < 7, and, consequently, for each i € N, d((x],x*,), (x;, x*;)) < n. This
implies that

1
wi(xF, x®) > wi (X, xE) — 3¢ forall i€ N. (7.8)
Furthermore % € B2 (x*) implies

1
ui(X;, x*,) > sug ui(t;, x*;) — 3¢ forall ie N (7.9
L€l

Combining (7.8) and (7.9) we obtain

ui(x},x*;) > sup u;(t;,x*,) —e forall i€ N, (7.10)
LER;

that is, x* € NE*(T). [ ]

Next we give some examples to show that with the use of the key proposition,
we can obtain approximate Nash equilibrium theorems.
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Example 7.6 (Games on the Open Unit Square). Let (]0, 1[,10, 1[, u;, uy) be a game
with uniform continuous payoff functions u; and u,. Suppose that &, is concave in
the first coordinate and u, is concave in the second coordinate. Then for each ¢ > 0,
the game has an e-Nash equilibrium point. In fact, apply the key proposition to the
above game and note that (i) and (i) are satisfied by taking the standard metric on
10, 1[. Further, (iif) follows from Theorem 7.1 applied to the multivalued map B*.

Example 7.7 (Completely Mixed Approximate Nash Equilibria for Finite Games).
Let A and B be (m x n)-matrices of real numbers. Consider the two-person game
(Ap, Ay, uy, up), where

Ap=3peR" |p;>0 foreach i {l.....m}. Y pi=1

Ay=39geR" g >0 foreachje{l,...,n},Zq,-zl ,

i (p, q) = pAq, ux(p.q) = p'Bq forallp € A,,,q € A,.

Then for each ¢ > 0 this game has an ¢-Nash equilibrium. Such an e-Nash
equilibrium is called completely mixed, because both players use each of their pure
strategies with positive probability. The proof follows from the key proposition and
Theorem 7.1 taking the standard Euclidean metric.

Example 7.8. Let X be a normed linear space such that there exists
ae€ X\ {0} LetT' = (X,X,u,uy) be the two-person game with u;(x),x) =
—|lx1 = x|, ua(x1,x2) = —|lx;1 —x2 — 1+"x ||| for all (x;,x;) € X x X. Then
Bi(x2) = {x2} and By (x1) = {x1 — 7} SO Blxi,x2) = {(x2,x1 — 1jp) for
each (x;,x2) € X x X. Hence, FIX(B) = @. However, for each § > 0, FIX*(B) # 0
since one can take x € X with ||x|| > §~!||a|| and, then, (x,x) € FIX®(B) because

lal_ lal
L e [ el
) = T S T

Moreover, u; and u, are uniform continuous functions on X x X. In fact,

[enll = iyl
(L4 [l D+ iy D

< (1 = yill + llx2 = 2D (1 + [lal).

[z (x1,X2) —ua(y1, y2)| < [[(x1 —y1) — (2 —y2) + all

Therefore, in light of the key proposition we can conclude that NE*(I") # @ for
each ¢ > 0. In fact, for ||x|| sufficiently large, (x,x) € NE*(T"), since us(x, x2) — up
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