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Unconstrained local necessary conditions

In the unconstrained case f is defined on an open set. Use the
"variations" g (t) = f (xp + th) and chain rule.

If xg is a local minimum then

Q 0="1(x0) = (of/0x1 (x0) ,...,9f/9xp (x0)) .
Q0 S hTﬁg{ (Xo) h= Zza2f/8x,8xj (X()) h,'hj
i

Observe that one needs just twice differentiability at xg.
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Unconstrained local sufficient conditions

Theorem
If f is twice differentiable at xq and

fi (x0) =0

and the second derivative is

@ positive definite then xy is a local minimum of f,

@ negative definite then xy is a local minimum of f.

Observe that one needs just twice differentiability at xg.
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Unconstrained local sufficient conditions

If xT Hx is a positive definite quadratic form on R" then there is an & > 0
such that
x"Hx > a||x]]?.

Let & > 0 be the minimum of x Hx over the compact set ||x|| = 1.
Obviously
x T
H— >a >0
[IxIF 1l

which implies the lemma.
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Unconstrained local sufficient conditions

As f is twice differentiable at xg
! 1 T 11 2
f (xo+h) — £ (x0) = (£ (x0) . h) + 5T £, (xa) h+ o ]|

Let H = £/ (xo) and let &« > 0 be the constant above. For any ¢ < a/2

one has that
2 2
o (I1IP) | < elln

for h small enough. Hence as £} (xo) =0

Fxo+h) —f (x0) > (% —s) 1] > o.
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Constrained local necessary conditions

Theorem

Assume that ¢, k =0,1,2,..., p are differentiable and assume that ¢,
has a local minimum at xg on the set

X={x|g,(x)=0k=1,...,p}.

Then there are multipliers

I=(Ag,A1,..., Ap) € RPFE

such that )

> Mgy (x0) = 0.

k=0

If o, (x0), k=1,..., p are linearly independent then Ag = 1 is possible.
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Constrained local necessary conditions

Theorem

Assume that we are in the regular case and ¢,, k =0,1,...,p are twice
differentiable at xg, where xg is a local minimum of the constrained
optimization problem then

(¢} (x0),h)=0,  k=1,2,...,p= h"L (x0,A) h>0.
For local maximums one has
(¢} (%), hy=0,  k=1,2....p= h"L} (x,A)h<O0.

Recall that L, (xo, A) is the second derivative of the Lagrange function
with respect to x at xg.
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Constrained local sufficient conditions

Theorem

Assume L} (xo, A) = 0, that is let xy be a stationary point of the
Lagrangian. Assume that we are in the regular case and
@, k=0,1,..., p are twice differentiable at xy. If

ALY (x,A)h>0,  h#0

whenever (@) (xo) , h) =0, k =1,2,..., p then xg is a local minimum of
the constrained optimization problem. If

ATLY (x,A)h<0,  h#0

whenever (@) (xo),h) =0, k =1,2,...,p then xy is a local maximum of
the constrained optimization problem.
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Constrained local sufficient conditions

Let F be the vector function of the constraints and let

C ={x | F(x) =0} . It is sufficient to show that there is a function K
such that K has a local minimum on C at xg with U and K (xp) = ¢, (x0)
and K (x) < @y (x),x € U. In this case if x € UN C then

9o (x) = K (x) = K (x0) = ¢4 (x0)
so xg is a local minimum of ¢, on C. Let
K (x) Z @g (x0) = (A F () = [|IF (x) |

where 1 is a large enough constant. Obviously if x € C then F (x) =0
therefore K (xg) = ¢, (x0) as xp € C.
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Constrained local sufficient conditions

One must show that

9o () > K (x) = @ (x0) = (A, F (x)) =7 [|F (x) |
That is
0 > () = (9o (x) + (A F(x))) = 7[IF(x)|* =
= @y () = L(x,A) = 7[[F ().

Using the condition on the existence of the second derivative and the
stationarity condition L} (xp, A) = 0 and that as xp is a feasible solution
L(x0,A) = @y (x0) one must show that

0 > —(x—x)" Lh(x0.4) (x = x0) + 0 ([x =) -

—7||F" (x0) (x = x0) + 0 (x — x| ||
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Constrained local sufficient conditions

Obviously

Medvegyev (CEU)

IF' (x0) (x = x0) + 0 (||x — x|
IF" (x0) (x = x0)||* +
+llo (llx = x> +

+2(F' (x0) (x = x0), o (IIx = x0l[))

= [|F" () (x = x0) | + 0 (llx = 017} -
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Constrained local sufficient conditions

By the conditions that
F'(x)h=0= h"L! (x0,A)h >0
if 7y is large enough and h # 0 the quadratic form
Q (k) = hT Ll (x0, A) b+ || F' (x0) B> > 0.
Hence for some U around xg

—Q@—nﬁ+o@x—mW)§0
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Constrained positive definite matrixes

Let A be symmetric. When does x” Ax > 0 for every Bx = 02 Or when
does xT Ax > 0 for every Bx = 0, x # 0?

We can assume that B is fat and full rank. Solving the homogeneous
equation x, = —Dx; where x; is the vector of free variables. If the
number of the equations is p then the dimension of x; is n — p. Hence

_ _ n—p\l _ X1 _ | n—p
ker(B)={x=Py|yeR }—{(X2)—<_D>y|y€]R }
Hence one should study

xTAx =y PTAPy = yTCy,  dim (PTAP) —dim(C)=n—p

as size (P) =nx (n—p).
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Constrained positive definite matrixes

One can use the Jacobi—Sylvester criteria on C. To solve the sufficiency
problem one should check the determinants of the n — p leading principal
minors of C.

But to do this one should solve the equation Bx = 0 and construct matrix
C. We want to avoid this and we will calculate the LAST n — p leading
principal determinant of the bordered matrix

0 0 B
ne(gr o)

The size of His (n+ p) x (n+ p) . (It is not obvious why does it work.
The proof is in the reader.)
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Constrained positive definite matrixes

After some calculation one gets that:

@ Write the basis vectors of B first. B = (By, By) = (B;, B1U), where
B; forms a basis for the column space of B and U are the coordinates
of the other columns in B,.

@ Form the bordered Hessian

0 B
pxp  (pxn)
B’ A

(nxp) (nxn)

© Check the determinants of the last n — p leading principal minors.

@ The sign of these determinants must be (—1)” in the constrained
positive definite(minimum) case. In the negative definite (maximum)
case the signs must alter staring with (—1)" for the largest minor.
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Constrained positive definite matrixes
Solve X12 —i—x22 — min, x1 +x = 1. l

The Lagrangian is L (x1,x,A) = x2 +x3 + A (x1 +x — 1).
The necessary condition

1
2x1 +A = 0,2X2—|—)L:0:>X1IX2,2>X1:X2:§.
011
A = ((2) g),Bz(l 1), H=|1 20
1 0 2
det (H) = —4. One should check 2 — 1 determinants and for minimum the

sign must be —1 = (—1)” as there is just one constraint, p = 1. Hence
we have a local minimum.
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Constrained positive definite matrixes
Solve x12 +x22 — min, x1 +x = 1,2x1 + 3x, = 4. l

The only solution is

|
FET

But as one should check n — p = 0 determinants there is nothing to
check. In this case the theorem formally does not applicable.

X1 = =-1,x=

N~ B =
Wl WE
N =RIN =
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Constrained positive definite matrixes
Solve x; +x — min,xl2 —I—x22 =1. l

The Lagrangian is

L(x1,%,A) =x1+x —i—A(xlz +X22 - 1) }
The necessary conditions

14+2Ax =0,14+2A% =0,= x1 = x0,2x¢ = 1,x; = +1/V/2.
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Constrained positive definite matrixes

If x; =x = 1/+/2then A = —1//2

_ 0 V2 V2
A:( 8@ _%),B:(z/\@,z/\@)ﬁ: g —(\)ﬁ _(\)@

det (H) = 4\/5. As there are two variables this is the condition for local

maximum, so | ==, == ) is a local maximum.
' (ﬁ ﬁ)
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Constrained positive definite matrixes

If xp =x = —1/v/2then A = 1//2

0 —v2 V2
A:(\f \%),Bz(—\@,—ﬁ),H: :g \f \%

determinant: —4+/2. As p = 1 this is the condition for the minimum so

1 1 - a
——,—— | is a local minimum.
(-5 %)

V2
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Constrained positive definite matrixes
Solve x1xp — min,x12 —i—x22 =1. l

The Lagrangian is

L(xi,x,A) =xix0+ A (x12 —l—x22 — 1) .
The necessary conditions
Xo +2Ax1 = 0, x1 +2Ax = 0.

If x; = 0 then x, = 0 which is not a solution. So x; # 0, x, # 0.
X X X X

72 — _2Avi — —2/\,72 — —1VX]? :X22

X1 X2 X1 X2

Hence the four solutions are

() () () ()
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Constrained positive definite matrixes

The Hessian of the Lagrangian is

20 1
A:( 1 2A>,B:(2X1,2X2).

For the first root (i i) A=-=1/2

2 2
0 2/V2 2/V2
H=1| 2/vV2 -1 1
2/V2 1 —1

det (H) = 8 so as n = 2 the sign for maximum is (—1)" = 1, hence
1

1 . .
= = | | maximum.
<ﬁ’ 2) s a local ma u
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Constrained positive definite matrixes

For the third root (— L i) A=1/2

V2' V2
0 -2/V2 2/V2
H=|( —2/v2 1 1
2/V2 1 1
det (H) = —8. As p = 1 the sign for minimum must be —1 = (—1)”, so
(—%, %) is a local minimum.
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Constrained positive definite matrixes
Solve the problem X12 + x22 +X32 — min, x1 +x0 +x3 = 1. l

The Lagrangian is

L(x1,%0,x3,A) =x2 +x34+x3+A(x1 +x +x3—1).

Obviously x; = x» = x3 = 1/3 is the solution.

2 00
A=|020],B=(111)H=
002

e =)
OO N =
ON O
N O O

The determinant of H is —12.
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Constrained positive definite matrixes

But we must calculate 3 — 1 = 2 determinants: Deleting the last row and
the last column

011
det] 1 2 O = —4.
1 0 2

As both determinants are negative, p = 1, so the sign for the minimum is
(—1)P = —1 this is a local minimum.
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Constrained positive definite matrixes

Solve the problem x;xox3 — max,xl2 + x22 +x§ =1

The Lagrangian x;xox3 + A (X12 +x3 + x§ — 1) . The first order conditions

XX _XeXs XX
2x3 2x1 2x0 '

Obviously the solutions of the first order conditions are

1
@ = B=x=3
20 x3  xo
A = X3 2A X1 ,B :( 2X1 2X2 2X1 )
X2 X1 2A

Medvegyev (CEU)

Mathematics for Economists



Constrained positive definite matrixes

A maximal solution is when x; = x» = x3 = 1/+/3 in this case

X1X2 1

T 26 23

0 2/V3  2/V3  2/V/3
Ho | V3 -1/v3 1/v3  1/V3
| 2/v3 1/V/3 —-1/V3 1/4/3
2/V/3 1/V/3  1/V/3  —1/4/3

The determinant is —%. As there are three variables this is the right sign
condition for the maximum as —1 = (—1)°
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Constrained positive definite matrixes

But we should also check another determinant as n — p = 2. Deleting the
last row and column

0 2/V/3  2/V/3 16
det| 2/V/3 .—1//3 1/V3 =3 3
2/v/3  1/V/3  -1/V3

Which is still good for the maximum as the sign is alternating.
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Constrained positive definite matrixes

Now check the x; = x» = x3 = —1/+/3 which is the minimal solution.
oxaxe 1
23 23

0 -2/V/3 =2//3 —2/V/3
-2/V3 1/V/3 -1/V/3 —1/V/3
-2/v/3 —1/V/3 1/V/3 -1/V3
-2/V3 —1//3 —-1/V/3 1/V3

In this case the determinant is still —13—6, which is also compatible with the
minimum rule as p = 1. (Observe that sign is compatible with maximum
criteria as well.)

H=
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Constrained positive definite matrixes

But we should also check another determinant as n — p = 2. Deleting the
last row and last column

0 —2/v/3 —2/V/3 16
det | —2/v/3 1/v/3 —-1/3 =3 3
—2/v/3 —1/v/3 1//3

Which is the right sign for the minimum condition as p = 1 and in the
minimum case there is no alternation.
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Constrained positive definite matrixes

Observe that x, = x3 = 0,x; = 1,A = 0 is also a solution of the equations

xXox3+2Ax; = 0
x1x3 +2Ax = 0
x1xp+2Ax3 = 0
0200
2 0 00
H= 0 0 01
0 0160

The determinant is 4 which is not compatible with the max or the min rule.
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Constrained positive definite matrixes

2 2

Solve X12 — X3 — X5 — max, X12 +x22 —i—x32 =1.

The Lagrangian

X — X3 —x32+)x(x12+x22+x§ —1).
The necessary condition is

2x1+A2x1 = 2x(14+A)=0
2% +A2x2 = 2x(—=14+A)=0
—2x3 +2Ax3 = 2x3 (—]_ + /\) =0.

The relevant solution for the maximum is x; = +1,x = x3 = 0.
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Constrained positive definite matrixes

The Hessian

2427 0 0
A= 0 —2+2A 0 B=(2x 2x 2x3).
0 0 —2+2A

Ifxq =1, =0,x3 =0, then A = —1

02 0 O
2 0 0 O
H= 00 -4 O
00 0 -4

The determinant is —64. As there are three variables for maximum the
sign must be (—1)°.
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Constrained positive definite matrixes

But we must also check

0
0 [=16
—4

o N O
O ON

:Hence the determinants of the leading principal minors alternate, hence
(1,0,0) is a local maximum.
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Constrained positive definite matrixes

Now let x; = 0,x = 1,x3 = 0 and A = 1, which solves the equations.

I
Il
oNn oo

o o O
SO oOoON
o O O o

The determinant is 0. The problem comes from the fact that (0, 1,0) is not
a isolated local minimum as x; = 0,X22 —|-X32 =1 are all minimal solutions.
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Constrained positive definite matrixes

2

Solve x32—x12— y — max,x12+x22—i—x32 =1,

The solution is x3 = 1, x; = x, = 0. The (wrong) bordered Hessian is

0 0 0 2
0 -4 0 O
H= 0 0 -4 0
2 0 0 O
0 0 O
The determinant is —64 which is fine. But | 0 —4 0 | =0. (The
0 0 -4

problem is that the basis is at a wrong place.)
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Dynamic programming

Consumer saving problem:

@ The planning period is finite t =1,2,..., T.

© At every period t the consumer has wealth w; > 0 and consumption
¢t > 0. The utility function for the consumer is u (c) = \/c.

© At every t the set of feasible decisions are ® (w;_1) = [0, wy_1].

@ There is a production function
f(we)=(w—c)-(1+r)=k-(w—c)with r > 0.

@ The consumer is maximizing the aggregate utility Y/ u (c;) .
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Dynamic programming

Problem
We want to maximize the aggregate reward

Z st,at — max,

under the conditions that

s1 € S
st = f1(S—1,8-1),t=2,..., T
a € @(St)gA,t:].,z,...,T

where a; is the action one can choose and s; is the state of the system.
Obviously the objects in the problem are given before the optimization and
are parameters of the problem.

v
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Dynamic programming

@ S is called the state space.

@ A is called the action space.
© r: (s, a) is the reward function at time period t.
Q f; (s, a) is the transition function at time period t.

@ P, (s) — 24 is the correspondence of feasible actions at time period
t.

Medvegyev (CEU) Mathematics for Economists 2013 39 / 252



Dynamic programming

2]

o
o

The history h; at time t is the sequence hy = (s1,a1,...3r-1,5t) -
(Observe that there is no a; but there is an s; in the definition of the
history.)

Strategy o is a sequence of mappings 0;.which gives the next action
a; € ®(s¢). The o, can depend on the whole actual history.h;.

2. denotes the set of strategies.

The value function is

V(s)= max W (o)== max Z re (0t)
TEL,00=5 TEL,00= =5
if the maximum is attained otherwise we write sup instead of max.

One can also define V; (s) as V (s) above just we start the
optimization at time period t.

4
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Dynamic programming

A strategy is a Markovian strategy if the strategy is dependent only on the
present state, that is independent of the history of path how we have got
to the present state s.

Theorem (Bellman'’s principle)

Under some conditions on the model there is an optimal Markovian
strategy and the sequence of value functions V; satisfies the Bellman
equation

Ve(s) = max {re(5,2) + Veun (f(5,2))}.
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Dynamic programming

The conditions of the above theorem are quite reasonable. They are (just)
guaranteeing the existence of the optimum.

@ r: (s, a) is continuous on S x A for every t.

@ f; (s, a) is continuous on S X A for every t.

Q & is a continuous, non-empty and compact valued correspondence.
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Dynamic programming

A set-valued mapping, that is a correspondence, ® is called

@ upper semi continuous if for every x, — x,y, — y and y, € @ (x,)
one gets that y € ® (x) . This says that the

Graph (@) = {(x,y) |y € @ (x)}

is a closed set;

@ lower semi continuous if for every x, — x and y € ® (x) there is a
sequence y, € ® (x,) such that y, — y;

© it is continuous if both upper- and lower semi continuous.
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Dynamic programming

The main advantage of the compact valued and continuous
correspondences is that the parametric optimization problem

g(s) =max{U(s,x) | x€ D(s)}

is a continuous function of the parameter s assuming that U and ® are
continuous and @ is compact valued. In this case the correspondence

¥(s) 2 {x| x € B(s), U(s,x) =g (s)}

is upper semi continuous.
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Dynamic programming

1. First let us find the solution of the problem at t = T. In this case the
state variable is the wealth w the correspondence

P (w)=1[0,w].
As u(c) = y/c the value function at time T is

Vr(w) =max{u(c) | c€®(T)} =+w.

The optimal strategy is
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Dynamic programming

2. Now we move to time period T — 1. By Bellman's principle one should
solve the problem

Vici(w) = max {Vc+ Vr(k(w—c))} =

cel0,w]

= g {vervkeop

Obviously the goal function is concave as +/c is concave, k (w — c) is
linear hence concave and the x — 4/x is concave and increasing. So it is a
convex KT-problem.
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Dynamic programming

In this case the value of the goal function is

W_i w(k+1) B
k+1 k+1  k+1 )
w k2w w —
_\/k+1+\/k+1_(1+k) k+1 L k/w.

But we should also check ¢ = 0 and ¢ = w. If ¢ = 0 then

Vikw < V1+ kyw,

if c = w then
Vw < V1 +kyw

SO

Vi1 (w) = V1+kv/w
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Dynamic programming

3. It gives us the induction hypothesis:

Viee = V14+k+k2+.. . +ktyw

w
1+ k+k>+...+kt

oT—t =

The only thing we should show is to prove this hypothesis:

VT —(e41) (W) = max {f+ Vi (k(w—c))} =

ce0,w

= max {\E+\/1+k+k2+...+kf k(w—c)

cel0,w]

H,_/
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Dynamic programming

Calculating the derivatives

2\152\/1+k+k2+...+kf2k<l;/_c)
1 Jw=c
T Vitktkt. .tk Vk
ke ! (w—c)

Tl k+ K+ K

k -+ 1 d

C —_

1+ k4+k24+.. .+ kt 14+ k4+k24+ ...+ kt
k+...+kT1+1 w

Trktk+.. 1k 1+k+k+.. . +kt
w

T It kTRt kAT
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Dynamic programming

The value of the goal function is

w
Vi_(e41) (W) = r+1 kn \/E k”\/ yirl kn) -

Zt+1 kn—1

o LR -

\/7 \/ \/ t+1 kn
= f+1 kn
Z,t,Jr%) kn
t+1 kn
= W
\/7 t'-‘r]. kn t+1 kn
t+1 t+1

N — 1+Zk” Vw an
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Cake eating problem

We have a cake of size wy. We want to eat it in T periods. Our utility for
the consumption plan (ct)thl is

;
;ﬁtilu(ct)-

The constraints are

T
Z G+ wrir=w
t=1

wri1 > 0,¢ > 0.
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Cake eating problem

@ The utility function is twice continuously differentiable on x > 0.
@ ' (c) > 0. Increasing utility.
© u” (¢) < 0. Strictly concave utility.

Q lime o v/ (¢) = o0. Excludes corner solutions. ( Inada condition.)
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Cake eating problem

As the set of feasible solutions is compact and the utility function is
strictly concave there is a unique solution to the cake eating problem. We
want to apply the cake eating problem for logarithmic type utility functions
as well. Strictly speaking we cannot use this function as it is undefined at
x = 0. One can observe that in this case the result still holds. One can use
the definition In0 = —oo0.
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Cake eating problem

As the constraints are linear Slater’s condition holds. The Lagrange
function is

T T
Zﬁt ! (ct +/\( th+WT+1> - ZP‘tCt_(PWT—H-
t=1

t=1

Differentiating

oL _
a A=B M () —p, =0
oL
aWT+1 ¢

If 9 =0 then A = 0, but in this case B '¢/ (¢;) = 0 which is impossible
as u' > 0. Hence ¢ > 0 which implies that wr; = 0. By the Inada
condition ¢; > 0 hence u, = 0. So

;Btl ' ,(Ch) =A= .Btz_lu/ (Ctz) :
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Cake eating problem

Definition

The relation
u' () = pu’ (ce41)

is called Euler equation.
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Cake eating problem

Solve the cake eating problem for the u (x) = Inx function.

Observe that in this formulation one can use the logarithmic function as it
is perfectly legitimate in the Kuhn-Tucker theory as in this case one has a
convex open set U over which the whole story of optimization is
considered. The Euler equation is

1 1

— = t=1,2,..., T —1.
Ct 'BCt+1

and we also have A > 0 and wr;; = 0 that is

T
Z Ct = Wq.
t=1
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Cake eating problem

It is easy to see that

c il
1 = '
1+B+...+p" 1

_ Pwi
C2 — T—1"

14+B+...+B
T-1
cr = 'B !

1+B+...+p71

is a stationary point. As the problem is convex, it is the optimal solution.
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Cake eating problem

We can solve the problem as a dynamic programming problem. With
utility function r; (¢;) = B* *u (c;) and transition function
f (w,c) = w — c. The Bellman equation is

Vi (w) = Cre’n[gj/(v] (B u(c) + Vesr (w—0)).

Vr(w) = BT tu(w).

Let t = T — 1. By the Inada condition we always have an interior solution
so derivative of the function behind the maximum is zero:
(ct =w—cr1)

BT 2u (¢) — Vi (w—c)=0.
BT 2 (¢)— BT (w—c)=0
ﬁTQUl(CTfl) BT (w—cr1) = BT (er)
u' (er-1) = pu’ (cr)
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Cake eating problem

With backwards iteration for time t = T — 2

B (ct) = Vi (we—c) = BT () = Vg (wro1) =0
BT 3 (er-2) Vi1 (wr-1).

But how do we calculate

Vr_y (wr-1)?
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Cake eating problem

Vroi(w) = max] (,BT_zu (c)+ V1 (w— c)) -

cel0,w

- g (70 ) -

= BT Pu(c(w))+ B u(w—c(w)).

By the envelope theorem if

f(p) = maxg (p,x) = g (p.x(p))

T %8 (px () + 5 (px (0) EA2 = 2 (px (o)),
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Cake eating problem

Observe that the partial derivative is by the parameter of the goal function
so with

g(p.x) = B 2u(x)+p " u(p—x)
% (px(p) = BT (p—x(p))
that is
dVT_]_ (W)

Which gives the Euler equation.
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Cake eating problem

In the general case using the Fermat principle for the max

BT M (er—e) = Vg1 (wr—t1)

By the Bellman equation

Vr_e1(w) = max (,BT*tu (€) + Vr—tia (w— C)) -

cel0,w]

- et ).

By the Envelope Theorem

Vi (W) =BT (w—u(w)) = BT (cr—ei1)

hence
‘BT_t_lu/ (CT—t) — IBT—tu/ (CT—H-I)
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Cake eating problem

Solve the cake eating problem for the u (x) = Inx function.

If T = 2 then the Euler equation is

By the constraint

Solving the equation

Cl = —W, 0= —W.

1+8 1+p
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Cake eating problem

The value function is

Vi(wi) = Inc1—|—ﬁlnc2:|n1+ﬁ 1+'B|nlfﬁ _
_ 1 5 B

= A+ Bylnwy.
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Cake eating problem

If T = 3 then by the Euler equations

and the resource equation is
agtot+a=w
This implies that

S 1./ S 1 S
LHp+F LB T 1 p

ol

The value function is

V1:|nc1+ﬁ|nc2+ﬁ2|n63:A3+B3InW1.
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Production saving model

Solve the problem

-
Y BU(c) — max
t=0

ct+ ki1 = f(ke).

where ky is given.
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Production saving model

The simplest way is to turn it to an unconstrained optimization problem
that is

2[3 U(f (ki) — key1) — max
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Production saving model

Consider the terms with k;;1 with t < T. It is in two terms of the sum

B'U (f (ke) — ke1) + BHU(F (ker1) — kes2)

Differentiating with respect to k;1+1 and assuming that there is an internal
solution

BEU' (f (ki) = keyr) (—1) = BTV (F (keyr) — ke2) F/ (ker1) =0

Definition

The second order difference equation

U (f (kt) — ker1) = BU(f (kes1) — keso) £ (kes1)
kn = akry1=0

is the Euler equation for the production saving model.

v
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Production saving model

We can get the same equation with dynamic programing. By the Bellman
equation

Vi (ke) = X (B'U (ct) + Viga (key1)) =
- ctren[g.)lit] (B*U (ct) + Vg1 (f (ke) — c¢))
Vi = 0.

Assuming that no corner solution appears derivation by the control
parameter ¢; by Fermat's principle

B'U (ct) + Vi1 (f (k) — ) (1) =0,
BrU (ct) = Vieq (f (ke) — ) = Vg (ket1) -
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Production saving model

To calculate V; ; (ke4+1) we want to use the envelope theorem. The
parametric goal function is

g (kt+1y Ct+1) ,BtH u (Ct+1) + Vigo (kt+2) =

B (ceqn) 4 Vi (F (ket1) — ceqa) -
In the second case differentiating by the state parameter k;11
Vipo (F (ket1) = ce1) £/ (Kett)

which is again hopeless as it expresses V/. ; with V/,,, in the first case
ke+1 is not in the formula.
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Production saving model

Again we rewrite the value function and introduce a new control
parameter keio = f (key1) — Cet1

Vitr (kep1) = max  (BU (cri1) + Viya (key2)) =

ct+1€[0, ke 41]

t+1
kt+2€?8,af)((kt+1ﬂ (‘B ( ( t+1) t+2) t+2 ( t+2))

Differentiating the parametric goal function by the parameter k;1; the
second term'’s derivative is zero

Vt/+1 (kt+1) = ,BH_I U (f (kt+1) - kt+2) f' (kt+1) -
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Production saving model

Hence

BU' (f (ke) — kex1) = BTV’ () = V{iy (kesr) = MU (F (Ket1) — kes2)

Hence

U' (f (k) = ke1) = BU' (F (ket1) — ket2) £ (ke1) -

which is the same Euler equation for the production saving model.
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Production saving model

We can also consider the problem as a Kuhn—Tucker problem

!

max

-
;)ﬁtU(ct)
ct + kg1 — f (ke)

Ct, kt

0

IV IA

If we assume that if x > 0 then f (x) > 0 then Slater’s condition holds
The Lagrange function is

.
L = =Y BU(c)+Y Ae(ce+kepyr —F (k) —
t=0 t
_E‘utct—zvtkt.
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Production saving model

oL
ace —B'U (ct) +Ae —p, = 0.

By the Inada condition A; > 0. hence

¢ + kt+]_ —f (kt) = 0.

Medvegyev (CEU) Mathematics for Economists 2013 74 / 252



Production saving model

JaL
ok

If we exclude corner solutions then v; = p, = 0 and then

- )Lt_]_ - )Ltf/ (kt’) - Vtkt - 0

At—l - Atf/(kt)
Ae = BU(cr)
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Production saving model

B (co1) = BU () f' (ke)
U'(ce-1) = BU (ct) f (ke)
U'(F (ke-1) —ke) = BU'(f (ke) — ker) ' (ke)
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Production saving model

The Euler equation of the production saving model is

( ) :BU (Ct+1) (kt+1)v

for the cake eating model the Euler equation is

U'(ce) = BU' (ces1) -

In the cake eating model there is no production so f (k¢) = k¢. From this
it is clear that the production saving model is a generalization of the cake
eating model. The cake eating model is a first order equation, but as the
production saving model contains k1 it is a second order difference
equation. with boundary conditions ky = a, kt+1 = 0 which is not easy to
solve.
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Production saving model

Solve the production saving model with U (c¢) =Inc, f (k) = k*.

As f should be concave hence a < 1. Of course B < 1. The Euler equation
is

1 1 ket
i f‘/ k 1) = Ba t+1
Ct ﬁCt+1 (ke ) p Ct+1

Multiplying by k41

ki1 'Bak‘tX+1 _ ﬁle(ktﬂ)

Ct Ct+1 Ct+1
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Production saving model

Let st = kep1/ k¥ = ket1/f (k) be the saving rate.

=1 (kt) — keg1

hence
ket1 _ Ket1 _ kt+1/f (kt) _ St
Ct f(kt) _kt+1 1-— kt+]_/f(kt) 1—51—.
Also
Sy = kivo  f(key1) —cey1 Ct+1
i1 = = —1_
T F (k) f (ki) F(ker)
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Production saving model

Hence the Euler equation is

St

].—St
].—St

St

()

St41

1—5st41

@ (1 - 5t+1)

1—5t41

l—l—oc/_%—“ﬁ.

St
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Production saving model

Or for backward iteration

1 1—st41
1] = -2+t
St IX‘B
l . 14 “ﬁ — St4+1
St - UCIB
St = IXIB
1+ lXﬁ — St+1
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Production saving model

As st = kr41/f (kt) =0,

_ P
 1+4ap

ST-1

which implies with backward induction that

ap ap (1+ap)

ST-2 = = =
1+ap— by 1taptap(l+ap)—ap

ap+ (ap)’
L+ ap + (ap)’

t

) (@)’

s=1

1Y (apy

s=1

ST—-t =
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Optimal stopping
Optimal selling of a stock with independent offers. \

Assume that we have 1,5, ..., independent random offers for a
stock. If we sell it in period t then we will get &, (1+r) " at the final
period T. What is the optimal strategy?

One can think about this type of problems as a specific stochastic dynamic
programing problem. At every time period we have just one possible
action set: sell it or not. After we have sold the stock our set of strategies
is already empty. Our goal is to maximize the expected payout.
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Optimal stopping

Let r = 0 and let ¢ uniformly distributed on [0, 1] and let T = 3.

1. If you are in period t = T = 3, you have no choice, so your expected
payout is E (¢3) = 1/2.

2. If you are in period t = T — 1 = 2, then you should not take the
variable if {, < E({3) = 1/2 because if you wait one period more your
expected payout is 1/2, which is better. Your expected payout is

1 1/21 1
E — = —d dx =
(max(2,§2>) /0 > x 4 1/2xx
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Optimal stopping

3. If §; < 5/8 then you should not take ¢;. Then you expected payout in
this period

5 5/8 1
E = = =d dx =
(max(8,§1)> /0 3 Ix + 5/8xx

_ 5 X210 25 1 125
64 (2

1,125 64425 89

2 264 128 128

= 0,69531.
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Optimal stopping

The general iteration is a7 = 0.

Xpt1 1
a = E(max(uct+1,§t)):/o weprdx+ [ xdx =

Xpt1
1 1
a7+ 5 (1—afyy) = 5 (1+a,).

Obviously from the construction a; > 441 as we are always increasing
the integrand.

Is this the optimal strategy?
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Optimal stopping

Now assume that r = 100% and let ¢ uniformly distributed on [0, 1] and
let T = 3.
1. t = T = 3.you have no choice, so your expected payout is
E(&) = 1/2.
2.t=T—-1=21If
62 E (‘:3) — 1
1+r 4

you should continue as in this case your payout is
Gy (1+r) =28, <E(G3) =1/2
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Optimal stopping

The expected gain with this strategy

1 1/4 1 1
(1+r)E<max (4,§2>> = (/O de—k 1/4xdx> =

N

B S ) S SRS N
B 2], 8 16 16
1 1 3 5
= —_ . — —-2 —_ =
4 2+4 8
1 3 5
= 2 B+ (4.

Where 5/8 is the expected value of the uniform distribution on [1/4,1].
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Optimal stopping

3. If (14 r)2¢, < 17/16, that is if & < 17/64 you should continue.
Your expected gain is

(1+r)°E <max <éz'§1)> = 4 (/017/64 gdx+ ;/64de> -
()5 0-@)))-

17 17 17\ ° 4385
= —._492l1—-(= =
64 16 64 2048
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Optimal stopping

The optimal exercise boundary is

1 17
“320,062211“1 :a

The gains from these periods
1 17 4385

5, R - 1,0625, m == 2, 1411

2013 90 / 252
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Optimal stopping

Let ¢, be exponential A = 1. The backward iteration is with a7 = 0

[ee]

Xt41
ar = E(max(at+1,8,)) = /0 ary1exp (—x)dx + xexp (—x) dx =

K41
xexp (—x)17 o

Xt+1
= My / | exp (—x) dx + [] + exp (—x) dx =
0 -1 Qi1 Qptl

= a1 (1 —exp(—ae1)) + aer1exp (—ars1) +exp(—aes1) =
aey1 +exp(—arir).
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Optimal stopping

xr = .
Xpt1 S
6 = E(max(octﬂ,(';'t)):/o er1dF () + [ xdF (x) =

X1
[ee]

= 06t+1F(lXt+1) + xdF (X) .

X+l
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Optimal stopping

Definition
Let H; > 0 be a set of random payouts. The optimal stopping problem is
to find

supE (H (7))

where T is an arbitrary stopping time. (A discrete random variable T is a
stopping time if {T = t} € F; for every t where F; is the set of
observable events at time t. This means that at every moment of time t
the condition of stopping is known at that moment. We want to exclude
referring for the future in the conditions of stopping.)
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Optimal stopping

With backward iteration one should formulate the variables
Xt = maX(Ht, E (Xt+]_ | ft)) ,

where E (X;41 | F¢) is the conditional expectation of X;11 given
information available at time t.
It is not difficult to show that

X: =supE (H (1) | Ft)

™t

That is X; is the best what one can get starting at time t. X; is the same
as the value function in DP.

Definition

X; is called the Snell envelope.

Medvegyev (CEU) Mathematics for Economists 2013 94 / 252



Optimal stopping

Theorem

The optimal strategy is

*

T = mln(t|Ht:Xt):mln(tlHtEXt):
= min (t | Hl’ 2 E(Xt+]_ | ft)) .
The interpretation is quite simple. One must stop (in our case sell) when

one sees that the present payout is better then the expected future payout
given our knowledge at that moment.
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Optimal stopping

In our case as the offers are independent so
E(Xty1 | Fr) = E(Xt41)
and the Snell envelope is

X: = max(H;, E(Xe41)) = max (gt (14 r)Tﬁt E (Xtﬂ)) =

. A+ n"TTTE(X .
= max (Ct(1+r)T ( (1)+F)T<t H)) =
= (14T max (2 a)

ar =0,0; = EX)

1+n "
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Optimal stopping

X
arn max (G, &) -
B X; B (1+r)T_tmax (Cormre) y
Vt (é’t) - (1—|—F)T7t - (1+r)T7t = ma (gtvat)y
— E(Xer1) 1 E(Xer1)  _ E(Ven1 (9))
t (1+r)T7t 1+r(1+r)T—(t+1) 1+r '
Hence

Vi (E0) = max (6 ) = max (&, =L E) ),

1+r
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Optimal stopping

Obviously

Vi (@)= <max (¢, SUTED) v ),

With induction

Vig1 (€) = max (g, W) < max (C, EWM(C”) = Vi ().

1+r 1+r
hence
o= BV @) EWn@)
Definition

(«p) is the optimal exercise boundary.
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Optimal stopping

If F(x) is the distribution function of (¢,,) then the optimal exercise
boundary is

xr = 0,

I E(Vii1(8,))  E(max(Griq,ae41))
o 1+r 1+r -

. (/M“ dF + [ xdF ( ))
= Ih4 + X X =
1+r 0 frt K1

_ 1 (at+1F(“t+1) + xdF (x)> .

1+r

o0
X+l

which is a backward induction for (a;).
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Optimal stopping

If (¢,) are uniform on [0.1] then
xr = 0,

1 [, X2 1 [, 1 a2,
fn = 1+r<’x”“+[2]am>_1+r(“”“+2_ 2 )~

= 201+n (51 +1).

If T=3and r =100% then

1 1/1 17
a3 =0,0p = ,061:4(+1):.

S
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Optimal stopping
Buying a stock with independent offers. l

The Snell envelope is

Xt = Hr=¢r
Xo = min (G, E(Xpi1 | Fn))

As the future is independent from the present E (X,11 | F,) = E(Xs11) -
Xp = min (¢, E (Xn11)),
hence if &, = E (X,+1) then the optimal strategy is
T =min{n>0|¢, <a,}AT.

At time T one must buy the stock.. At time T — 1 one must buy it if
¢7_1 is smaller than the expected value. etc.
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Optimal stopping

ar = E(Cr)

Kp+1
0, = (x,,+1(1—F(zx,,+1))+/0 " xdF (%)

If (¢,) is uniform on [0, 1], then

1
a-,- = —
2
2 2
o 14
n+1 n+1
Xn = &p41 (1 - “n+1) + 72 = &pt1 — 5
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Optimal stopping
Selling stock with recalling prices. l

One should solve the problem

Ho = (14 1) "maxg,

o — e _ 1 T-T
T T Tga;_(gn (1+r) T;%Cn'
Xo = max(Hy, E(Xpp1 | Fn)) =

= max ((1 + r)Tfn rp<ax{;'k, E(Xot1 | fn)) .
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Optimal stopping

Let

then

V- =
T ma¥§
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Optimal stopping

If variables ¢ and 1 are independent then one can use the relation

E(f(C.n) [§=x)=E(f(x7))

which is the same as

E(7 (&) | 8) = E(F (x1) ez
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Optimal stopping

As (&) are independent

E (max,<7¢, | Fr-1)
VT_]_ = maX (krgn_laxlgk, n_1+l; =

E (max (maxn<7-18,.87) | Fr-1) _
k<T—-17% 1+r

= h
max (kr§n7a§1 S (k??fl Q) )

o E(max(x,¢7))
1+r '

where
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Optimal stopping

Let

S=ix|x>h(x)}= {x x> E(malxixr'm)}

Obviously .
E (max (x,&7)) = xF (x)+/x wdF (w).
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Optimal stopping

s - {x|(1+r)X2xF(X)+/XOOWdF(W)}
— {X|erx(F(X)—l)—}—/XooWdF(W)}

_ {x\er/Xoo(W—x)dF(W)}.
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Optimal stopping

The left side is increasing the right side decrasing so S = {x > a}, where
a is the solution of the equation

(1—|—r)a:aF(a)+/:oxdF(x).

One should sell at T — 1 if

= >
{nr§n7axl Cn < 5} {nrgn'laxl gn - a} '

otherwise one should continue. We show that

f=mi T =mi > T
T mm{n[rpg;((,‘kGS}/\ m|n{n|rp3r>1<§k_a}/\ :
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Optimal stopping

The reason is the one step ahead strategy. We work by induction on T. Let

s = {HD = x{Dh = L, > XD}

As H(T) = maxk<p Gy is not changing.with T, but if we increase T then
as H;j_rll > HT therefore obviously X,S ) < X(TH) Therefore

S’ST-H) o {H,(1T+1 T+1}
C

= {HD = XTI (WD = X7 = 5T

One must prove that S,gT) C S,(,TH).
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Optimal stopping

As we have already seen if T = n+ 1, then S,ST) = {maxk<, ) > a}.
Now let T = n+ 2 that is two periods are still ahead. We must show that

s, = s\ c s+,

° E (Vn+1 | fn)
Vn - ’
o (e S5

E(V,i0|F,
E (max (maxk§n+1 Crr %) ‘ fn)
= max | max¢,,

k<n 1+r

As

max > max > a
k<n+1 Ck ~ k<n gk -

using the induction hypothesis that if one periods left then the
{x | x > a} is the stopping region
X E(Vn+2 ‘fn—i-l)
k<n+1 7% 1+r

= maX .
k<n+1 Ck
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Optimal stopping

Substituting back and recalling that

h(x) = (malx—’(_ rgT)) _ E(max (77115_Tr) | 1 =x)

On the set
Sp = 5,(,T) = {maxx<, &, > a} = {maxk<, &, > h(maxk<,&y)}

E
V, = max (rpgxgk, (manSn—i-l gk | .7:”)> _
<n

1+7r
— max (maxgkv E (max(maxkén Ck'§n+1) | Fn)) o
k<n 147r

= max | max ¢y, h ( max = max
(k<”§k (k<n§k>) k<n S

So 55"/ € 557! hence the set {H, > X,} is independent of the number
of periods left.

Medvegyev (CEU)
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Homework

@ Calculate the optimal strategy for stock selling if T =4, r =0 and
the distribution of the price is the uniform distribution on [0, 1].

@ Calculate the optimal strategy for stock selling if T =4, r =0 and
the distribution of the price is the uniform distribution on [0, 2].

@ Calculate the optimal strategy for stock selling if T =3, r =1 and
the distribution of the price is the distribution of the dice rolling.

@ Calculate the optimal strategy for buying a stock if T =4 and the
distribution of the price is the uniform distribution on [0, 1] .

Medvegyev (CEU) Mathematics for Economists 2013 113 / 252



Stochastic dynamic programming

Stochastic dynamic programming problem on finite time horizon is

T-1
E (g (x7) + 2 uk (xk, uk,(;’k)) — max

k=0
xk+1:fk(xk,uk,§k),uk€ Uk(Xk),kZO,l,...,T—l

xXp = a

The value of the optimum is J (xp) .
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Stochastic dynamic programming

The dynamic programming algorithm is

Iv = gx7)
I () = max E (ux (%K, Uk, Gp) + Jhvt (Xkr1) | F)
Uk k
= max E (ui O ks Gu) + Jeern (F Ok s 6)) | i) -
Uy k

This is a principle and not a general theorem. The usual interpretation of
the conditional expectation is that we know the value of ,,¢;,..., ¢, and
consider their values sp, s1,..., Sk as a parameter of the optimization in
stage k + 1. To simplify the problem one generally assumes that to solve
the k-th problem it is sufficient to know xx, including the determination of
the distribution of ¢, , ;, that is the distribution of {,,; depends only on
Xk. This is the Markovian assumption about the random factor.
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Stochastic dynamic programming

In the first optimal stopping problem above introduce a special state x*

x* if X = x*
fe (Xi, uk, Gy) = x* if Xk # X, ux = stop
¢, otherwise
o if X7 # x*
gxr) = { otherwise
o (1 + r) Tﬁk if xx # x*, ux = stop
i (ks k1 1) = { el otherwise .
o if X, = x*
Ux) { {stop, contlnue} otherwise
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Stochastic dynamic programming

In the optimal stopping problem

Jr = Hr
_ H,_1 if uy = stop
-1 = max{ E (Jn (f (xk, uk, Gy )) | Fn—1) otherwise
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Liquidity modelling

There is a demand D for liquid resources, cash or euro in a bank or in a
teller machine, with distribution function F. There are two costs: h is the
holding cost and p is the penalty for not satisfying the demand. What is
the level of optimal supply $*? Our goal function is

J(S)=h-E((S=D)")+p-E((D-5)").

If there is a density function then

E((0-5)") :/Soo(x—S)f(x)dx

E((s-D)") = /]R(S—X)J“dF(x):/]R(S—X)Jrf(x)dx:
= /OS(S—X)f(X)dX.
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Liquidity modelling

Hence
J(5) = h/os (s—x)f(x)dx+p/:° (x — S) F (x) dx.
Using the formula
»(x)
S0y = () 900 -
—f (x ¢y (%)) 91 (%) +

Py(x) 2
—|—/ —f(x,y)dy
g1(x) OX ()

S
Lo h(S=S)+h [ 17 () de+
0

ds
—,;(5—5)+p/5 C1-f(x) dx.
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Liquidity modelling

Setting the derivative to zero
0 = h/ 1 (x) dx — / 1-F(x)dx =
S
= p(1—F(S)).
Solving it for S

(h+p)F(S)=p F(S) =72
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Liquidity modelling

Assume that there is some ordering cost c. In this case
J(S)=cS+h-E((S-D)")+p-E((D-9)").
Calculating the derivative
c+hF(S)—p(l—F(S))=0.

Solving the equation

c—p+F(S)(h+p)=0, F(s*)=PL"
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Liquidity modelling

If the distribution of D is discrete, D = 0,1, .... then one must change
the argument.

E(D-5" = Y P(D>k),
k=S
S5—1
E(S-D)" = Z (D < k)

Let
AJ(S) = J(S—l—l)—J(S):

= hZP (D<k)+p Z P(D>k)—
k=0 k=S+1

—hiP(ng)—pZP(D>k).
k=0 k=S
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Liquidity modelling

AJ(S) = WP(DL<S)—pP(D>S)=
= h(1-P(D>S))—pP(D>S)=
h—(h+p)P(D>S).

Obviously if S =0 then AJ(S) =h— (h+p)P (D > 0). Also
lims s A(J(S)) = h > 0, and the expression is not decreasing when S is
increasing. So the optimal, minimum, solution is

S*=min(S|AJ(S)>0)=min(S|J(S+1) > J(S)),
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Liquidity modelling

S = min{S|h—(h+p)P(D>S)>0}=
= min{5|P(D>5)§h+hp}:
h

. min{S|1—P(D§S)§h+p}:

“h+p
= min{S|P(D<S)>ua}.

_ min{S\P(D§5)> P }:

Observe that one must cumulate until we first time hit the level «.
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Liquidity modelling

What does happen in a dynamic environment? The state equation is
Yt+1 = ()/t +v—- Dt)+ v Yo =X,

where v is the control variable giving the amount of liquid resources
ordered at time t and D, is the random demand at time t and x is the
starting value of the liquid resource.

I(x,v) = cvihxtpE((D=(x+v)") =

_ cv—f—hx—l—p(/xoo (z—(x—l—v))dF(z)).

+v

I V) = ioﬁ"/(yn,vn).
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Liquidity modelling

If p > c, then there is an optimal strategy v* such that

) = S —x if x<S5*°
VoI 0 if x>5*

The optimal value of S* satisfies:

F(s*)=1—F(s*) = SL=P) +Bh

p—pc+ph

That is c

* p—
F(§ )= ———.
(59 p+p(h—c)
Compare with the static solution

* p—c

F (S = :

(5%) oI h
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Liquidity modelling

Example

Let the distribution of D exponential with A = 2. Let the penalty p =3
and the holding cost h =5 and let ¢ = 1. In the static model
3—-1 2 1
F 3 — 1 — —2 & = — = — = —,
(5% w2 =3755"1
o 31 3\
exp (—25*) = 4,5 = 2Iog (4 =0, 14384.
Now let B = 1/2. In this case
3—-1 2
F(S) = 1—exp(—-25")=——"—=—.
(5%) P ) 3+1(5-1) 5
3 1 3
—258") = =, S "=—2| — | =0,25541
exp (—25%) 5,5 5 log (5> 0,255
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Infinite dynamic programming

The problem

o0
2 ﬁtflr (st, ar) — max
t=1

St+1:f(5t,at),t:].,2,...
ateq)(st),t:1,2,...

is called stationary dynamic programming.
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Infinite dynamic programming

@ r (s, a) is bounded and continuous.
@ 7 (s, a) is continuous.

© P is continuous and compact valued.
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Infinite dynamic programming

Under the above conditions there is a stationary optimal strategy 7t. The
value function solves the Bellman equation:

V()= max (r(s,2) +BV (£ (s.2)).

As r is bounded the value function is also bounded and if a bounded
function solves the equation then it is the value function of the problem.

v

Definition

A Markovian strategy is stationary if it is independent of the time
parameter t.
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Infinite dynamic programming

Sometimes the assumption that r is bounded too strong.

If V is an optimal solution then it satisfies the Bellman equation. If V is a
solution of the Bellman equation and for any feasible path B"V (x,) — 0
then V is the optimal solution.
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Infinite cake eating problem

The infinite cake eating problem is

i)ﬂtu (ct) — max

Wt+1:Wt—Ct,t:0,].,...
Cte[O,Wt],t:O,].,...

wp is given.
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Infinite cake eating problem

By the Bellman equation

V(W) = max (0(e) +BY (W) =
= SgEa):V](u(W—s)—{—ﬁV(s)).

The condition on optimality is
U (c*) =BV (w—c*)

"(w—s*)=pBV'(s").

u
How we can calculate V' (u)?
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Infinite cake eating problem

Again we will use the Envelope Theorem. We use the second formulation

Viw) =
Viiw—c(w)) =
where ¢ (w) is the optimal consumption at w. Hence the Euler equation

u' (c(w)) = Bu' (c(w—c(w))).

If 7t is the stationary policy function which gives the consumption at cake
size w then

o (7t (w)) = Bu' (t (w — 7t (w)))..
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Infinite cake eating problem

Solve the problem with v (c) = §

1-0o

We guess that V (x) = a§—; and the optimal policy is 77 (x) = Ax, with
0< AL

1-0 1-0
0 = max (C +ﬁa(w—c)1‘7>.

1—0 cel0,w] 1—0 1—0

Differentiating
¢4 Ba(w—c) 7 (=1)=0,(Ba) Y (w—c)=c
(o)™ w = c (14 (b))

o (T w
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Infinite cake eating problem

Substituting back

wl=? (Aw)t Ba 1o
Moo T 1.+ +1—a((1_/\)w)

o = AT Ba(1-A)
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Infinite cake eating problem

If
x o= (1-p7) "
A= 17
then
(1 _ 51/a> o < /31/(;) B +/3 <1 _ /31/a> - pl=o)/e —
- ( /31/«r> e (1 _ﬁl/a) gl =
- o))

hence (&, A) solves the equation.
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Infinite cake eating problem

Obviously
lim "V (c,) =0

n—oo

so this is the optimal solution.
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Infinite cake eating problem

Solve the problem if u(c) =Inc.

In this case we guess that V (w) = A+ Blnw. Hence

A+Blnw= max (In(w—s)+B(A+Blin(s))).

s€[0,w]

The first order condition

1 1
-1 B—=0

w—s*( )+‘B s*

—s*+ BB (w —s*)

(w —s*)s* =0
BB(w —s*)=s"
. PBB W
s —1+B‘BW,:>C(W)—1+Bﬁ
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Infinite cake eating problem

A+Blhw = |n<w— PB w)+/3<A+B|n pB >

1+ BB 1+Bp"
_ pB
A+Blnw = In (1+Bﬁ)+ﬁ<A+Bln1+B[3 )
A+Blnw = InW—In(1+Bﬁ)+,BA+ﬁBIn FB ﬁ—f—lBBInW
A+Blnw = —In(1+BB)+BA+BBIn ﬁB +(1+8B)Inw

1+ Bp
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Infinite cake eating problem

As it holds for any w

B = 1+pB, :>B:1iﬁ.
(W) = c<w>:1f£ﬁ=;”£1ﬁ‘f;:w<1—ﬁ>.

For

A:—In(1+Bﬁ)+ﬁA+ﬁBln1filB
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Infinite cake eating problem

B"In(cp) < B"In(w) — 0.

hence we can just prove that

limsupB"V (c,) =0

n—oo

Medvegyev (CEU) Mathematics for Economists 2013 142 / 252



Infinite cake eating problem

One can generalize the problem like we want to calculate

T

Y BF (t, X, xe41) — max
t=0

where xg is given and T < oo. If it is maximal and the optimum is at an
interior point then using that the same variable x;;1 appears in two terms

. OF
aXt+1

oF
(t, X, Xe+1) + ,3t+187 (t, Xe41, Xe42) = 0.
t

This is a second order differential equation called Euler equation. If
T < oo then we also have that

FXT+1 (t'XT'XT+1) =0.

In this case one can solve this equation with backward induction.
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Infinite cake eating problem

In the cake eating problem with v (x) = Inx

T

Y BUIn (xeq1 — Xx¢) — max, xp = w.
t=0

Differentiating with respect to x;41
1 1
Bt o (F1) =0

Xt+1 — Xt Xt42 — Xt+1
1 1

Ct Ct+1
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Homework

@ Solve the consumption optimization problem with u(c) = ¢*, a > 0.
Consider thecases o < 1,0 =1, & > 1.

@ Solve the following problem with constrained optimization and with
dynamic programming where s; > 0 and ¢ > 0 are constants:

T T
Zstafﬁmax.Zat:c,atEO.

t=1 t=1
© Solve the following problems with constrained optimization and with
dynamic programming where d; > 0 and ¢ > 0 are constants:

T 5 T
Z a;! — max, a; =c,ar > 0.
t=1 t=1

@ Solve the following problems with constrained optimization and with
dynamic programming

T T
Hatﬁmax.Zat:c,at > 0.
t=1 t=1
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A typical example

— maxX

[Meomyuc)a
K'(8) = F (K (6) ~ C (1) = bK(¢)
K(0) = Ko, K (T)>0,C(t) >0

is an optimal control problem. First two lines are always there the third
line, the boundary conditions, has many variations. The boundary
conditions are very important!
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A typical example

One should be careful as

/OTexp (—=rt) U(C(t))dt — max
K'(t) = F (K (1)) = C(t) = bK (t)
K (0) = Ko, K (t) > 0,C(t) > 0.

is more difficult. It is an optimal control problem with path restrictions.
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A typical example

One should be careful as

/OTexp (—=rt) U(C(t))dt — max

K'(t) = F(K(t)) = C(t) — bK (1)
K (0) = Ko, C (t) > 0.

is much easier. This is the simplest optimal control problem.
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Calculus of variations

If we drop C (t) > 0 and reformulate as
/OT exp (—rt) U (F(K (t)) — bK (t) — K’ (t)) dt
K (0) = Ko

we get a calculus of variation problem.
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Calculus of variations

b [ ]
/ F (t,x,x) dt — m:.ax
s min
x(a) = xa3, x (b) = xp

Let y be an arbitrary function, called variation, with y (a) = y (b) = 0. Let

1p()t)é/abF(t,x(t)+/\y(t),).<(t)—|-/\)./(t)> dt

If x is an optimal function then by Fermat'’s principle ¥’ (0) = 0.
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Calculus of variations

° dA/ t) +Ay (1), .(t)+)\)./(t)>dt:
b o . .
A dAF< ()+AY(t)vX(t)+Ay(t))dt:
= /Fx/y+F;’}dté

= [Tay 0 +p0)7 @
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Calculus of variations

Integrating by parts and using that y (a) = y (b) =0

0 =
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Calculus of variations

As it is true for any variation y one has that

q(t)—p' (t)=0,
that is d
F! <t,x(t) ,;<(t)) - F (t,x(t) .§(t)) =0,

where F] and F. are the partial derivative of F
X

Definition

This is the so-called the Euler—Lagrange differential equation.
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Calculus of variations

0, (x(2)) + @y (x (B)) + [ F (1 5) ot = T

min

The argument is very similar. Now let y be an arbitrary (differentiable)
function and let

p(A) = ¢,(x(a) +Ay(a)) + ¢, (x(b) + Ay (b)) +
+/ (£ (8) + Ay (8). % (8) + A7 (1)) ot

If the function x is optimal then by Fermat's principle ¢’ (0) = 0.
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Calculus of variations

0=¢'(0) = ¢, (x(a) y (a) + ¢, (x (b)) y (b) + | Fiy+ Fiydr.

Again integrating by parts

Hence
0= (F’ - F’) ydt+
+ (@} (x <b>>+F' (b.x(b).%(b))) v (b) +
+ (@, (x (@) = F (a.x(2).%(2)) ) ¥ (2).
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Calculus of variations

As y is an arbitrary function, hence y (b) and y (a) is also arbitrary, so if x
is an optimal solution then

F(tx(0.%(0) = %F)ﬁ( (tx(8) % (1))

9y (x (b)) = —F(b.x(b),X(b))
9, (x(a) = Fi(ax(2).%(2)

Definition

The last two conditions are called the transversality conditions.
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Calculus of variations

Solve the problem

2 o 62
/ (4 — 3x> — 16x — 4x )e” 'dt — max
0
x(0) = —8/3,x(2) = 1/3

In this case )
F(t,x,x)=(4—3x* —16x —4x )e !

Fl = —6xe !, Fl = <—16 - 8>'<) e .

Medvegyev (CEU) Mathematics for Economists



Calculus of variations

The Euler—Lagrange equation is

—bxe ! = % (—16 - 8>'<> et =

= e t(-1) (—16 - 8)'() tet (—832)

Simplifying
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Calculus of variations

The characteristic equation is A> — A — 3/4 = 0. The roots are
A= —1/2,A» =3/2. The x = —8/3 is a particular solution so the

general solution is
1 3 8
Ci exp (—2t) + G exp (2t> 3

Using the boundary conditions

3 3
=5 CG=—5——
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Calculus of variations

On what curve can the functional

/12 (;()2 —2txdt, x(1)=0,x(2)=-1

attain an extremum.

[ ] [ ] 2
The kernel function is F (t,x,x) = (x) — 2tx. The partial derivatives

F = -2t Fl=2x
X

X

The Euler—Lagrange equation is

d [ ] (1] [ X ]
—2t:a2x:2x, X = —t
The solution is
. £3
x(t)=—t*/24+c,x(t) = ——+at+a.

6
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Calculus of variations

The boundary conditions are

1

0 = ——
6+C1+C2
8

-1 = —§+2c1+c:2

that is )
C1+Cz:6, 2c1 + o=

1/6 1
2/6 1

N = o N

1 1] B /6|
B e P e PR

1
2
hence c; = 1/6,c = 0. The kernel is convex in (x>’<> so it is a minimum.
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Calculus of variations

Find the extremal of the functional

3 1
/(3t—x)xdt, x(1) = 1x(3) = 45.
1

The kernel function is
F (t, X, >.<> = (3t — x) x.

FX’:3t—2x,F;’:o.

The Euler—Lagrange equation is 3t —2x =0, so x =3/2t. Butat t =1
x (1) = 3/2 the first boundary condition is not valid. Hence there is no
extremal solution.
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Calculus of variations

Find the extremal solutions of

/01 exp (x) + txdt, x (0) = 0, x (1) = a.

The Euler—Lagrange equation is
d
exp (x) = i 1.

If & = 0 then x (t) = 0 is a solution, otherwise there is no solution. As the
kernel is a convex function, if there is an extremal solution then it is a
minimum.
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Calculus of variations

Find the extremal of the functional

27T 2
/0 X ()= (t)dt, x(0)=x(2m) =1.

The kernel function is

[ ] .2 2
F(t,x,x) = x —X°.

F)'< (t,x, >.<> = -2x, F).i (t,x,)?) = 2x.
The Euler—Lagrange equation is
d [ ] (1]
—2x = —2x,= x + x=0.
dt

which has the general solution x (t) = ¢j cos t 4 ¢, sin t. Putting the
boundary conditions the extremal solutions are of the form

X (t) =cost+ csint.
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Calculus of variations

Find

/()1\/1+(>.<)2dt—>min

x(0) =0,x (1) =1.

The kernel function is

F<t,x,>'<) = /14 <x>2

The Euler-Lagrange equation is
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Calculus of variations

Using the initial conditions x (t) = t.
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Calculus of variations

We show that the kernel is convex.

d X
1+x2 = ——
dx +x X2 + 1
/2 o X x241—x2
d? T8 — xc+1 X\/x2+1 _ Neasal
dx? x2+1 x2 41

1
>0
(x2+1)V1+x?

Hence the solution is a minimum.
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Calculus of variations

Find the extremal

Ly a0 =1y0)=

The Euler-Lagrange equation is

) = 2 ) =2(/) +2n"

2y + (y')° = o.
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Calculus of variations

It is a second order non-linear equation. In this case one can try to
substitute u = y’ and assume that y’ depends on x just via y. Then

V) = gy () = Sl () = ey (9) Sy ()
d

= d—yu(y (x)u(y(x)).
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Calculus of variations

Using this
2y + ()2 = 0

2y$+(y’)2 = 0

2y (x) £y () 4oy () +7 () = 0

2y (x) Sy () ly () + 2 (v (<)) = O
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Calculus of variations

If u(y) =0 then y’ (x) =0 then y (x) is a constant which is not a
solution. We can simplify by u

d
2y—u+u = 0,—du=——dy
dy

Ihu = —Iny+c
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Calculus of variations

This is again an equation with separable variables

lyldy = dx
aly? = x+ao

y = ay(x+a)’y(0)=1y(1) =4

1 = ay/c3, Va4 = 34/ (1+ c2)2

There are two solutions

G = cz—ly—\/x+

1
G = \3/97C2—— ,y—\f“ - = \/(3X—1 .
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Calculus of variations

Find the extremal of

/lex ()2 +yy'dx,y (1) =0,y (e) = 1.

The Euler—Lagrange equation is

d
yo= 0 ty) =2 e xy
0 — y/ + Xy”.
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Calculus of variations

Again introduce u = y’. (It is always working when y is missing.) Then

0 = u+xu.
1 1
——dx = —du
X u
—In|x| = Injul+c
c /
— = u:y
X
y = alnx+o

Using the initial conditions the extremal solution is y = In x.
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Calculus of variations

Find the extremal solution of

b 3
/ y+—(y3) dx
a

The Euler—Lagrange equation is

1 = dii () x+c= (),
y' = £Vx+e
As there are no boundary conditions
0 = —F,(by(b).y (b)=()=btc
0 = Fi(ay(a).y(a)= (/) =a+c

Which has no solution, hence there are no extremal solutions.
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Calculus of variations

27T/OTX(t) 1+ <>.<>2dt—> min
x(0)=ax(T)=0b

The kernel is

F(t,x,>'<> = xy/1+ <x>2

The Euler-Lagrange is

s
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Calculus of variations

./ (x +(()./ )

1+ (%) ((x) +x’x’> - 2\/f—x+x(7x)2xx
1+<>’<)2

(1+ (;)2) ((;)2+x'x°> —x(3)%

) - () -

1+<>’<> =
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Calculus of variations

) - (;)2+X°X°+(;>4+X°x'(;)2_x(;)2'x°:
1+<>’<)4+2(>'<>2 - (>.<>2+x.x.+(>.<>4

Which simplifies to
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Calculus of variations

It is a non-linear equation. Assume that x’ depends only on x and not on
t. Let u=x', x"" = %u’ =du/dx-dx/dt =du/dx-u

du
1 = xu— — 1
xXu— - —u
14 u? du
= X—
u dx
1 2u 1
=gy = =d
2u?2+1 “ x
InvV1i+uv?> = In[x|+C vV1+u?=Cx

= C

\/1+>’<2
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Calculus of variations

o0 X2
XX = =
(Y} X
X = ﬁ
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Calculus of variations

The general solution is
x(t) =Aexp(—t/C)+ Bexp(+t/C)
Writing back again to Euler-Lagrange
4AB = C?

X = oc-ch(t;’g)

where ch (t) = (exp (t) +exp (—t)) /2.
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Calculus of variations

27‘(/0Tx(t) 1+ (;()2dt — min
x(0)=a

The solution of the Euler-Lagrange equation is still of the form

x(t)=a- ch( ﬁ)

but we should also have the condition x (0) = a and the transversality

0 = ¢, (x(6)) = —Fi (bx(b), X (b)) =

X(DA(T)
1+(>’<(T))2

That is x (T) or x (T) is zero which is impossible for function ch (t)..
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Calculus of variations

Solve the problem

1 L[] L[] 2
/ tx + <x> dt — min, x (0) = 1.
0

The Euler-Lagrange is

0—F = 9p_

d [ ] o0
g 2):1 2%,
<= g dt(t+x Tex

C=t+2-x, x(0)=1

e« C t

X—E—E, X(O)—l
)
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Calculus of variations

The transversality condition is

0 = —F (1,x(1),>°<(1)) = - (t+2>'<> (1) =

(el me (ol

that is C = 0.

N O

))
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Calculus of variations

If the kernel function F ( t, X, >.<) is convex in (x, >.<) then every solution of

the Euler-Lagrange equation is a global minimum.

Let x* be a solution of the equation. Let ¥ (y) be the value of the
functional at y. For every y the variation

PO = ¥ A=) = (L= A)x + Ay) =
_ /bL(t,(1—A)x*+Ay,(1—A)>?*+A})g

< (1—A)/ Lt 5 +/\/ L(ty.y) =
= 1=y 0)+Ap(1).
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Calculus of variations

Hence 1 is convex. on the real line. As x* satisfies the Euler-Lagrange
equation ¢’ (0) = 0 and as 1 is convex ¥ has a minimum at A = 0, so

F)=9(0)<yp1)=¥()

for every y, which proves the theorem.
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Calculus of variations

N—
Il
[y
_|_
/N
X e
N—

RS

Study the problem with kernel F (t,x,;(

This is a convex function as

Medvegyev (CEU) Mathematics for Economists 2013 187 / 252



Calculus of variations

Study the problem with kernel

F(tx %) =14 (%)

This a product of two convex functions.

det(H—Al) =
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Calculus of variations

(1+ (})2)3/2 : <1+ <>'<>2>3 +41+ (x)2

.. . . LJ .
so the roots are positive and negative, so the function F (t,x,x) is not

. .
convex In (X, X) .
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Homework

@ Analyze the problems
1, o\ 2 min
/x+<x> dt — , x(0)=x(1)=0.
0
@ Analyze the problems

/OTU<C—>.<e’t) dt, x(0)=x0,x(T)=0

where ¢ and r and xp are positive constants, U is a continuously
differentiable function.

@ Solve the above problem if U (z) = —e®/v where v is a positive
constant.
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Homework

@ Solve the problem
- )
/ o t/4n (ZK— K> dt — max, K (0)= Ko, K(T)=Kr.
0

@ Solve the problem

- N2
/ e t/10 itK— K dt - max, K(0)=0K(T)=S.
0 100

@ Solve the problem

1 "2
/1—x2—(x) dt — max, x(0)=1.
0

@ Solve the problem

1 o2
/1—x2_(X) dt — max, x(1)=1.
0
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Homework

o Find the general solution of the Euler-Lagrange equation of the

functional )
b (%)
dt
/a t3

o Find the general solution of the Euler-Lagrange equation of the

functionals
[ Vi1 (5) e
/b th/14 (>°<>2dt

@ Find the extremal solutions

/23x2 (1—>.<)de, x(2) =1,x(3) _ 3

where a > 0.
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Homework

@ Find the extremal solutions
b 2
/ xy' + (y') dx
a
@ Find the extremal solutions
T o2
/ 4xcost+x —x?dt, x(0)=x(m)=0.
0
@ Show that the linear functional
b [ ]
/ a(6) % (8) + b (£) x (£) + ¢ (¢) dt,
a

where b and ¢ are continuous and a # 0 is continuously differentiable
has no extremal solution.
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Optimal control

The problem

/tt1 f(t,x(t),u(t))dt— max

x (t)

g(t,x(t),u(t)), x(to)=x0
u(t) e U,

is called the optimal control problem. The variable x (t1) can be fixed or
free. The set U is called the control region.
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Optimal control

Example

The problem

/tot1 f(t,x(t),u(t))dt— max
x(t) =u(t), x(to)=x0.x(t1) =x,u(t)el01]

is an optimal control problem. Observe that in this case there is a
restriction on x. The control region is U = [0,1] .
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Optimal control

Definition

The expression
H(t,x,up)="f(t,x,u)+p-g(txu)

is called the Hamiltonian. The variable p is called the adjoint or co-state
variable. In some problems

H(t,x,u,p)=po-f(t,x,u)+p-g(t x, u)

and it is possible that pp = 0.
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Optimal control

Theorem (Maximum principle)

If an (x* (t), u* (t)) is an optimal solution of the problem then there is
some adjoint function p (t) such that u* (t) is maximizes the Hamiltonian
at x* (t)

ur— H(t,x"(t),u,p(t), wvel.

The adjoint function solves the differential equation

%p(t) = —H, (t,x*(t),u"(t),p(t))

with some further conditions on the values of p at the time t; depending
on the boundary conditions on x (t1) . This further conditions on p are
called the transversality conditions:

@ x (t1) = x1 fixed then there is no restriction on p (t1),

@ x (t1) is free, in this case p (t;) = 0.

v
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Optimal control

Theorem (Mangasarian)

If U is a convex set and H (t, x, u, p (t)) is concave in (x, u) then the
solution of the Maximum Principle above (x* (t), u* (t)) is an optimal
solution of the problem.

Theorem (Arrow)
Let

H(t,x,p) = max{H (t,x,u,p) | ue U}

assuming that the maximum is attained. If H (t,x, p (t)) is concave in x
then if (x* (t), u* (t)) is a solution of the Maximum Principle above then
(x* (t), u* (t)) solves the optimization problem.
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Optimal control, regularity

Solve the problem

—
/ udt — max
0

x=1u?, x(0)=x(T)=0.

As x > 0 and x (0) = x (T) = 0 the only feasible solution is u = 0, so
there is an optimal solution. If pg # 0 then the Hamiltonian is
H = u+ pu?. As there is no restriction on u at the maximum

0=H,=1+2pu,
which is not satisfied by u = 0. If H = py - u+ p - u? then
Hy = po + 2pu

is satisfied by v = 0 if py = 0 and p is arbitrary.
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Optimal control, regularity

Assume that x (T) is free. In this case p(T) = 0 and if py = 0 then

%P(t) = —H (t.x" (1), u" (1), p(1) =

= 0—p(t)ge(t,x"(t),u"(t)).

This is a linear differential equation with "initial condition" p(T) = 0. As
p(t) =0 is a solution and as it is a linear equation so it has a unique
solution (po, p (t)) = 0 which is impossible.

We will ignore the regularity problem and we will always assume that

po =1
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Optimal control, explanation, interpretation

One can interpret p (t) as the shadow price for the state variable x (t). At
every moment of time the infinitesimal contribution is

M) — (1), u(0) + (x () p () =

= £ (e (£), 0 (1) (£) p(8) +x(6)p' (1

= F (e (£). 0 (0) + P (D)8 (£, (1) u (6) +x(6) p
= H(tx(£). 0 (1) +x (97 (1),

the direct inflow and the indirect change of the wealth. (Direct cash inflow
and change of the value of the stocks.)

~

(t) =
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Optimal control, explanation, interpretation

If (x(t),u(t)) is optimal then they must be optimal at every moment of
time. If not change the path accordingly. (May be not true as sometimes
one must undertake some short term sacrifices. There are local and global
criteria for optimality.) So if you are greedy then you must choose x as

d

o (H(txup)+xp) = Ho+p/ =0=p' = —H,.

Observe that there are no constraints on the state variable. Now if x (t)
and therefore its price p (t) is already given then x (t) p/ (t) is also given
and one should directly maximize H with respect to u.(There are
constraints on u so we cannot simply calculate the stationary points.)
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Optimal control and calculus of variation

Let F (t,x,).() be a kernel for a calculus of variation problem. In this case
H=F (t,x,u)+ pu.
By the optimality condition H, =0 = F] + p that is
F,=F.=—p, p=—H,=—F

That is J J
—F.=——p=H,=F,.
dt x dtp X X
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Optimal control and calculus of variation

Also by the condition on maximality by u at the optimal solution for every
t

0> H], =Fl,=F (t,x(t) ,;(t)) .

This is the so-called Legrende condition. One should remark that
unfortunately the condition F.', < 0 is also just a necessary and not a

X, U

sufficient condition.
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Optimal control

Example

Solve the problem

T 2
/ 1—tx(t) —u(t)” dt — max
0

x(t)=u(t), x(0)=x.

v

There is no boundary condition on x (T) that is x (T) is free. In this case
the transversality condition is p (T) = 0. The Hamiltonian is

H(t,x,u,p)zl—tx—u2+pu.
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Optimal control

If there is no restriction on u € U then to optimize the Hamiltonian with
respect to u it is necessary that H, = 0.

H, = —2u+p=0, = u" =p/2

The adjoint equation is

—p(t)=—H, =1t T)=0
Sp(t)=—H.=t. p(T)
From this 1 i
=t +C== (2= T?
p(t) =5t +C =3 )
This implies that
L5 2
(t)y==(t"—T
u(0) =5 (- T?)
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Optimal control

Writing it back to the equation X =u

* _ t _ t1 2 2 _ 1 3 2
X () X(O)—/Ou(s)ds—/04(s T?)ds = =t — . TPt

As the Hamiltonian is concave in (x, u) it is a real maximum.
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Optimal control

Solve the problem

/OTX2 (£) + 2 (£) dt — min, X (£) = u(t)

x(0) = xo.
The Hamiltonian is
H(t,x,up) = —x*—u’+pu.
H., = —2x, H,=-2u+p.
That is
P aer), p(M=0, v =p(t)/2= L =p(t)/2
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Optimal control

So 2 J
p Ix
2= 2—t =2p(t)/2=p(t).

It is a second order linear equation with characteristic polynomial
A? —1 = 0. Using the general solution

p(t)=cexp(t)+aexp(—t), p(T)=0

On the other hand

d
d—’t)(o) = 2x (0) = 2%
a = 2xe Ly (eT—l—e T), c2:—2x0eT/ (eT—i—e*T)
. 1dp eT*t_Fef*T
) = S TN T T
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Optimal control

As there was no restriction on u this problem is in fact the same as the
problem

T o\ 2
/ X (t) + (X) (t)dt — min, x(0) = xo.
0
The Euler-Lagrange equation is

y:ﬂ:iﬂziﬂzﬁ.
X

dt dt

As x (T) is free we need the transversality condition
0=—F (t,X(T) ,)°<(T)> = —2%(T).

The characteristic polynomial of the second order linear equation is
A% —1 =0, so the general solution of the Euler-Lagrange equation is

x(t) = cae' +ce "
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Optimal control

Using the initial condition and the transversality condition

Xg = C+ o,

T

0 = ce —oe 27

T =ce

X0 =& <1+e_2T> L0 =Xo/ (1+e‘2T> - L
el +e T

Hence
Xoeth eT—t

+ Xo .
el +e T el +e T

x(t) =

Mathematics for Economists
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Optimal control

Solve the problem

Obviously p # 0.
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Optimal control

%x% x? =p?+C.
2

2 _ (xu)

P +C—1+u2+C

(xu)’ + C (1+ )

C(1+u?) = C<1+ (x)2>

Medvegyev (CEU)
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Optimal control

If C =0 then x = 0 which generally does not satisfy the boundary
conditions. If C # 0 then C > 0 hence x*> > 0

X2—C().<)2:C
2xx = 2CxxX,
'x’—% = 0

From here the solution is the same as above.
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Optimal control

Let us consider the problem and try to apply Arrow"s condition.

27‘[/8be/1+ ()?)2dt—> min .

The Hamiltonian is H (t,x, u, p) = —xV/1+ u? + pu. This is a concave
function in u. So for the maximization

At p(t)itis

which is not solvable for every x, in u so the problem has no solution for
every x so Arrow's condition is not applicable.
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Optimal control, minimum problems

One can handle a minimum problem by changing the sign of the goal
function. The Hamiltonian is

d,
H=—-f+p-g d’;=—H§=—(—fx+p~gx)-
Multiplying by —1 and introducing p = —p
dp dp ~ Tl
— — _f;( <) _— = — f)< X = _HX'
= (Choteed. o (£ + Pgx)

That is p is an solution of the adjoint equation of the maximum problem.

t;
1 fdt — max, X = g.
to
u* (t) is maximizing H = —f +p-g = — (f + p- g) and therefore there
is solution p of the adjoint equation for which u* (t) is minimizing the
Hamiltonian H = f + pg. In this case one can talk about a minimum
principle.
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Optimal control

Solve the problem

1
/ x (t) dt — max
0

x(t)=x(t)+u(t), x(0)=0, u(t)e][-1,1].

The Hamiltonian is
H(t,x,u,p)=x+p(x+u).

H is concave in (x, u) so every solution is a maximum. As there is no
restriction on x (1) the adjoint equation is

p=—H,=-(1+p), p(1)=0
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Optimal control

The adjoint equation

d +p=-1
dtp p
is linear
(etp) et
elp = —e'+C
C
P = —].+ g
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Optimal control

As p(t) > 0 for every t € (0,1) the max of the
H(t,x,u,p) =x+p(x+u)overuec|[—11]isu*(t)=1. As

x(t) = x(t) +u(t)=x(t)+1.
It is again linear the general solution is
x(t) = Ce' — 1.
Using the initial condition x (0) =0 C =1, so the optimal solution is

x(t) =exp(t)—1.
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Optimal control

Study the problem

2 [ ]
/ u? — xdt — max, x=u,x(0)=00<u<Ll
0

The Hamiltonian is H (t, X, U, p) =u?—x+ pu. One cannot use the

Mangasarian theorem as u? is convex and not concave.

dp
dt

As x (2) is free p(2) =0 thatis24+ C =0so C = -2,

=-H,=1 =p(t)=t+C.

p(t)=t—2.
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Optimal control

By the maximum principle u* (t) is maximizes
H(t,x,u,p(t)) =u>—x+(t—2)u,ue0,1].

The optimization in u is independent of x. As H is convex in u the
maximum is attained at the extremal points of [0, 1]. Hence u* (t) is zero
or one. If u* (t) =0 then Hy = —x. If u*(t) =1 then

H;y =1—x+4 (t—2) and in this case

H<H <<0<1+t—-2=t—1.

So
. . 0 if te (0,1
x(t) =u (f):{ 1 if tGEL?;

Hence the optimal solution is

« 0 if tel0,
X<t):{t—1 if tegl,

]

1
2]
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Optimal control

The partially optimized Hamiltonian is

H(t,xp(t) = urg[gﬁ} (P =x+(t—2)u) =
_ —X if te]l0,1]
B {—x+t—1 if te(1,2]

which is concave for every t. Hence we can use Arrow's theorem.
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Optimal control

Example

Solve the problem

/12x(t)—x2(t)dt—>max
0

x(t)=u(t), x(0)=0,x(1)=0,u(t)€[-11].

The Hamiltonian is

H(t,x,up) = 2x — x> + pu.
d
7P —H, =2x—2.

As there is a terminal condition on x there is no transversality condition on
p.
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Optimal control

The optimal u* is maximizes the Hamiltonian 2x — x> + pu over
U=[-1,1] so

s [ 1 if p(t)>0
”(t)_{—l if Z(t)<0

As x = uand u <1 and x(0) =0x(t) <1forte (0,1). From the
adjoint equation

d
E'D:_H’I(:b(_2:2(x_1)<0

so p is strictly decreasing.
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Optimal control

e If p(1) > 0 then as p is decreasing p (t) > 0 for every 0 < t < 1,
which implies that u* = 1. In this case x = u* = 1. Using that
x(0) = 0 x (t) = t, which is not feasible as the boundary condition
x (1) = 0 is not valid. Hence p(1) < 0.

e If p(0) < 0 then as p is decreasing p (t) < 0 for every t. Hence one
has that u* = —1 and therefore as x = u* = —1. Using that
x (0) = 0 one has that x (t) = —t and hence the boundary condition
x (1) = 0 is not valid again. Hence p (0) > 0.
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Optimal control

As p is continuous there is a point t* € (0,1) where p (t*) =0
p(t) > 0on (0, t*) hence on this interval u* =1 so as x (0) =0

x (t) = t. On the interval (t*,1) p(t) < 0so u* = —1 and
x (t) = —t+ C on this mterval. As x is continuous

x(t"=)=t"'=—t"+C=x(t"+), 2t"=C
As x(1) =0
C—t=2t"—t=2t"—-1=0, t"'=1/2

Hence x (t) =1—tift > 1/2.

X (1) = tif t<1/2
Tl 1—t if t>1/2
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Optimal control

As
- - 2(t—1) if t<1/2
dt_z(x_l)_{2(1—t—1) if t>1/2

t
p(t) = /2(5—1)ds=t2—2t+C, t<1/2
0
0 = p(E)=t_14c=c=3/
= p 5 T2 , =

t 1
p(t) = / —2sds = —t>+ >, t>1/2.
1/2 4
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Optimal control, Bolza problem

/OTf(t,x(t),u(t))dt+47(x(T)) s max
%(8) = g (t.x(8), u (1)), x(0) = %o
By the fundamental theorem of the calculus
T °
¢(x(T)) = <P(X(0))+/0 ¢' (x () x (t) dt =
= plo)+ [ ¢ (O)s(tx(0).u(0)a

As xq is fixed one can write the goal function as

7 ex (60,0 () 9 (x (6 8 (05 (), w (2)) o — max.




Optimal control, Bolza problem

Hence
H=f(t.x(t),u(t))+¢" (x(t) g (t.x(t) u(t)+
+p(t) g (t.x(t), u(t)) =
=f(t.x(t),u(t)+ (p(t) +¢' (x (1)) g (t.x(t) u(t)) =
=f(t.x(t), u(t)+p(t)g(t.x(t), u(t)).




Optimal control, Bolza problem

The adjoint equation with the transversality condition

p = —H,=—(fl+¢"g+¢'g. +pg) =
= —(fx’+<i>”>'<+5g£),p(T)=0
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Optimal control, Bolza problem

Hence J
Zp() =~ (fl+pel).p(T) =0

If H = f + pg then

Medvegyev (CEU) Mathematics for Economists 2013 231 / 252



Optimal control, Bolza problem

Solve

1.2
/ X — xdt + x? (1) = min,x(0) =0
0

as an optimal control problem.
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Optimal control, Bolza problem

H = u2—x+pu.;.3:—HX:1,p:t+C

p(l) = 1+C=2x(1),C=2x(1)—1,p(t)=t+2x(1)—1
0 = H,=2u+p=2u+t+2x(1)—1,
u o= —x(1)+1/2—t/2.

Medvegyev (CEU) Mathematics for Economists 2013 233 / 252



Optimal control, Bolza problem

x(t) = 0)+/ —x(1)+1/2—t/2dt =
= —x(1)t+1/2t—t*/4
2x (1) = % 1— 1-12:%,x(1)=%,
3.t
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Optimal control, Bolza problem

Example

Solve the problem

1
/ v?dt + x* (1) — min
0

x=x+ux(0)=1

Medvegyev (CEU)
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Optimal control, Bolza problem
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Optimal control, Bolza problem

0=H, =2u+p=2u+2x(l)exp(—t+1),
u=—x(1)exp(—t+1)
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Optimal control, Bolza problem

x=x—x(1)exp(—t+1),x(0)=1
Xx—x=—x(1)exp(—t+1),x(0) =1,
xe Tt —xe Tt = —x(1)e 2t}
xe ' = —x (1)/e*2t+1dt—|— C=
—2t+1

2

e

=x(1) + C,
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Optimal control, Bolza problem

x(1) = X(21)—|—Ce,1:X(O):X(21)e+C,

x(1) ox@ o, ]

5 = Ce,C=1 5 e, C=1 Ce'C_1+e2
2e

x(1) = 14 e2
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Optimal control, Bolza problem

We can also write as

1 [ 2 [} 1 .2
/ (x—x) +2xxdt:/ X +x*dt — min, x (0) = 1.
0 0
The Euler-Lagrange equation is

i2)’<:2'x’:2x,'x'—x:o.

dt

The characteristic equation is A> — 1 = 0 and the roots are £1. The
general solution is

x(t)=CGexp(—t)+ Gexp(t).
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Optimal control, Bolza problem

As x (0) =1 G + G, = 1. By the transversality condition
0= F’ (1) = 2x (1),
x(1) =0,
0= —C1g + Ge, (G = C262

so Gt =¢€*/(1+¢€*)and G =1/ (1+¢€?).
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Homework

@ Solve the problems in calculus of variations with the method of
optimal control.

@ Show with the method of optimal control that the problem

o 2
fol \/1+ <X> dt — max x (0) = 0,x (1) =1 has no solution.

© Show with the method of optimal control that the problem

o 2
fol t/1+ (x) dt — min x (0) = 0,x (1) = 1 has no solution if

o> 0.

@ Let U be a concave increasing utility function and let x be a
continuously differentiable consumption strategy. Show that there is
no such strategy x* which maximizes the cumulated utility
fol U (x (t)) dt with x (0) = 0 and x (1) = 1. What can we say if we

introduce the restriction ‘)‘(‘ <1?
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An equilibrium point x* of a dynamic system X is called attractive if for
any initial value xo the solution X (¢, xp) is convergent to x* that is

lim X (t,x0) = x™, Vxo.

t—o00

If it is true only for some neighborhood of x* then x* is called locally
attractive.

Definition
An equilibrium point x* of a dynamic system is (Lyapunov) stable if for
any € > 0 there is a 6 > 0 such that for any ||xg — x*|| < ¢

|IX (t,x0) — x*|| < e&. The system is (Lyapunov) asymptotically stable if it
is stable and it is attractive. If it is true only for some neighborhood of x*
then x* is called locally asymptotically stable.

v
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Stability

Example

The solution y* = 0 of the system
1 /
ay" +by' +cy=0

is asymptotically stable if the real part of the characteristic roots is
negative. If the real part of the characteristic roots are non positive and
characteristic roots are unique then the system is stable.

The only case worth considering is when A = 0 is a double root. That is
when A% = 0, that is y” = 0. In this case the general solution is
y (t) = a + tcy which is not stable. The general solution

x (t) = ¢ cos Ot + ¢ sin 0t

is stable but not asymptotically stable.
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Stability

Example

The solution y* = 0 of the system

Yeio +ayrr1+byy =0

is asymptotically stable if the absolute value of the characteristic roots is
smaller than one. If the absolute value of the characteristic roots are not
bigger than one and the characteristic roots are unique then the system is
stable.

When A = £1 is a double root, then y; o +2y:11 4+ y: = 0. In this case
the general solution is y; = (£1)" (¢1 + tc) which is not stable. The
general solution

yt = c1 cos Ot + ¢ sin 0t

is stable but not asymptotically stable.
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Stability

There is an example of a non-linear system which is attractive but not

locally stable.

xZ(xo—x1)+x3

X1 (x12+x22) (1+(x12+x22)2>
x? (xo—x1)
(x12+x22) <1+(x12+x22)2)

X2
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Phase diagram in on dimension.

Let
x'=xx(1-x).

y 0.25T

-0.5 0.5 1 15

-0.25T

-0.5T

-0.75™

It has two equilibrium x = 0 and x = 1. x = 0 is instable, x = 1 is stable.
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Phase diagram in two dimension

A saddle point.
/ 11

il L
-5 -4 -3 -2 -1 0 1 2 3 ) 5
Cursor position: (1.2, -2.18) x

The forward orbit from (0 92, 4.3 IeMt the compatation window .
The backward orbit from (0.92, -4.3) left the somputation window.
The forward orbit from (0.94, -3.2) left the compatation window.

The backward orbit from (0.94, -2.3) left the eomputation window.
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Phase diagram

A node

Medvegyev

I I I I I I I I I
-5 -4 -3 -2 -1 0 1 2 3 4 5
Cursar position: (449, -3.17) x

The forvard orbit from (3.4, 1.9) > a possible eq. pt. near (5.62:D17, 45¢:D16)
The backuard orbit fram 3 4, 1.8} left the somputation window

Ready

Chaose an approximation with the mouse.

Ready
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Phase diagram

An improper node

X'=Ax+By A
y'=Cx+Dy c

T T T s
51 < X 2




Phase diagram

A focus
, —-1/2 1
X =

-1 -1/2

o
L5
b
5

I I I L I I I I I I I
5 4 3 2 1 0 1 2 3 4 B
Cursor pasition: (358, -3.01) x
The fonuard orbit from (.12, 4.4) > a possible eq. pr. near (1 Be015, 4e-014).
‘The backuard erbit from (-0.12, 4.4) left the computation windou.
The fonuard ot from (4., 4.3) > a possible eq. pr. near (47e-014, 3-014)
The backuard arbit from (.4, 4.3)left the computation windon
Ready.
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Phase diagram

@ lIdentify the four regions given by x{ = 0 and x5 = 0. This curves are
called nullclines or demarcation lines.

@ Identify the directions of increase in all four regions.

© We have a node when both eigenvalues are real and of the same sign.
The node is stable when the eigenvalues are negative and unstable
when they are positive.

@ When eigenvalues are real and of opposite signs we have a saddle
point. The saddle is always unstable.

@ Focus (sometimes called spiral point) when eigenvalues are
complex-conjugate. The focus is stable when the eigenvalues have
negative real part and unstable when they have positive real part.

@ The center equilibrium occurs when a system has eigenvalues on the
imaginary axis, namely, one pair of pure-imaginary eigenvalues.
Centers in linear systems have concentric periodic orbits.
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