
 
 
 
 
 
 
 
 
 
 
 

 

Applied Mathematics 
for 

Business and 
Economics 

 
 
 
 

 
 
 

Norton University 
Year 2010 

 

 



 



Lecture Note 
 
 
 
 
 
 
 
 
 
 
 

Applied Mathematics for 
Business and Economics 



Contents 
 
 Page 
Chapter 1 Functions 
1 Definition of a Function (of one variable) .........................................................1 

1.1 Definition ..................................................................................................1 
1.2 Domain of a Function ...............................................................................1 
1.3 Composition of Functions .........................................................................2 
 

2 he Graph of a Function ....................................................................................3 

3.1 The Slope of a Line ...................................................................................5 

 
4 

4.2 Functions Involving Multiple Formulas ...................................................8 

Cha  E
 
Ch r
1 

................................................20 
ule.......................................................................................20 

2.3 The Constant Multiple Rule ....................................................................21 

 
3 

4.3 Differentials ............................................................................................27 

5 
 
6 

6.1 The Second Derivative ............................................................................29 

T
 
3 Linear Functions ................................................................................................5 

3.2 Horizontal and Vertical Lines ...................................................................6 
3.3 The Slope-Intercept Form .........................................................................6 
3.4 The Point-Slope Form ...............................................................................6 

Functional Models .............................................................................................8 
4.1 A Profit Function ......................................................................................8 

4.3 Break-Even Analysis ................................................................................9 
4.4 Market Equilibrium .................................................................................11 
pter xercises ...................................................................................................12 

apte  2 Differentiation: Basic Concepts 
The Derivative 
Definition .........................................................................................................19 

 
2 Techniques of Differentiation ..........................

2.1 The Power R
2.2 The Derivative of a constant ...................................................................21 

2.4 The Sum Rule .........................................................................................21 
2.5 The Product Rule ....................................................................................21 
2.6 The Derivative of a Quotient ..................................................................21 

The Derivative as a Rate of change .................................................................22 
3.1 Average and Instantaneous Rate of Change ...........................................22 
3.2 Percentage Rate of Change .....................................................................23 

 
4 Approximation by Differentials; Marginal Analysis .......................................23 

4.1 Approximation of Percentage change .....................................................24 
4.2 Marginal Analysis in Economics ............................................................25 

 
The Chain Rule ................................................................................................27 

Higher-Order Derivatives ................................................................................29 

6.2 The nth Derivative ...................................................................................30 



7 Concavity and the Second Derivative Test ......................................................30 

8 

8.3 Elasticity and the Total Revenue ............................................................36 

 
Ch r
1 

 Partial Derivatives ............................................................................................50 
mp

 
5 a

5.2 The Lagrange Multiplier .........................................................................61 

hapter Exercises ...................................................................................................62 

Ch
1  

1.1 Graphing a Linear Inequality in Two Variables .....................................72 

.........................................................74 

Cha E
 

ibliography ............................................................................................................. 81 

 

 

 

 

 
 

 

 
Applications to Business and Economics ........................................................34 
8.1 Elasticity of Demand ..................................................................................... 34 
8.2 Levels of Elasicity of Demand ................................................................36 

Chapter Exercises ...................................................................................................38 

apte  3 Functions of Two Variables 
Functions of Two Variables .............................................................................49 

 
2

2.1 Co utation of Partial Derivatives ........................................................50 
2.2 Second-Order Partial Derivatives ...........................................................52 

 
3 The Chain Rule; Approximation by the Total Differential ..............................53 

3.1 Chain Rule for Partial Derivatives ..........................................................53 
3.2 The Total differential ..............................................................................55 
3.3 Approximation of Percentage Change ....................................................56 

 
4 Relative Maxima and Minima .........................................................................56 

Lagr nge Multipliers ........................................................................................59 
5.1 Contrained Optimization Problems.........................................................59 

 
C
 

apter 4 Linear Programming (LP) 
System of Linear Inequalities in Two Variables ..............................................72 

1.2 Solving Systems of Linear Inequalities ..................................................73 
 
2 Geometric Linear Programming .............
 

pter xercises ....................................................................................................... 77 

B
 

 

 

 

 



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

This page is intentionally left blank. 



Lecture Note  Function 
 

Chapter 1 

Functions 
 

1 Definition of a Function  
1.1 Definition 
 Let D and R  be two sets of real numbers. A function f is a rule that matches each 
number x in D with exactly one and only one number y or ( )f x  in R . D is called the 
domain of f and R  is called the range of f . The letter x is sometimes referred to as 
independent variable and y dependent variable. 
 
Examples 1: 
Let   Find10032)( 23 ++−= xxxxf . ( )2f .  
 
Solution:  
 ( ) 3 22 =2 2 2 3 2 100 106f − × + × + =  
 
Examples 2 
A real estate broker charges a commission of 6% on Sales valued up to $300,000. For 
sales valued at more than $ 300,000, the commission is $ 6,000 plus 4% of the sales 
price. 
       a. Represent the commission earned as a function R. 
       b. Find R (200,000). 
       c. Find R (500,000). 
Solution 

a.  ( )
0.06 for 0 300,000
0.04 6000 for 300,000

x x
R x

x x
≤ ≤⎧

= ⎨ + >⎩
b. Use ( ) 0.06R x x= since 200,000 300,000<   

  ( )200,000 0.06 200,000 $12,000R = × =

c. Use  since 50   ( ) 0.04 6000R x x= + 0,000 300,000>

  ( )500,000 0.04 500,000 6000 $26,000R = × + =

1.2 Domain of a Function 
The set of values of the independent variables for which a function can be evaluated is 
called the domain of the function. 

( ){ }/ ,D x y y f x= ∈ ∃ ∈ =  
Example 3 
Find the domain of each of the following functions:  

a. ( ) 1
3

f x
x

=
−

,  b. ( ) 2g x x= −  

Solution 
a. Since division by any real number except zero is possible, the only value of x 

for which ( ) 1
3

f x
x

=
−

cannot be evaluated is 3x = , the value that makes the 

denominator of  f  equal to zero, or { }3D = − . 
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b. Since negative numbers do not have real square roots, the only values of x for 
which ( ) 2g x x= − can be evaluated are those for which 2x −  is nonnegative, 
that is, for which [ )2 0 or 2 or 2,x x D− ≥ ≥ = + ∞ .  

 
1.3 Composition of Functions 
The composite function (g h⎡⎣  function formed from the two functions ( ))x ⎤⎦ is the g u

and ( )h x b bstitu  ( )h x for u in the formula fory su ting ( )g u . 
 
Example 4  
Find the composite function ( )g h x⎡ ⎤⎣ ⎦ if ( ) 2 3 1g u u u= + + and ( ) 1h x x= + . 
 
Solution  
Replace u by x+1 in the formula for g to get. 
   ( ) ( ) ( )2 21 3 1 1 5g h x x x x x= + + + + = + +⎡ ⎤⎣ ⎦ 5

 
Example 5 
An environmental study of a certain community suggests that the average daily level 
of carbon monoxide in the air will be ( ) 0.5 1C p p= + parts per million when the 
population is p thousand. It is estimated that t years from now the population of the 
community will be thousand. ( ) 210 0.1P t t= +
 a. Express the level of carbon monoxide in the air as a function of time. 
 b. When will the carbon monoxide level reach 6.8 parts per million? 
 
Solution 

a. Since the level of carbon monoxide is related to the variable p by the equation. 
( ) 0.5 1C p p= +  

and the variable p is related to the variable t by the equation. 
   ( ) 210 0.1P t t= +

It follows that the composite function 
( ) ( ) ( )2 210 0.1 0.5 10 0.1 1 6 0.05C P t C t t t= + = + + = +⎡ ⎤⎣ ⎦

2

⎤⎦

 
expresses the level of carbon monoxide in the air as a function of the variable t. 

 
b. Set equal to 6.8 and solve for t to get ( )C P t⎡⎣

2

2

2

6 0.05 6.8
0.05 0.8

16
4

t
t
t
t

+ =

=

=
=

 

That is, 4 years from now the level of carbon monoxide will be 6.8 parts per million. 
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2 The Graph of a Function 
The graph of a function f consists of all points ( ),x y  where x is in the domain of f and 

( )y f x= . 
How to Sketch the Graph of a Function f by Plotting Points 

 
1 Choose a representative collection of numbers x from the domain of f and 

construct a table of function values ( )y f x= for those numbers. 
2 Plot the corresponding points ( ),x y  
3 Connect the plotted points with a smooth curve. 
 

Example 1 
Graph the function 2y x= . Begin by constructing the table.  

x 2− 1− 0 1 2 
2y x=  4 1 0 1 4 

        
 
 
 
     

  

 
 
 
 
 
 
 
 

Example 2 Graph the function 

( )

2 , if 0 1
2 , if 1

3, if 4

4

x x

f x x
x

x

≤ <⎧
⎪⎪= ≤ <⎨
⎪

≥⎪⎩

 

Solution 
When making a table of values for this function, remember to use the formula that is 
appropriate for each particular value of x. Using the formula ( ) 2f x x= when 0 1x≤ <

, the formula ( ) 2f x when1 4x≤ < mulax= and the for ( ) 3f x = when x ≥
compile 

4 , 
the following table: 

you can 

 
x 0 1/2 1 2 3 4 5 6 
( )f x  0 1 2 1 2/3 3 3 3 

 
Now plot the corresponding point ( )( ),x f x and draw the graph as in Figure. 
 
 
 

           -2        -1           1        2  
           x 

y 
 
   
4 

   
3 
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   y 
 
   
 
    
  3 
    
  2 
 
  1 

            ½  1       2       3    4 5      6                      x 

Comment 
The graph of ( ) 2y f x ax bx= = + + c  is a parabola as long as . All 
parabolas have a U shape, and 

0a ≠

( ) 2y f x ax bx c= = + + opens either up    
(if ) or down (if ). The “Peak” or “Valley” of the parabola is called 

its vertex, and in either case, the x coordinate of the vertex is

0a > 0a <

2
bx
a

= − .  

  
Note that to get a reasonable sketch of the parabola 2y ax bx c= + + , you need 
only determine. 
1 The location of the vertex  
2 Whether the parabola opens up ( ) or down (0a > 0a < ) 
3 Any intercepts. 

 
Example 3 
For the equation 2 6 4y x x= − +  

a. Find the Vertex. 
b.  Find the minimum value for y. 
c.  Find the x-intercepts. 
d. Sketch the graph. 

Solution  

a. We have . The vertex occurs at1, 6,  and 4a b c= = − =
6 3

2 1
x −
= − =

×
 

Substituting x = 3 gives 23 6y 3 4 5= − × + = − . The vertex is ( )3, 5− . 
b. Since and the parabola opens upward, 1 0a = > 5y = − is the minimum 

value for y. 
c. The x-intercept are found by setting 2 6 4x x 0− + = and solving for x 

6 36 16 3
2

x ± −
= = 5±   

d. The graph opens upward because 1 0a = > .The vertex is ( )3, 5−        
The axis of symmetry is 3x = . 

       The x-intercepts are 3x = ± 5 .     
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Example 4   
A manufacturer can produce radios at a cost of $10 apiece an estimated that if they are 
sold for x dollars, consumers will buy approximately80 x− radios each month. 
Express the manufacturer’s monthly profit as a function of the price x, graph this 
function, and determine the price at which the manufacture’s profit will be greatest. 
 
Solution 
Begin by stating the desired relationship in words: 
     Profit = (number of radios sold) (profit per radio) 
 Now replace the words by algebraic expressions. You know that :  

Number of radios sold = 80 – x 
and since the radios are produced at a cost of $10 apiece and sold for x dollars 

apiece, 
It follows that profit per radio 80 x= −  
Let  denotes the profit and conclude that  ( )P x

( ) ( )( ) 280 10 90 800P x x x x x= − − = − + −  
 

3 Linear Functions 
 
Linear function is a function that changes at a constant rate with respect to its 
independent variable. The graph of a linear function is a straight line. The equation of 
a linear function can be written in the form 

y mx b= +   
where m and b are constants. 
 
3.1 The Slope of a Line 
The slope of a line is the amount by which the y coordinate of a point on the line 
changes when the x coordinate is increased by 1. 
 
 
 

5 
 
 
4 
 
 
3 
 
 

2 
 
 
1 
 
 
 
 
 

-1 
 
 

-2 
 
 
-3 
 
 

-4 
 
 

-5 

y=x2-6x+4 

3-  3+5 5  

(3;-5) 

X 

Y 
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The Slope of a Line 
The slope of the nonvertical line passing thruough the points 
( )1 1,  and ( )2 2, is given by the formula x y x y

2 1

2 1

Slope y yy
x x x

−Δ
= =
Δ −

 

 y
 
 
 
 
 
Example 1 
Find the slope of the line joining the points ( ) ( )2,5  and 3, 1− − . 
3.2 Horizontal and Vertical Lines 
The horizontal line has the equation y b= , where b is a constant. Its 
slope is equal to zero. The vertical line has the equation x c= , where 
c is a constant. Its slope is undefined. See the figure.  
 
 
 
 
 
 
 
 
3.3 The Slope-Intercept Form  

The Slope-Intercept Form of the Equation of a Line 
The equation  

y mx b= +  
is the equation of the line whose slope is m and whose y intercept 
is the point ( )  0,b

 
Example 2 
Find the slope and y intercept of the line 3 2 6y x+ = and draw the graph.  
 
3.4 The Point-Slope Form 

The Point-Slope Form of the Equaiton of a Line 
The equation ( )0 0y y m x x− = − is and equation of the line that 
passes through the point ( )0 0,x y and that slope equal to m. 

 
Example 3 
Find an equation of the line that passes through the point ( )5,1 and 
whose slope is equal to1/2.  
 
Example 4 
Find an equation of the line that passes through the points ( ) (3, 2  and 1,6− ) .  

•

•
( )2 2,x y

2 1y y y−
( )1 1,

= Δ

2 1

x y

x x x− = Δ
x

y
y x c=

•

x

( )0,b y b=

Horizontal line

• x( ),0c

Vertical line
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Example 5 
Since the beginning of the year, the price of whole-wheat bread at a local discount 
supermarket has been rising at a constant rate of 2 cents per month. By November 1, 
the price had reached $1.06 per loaf. Express the price of the bread as a function of 
time and determine the price at the beginning of the year.  
 
 0 1 2 10

 
 
Solution 
Let  x: denote the number of months that have elapsed since January 1 
 y: denote the price of a loaf of bread (in cents).  
Since y changes at a constant rate with respect to x, the function relating y to x must 
be linear and its graph is a straight line. Because the price y increases by 2 each time x 
increase by 1, the slope of the line must be 2. Then, we have to write the equation of 
the line with slope 2 and passes throught the point ( )10,106 . By the fomular, we 
obtain 

( )
( )

0 0

106 2 10

y y m x x

y x

− = −

− = −
 

or  
2 8y x 6= +  

At the beginning of the year, we have 0x = , then 86y = . Hence, the price of tbread 
at the beginning of the year was 86 cents per loaf.  
 
Example 6 
The average scores of incoming students at an eastern liberal arts college in the SAT 
mathematics examination have been declining at a constant rate in recent years. In 
1986, the average SAT score was 575, while in 1991 it was 545.  

a. Express the average SAT score as a function of time. 
b. If the trend continues, what will the average SAT score of incoming students 

be in 1996?  
c. If the trend continues, when will the average SAT score be 527? 

(Answer: a. 6 575y x= − + , b. 515, c. 8) 
 
Example 7 
A manufacturer’s total cost consists of a fixed overhead of $ 200 plus production 
costs of $ 50 per unit. Express the total cost as a function of the number of units 
produced and draw the graph. 
 
Solution 
Let x denote the number of units produced and C(x) the corresponding total cost. 
Then, Total cost = (cost per unit) (number of units) + overhead. 
 Where   Cost per unit     = 50 
   Number of units = x 
   Overhead     = 200 
 Hence,  
    C(x) = 50x + 200 
 

Jan. 1 Nov. 1
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4  Functional Models 
4.1 A Profit Function 
In the following example, profit is expressed as a function of the price at which a 
product is sold. 
 
Example 1 
A manufacturer can produce radios at a cost of $ 2 apiece. The radios have been 
selling for $ 5 apiece, and at this price, consumers have been buying 4000 radios a 
month. The manufacturer is planning to raise the price of the radios and estimate that 
for each $1 increase in the price, 400 fewer radios will be sold each month. Express 
the manufacturer’s monthly profit as a function of the price at which the radios are 
sold. 
 
Solution 
Begin by stating the desired relationship in words. 
  Profit = (number of radios sold) (Profit per radio)  
Let x denote the price at which the radios will be sold and ( )P x

)15(400)]5(10[ xx

the corresponding 
profit. 
 Number of radios sold = 4000 – 400 (number of $ 1 increases) the number of $ 
1 increases in the price is the difference x-5 between the new and old selling prices. 
Hence, 
 Number of radios sold = 4000 – 400 (x - 5) 
      = 400 −=−−  
 Profit per radio = x – 2 
 ( ) ( )( )400 15 2P x x x= − −  
 
4.2 Functions Involving Multiple Formulas 
In the next example, you will need three formulas to define the desired 
function. 
 
Example 2 
During a drought, residents of Marin Country, California, were faced with a severe 
water shortage. To discourage excessive use of water, the country water district 
initiated drastic rate increases. The monthly rate for a family of four was $ 1.22 per 
100 cubic feet of water for the first 1,200 cubic feet, $10 per 100 cubic feet for the 

       1        2         3         4          5 x   

700 
 
600 
 
500 
400 
350 
 
300 
 

 

 
 

200 

100 

    0 

(2,300) (3,350) 

C(x) = 50x + 200 

8 
 



Lecture Note  Function 
 

next 1200 cubic feet, and     $50 per 100 cubic feet there after. Express the monthly 
water bill for a family of four as a function of the amount of water used. 
 
Solution  
Let x denote the number of hundred-cubic-feet units of water used by the family 
during the month and the corresponding cost in dollars. If 0( )C x 1x 2≤ ≤ , the cost is 
simply the cost per unit times the number of units used. 

( ) 1.22C x x=

12x

 
If 12  each of the first 12 units cost $1.22, and so the total cost of these 12 units is 
1.22(12) = 14.64 dollars. Each of the remaining 

24≤≤ x
−  units costs $10, and hence the total 

cost of these units is 10 dollars. The cost of all x units is the sum. ( 12x − )
( ) ( )14.64 10 12 10 105.36x x= + − = −

24x

C x  

If , the cost of the first 12 units is 1.22 (12) = 14.64 dollars, the cost of the next 12 
units is 10 (12) = 120, and the cost of the remaining

24x >
( )24x −units is so − dollars. The 

cost of all x units is the sum. 
  ( ) ( )120 50 24 50 1,065.36x x= + + − = −14.64C x  
Combining these three formulas, you get.  

( )
1.22 , if 0 12
10 105.36 if 12 24
50 1,065.36 if 24

x x
C x x x

x x

≤ ≤⎧
⎪= − ≤ ≤⎨
⎪ − >⎩

 

 
The graph of this function  
 

x C(x) 
0 

12 
24 
30 

0 
14.64 
134.64 
434.64 

             
           
           
           
           
           
           
           
           
           
            

    C(x) 
 
       
450   - 
 
400   - 
 
350   - 

 

 

 

 

 

0     - 

 .   .   .   .   .   . 
6            12          18        24         30            X  

 
300   -
 
250   -
 
200   -
 
150   -
 
100   -
 
5

                

 

.         

        .         

 

.  

 
4.3 Break-Even Analysis 
Intersections of graphs arise in business in the context of break-even analysis. In a typical 
situation, a manufacturer wishes to determine how many units of a certain commodity have to 
be sold for total revenue to equal total cost. Suppose x denotes the number of units 
manufactured and sold, and let C x and( ) ( )R x be the corresponding total cost and total 
revenue, respectively. A pair of cost and revenue curves is sketched in Figure: 
 
 

9 
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Example 3  
The Green-Belt Company determines that the cost of manufacturing men’s belts is $ 2 
each plus $ 300 per day in fixed costs. The company sells the belts for $ 3 each. What 
is the break-even point? 
Solution 
The break-even point occurs where revenue and cost are equal. By letting x = the 
number of belts manufactured in a day, and then we obtain revenue funcion 
( ) 3R x = x and cost functionC x . For( ) 2 30x= + 0 ( ) ( )C x R x= , we obtain 

3 2 30
300

x x
x

0= +
=

 

So, 300 belts must be sold each day for the company to break even. The company 
must sell more than 300 belts each day to make a profit. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Example 4 
Suppose that a company has determined that the cost of producing x items is  
500 + 140x and that the price it should charge for one item is P = 200 – x 
 a. Find the cost function. 
 b. Find the revenue function. 
 c. Find the profit function. 
 d. Find the break-even point 
Solution    

a. The cost function is given: ( ) 500 140C x x= +  

Y 
 

 
300   - 
 
200   - 
 
100   -  

      .    .       .   .    .    .   
     0    100       200      300        400       500       600        X 

1000 -       
 
900   - 
 
800   - 
 
700   - 
 
600   - 
 
500   - 
 
400   - 

Profit 

C(x) = 2x + 300

Break-even point 

Loss 

R(x) = 3x 

•

Loss

Profit

0

y

x

( )Revenue: y R x=

( )Cost: y C x=

P

Break-even point

10 
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b. The revenue function is found by multiplying the price for one item by the 
number of items sold. 

( ) ( ) 2200 200R x P x x x x x= × = − = −  
c. Profit is the difference between revenue and cost  

( ) ( ) ( )
( ) ( )2

2

200 500 140

60 500

P x R x C x

x x x

x x

= −

= − − +

= − + −

 

d. To find the break- event, set the revenue equal to the cost and solve for x 
( ) ( )

( )( )

2

2

200 500 140
60 500 0
10 50 0

10 or 50

R x C x

x x x
x x
x x

x x

=

− = +

− + =

− − =

= =

 

This model shows that a profit occurs if the company produces between 10 and 50 
items. We will discuss calculus techniques for maximizing profit later. 
   
 
 

 
 
 
 
 
 
 
 
 
4.4  Market Equilibrium 
An important economic application involving intersections of graphs arises in 
connection with the law of supply and demand. In this context, we think of the 
market price p of a commodity as determining the number of units of the commodity 
that manufacturers are willing to supply as well as the number of units that consumers 
are willing to buy. In most cases, manufacturers’s supply increases and 
consumers’demand decreases as the market price p increases. See the figure. 
   

( )S p

( )D p

 
 
 
 
  

q
( )Supply: q S p=

Equilibrium
point 

 
 
 
 
The point of intersection of the supply and demand curves is called the point of 
market equilibrium. The p coordinate of this point (the equilibrium price) is the 

•
Shortage Surplus

( )Demand: q D p=

pp
Equilibrium

price 

11 
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market price at which supply equals demand. We can say another way that the market 
price is a price at which there will be neither a surplus nor a shortage of the commodity. 
 
Example 5  
Find the equilibrium price and the corresponding number of units supplied and 
demanded if the supply function for a certain commodity is ( ) 2 3 7S p p p 0= + −  and 
the demand function is .  ( ) 410D p p= −
 
Solution 
Set equal to  and solve for p to get ( )S p ( )D p

( )( )

2

2

3 70 140
4 480 0
20 24 0

20 or 24

p p p
p p
p p

p p

+ − = −

+ − =

− + =

= = −

 

Hence we conclude that the equilibrium price is $20. Since the corresponding supply and 
demand are equal, we use the simpler demand equation to compute this quantity to get  

( )20 410 20 390D = − =  
Hence, 390 units are supplied and demanded when the market is in equilibrium.  
 

Exercises 
1 cUrKNnatémøGnuKmn_eTAtamkarbBa¢ak;dUcxageRkam (Compute the indicated values of the 

given function)  
a.  ( ) ( ) ( ) ( )23 5 2; 1 , 0 , 2f x x x f f f= + − −  
b. ( ) ( ) ( ) ( )1 ; 1 , 1 , 2g x x g g g

x
= + −  

c. ( ) ( ) ( ) ( )2 2 4, 2 , 0 , 4h t t t h h h= + + −  

d. ( ) ( ) ( ) ( ) ( )3 22 1 ; 1 , 5 , 13f t t f f f−= −  

e. ( )
3 if 5

1 if 5 5

if 5

t
t t t

t t

⎧ < −
⎪

= + − ≤ ≤⎨
⎪ >⎩

; ( ) ( ) ( )6 , 5 , 16f f f− −  f

2  cUrbBa¢ak;GMBIEdnkMNt;rbs;GnuKmn_dUcxageRkam(Specify the domain of the given function) 

 a. ( )
2 1

2
xg x
x
+

=
+

 b. 5y x= −   c. ( ) 2 9g t t= +   

d. ( ) ( )3 22 4f t t= −  e. ( ) ( ) 1 22 9f x x
−

= −  

3 ]bmafaéføedImsrubKitCaduløaelIkarplitTMnijmYyRbePT cMnYn ÉktaRtUvkMNt;edayGnuKmn_ 
.  

q

( ) 3 230 400 500C q q q q= − + +

 k> KNnaéføedImelIkarplitcMnYn 20Ékta. 
 x> KNnaéføedImelIkarplitÉktaTI20.  

12 
 



Lecture Note  Function 
 

(Suppose the total cost of manufacturing q units of a certain commodity is given by the 
function . a. Compute the cost of manufacturing 20 
units. b. Compute the cost of manufacturing the 20th unit.) (Answer: a. $4,500  b. $371) 

( ) 3 230 400 500C q q q q= − + +

 

4  rkGnuKmn_bNþak; (Find the composite function) ( )g h x⎡ ⎤⎣ ⎦  
  a. ( ) ( )2 4, 1g u u h x x= + = −    

b. ( ) ( )23 2 6,g u u u h x x= + − = + 2

1

 
 c.  ( ) ( ) ( )3 21 2 ,g u u u h x x= − + = +

 d. ( ) ( )2

1 , 1g u h x x
u

= = −  

 e. ( ) ( )2 1,
1

g u u h x
x

= =
−

 
5  rkGnuKmn_bNþak;tamkarbBa¢ak;dUcxageRkam (find the indicated composite function) 

 a.  ( ) ( ) 21  where 5f x f x x+ = +

 b. ( ) ( ) 22  where 2 3 1f x f x x x− = − +  

 c. ( ) ( ) ( )5 21  where 1 3f x f x x− = + x−  

 d. ( )1 2 where 3f f x x
x x

⎛ ⎞ = +⎜ ⎟
⎝ ⎠

 

 e. ( ) ( )2 3 1  where f x x f x+ − = x  

 d. ( ) ( ) 11  where xf x f x
x
−

+ =  

6  rkGnuKmn_ nig ( )h x ( )g u Edl ( ) ( )f x g h x= ⎡ ⎤⎣ ⎦  
 a.   b.( ) ( )35 23 12f x x x= − + ( ) 3 5f x x= −  

 c.  d.( ) ( ) ( )21 2 1f x x x= − + − + 3 ( )
( )3

14
4

f x x
x

= + −
+

 

 e. ( )
( )3

13
4

f x x
x

= + −
+

 

7 enAkñúgeragcRkmYy éføedImsrubelIkarplit ÉktakñúgkMlugénsgVak;plitkm μRbcaMéf¶ KW 
duløa. kñúgmYyéf¶ brimaNplitpl 

q

( ) 2 900C q q q= + + ( ) 25q t t= ÉktaRtUv)anplit 
kñúgry³ eBl t dMbUgénExSsgVak;plitkmμ. k> cUrsresr éføedImsrubelIkarplitCaGnuKmn_én t . 
x> etInwgRtUv cMNayb:unμanelIplitkm μ enAcugem:agTI3? K> etIenAeBlNaEdléføedImsrubelIkar 
plitmandl; $1 ? (At a certain factory, the total cost of manufacturing q units 
during the daily production run is 

1,000

( ) 2q q= + 900+C q dollars. On a typical 
workday,  units are manufactured during the first t hours of a 
production run. a. Express the total manufacturing cost as a function of t. b.How 
much will have been spent on production by the end of the 3rd hour?) c. When will 
the total manufacturing cost reach $11,000?  

( ) 25q t t=

13 
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(Answer: a.  b. $6,600 c.After 4 hours) ( ) 2625 25 900C q t t t= + +⎡ ⎤⎣ ⎦

8 enAkñúgesdæviTüa R)ak;cMNUlRtUv)ankMNt;faCaTwkR)ak;Edl)anBIkarlk;plitpl ehIyesμ IeTAnwg 
plKuNrvagéfølk; kñúgmYyÉkta nig cMnYnp x ÉktaénplitplEdl)anlk;. mann½yfa 
R xp= . RkwtüRkmtRmUvkar Ecgfa p nig x Tak;TgKña. ebImYyekIneLIg enaHmYyeTotRtUvfy 
cuH. ]bmafa nig p x Tak;TgKñatamry³ smIkartRmUvkar 1

10 20, 0 200p x x= − + ≤ ≤ . 
cUrsresrkenSamR)ak;cMNUl R CaGnuKmn_én x . (In economics, revenue R is defined as 
the amount of money derived from the sale of a product and is equal to the unit 
selling price p of the product times the number x of units actually sold. That is,
R xp= . I  

wing 
n economics, the Law of Demand states that p and x are related: As one

increases, the other decrease. Suppose that p and x are related by the follo
demand equation: 1

10p x= − + the revenue R as a function 
of the number x of units sold.) (Answer:

20 200x≤ ., 0 ≤  Express 
( ) 21

1 200R x = − x x+ ) 

9  éfø pnigbrimaN xénplitplmYyEdl)anlk; eKarBeTAtamsmIkartRmUvkar 
1 100,0 600
6

p x x= − + ≤ ≤ .  
k> sresrkenSamR)ak;cMNUlCaGnuKmn_eTAnwg x  
x> ebIeKlk;plitplGs;200Ékta etIR)ak;cMNUlesI μb:unμan? 
K> sg;RkahVrbs;GnuKmn_enH. 
X> etIxesμ Ib:un μanEdlnaM[R)ak;cMNUlGtibrma? etItémøGtibrmaenaHesμ Ib:un μan?  
g> rktémølk;EdlRkumh‘unRtUvkMNt; edIm,I[R)ak;cMNUlGtibrma.  

(The price p and the quantity x sold of a certain product obey the demand equation 
1 100,0 600
6

p x x= − + ≤ ≤  

a. Express the revenue R as a function of x. (Remember, R xp= ) 
b. What is the revenue of the company if 200 units are sold? 
c. Graph the revenue function.  
d. What quantity x maximizes revenue? What is the maximum revenue?  
e. What price should the company charge to maximize revenue?) 

(Ans: a. ( ) 21
6 100R x x= − + x , b.$13,333.33, c. 15,000  d. 300x = , $15,000  e. $50) 

10 éfø pnigbrimaN xénplitplmYyEdl)anlk; eKarBeTAtamsmIkartRmUvkar 
.  5 100,0 2x p p= − + ≤ ≤ 0

k> sresrkenSamR)ak;cMNUlCaGnuKmn_eTAnwg x  
x> ebIeKlk;plitplGs;15Ékta etIR)ak;cMNUlesI μb:unμan? 
K> sg;RkahVrbs;GnuKmn_enH. 
X> etIxesμ Ib:un μanEdlnaM[R)ak;cMNUlGtibrma? etItémøGtibrmaenaHesμ Ib:un μan?  
g> rktémølk;EdlRkumh‘unRtUvkMNt; edIm,I[R)ak;cMNUlGtibrma.  

14 
 



Lecture Note  Function 
 

(The price p and the quantity x sold of a certain product obey the demand 
equation 5 100,0 20x p x− + ≤ ≤  =
a. Express the revenue R as a function of x. (Remember, R xp= ) 
b. What is the revenue of the company if 15 units are sold? 
c. Graph the revenue function.  
d. What quantity x maximizes revenue? What is the maximum revenue?  
e. What price should the company charge to maximize revenue?) 
(Answer: a. ( ) 21

5 20R x x= − + x , b. $255 c. 500  d. 50x = , $500  e. $10) 

11 ]sShkrmñak;Gacplitm:aej:kñúgtémø20duløakñúgmYyeRKOg. ebIeKlk;m:aej:kñúgtémø x duløakñúgmYy 
eRKOg enaHGtifiCnnwgTij 120 x− eRKOgkñúgmYyEx. cUrsresrkenSamR)ak;cMeNjRbcaMExrbs; 
]sSahkr CaGnuKmn_nwgtémølk;. sg;RkahVrbs;GnuKmn_ rYctamry³enH cUr)a:n;sμanéfølk;Edl 
RbesIrbMput. (A manufacturer can produce cassette tape recorders at a cost of $20 
apiece. It is estimated that if the tape recorders are sold for x dollars a piece, 
consumers will buy 120 x−  of them a month. Express the manufacturer’s 
monthly profit as a function of price, graph this function, and use the graph to 
estimate the optimal selling price.)  

(Answer: ( ) ( )( )20 120P x x x= − − , Optimal price: $70 per recorder) 
 
12  Write the equation for the line with the given properties 
 a. Through ( )2,0 with slope 1.  

 b. Through ( )5, 2− with slope 
1

2
−

 

 c. Through ( )2,5 and parallel to the x axis 

 d.Though and ( )  ( )1,0 0,1

 e. Through ( )2,5 and ( )  1, 2

 f. Through ( )1,5 and ( )3,5  

13 éføedImsrubrbs;]sSahkrN_mñak; rYmmancMNayepSg²Edlefr KW 5000duløabUknwgéføedImplit 
km μesμ Inwg 60 duløakñúgmYyÉkta. cUrsresrkenSaméføedImsrub CaGnuKmn_éncMnYnÉktaEdl)an 
plitrYcsg;RkahV. (A manufacturer’s total cost consists of a fixed overhead of 
$5,000 plus production costs of $60 per unit. Express the total cost as a function 
of the number of units produced and draw the graph.). (Ans: ) 60 5,000y x= +

14 elakevC¢bNÐitmñak;manesovePAEpñkevC¢sa®sþEdlmantémø1500duløa EdlRtUv)ankat;rMelaH 
efrrhUtdl;sUnükñúgry³eBldb;qñaM. mann½yfa témørbs;esovePATaMgenaHnwgFøak;cuHkñúgGRtaefr 
rhUtdl; vaesμ IsUnüenAcugRKaénry³eBldb;qñaM. cUrsresrkenSammYytag[témørbs;esovePA 
CaGnuKmn_én eBl rYcsg;RkahV.  (A doctor owns $1,500 worth of medical books 
which, for tax purposes, are assumed to depreciate linearly to zero over a 10-
year period. That is, the value of the books decreases at a constant rate so that it 
is equal to zero at the end of 10 years. Express the value of the books as a 
function of time and draw the graph.)(Answer: 150 1,500y x= − + ). 
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15  cab;taMgBIedImExmk GagrkSaTwkmYy)an)at;bg;TwkkñúgGRtaefrmYy. enAéf¶TI12 énEx GagrkSa 
TwkenaHpÞúkTwk)an 200 lan háaLúg. enAéf¶TI 21 vaenAsl;Et 164 lanháaLúg. cUrsresr 
kenSamtag[brimaNTwkenAkñúgGag CaGnuKmn_eTAnwgeBl rYcsg;RkahV. etIenAéf¶TI8 TwkenAkñúg 
GagmancMNuHb:unμan? (Since the beginning of the month, a local reservoir has been 
losing water at a constant rate. On the 12th of the month the reservoir held 200 
million gallons of water, and on the 21th it held only 164 million gallons. 
Express the amount of water in the reservoir as a function the time and draw the 
graph. How much water was in the reservoir as a function of time and draw the 
graph. )  

( Answer:  216 million  gallons). 4 248y x= − +

16  ]sSahkrN_mñak;GacplitviTüúedaycMNayelIéføedIm 2duløakñúgmYyeRKOg. viTüúenaHRtUv)anlk; 
kñúgtémø5duløakñúgmYyeRKOg EdlcMeBaHtémøenH GtifiCnnwgTijviTüúTaMgenaH4000eRKOgkñúgmYy 
Ex.  ]sSahkrN_rUbenaHeRKagnwgeFVIkartemøIgéføviTüúTaMgenaHehIy)anrMBwgTukCamunfa sRmab; 
kartemøIgéfø 1duløa enaHcMnYnviTüúEdllk; nwgFøak;cuHcMnYn 400eRKOgkñúgmYyEx. cUrsresrkenSam 
tag[cMnYnviTüú Edlnwglk; dac;CaGnuKmn_eTAnwgtémølk; rYcrkemKuNR)ab;Tis. ENnaM³ 
cMnYnviTüúEdlnwglk; dac; CaGnuKmn_lIenEG‘r eTA nwgtémøy x Edllk; ehIyRkahVrbs;vakat;tam 
cMNuc . (A manufacturer can produce radios at a cost of $2 apiece. The 
radios have been selling for $5 apiece, and at this price, consumers have been 
buying 4,000 radios a month. The manufacturer is planning to raise the price of 
the radios and estimates that for each $1 increase in the price, 400 fewer radios 
will be sold each month. Express the number of radios sold as a function of the 
manufacturer’s selling price. [Hint: Note that the number of radios sold y is a 
linear function of the selling price x and that its graph passes through the point  
(5, 4000). What is the slope?] 

(5, 4000)

(Answer: ( )400 10 ,0 10x x− ≤ ≤ ) 

17  kñúgkarplitTMnijmYyÉkta enaHeKcMNayelIéføedIm 35 15p x= + esn enAeBlEdl x Ékta 
RtUv)anplit. ebIeKlk;eTAvijkñúgtémødEdlenH nUvTMnijcMnYn x Ékta enaHcUrsresrGnuKn_R)ak; 
cMNUlCaGnuKmn_én x . (Each unit of a certain commodity costs 35p x 15= + cents 
when x units of the commodity are produced. If all x units are sold at this price, 
express the revenue derived from the sales as a function of x.)  

(Ans: ( ) ( )35 15P x x x= + ) 

18  plitkrmñak; lk;GMBUlePøIgkñúgtémø6duløakñúgmYyGMBUl ehIycMeBaHtémøenH GtifiCn)anTij3000 
GMBUlkñúgmYyEx. plitkrenaHR)afñacg;temøIgéføGMBUl ehIy)anrMBwgTukfa cMeBaHkareLIgéfø1duløa 
enaH vanwgeFVI[cMnYnGMBUlEdllk;dac; Føak;cuHcMnYn1000GMBUlkñúgmYyEx. plitkrenaHGacplit 
GMBUledayeRbIéføedIm4duløakñúgmYyGMBUl. cUrsresrkenSamR)ak;cMeNjRbcaMExrbs;plitkr 
BIkarlk;GMBUl CaGnuKmn_eTAnwgéfølk; sg;RkahV rYc):an;s μanéfølk;EdlRbesIrbMput. (A 
manufacturer has been selling lamps at the price of $6 per lamp, and at this price, 
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consumers have been buying 3,000 lamps a month. The manufacturer wishes to 
raise the price and estimates that for each $1 increase in the price, 1,000 fewer 
lamps will be sold each month. The manufacturer can produce the lamps at a cost 
of $4 per lamp. Express the manufacturer’s monthly profit as a function of the 
price that the lamps are sold, draw the graph, and estimate the optimal selling 
price.)(Answer: $6.50) 

 

19 eKRtUvP¢ab;ExSkabBIeragcRkGKÁisnIBImat;TenømçageTAeragcRkmYyEdlsßitenAeRtIymçageTotEdl 
sßitenAeRkamExSTwkBIeragcRkGKÁisnIcm¶ay3000Em:RtehIyRbEvgTTwgrbs;TenøenaHKW900Em:Rt
. éføExSkabEdlP¢ab;qøgkat;Tenøesμ Inwg 5duløa kñúgmYyEm:Rt rIÉéføExSkabEdlP¢ab;elIdIesμ I nwg 
4duløakñúgmYyEm:Rt. sUmemIlrUbbEnßm. cUrsresrtémøcMNayelIkartemøIgExSkabCaGnuKmn_ 
eTAnwg x . (A cable is to be run from a power plant on one side of a river 900 
meters wide to a factory on the other side, 3,000 meters downstream. The cable 
will be run in a straight line from the power plant to some point P on the opposite 
bank and then along the bank to the factory. The cost of running the cable across 
the water is $5 per meter, while the cost over land is $4 per meters. Let x be the 
distance from P to the point directly across the river from the power plant and 
express the cost of installing the cable as a function of x.)  

(Answer: ( ) ( ) 24 3,000 5 810,000C x x x= − + + ) 
 Factory 

Power Plant 

 
x 

 
 

900m 
 
 
 3000m
 

20 plitkreRKOgsgðarwmmñak;lk;tumYykñúgtémø 70duløa. éføedImsrubrYmmancMNayepSg²efr 
8000 duløa nigéføedImplitkm μ 30duløacMeBaHtumYy.  

 k> etIKat;RtUvlk;tucMnYnb:un μanedIm,I[rYcedIm? 
 x>etIKat;RtUvlk;tucMnYnb:unμanedIm,I[)anR)ak;cMeNj 6000duløa? 
 K> ebIlk;dac; 150 tu etIKat;xatb:un μan nigcMeNjb:unμan? 
 X> enAelIRbB½n§G½kSEtmYy cUrsg;RkahVénGnuKmn_R)ak;cMNUl nigGnuKmn_éføedIm.  

(A furniture manufacturer can sell dining-room tables for $70 apiece. The 
manufacture‘s total cost consists of a fixed overhead of $8,000 plus production 
costs of $30 per table.  

 a. How many tables must be the manufacturer sell to break even? 
 b. How many tables must the manufacturer sell to make a profit of $6,000? 
 c. What will the manufacturer’s profit or loss if 150 tables are sold? 
 d. On the same axes, graph the manufacture’s total revenue and total cost 
functions. 

17 
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3

21 cab;taMgBIedImqññaMmk témøeRbgsaMgekIneLIgkñúgGRtaefresμ Inwg esnkñúgmYyháaLúgkñúgmYyEx. 
KitRtwméf¶TI1mifuna témøenHeLIgdl;1.03duløakñúgmYyháaLúg.  

2

 k> cUrsresrGnuKmn_témøeRbgsaMgCaGnuKmn_eTAnwgeBl rYcsg;RkahV.  
 x> etIkalBIenAedImqñaM témøeRbgsaMgesμ Inwgb:unμan?  
 K> etIenAéf¶TI1Extula témøeRbgsaMgesμ Inwgb:unμan?  

(Since the beginning of the year, the price gasoline has been increasing a constant 
rate of 2 cents per gallon per month. By June first, the price had reached $1.03 
per gallon.  

 a.  Express the price of the gasoline as a function of time and draw the graph. 
 b. What was the price at the beginning of the year? 
 c.  What will the price be on October first?) 

(Answer: a. , b.93cents/gallon, c. $1.11 per gallon) ( ) 2 9P x x= +
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Chapter 2  
 

Differentiation: Basic Concepts 
 
1 The Derivative  
 Definition 

For the function , the derivative of f at x is defined to be:  ( )y f x=

   ( )
0

( ) (lim
x

)f x x f xf x
xΔ →

+ Δ −⎡ ⎤′ = ⎢ ⎥Δ⎣ ⎦
 

provided that the limit exists. 
 
To find a derivative by using the definition  

 1. Form the ratio ( ) ( )f x x f x
x

+Δ −
Δ

, called the difference quotient. 

 2. Simplify the difference quotient algebraically. 

 3. Calculate ( )
0

( ) ( )lim
x

f x x f xf x
xΔ →

+ Δ −⎡ ⎤′ = ⎢ ⎥Δ⎣ ⎦
 

Example 1  
Use the definition of derivative to find ( )f x′  for ( ) 2f x x= . 
Solution 
    

Step 1: Form the deference quotient. 
( ) ( ) ( )2 2f x x f x x x x

x x
+ Δ − + Δ −

=
Δ Δ

 

Step 2: Simplify the difference quotient 
( ) ( ) ( )2 22 2 22 2

2
x x x x x x x x x x x 2

x x
x x x

+ Δ − + Δ + Δ − Δ + Δ
= =

Δ Δ Δ
= + Δ  

Step 3: Find the limit. 
( )

0
lim 2 2 0 2
x

x x x
Δ →

+ Δ = + = x  

Therefore, ( ) 2f x x′ = .  
Example 2 
Suppose a manufacturer’s profit from the sale of radios is given by the function
( ) 4P x = x is the price at which the radios are sold. Find the 

selling price that maximizes profit. 
( )( )00 15 2x x− − , where 

 
Solution 
Your goal is to find the value of x that maximizes the profit ( )P x . This is the value of 
x for which the slope of the tangent line is zero. Since the slope of the tangent line is 
given by the derivative, begin by computing ( )P x′ .For simplicity; apply the definition 
of the derivative to the unfactored form of the profit function. 

( ) 2400 6,800 12,000P x x x= − + −  
You find that  
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( )
0

( ) (lim
x

P x x P xP x
xΔ →

+ Δ − )⎡ ⎤′ = ⎢ ⎥Δ⎣ ⎦
 

then            

( )
( ) ( ) ( )

( )

( )

2 2

0

2

0

0

400 6,800 12,000 400 68,00 12,000
lim

400 800 6,800
lim

lim 400 800 6,800 800 6,800

x

x

x

x x x x x x
P x

x
x x x x

x
x x x

Δ →

Δ →

Δ →

− + Δ + + Δ − − − + −
′ =

Δ

− Δ − Δ + Δ
=

Δ
= − Δ − + = − +

 

 
To find the value of x for which the slope of the tangent is zero, set the derivative 
equal to zero and solve the resulting equation for x as follows: 

( ) 0P x′ =  
then 

800 6800 0
800 6800

6800 8.5
800

x
x

x

− + =
=

= =

 

            
It follows that x = 8.5 are the x coordinates of the peak of the graph and that the 
optimal selling price is $ 8.50 per radio. 
 
2 Techniques of Differentiation 
2.1 The Power Rule 
For any number n, 

( ) 1n nd x nx
dx

−=  

That is, to find the derivative of nx , reduce the power of x by 1 and multiply by the 
original power. 
Example 1 
Differentiate (find the derivative of) each of the following functions: 

 a. ,     b. 27y x= 27

1y
x

=  ,     c. y x= ,     d. 1y
x

=  

Solution  
In each case, use exponential to write the function as a power function and then apply 
the general rule.  

 a. ( )27 27 1 2627 27d x x x
dx

−= =   

 b. ( )27 27 1 28
27

1 27 27d d x x x
dx x dx

− − −⎛ ⎞ = = − = −⎜ ⎟
⎝ ⎠

−  

 c. ( ) ( )
1 111/ 2 2 21 1

2 2 2
d dx x x x
dx dx

1
x

− −
= = = =  

 d. 
1 1 31
2 2 2

3

1 1 1
2 2 2

d d x x x
dx dxx

1
x

− − − −⎛ ⎞ ⎛ ⎞ ⎛ ⎞⎛ ⎞ = = − = − = −⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
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2.2 The Derivative of a constant 
For any constant C,  

( ) 0d C
dx

 =

That is, the derivative of a constant is zero. 
 
2.3 The Constant Multiple Rule 
For any constant C, 

( ) ( )d dfCf C Cf x
dx dx

′= =  

That is, the derivative of a constant time a function is equal to the constant times the 
derivative of the function. 
Example 2 
Differentiate the function   53y x=
Solution: 

You already know that ( )5 5d 4x x
dx

= . Combining this with the constant multiple rule, 

you get ( ) ( ) ( )5 5 43 3 3 5 15d d 4x x x
dx dx

= = = x . 

2.4 The Sum Rule 

( ) ( ) ( )d df dgf g f x
dx dx dx

g x′ ′± = ± = ±  

That is, the derivative of a sum is the sum of the individual derivatives. 
Example 3 
Differentiate the function  2 53y x x= +
 
Solution 

 ( ) ( ) ( )2 5 2 53 3 2d d d 415x x x x x
dx dx dx

+ = + = + x  

2.5 The Product Rule 

( ) ( ) ( ) ( ) ( )d df dgfg g f f x g x g x f x
dx dx dx

′ ′= + = +  

 
That is, the derivative of a product is the first factor times the derivative of the second 
plus the second factor times the derivative of the first. 
Example 4  
Differentiate the function ( )2 3 1y x x= +  

Solution 
According to the product rule  

( ) ( ) ( ) ( )

( )

2 2 2

2

2

3 1 3 1 3 1

3 1 2 3

9 2

d dx x x x x x
dx dx dx

x x x

d

x x

⎡ ⎤+ = + + +⎣ ⎦

= + + ×

= +

 

 
2.6 The Derivative of a Quotient 
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2

df dgg fd f dx dx
dx g g

−⎛ ⎞
=⎜ ⎟

⎝ ⎠
 

Example 5 
Differentiate the rational function 

3
2122

−
−+

=
x

xxy
 

Solution 
According to the quotient rule, 

( ) ( ) ( ) ( )

( )
( )( ) ( )

( )

( ) ( )

2 2

2

2

2

2 2 2

2 2

3 2 21 2 21

3

3 2 2 2 21

3

2 4 6 2 21 6 15
3 3

d dx x x x x xdy dx dx
dx x

x x x x

x

x x x x x x
x x

− + − − + −
=

−

− + − + −
=

−

− − − − + − +
= =

− −

3−

 

3 The Derivative as a Rate of change 
3.1  Average and Instantaneous Rate of Change 
Suppose that y is a function of x, say ( )y f x= . Corresponding to a change from x to 
x x+ Δ , the variable y changes by an amount ( ) (y f x x f x).Δ = +Δ −  The resulting 
average rate of change of y with respect to x is the difference quotient 

( ) ( )change in Average rate of change
change in 

f x x f xy
x x

+ Δ −
= =

Δ
   

As the interval over which you are averaging becomes shorter (that is, as xΔ  
approaches zero), the average rate of change approaches what you would intuitively 
call the instantaneous rate of change of y with respect to x and the difference 

quotient approaches the derivative ( ) or dyf x
dx

′ . That is,  

( ) ( ) ( )
0

Instantaneuous rate of change lim
x

f x x f x dyf x
x dxΔ →

+ Δ −
′= =

Δ
=  

 
Instantaneous Rate of Change 
If ( )y f x= , the instantaneous rate of change of y with respect to x is given by 
the derivative of f. That is, 

( )Rate of change dyf x
dx

′= =  

 
Example 1 
It is estimated that x months from now, the population of a certain community will be  

( ) 2 20 8,000P x x x= + +  
a.  At what rate will the population be changing with respect to time 15 months 

from now? 
b.  By how much will the population actually change during the 16th month? 
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Solution 
a. The rate of change of the population with respect to time is the derivative of the 

population function. That is, 
( )Rate of change 2 20P x x′  = +  =

 The rate of change of the population 15 months from now will be  
  ( )15 2 15 20 50P′ = × + =  people per month  

b. The actual change in the population during the 16th month is the difference 
between the population at the end of 16 month and the population at the end of 
15 months. That is, 

( ) ( )Change in population 16 15 8,576 8,525 51P P= − = − =  People   
3.2  Percentage Rate of Change 

rate of change of quantityPercentage rate of change 100
size of quantity

=  

If , the percentage rate of change of y with respect to x is given by the ( )y f x=
formula 

( )
( )

Percentage rate of change 100 100
f x dy dx
f x y
′

= =  

Example 2  
The gross national product (GNP) of a certain country was ( ) 2 5 106N t t t= + +  billion 
dollars years after 1980. 

a. At what rate was the GNP changing with respect to time in 1988? 
b. At what percentage rate was the GNP changing with respect to time in 1988? 

 
Solution 

a. The rate of change of the GNP is the derivative ( ) 2 5N t t′ = + . The rate of change in 

1988 was ( )8 2 8 5 2N ′ = × + = 1 billion dollars per year. 
b. The percentage rate of change of the GNP in 1988 was 

( )
( )
8 21100 100 10 percent per year
8 210

N
N
′

= =  

4 Approximation by Differentials; Marginal Analysis  
If y is a function of x, then we have basic formula 
 

( )
Change rate of change of 

change in 
in with respect to 

y
x

y x
⎛ ⎞ ⎛ ⎞

≈ ×⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 
Approximation Formula  
If ( )y f x=  and xΔ  is a small change in x, then the corresponding change in y is 

   dyy x
dx

Δ ≈ Δ  

or, in functional notation, the corresponding change in f is 
( ) ( ) ( )f f x x f x f x x′Δ = + Δ − ≈ Δ  

That is, the change in the function is approximately that derivative of the 
function times the change in its variable. 
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Example 1  
Suppose the total cost in dollars of manufacturing q units of a certain commodity is 

 if the current level of production is 40 units, estimate how the 
total cost will change if 40.5 units are produced. 
( ) 23 5 10C q q q= + +

 
Solution 
In this problem, the current value of the variable is 40q = and the change in the 
variable is , by the approximation formula, the corresponding change in cost is 0.5qΔ =

( ) ( ) ( ) ( )40.5 40 40 40 0.5C C C C q C′ ′Δ = − Δ = ×  
since 

( )( ) 6 5 and 40 6 40 5 245C q q C′ ′= + = × + =  
it follows that 

( )40 0.5 245 0.5 $122.50C C′Δ × = × =  
Example 2 
The daily output at a certain factory is ( ) 1 3900  unitsQ L L= where Ldenotes the size 
of the labor force measured in worker-hours. Currently, 1,000 worker-hours of labor 
are used each day. Use calculus to estimate the number of additional worker-hours of 
labor that will be needed to increase daily output by 15 units. 
 
Solution 
Solve for using approximating formula LΔ

( )Q Q L L′Δ ×Δ  
with  

( ) 2 315, 1,000 and 300Q L Q L L−′Δ = = =  
to get  

( ) 2 315 300 1,000 L−≈ Δ  
or  

( )2 3 215 151,000 10 5 worker-hours
300 300

LΔ ≈ = × =  

4.1 Approximation of Percentage change 
The percentage change of a quantity expresses the change in that quantity as a 
percentage of its size prior to the change. In particular, 

change in quantityPercentage change 100
size of quantity

=  

This formula can be combined with the approximation formula and written in 
functional notation as follows. 
 

Approximation Formula for Percentage Change 
If xΔ is a (small) change in x, the corresponding percentage change in the 
function ( )f x is  

( )
( )
( )

Percentage change in 100 100
f x xff

f x f x
′ ×ΔΔ

= × ×  
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Example 3  
The GNP of a certain country was ( ) 2 5 200N t t t= + + billion dollars t years after 
1990. Use calculus to estimate the percentage change in the GNP during the first 
quarter of 1998. 
 
Solution 
Use the formula 

   
( )
( )

Percentage change in 100
N t t

N
N t
′ Δ

 

With ,  and 8t = 0.25tΔ = ( ) 2 5N t t′ = + to get  
 

( )
( )

( )
2

8 0.25
Percentage change in 100

8

2 8 5 0.25
100

8 5 8 200
1.73 percent

N
N

N
′ ×

× +
+ × +

 

Example 4 
At a certain factory, the daily outputis ( ) 1 24,000Q K K= units, where K denotes the  
firm’s capital investment. Use calculus to estimate the percentage increase in output 
that will result from a 1 percent increase in capital investment. 
 
Solution 
The derivative is ( ) 1 22,000Q K K −′ = . The fact that K increases by 1 percent means 
that 0.01K KΔ = . Hence, 

( )
( )

( )1 2

1 2

Percentage change in 100

2,000 0.01
100

4,000
0.5 percent

Q K K
Q

Q K

k K
K

−

′ Δ

=

=  
4.2 Marginal Analysis in Economics

 
In economics, the use of the derivative to approximate the change in a function 
produced by a 1-unit change in its variable is called marginal analysis. For example, 
if ( )C x is the total production cost incurred by a manufacturer when x units are 

produced and ( )R x is the total revenue derived from the sale of x units, then is 

called the marginal cost and 
( )C x′

( )R x′  is called the marginal revenue. If production (or 
sales) is increased by 1 unit, then 1xΔ =  and the approximation formula: 

( ) ( ) ( )C C x x C x C x x′Δ = + Δ − ≈ Δ  
becomes 

   ( ) ( ) ( )1C C x C x C x′Δ = + − ≈   
while 

      ( ) ( ) ( )R R x x R x R x x′Δ = + Δ − ≈ Δ  
becomes 
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( ) ( ) ( )1R R x R x R x′Δ = + − ≈  

That is, the marginal cost  is an approximation to the cost ( )C x′ ( ) (1C x C x+ − )  of 

producing the ( )1 stx +  unit, and similarly, the marginal revenue ( )R x′  is an 

approximation to the revenue derived from the sale of the ( )1x + . To 
summarize: 

st unit

Approximation by Marginal cost and Marginal Revenue  
If ( )C x is the total cost of producing x units and ( )R x is the total revenue 
derived from the sale of x units, then  
Marginal cost = ( )C x′ ≈  the cost of pr ( )1 stx +oducing the unit 

Marginal revenu )(R x′e = ≈ the revenue derived fr ale oom the s f the ( )1 stx +
unit 

 
xample 5 

re estimates that when x units of a particular commodity are produced, 
E
A manufactu

the total cost will be ( ) 21 3 98C x x x= + +  dollars, and that ( )
8

( )1 75P x x
3

= −  dollars 

per unit is the price at l be sold. 
a. Find the marginal cost and the marginal reve

which all x units wil
nue. 

g the 9th unit. 

he sale of the 

Solut

 The marginal cost is

b. Use marginal cost to estimate the cost of producin
thc. What is the actual cost of producing the 9  unit?  

derived from td. Use the marginal revenue to estimate the revenue 
th9  unit. 

e. What is the actual revenue derived from the sale of the 9th unit? 
 

n io

( ) 1 3
4

C x x′ = + . Since x units of the commodity are 

sold at a price of ( ) (1 75
3

P x x

a.

)= −  dollars per unit, the total revenue is  

( ) ( ) ( )n ld price per unitR x = ×

( ) ( ) 2

umber of units so

1 175 25
3 3

xP x x x x x⎡ ⎤= = − = −⎢ ⎥⎣ ⎦

 

The marginal revenue is ( ) 225
3

R x x′ = −  

b.  9th unit is the change in cost as x increase from 8 The cost of producing the
to 9 and can be estimated by the marginal cost 

( ) 1 8 3 $5
4

C x′ = × + =  

c. The actual cost of producing the th unit is  9
( ) ( )9 8 $5.13C C CΔ = − =  

which is reasonable well approximated by the marginal cost 

d. ated by the 
arginal revenue: 

( )8 $5C′ =  
 

 the sale of the 9th unit is approximThe revenue obtained from
m
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( ) 28 25 8 $19.67R′ = − × =  
3

e. The actual revenue obtained from the sale of the 9th unit is  
( ) ( )9 8 $19.33R R RΔ = − =  

 
4.3 Differentials 

he expression ( )f x x′ Δ
tion for

T  on the right hand 
side of the approxima mula 

( )f f x x′Δ Δ  i es called the 
differential of f and is denoted by df. 

Similarly, the expression 

Δ Δ  i es called the 
differential of f and is denoted by df. 

Similarly, the expression 

s sometims sometim

•

•

y

x
x x x+Δ

( )y f x=

yΔ
dyxΔTangent

dy x
dx

Δ  on the right-

 of thhand side of the other form e 

approximation formula dyy x
dx

Δ Δ

as the differential of y and is denoted by dy. 
Thus, is 

 is known 

xΔ is small, 

y dyΔ where dydy x= Δ  
dx

 
5 The Chain 

uppose the total manufacturing cost at a certain factory is a function of the number 
 in turn is a function of the number of hours during which the 

Rule 
S
of units produced, which
factory has been operating. Let C, q and t denote the cost (in dollars), the number of 
units, and the number of hours, respectively. Then, 

 dC
dq

=  rate of change with respect to output  (dollars per unit)  

and 

 dq
dt

= rate of change of output with respect to time (units per hour) 

The pro uct o e. That is, d f these two rates is the rate of change of cost with respect to tim
rate of change of cost⎛ ⎞

  
with respect to timedq dt

= ⎜ ⎟
⎝ ⎠

  (dollars per hours) dC dq

f change of cost with respect to y the derivative Since the rate o  time is also given b

,
dt

  it follows that  dC

dC dC dq
dt dq dt

=  

This formula is a special case of an important rule called the chain rule. 
 

The Chain Rule 
Suppose y is a differentialbe function of u and u is a differentiable function of 
x. Then y can be regarded as a function x and  

dy dy du
dx du dx

=  
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Example 1 

Suppose that y u u= +   and . Use the Chain Rule to find3 17u x= +
dy
dx

, then 

evaluate dy
dx

  a n is denoted by 
2x

dy
dx

t   x=2 (Such an evaluatio
=

) 

Solution 
3 17u x= +   ½y u u u u= + = +     and  

1
21 1  1

2
u+  a1

2
dy
du u

−
= = + nd  23du x

dx
=   

So, by the Chain Rule,  
211 3

2
dy dy du x
dx du

= =
dx u

⎛ ⎞+⎜ ⎟
⎝ ⎠

 

and

  

If 2x = , thenu = +32 17 25= 23 2 12du
dx

= × = . Hence 

  
2

1 612⎞× =⎟
1 61 12 1

10 52 25x

dy
dx =

⎛ ⎞ ⎛= + × = +⎜⎜ ⎟ ⎝ ⎠⎝ ⎠
 

      
Example 2 

Find dy when 1
dx

x = if 
1

uy = and 23u x
u +

1= −  (Answer: 2/3) 

en e function 
Example 3 
Differ tiate th

( ) ( )342f x x x= − a. ( ) 2 3 2f x x x= + +  b.  c. ( )
( )5

1
2 3

f x
x

=
+

 

Example 4 
An environmental study of a certain suburban community suggests that the average 

f carbon monoxide in the air will be ( ) 20.5 17C p p= +daily level o parts per million 
when the population is p thousand. It is estimated that t years from now, the 
population of the community will be ( ) 3.1 20.1p t = +
At what rate will the carbon monoxide level be changing with respect to tim
from now? 

t  thousand. 
e 3 years 

 is to find 

 
Solution 

dC
dt

The goal   when . Since 3t =

  ( ) ( ) ( )
1 1

2 22 21 117 2. 0.5 17
2 2

p p p
dp

0.5 0.5dC p
− −

= + = +⎤⎦  ⎡⎣

and 

0.2dp t
dt

=  

it follows from the chain rule that 

( ) ( )
1

2 2
2

1 0.10.5 17 0.2
0.5 17

dc dc dp ptp t
p

−
+ =

2
p

dt dp dt
= × =    

+
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when 3t = , p = 2(3) 3.1 0.1 3 4p = + × =  and so  

2

0.1 4 3 1.2 0.24 parts per million per year
250.5 4 17

dc
dt

× ×
= = =

× +
 

 
6 Higher-Order Derivatives 
.1 The Second Derivative 

the derivative of its derivative. If , the 
6

( )y f x=  The second derivative of a function is 
: second derivative is denoted by

  ( )
2

2 ord y f x
dx

′′  

The second derivative gives the rate of change of the rate change of the original 
function. 
Example 1 

Find both the first and second derivatives of the functions:  

a. ( ) 3 12 1f x x= x− +   b. ( ) 4 25 3 3f x x x x 7= − − +   c. ( )
( )2
3 2

1
xf x

x
−

=
−

 

Example 2 
An f t rni ry in es th   efficiency study o he mo ng shift at a certain facto dicat at an average 

at 8:00AM. Will have produced ( ) 3 26 24Q t t t t= − + +  worker who arrives on the job 
units t hours later. 

 a. Compute the worker’s rate of production at 11:00A.M
b.  At what rate is the worker’s rate of production changing
  at 11:00

 with respect to time 
A.M? 

rate of production 

 ctual change in the worker’s rate of production between 

Solution 

c. Use calculus to estimate the change in the worker’s 
between 11:00 and 11:10A.M. 

d. Compute the a
11:00 and 11:10A.M. 

a. The worker’s rate of production is the first derivative 
( ) 23 12 2t t t′ 4= − + +  Q

 At 11:00 A.M., 3t =  and the rate of production is  
( ) 23 3 3 12 3 24 3 units per hourQ′ = − × + × + =  3

b The rate of change of the rate of production is the se. cond derivative  
( ) 6 12Q t t′′ = − +  

 At 11:00 A.M., the rate is 
( )3 6 3 12 6 unit per r hourQ′′ = − × + = −   hour pe

c.  hours, and hence 1 6tΔ = hour.  Note that 10 minutes is 1/6
( )Change in rate of production is 

16= − × 1unit per hour
6

Q Q t t′ ′′Δ Δ

= −
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d. The actual change in the worker’s rate of production between 11:00 and 
11:10 A.M. is the difference between the values of the rate when 

and when

( )Q t′

3t = 1
6

193
6

t = = . That is, 

( )
Actual change in 19 3 1.08 units per hour
rate of production 6

Q Q⎛ ⎞ ⎛ ⎞′ ′= − = −⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠

 

 
6.2 The nth Derivative 
For any positive integer n, the nth derivative of a function is obtained from the 
function by differentiating successively n times. If the original function is ( )y f x= , 
the nth derivative is denoted by  

 ( ) ( )or
n

n
n

d y f x
dx

 

Example 3  
Find the 5th derivative of each of the following functions:  

a. ( ) 6 4 25 2f x x x x= + + −3   b. 1y
x

= .  

7 Concavity and the Second Derivative Test 
Concavity  
Suppose that f is differentiable on the interval (a,b). 

a. If f ′ is increasing on (a,b),then the graph of f  is concave upward 
on (a,b). 

b. If f ′  is decreasing on (a,b), then the graph of f  is concave downward on 
(a,b). 

To Determine Concavity 
Suppose that f  is a function and  f ′  and f ′′  both exist on the interval (a,b). 

a.  If  for all x in( ) 0f x′′ > ( ),a b , then f ′  is increasing and f  is concave 
upward on (a,b). 

b.  If  for all x in (a,b),  then ( ) 0f x′′ < f ′  is decreasing and f   is concave 
downward on (a,b). 

Critical Points 
A critical point of a function is a point on its graph where either: 

+ The derivative is zero, or  
+ The derivative is undefined 

The relative maxima and minima of the function can occur only at critical points.  
 

 
 

• 
 
 
 
 
 

 
To Determine Points of Inflection 
A point on the graph of a function at which the concavity of the function changes is 
called an inflection point.  

•

•
•

•

Slope 
is negative

Slope 
is 0

Slope 
is positive

Slope 
is negative

Slope 
is 0

( )
Concave upward

holds water

( )
Concave downward

spills water
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Suppose that f is a continuous function. 
a. Find f ′′  
b.  Find the hypercritical values of x. That is, find the values x=c where 

 +  ( ) 0,orf c′′ =

 + ( )f c′′  is undefined 
c.  Using the hypercritical values as endpoints of intervals, determine the 

interval where 
 +  and  f   is concave upward, and ( ) 0f x′′ >

 + and f  is concave downward. ( ) 0f x′′ <
d.  Point of inflection occurs at those hypercritical values where f changes 

concavity. 
 
 
 
 
 
 
 
  
 

 
 

 
 
 
 
 
 
 
Example 1   

For the function ( ) 3 23 5
2

f x x x= − +  (a) determine the intervals on which  f  is 

concave upward and the intervals on which it is concave downward, and (b) locate 
any points of inflection. 
Solution 

a. We find the hypercritical values and then determine the concavity on the 
related intervals. 

( )
( )
( )

3 2

2

3 5
2

3 3
6 3

f x x x

f x x x
f x x

= − +

′ = −
′′ = −

 

 Now set (There are no values where ( ) 0f x′′ = ( ) 0f x′′ =  is undefined.) 

16 3 0,
2

x x− = =  

There are two intervals to be considered: 1 1,  and ,
2 2

⎛ ⎞ ⎛ ⎞−∞ +⎜ ⎟ ⎜
⎝ ⎠ ⎝

∞⎟
⎠  

 

y y

x x

( ) )
Increasing, concave up

0, 0f x f x′ ′> > ( ) ( )
Increasing, concave down

0, 0f x f x′ ′′> <(′

y y

x x

( ) ( )
decreasing, concave up

0, 0f x f x′ ′′< > ( ) ( )
decreasing, concave down

0, 0f x f x′ ′′< <
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 Concave down Concave up  
 

( )f x′′

)(xf  
 | 

  (+) x (-) 

2
1

  
 
  

Test x= -1 Test x=1 

 
 
 

( 1) 6( 1) 3 9 0f ′′ − = − − = − < (1) 6( 1) 3 3 0f ′′ = + − = > 
 

   f   is concave upward on 1 ,
2

⎛ ⎞+∞⎜
⎝ ⎠

⎟ and downward on 1,
2

⎛ ⎞−∞⎜ ⎟
⎝ ⎠

  

b. 1 1
2 4

f ⎛ ⎞ =⎜ ⎟
⎝ ⎠

9 changes concavity at 1
2

x = , therefore the point 1 19,
2 4

⎛
⎜    is a 

point of inflection. 

⎞
⎟

⎝ ⎠

 

•

Inflection point
1 19,
2 4

⎛ ⎞
⎜ ⎟
⎝ ⎠

( )0,5

91,
2

⎛ ⎞
⎜ ⎟
⎝ ⎠

 
 
 
 
 
 
 
 

 
 

Second-Derivative Test 
Suppose that . ( ) 0f a′ =

If ( ) 0f a′′ > , then f has a relative minimum at x a= .  

If ( ) 0f a′′ < , then f has a relative maximum at x a= . 

However, if ( ) 0f a′′ = , the test is inconclusive and f may have a relative 
maximum, a relative minimum, or no relative extremum all at x a= .  

 
 
 
 
 
 
 
 
 
 
 

•

a
x

y ( )
( )

0
0

f a
f a
′ =
′′ <

y ( )
( )

0
0

f a
f a
′ =

•

a

′′ >

Relative maximum Relative minimum

x
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Example 2  

Locate the local extrema for the function ( ) 3 4.8
3

f x x x= −  

Solution 
We Find ( )f x′  and all values x a= where  ( ) 0.f a′ =  

( )
( )

3 4

2 3

8
3
8 4

f x x x

f x x x

= −

′ = −
 

( )
2 3

2
8 4 0
4 2 0

0 or 2

x x
x x

x x

− =
− =

= =
 

Now, to apply the Second-Derivative Test, we find ( ) (0 and 2f f )′′ ′′ . 

( ) 216 12f x x′′ = − x  

( ) 20 16 0 12 0 0f ′′ = × − × =  the test fails.  

( ) 22 16 2 12 2 16f ′′ = × − × = −

( )

, indicating that f has a relative maximum at 

. This value is 2x = 3 48 12 2 2
3

f 6
3

= × − =    

 [The First-Derivative Test will show that f  increases to the left of x = 0 and 
to the right of x=0. So x = 0 does not give a local minimum or a local maximum. The 
test for concavity will show that a point of inflection occurs at x = 0.] 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
  
 
 

- 
- 
- 
- 
- 
- 
- 
 
- 
- 
- 
- 
- 

 |       |       |       |       |       |       |             |       |       |       |       |      |       | 

y 

x 
o,o 

Point of 
inflection 

Local 
maximum 

162,
3

⎛ ⎞
⎜ ⎟
⎝ ⎠

43

3
8)( xxxf −=  

•

•

he behaviou of a graph when the first derivative is zero.T

a
x

y
( ) 0f a′ =

y

( ) 0′′ =f a

a
x

( )
( )

0
0

f a′ =
′′ =f a

Inflection Point Inflection Point
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Example 3 
Use the second derivative test to find the relative maxima and minima of the function 

.  ( ) 3 22 3 12f x x x x= + − − 7
1, 14 2, 13(Answer: relative minimum point  and relative maximum point ) 

 
Example 4 
Find the point of diminishing returns for the sales function 

( ) 3 20.02 3 100S x x x= − + +  
where  x  represents thousands of dollars spent on advertising, 0 x 80≤ ≤  and S is 
sales in thousands of dollars for automobile tires. 
 
Solution 
Find the hypercritical values of x between 0 and 80, and determine whether these 
points are points of inflection. 
 

( )
( )
( )

3 2

2
0.02 3 100
0.06 6
0.12 6

S x x x
S x x x
S x x

= − + +
′ = − +
′′ = − +

 

Setting gives ( ) 0S x′′ =

     0.12 6 0
50

x
x

− + =
=  

Testing will show that 

     ( )
( )

0 for 0 50
0 for 50 80

S x x
S x x
′′ > < <
′′ < < <  

The point of diminishing returns is at ( )( ) ( )50, 50 50,5100S = , where $50,000 is 
spent on advertising, and sales in tires are $5,100,000. 
 
8 Applications to Business and Economics 
Remember that in an inventory problem total cost may include ordering cost (to 
cover handling and transportation), storage cost, and purchase cost. Then we get  

Total cost storage cos ordering cost purchase cost 
 

 
Average cost per unit (AC) is the total cost divided by the number of units produced. 
Hence, if ( )C q

s

denotes the total cost of producing q units of item, the average cost 

per unit i ( ) ( )C q
AC q

q
= .  

We have the relationship between average cost and marginal cost which is stated as 
follows: 

Suppose AC and MC denote the average cost and marginal cost respectively.Then 
AC is decreasing when  

 is increasing when   
 has (first-order) critical point (usually relative minimum) when  

Students are strongley recommended to do mathematical proof for these facts.  
 
8.1 Elasticity of Demand 
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A convinience measure of sentitivity of demand to changes in price is the percentage 
change in demand that is generated by a 1 percent increase in price. If p denotes the price, 
q the corresponding number of units demanded, and ∆  a (small) change in price, the 
approximation formula for percentage change gives 

( )Percentage change in 100
dq dp p

q
q

Δ

0.01

 

In particula, if the change in p is a 1-percent increase, then ∆  and  
 

( )( )0,01
Percentage change in 100

dq dp p p dqq
q q

=
dp

 

 
The expression on the right-hand side of this approximation is known in economics as the 
elasticity demand. In summary,  

If q denotes the demand for a commodity and p its price, the elasticity of demand, 

is given by p dq
q dp

η = . It is the percentage change in demand due to a 1 percentage 

increase in price. 
 
Example 1 
Suppose the demand q and price p for a certain commodity are related by the linear 
equation (for 0 1 ).  240 2q p= − 2p≤ ≤ 0

a. Express the elasticity of demand as a function of p. 
b. Calculate the elasticity of demand when the price is 100. Inteprete the 

answer. 
c. Calculate the elasticity of demand when the price is 50. Inteprete the 

answer. 
d. At what price is the elasticity of demand equal to 1?  

 
Solution 

a. The elasticity of demand is  

( ) 22
240 2 120

p dq p p p
q dp q p p

η = = − = − = −
− −

 

b. When 100, the elasticity of demand is 
100 5

120 120 100
p

p
η = − = − = −

− −
 

 That is, when the price is , a 1 percent increase in price will produce a 
decrease in demand of approximately 5 percent. 

100

c. When 50, the elasticity of demand is 
50 0.71

120 120 50
p

p
η = − = − = −

− −
 

 That is, when the price is , a 1 percent increase in price will produce a 
decrease in demand of approximately 0.71 percent. 

50

d. The elasticity of demand will be equal to 1when  

1
120

p
p

− = −
−

 

 solving for p to get 60p = .  
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 It means that, at this price ( 60p = ), a one-percent increase in price will result in 
a decrease in demand of approximately the same percent.  

 
8.2 Levels of Elasicity of Demand 
Ingeneral, the elasticity of demand η is negative, since demand decreases as price 
increases. If 1η > , the percentage decrease in demand is greater than the percentage 
increase in price that caused it. In this situation, economists say that demand is elastic 
with respect to price. If 1η < , the percentage decrease in demand is less than the 
percentage increase in price that caused it. In this situation, economists say that 
demand is inelastic with respect to price. If 1η = the percentage changes in price and 
demand are equal, the demand is said to be of unit elasticity. 
 
 
  If 1η > , demand is said to be elastic with respect to price. 

  If 1η < , demand is said to be inelastic with respect to price. 

  If 1η = , demand is said to be unit elasticity with respect to price. 
 
8.3 Elasticity and the Total Revenue 
If R denotes the total revenue, p the price per unit, and q the number of units sold (i.e. 
the demand), then we can obtain .  
 
The level of the elasticity of demand with respect to price gives useful information 
about the total revenue obtained from the sale of the product. In particular, if the 
demand is inelastic ( 1η < ), the total revenue increases as the price increases 
(although demand drops).  The idea is that, in this case, the relatively small 
percentage decrease in demand is offset by the larger percentage increase in price, and 
hence the revenue, which is price times demand, increases. If the demand is elastic (

1η > ), the total revenue dereases as the price increases. In this case, the relatively 
large percentage decrease in demand is not offset by the smaller percentage increase 
in price. We summary the situation as follows 
 If demand is inelastic ( 1η < ), total revenue increases as price increases. 

 If demand is elastic ( 1η > ), total revenue decreases as price increases. 
(The proof is omitted) 

Example 2 
Suppose the demand q and price pfor a certain commodity are related by the equation 

(for2300q p= − 0 300p≤ ≤ ) 
a. Determine where the demand is elastic, inelastic, and of unit elasticity with 

respect to price. 
b. Use the results of part a. to describe the behavior of the total revenue as a 

function of price. 
c. Find the total revenue function explicitly and use its first derivative to 

determine its intervals of increse and decrease and the price at which revenue 
is maximized. 

 
Solution 
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a. The elasticity of demand is  

( )
2

2 2

22p dq p ppη = = − = −
300 300q dp p p−

 
−

 The demand is of unit elasticity when 1η = , that is, when  
2

2

2

2 1
300

100
10

p
p
p
p

=
−

=
= ±

 

 of which only is in the relevent interval 10p = 0 3p≤ ≤ 00
0

 
 If 0 1  p≤ <

2 2

2 2

2 2 10 1
300 300 10

p
p

η ×
= < =

− −
 

and hence the demand is inelastic.  
 If 10 300p< ≤  

2 2

2 2

2 2 10 1
300 300 10

p
p

η ×
= > =

− −
 

and hence the demand is elastic.  
b. The total revenue is an increasing function of p when demand is inelastic, that 

is, on the interval 0  and a decreasing function of p when demand is 
elastic, that is, on the interval

1p≤ < 0
10 300p< ≤ . At the price of unit 

elasticity, the revenue function has a relative maximum.  
10

c. The revenue function is  or  
( ) ( )2 3300 300R p p p p p= − = −  

 Its derivative is 
( ) ( )( )2300 3 3 10 10R p p p′ p= − = − +  

which is zero when , of which only is in the relevant interval 10p = ± 10
0 300p≤ ≤ . 
On the interval , 0 1p≤ < 0 ( )R p′ is positive and so ( )R p is increasing. On the 

interval1 , 0 300p< ≤ ( )R p′ is negative and so ( )R p  is decreasing. At the 

critical value  , 10 ( )R p stops increasing and starts decreasing and hence 
has a relative maximum.  

 
Exercises 

1  KNnaedrIev:énGnuKmn_xageRkam rYcsRmYllT§pl[enAgaybMput (Differentiate the 
following function, do as much computation as possible to simplify the results) 

 a.    b.2 3 3y x x= + + ( ) 9 85f x x x x 12= + + +   

c. 2

1 1 1y
x x x

= + −    d. ( ) 3

3

1f x x
x

= +   

e. ( ) ( )( )2 1 3 2f x x x= + −   f. ( ) ( )( )2 25 1 2f x x x= − −   

g. ( ) ( )( )100 2 1 1 5f x x= + − x  
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 h. ( )(220 4 2 1y x x= − + )   i. ( ) ( )3 21 2 1
5

f x x x= − +  

 j.   k.( ) ( 33 5 2 4f x x x= − − + ) 2 3
5 4

xy
x
−

=
+

   

l. ( ) 3
3

f x
x

=
+

 

2 rkGRtaERbRbYlénGnuKmn_ ( )f x eFobeTAnwg x cMeBaHtémø x EdleKbBa¢ak; (Find the 

rate of change of the given function ( )f x with respect to x for the prescribed 
value of x. ) 

 a. ,   b. ( ) 3 3 5, 2f x x x x= − + = ( ) 5 , 4f x x x x= + =   

c. ( ) ( )( )2 2 ,f x x x x x= + + = 4  d. ( ) ( )( )2 33 5 2 , 1f x x x x= + − =  

 e. ( ) 2 1 , 1
3 5

xf x x
x
−

= =
+

   f. ( ) 3 , 0
2 4

f x x x
x

= + =
−

 

3 eKrMBwgTukfakñúgry³eBl t qñaMKitBIeBlenHeTA cracrN_énsarBt’mankñúgRsukmYynwg 
esμ IeTAnwg .  ( ) 2100 400 5,000C t t t += +

k> cUrTajrkenSammYyEdltag[GRtabMErbMrYléncracrN_sarBt’maneFobeTAnwg 
eBl t .  

x> etIcracrN_sarBt’mannwgERbRbYlkñúgGRtab:unμaneFobnwgeBlkñúgry³eBl5qñaM 
BIeBlenH eTA? etIenAeBlenaHcracrN_sarBt’man ekIneLIg b¤Føak;cuH?  

K> etIenAqñaMTI6 cracrN_sarBt’mannwgERbRbYlCak;EsþgkñúgTMhMb:unμan?  
(It is estimated that t years from now, the circulation of a local newspaper will be 

. a/. Derive an expression for the rate at which the 
circulation will be changing with respect to time t years from now. b/. At what 
rate will the circulation be changing with respect to time 5 years from now? Will 
the circulation be increasing or decreasing at that time? c/. By how much will the 
circulation actually change during the 6th year?) 

( ) 2100 400 5,000C t t t= + +

(a/. ,b/.Increasing at the rate of 1,400 per year, c/. 1,500) ( ) 200 400C t t′ = +
 

4 karsikSaGMBIRbsiT§PaBkargarevnRBwkenAkñúgeragcRkmYy)anbgðaj[eXIjfa CamFüm 
km μkrEdlmk dl;kEnøgeFVIkarenAem:ag8³00RBwk n
( ) 3 26 1

wgRbmUlviTüú)ancMnYn
5f x x x= − + + x kñúgry³eBl x em:ag bnÞab;.  

k>  TajrkkenSammYytag[GRtaénkarRbmUlviTüúrbs;kmμkr 
bnÞab;BI)ancab;epþImkargarry³eBl x em:ag.  

x>  etIGRtaénkarRbmUlenAem:ag9³00esμ Inwgb:unμan?  
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K>  etIkm μkrenaHRbmUlCak;Esþg)anviTüúb:unμaneRKOgcenøaHBIem:ag 9³00 
eTAem:ag10³00RBwk?  

(An efficiency study of the morning shift at a certain factory indicates that an 
average worker who arrives on the job at 8:00 A.M. will have a
( )

ssembled
3 26 15f x x= − e a formula for the rate at which the worker wil

be assembling radios after x hours. b/. At what rate will the worker be assemblin
radios at 9:00 A.M.? C/. How many radios will the worker actually assemb
between 9:00 and 10:00 A.M.?) 

x x+ + . a/. Deriv l 
g 

le 

5(a/. , b/. 24 Radios per hour, c/.26) ( ) 23 12 1f x x x′ = − + +
 

5 rkGRtaERbRbYlPaKryénGnuKmn_ ( ) 23 7 5f t t t= − + eFobeTAnwg t eBl . (Find 

the percentage rate of change in the function 

2t =

( ) 23 7 5f t t t= − + with respect to t , 
when t=2.  

6 rkGRtaERbRbYlPaKryénGnuKmn_ eFobeTAnwg ( ) ( )23f x x x= + x eBl . (Find 

the percentage rate of change in the function with respect to

3x =

( )f x ( 3x x= + )2 x , 
when .) (Answer: 66.67 percent) 3x =

 

7 eKTsSn_Tayfa x Exxagmux GRtaRbCaCnrbs;TIRkugmYyes μ Inwg 
( ) 3 22 4 5,00P x x x= + + 0 .  

 k> etIGRtaRbCaCnnwgERbRbYlkñúgGRtab:unμankñúgeBl9Exxagmux?  
 x> etIGRtaRbCaCnnwgERbRbYlkñúgGRtab:unμanPaKry kñúgeBl9Exxagmux? 

(It is projected that x months from now, the population of a certain town will be 
( ) 3 22 4 5,00P x x x= + + 0 . a/. At what rate will the population be changing with 

respect to time 9 months from now? b/. At what percentage rate will the 
population be changing with respect to time 9 months from now?)  

8 R)ak;cMNUlRbcaMqñaMsrubrbs;Rkumh‘unmYy KW ( ) 20.1 10 20A t t t= + + Ban;duløa ry³eBl 
qñaMbnÞab;BI karbegáItenAkñúgqñaM1987.  t

k> etIcMNUlRbcaMqñaMsrubrbs;Rkumh‘un nwgekInkñúgGRtab:un μaneFobeTAnwgeBlenA 
kñúgqñaM1991?  

x>  etIcMNUlRbcaMqñaMsrubrbs;Rkumh‘un nwgekInkñúgGRtab:unμanPaKryeFobeTA 
nwgeBl enAkñúgqñaM1991?  

(The gross annual earnings of a certain company were ( ) 20.1 10 20A t t t= + +  
thousand dollars t years after its formation in 1987. a/ At what rate were the gross 
annual earnings of the company growing with respect to time in 1991? b/. At 
what percentage rate were the gross annual earnings of the company growing 
with respect to time in 1991? ) (a/. 10,800 people, b/.17.53 percent). 
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9 tamry³kMNt;Rta)anbgðajfa kñúgry³eBl x qñaM bnÞab;BIqñaM1985eTA Bn§elIkm μsiT§i Ca 
mFümcMeBaHpÞH EdlmanbnÞb;3 enAkñúgshKmn_mYykMNt;edayGnuKmn_ 

.  ( ) 220 40 600T x x x= + +

k>  etIBn§elIkmμsiT§iekInkñúgGRtab:unμaneFobeTAnwgeBl enAkñúgqñaM1991?   
x>  etIBn§elIkmμsiT§i ekInkñúgGRtab:un μanPaKry eFobeTAnwgeBl enAkñúgqñaM1991?  

(Records indicate that x years after 1985, the average property tax on a three-bedroom 
home in a certain community was ( ) 220 40 600T x x x= + + . a/. At what rate was the 
property tax increasing with respect to time in 1991? b/. At what percentage rate was the 
property tax increasing with respect to time in 1991?) 

 

10 μanfa t qñaMeTAmuxeTotGRtaRbCaCnenAkñúgTIRkugmYynwgesμ IeTAnwg
( ) 2 200 10,000t t= + +  .  

eK):an;s

 (It i

f 
 in 

P t

k>  sresrkenSammYytag[GRtabMErbMrYlPaKryénGRtaRbCaCnCaGnuKmn_én
rYcsg;RkahV.  
etIenA kñúgry³eB

t  

x>  lyUreTAxagmuxeTotGRtabMErbMrYlPaKryenHeTACay:agNa? 
s estimated that t years from now, the population of a certain town will be

( ) 2 200 10,000P t t t= + + . a/. Express the percentage rate of change of the 
pop t, simplify this function algebraically, and draw it 
graph. b/. What will happen to the percentage rate of change of the population

the long run? ) (a/.

ulation as a function o

20 percent, b/. 0) 
100t +

11  

 

 

2 

plTunCatisrubrbs;RbeTsmYyekIneLIgkñúgGRtaefr. enAkñúgqñaM1986 plTunCatisrub 
esμ Inwg 125 Ban;landuløa ehIyenAqñaM1988 plTunCatisrubesμInwg155Ban;landuløa. 
etIenAkñúgqñaM1991 plTunCati srubnwgekIneLIgenAkñúgGRtab:unμanPaKry? (The gross 
national product (GNP) of a certain country is growing at a constant rate. In 1986
the GNP was 125 billion dollars, and in 1988 the GNP was 155 billion dollars. At 
what percentage rate was the GNP growing in 1991? ) (Answer: 7.5 percent) 

cUrrktémøRbEhlénTMhMERbRbYlrbs;GnuKmn_ ( ) 3 5f x x x1 2= − + ebI x ekInBI5 eTA 
5/3. (Estimate how much the function ( ) 2 3 5x x xf = − + will hange as x 
increases from 5 to 5.3.) (Answer: 2.1) 

c

 

3 cUrrktémøRbEhlénTMhMERbRbYlrbs;GnuKmn_ ( ) 3
1

xf x
x

= −
+

ebI x fycuHBI eTA . 

(Estimate how much the function 

4 3.8

( ) 3
1

xf x
x

= −
+

will change as x

from  to )  

 decreases 

 4 3.8

1

40 
 



Lecture Note  Differentiation 
 

 

cUrrktémøRbEhlénbMErbMrYlCaPaKryrbs;Gn14 uKmn_ ( ) 2 2 9f x x x= + − eBl x ekIn
eTA 4.3. (Estimate the percentage nction 

B
change in the f

I 4
u ( ) 2 2 9f x x x= + − a

increa es f  4
s x 

s rom  to 4.3.) 

cUrrktémøRbEhlénbMErbMrYlCaPaKryrbs;GnuKmn_ 15 ( ) 23f x x
x

= + eBl x fycuHBI

nction

5

eTA 4.6 . (Estimate the percentage change in the fu  ( ) 23f x x
x

= s 

de se

16 

+ a x 

crea s from 5 to 4.6.) 
éføedImsrubrbs;plitkrmñak; KW ( ) 3 20.1 0.5 500 200C q q q q= − + +

W4ÉktaehIypl
duløaenAeBlEdl 

enaHeRKagnwg 
b k srub. (A 

manufacturer’

kMritplitkmμesI μnwg q Ékta. kMritcrnþrbs;plitkm μK itkr
egáIn[)an4/1É a. ):an;sμan b¤rktémøRbEhlénTMhMbMErbMrYlrbs;éføedIm

s total cost is 

t
( ) 30.1 0.5C q q= − 2 500 200q q+ + dollars when the 

production is 4 units, and the 
crease this to 4.1 units. Estimate  

17 

nt by 
e current 

value of the variable is
 

18  

level of production is q units. The current level of 
manufacturer is planning to in how the total cost
will change as a result.) (Answer: $50.08) 

eKrMBwgTukfa t qñaMeTAmuxeTot cracrN_énsarBt’mankñúgRsukmYykMNt;eday  
( ) 2100 400 5,000C t t t= + + .  

rktémøRbEhlénbrimaNkMeNIncracrN_sarBt’mankñúgkMlug6 ExbnÞab;. ENnaM³ 
témøcrnþénGefrKI 0t = . (It is projected that t years from now, the circulation of a 

local newspaper will be ( ) 2100 400 5,000C t t t= + + . Estimate the amou
which the circulation will increase during the next 16 months. (Hint: th

0t = ). (Answer: 200) 

karsikSaelIbrisßanenAkñúgshKmn_mYy)anelIeLIgfa ry³eBl t qñaMBIeBlenHeTAmux
kMritCamFümén kabUnm:UNUGuksuItenAkñúgxül;es μInwg ( ) 20.05 0.1 3.4Q t t t= + + PaK 
kñúgmYylanPaK. etIenAkñúgkMlug6 Exxagmux kMritkabUnm:UNUGuksIutnwgERbRbYlRbEhl 
b:unμan? (An environmental study of a certain co  years 

he 
g 6 months? ) (Answer: 0

19 

mmunity suggests that t
from now, the average level of carbon monoxide in the air will be 
( ) 20.05 0.1 3.4Q t t t= + + parts per million. By approximately how much will t

carbon monoxide level change during the comin .05 
parts per million)  

karsikSaelIRbsiT§PaBkargarénevneBlRBwkenAkñúgeragcRkmYy)anbBa¢ak;fa CamFüm 
km μkrEdlmkdl;kEnøgeFVIkarenAem:ag8³00nwgRbmUlviTüú)an ( ) 3 26 15f x x x= − + + x

kñúgry³eBl x em:agbnÞab;. etIkmμkrenaHRbmUlviTüú)anRbEhlb:unμankñúgcenøaHBIem:ag 
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9³00 nig 9³15? (An efficiency study of the morning shift at a certain factory 
indicates that an average worker who arrives on the job at 8:00 A.M. will have 
assembled ( ) 3 26 15f x x x x= − + + radios x hours later. Approximately how man
radios with the worker assemble between 9:00 and 9:15 A

enAkñúgeragcRkmYy plitplRbcaMéf¶esμ Inwg 

y 
.M? ) 

 

20   ( ) 1 2600Q k k= Ékta Edl k tag[vinieyaK 
mUlFn KitCaÉkta1000duløa. vinieyaKmUlFncrnþ esμ Inwg 900000duløa. cUr):an;sμan 

FnbEnßm cMnYn800duløa nwgmaneTAelIplitplRbcaMéf¶. 
a certain factory, the daily output is 

GMBI\T§iBlE (At dlvinieyaKmUl
( ) 1 2600Q k k= units, where k denotes the 

itional capital i

 

21 

capital investment measured in units of $ 1,000. The current capital investment is 
$900,000. Estimate the effect that an add nvestment of $800 will 
have on the daily output.) (Answer: 8 units) 

enAkñúgeragcRkmYy plitplRbcaMéf¶KW ( ) 1 360,000Q L L= Ékta Edl L tag[TMhM 
kMlaMgBlkmμ KitCaem:agkmμkr. fμI²enH MnYn1000em:agkm μkr 
RtUv)aneRbIR)as;Caerograléf¶. cUr):an;sμan BI\T§iBleTAelIplitkmμEdlekIteLIg 
ebIkMlaMgBlkmμRtUvkat;bnßymkenA 940em:agkm

 kMlaMgBlkm μc

μkr> (At a certain factory, the daily 

output is ( ) 1 360,000Q L L= units, w
measured in worker-hours. Currently 1000 worker-hours of labor are use each 
day. Estimate the effect on output that will be produced if the labor forc
940 worker-hours.) 

enAkñúgeragcRkmYy plitplRbcaMéf¶kMNt;edayGnuKmn_

here L  denotes the size of the labor force 

e is cut to 

22  1 2 1 33,000Q K L= Ékta 
k tag[vinieyaKmUlFnrbs;Rkumh‘unEdlKitCaÉkta1000duløa ehIy L tag[TMhM  
kMlaMgBlkmμKitCaem:agkm μkr. ]bmafavinieyaKmUlFncrnþKW400000duløa ehIyfa 
kMlaMgBlkmμcMnYn 1331 em:agkmμkr RtUv)aneRbIR)as;ral;éf¶. cUreRbIkarviPaKm:aCINl 

Edl

duløa niwgman l l edIm,I):an;sμanGMBI\T§iBlEdl vinieyaKmUlFnbEnßm1000 Iplitp
RbcaMéf¶ ebITMhMkMlaMBlkmμBMupøas;bþÚr. (At a certain factory, the daily output is 

eTAe

1 2 1 33,000Q K L= where K denotes the firm’s capital investment measured in 
units of $1,000 and L denotes the size of the labor force measured in worker-
hours. Suppose that the current capital investment is $400,000 and that 1,331 
worker-hours of labor are used each day. Use marginal analysis to estimate the 
effect that an additional capital investment of $1,000 will have on the daily 
output if the size of the labor force i

AkñúgeragcRkmYykMNt;eday

s not changed. )( Answer: 825).  
 

23 plitplRbcaMéf¶en ( ) 2 3300Q L L= Ékta Edl L tag[
kMlaMgBlkmμEdlKitCaem:agkmμkr. bc©úb,nñenH kMlaMgBlkm μ512em:agRtUv)an 

TMhM 
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eRbIR)as;ral;éf¶. cUr):ans μannUv kMlaMgBlkmμbEnßmEdlKitCaem:agedIm,IbegáInplitpl
RbcaMéf¶kñúgkMrit12.5 Ékta. (The daily output at a certain factory is (

 
) 2 3300Q L L=

rce measured 

t by 

 

24 

units, where L denotes the size of the labor fo in worker-hours. 
Currently 512 worker-hours of labor are used each day. Estimate the number or 
additional worker-hours of labor that will be needed to increase daily outpu
12.5 units.) (Answer: 0.5) 

éføedImrbs;pli ñak;kMNt;edayGnuKmn_ tkrm ( ) 31 642 400
6

C q q q= + +

Ék  kMritcrnþ¬Fm a¦énplitkm μesμInwg 4 Ékta. cUr)a:n;sμannUvbrimaN
plitEdlplitkrKYrkat;bnßy edIm,Ikat;bnßyéføedIm 130$ . (A manufacturer’s total 

cost is ( )

enAeBlEdl
taRtUv)an μt

q

 plit.

31 642 400C q q q= + + dollars wh
6

en q roduced. The current 

 amount by which the manufacturer 
total cost by $130.) 

 

25  

units are p

level of production is 4 units. Estimate the
should decrease production to reduce the 

tamkMNt;Rta)anbBa¢ak;fa x qñaMbnÞab;BIqñaM1988 Bn§elIkm μsiT§CamFüm eTAelIpÞHEdl 
manbnÞb;bI enAkñúgshKmn_mYykMNt;eday ( ) 3 260 40 1,T x x= + +

):an;s μannUvkMeNInBn§CaPaKrykñúgkMlugqmasTI1énqña 2.(Records indicate that 

200duløa. 
M199

x years after 1988, the average property tax on a three-bedroom home in a certain
community was ( )

 
3 260 40 1,200T x x x= + + dollars. Estimate the percentage by

which the property tax increased during the first half of 1992.)
 

 (Answer: 6) 

6 plitplenAkñúgeragcRkmYyKW ( ) 1 2400Q K K= Ékta Edl K tag[mUlFnvinieyaK 
rbs;Rkumh‘un. ):an;s μannUvkMeNInCaPaKryénplitpl EdlCalT§plénkarekIneLIg 
1PaKryrbs;mUlFnvinieyaK. (The output at a certain fact ( )

2

y is 1 2400Qor K =

units, where K denotes the firm’s capital investment. Estimate the percentage 
ncrease in output that will result from a 1 percent increase in capital 

investment.)(An

K

i
swer: 0.5 percent) 

 

;edayGnuKm27  plitplecjBIeragcRkmYykMNt n_ 1 2 3600K= Ékta Edl K tag[ 
mUlFnvinieyaK ehIy L tag[TMhMkMlaMgBlkmμ.cUr):an;sμankMeNInCaPaKryénplitpl
EdlekIteLIgedaysarkMeNIn2PaKryrbs;kMlaMgBlkmμebIvinieyaKmUl

ut a certain factor is 

1Q L

 
FnB bYl.  

(The outp  a y 

Mu ERbR
1 2 1 3t 600Q K L= where K denotes the capital 

investment and L the size of the labor force. Estimate the percentage increase in 
output that will result from 2 percent increase in the size of the labor force if 
capital investment is not changed.) (Answer: 0.67 percent) 
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28 enAkñúgeragcRkmYy plitplRbcaMéf¶KW ( ) 1 21Q K = Edl K tag[vinieyaK 
mUlFnrbs;Rkumh‘un. ):an;sμankMeNInCaPaKryénvinieyaKmUlFnEdlRtUvkar edIm,IbegáIn 
plitpl 1.2PaKry. (At a certain factory, the daily output is ( )

, 200K Ékta 

1 21, 200Q K K=
units, where K denotes the firm’s ent. Estimate the percentage 
increase in capit  investment that is needed to produce a 1.2 percent increase in 
output.)  

capital investm
al

 

9 ]bmafaéføedImsrubKitCaduløaelIkarplit ÉktaKWq ( ) 23 500C q q q= + + .  
:an;s μanéføedImelIk a

ar

2

k>  eRbIkarviPaK m:aCINl edIm,I) arplitÉkt I 41.  
x>  KNnaéføedImCak;EsþgelIkarplitÉktaTI 41.  

(Suppose the total cost in dollars of manufacturing q units is
00 . a/. Use m ginal analysis to estimate the cost of 

manufacturing the 41th unit. b/. Compute the actual cost of manufacturing the 
41th.)  

T

( ) 23 5C q q q= + +

 

30 éføedImsrubrbs;plitkrmñak;kMNt;eday ( ) 0.1 00C q = duløa 3 20.5 500 2q q q− + +

Edl
k Ik itÉktaTI 4.  

 manufacturer’s tota

q CacMnYn ÉktaEdlRtUvplit.  
> eRbIkarviPaKm:aCINl edIm,I):an;sμanéføedIm,Iel arpl

x>  KNnaéfø edImCak;EsþgelIkarplitÉktaTI4.  
(A l cost is ( ) 3 20.1 0.5 500 200C q q q q= − + + dollars, 
q is the number of units produced. a/. Use marginal analysis to estimate the cos
of manu

where 
t 

facturing the 4th unit. b/. Compute the actual cost of manufacturing the 
th

31 erivative 

4  unit.) 
 

Use the chain rule to compute the d dy
dx

and simplify your answer. 

a. 2 1, 3 2y u u x= + = −   b. 2 22 5, 1y u u u x= − + = −   

c. 2, 2 3y u u x x= = + −  d. 2
2

1 ,y u
u

1x= = +  

2 1,e. 21 , 9y u x
u

= = −   f. 
1

y u u
x

= =
−

 

ifferentiate the following function  

/. ( )
32 D

a
2

1
4 1

f x
x

=
+

 b/. ( )
( )42

3

1
f x

x
=

−
 c/. ( ) ( )5

1 3f x x= +   

33 R)ak;cMNUlRbcaMqñaMsrubénRkumh‘unmYyKW ( ) 210 236f t t t= + + Ban;duløa kñúgry³eBl
qañM eRkayBI karbegáItenAkñúgExmkraqñaM1988. 

k>  etIenAkñúgExmkraqñaM 1992R)ak;cMNUlsrub rbs;Rkumh‘unnwgekInkñúg GRtab:un μan?  

t
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x>   etIenAkñúgExmkraqñaM 1992 ;cMNUl rub rbs;Rku

p ere ( )

mh‘unnwgekInkñúgGRtab:un μan R)ak s
PaKry? 

(The gross annual earnings of a certain com any w 210 236f t t t= + +
thousand dollars t years after its formation in January 1988. a/. At what rate were 

any growing in Janua /. At what 
 earnings growing in January 1992? (a/. 

34 kar
mF

the gross annual earnings of the comp ry 1992? b
percentage rate were the gross annual
$2,025 per year, b/.10.125 percent per year.) 

sikSaelIRbsiT§iPaBkargarevneBlRBwkenAkñúgeragcRkmYy)anbgðaj[eXIjfaCa 
ümkm μkrEdlmkdl;kEnøgeFVIkargarenAem:ag8³00 nwgplit)an  

( ) 3 28 15Q t t t t= − + +  
ÉktaenA t em:agbnÞab;.  

mμenArbs;kmμkrenAem:ag 9³00RBwk.  
x>  etIkñúgGRtab:un μanEdlGRtaplitkmμrbs;kmμkrERbRbYleFobeTAnwgeBl 
k> KNnaGRtaplitk

ak;EsþgénGRtaplitkmμrbs;km μkrenAkñúgcenøaHBIem:ag9³00 

(A ctory indicates that an 
av produced

s rate of 
production at 9:00A.M. b/. At what rate is the worker’s rate of production 
ch  change 
in ute the 
actual change in the worker’s rate of production between 9:00 and 9:15A.M.)  

 
35 Su  

is 
a. roduction is the average cost per unit the smallest? 

enAem:ag9³00RBwk.  
K>  ):an;s μanTMhMbMErbMrYlénGRtaplitkmμrbs;kmμkrenAkñúgcenøaHBIem:ag9³00 

eTAem:ag9³15.  
X>KNnaTMhMbMErbMrYlC

  eTAem:ag 9³15.
n efficiency study of the morning shift at a certain fa
erage worker who arrives on the job at 8:00AM. Will have 

3 2( ) 8 15t t t t= − + +  units t hours later. a/. Compute the worker’Q

anging with respect to time at 9:00A.M? c/.Use calculus to estimate the
the worker’s rate of production between 9:00 and 9:15A.M. d/. Comp

ppose the total cost in dollars of manufacturing q units of a certain commodity
( ) 23 5 75C q q q= + + . 
 At what level of p

b. At what level of production is the average cost per unit equal to the 
marginal cost? 

]bmafaéføedImKitCaduløaelIkarplit qÉktaénmuxTMnijmYyRbePTKW ( ) 23 5 75C q q q= + + . 
 k> etIkMritplitkm μ qesμ Ib:un μanEdleFVI[GnuKmn_cMNaymFümkñúg1Ékta tUcbMput? 
 x> etIkMritplitkmμ qesμIb:unμaneTIbGnuKmn_cMNaymFümkñúg1ÉktaesμInwgGnuKmn_cMNaym:aCIn? 
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36 The problem is the same as that in problem 35 for ( ) 3 5 162C q q q= + + .eFVIdUc 
lMhat;TI35cMeBaHGnuKmn_ ( ) 3 5 162C q q q= + + .  
 

 Su37 ue in dollars from the sale of q units of a certain 

arginal 

uløaBIkarlk;TMnijmYyRb cMnYnqÉktakMNt;eday 
8 . k> etIbrimaNénkarlk;esμ Inwgb:unμanÉkta eTIbGnuKmn_cMNUl 

cMNUl

38

ppose the total reven
commodity is ( ) 22 68 128R q q q= − + −  

a. At what level of sales is the average revenue per unit equal to the m
revenue? 

b. Verify that the average revenue is increasing if the level of sales is less 
than the level in part a. and decreasing if the level of sales is greater than 
the level in part a.  

]bmafacMNUlsrubKitCad ePT
( ) 22 68 12q q= − + −R q

kñúg1Éktaes μ IeTAnwg m:aCIn? x>cUrepÞógpÞat;faGnuKmn_cMNUlmFümekInebIkMriténkarlk;tUc 
CagkMritEdl)anrkeXIjkñúgsMNYr k> ehIyfaGnuKmn_cMNUlmFümcuH ebI kMriténkarlk;FM Cag 
kMritEdl)anrkeXIjkñúgsMNYr k>. 

 Assume that total national consumption is given by a function ( )C x where x is 

al national income. Tthe tot he derivative ( )C x′ is called the marg
propensity to consume, and if S x C

inal 
= − represents total national savings, then 

( )S x′ is called the marginal propensity to save. Suppose the consumption 

function is ( ) 8 0.8 0.8C x x x= + + . Find the marginal prpensity to consume and 
determine the value of x that results in the smallest total savings. 

Suppose that the demand equa
 
39 tion for a certain commodity is (for 60 0.1q p= −

0 600p≤ ≤ ).  
a. Express the elasticity of demand as a function of p. 
b. Calculate the elasticity of demand when the price is 200p = . Inte

answer. 
At what price is the elasticity of demand equal to 1? 

]bmafasamIk kMNt;eday 60 0.1q p

rpret the 

c. 
artRmUvkarmuxTMnijmYyRbePT = − ¬cMeBaH 0 600p≤ ≤ ¦.   

k> cUrsresrkenSameGLasÞicéntRmUvkarCaGnuKmn_nwgp. x>KNnaeGLasÞicéntRmUvkarenAeBl 
RmUvkares μ I-1? 

 
40 Sup  is

. 

Edléfø 200p = rYcbkRsaycemøIy. K> etIéfø esμ Ib:un μaneTIbeGLasÞicént

po (for 
10p ≤ ).  

se that the demand equation for a certain commodity  2200 2q p= −
0 ≤

a. Express the elasticity of demand as a function of p
 the price is pb. Calculate the elasticity of demand when 6= . I  

answer. 
nterpret the

c. At what price is the elasticity of demand equal to 1? 
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]bmafasmIkartRmUvkarénmuxTMnijmYyRbePTkMNt;eday 2200 2q p= − ¬cMeBaH0 10p≤ ≤ ¦.
k> cUrsresrkenSameGLasÞicéntRmUvkarCaGnuKmn_nwgp. x> KNnaeGLasÞicéntRmUvkar eB

 

 rYcbkRsaylT§pl. K> etIéføesμ Ib:un μ μ IeTAnwg 

5  
 of unit elasticity with 

b. esults from part a. to determine the intervals of increase and 
h  revenue is 

 and use its fi vative to 
e 

]bmaf

l 
1? 6p = aneTIbeGLasÞicéntRmUvkar es

41 Suppose that the demand equation for a certain commodity is (for 
0 ). 

500 2q p= −  
0 2p≤ ≤

a. Determine where the demand is elastic, inelastic, and
respect to price.  
Use the r
decrease of the revenue function and the price at w ich
maximized. 

c. Find the total revenue function explicitly rst deri
determine its intervals of increase and decrease and price at which revenu
is maximized. 
asmIkartRmUvkarénmuxTMnijmYyRbePTkMNt;eday 500 2q p= − ¬cMeBaH 0 2≤ ≤ 5p 0 ¦. 

;eday 
uKmn_man   

42

k>cUrrkcenøaHEdlenAkñúgenaH tRmUvkarmanPaBeGLasÞic mineGLasÞic nigeGLasÞicÉktaeFob 
eTAnwgéfø. x>eRbIlT§plrbs;sMNYrk> cUrrkcenøaHEdlGnuKmn_R)ak;cMNUlekIneLIg nigfycuH 
RBmTaMéfø EdleFVI[GnuKmn_R)ak;cMNUlmantémøGtibrma. K> cUrrkGnuKn_R)ak;cMNUldac
ELk rYceRbIedrIevTI1rbs;vaedim,IrkcenøaHEdlvaekIn nigcuH RBmTaMgéføEdleFVI[Gn
Gtibma.  

 Suppose that the demand equation for a certain commodity is 2120 0.1q p= −  for 
( 0 1, 200p≤ ≤ ) 

a. Determine where the demand is elastic, in  of unit ith 
respect to price. 

b. Use the results of part a. to determine the intervals of increase and 
decrease of the revenue function and the price at which revenue is 
maximized.  

c. Find the total revenue function explicitly and use its first derivative to 
determine its intervals of increase and decrease and the price at which 
rev

elastic, and  elasticity w

enue is maximized. ]bmafasmIkartRmUvkarénmuxTMnijmYyRbePTkMNt;eday 
2120 0.1q p= − ¬cMeBaH 0 1, 200p≤ ≤ ¦. 

k>cUrrkcenøaHEdlenAkñúgenaH tRmUvkarmanPaBeGLasÞic mineGLasÞic nigeGLasÞicÉktaeFob 
eTAn
RBm dac;eday 
ELk rYceRbIedrIevTI1rbs;vaedim,IrkcenøaHEdlvaekIn nigcuH RBmTaMgéføEdleFVI[GnuKmn_man   
Gtib

43 Suppo
equati

wgéfø. x>eRbIlT§plrbs;sMNYrk> cUrrkcenøaHEdlGnuKmn_R)ak;cMNUlekIneLIg nigfycuH 
TaMéfø EdleFVI[GnuKmn_R)ak;cMNUlmantémøGtibrma. K> cUrrkGnuKn_R)ak;cMNUl

ma.  
se the demand q and price p for a certain commodity are related by the 
on 60 2p q= − for ( 0 30q≤ ≤ ) 

sticity oa. Express the ela f demand as a function of q. 
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b. Calculate the elasticity of demand when 10q = . Interpret the answer. 
c. Substitute for q in the formula in part a. to express the elasticity of demand 

as a function of p. 
d. Use our original definition of η to express the elasticity of demand as a 

function of p.  ]bmafa tRmUvkar q nigéfø pénmuxTMnijmYyRbePTTak;TgKñatamry³ 
smIkar 60 2p q= − ¬cMeBaH 00 3q≤ ≤ ¦. k> cUrsresreGLasÞicéntRmUvkarCa 
GnuKmn_eTAnwg p. x> KNnaeGLasÞicéntRmUvkarenAeBlEdl 10q = rYcbkRsay 
cemøIy. K> edaykarCMnYsqenAkñúgrUbmnþ sMNYrk>  cUrrkkenSameGLasÞicéntRmUvkarCa 
GnuKmn_eTAnwgp. X> cUreRbIniymn½yedImrbs; η edIm,IsresrkenSameGLasÞicén 
tRmUvkarCaGnuKmn_én p.  
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Chapter 3 
 

Functions of Two Variables 
 

1 Functions of Two Variables 
 

A function  f  of the two variables  x and  y  is a rule that assigns to each 
ordered pair ( ),x y of real numbers in some set one and only one real number 

denoted by ( ),f x y . 
 

The Domain of a Function of Two Variables 
The domain of the function ( ),f x y  is the set of all ordered pairs ( ),x y of real 

numbers for which ( , )f x y can be evaluated. 
Example 1 
For ( ) 2, 3f x y x y= + .  Find a. ( )2,3f , b. ( )2, 2f ? 

Solution 
a.  ( ) 22,3 3 2 3 15f = × + =

b. ( ) ( )2
2, 2 3 2 2 8f = × + =  

 
Example 2 
For ( ), x lnf x y e y= + . Find  a. the domain of f. b. ( )0,1f  
Solution 

a. For x  to be defined, we must have . For lny to be defined, we must 
have y>0. So the domain is

0x ≥
{ }( , ) / nd 0x y y≥ >0 ax  

b. 0 0(0,1) ln1 0 1f e e= + = + =  
Example 3 

Suppose ( )
23 5, x yf x y

x y
+

=
−

. a. Find the domain of f. b. Compute ( )1, 2f − . 

Example 4 
A pharmacy sells two brands of aspirin. Brand A sells for $1.25 per bottle and Brand 
B sells for $1.50 per bottle. 

a. What is the revenue function for aspirin? 
b. What is the revenue for aspirin if 100 bottles of Brand A and 150 bottles B 

are sold? 
Solution 

a. Let  x= the number of bottles of Brand A sold and y= the number of 
bottles of Brand B sold.Then, the revenue function is 

    ( ), 1.25 1.50R x y x y= +  

b.  ( )100,150 1.25 100 1.50 150 125 225 350R = × + × = + =
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Economists use a formula called the Cobb-Douglas Production Functions to model 
the production levels of a company (or a country). Output Q at a factory is often 
regarded as a function of the amount K of capital investment and the size L of the 
labor force. Output functions of the form 

( ) 1,Q K L AK Lα α−  =
where A and α  are positive constants and 0 1α< < have proved to be especially 
useful in economic analysis. Such functions are known as Cobb-Douglas production 
function. 
 
Example 5 
Suppose that the function represents the number of units 
produced by a company with x units of labor and y units of capital. 

( ) 0.3 0.7, 500Q x y x y=

a. How many units of a product will be manufactured if 300 units of labor and 
50 units of capital are used? 

b. How many units will be produced if twice the number of units of labor and 
capital are used? 

Solution 
a.  ( ) ( ) ( )0.3 0.7300,50 500 300 50 500 5.535 15.462 42,791 unitsQ = = × × =
b.  If number of units of labor and capital are both doubled, then 

and 2 300 600x = × = 2 50 100y = × =   

( ) ( ) ( )0.3 0.7600,100 500 600 100 500 6.815 25.119 85,592 unitsQ = = × × =  
 Thus we see that production is doubled if both labor and capital are doubled. 

 
2 Partial Derivatives 

Definition 
Let  ( ),z f x y=
a. The first parital derivative of  f  with respect to x  is: 

( ) ( ) ( )
0

, ,
, limx x

f x x y f x yz f x y
x xΔ →

+ Δ −∂
= =

∂ Δ
 

b. The first partial derivative of  f  with respect to  y  is: 

( ) ( ) ( )
0

, ,
, limy y

f x y y f x yz f x y
y yΔ →

+ Δ −∂
= =

∂ Δ
 

 
2.1 Computation of Partial Derivatives 

The function z
x
∂
∂

 or xf is obtained by differentiating f with respect to x, treating y as a 

constant. 

The function z
y
∂
∂

 or yf  is obtained by differentiating f with respect to y, treating x as a 

constant. 
 
Example 1 

 For the function ( ) 2, 4 3 5 2f x y x xy y= − + , find z
x
∂
∂

 and z
y
∂
∂

 ? 

Solution 
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Treating y  as a constant, we obtain 

8 3z x y
x
∂

= −
∂

 

Treating  x  as a constant, we obtain 

3 10z x y
y
∂

= − +
∂

 
Example 2 

Find the partial derivatives xf and yf if ( ) 2 2 2, 2
3

yf x y x xy
x

= + + . 

Example 3 
For the function ( ) 2, xyf x y xe y= + , find ( ) ( )1,2  and 1,2x yf f . 
 
Solution 

( ) ( ) ( ) ( )2,

0
(1 )

xy xy
x

xy xy

xy

f x y e x x e y
x x x

e xye
e xy

∂ ∂ ∂
= + +

∂ ∂ ∂
= + +

= +

 

Now we evaluate , ( )1,2xf ( ) ( )1 2 21, 2 1 1 2 3xf e e×= + × =  

( ) 2, 2xy xy
y 2f x y x xe y x e y= × + = +  

Now we evaluate , ( )1, 2yf ( ) 2 1 2 21, 2 1 2 2 4yf e × e= × + × = +  
Example 4 
Suppose that the production function ( ) 0.5 0.5, 2000Q x y x y=  is known. Determine the 
marginal productivity of labor and the marginal productivity of capital when 16 units 
of labor and 144 units of capital are used. 
 
Solution 

  
( )

( )

0.5
0.5 0.5

0.5

0.5
0.5 0.5

0.5

10002000 0.5

10002000 0.5

Q yx y
x x
Q xx y
y y

−

−

∂
= =

∂
∂

= =
∂

 

Substituting , we obtain 16 and 144x y= =

  
0.5

0.5
(16,144)

1000(144) 1000 12 3000 units
(16) 4

Q
x

∂ ×
= = =

∂
 

 and 
0.5

0.5
(16,144)

1000(16) 1000 4 333.33 units
(144) 12

Q
y

∂ ×
= = =

∂
 

 
Thus we see that adding one unit of labor will increase production by about 3000 
units and adding one unit of capital will increase production by about 333 units. 
 
Example 5 
It is estimated that the weekly output at a certain plant is given by the function 

units, where x is the number of skilled ( ) 2 3, 1, 200 500Q x y x y x y x y= + + − − 2
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workers and y the number of unskilled workers employed at the plant. Currently the 
work force consists of 30 skilled workers, and 60 unskilled workers. Use maginal 
analysis to estimate the change in the weekly output that will reslt from the addition 
of 1 more skilled worker if the number of unskilled workers is not changed. 

((Answer: )30,60 2,100x =

)

Q units.) 
 
2.2 Second-Order Partial Derivatives 

 
If , the partial derivative of ( ,z f x y= xf with respect to x is: 

 ( )
2

2xx x x

z zf f or
x x x
∂ ∂ ∂⎛ ⎞= = ⎜ ⎟∂ ∂ ∂⎝ ⎠

 

The partial derivative of xf  with respect to y is 

 ( )
2

xy x y

z zf f or
y x y x
∂ ∂ ∂⎛ ⎞= = ⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠

 

The partial derivative of  yf  with respect to x is 

 ( )
2

oryx y x

z zf f
x y x y

⎛ ⎞∂ ∂ ∂
= = ⎜ ⎟∂ ∂ ∂ ∂⎝ ⎠

 

The partial derivative of  yf   with respect to y is 

 
2

2oryy y y
z zf f

y y y
⎛ ⎞∂ ∂ ∂

= = ⎜ ⎟∂ ∂ ∂⎝ ⎠
 

Example 6 
Compute the four second-order partial derivatives of the function 
( ) 3 2, 5 2 1f x y xy xy x= + + + . 

 
Solution 
Since , it follows that 3 25xf y y= + + 2 0xxf = and 23 10xyf y= + y . Since 

23 10yf xy xy= + , it follows that 23 10yxf y y= + and 6yy 10f xy x= + .  
 
Example 7 
Find all four second partial derivatives of ( ) ( )2, ln 4f x y x y= + , then find ( )2,1 2xxf .  
 
Solution 
We must find the first partial derivatives xf and yf before we can find the second 
partial derivatives. 

2

2

2

2

1 22
4 4

1 44
4 4

x

y

xf x
x y x

f

y

x y x

= × =
+ +

= × =
+ + y

 

( )
( ) ( )

2 2

2 22 2

4 2 2 2 2 8

4 4
xx

x y x x x yf
x y x

+ × − × − +
= =

+ + y
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( )

( ) ( )
( )

( ) ( )
( )

( ) ( )

2

2 22 2

2

2 22 2

2

2 22 2

4 0 2 4 8

4 4

4 0 4 2 8

4 4

4 0 4 4 16

4 4

xy

yx

yy

x y x xf
x y x

x y x

y

xf
x y x

x y
f

x y x y

+ × − × −
= =

+ +

+ × − × −
= =

+ +

+ × − × −
= =

+ +

y
 

 

( )

2

2 2
2

12 2 8
1 8 422,
2 34 212 4

2

xxf

⎛ ⎞− × + ⎜ ⎟ − + −⎛ ⎞ ⎝ ⎠= = =⎜ ⎟
⎝ ⎠ +⎛ ⎞+ ×⎜ ⎟

⎝ ⎠

4 1
6 9
= −  

 
Example 8 
Suppose the output Q at a factory depends on the amount K of capital invested in the 
plant and equipment and also on the size L of the labor force, measured in worker-
hours. Give an economic interpretation of the sign of the second-order partial 

derivative
2

2

Q
L

∂
∂

.  

 
Solution 

If 
2

2

Q
L

∂
∂

is negative, the marginal product of labor Q
L

∂
∂

decreases as L increases. This 

implies that for a fixed level of capital investment, the effect on output of the addition 
of 1worker-hour of labor is greater when the work force is small than when the work 
force is large.  

Similarly, if 
2

2

Q
L

∂
∂

is positive, it follows that for a fixed level of capital investment, the 

effect on output of the addition of 1 worker-hour of labor is greater when the work 
force is larger than when it is small.  
 
Remark The two partial derivatives xyf and yxf are sometimes called the mixed 

second-order partial derivatives of f and xy yxf f= .  
  
3 The Chain Rule; Approximation by the Total Differential 
3.1 Chain Rule for Partial Derivatives 
Recall that if z is a differentiable function of x and x is a differentiable function of t, 
then z can be regarded as a differentiable function of t and the rate of change of z with 
respect to t is given by the chain rule 

dz dz dx
dt dx dt

=  

Here is the corresponding rule for functions of two variables.  
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Suppose z is a function of x and y, each of which is a function of t then z can 
be regarded as a function of t and 

dz z dx z dy
dt x dt y dt

∂ ∂
= +
∂ ∂

 

 
Remark 1  

 z dx
x dt
∂

=
∂

rate of change of z with respect to t for fixed y. 

 z dy
y dt
∂

=
∂

rate of change of z with respect to t for fixed x. 

 
Example 1 

Find 2 2if 3 , 2 1,anddz z x xy x t y t
dt

= + = + = . 

 
Solution 
By the chain rule, 

( )2 3 2 3 2dz z dx z dy x y x
dt x dt y dt

∂ ∂
= + = + × + ×
∂ ∂

t  

Which you can rewrite in terms of t by substituting 2 1x t= + and 2y t= to get 

   2 24(2 1) 6 3(2 1)(2 ) 18 14 4dz t t t t t t
dt

= + + + + = + +  

Example 2 
A health store carries two kinds of multiple vitamins, Brand A and Brand B. Sales 
figures indicate that if Brand A is sold for x dollars per bottle and Brand B for y 
dollars per bottle, the demand for Brand A will be 

   bottles per month ( ) 2, 300 20 30Q x y x y= − +
It is estimated that t months from now the price of Brand A will be 

    2 0.05  dollars per bottlex t= +
and the price of Brand B will be 

   2 0.1 dollars per bottley t= +  
At what rate will the demand for Brand A be changing with respect to time 4 months 
from now? 
 
Solution 

Your goal is to find dQ
dt

when . Using the chain rule, you get 4t =

( ) ( )1 240 0.05 30 0.05

dQ Q dx Q dy
dt x dt y dt

x t−

∂ ∂
= +
∂ ∂

= − +
 

when  4, 2 0.05 4 2.2t x= = + × =
and hence, 

   40 2.2 0.05 30 0.05 0.5 3.65dQ
dt

= − × × + × × = −  
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That is, 4 months from now the monthly demand for Brand A will be decreasing at 
the rate of 3.65 bottles per month. 
 
3.2 The Total differential 
Recall from chapter 2 that if y is a function of x, 

dyy x
dx

Δ Δ  

where xΔ is a small change in the variable x and yΔ is the corresponding change in the 

function y.The expression dydy x
dx

= Δ that was used to approximate yΔ was called the 

differential of y. Here is the analogous approximation formula for functions of two 
variables.  
 

Approximation Formula 
Suppose z is a function of x and y. If xΔ  denotes a small change in x and  a yΔ
small change in y, the corresponding change in z is  

  z zz x y
x y
∂ ∂

Δ Δ +
∂ ∂

Δ  

 
Remark 2 

 z x
x
∂

Δ
∂

change in z due to the change in x for fixed y. 

 z y
y
∂

Δ
∂

change in z due to the change in y for fixed x.  

The Total Differential 
If z is a function of x and y, the total differential of z is  

z zdz x y
x y
∂ ∂

= Δ + Δ
∂ ∂

 

 
Example 3 
At a certain factory, the daily output is 1 2 1 360Q K L= units, where K denotes the 
capital investment measured in units of $1,000 and L the size of the labor force 
measured in worker-hours. The current capital investment is $ 900,000 and 1,000 and 
labor are used each day. Estimate the change in output that will result if capital 
investment is increased by $1,000 and labor is increased by 2 worker-hours. 
 
Solution 
Apply the approximation formula with K=900, L=1000, 1, and 2K LΔ = Δ = to get 

1/2 1/3 1/2 2/330 20
1 130 10 1 20 30 2
30 100

22 units

Q QQ K L
K L
K L K K L L− −

∂ ∂
Δ Δ + Δ

∂ ∂
= Δ + Δ

⎛ ⎞ ⎛ ⎞= × × × + × × ×⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

=

 

That is, output will increase by approximately 22 units. 
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3.3 Approximation of Percentage Change 
The percentage change of a quantity expresses the change in the quantity as a 
percentage of its size prior to the change. In perticular, 

change in quantityPercentage change 100
size of quantity

=  

 
Approximation of Percentage Change 
Suppose z is a function of x and y. If xΔ  denotes a small change in x and  yΔ
a small change in y , the corresponding percentage change in z is 

Percentage change in 100 100

z zx y
z x yz

z z

∂ ∂
Δ + Δ

Δ ∂ ∂=  

 
Example 4 
Use calculus to approximate the percentage by which the volume of a cylinder 
increases if the radius increases by 1 percent and the height increases by 2 percent. 
 
Solution 
The volume of a cylinder is given by the function ( ) 2,V r h r hπ=

0.02h h

,  where r is the 
radius and h the height. The fact that r increases by 1 percent means that  
and the fact that h increases by 2 percent means that

0.01r rΔ =
Δ = . By the 

approximation formula for percentage change 

( ) ( )2

2

2 2

2

2

2

Percentage change in 100

2 0.01 0.02
100

0.02 0.02100

0.04100 4 percent

V Vr h
r hV

V
rh r r h

r h
r h r h

r h
r h

r h

π π
π

π π
π

π
π

∂ ∂
Δ + Δ

∂ ∂

+
=

+
=

= =

 

Example 5 
At a certain factory, output is given by the Cobb-Douglas production function 
( ) 1,Q K L AK Lα α−= , where A and α are positive constants with 0 1α< < , and where 

K denotes the capital investment and L the size of the labor force. Use calculus to 
estiamate the percentage by which output will change if both capital and labor are 
increased by 1 percent. (Answer: 1%) 
 
4 Relative Maxima and Minima 
In geometric terms, a relative maximimum of a function ( ),f x y is a peak, a point on 

the surface that is higher than any nearby point on the surface. A relative 
minimum is the bottom of a valley, a point that is lower than any nearby point on the 
surface.  

( ,z f x y= )
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Critical Points and Relative Extrema 
A point ( ),a b in the domain of ( ),f x y for which both ( ),xf a b = 0  and   

( ), 0byf a = is said to be a critical point of f. 
If the first-order partial derivatives of f are defined at all points in some 
region in the xy-plane, then the relative extrema of f in the region can occur 
only at critical points. 

 
However, not every critical point is a relative maximum or a relative minimum.  A 
critical point that is neither a relative maximum nor a relative minimum is called a 
saddle point. The below procedure involving second-order partial derivatives is used 
to decide whether a given critical point is a relative maximum, a relative minimum, or 
a saddle point.  
 

The second Partials Test 
Suppose that ( ),f a b is a critical point of the function ( ),f x y . Let 

( ) ( ) ( ) 2
, , ,xx yy xyD f a b f a b f a b⎡ ⎤= − ⎣ ⎦  

If , then f has a saddle point at0D < ( ),a b  

If , and0D > ( ),xxf a b 0< , then f has a relative maximum at ( ),a b . 

If , and , then f has a relative minimum at (0D > ( ),xxf a b > 0 ),a b . 
If , then test is inconclusive and f may have either a relative extremum 0D =
or a saddle point at ( ),a b . 

 
Example 1 
Classify the critical point of the function ( ) 2 2,f x y x y= + . 

(Answer: The critical point ( )0,0 is the relative minimum.) 
Example 2 
Classify the critical point of the function ( ) 2 2,f x y y x= − .  

(Answer: The saddle point ( )0,0 ) 
Example 3 
Find all the local minima, local maxima, and saddle points for the function  

( ) 2 2, 9 5f x y x xy y x= − + − +  
 
Solution 
Find the first partial derivatives fx  and fy. 

( ) ( ), 2 9 and , 2x yf x y x y f x y x y= − − = − +  
Now, to find any critical point, solve the following system. 

2 9 0
6, 3

2 0
x y

x y
x y
− − =⎧

⇒ = =⎨ − + =⎩
 

The only critical point is ( ) . 6,3
The second partials are 

( ) ( ) ( ), 2, , 1 and , 2xx xy yyf x y f x y f x y= = − =  
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)
In this case each of the second partials is a constant and will have that constant value 
at . Thus, (6,3

( ) ( ) ( )
( )

2

2

6,3 6,3 6,3

2 2 1 4 1 3 0

xx yy xyD f f f⎡ ⎤= − ⎣ ⎦

= × − − = − = >
 

Since , we check the sign of0D > ( )6,3xxf to determine whether ( )6,3 yields a local 

minimum or a local maximum. And since ( )6,2 2 0xxf = > , the critical point ( )
yields a local minimum value. This value is

6,3

( )6,3 6 62 23 3 59 6 22f = − × + + =− × −  
 
Example 4 
A company produces and sells two styles of umbrellas. One style sells for $20 each 
and the other sells for $25 each. The company has determined that if x thousand of the 
first style and y thousand of the second style are produced, then the total cost in 
thousands of dollars is given by the function 

( ) 2 23, 3 3 32 29 7
2

C x y x xy y x y= − + + − + 0  

How many of each style of umbrella should the company produce and sell in order to 
maximize profit? 
Solution 
Since x thousand umbrellas sell for $20 each and y thousand umbrellas sell for $25 
each, the revenue function (in thousands of dollars) is given by ( ), 20 25R x y x y= +  
Thus the profit function is  

( ) ( ) ( )
( )2 23

2

2 23
2

, , ,

20 25 3 3 32 29 70

3 3 12 54 70

P x y R x y C x y

x y x xy y x y

x xy y x y

= −

= + − − + + − +

= − + − − + −

 

The first partial derivatives are 
6 3 1xP x y= − + − 2  and 3 3 54yP x y= − +  

Now solve the following system of equations. 

  
6 3 12 0

14, 32
3 3 54 0

x y
x y

x y
− + − =⎧

⇒ = =⎨ − + =⎩
The company will make the maximum profit if it produces and sells 14,000 of the first 
style of umbrella and 32,000 of the second style. (The student can verify (with the D-
Test) that the profit is indeed a maximum at (14, 32).) 
 
Example 5 
The only grocery store in a small rural community carries two brands of frozen orange 
juice, a local brand that it obtains at the cost of 30 cents per can and a well-known 
national brand that it obtains at the cost of 40 cents per can. The grocer estimates that 
if the local brand is sold for x cents per can and the national brand for y cents per can, 
approximately 70 5 4x y− + cans of the local brand and 80 6 7x y+ − cans of the 
national brand will be sold each day. How should the grocer price each brand to 
maximize the profit from the sale of the juice? (Assume that the absolute maximum 
and the relative maximum of the profit function are the same.) 

(Answer: 53, 55x y= = ) 
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)

5 Lagrange Multipliers 
5.1 Contrained Optimization Problems  
In many applied problems, a function of two variables is to be optimized subject to a 
restriction or constraint on the varaibles. For, example, an editor constrained to stay 
within a fixed budget of $60,000, may wish to decide how to divide this money 
between development and promotion in order to maximize the future sales of a new 
book. If x denotes the amount of money allocated to development, y the amount 
allocated to promotion, and ( ,f x y the corresponding number of books that will be 

sold, the editor would like to maximize the sales function ( ),f x y  subject to the 
budgetary constraint that . To deal with this problem, we use a 
technique called the method of Lagrange multipliers. 

60,x y+ = 000

 
The Method of Lagrange Multipliers  
Suppose ( ) (,  and , )f x y g x y are functions whose first-order-partial 
derivatives exist. To find the relative maximum and relative minimum of
( , )f x y subject to the constraint that ( ),g x y K=  for some constant K, 

introduce a new variable λ  (the Greek letter lambda) and solve the following 
three equations simultaneously: 

 
( ) ( )
( ) ( )

( )

, ,
, ,

,

x x

y y

f x y g x y
f x y g x y

g x y K

λ
λ

=⎧
⎪ =⎨
⎪ =⎩

 

The desired relative extrema will be found among the resulting points ( ),x y . 
 
Example 1 
Find the maximum and minimum values of the function ( ),f x y xy= subject to the 

constraint . 2 2 8x y+ =
 
Solution 
Let and use the partial derivatives  ( ) 2,g x y x y= + 2

, , 2 , and 2x y x yf y f x g x g y= = = =  
to get the three Lagragnge equations 

2 22 , 2 , and 8y x x y x yλ λ= = + =  
The first two equations can be rewritten as 

2 y
x

λ = and 2 x
y

λ =  

which implies that  
y x
x y
=  or 2 2x y=  

Now substitute 2 2x y= into the third equation to get  
22 8x =  or 2x = ±  
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2If , it follows from the equation 2x = 2x y= that 2 or 2y y= = − . Similarly, if , 

it follows that . Hence, the four points at which the constrained 
extrema can occur are

2x = −
2 or 2y y= =

( )
−

( ) ( ) ( ) 2, 2− −2,2 , 2, 2 , nd2,2 ,a− − . Since  

( ) ( ) ( ) ( )2,2 2, 2 4 and 2, 2 2,2 4f f f f= − − = − = − = −  

it follows that when , the maximum value of 2 2 8x y+ = ( ),f x y is 4, which occurs at 

the points (2, and the minimum value is 4which occurs at(2, 2  
and  2, 2 . 

)2  an ( )d 2, 2− −

 
Example2 
An editor has been allocated $60,000 to spend on the development and promotion of a 
new book. It is estimated that if x thousand dollars is spent on development and y 
thousand on promotion, approximately ( ) 3 2, 20f x y x y= copies of the book will be 
sold. How much money should the editor allocate to development and how much to 
promotion in order to maximize sales? 

 
Solution: 
The goal is to maximize the function ( ) 3 2, 20f x y x y= subject to the constraint 

( ), 6g x y = 0

, 3

, where . The corresponding Lagrange equations are ( ),g x y x y= +
 

   
( )

( )
( )
( )

1/2

3/2

30 , 1
20 , 2

, 60

x x

y y

f g x y
f g x

g x y K x y

λ λ
λ λ

⎧ ⎧= =
⎪ ⎪= ⇒ =⎨ ⎨
⎪ ⎪= + =⎩⎩

From (1) and (2) you get 
1 2 3 230 20

2
3

x y x

y x

=

=
 

Substituting this expression into the (3) you get 
3 560 or 60
2 2

x x x+ = =  

From which it follows that  
36 and 24x y= =  

That is, to maximize sales, the editor should spend $36,000 on development and  $ 
24,000 on promotion. If this is done, approximately ( )36,24 103,680f = copies of the 
book will be sold. 
 
Example 3  
A consummer has $600 to spend on two commodities, the first of which costs $20 per 
unit and the second $30 per unit. Suppose that the utility derived by the consumer 
from x units of the first commodity and y units of the second commodity is given by 
the Cobb-Douglas utility function ( ) 0.6 0.4, 10U x y x y= . How many units of each 
commodity should the consumer buy to maximize utility? (A utility function 
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( ),U x y measures the total satisfaction or utility the consumer receives from having x 

units of the first commodity and y units of the second.) (Answer: 18, 8x y= = )  
 

5.2 The Lagrange Multiplier 
In some problems, we need to compute the Lagrange multiplierλ  since it has the 
following useful interpretation.  
 

Suppose M is the maximum (or minimum) value of ( ),f x y subject to the 

constraint ( ),g x y K= . The Lagrange multiplier λ is the rate of change of M 
with respect to K. That is,  

dM
dK

λ =  

Hence,  
λ  Change in M resulting from a 1-unit increase in K. 

 
Example 4 
Suppose the editor in Example 2 is allotted $60,200 instead of $ 60,000 to spend 
development and promotion of the new book. Estimate how the additional $ 200 will 
affect the maximum sales level. 
 
Solution 
In Example 2, you solved the three Lagrange equations 

 

1/2

3/2

30
20

60

x y
x

x y

λ
λ

=

=
+ =

  

to conclude that the maximum value M of ( ),f x y subject to the constrain  
occurred when and . To find

60+ =x y
36x = 24y = λ substitute these values of x and y into the 

first or second Lagrange equation. Using the second equation, you get 
  ( )3/220 36 4,320λ = =

The goal is to estimate the change MΔ in the maximal sales that will result from an 
increase of (thousand dollars) in the available funds. 0.2KΔ =

Since dM
dK

λ = , the one-variable approximation formula, gives 

4,320(0.2) 864dMM K K
dK

λΔ ≈ Δ = Δ = =  

That is, maximal sales of the book will increase by approximately 864 copies if the 
budget is increased from $ 60,000  to  $60,200  and the money is allocated optimally. 
 
Example 5 
Suppose the consumer in example 3 has $601 instead of $600 to spend on the two 
commodities. Estimate how the additional $1 will affect the maximum utility.  

(Answer: 0.22MΔ ) 
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( ) 2, 10Q x y x y=

Exercises 
 
1 Using x skilled workers and y unskilled workers, a manufacturer can produce 

units per day. Currently there are 20 skilled workers and 40 
unskilled workers on the job.  

a. How many units are currently being produced each day? 
b. By how much will the daily production level change if 1 more skilled 

worker is added to the current work force?  
c. By how much will the daily production level change if 1 more unskilled 

worker is added to the current work force? 
d. By how much will the daily production level change if 1 more skilled 

worker and 1 more unskilled worker are added to the current work force?  
edayeRbIkmμkrCMnajcMnYn x nigkmμkrminCMnajcMnYn y plitkrmñak;Gacplit)ancMnYn 

Ékta kñúgmYyéf¶. \LÚvenHmankmμkrCMnajcMnYn20nak; nigkmμkrmin 
CMnajcMnYn40kMBugeFVIkargar. k> etIkñúgmYyéf¶² eKGacplit)anb:unμanÉkta? x> etIbrimaN 
plitRbcaMéf¶ERbRbYlkñúgTMhMb:unμan ebIeKbEnßmkMlaMgkmμkrCMnajcMnYn 1 nak;eToteTAelIcMnYn 
Edlman Rsab;? K> etIbrimaNplitRbcaMéf¶ERbRbYlkñúgTMhMb:unμan ebIeKbEnßmkMlaMgkm μkrmin 
CMnajcMnYn 1 nak;eToteTAelIcMnYnEdlmanRsab;? X> etIbrimaNplitRbcaMéf¶ERbRbYlkñúg 
TMhMb:unμan ebIeKbEnßmkMlaMgkm μkrCMnajcMnYn1nak; nigkMlaMgkmμkrminCMnaj 1 mYynak;eTot 
EdreTAelIcMnYnEdlmanRsab;? 

( ) 2, 10Q x y x y=

(Answer: a. 160,000 units per day, b. 16,400 units per day, c. 4000 units per day
 d. 20,810 units per day) 

 
2 A manufacturer can produce electric typewriters at a cost of $80 apiece and 

manual typewriters at a cost of $20 apiece.  
a. Express the manufacturer’s total monthly production cost as a function of 

the number of electric typewriters and the number of manual typewriters 
produced.  

b. Compute the total monthly cost if 500 electric and 800 manual typewriters 
are produced.  

c. The manufacturer wants to increase the output of electric typewriters by 50 
a month from the level in part b. What corresponding change should be 
made in the monthly output of manual typewriters so that the total monthly 
cost will not change? 

plitkrmñak;GacplitGgÁúlIelxGKÁisnIedayeRbIéføedIm 80duløakñúgmYyeRKÓg nigGgÁúlIelxéd 
edayeRbIéføedIm 20duløakñúgmYyeRKÓg. k> cUrsresrGnuKmn_éføedImplitkmμRbcaMExrbs;plitkr 
CaGnuKmn_eTAnwgcMnYnGgÁúlIelxTaMgBIrRbePT Edl)anplit. x> KNnaéføedImsrubRbcaMEx ebIsin 
CaGgÁúlIelxGKÁisnIcMnYn 500 nigGgÁúlIelxédcMnYn 800eRKÓgRtUvplit.  K> plitkrcg;begáIn 
plitplGgÁúlIelxGKÁisnI cMnYn50eRKOgbEnßmeTotkñúgmYyExBIelIkRmitEdl)anbBa¢ak;enAkñúg 
sMNYr x> . etIcMnYnplitplGgÁúlIelxédEdlRtUvplitRbcaMExRtUvERbRbYldUcemþc edIm,IrkSakMu[  
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karERbRbYlcMNayelIéføedImsrubRbcaMEx? 

 
3  A paint store carries two brands of latex paint. Sales figures indicate that if the 

first brand is sold for 1x dollars per gallon and the second for 2x dollars per gallon, 
the demand for the first brand will be ( )1 1 2 2, 200 10D x x x x= − 1 20+ gallons per 

month and the demand for the second brand will be ( )2x2 1, 100D x 1 25 10x x= + −
gallons per month.  

a. Express the paint store’s total monthly revenue from the sale of the paint 
as a function of the prices 1x and 2x .  

b. Compute the revenue in part a. if the first brand is sold for $6 per gallon 
and the second for $5 per gallon.  

haglk;eRKOgsMNg;mYymanlk;fñaMlabcMnYnBIrRbePT. tamtYelxénkarlk;)anbgðajfaebIfñaM 
labRbePTTI1lk;éfø 1x kñúgmYyháaLúg nigfñaMlabRbePTTI2lk;éfø 2x duløakñúgmYyháaLúg enaH 
tRmUvkarfñaMRbePTI1esμ IeTAnwg kñúgmYyEx nigtRmUvkarfñaMRbePT 
TI2esμ IeTAnwg

( )1 1 2 1, 200 10 20D x x x x= − + 2

( )2, x2 1D x 1 2100 5 10x x= + −

1

kñúgmYyEx. k> cUrsresrkenSamtam[R)ak;cMNUl 
srubRbcaMExrbs;hagenaHCaGnuKmn_eTAnwgéfø x nig 2x . x> edayeRbIGnuKmn_R)ak;cMNUlenH cUr 
KNnaR)ak;cMNUl ebIfñaMRbePT1 lk;éfø 6duløakñúgmYyháaLúg nigfñaMRbePT2lk;éfø 5duløakñúg1 
háaLúg.  

4 The output at a certain factory is ( ) 2 3 1 3, 120Q K L K L= units, where K is the 
capital investment measured in units of $1,000 and L the size of the labor force 
measured in worker-hours. 

a. Compute the output if the capital investment is $125,000 and the size of 
the labor force is 1,331 worker-hours. 

b. What will happen to the output in part a. if both the level of capital 
investment and the size of the labor force are cut in half?  

cMnYnplitplecjBIeragcRkmYykMNt;edayGnuKmn_ ( ) 2 3 1 3, 120Q K L K L= Ékta EdlKKWCa 
vinieyaKmUlFn EdlxñatKitCaBaan;duløa ehIyLCaTMhMkMlaMgBlkmμ xñatKitCaem:agkm μkr 1. k> 
KNnabrimaNplitplEdlplit)anebIeKmanvinieyaKmUlFn 125000duløa nigTMhMkMlaMgBlkm μ 
1331em:agkm μkr. x> etIbrimaNplitplkñúgsMNYrk> nwgERbRbYldUcemþc ebITaMgTMhMkMlaMgBlkm μ 
TaMgvinieyaKmUlFnRtUvkat;bnßyenAsl;Bak;kNþal?  

 
5  At a certain factory, the daily output is ( ) 1 2 1 3, 60Q K L K L= units, where K 

denotes the capital investment measured in unit of $1,000 and L size of labor force 
measured in worker-hours. Suppose that the current capital investment is 
$900,000 and that 1,000 worker-hours of labor are used each day. Use marginal 

                                            
1 CaxñatsRmab;vas;nUvbrimaNEdlseRmc)anedaykmμkrmñak;kñúgry³eBlmYyem:ag.  

63 
 



Lecture Note Function of Two Variables 

 

64 
 

analysis to estimate the effect of an additional campital investment of $1,000 on 
the daily output if the size of the labor force is not changed. (Answer: 10 units) 

 enAkñúgeragcRkmYy cMnYnplitplRbcaMéf¶kMNt;edayGnuKmn_ ( ) 1 2 1 3, 60Q K L K L=  EdlKKWCa 
vinieyaKmUlFn EdlxñatKitCaBaan;duløa ehIyLCaTMhMkMlaMgBlkmμ xñatKitCaem:agkm μkr. ]bma 
favinieyaKmUlFnbc©úb,nñman 900000duløa ehIyTMhMkMlaMgBlkmμman 1000em:agkm μkr RtUv)an 
eRbIR)as;ral;²éf¶. eRbIkarviPaKm:aCIn edIm,I)a:n;sμanGMBI\T§iBlénvinieyaKmUlFncMnYn1000 duløa 
bEnßm maneTAelIplitkmμRbcaMéf¶ ebITMhMkMlaMgBlkm μ minERbRbYl.  

6 A grocer’s daily profit from the sale of two brands of orange juice is  
( ) ( ) ( ) ( )( ), 30 70 5 4 40 80 6 7P x y x x y y x y= − − + + − + −  

cents, where x is the price per can of the first brand and y is the price per can of 
the second. Currently the first brand sells for 50 cents per can and the second for 
52 cents per can. Use marginal analysis to estimate the change in the daily profit 
that will result if the grocer raises the price of the second brand by 1 cent per can 
but keeps the price of the first brand unchanged. (Answer: $0.12) 

 R)ak;cMeNjRbcaMéf¶rbs;GaCIvkrmñak;BIkarlk;TwkRkUcBIrRbePT kMNt;edayGnuKmn_ 
( ) ( )( ) ( )( ), 30 70 5 4 40 80 6 7P x y x x y y x y= − − + + − + − esn .  x KWCaéfølk;kñúg 

mYykMb:ugsRmab;TwkRkUcRbePTTI1 nig yKWCaéfølk;kñúgmYykMb:ugsRmab;TwkRkUcRbePTTI2. 
bc©úb,nñenHTwkRkUcRbePTTI1 lk;éfø 50esnkñúgmYykMb:ug nigTwkRkUcRbePTTI2 lk;éfø52 esnkñúg 
mYykMb:ug. eRbIkarviPaKm:aCIn edIm,I):an;sμannUvbrimaNERbRbYlénR)ak;cMeNjRbcaMéf¶EdlekIteLIg 
ebIsinCaGaCIvkrbegáInéføTwkRkUcRbePTTI2 cMnYn 1 esnkñúgmYykMb:ugb:uEnþrkSaéføTwkRkUcRbePTTI1 
enAdEdl.  

7  Compute all the second-order partial derivatives of the given function 
 KNnaedrIevedayEpñklMdab;2TaMgGs;rbs;GnuKmn_xageRkam 

a. ( ) 4 3, 5 2f x y x y xy= +  d. ( ) 2 2,f x y x y= +  

b. ( ) 1,
1

xf x y
y
+

=
−

  e. ( ) 2, xf x y x ye=  

c. ( ) 2

, x yf x y e=   
  

8 Use chain rule to find dz
dt

. Check your answer by writing z as a function of t and 

differentiating directly with respect to t. eRbIviFanbNþak;edIm,Irk dz
dt

. epÞógpÞat;cemøIy 
tamry³karsresrzCaGnuKmn_én t rYcrkedrIeveFobnwg t edaypÞal;. 

a.   b. 2 ; 3 , 2 1z x y x t y t= + = = + 23 ; 1, 1z x xy x t y 2t= + = + = −   

c.  ( )22 3 ; 2 , 3z x y x t y= + = = t

9 Use chain rule to find dz
dt

for the specified value of t 
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 eRbIviFanbNþak;edIm,Irk dz

dt
eTAtamtémøtEdleK)anbBa¢ak;.  

a.  b. 22 3 ; , 5 ;z x y x t y t t= + = = = 2 12 2; 3 1, 1;z x y x t y t t= = + = − =   
c. 1 2 1 3 2; 2 , 2 ;z x y x t y t t= = = 2=  

11 Using x skilled workers and y unskilled workers, a manufacturer can produce 
( ) 1 2, 10f x y xy= units. Currently the manufacturer uses 30 hours of skilled labor 

and 36 hours of unskilled labor and is planning to use 1 additional hour of skilled 
labor. Use calculus to estimate the corresponding change that the manufacturer 
should make in the level of unskilled labor so that the total output will remain the 
same. (Answer: −2.4) 

 edayeRbIkmμkrCMnajcMnYn xem:ag nigkmμkrminCMnajcMnYn yem:ag plitkrmμak;Gacplit)an
( ) 1 2, 10f x y xy= Ékta. bc©úb,nñenH plitkreRbIkmμkrCMnaj30em:ag nigkmμkrminCMnaj36 

em:ag. plitkreRKagnwgeRbIR)as;kMlaMgBlkmμCMnaj1em:agbEnßm. cUr):an;sμanbrimaNERbRbYl 
EdlRtUveFVIeLIgcMeBaHkMlaMBlkm μminCMnaj y:agNaedIm,I[plitplsrubenArkSadEdl.  

12 At a certain factory, output Q is related to inputs x an he fd y by t unction 
 . If the current levels of input are x 20 and y 10, use 

calculus to estimate the change in input x that should be made to offset an increase 
of 0.5 unit in input y so that output will be maintained at it current level.  

3 22 3Q x x y y= + + 3

3

(answer:−0.21) 
 enAkñúgeragcRkmYy output QCab;Tak;TgeTAnwg input x nigytamry³GnuKmn_

. brimaNbc©úb,nñrbs; input xKW x 20nig input yKW y 10. eRbIrUbmnþ 
témøRbEhl edIm,I):an;sμanGMBIbrimaNERbRbYlrbs; input x edIm,ITUTat;nwgbrimaNkMeNInrbs; 
input y kñúgkMri 0.5Ékta y:agNaedIm,I[brimaN outputsßitenAkñúgkMritdEdl.  

3 22 3Q x x y y= + +

13 Suppose the utility derived by a consumer from x units of one comodity and y 
units of a seccond commodity is given by the utility function

)( )2y + . The consumer currently owns 25 units of the first 
commodity and 8 units of the second. Use calculus to estimate how many 
units of the first commodity the consumer could substitute for 1 unit of the second 
commodity without affecting total utility. ( about 2.6). 

( ) (, 1U x y x= +

 ]bmafakareRbIR)as;GtifiCnmñak;ecjBIrbs;eRbIR)as;TI1cMnYnxÉkta nigrbs;eRbIR)as;TI2cMnYn 

yÉktaRtUv kMNt;edayGnuKmn_kareRbIR)as; ( ) ( )( ), y x y1U x 2= + + . GtifiCnbc©úb,nman 
rbs;eRbIR)as;TI1 cMnYn  25Ékta nigrbs;eRbIR)as;TI2cMnYn  8Ékta. eRbIrUbmnþtémø 
RbEhl cUr):an;sμanfaetIbrimaNrbs;eRbIR)as;TI1cMnYnb:un μanÉktaEdlGacCMnYsbrimaNrbs;eRbI 
R)as;TI2 cMnYn 1Ékta edIm,IkMu[mankarERbRbYldl;brimaNkareRbIR)as;srub? 

15  The output at a certain plant is ( ) 2 2, 0.08 0.12 0.03Q x y x xy y= + + units per day, 
where x is the number of hours of skilled labor used and y is the number of hours 
of unskilled labor used. Currently 80 hours of skilled labor and 200 hours of 
unskilled labor are used each day. Used the total differential of Q to estimate the 
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change in output that will result if and additional hour of skilled labor is used 
along with an additional 2 hours of unskilled labor. (Answer: 61.6) 

 eragcRkmYyplit)an Q x Ékta kñúgmYyéf¶² EdlxKWCacMnYn 
em:agEdleRbIR)as;kMlaMgBlkm μCMnaj nigyKWCacMnYnem:agEdleRbIR)as;kMlaMgBlkmμminCMnaj. 
bc©úb,nñeKeRbIkMlaMgBlkmμCMnajcMnYn 80em:ag nigkMlaMgBlkmμminCMnajcMnYn 200em:agCaerogral; 
éf¶. eRbIrUbmnþDIepr:g;Esülsrubrbs;GnuKmn_ QedIm,I):an;s μanBIbrimaNERbRbYlénplitpl Edl 
ekItBIkareRbIR)as;bEnßmnUvkMlaMgBlkm μCMnajcMnYnknøHem:agnigkMlaMgBlkmμminCMnajcMnYn2em:ag. 

( ) 2 2, 0.08 0.12 0.03y x xy y= + +

16  At a certain factory, the output is 1 2 1 3120Q K L= units, where K denotes the capital 
investment measured in units of $1,000 and L the size of the labor force measured 
in worker-hours. The current capital investment is $400,000 and 1,000 worker-
hours of labor are currently used. Use the total differential of Q to estimate the 
change in output that will result if capital investment is increased by $500 and 
labor is increased by 4 worker-hours.  

 plitplecjBIeragcRkmYykMNt;edayGnuKmn_ 1 2 1 3120Q K= L Ékta EdlKtag[vinieyaKmUl 
Fn KitCaBan;duløa ehIyLKWCaTMhMkMlaMgBlkm μEdlKitCaem:agkmμkr. 
bc©úb,nñeKeRbIviinieyaKmUlFncMnYn 400000duløa nigkMlaMgBlkmμcMnYn1000em:agkm μkr. cUreRbI 
DIepr:g;Esülsrubrbs;GnuKmn_QcUr):an;sμanbrimaNERbRbYlrbs;plitplEdlekIteLIgedaysar 

 4 em:agkm μkr.  eKbegáInvinieyaKmUlFncMnYn 500duløa nigbegáInkMlaMgBlkmμcMnYn
17 A grocer’s daily profit from the sale of two brands of orange juice is ,

30 70 5 4 40 80 6 7 cents, where x is the price 
per can of the first brand and y is the price per can of the second. Currently the 
first brand sells for 50 cents per can and the second for 52 cents per can. Use the 
total differential of P to estimate the change in the daily profit that will result if 
the grocer raises the price of the first brand by 1 cent per can and raises the price 
of the second brand by 2 cents per can. (Answer:  24 cents) 

 R)ak;cMeNjRbcaMéf¶rbs;Gñklk;eRKOgeTsmñak;BIkarlk;TwkRkUcBIrRbePTkMNt;edayGnuKmn_  
, 30 70 5 4 40 80 6 7 esn EdlxCaéføkñúgmYykMb:ugén 

TwkRkUcRbePTTI1 ehIyyKWCaéføkñúgmYykMb:ugénTwkRkUcRbePTTI2. bc©úbn,nñenHTwkRkUcRbePTTI1 
lk;éfø 50esnkñúgmYykMb:ug nigTwkRkUcRbePTTI2lk;éfø52esnkñúgmYykMb:ug. eRbIDIepr:g;Esül 
srubrbs;GnuKn_PcUr):an;sμanbrimaNERbRbYlnUvR)ak;cMeNjRbcaMéf¶EdlekIteLIgedaysarGñklk; 
begáInéføTwkRkUcTIRbePTTI1 cMnYn1esnkñúgmYykMb:ug nigbegáInéføTwkRkUcRbePTTI2cMnYn2esnkñúg 
mYykMb:ug.  

18 An editor estimates that if x thousand dollars is spent on development and y 
thousand on promotion, approximately , 20 ⁄  copies of a new book 
will be sold. Current plans call for the expenditure of $36,000 on development and 
$25,000 on promotion. Use the total differential of Q to estimate the change in 
sales that will result if the amount spent on development is increased by $500 and 
the amount spent on promotion is decreased by $500.  
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 BNÑaFikarmñak;):an;sμanfaebIsinCaKat;cMNay xBan;duløaeTAelIkare)aHBumÖ nigyBan;duløaeTAelIkar 
pSBVpSayesovePAf μ I enaHesovePARbEhl  , 20 ⁄ c,ab;nwgRtUvlk;dac;Gs;. enAkñúg 
KMeragbc©úb,nñenHKat;cMNay 36000duløaeTAelIkare)aHBumÖ nig25000duløaeTAelIkarpSBVpSay. 
cUreRbIDIepr:g;Esülsrubrbs;GnuKmn_ QedIm,I):an;sμanbrimaNERbRbYlénkarlk;EdlekIteLIgeday 
sarkarbegáIncMNayelIkare)aHBumÖkñúgbrimaN 500duløa nigkarbnßykarcMNayelIkarpSBVpSay 
kñúgbrimaN 500duløa.  

19  At a certain factory, the daily output is ( ) 1 2 1 3, 60Q K L K L= units, where K 
denotes the capital investment and L the size of the labor force. Use calculus to 
estimate the percentage by which the daily output will change if capital 
investment is increased by 1 percent and labor by 2 percent.  

 enAÉeragcRkmYy outputRbcaMéf¶kMNt;edayGnuKmn_ ( ) 1 2 1 3, 60Q K L K L= Ékta EdlKKWCa 
vinieyaKmUlFn ehIyLKWCaTMhMkMlaMgBlkm μ. edayeRbIrUbmnþtémøRbEhl cUrrktémøRbEhl 
énbrimaNERbRbYlCaPaKry ebIsinCavinieyaKmUlFnRtUv)anbegáIn 1PaKry nigkMlaMgBlkm μ 
2PaKry.  

20 Find the critical points of the given functions and classify them as relative 
maxima, relative minima, or saddle points.  
cMeBaHGnuKmn_xageRkm cUrrkcMNucTieton rYcbBa¢ak;R)ab;GMBIRbePTrbs;cMNucTietonTaMgenaHfaetI 
vaCacMNucGtibrmaeFob Gb,brmaeFob b¤CacMNucEkbesH. 

a. ( ) 2, 5 2f x y x y= − −   

b. ( ) 2, 2 3 2f x y x y= −   
d. ( ) 8 8,f x y xy

x y
= + +  

e. ( ) 3 3 2, 2 3 3 12f x y x y x y x 4= + + − − −  c. ( ),f x y xy=   
f. ( ) 4 3, 32 12f x y x x y y 7= − − + − +     

 
 
21 A T-shirt shop carries two competing shirts, one endorsed by Michael Jordan and 

the other by Barry Bonds. The owner of the store can obtain both types at a cost 
of $2 per shirt and estimates that if Jordan shirts are sold for x dollars apiece and 
Bonds shirts for y dollars apiece, consumers will buy approximately 
40 50 40x y− + Jordan shirts and 20 60 70x y+ −  Bonds

s in rder to generate th
(Answer: $2.70, $2.50  

 shirts each day. How 
should the owner price the shirt o e largest possible profit? 

 hagmYylk;GavyWtBIrRbePT. RbePTI1KWGav Michael Jordan mYyRbePTeTotKWGav Barry 

Bonds. m©as;hagTijcUlGavyWtTaMgBIrRbePTenHedayéføedIm 2duløakñúg1Gav². Kat;rMBwgfa 
ebIlk;Gav Jordan éfø xduløakñúg1Gav nigGavBondslk;éfø yduløakñúg1Gav enaHkñúgmYyéf¶² 
GtifiCnnwgTijGavJordanGs;RbEhl 40 50 40x y− + Gav nigTijGavBondsGs;RbEhlCa 
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20 60 70x y+ −

40 8 5

Gav . etIm©as;hagKYrkMNt;éfølk;énGavRbePTnimYy²b:unμan edIm,I[)anR)ak; 
cMeNjx<s;bMput? 

 
22 The telephone company is planning to introduce two new types of executive 

communications systems that it hopes to sell to its largest commercial customers. 
It is estimated that if the first type of system is priced at x hundred dollars per 
system and the second type at y hundred dollars per system, approximately 

x y− + consumers will buy the first type and 50 9 7x y+ − will buy the 
second type. If the cost of manufacturing the first type is $1,000 per system and 
the cost of manufacturing the second type is $3,000 per system, how should the 
telephone company price the systems to generate the largest possible profit? 

 Rkumh‘unTUrs½BÞmYyeRKagnwgdak;bgðajRbB½n§RbtibtþikarTUrKmnaKmn_fμ IcMnYnBIrRbePTEdlBYkeKKit 
faGacnwglk;eTA[GtifiCnBaNiC¢km μFM²bMputrbs;BYkeK. eKrMBwgfa ebIsinCaRbB½n§RbePTTI1 
lk;kñúgtémø x ryduløakñúg1RbB½n§ nigRbB½n§RbePTTI2lk;kñúgtémøyryduløakñúg1RbB½n§ 
enaHGtifiCncMnYnRbEhlCa 40 8 5x y− +  nwgTijRbB½n§RbePT1 ehIyGtifiCncMnYnRbEhlCa 
50 9 7x y+ − nak; nwgTijRbB½n§RbePTTI2. RbsinebIcMNayéføedImelIkarplitRbB½n§RbePTTI1 
esI μnwg1000duløakñúgmYyRbB½n§ nigRbePTTI2esμ Inwg3000duløakñúgmYyRbB½n§ enaHetIRkumh‘unTUrs½BÞ 
KYrkMNt;éfølk;b:un μanedIm,I[)anR)ak;cMeNjx<s;bMput? 

23 A manufacturer is planning to sell a new product at the price of $150 per unit and 
estimates that if x thousand dollars is spent on the development and y thousand 

dollars is spent on promotion, consumers will buy approimately 320 160
2 4
y x

y x
+

+ +
units of the product. If manufacturing costs for this product are $50 per unit, how 
much should the manufacturer spend on development and how mnuch on 
promotion to generate the largest possible profit from the sale of this product? 
(Hint: Profit=(number of units)(price per unit−cost per unit)−totla amount spent 
on development and promotion)plitkrmñak;eRKaglk;plitplf μImYyrbs;xøÜnkñúgtémø50 
duløakñúg1Ékta ehIyKat;rMBwgfaebIcMNayeTAelIkarplitcMnYnxBan;duløa nigelIkarpSBVpSaycMnYn 
yBan;duløa enaHGtifiCnnwgTijcMnYnRbEhl 320 160

2
y

y x
+

4
x

+ +
Éktaénplitpl. ebIsinCacMNay 

éføedImeTAelIplitplTaMgenHesμ Inwg50duløakñúg1Ékta etIplitkrKYrcMNayelIkarplitb:un μan 
nigelIkarpSBVpSayb:unμan edIm,I[R)ak;cMeNjBIkarlk;plitplenHx<s;bMput? 

(Answer: $4000 on development and $6000 on promotion) 
 

24  A dairy produces whole milk and skim milk in quantities x and y gallons, 
respectively. Suppose that the price of whole milk is ( ) 100p x x= − and that of 

skim milk is ( ) 100 y= − and assume that ( ),C x y 2x xy yq y 2= + + is the joint-
cost function of the commodities. What should x and y be in order to maximize 
profit? kEnøgpliteRKOgbriePaKBITwkedaHeKamYyplitTwkedaHeKa whole milk nigTwkedaHeKa 
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skim milk kñúgcMnYnxnigyháaLúgerogKña. ]bmafaéføTwkedaHeKa whole milk KW
( ) 100p x = − x nigTwkedaHeKaskim milk KW ( ) 100q y y= −  ehIysnμtfaGnuKmn_cMNay 

rYmKW . etI xnigyKYrmantémøb:un μanedIm,I[R)ak;cMeNjmankMriGtibrma? ( ),C x y x2 xy y= + + 2

 
25 A dairy produces whole milk and skim milk in quantities x and y gallons, 

respectively. Supose that the price of whole milk is ( ) 20 5p x x= − and that of 

skim milk is ( ) 4 2q y = − and assume that y ( ), 2y 4xyC x = + is the joint-cost 
function of the commodities. What should x and y be in order to maximize profit? 
(Answer: 2, 0).  

( ),f x y xy= subject to the constraint 26  Find the maximum value of the function

1x y+ = .cUrrkGtibrmarbs;GnuKmn_ ( ),f x y xy= eRkamlkçxNÐRBMEdn 1x y+ = . 
( ) 2, 2f x y x y27 Find the minimum value of the function = + subject to the 

constraint . rkGb,brmarbs;GnuKn_1xy = ( ) 2, 2 eRkamlkçxNÐRBMEdn 1xy = . f x y x y= +

( ), 2 22f x y x y xy28 Find the minimum value of the function = + − subject to the 
constraint 2 22x y+ = .  

( ) 2, 2f x y x y29 Find the minimum value of the function = − subject to the 

constraint . 2 2 4=

2 24

x y+

( ), 8
30 Find the maximum and minimum values of the function 

2f x y x= − xy y+ subject to the constraint 2 2 1x y+ = .  
 
31 A manufacturer has $8,000 to spend on the development and promotion of a new 

product. It is estimated that if x thousand dollars is spent on development and y 
thousand is spent on promotion, sales will be approximately ( ) 1 2 3 2, 50f x y x y=
units. How much money should the manuacturer allocate to development and 
how much to promotion to maximize sales?plitkrmñak;man8000Ban;duløasRmab; 
cMNayeTAelIkarplit nigpSBVpSayplitplfμ ImYy. eKrMBwgTukfaebIebIcMNay xBan;duløaeTAelI 
karplit nigyBan;duløaeTAelIkarpSBVpSay enaHeKlk;dac;RbEhl ( ) 1 2 3 2, 50f x y x y= Ékta. 
etIplitkrKYrEbgEckeTAelIkarplitb:un μan nigeTAelIkarpSBVpSayb:un μanedIm,IeFVI[karlk;eLIgdl; 
kMritGtibrma? 

32 If x thousand dollars is spent on labor and y thousand dollars is spent on 
equipment, the output at a certain factory will be ( ) 1 3 2 3, 60Q x y x y= units. If 
$120,000 is available, how should this be allocated between labor and equipment 
to generate the largest possible output?ebIeKcMNayxBan;duløaeTAelIkMlaMgBlkm μ nigy 
Ban;duløaeTAelIsmÖar³ enaHcMnYnplitplecjBIeragcRkmYykMNt;eday ( ) 1 3 2 3, 60Q x y x y=

Ékta. ebIeKman120000duløa enaHetIeKKYrEbgEcky:agdUcemþcedIm,I[cMnYnplitplmankMrit 
Gtibrma? 
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33 A manufacturer is planning to sell a new product at the price of $150 per unit and 

estimates that if x thousand dollars is spent on development and y thousand 

dollars is spent on promotion, approximately 320 160
2 4
y

y x
+

x
+ +

units of the product 

will be sold. The cost of manufacturing the product is $50 per unit. If the 
manufacturer has a total of $8,000 to spend on development and promotion, how 
should this money be allocated to generate the largest possible profit? (Hint: 
Profit=(number of units)(price per unit−cost per unit)−total amount spent on 
development and promotion.)plitkrmñak;eRKaglk;plitplfμ Ikñúgtémø150duløakñúg1Ékta 
ehIyrMBwgTukfaebIeKcMNayxBan;duløaeTAelIkarplit nigyBan;duløaeTAelIkarpSBVpSay enaHplit 
plRbEhlCa 320 160

2
y

y x
+

4
x

+ +
nwgRtUvlk;dac;. éføedImelIkarplitKW50duløa. ebIplitkrman 

8000duløasRmab;cMNayelIkarplit nigpSBVpSay enaHetIeKKYrEbgEckdUcemþcedIm,I[R)ak; 
cMeNjGtibrma? ¬ENnaM³ R)ak;cMeNj=¬cMnYnÉkta¦¬éfølk;kñúg1Ékta-éføcMNaykñúg1Ékta¦-
cMNaysrubelIkarplitnigpSBVpSay¦¦. 

34 If x thousand dollars is spent on labor and y thousand dollars is spent on 
equipment, the output at a certain factory will be ( ) 1 3 2 3, 60Q x y x y= units. If 
$120,000 is available, how should this be allocated between labor and equipment 
to generate the largest possible output? Use Lagrange multiplier λ to estimate the 
change in the maximum output of the factory that will result if the money 
available for labor and equipment is increased by $1,000. ebIeKcMNayxBan;duløa eTA 
elIkMlaMgBlkm μ nigy Ban;duløaeTAelIsmÖar³ enaHTinñplecjBIeragcRkmYykMNt;edayGnuKmn_ 
( ) 1 3 2 3, 60Q x y x y= Ékta. ebIman120000duløasRmab;cMNay enaHetIeKKYrcMNayelIkMlaMg 

Blkmμb:unμan nigelIsmÖar³b:unμanedIm,I[)anTinñplx<s;bMput? eRbIemKuNLaRkg; λ edIm,I):an;s μan 
nUvTMhMERbRbYlrbs;kMritGtibrmaénTinñplrbs;eragcRkebIeKbegáIncMNaycMnYn 1000duløa.  

 
35 A consumer has $280 to spend on two commodities, the first of which costs $2 

per unit and the second $5 per unit. Suppose that the utility derived by the 
consumer from x units of the first commodity and y units of the second 
commodity is . How many units of each commodity should 

the consumer buy to maximize utility?GtifiCnmñak;)ancMNay 280 duløaeTAelIrbs; eRbI 
R)as;BIrRbePT. RbePTTI1 éfø2duløakñúg1Ékta nigRbePTTI2éfø5duløakñúg1Ékta. ]bmafa 
GtßRbeyaCn_Edl)anmkBIrbs;eRbIR)as;RbePTTI1cMnYnxÉkta nigBIrbs;eRbIR)as;RbePTTI2cMnYny 

ÉktakMNt;edayGnuKmn_ . etIGtifiCnKYrTijrbs;eRbIR)as;RbePT 
nimYy²b:un μanÉktaeFVI[GnuKmn_GtßRbeyaCn_Edl)anmk mankMritGtibrma? 

( ) 0.25 0.75, 100U x y x y=

( ), 100U x y = 0.25 0.75x y

 
36 A consumer has k dollars to spend on two commodities, the first of which costs a 

dollars per unit and the second b dollars per unit. Suppose that the utility derived 
by the consumer from x units of the first commodity and y units of the second 
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commodity is given by the Cobb-Douglas utility function ( ),U x y x yα β= , where
0 1 and 1α α β< < + = . Show that utility will be maximized when

 and k kx y
a b
α β

= = . GtifiCnmñak;man k duløasRmab;cMNayeTAelIrbs;eRbIR)as;BIrRbePT. 
RbePTTI1 éfø aduløakñúg1Ékta nigRbePTTI2éfø bduløakñúg1Ékta. ]bmafa 
GtßRbeyaCn_Edl)anmkBIrbs;eRbIR)as;RbePTTI1cMnYnxÉkta nigBIrbs;eRbIR)as;RbePTTI2cMnYny 

ÉktakMNt;edayGnuKmn_ ( ),U x y x yα β= Edl 0 1 and 1α α β< < + = . cUrbgðajfa 
GnuKmn_GtßRbeyaCn_Qandl;GtibrmaebI  and k kx y

a b
α β

= = .  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



Lecture Note  Linear Programming (LP) 
 

Chapter 4 

Linear Programming (LP) 
 

1 System of Linear Inequalities in Two Variables 
Example 1 
A manufacturer makes two grades of concrete.  Each bag of the high-grade concrete 
contains 10 kg of gravel and 5 kg of cement, while each bag of low-grade concrete 
contains 12 kg of gravel and 3 kg of cement. There are 1,920kg of gravel and 780 kg 
of cement currently available. The manufacturer can make a profit of $1.20 on each 
bag of the high-grade and $1.00 on each bag of the low-grade concrete and wishes to 
determine how many bags of each grade to make from the available supplies to 
generate the largest possible profit. Formulate this problem in mathematical terms.  
 
Solution 
We summarize the problem by the table as follows 

 

 High-grade 
(kg) 

Low-grade 
(kg) 

Amount 
available(kg) 

Gravel 10 12 1,920 
Cement 5 3 780 

Profit per bag 1.20 1.00  
 
If we let H denote the number of bags of high-grade concrete produced and L denote 
the number of bags of low-grade cencrete produced, we can represent the 
manufacturer ‘s profit P by the linear function 

1.20 1.00P H L= +  
with the constraints  

10 12 1,920H L+ ≤  for gravel 
5 3 780H L+ ≤  for cement 

and also, number of bag must be non-negative. Hence . Therefore the 
problem can be stated mathematically as follows: 

0 and 0H L≥ ≥

 Maximize the profit function 1.20 1.00P H L= +  
 Subject to the constraints 

     
10 12 1,920

5 3 780
, 0

H L
H L

H L

+ ≤
+ ≤

≥
 

 
 
Note that in this problem, the optimum point we seek lies in the solution set of a 
system of linear inequalities.  
 
1.1 Graphing a Linear Inequality in Two Variables 

 
When a plane is divided in half by a line, each side is called a half-plane. A vertical 
line divides the plane into left and right half-planes, and any nonveritical line divides 
the plane into upper and lower half-planes.  
There are four different kinds of inequalities in two variables that can arise: 
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Ax By C Ax By C Ax By C Ax By C+ < + ≤ + > + ≥  
where A, B, and C are constants with at least one coefficients A, B not zero. If the 
equality invelves < or >, the half-plane is open, and we use a dashed line to indicate 
that the boundary line is not part of the solution set. If the inequalities involves 

, the half-plane is closed and we use the solid line to indicate that the boundary 
is part of the solution set.  

 or≤ ≥

2 4x y+ <

 
Example 2 
Graph the inequality  
 
 
 2 4x y+ =

2 4x y+ <

 
dashed line 

 
 
 
 
 Procedure for Graphing a Linear Inequality in Two Variables 
 To graph an inequality of one of the forms 
  Ax By C Ax By C Ax By C Ax By C+ < + ≤ + > + ≥  
 we proceed as follows: 

1. Graph the coresponding equation Ax By C+ = . Use a dashed line 
for this line in the < and > cases, and a solid line in the  and ≤ ≥
cases.  

2. The solution set is the half-plane on one side of the boundary line. 
To determine which side, choose a test point ( ),P a b not one the 
line and check to see if the coordinates a and b satisfy the given 
inequality.  

 
Example 3 
Graph each of the following inequalities: 

(a)   (b) 3 02x y− ≥ 5 x y+ >   (c) 4x <  
 
1.2 Solving Systems of Linear Inequalities 
To solve a system of linear inequalities such as  

3 5
2 7

x y
x y

2+ <
− ≥

 or 
4

3 2
2 3

x y
x y

x y

+ ≤
− <
+ >

 

we must find the set of all points ( ),x y that satisfy all the inequalities in the system 
simultaneously. In general this solution set will be a region of the plane, which we 
shall refer to as the feasibility region for the system of inequalities. To obtain the 
feasibility region of a given system of linear inequalities, we first gragph the 
individual inequalities in the system on the same set of coordinate axes and then take 
the intersection of these individual graphs.  
 
Example 4 
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Graph the feasibility region for the following system of inequalities 
3 2x y

6x y
− ≤
+ ≥

 

 Corner Point 
 A corner point of a particular feasibility region R is a point in R where two of 

the boudary lines of R intersect.  
 
Example 6 
Graph the feasibility region for the following system of inequalities: 

2 5
3 0

4

x y
x y

x

− ≥
+ >

<
 

Answer: the corner points ( ) ( ) ( )1, 3 4,3 4, 12− −  
Example 7 
Graph the feasibility region and find the corner points for the following system of 
inequalities:  

10 12 1,920
5 3 780

, 0

H L
H L

H L

+ ≤
+ ≤

≥
 

 Answer: the corner points ( ) ( ) ( ) ( )156,0 120,60 0,160 0,0  

 
2 Geometric Linear Programming 
In general, a linear program in two variables x and y consists of a linear function 
f ax by= + called the objective function that is to be optimized (maximized or 

minimized) subject to a system of linear constraint inequalities. The variables x and y 
are called decision variables, and the solution set of the system of inequality 
constraints is called the feasibility region.  
 

The Corner Point Theorem 
If a linear program has an optimal solution (maximum or minimum), it must 
occur at a corner point of the feasibility region.  

  
Geometric Method for Solving a Linear Program with Two Decision 
Variables 
1. Graph the feasiblity region R and find the coordinates of all corner points 

of R. 
2. Make a table evaluating the objective function F at each corner point. 
3. If R can be contained in a circle it is bounded. In this case, the largest 

(smallest) value of F on R is its largest (smallest) value at a corner point.  
4. If R cannot be contained in a circle, it is unbounded, and an optimum 

soluion may not exist. However, if it does, it must occur at a corner point.  
 
Example 1 
From the example 1 in section 1, how many bags of each grade should be made up 
from available supplies to generate the largest possible profit?  
Solution 
 To maximize  
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   1.2P H= + L

L

 Subjecto to  

  

 

10 12 1,920
5 3 780

, 0

H L
H L

H L

+ ≤
+ ≤

≥

•

•

 

 

 

 • •
( )0,0 ( )156,0

( )0,160

( )120,60

L

H

5 3 780H L+ =

10 12 1,920H L+ =
 

Corner 
Point 

Value of 
1.2P H= +  

( )156,0  187.2 

( )  204 120,60

( )0,160  160 

( )  0 0,0
 
From this table, we see that the largest value of the objective function over the 
feasibility region occurs at the point ( )120,60 .  
Example 2 
Find the largest and the smallest values of 3 4F x y= + subject to the following 
inequalities: 

3 15
4 3 2

, 0

x y
x y

x y
4

+ ≤
+ ≤

≥
 

 
 
 
 
 
 
 
 

Corner 
Point 

Value of 
3 4P x y= +  

( )0,0  0 

( )0,5  20 

( )3,4  25 

( )6,0  18 

•
•
( )3,4

• •

4 3 24x y+ =

3 15x y+ =
( )0,0

( )0,5

( )6,0
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Thus, the largest value of F is 25 at (3, 4), and the smallest value is 0 at the origin.  
 
Example 3 
What can be said about the largest and samllest values of the function 

e following inequalities: 
4 3F x y= +

subject to th

 
7

5 7 4
, 0

x y
x y

x y
5

+ ≥
+ ≥

≥  •( )0, 7
( )2,5  

 
 

• ( )9, 0
 
From the figure the feasible region R is unbounded (it cannot be contained in a circle) 
and that its corner points are ( ) ( ) ( )0,7 2,5 9,0 . This suggests that there is a 
smallest value of F and R but no largest value. Evaluating the corner points of R, we 
obtain the following table: 

Corner 
Point 

Value of 
4 3F x y= +  

( )  21 0,7

( )2,5  23 

( )9,0  36 
 
Thus, the largest value of F doesn’t exist and the smallest value of F subject to the 
given constraints is 21 which occurs at the point where 0x = and 7y = .  
 
Example 4 
A farmer prepares feed for livestock by combining two grains. Each unit of the first 
grain costs 20 cents and contains 2 units of protein and 5 units of iron, while each unit 
of the second grain costs 30 cents and contains 4 units of protein and 1 unit of iron. 
Each animal must receive at least 10 units of protein and 16 units of iron each day. 
How many units of each grain should the farmer feed to each animal to satisfy these 
nutritional requirements at the smallest possible cost?  
 
Solution 
For convenience, we construct the following table 

 Grain I Grain II Minimal Requirement 
Protein 2 4 10 

Iron 5 1 16 
Cost 20 30  

 
If we let  
 x: number of units of grain I fed daily to each animal  
 y: number of units of grain II fed daily to each animal 
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we can represent the farmer’s cost by the linear function 20 30C x y= +
10x y

and the 
nutritional requirements by the linear inequalities 2 4+ ≥ x y

unct
and 5 . The 

resulting linear programming problem is to minimize the objective f
20C x= to 

16

y subject 

+ ≥
ion

30+
2 4 1

5 1
, 0

x y
x y

x y

0
6

+ ≥
+ ≥

≥
 

 
 
 
 
 
 
 

Corner 
Point 

Value of 
F=4x+3y 

(0, 16) 480 
(3, 1) 90 
(5, 0) 100 

 
Since 90 is the smallest of these values, the corresponding corner point (3, 1) must be 
an optimal solution. We conclude that to satify the nutritional requirements at the 
smallest possible cost, the farmer should feed each animal 3 units of grain I and 1 unit 
of grain II each day. The minimal cost is then 90 cents per animal.  
 
 

Exercises 
 

1 In the following problems, graph the feasibility region of the given system of 
linear inequalities. Find the coordinates of all corner points.cUrKUstMbn;EdlTTYYlyk 
)anéncemøIyrbs;RbB½n§vismIkarxageRkam RBmTaMgrkkUG½redaenéncMNuckac;RCug. 

 

 1.  2. 2 1   3. 2 3
2 3

7 0
x y
x y
+ <
+ ≥

0
9

6
4 5

0

x y
x y

y

+ <
− ≥

≥

7
1

, 0

x y
x y

x y

+ ≤
+ ≤
≥

 4.  

3
2 0

3
, 0

x y
x y
x y

x y

+ ≤
− ≤
+ ≤

≥
Formulate the given problem as a linear program  
cUrsresrrUbmnþcMeNaTkmμviFIlIenEG‘rxageRkamenaH¬min)ac;edaHRsay¦ 
2  At a local leather shop, 1 hour of skilled labor and 1 hour of unskilled labor are 

required to produce a briefcase, while 1 hour of skilled labor and 2 hours of 
unskilled labor are required to produce a suitcase. The owner of the shop can 
make a profit of $15on each briefcase and $20 on each suitcase. On a particular 
day, only 7 hours of skilled labor and 11 hours of unskilled labor are available, 
and the owner wishes to determine how many briefcases and how many suitcases 
to make that day to generate the largest profit possible. enAkñúghagplitniglk;plit 

•

•
•(5, 0

( )0,16

( )
)

3,1

5 16x y+ =

2 4 10x y+ =
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plGMBIEs,kmYy edIm,Iplitv:alIstUcmYyeKRtUvkarkMlaMgBlkm μCMnaj1em:ag nigkMlaMgBlkmμmin 
CMnajk¾1em:agEdr. cMeBaHv:alIsFMvijeKRtUvkarkMlaMgBlkm μCMnaj1em:ag nigkMlaMgBlkmμmin 
CMnajcMnYn2em:ag. m©as;hag)ancMeNj 15duløaBIv:alIstUcnImYy² nig 20duløaBIv:alIsFMnImYy². 
kñúgmYyéf¶NamYyenaH eKGaceRbIkMlaMgBlkmμCMnaj nigminCMnaj)anEt7em:ag nig11em:agerogKña 
Etb:ueNÑaH. etIenAkñúgéf¶enaHeKKYrplitniglk;v:alIstUcb:un μan nigFMb:un μanedIm,I[)anR)ak;cMeNj 
x<s;bMput? 

3 A dietician is planning a meal consisting of three foods whose ingredients (per 
unit) are summarized in the following table: 

Ingredients Food I Food II Food III 
Units of protein 5 10 15 
Units of carbohydrates 2 3 2 
Units of iron 3 6 1 
Calories 60 140 120 

The dietician wishes to determine the number of units of each food needed to 
create a meal containing at least 30 units of protein, 8 units of carbohydrates, and 
10 units of iron, with as few calories as possible.  
GñkCMnajxagkartmGaharkMBugnwgeRKagerobcMGaharmYyeBlEdlmanmuxmðÚbcMnYn3muxEdleRKOg 
pSM¬kñúg1Ékta¦ mandUckñúgtaragxageRkamenH 

eRKOgpSM Gahar I Gahar II Gahar III 
cMnYnÉktaénRbUetGIun 5 10 15 

cMnYnÉktakabUnGIuRdat 2 3 2 

cMnYnÉktaénsarCatiEdk 3 6 1 

kaLÚrI 60 140 120 

GñkCMnajxagkartmGaharenaHcg;kMNt;cMnYnÉktaénmuxmðÚbnImYy²edIm,I[)anGaharmYyeBlEdl
many:agehacCatiRbUetGIun 30Ékta kabUnGIuRdat8Ékta nigCatiEdk10Ékta nigkMritkaLÚrI tic 
bMputtamEdlGaceFVI)an. 

 
Use graphical technique to solve the given linear programming problems  
edayeRbIviFIRkahVic cUredaHRsaycMeNaTkmμviFIlIenEG‘rdUcxageRkam 

5F x y=4 Find the largest and smallest values of +

5F x y

subject to 

cUrrktémøFMbMput nigtUcbMputrbs;GnuKmn_ +
4

eRkaml½kçx½NÐ =
4 3 2

3 15
, 0

x y
x y

x y

+ ≤
+ ≤

≥
 

5 Find the smallest value of 20 80F x y= + subject to: 
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4 8
2 3 1
2 5 1

x y
x y
x y

4
8

+ ≥
+ ≥
+ ≥

 

 Does Fhave a largest value on this feasibility region? 
 etI FmantémøFMbMput enAelItMbn;EdlGacTTYlyk)anéncemøIyb¤eT cMeBaHlMhat; 6-8? 
6 Maximize and minimize the function 3F x y= + subject to the following 

constraints 
3 2 0

3 1
3

, 0

x y
x y

y
x y

8
− ≥
+ ≤

≥
≥

 

7 Minimize the function subject to the following constraints 2 3F x= + y

4
2

3 19
4 5 3
3 2 2

, 0

x y
x y
x y

x y

+ ≥
+ ≥
+ ≥
≥

 

8 Minimize the function subject to the following constraints 3F x= + y
3 5 38

3 6
2 9

, 0

x y
x y
x y

x y

+ ≤
− ≤ −
+ ≥

≥

 

9 At a local leather shop, 1 hour of skilled labor and 1 hour of unskilled labor are 
required to produce a briefcase, while 1 hour of skilled labor and 2 hours of 
unskilled labor are required to produce a suitcase. The owner of the shop can 
make a profit of $15on each briefcase and $20 on each suitcase. On a particular 
day, only 7 hours of skilled labor and 11 hours of unskilled labor are available, 
and the owner wishes to determine how many briefcases and how many suitcases 
to make that day to generate the largest profit possible. enAkñúghagplitniglk;plit 
plGMBIEs,kmYy edIm,Iplitv:alIstUcmYyeKRtUvkarkMlaMgBlkm μCMnaj1em:ag nigkMlaMgBlkmμmin 
CMnajk¾1em:agEdr. cMeBaHv:alIsFMvijeKRtUvkarkMlaMgBlkm μCMnaj1em:ag nigkMlaMgBlkmμmin 
CMnajcMnYn2em:ag. m©as;hag)ancMeNj 15duløaBIv:alIstUcnImYy² nig 20duløaBIv:alIsFMnImYy². 
kñúgmYyéf¶NamYyenaH eKGaceRbIkMlaMgBlkmμCMnaj nigminCMnaj)anEt7em:ag nig11em:agerogKña 
Etb:ueNÑaH. etIenAkñúgéf¶enaHeKKYrplitniglk;v:alIstUcb:un μan nigFMb:un μanedIm,I[)anR)ak;cMeNj 
x<s;bMput? 
 

10 Shipments from one wholesaler contain 3 units of item A, 6 units of item B, 4 
units of item C, and cost $20. Shipments from a second wholesaler contain 12 
units of item A, 3 units of item B, 3 units of item C, and cost $26. If a retailer 
requires at least 396 units of A, 288 units of B and 255 units of C, how many 
shipments from each wholesaler should be ordered to minimize total cost? 
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enAkñúgkardwkCBa¢ÚnecjBIXøaMgmYyrYmmanmuxTMnij AcMnYn 3Ékta muxTMnijBcMnYn6Ékta nigmux 
TMnijCcMnYn4Ékta. esah‘uykñúgkardwkCBa¢ÚnenHKW 20duløa.  kardwkCBa¢ÚnecjBIXøaMgmYyeTotrYm 
manmuxTMnij AcMnYn12Ékta muxTMnijBcMnYn 3Ékta nigmuxTMnijCcMnYn3 Ékta ehIycMNay kñúg 
kardwkCBa¢ÚnKW 26duløa. ebIGñkTTYllk;bnþRtUvkary:agehacNas;muxTMnij AcMnYn396Ékta mux 
TMnijBcMnYn288Ékta nigmuxTMnijCcMnYn255Ékta enaHetIKYrdwkCBa¢ÚnBIXøaMgnImYy²b:unμaneCIgedIm,I 
[cMNaykñúgkardwkCBa¢ÚnenHticbMput? 
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